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Kpunrorpadusa! Muorue eme ¢ 1eTcTBa 3aMHTPUATOBAHBI DTUM
nporeccoM. KTo He moMHUT «maamynmx denosetkonyKonan [Jon-
as? Ho peanbHas cxema mm@pOBAHUSL U TPOIIE, U CIOKHEE, UM
06 BTOM HANKMCAHO B 3HAMEHUTOM pacckase kaaccuka. C omgHOU
cucteMon muppOBAHUA W 3HAKOMUT 3T KHUTA.

YBuIeB B HA3BAHUU MATEMATHIECKYIO TEOPUIO, HEKOTOPLIE U3
BAC COUTYT KHUTY CKydYHOU U HemHTepecHou. Ommbaerecs! IToco-
Oue HANWCAHO XWBO, MHTEPECHO U OYeHb NOCTYymHO. /11 moruma-
HUA CYTHU NOCTATOYHO 3HAHUU CPEIHEN MKOJIbl. Ho HecMOTps Ha
MPOCTON CTUIL U3JIOXKEHUs, BCE YTBEPK JEHUA CHAOKEHBI CTPOrH-
MU [OKA3aTEeJbCTBAMU WIN CCHBLIKAMY HA JUTEPATYPY.

Kpyr unTarenen oueHb MIXPOK: OT MIKOJIHLHUKOB, UHTEPECYIO-
MUXCSA TEOPUEN UUCea WIu MudpoBaHUEM, 10 OAHKOBCKUX U KOP-
TIOPATUBHBIX IIPOTPAMMUCTOB, XKEIAIONIUX IMIy0Xe BHUKHYTh B OC-
HOBBI CBOEU MEATEILHOCTH.
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«.. BCAKasA ONBITHOCTBL U HaOJIIO1e-
HHUE 4eloBeKa, CTPACTHO K 4YeMy-
HUOY b IPUBA3AHHOTO0, MOT'YT OBITH
HONE3HBL JJIA JTIOAEH, Pa3feaiOnmx
ero J11000Bb K TOMY Xe IpeaMeTy.»

C. T. Axcaxos
«3anucku 06 yrcenuu poibvly

lNpegucnosue

OTa KHWUTa B IEPBYIO OU€peh — KHUTA [0 TEOPUY TUCEN, 110
HAyKe, KOTOPYIO APEBHUE HA3LIBAIU ([APUIEH MaTeMaTuKuy. U
OEUCTBATEIBHO, BPAM JU B KAKOU-HUOYAL APYTOU IACTU MATEMa-
TUKA BCTPETUTCA TAKOE KOIUIECTBO CTOMb MPOCTHIX W U3AMHBIX
1m0 (POPMYJIMPOBKE, M CTONH TPYAHBIX M PEIICHUs 3313, Ha-
CTOJBKO OTOPBAHHBIX OT MPAKTUIECKUX HATOOHOCTEU HUETOBEKA.
Mamo kakas oO6IaCTb MATEMATHUKN MOXET MOXBACTATHCA CTOJb
OpeBHed u CaaBHOU ucTopuer. CeromgHAIHAS Ke TEOPUA TUCEeI,
HA3BIBAEMas 33a9ACTYI0 MATEMATHKAMM TIOIPOCTY «APUPMETUKONY,
BIO0ABOK, €Ille W OYEHb CIOXHA M0 CBOUM METOAAM, MOYEPITHY-
THIM U3 MOYTHU BCEX MPOYUX MATEMATUICCKUX HAYK.

[Ipeapraymmi a63a1; OTHOCUTCA KO BCeM 6€3 MCKIIOYCHN KHI-
raM Mo TEOPHUHU UUCEI. B UeM ®e 0COOEHHOCTH KHUTH, MPEeIa-
raemou cewdac uumrareno? [loxanyu, B TOM, ITO HAITO U3 CKa-
3aHHOTO BBIIIE JJA Hee HeBEPHO. BO-MepBHIX, BO BTOPOU MOJOBUHE
IBAIIATOTO BEKA Y TEOPUM YNCET HEOXWAAHHO MOABUINCH IIPU-
JIOXEHUA K BEIAM BIOJHE MpakTuieckuM. Ceromua KOMILIOTED,
TenedOH, KPEUTHAA KAPTOIKA M MHOTHE [PYTHe yCTPOUCTBA UC-
MOJIB3YIOT JAOBOJBHO TOHKWE PE3YyJIbTATHI 5Tou Hayku. Kak mean
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110 Paguo B MOEM JeTCTBe: « IT06 BOAUTEH KOPAOIN WM JETIUKOM
CTaTh, HAZO TpeXje Bcero apudpMeTUKy 3HATH». Apkun mpumep
MOJO0GHOT O MPUIOKEHUSA — KPUAMITOCUCTEMA, C OTKPBITHIM KIIOYIEM,
moApOOHO pasbupaeMas B dTOUM KHUre. M gea Takon KPUITOCUCTE-
MBI TTPOCTA IPE3BLIYANHO: IEPEMHOXUTE [BA, OOJBIINX IEIBIX U-
CIa OYEeHb JErKO, a BOT HAUTH COMHOXUTENIW, 3HAA TPOU3BEMIE-
HUE — MOBOJBHO TPYIHO.

Bropasa 0cO6EHHOCTE 3TOM KHATY — €€ IpocToTa. KHura Ha-
MUCAHA, ABTOPOM JIA CTYAEHTOB IIEPBOr'0 KypCa, ITO B IEPEBOJIE
Ha PYCCKUU A3BIK O3HAYAET, ITO OHA BIOJHE NOCTYIHA UHTEPE-
cytomemycsa mkoabHUKY 9, 10, 11 xmacca. Hukaxmx, mim mourn
HUKAKUX, MPEIBAPUTEILHBIX 3HAHUN €€ ITeHne He moTpedyeT.

[IpouTs ee, Bel y3HaeTe MmHOrME MHTEpPECHBIE (DAKTHI U3 TEO-
pUM YMCeT W U3 €e UCTOPUU, MOUMETE, Ha 9eM OCHOBAHBI €€ MPU-
JoxeHusn K kpunrorpaduu. Eciu xe Ber He couTeTe 3a Tpy g mpo-
pelaTh mpeaaaraeMbee B Hel 3aQa4u, TO Tmocae 3Toro Bur Gygere
TOTOBBI YUTATEL U GoJee CIOXHbIE KHUTHA. A riasaoe, Bel mowuys-
CTByeTEe KPAaCOTy TEOPUU UUCENT, PO KOTOPYIO ICXUI TOBOPUT:
(HAYKA, 9UCET, U3 HAYK BAKHEUIIAL).

M.A.lpacman



Aunpoa n [lanusao

1 xenanme moe — YTOOBI IUTATETH 3AMETWI, ITO A
crenan cebe pa3BleveHWe W3 MUCAHUA; & ITOOBI UTe-
HUe He OBLIO MU HErO HYTHBIM W CKYYHBIM 3aHATUEM,
A cnob6pumaI MOBECTBOBaHME — HE CKAOpPE3HOCTAMU, HO
IIyTKAMWA HEBUHHLIMU W OECHeYHBIMU; W €CIU ThI —
9eIOBEK CTPOTUU U HPABA, MPAYHOTO, TO CYJUTH O HUX
He cMen, 1060, KaK TOBOPAT MyApbIe, OLIBAIOT OCKOP-
OaeHUA HaHEeCEeHHBbIE W TaKue, KOTOpbIe, He OyAytu Ha-
HECEHHBIMU, [IPUHUMAIOTCA HA, CBOU CYET.

Atizex Yoamon', «Coseputenmbiti pyi60.406».

"Tzaak Walton (1593-1683), aurmutickuir mucarens. Kumra «The Compleat
Angler» Bomia B Jloggone B 1653 rogy.



NMpepucnoeue aBTopa

aTa KHUI'a OpurjianiaeT Ba.c B IIyTEMEeCTBUE, KOHCIHAA LEIb
koroporo — (RSA), sHamenuTasn cucrema mmudpoBaHUI ¢ OTKPHI-
TeiM kai0odoM Pusecra, [lamupa m Amremana (Rivest, Shamir,
Adleman). IlyremecTBue GyneT HECHEMHBIM, ¢ GOIBIIMM KOIHAIE-
CTBOM OCTAHOBOK, Ha KOTOPBIX MOXHO TIOMIO00BATHCA OKPYKAa0-
[MIAM TEN3aKEeM U MO3HAKOMUTHCA ¢ UCTOPUIECKUME JOCTOIPUAME-
IaTEIBbHOCTAMN.

Ha camom merne, KHUT'A TOCBAIIEHA CKOPEE MATEMATHIECKAM
Bompocam, ueM Kpunrorpaduu. XOTA MBI M M3yIUM HTOAPOGHO
pabory cucreMbl mmdposanua RSA, neramu ee pearusanum 0CTa-
HYTCA B CTOPOHE. BMECTO TOr0 MBI COCPEIOTOYIMMCA HA BO3HU-
KAIOIIIX B CBA3M C HEW MaTEMATHIECKUX MPOoOIeMax — pasio-
XKEHUE FUCAa HA TPOCTHIE MHOXWTEIN W ONPEJENCHUE, ABIAETCA
J¥ 9UCJIO COCTABHBLIM WM MPOCTHLIM. DTH BONPOCH IIPUHAIICKAT
K 9UCIy CTapermmx B 0OJACTH, U3BECTHOW MOJ UMEHEM MEOPUL
wuced, KOTOpasg ¢ AaHTUIHBIX BPEMEH CJIYXKUT UCTOIHUKOM MHO-
XKECTBA, MHTPUTYIOMINX 334a4. B oTou 06JacTu paboTatum Takue
maremaruky, kak JBkang (Euclid), @epma (Fermat), Durep (Eu-
ler), Jlarpamx (Lagrange), Jlexanap (Legendre), I'aycc (Gauss),
Puman (Riemann), a Takxe, BO BpeMeHa He CTOIb OTAATEHHBIE,
A. Bennw (Weil), Jemnns (Deligne) u Yauc (Wiles).

[IpemgmaraeMbiil B 5TOU KHUTE MOAXOM K TEOPUU TUCET OTIUYIA-
eTCA OT KJIACCUIECKOTO MOAXO0Aa CTAPhIX MOHOTPadUl B HEKOTO-
PBIX BaXKHBIX ACIEeKTaX. MBI BCIOY MOAIEPKUBAEM AITOPUTMUIE-
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CKYIO CTOPOHY [eja, He 3a0bIBasg CTPOro 060CHOBATH BCE BCTPEtIA-
IOIIMECA Ha HAIEM IIyTH aJIrOPpUTMBL PasymeeTcs, co BpeMeH JB-
KINJA TEOPUs TUCe]T ObLIA MPOHW3AHA, AITOPUTMAMMU, OTHAKO IO
CaMOT'0 IMOCJAEIHEr'0 BPEMEHN DTOT MOAX0 I KA3AJICA HECKOJABKO CTa-
pomonuabiM. MBI OTHOCHMCA K HEMY OY€HBH Cephe3HO. Tak, MOKa-
3aTEIbCTBY JBKIXIA 6€CKOHEIHOCTH MHOXECTBA MPOCTHIX TUCEI
npeaecTByeT 06Cy Xk aenue hpOPMYJIbI TPAUMOPHUATIA, & CYIIECTBO-
BaHNEe MPUMUATHUBHLIX KOPHEU II0 MOZYJIIO IPOCTOr'O UMCIA TOKAa-
3BIBAETCA C TMOMOIIBIO aAropuTMa, [ 'aycca, KOTOPBIA TOT U300pen
I BBIYUCJICHAA KOPHEH.

Takum 06pa3oM, B [EUCTBUTEALHOCTH 3Ta, KHUT'A 00 aJropuT-
MUYECKOU TEOPUHU UUCET U €€ TPUMEHEHUAX K cucTemMe mudpoBa-
aua RSA. Ho xoT# nens u 0603HAMEHA OYEHB Y€TKO, U3JI0KEHNE HI
B KOEM CJIydJae He 3alluKIeHo Ha Hen. Ha camoMm gene, MbI He Beeraa,
caenyeM KpaTdallliiM Iy TeM, IPEeAIOInTad TOT, KOTOPBIA CIIOCO-
0eH MpOoIUTE OOJBINE CBETA HA WHTEPECYIONMN HAC BOIIPOC. DTUM
o6BbacHAeTCa obpaleHre K MOHATHUIO TPYIILI, ¢ IMOMOIILI0 KOTO-
pOro pasauvHBIE METOMBI PA3IOKEHUsA TUCAd, HA MPOCTHIE MHO-
xkutenu norxydaioT B riaBax 10 m 11 emmmoe ToakoBanme. Harre
OTKJIOHEHWE B TEOPHUIO T'PYIII 3aBOAUT aX 10 Teopemsl Jlarpamxka
7 COIEPKUT OOCYXKACHUE TPYIIN CUMMETPHUH.

B ocHOBY kHUTrM Jerau 3amluCKy JEKIUU, TPETHA3HATEHHBIX
IS IPOrPAMMUCTOB-IIEPBOKYPCHUKOB. HekoTopbie ee 0Cco6GEHHO-
CTHU O0BACHAIOTCA CIabOU TIOATOTOBKON CTY AeHTOB. Tak, OHa mpes-
oJlaraeT y GIUTATENd JUNb HE3HAYUTENbHBIE IpeIBAPUTEIbLHBIE
MaTEeMATUIECKNE ITO3HAHUA. HpaKTI/I‘IeCKI/I HE HCIIOJAB3YyEeTCsSa HU-
9ero, KpoMe (pOPMYJIBI IS CYMMBI F€OMETPUIECKOU MTPOrPECCUn
1 OMHOMMAJIHLHOI'O pasJoXeHus. Kpome TOro, XoTd IpeaMeTOM
KHUTU U ABJAAIOTCA aJITOPUTMBI, HUKAKOT'O IIPpeABaAPUTEIbHOTO 3Ha-
KOMCTBA, C IIPOrPAMMUPOBaHIEM He TpebyeTcsa. MoXHO OXUIATH,
onHako (6rarogapsa caMoMy BEIGOPY MPEAMETA), ITO MPOUEHT KOM-
IBIOTEPHO IPAMOTHEBIX IUTATEICN OKAXETCA 3HAYUTEALHBIM. I1o-
DTOMY B KOHIIE KaX IO IMIABLI IPUBEIEHBI (HEOOA3ATENLHBIE) YII-
PaXHEHUs, WLIIOCTPUPYIOIIE ONUCAHHBIE B TEKCTE AJTOPUTMEL
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Henr MHOrMX W3 HUX COCTOUT B IOJYIEHWH HUUCIOBBIX TAHHBIX
I IPOBEPKYU M3BECTHHIX (GPOPMYJ WIX T'UIIOTE3 B TEOPUU TUCE.
Nx MoXHO OTHECTH K TOMY, ITO HEKOTOPBIE HA3BIBAIOT KOMNbIO-
MEPHBIM IKCNEPUMEHTTLOM.

CkaxeM HECKOJIBKO CJIOB O cTmie. MHOrma MaTeMaTudeckKue
KHUTY TPEACTABIAIOT COO0U CYXYIO MOCAE0BATEILHOCTE OMpeIe-
JEHUU, TEOPEM U [OKA3ATEALCTB. TaKOW CTHUIB BOCXOIUT K «IJIe-
MEHTaM» JBKJIUA, U B KOHIE ABAAIATOTO BEKA OH MPUOGPET CUIY
craugapTa. He Gygem 3a0bIBAThH, OMHAKO, YTO 3TOT MOHYMEHTAIb-
HBIU CTWIb HE OBLT JOMUHUPYIOUUIM IaXKe CPEIU IPEIECKUX MATe-
matukoB. Apxumen (Archimedes), k mpumepy, pacckasbiBaa amTa-
TEeMAM O BOSHUKABIINX HA €r'0 MyTH TPYIHOCTAX W TYMUKAX, KyIa
eMy CIy9anoch 3a0pefaTh, W Aaxke Tpeaynpexaanr ux o6 yTBep-
XK IEHUAX, KOTOPLIMUA OH TOJB30BAICA W KOTOPHIE BIOCIENCTBUN
OKAa3BIBAMUCEH JOXHBIMEA. B 5TOU KHUTE A CIEAYI0 CKOpee IMpuMe-
py Apxummena, Hexeaum IJBKIWAA, U CACTAHHBIA MHOIO BHIOOD 3a-
METHO BIUAET HA CIOCOO M3IOXKEHUA. Bo-TIepBBIX, UCTOPUIECKUE
KOMMEHTAPUYN BXUBIEHBI B TEKCT, & HE BBIAEICHBI B OT/EJbHBIE
MPUMEYIAHNSA, & UX MPEIMETOM MOXKET CIYXUTH BCE, ITO YTOMHO:
OT MCTOKOB TEOPUU TPYII IO AHEKJOTOB. BO-BTOPBIX, aJropuT-
MBI 3aIUCAHBI HA OOBLIYHOM A3LIKE, U A He CTPEMIIOCH K UX OITH-
MU3AIUU — €CIU TOABKO OHa He paboTaeT Ha moHmManwue. [1aTh
JIeT TMPENoIaBAHUA U3IAraeMOr0 MATEPUAIa YOSIUIn MEHA B TOM,
ITO MPOrPAMMUPOBAHNE TP EIOKEHHBIX AMTOPUTMOB HE BLI3BIBA-
eT CKOMb-HUOYIb 3aMETHBIX TPYAHOCTEU Yy BCAKOTO, MMEIOIIEro
HEOOXO TUMYIO MOATOTOBKY.

CremyeT OTMETHUTH elle OAHY OCOOEHHOCTH KHUTH: Y KaX IOU
BAaXHOU TEOPEMBI ¥ Y BCAKOT'O BAXHOTO AITOPUTMA €CThH CBOE MMA.
B 6onbmmHCTBE CBOEM DTO KIACCUYECKUE NMEHA, KOTOPHIE UCIOIb-
3YIOTCS B DTOM KadeCTBe YXKe NeCATH- WIX CTodeTuaMu. [pyrue
u306peTensr MHOU. [10 HEKOTOPBIM U3 HUX, KAK, CKAXEM, Meopema
0 NPUMUMUBHOM KOopHE, (POPMYJIUPOBKA pe3yIbTaTa HeMeIJIeHHO
BOCCTAHABIWBAETCA BCAKUM, 3HAKOMBIM C IIPEIMETOM U3JI0XKEHUA;
OIS OIPYTUX CHeMaTh DTO TpygHee. dToOBI O0O6IErYUTH ITIOUCK, I
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BBIJEIWI HA3BAHUA OCHOBHbILZ TEOPEM WM AJITOPUTMOB B OTAEJb-
HBIX YKA3aTelb, CHAOAUB MX MOMOJIHATEILHO KPATKUM OMUCAHU-
eM2. CCI)IJIKa, Ha 663bIMﬂHHI)Ie pe3yabTaThI NAET IO HOMEPpAM I'IaB
¥ pa3[eroB, B KOTOPHIX OHU COMEPXKATCA.

OTOT TPYA TPEACTABIIET COOOU mepepabOTAHHBIN BAPUAHT
KHUTH, OMyOIMKOBAHHOU BIIEPBBLIE HA MOPTYTATLCKOM A3bIKe B 1997
rofy, W B €e OCHOBe JeXaT JeKIWU, IPOYATAHHBIE CTYyJeHTaM-
TIepBOKYPCHUKAM (PaKyJbTeTa MporpaMMupoBanus denepanbHO-
ro yuuBepcuTeTa Puo me 2Kameupo. fI obasam crygentam, ciy-
IIaBHINM 3TOT KypPC B T€I€HUE ITIOCICTHUX IIATU JICT, 6OJII)IIIe, IEeM A
crtoco6eH BRIPA3UTh cIoBaMu. VX yvIacTme HOBIWAIO KaK HA CTUIH
M3M0XKEHUsA, TaK W Ha COAepXKaHWe KHUATHU, a UX OPENJIOXCHUd n
KPUTUKA MIOMOTJIM MHE WCHPABUATH OMUOKYA M YIPOCTUTH MHOTHE
[OKa3aTEThCTBA.

A ocobenno 6raroxapen 2Konacy ge Mupanzga ['omecy. Umen-
HO OH IEPBBIM BBICKa3aJl MBIC/Ib 06 n3aaHUN a,HI‘JIHfICKOI‘O Bapu-
AHTA W IPOBeJ BCe HEOOXOAMMEBIE TIEeperoBOpHL. be3 Hero xuura
MOMPOCTy He 3apoamiach Obl. fI Takxke YpesBbIYaWHO Gmaroma-
pen Avmaskapy Iladeko m MapTuny XomLIaHLy 3a IpenIoXeHNna
n KOMMCHTapPUM.

W, makower, g1 BeIpaxaio 61aroqapHOCTb BCEM PAOOTHUKAM U3~
marensctBa A. K. TleTepc, ¢ KOTOPBIME A COTPYIHUYAT TIPHA CO-
3JAHUU DTOU KHUTU. VX MOJMEePXKKA U CIOKOUCTBUE, aXKe B MO-
MEHTHI, KOTJa Y MeHsA OMYyCKAJWUCHh PYKW, MOMOIVIN MHE IOBECTH
paboTy MO 3aBepIIeHUA.

Puo me 2Kanenpo, 18 uroas 1998 roma

2B pycCKOM TepeBoIe OCHOBHBIE TE€OPEMbI ¥ AINOPHTMBI IIPUCYTCTBYIOT B
COJepXaHNN WK B IPeIMeTHOM ykasarere. — IIpum. nepes.
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chHAaMeHTaI'IbH bl€é anropuTMmbl

[Ba caMbIX (PyHIAMEHTAILHBIX AITOPUTMA — 3TO AJITOPUTM
JeneHus u aaroputM JBkianga. O6a oHu ObLIM U3BECTHBI MATEMA-
tuxkam [Ipesuen ['perun — onn cogepxarca B «Haganaxy OBkian-
na, HamucaHHbBx 0Komo 300 r. mo H.3. AIropuTM gereHus mpem-
HA3HAYEH A BLIYUCAEHUA HEMOJHOTO TaCTHOTO W OCTATKA MIPU
JENEHUN BYX IENbIX 9ucen. AIropuTm IJBKINIA BEMUACIAET HAU-
60BN OOIUU [EeTUTENs ABYX IEeAbIX uduced. [1o mMepe UTeHums
kauru Ber ybequrech B ux QyHIAMEHTAILHOCTH.

§2.1. AnropuTmbl

OKchOpACKUN CIOBAPHL AHTIUUCKOTO A3LIKA JAaeT CASTYIOUee
onpeneneHne MOHATHA «QA20PUMMY:

«IpONECC Mau HAOOP MPABWI, OOBIMHO BBIPAKEHHBIN
IIOCPEACTBOM AIrefpamiecKnx 0003HAYCHNN; B HACTO-
Aniee BpeMA MCIOAB3yeTCd, KaK IIPABUIO, B IIPOTPAM-
MUPOBAHWY, MAITIHHOM [IEPEBO/IE W JUHTBUCTUKE.»

Ecau He 0TXOOUTH CIWIIKOM OAJEKO B CTOPOHY, TO MOXHO CKa-
3aTh, YTO AACOPUTM MPEACTABAACT COOOU Peyenm pPeIreHus 3a,a
OTIpeneIeHHOr0 BUIA.
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[lnsa Havama TPOAHATM3UDPYEM [ETAIBLHO KAKOU-HUOYIBL IIPO-
crenmmi perent. [lycTh MbI medeMm mupor. B xopornen KyJauwHAp-
HOﬁ KHUT'E€ 3a Ha3BaHUEM DeENenTa CaeayeT CIINCOK MCIOJb3yEMbIX
MPOAYKTOB. 3aTEM CJIEAYIOT WHCTPYKIUA, OOBACHAIONINAE, ITO CJIe-
OyeT CAEJATH C IPOAYKTAMU, ITOOBI moayamiacsa nupor. MHcTpyk-
A MOTYT WMETb BUJ (IPOCEATH, CMEIIATH, B3OUTH, BBLITEYTb).
B xoHIle KOHIIOB MOIyYaeTCsA TOTOBLIU PE3YALTAT — MUPOT, IPHU-
TOMHBLIA K YIOTPEOICHUIO.

[Moxoxum 06pazoM ycTpoeH u 060U gpyrou aaroputm. [Ipu
ONMCAHWY AJITOPUTMA MBI JOMXKHEBI ONPENEIUTDL €r0 «8800YM (Bbi-
g6od». Beox cooTBeTcTByeT HaGOPY MPOAYKTOB, UCIOIB3YEMBIX B
pellenTe, BHIBOJ — PE3YJIbTATY, KOTOPLIM MBI XOTUM IOJYIATh;
B IIPUBEJEHHOM BHIIIE IIPUMEPE TAKAM PE3YIHTATOM OBLT MUPOT.
Co6CTBEHHO AITOPUTM — 3TO HAOOP NEUCTBUU, KOTOPBIE HYXKHO
COBEPUIUTH HA BBOAOM, YTOOBI MOJYYUTH BBIBOJI.

[Mpennomoxum, 9TO MBI CIEAOBAIA PEIENTY C TOMKHOU aKKY-
paTHOCTHIO. Torga, pa3syMeeTcs, MBI OXUIAaeM, UTO KOTJa Teb
OyIeT OTKpHLITA, B HEeU OyAeT HAXOAUTHLCA UMEHHO MHUPOT, a He
poctbud wmiaum meuenbe. Kpome Toro, mpm BeIGOpPE pelenTa MbI
IpeamoaaraeM, ITO TUPOT UCIEYeTCa 38 KOHETHOEe BpeMsd, XKela-
TEJbHO HE CIUIIKOM HPOMOJXKUTenbHOe. TOYHO TakK XKe MBI OXU-
JaeM OT J000ro aJIroOpuTMa, ITO ero pe3yJbTaT OyJeT COBIAAATh
C OXWJIAEMBIM BBIBOJOM. XOTEIOCH ObI, ITOOB 1 BpeMs PabOTHI
AITOPUTMA, OBLIO KOHEYHBIM, XEJATENIbHO He CIWIIKOM OOMbIINM.
Pazymeercs, HekoTOpbIe HAOOPHI MHCTPYKIUA MOTYT BBITOJHATE-
ca 6eckoHedHO g0oaro. BoT mpocTon mpuMmep: mpubaBuTh 1 K 1e-
nomy umcay (BBomy), 3arem npubasuTh | K pesyabrary u T.1. [lo-
CKOJBKY IENBIX 4drcesa 6eCKOHEYHO MHOT'O, IPOrpaMMa C TAKUMU
WHCTPYKIUAME OymeT paboTaTh 6€CKOHETHO moaro. Paszymeercs,
DTOT HAOOP MHCTPYKINUU OECIIONE3EH.

C mpyrou CTOpPOHBI, AITOPUTM MOXET paboTaTh OYEeHbL ME[-
JEHHO, HO MPU DTOM NIPUHOCHATH BEChbMAa OUIYTUMYIO mOab3y. Mo-
XeT OBITH TaK, 9TO 60see OBICTPHIE AITOPUTMBI HEU3BECTHBI, WJIN
CaMu MPAaBUIA OYE€Hb MPOCTHI U C WX IIOMOIIBI0 MOXHO JAOKA3aTh,
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9TO KaKad-TO 3ajada paspemuma. KOHEUHO, He BCAKYIO 3aJady
MOXHO PeIINTb, CIeAyd OIpeneJeHHOMY Habopy mpaBmi. Bouee
YOAUBUTEIABHO TO, 9TO €CTHh MaTEMATUICCKNE 3a 14T, HEC MTOIIyCKa-
IOIIAE AITOPUTMUYECKOTO pemeHus. K HecIacTbio, qaxe KOpoT-
Koe 00CyXAeHne 3TOU MPOoOIEeMBI YBEIO OBl HAC CAUNIKOM IATEKO
B cTopony. [logpo6HOCTE MOXHO TOCMOTpETH B KHUre [13].

SaKaHIUBAIOIIANCA AICOPUTM MPUBOAUT K TEOPEME: «IIPU Ta-
KOM-TO M TAaKOM-TO BBOJE MONYIAETCA TAKOU-TO W TAKOU-TO BBI-
Boa». TeopeMpl 9acTO (POPMYIUPYIOT B BUME «IIPU TAHHOM IIPEM-
MOJOXEHWN CIIPABEIIABO CIEAYIONIee 3aKI0IeHney. s TeopeMHl,
CBA3AHHOU C AJITOPUTMOM, BBOJ aAT'OPATMA COOTBETCTBYET MPEJ-
IIOJMOXKEHNIO TE€OPEMBI, & BBIBOO — 3aKJIOYCHUIO.

[Iycts Bac He myraeT HEKOTOpPas HEOMPEAETEHHOCTD DTUX KOM-
MEHTAPUEB: MbI JUIOb JOT'OBapUBaE€MCA O TEPMUHOJIOTUN. Bce cTa-
HET sACHee, KOTJa MbI MepergeM K NpmwioxeHuaMm. VTak, aiaro-
pUTM — DTO penenTt, HabOp UHCTPYKIUU, MJIA MPEBPAIICHUA Ha-
60pa MPOAYKTOB (BBOJ) B HEKOTOPHIN pe3yabTar (BuiBoj). IlycTs
HabOp MHCTPYKIUY 3aqaH. Kak mpoBepuThb, peraeT Ju OH MOCTa-
BICHHYIO 3aaa4dy? IIpeamomo)uM, HaM COOOIIMINA, ITO IIPencTa-
BIAIOT U3 ceOsS BBOJ M BBIBOJ AJIrOPUTMAa. lemepb HEOOXOMIUMO
3aaTh CJICAYIONE BOIPOCHL:

® BCEr[a JU MIPU UCIOJHEHUN DTUX UHCTPYKIUU MBI TIOTY IAEM
KaKOU-HUOGYIb Pe3yJIbTAT 38 KOHEIHOE Bpemsa?

® COBNANAET JU PE3YJIbLTAT C OXUIAEMBIM !

Bcenomuus npo kyamaapayio MeTadOpy, MBI TOJXHBI COTJIA-
CUTBCA C TeM, YTO A DpelnernTa OUupora Ha 3TU BOIPOCHLI OT-
BETUTH HENb3A. [IpuumHA B TOM, 9TO MOAOGHBIE YTBEPXKIEHUSI
HYXHO YMETH NOKa3bIBaTh A0 TOr'0, KakK CACIAHO 3aKJ/JIIOYICHUE,
YTO JAHHBIA HAGOP MHCTPYKIUA IPEACTABIACT COOON aJrOPUTM.
KuaroueBbiM coBoM mocaennen (ppasbl 6€3yCIOBHO ABIAETCA «I0-
Ka3aTeIbCTBOY — MBI IPOTOBOPUIUCE. [0 MTOKA3aTEIBECTBOM MBI
MOHUMAEM JOTMIECKOEe PACCYXKAEHUe, B OCHOBE KOTOPOT'O JeXaT
6asucHbIe (PAKTHI, WIX AKCHOMBI, O KOTOPBIX MBI JOTOBOPUINCD
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sapanee. [las 60IBIIMHCTBA AJITOPUTMOB B KAI€CTBE AKCUOM BbI-
CTYMIAIOT HIeMEHTAPHBIE CBOUCTBA MEIBIX IUCeT. PasyMmeeTcs, HET
OCHOBAHUU MOJIATATh, YTO MPABIILHOCTE PEIENTa MUPOTa MOXHO
B DTOM CMEIC/IE TOKa3aTh.

[Ipoucxox nenue caoBa as2opumm (Ama aa2opugdm) cTOIbL HE-
OOBIYHO, ITO €My CTOWT YIeIWTh BHUMaHWEe. PaHbine ero mmca-
JU B BUJE (A20PUCM, U TIPOUCXOAUT OHO U3 JATUHU3UPOBAHHOTO
apabckoro umenu Aav-Xopeamu, TO €CTh «POXIEHHBIN B XOpe3-
Me». Tak 3Banum apabCKOT0 MaTEeMaTHKa AeBATOro Beka AGy [lxa-
dapa Moxammena uba Mycy (Abu J’afar Mohamed Ben Musa).
Vmenno u3 ero «KpaTkon kHUrn 06 MCIMCICHNN AT-IXKa0pa 1 ajl-
MyKabaaby apab0CKue Yucaa PacupoCTPAHWINCH 10 Been HEBpore.
Aszopucs O3HATAET IOMPOCTY «IMCIOY, UTO MO-TPEUECKU HA3LI-
BaeTcA «apudMOCy. 3aTeM, KakK JI00e3H0 coobmaeT HaM 0KCHOPI-
CKUU CJIOBAPDL, DTHU [BA CJIOBA MEPEILIEIUCH, W MOABUIOCH CJIOBO
an2opupm.

He Bmonae moHATHO, KaKUM 06pa30oM CIOBOM a420PUmM HATAT
Ha3BIBATHCA (PELENnT MPOBEAEeHUs BLIYUCICHUN», OIHAKO, TTOX0XKE,
HTO 3HAMEHUE POJAWIOCH COBCEM HEAABHO. B aHTIMUACKOM OHO BIIEp-
BBIE MOABUIOCH OKOMO 1812 roma. O qHaKO yXe B CEMHAANATOM Be-
Ke 3HAYEeHNE DTOT0 CI0BA 3aMETHO PACHIUPUIOCH. MBI BuAenn, ITO
HUCXOMHOE CJIOBO «aJITOPUTM» O3HAYAIO HUMUCIO, OMHAKO 3aTEM TaK
CTAJIV HA3LIBATHCSI W BBHIIUCICHU.

[Moxoxe, 9T0 MepBBLIM 33, TPEAeabl APUPMETUKY BHIBEI DTO CJIO-
Bo MaTemaTuk u ¢urocod I'. B. Jlenbunr (G. W. Leibniz). B cso-
eM TepBoM JokJaje 0 nudpdepeHIuaIbHOM UCIUCICHU, Oy oau-
koBaHHOM B 1684 r., JlenOHUI[ HA3LIBAET MPABUIA HOBOT'O WMCHU-
crerus anrroputrmamu. CTojeTue CIycTsa OHO OGPETIO CBOE COBpE-
MEHHO€ 3Ha4ueHme. ['aycC MHOTOKPATHO UCIHOIL3YET CIOBO GA20-
pumm B CBOUX «ApudpMETHICCKAX UCCICTOBAHUAXY, HAMUCAHHBIX
o JTaTHIHKA, 0003HA4YaA UM HAO0p (POPMYJI, COCTABIAIOMINX METOT
HAXOXIEHHUA PEIIeHN! KaKOU-In00 apupMeTHIeCKON 3a a5 1.

N6H Myce npuHa iexuT emie mo KpauHen Mepe OJUH BKIAT B
TEePMUHOJOTHIO COBPEMEHHON MATEMATHUKU: CJIOBO a.42e6pa 00I3a-
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HO CBOMM TPOMCXOXJIEHUEM HA3BAHUIO €r0 3HAMEHUTOU KHUTH, O
KOTOPOU T'OBOPUJIOCH BBIIIIE.

§2.2. Anroputm peneHus

[Ipoamammsupyem aaroputTm geseHus B COOTBETCTBUU CO CXe-
MO, TPEVIOKEHHON B peabiaymeM naparpadge. Hac marepecyer
MeJeHre TEeTbIX YUCce]d, MOdTOMY 3a/a4da COCTOUT B TOM, UTOOBI
HAUTHU HEMOJTHOE YaCTHOE W OCTATOK OT AEJEHUS ABYX MOJOXKU-
TeTbHBIX TeJabIX uucel. [Ipm croBax «IacTHOE» U «OCTATOK» OOJIb-
IIMHCTBY U3 HAC MPUXOAUT HA YM KAPTUHKA BPOIE CAENYIONIEN:

1234| 54
108 22
154
108
46

B sTrom mpumepe mbr memum 1234 wa 54; HemoamHOe HaCTHOE
0Ka3aJ0Ch PAaBHBIM 22, a ocTaTOK paBeH 46. B TepMunax mepso-
ro maparpada BBOAOM aArOPUTMa CIyXKaT AEIUMOE U JeIUTeNb;
B IIpUBEJEHHOM IIpUMepe OHU PABHBLI COOTBeTCTBEeHHO 1234 m H4.
BI)IBO,II; COCTOUT M3 YaCTHOTO W OCTAaTKa, 3HAYCHUA KOTOPBIX B
npuMepe 22 u 46.

B ofmewm cryuae 6800 aaropmrma AemeHUs COCTOUT W3 ABYX
TMOMOXUTEIbHBIX ducena a u b. [lens a Ha b, MBI IOIyYaeM MPU BbI-
BO/IE YMCIA ¢ U 7', KOTOPBIE CBA3AHKI C ¢ # b ciaeqyiomuM o6pa3om:

a=bg+ru0<r<hbh

Pasywmeercs, ¢ — 5TO HemoaHOE HaCTHOE, & 7" — OCTATOK OT Je-
JeHUsA. Y DTOTO OMPENEIeHUsS eCThb MPOCTAasA WHTEPIPETAINA, KO-
TOPYIO CTOUT MMeTh B BUAY. [omycTwM, MBI XOTUM pPa3jJoOMaTh
MOMOCKY IIOKOMAAA, [IWHBI ¢ HA KYCKU HIWHBL b. AaropuTM roso-
PUT, ITO B PE3YJIAbTATE MBI TOMYIUM ¢ KYCKOB [JIUHBI b U Kycodek
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MEHBINEN JIUHBL I'. DTy MOJEIb MOJE3HO TOMHUTD AaXKe TMPU IIPU-
MEHEHUH TE€OPEMBI B IACTO MATEMATHICCKOM KOHTEKCTE.

Ha camowm gese mokosa fHas MOJOCKA HABOJUT Ha MIPOCTEUIINT
AJITOPUTM HOJIy‘IeHHﬂ q 17T 10 3adaHHBIM 0 1 b

AnaropurMm geneHus

BBoa: marypanrbubie uucna a u b.
BrIBO: HEOTpUIATEBHBIE TIEABIE TUCTA ¢ U T, OJIA KOTOPBIX BBI-
TTOMHEHO paBeHCTBO: @ =bg+r u 0 < r < b.

ITar 1. Hoxoxuts Q =0 u R = a.

IIar 2. Ecamu R < b, To cOOOGIMUTD: «wacmuoe pasho @, a ocma-
mox pasen R», 1 OCTAHOBUTHLCA; B MPOTUBHOM CJIy4ae MEPEUTH K
mary 3.

IIar 3. Ecmu R > b, To BoidecTs b w3 R, yBeauwauTh () Ha 1 1
BO3BPATUTHLCA K IIary 2.

Takywoo ¢opMy 3amucu aIroOpuTMOB MBI OyeM HUCIOIH30BATH
Ha, TPOTAXKEHUU BCen KHuru. [[n11 mpaBUIBLHOTO TPOYTEHUA al-
TOPUTMOB HYXHO NPUAEPKUBATHCA CACAYIOMIAX MIPOCTHIX COLMIA-
[MIEHUU. 3aMETHUM, 9TO AJCOPUTM UCIOAL3YET NBE nepemenubie
u R. Nmena nepeMeHHBIX BBIOPAHBI TAKUMU IIOTOMY, YITO IO 3a-
BepuIeHUU pabOThHI AITOPUTMA WX 3HAUEHUA OyIyT PABHBI HEIOJ-
HOMY Y9aCTHOMY M OCTATKy OT nenenusa’ @ Ha b. [[1a BeIMECICHWA
pe3yabTaTa maru 2 u 3 6yAyT MOBTOPEHBI HECKOABKO pa3. JHa-
YUT OHU O0PA3yIOT YUK.4. SHAYEHUA TMEepeMeHHBIX () u R OyayT
MEHATBHCA OT IUWKIA K MUKIY. IMEHHO TOSTOMY OHU M HA3BIBAKOT-
ca nepemenabivu! V3Menenne 3HAMEHUN TEPEMEHHBIX TIPOUCXOUT
Ha mare 3. UacTpykiusa «sviuecms b uz Ry o3HadgaeT, 9TO mepe-
MeHHOU R [H0MXHO OBITH TPUCBOEHO HOBOE 3HAYEHUE, PABHOE €€
S3HAYCHUIO MMOCJAE OKOHYIaHUA NPEAbIAYIIECTO TUKId, YMEHBIICHHOMY
Ha b. AHATOTMYHO, MHCTPYKIUA «yseauuumsb () na 1» oszHadaer,

!TepMUHEI «IaCTHOE» ¥ «OCTATOK» B AHIIMICKOM A3LIKE BHINIALAT KAK
«quotient» u «remainder»; orcroga u obo3uadenus. — Ilpum. nepes.
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9TO 3HAYEHUE () MOCAe OKOHYAHUA MPEILIAYIIErO [UKIA, CIeTYeT
VBEIUYIUTDL Ha 1.

[Ipeamomoxum, manpumep, aro ¢ > b. Torga mociae mepBoro
npoxoga depe3 mar 3 Ml moayuumM Q = 1 uw R = a — b. Ecan
a —b > b, TO, COTIIACHO AITOPUTMY, MBI JOJKHBI BBINOJTHATE IIAT
3 ewe pa3. [Ipoxenas o, Mbl monydaem () = 2u R = a—2b, u T.1.
[Mowyemy Takou mporecc He MOXET MOBTOPATHCA Oeckonedno?! [Ipy-
TUME CIOBAMY, TOYEMY aJITOPUTM MPEKPAIaeT cBoio pabory? 3a-
METUM, ITO B PE3yabTaTe MOCACOTOBATEIBHOI'O IPDUMEHECHUS IAlr'a
3 MBI TOIyHYaeM CIEAYIOMIYIO MOCASOBATEALHOCTD 3HAYMEHNH Tepe-
Mennon R:

HagaapHOC 3Ha4McHME | 1-1 DUKI | 2-U OUKI | 3-U OAKI

a a—2>b a—2b a—3b

OTO yOBIBAOIIAA MOCIEIOBATENLHOCTD MENBIX dncen. [lockonn-
Ky KOJINYIECTBO IUCET MEX Y G 1 0 KOHEYTHO, IOCJIeI0BATCIBHOCTD
¢ HeOOXOUMOCTRIO TIOMAJAET B IUCI0, Menbuiee b. Torma Ha mma-
re 2 paboTa OCTAHABINUBAETCA, W AJITOPUTM BBIBOJAUT 3HAYEHU
nepeMeHHbIX R u (). BoT moveMy airopuTm Bcerja 3aBEpIIaeT
pabory.

§ 2.3. Teopema pgeneHus

B §2.1 MBI rOBOPWIN O TOM, 9TO BCAKOMY JITOPUTMY COOT-
BercTByeT Teopema. ChopmyaupyeM TeopeMy, OTBETAIONLYIO aJl-
TOPUTMY [MEJTEHUA.

Teopema pgenenus. Ilycmv a u b — wamypasbuvie wucaa.
Tozda cywecmeyem eduHCMBEHHAA NAPG HEOMPUYGMEALHIL Ye-
ABIT YUCEA § U T MAKUT, 4MO

a=bqg+r u 0<r<hb.

Teopema coOgepX)uUT nBa yTBEPXKAGHUA PO <uCIa ¢ U 7. Bo-
MEPBBIX, OHU CYIIECTBYIOT, BO-BTOPBIX, OHU €IUHCTBEHHBI. MBI
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yXKe 3HAEM, ITO A JAHHBIX ¢ U b CyIIeCTBYIOT TaKWe TUCIa, § U T,
KAaK YKa3aHO Bbime. Mbl gaxe 3HAEM, KAK WX BEYUCIATD. O THAKO
yTBEpXKACHNE O €AMHCTBCHHOCTU ABJIACTCA HOBBIM. qTO O3Hava-
eT eIUHCTBEHHOCTDb Mapbl ¢ U 7! [IpeanonoxumM, 9TO MBI B3AIHA
ABa IUCIa Q4 1 b 7 IPpEeaIOXKMIN NX HECKOJbKUM JIOAAM, IIOIPOCUB
X HAUTYA TAKWE ¢ U T, ITO BBITOJHAIOTCA COOTHOUICHUS U3 TEO-
pembl. O6paTuTe BHUMAHMAE, ITO MBI IIPOCTO TPOCUM BBEIYUCIUTH
STHU YUCIA, HE HAKIATHIBAA OTPAHUICHUN HA METO] BBIYACICHU.
EqmHCTBEHHOCTD HEMOMHOrO YACTHOTO W OCTATKA, O3HAYAET, ITO
gce amu 100U Hatidym oduy u my e napy wuces. B dacTHO-
CTH, HEBAXHO, KAKAM AJITOPUTMOM MBI GyAeM TTOAb30BATBCA A
MOICYeTa YUCET ¢ U T'; JIOObIE AITOPUTMBI MaNyT OMUH U TOT Xe
pe3yabTaT. 3HATEH 3TO GE3YCIOBHO TOJE3HO.

I[TocmoTpum, mouemy sTo npasga. [lycrs a uw b — aBa mHATy-
PAJTBHBIX YHUCIA, KOTOPBIE MBI TIPEIOXUAINA PASHBIM JIOIAM, CKa-
xeMm, Kapry u Copun, n monpocuim ux HAUTHA HETOTHOE YACTHOE
7 OCTATOK, YIOBIETBOPAIOIINAE YCIAOBUAM, CHOPMYIUPOBAHHBIM B
Teopeme. PesyabraTom paborsr Kapaa sBagiorca wucaa q u r, a
Codua mamra wucaa ¢’ u r'. Ham #3BeCTHO TOIBKO, 9TO

a=bqg+r n 0<r<b
a=0bg +r n 0< 7 <b.

Crenyer mm orcioma, ato r = r' mw q = ¢'? IlockonbKy 9ucia r u
r’ memwle, OHO W3 HAX HE MEHbIIEe APYroro, ckaxem r' < r. Us
Tox nectea Kapaa Mbl 3akmogaeM, 910 1 = a—bg, a 13 TOXICTBA
Codun — uro r' = a — bq'. Buorauras 5T paBeHCTBA, MOLyIaeM

r—r'=(a—bg) —(a—bg'") =b(g' —q).

C mpyro# cTopoHbI, 06a umcaa r 1 r’ Mensire b. [lo Hamemy mpes-
nonoxenuto, r > ', otkyna 0 < r—r’ < b. Oguaxo r—r’' = b(q'—q),
O3 TOMY

0<b(d —q) <b.

Yucno b mOTOXUTENBHO, TAK 9TO HA HETO MOXKHO Pa3IeauTh. SHa-
qut, 0 < ¢ — q < 1. Ho wncno ¢ — g memoe, mosTomy mociennee
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HEPABEHCTBO BBIMTOJHACTCA B TOM W TOJBKO B TOM CIy9ae, €CJau
q —q = 0. Ipyrumu croBamu, ¢ = ¢, OTKyaa r = v’ 1 € IMHCTBEH-
HOCTH HEMOJHOT0 YaCTHOTO W OCTATKA JOKA3AHA.

[MogBoAA WTOr, MBI MOKA3AJIU, UTO AITOPUTM MEJEHUA ITPHU-
BOAUT K TEOpEMe, COCTOSAIEN U3 J6YL YTBEPKACHUN: HEIMOTHOE
YACTHOE M OCTATOK OT JEJEeHUA NBYX HATYPAILHBIX TUCET BCETIA
cywecmeytom u o eduncmaenubl. MHOrIE U3 Teopem, KOTOphIe
eme GyIyT 06CYX IATHCA B HAIIEW KHUTE, TAKKE YTBEPXKAAIOT Cy-
MIECTBOBAHWE W €IWHCTBEHHOCTH HEKOTOPBIX 00hekTOR. Haubomree
BAaXHAA W3 HAX — TEOPEMA O PA3A0NCEHUU HG NPOCMbLE MHOHCU-
meau 73 TIABHL 3.

§2.4. Anroputm JBKnnpga

AnropurMm IBKINAA IPEIHASHAYEH A BHIYUCICHUA HAUOOID-
miero O6IIIeFO rZ[eJII/ITeJI}I rII;ByX HaTypaJII)HI)IX ‘II/ICGJI, " MBI TIOCBATUAM
HAYAJI0 DTOro maparpada moapoO6HOMY OIpEneIeHUI0 HAMOOIbIIe-
1o 00IIero geauTens.

Bo-nepBBIX, MBI TOBOPHM, UTO IEJI0€ TUCIO b dequm meaoe am-
CJI0 @, €CJIU CYIIECTBYET eIle OTHO IeJ0€e IUCIO0 ¢ TAKOe, 9TO ¢ = bc.
B sToM ciydae MBI TOBOPHM TakKxke, 9TO b ABIAETCA deaumenem,
WIA MHONCUMEAEM TUCTA , & G, B CBOIO OYepPenb, — KPAMHbIM
qnciaa b. Bece 5T0 — pasamdHbIe CIOCOOBI CKa3aTh OLHO U TO XKe€.
Pasywmeercs, onpeneanTs, ABAAETC JU b qeIuTeIeM TUCIa, 0, MOXK-
HO, HOACYATAB OCTATOK OT NEJCHWS G HA b U MPOBEPUB, PABEH JIU

OH HYJIIO.
[TycTs a m b — waTypanbusie quciaa. Houboavwut obwut de-
AUMEAd TACET a U b — »TO HambGOJBIIEE IEJI0e YUCIO d, Ha KO-

Topoe u a, u b neaarca; rorga mel mumem d = HO/I(a,b). Ecim
HO/I(a,b) = 1, TO MBI HA3BIBAEM FUCIAA @ U b 83GUMHO NPOCTNBIMU.

Onpenenenre HanGOMBIIETO OOIIErO AEIUTENA MOACKAZHLIBAET
CAEIYIONAY AJITOPUTM €r0 BHIYUCAeHUA. Kcau ducna a u b 3ama-
HBI, TO Haﬁ,z[eM BCE€ IOJMOXKUTEJIBHBIC NCJIUTEIN YUCIa 4 WU BCE IIO-
JOXUTEIbHBIE AeIUTEIN Iucia b. Beibepem Bce Wucia, BXOAAIITE
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B 062 MHOXeCTBa, U BO3bMeM Haumbosabinee u3 Hux. OHO u Gyger
HAOONBIIUM OOIIM JeIuTeaeM. JTa MPOIeaypPa COBCEM IIPOCTA,
OMHAKO, KAK MBI YBUAUM B CAEAVIOMEN TJIaBe, OHA IPE3BLIYANHO
HenddexkTupHA mpu Goabuux a u b. [Ipobrema cocTouT B TOM, ITO
HEMW3BECTHO HU OJHOT'O IIPOCTOrO aJrOPUTMA Pa3JOXKEHUA ENbIX
YUCeNT HA MHOXUTENH.

K cuacTsio, HanbGoabmm O0IIUYT eTUTENb MOXHO [0 JCIATATE
“ apyruM, BecbMa 3PPEKTUBHBIM CIOCOG0M. IDBKIU TPUABOIUT
ero B npegnoxennax 1 n 2 xkauru VII cBoux «daemenTos». Aszo-
pumm Iekauda mercTByeT cregyromum obpasom. Pazgeaum o Ha
b ¢ ocTATKOM; HA30BEM DTOT OCTATOK 7. Ecam r1 # 0, To pasme-
JIMM b Ha 71 C OCTATKOM; IIYCTH 73 — OCTATOK BTOPOT'O OECICHUSI.
Anagoruuno, ecim ro # 0, TO pa3fgeauM r1 HA T9 W MOIYIAM HO-
BBIU OCTATOK T'3. TakuM 06pa3oM, i-bIil UK AITOPUTMA COCTOUT
73 OJJHOT'O JEJEHUS C OCTATKOM, MPUIEM IEIUMOe PABHO OCTATKY,
oMy 9IeHHOMY B (1 —2)-OM IUKJIE, & TeTUTENTb — OCTATKY, IOy IeH-
HOMY B (i — 1)-oMm nukie. [luka moBTOpAETCA IO TEX MOP, MOKA MBI
HE IOIYYIAM HYJECBOI'O OCTATKA; HAUMEHbWULY HeHYAe80U OCTATOK
ABISETCA HAUOONBIIUM OOIAM [EIUTENeM Tucea a 7 b.

[MpumenuM aIropUT™M IBKAUAA A BEITUCICHUS HAUOOMBIIETO
ob6mero meaumreas wucen 1234 u 54. lenenus ¢ 0CTATKOM BBITVIAIAT
TaK:

1234 =54 - 22 + 46;

54=46-1+8;
46 =85+ 6;
8=6-1+2;
6=2-3+0.

[Tocrequuy HEHYJIEBOM OCTATOK PAaBEH 2, IOXTOMY
HO/(1234,54) = 2.

OTMeTHuM, 9TO HEMONHBIE YACTHBIE He IPUHUMAIOT HEIOCPeICTBEHHO-
O yYaCTHUA B MOACYeTe HAMOOAbIIEro o0uero geaurend. Onuimem
Temepb AICOPUTM, CIEAYsS MOMAeIH, MpeaIoxennon B §2.1 u §2.2.
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AnropurMm IJBKINIA

BBoa: sarypanprnie uncaa a u b, a > b.
BriBog: Haubonbmmit 06U geIuTe s aucea ¢ u b.

IITar 1. Monoxuts A =au R= B =b.

ITar 2. 3amenuts 3Hadenne R ocraTkom oT genenus A ma B un
MEPeUuTH K Iary 3.

ITar 3. Eciu R = 0, To coobmuThb: «Haubosbwutl odwuti deau-
medab wuces ¢ u b pasen By, m 0CTAHOBUTHCA; B TPOTUBHOM CIIY A€
mepeuTu K mary 4.

ITar 4. 3amenuTs 3navenue A Ha 3HadeHue B, 3HadeHue B Ha
3HadeHume R u BO3BpaTUTHCA K mary 2.

TaxkuMm ob6pasoM, AJd BBEIYUCICHUA HAMOOMBIIETO OOIIEero me-
JUTENS HAM HEOOXOAUMO JWIIb BBIMTOJHUTEL HECKOMBKO NEICHUU C
ocraTkoM. Ho modeMy HAMGOIBIIUU OOIUYA NEJUTENb COBIATAET
C TMOCHEIHUM HEHYJEBBHIM OCTATKOM B IMOCIEAOBATEILHOCTH IEJe-
auu? /la u BoOOIIE, MOYEMY B MOCIENOBATEILHOCTH OCTATKOB BCe-
rIa MOABUTCA HYJb! 3aMETUM, 9TO €CIu Obl HYJIb HE MOABJIAICH,
TO TPOIEAYypPa HUKOTAA OBl HE OCTAHOBUIACH.

Haunem co BToporo Bompoca. TeM caMbIM MBI TOKAXKeM, 9TO
AJIrOpUTM BCerga 3asepmaeT pabory. [Ipeamomoxum, 9T0 md To-
ro, 9TO0BI HAUTU HAMOOABIIUN OOV AEJUTETh YUCET G U b, MBI
MPOEIATN CAETYIONIE AETCHUA C OCTATKOM:

a=bg+7r1 mw 0<Lr <b
b=rigg+1rs mw 0<Lry<ry;
rir=roqzs+rs umw 0<ry3<ro;
ro=r3qa+rs m 0y <735

3alymeM Ha MUHYTY TpPO JeBbiln cToabern. B mpasom cTombie cTo-
UT MOCAEOBATEILHOCTE OCTATKOB. 3AMETHUM, UTO B HEU 6CAKULL
0Cmamor mervuie npedvidyuse2o, a TAKKE, ITO 6CE OCTNAMKU HEO-
mpuyamesbrbl. Ilepenucas HEpaBEeHCTBA APYT 3a APYTOM, MBI IO~
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JIy<IaeM IENOYIKY
b>ri >r9g>rg--- > 0. (4.1)

[MockoabKy MeXay b W HyJeM eCTh JUIIL KOHETHOE UUCAO METBIX
YUCeN, TIOCAEI0BATENLHOCTE OCTATKOB HE MOXET MPOJOIKATHCA
6eckonedno. OMHAKO B KOHIIE €6 MOXET CTOATH TOJIBKO HYJIb, a
3HAYUT, AATOPUTM HABEPHAKA OCTAHOBUTCA.

C moMoIIb0 pacCy X AeHUA U3 MPEIbIAYINero maparpada MOX-
HO TIOIY9IUTH BEPXHIOK OMEHKY HA IUCJIO JEIEHWM, HEOOXOIMMOE
A BEIYUCICHUA HAMOOMBIIErO OOMEro aeauTens. BepueMcsa K He-
paserncrsam (4.1). Kaxpgoe 1umcio B mociegoBaTeasHOCTH CTPOTO
MeEHBIIE MpeauIaymero. [losToMy HanbGOIbIIEe BOZMOXHOE 3HAME-
HZE OCTATKA B KAXKIOM [EJCHUU HA €UHUIY MEHbIIEe 3HAYMEHUI
0CTaTKA HA MPEABIAYIIEM AeaeHnr. Keam OBl B KaX [JOM IUKIE 3TO
HAMOOJBIIEE BO3MOXHOE 3HAMEHWE AOCTUTAIOCH, TO JJIA MOJyde-
HUA HYJEBOTO OCTATKA HAM TOTPeO6OBAJIOCH Obl b menenun. ScHO,
YTO 3TO M €CTh HAUXYAIIANA BO3MOXHBIM caydan. IlosTomy mpu
MPUMEHEHUY AJITOPUTMA JBKINAA K Mape Yucen ¢ > b 9ucio mie-
JEeHUN He IPEBOCXOAUT b.

Ha camom mese, HECTOXHO MOKa3aTh, 9TO mpu b > 3 <mciao
IeJeHUN BCeraa MeHbIne b. 3apuxkcupyeM Iuciao n. Torga 3amna<dy
aydiie mepedOopMyIupPOBATE TAK: IIA KAKUX HAMMEHBIIIX 630 UM-
no npocmuiz a u b Beraucaenue HO/(a,b) Tpebyer n nerenuu?
3aMeTuM, ITO I TOTO, ITOOBI YUCIa ¢ U b OLLIM MUHUMAIL-
HO BO3MOXHBIMU, JACTHBIE HA KAXJOM IIATE TOXE JOJXKHBI ObITH
MUHUMAJIBHO BO3MOXHBIME. ECIM Temepb MpeanoiIoXuTh, ITO Je-
JUTENh MEHBINE JASIUMOrO, TO ACHO, ITO HAMMEHBIIEE BO3MOXHOE
YACTHOE IBYX IMEMLIX umcen paBHO 1. [IpeamonmoxumM, 9T0 MBI BHI-
TIOJHUIN N AETEHUN [0 TOJTy9IeHNA HyJeBOTO OCTaTKa. Torma mo-
CIeIOBATEILHOCTE OCTATKOB MMEET B[

b>’f’1>’f’2>7"3---20.

Mgl yxe Bugenu, OMHAKO, ITO B HAUXY/IIIEM BO3MOXHOM CJIy<ae
BCe HEMOJHBbIE JACTHBIE PABHBI 1. 3amuiieM Temepb Bce JAeJeHud,
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HAUWHAA C Nocaedne20. B cmiy B3aMMHOUW TPOCTOTHI YMCET MBI

Oy IaeM
-1 = 1
-3 = Tpn2-1+1
Tn—a = Tp3-1+7r, 9
a = b-14mr.

BoT xax BRIMIAIAT MOCIEIOBATEIHLHOCTH OCTATKOB mpu N = 10:
34, 21, 13, 8, 5, 3, 2, 1, 1, 0.

SHAYUT, HAMMEHBIIAA Tapa B3AUMHO TPOCTHIX YUCET ¢ U b, Iis
moacYeTa HAUOOJBIIErO OOIIETO AETUTeNsT KOTOPBIX HeOO6X0IuMO
10 memenun ¢ ocTaTKoM, 310 a = 34 u b = 21. 3amMeTbTe, ITO XOTA
quciao b = 21 u HamMeHbIIee, Bce paBHO OHO Gouabre, deMm 1 = 10.
[TpuBeneHHAas BHIMIE MOCIEAOBATEILHOCTh — DTO HAYAIO 3HAMEHU-
Tou nocaedogdamenvrocmiy Pubonauuu. Bel CHOBa BCTpeTUTECH C
HEU B yIpaxuHeHuu 6.

§ 2.5. [lokazaTenbCTBO KOPPEKTHOCTH
anropuTma JBKNupaa

Mpur mokaszanu, 9T0 aIropuTM 06A3aTENLHO 0CTAHOBUATCA. [len-
CTBUTEIBLHO, OH HE MOXET BBIMOJHUTEL OOJbBINE NEJEHUN C OCTAT-
KOM, €M MEHbIIee n3 ABYX BBeAeHHBIX uucen. Ho mowemy mocaen-
HUU HEHYJIEBOW OCTATOK B TOYHOCTH PABEH HAMOOIBIIEMY OOIIEMY
peauTenio? YToObI DTO MOHATH, HAM TMOHAMOOUTCSA OAWH BCIIOMO-
FaTeIbHBIN PE3YJIbTAT U3 TEX, 9TO MATEMATUKU HA3LIBAIOT JEM-
MAMU. DTO CIOBO TPEBHErPEUECKOTO IIPOUCXOK EHUA, ¥ O3HATACT
OHO TO, ITO (IIPEANOJATAeTCIy B TOKA3ATEILCTBE TEOPEMHBI.
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Jemma. Ilycmv a u b — namypaavubie wucaa. Ilpednoqo-
HCUM, UMO CYULECMBYIOM MAKUE UCALE YUCAL § U S, NPU KOTMODHIE

a =bg+ s. Toeda HO[l(a,b) = HO (b, s).

MBI ZOMKHBI MTOKA3ATh CIPABEIJINBOCTE Y TBEPXK ICHUA JEMMEL.
Bocmoabsyemcsa, ogHaKo, CHAYALA STOU JEMMOU M MOKAXEM, TITO
MOCHEIHUN HEHYJEBOU OCTATOK B AJITOPUTME OBKIUIA NEUCTBU-
TEILHO PaBeH HAMGOJIBIIEMY OOLMIEMY NeJUuTeno. [IpuMenss aaro-
pUTM K TedbIM ducaaMm ¢ > b > 0 m mpegmonaras, ITO OCTATOK
OCJE N-TO AEJICHUA PABEH HYJIIO, IMEEM

a=bqg+r1 m 0<r <b
b=rigg+1ro mw 0<re<ry;
rir=roqzs+rs umw 0<r3<ro;
ro=rsqs+ry umw 0<Lry<rs;

Thn—4=7Tn 3qn-2+Tp 2 H Tpn—2 < Tp—3;
T™h—3=Tn-2qn-1+Tpn-1 H

Tn-2="pn_1q¢, 1 1, =0.

Tn—1 < Tp—2;

Ha »ToT pa3 mbI 6yieM CMOTPETh TOABKO HA TO, ITO IPOUCXOTUT
B eBoM ctoibie. [locieqnee paBeHCTBO O3HAYAET, UTO Tp_o J€-
JUTCS HA Ty, 1. [103TOMY HAMGOILIIAN OGN AETUTENh STUX TBYX
qucen paseH 1. [Ipyrmvu crosavm, HOI(ry—2,7p—1) = Tp—1.

Temepsb B mercTBUE BCTymaeT JemMMa. [IpuMensas ee K mpeamno-
ClIe[HEMY DABEHCTBY, MBI 3aKII0OIAEM, ITO

HO,Z[(’I"n_g, Tn—?) = HOrZ[(’rn—Qa Tn—l)a
OpudeM MOCICTHAA BeIMTMHA, KAK MBI BEJEIU, paBHA T, 1. Llo-
BTOPHOE TPUMEHEHWE JEMMBI, Ha 3TOT Pa3 K MPEABIAYIIEMY Pa-
BEHCTBY, JaeT

HO,Z[(’I“n,LL, Tnf?;) = Hoﬂ(rnfi’n 'rn72)7

ITO OMATEH PABHO 7, 1. [IpOIOIKAL NEUCTBOBATEH TAKUM XKe 06pa-
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30M [0 BEPIIUHEI CTOI0MA, MbI 3akmodaeM, ato HOI(a, b) = r,_;
9T0 U TPeOOBAIOCH TOKA3ATh.

NlokazaTeasCTBO KOPPEKTHOCTH AIrOpUTMa OyI€T 3aBEPIIEHO,
ecau MBI JOKaxeM Jemmy. HamoMezIM, OHa yTBEpX JaeT, ITO eCIn
9eTHIPE HEOTPHUIIATEIHHBIX TENBIX TUCIA 0, b, § U S CBA3AHBI COOT-
HomterweM a = bg+s, ro HO/l(a,b) = HO/I(b, s). [lokaszaTeabcTBO
Jerde O6’])ﬂCHI/IT]), €CJIN IIOJMOXUTH

d; = HO/I(a,b) u dy = HOZI(b, s).

[Toka MBI HEErO HE CAeraan, TPOCTO IPUCBOWIN UMEHA HAUOOIb-
muM o0ImmM JeuTenaM qucen ¢ u b m aucea b u s. Mer xoTum
IOKAa3aTh, 9TO di = dy. [loKa3aTeILCTBO MPOBEAEM B ABA DTAIIA.
Cuadanra MBI moOKaxem, 9T0 di < do, a 3areM — 49TO do < d.
PasencTBo wucen dy u do HEMEIIEHHO ClAELyeT U3 DTUX IBYX HE-
PABEHCTB.

ITokaxem, uTo di < do; BTOpOE HEPABEHCTBO MOKA3LIBAETCS
AHAJOTUYHO, U MBI OCTABIAEM €r0 B Ka4deCTBe ymnpaxHenus. Ha-
nomanMm, ato di = HO/I(a, b). Torga dy memut kak a, Tak u b. ITo
03HAYAET, YTO CYUIECTBYIOT TAKWE HATYPAIbHBIE YUCAA U U U, ITO

a=du u b=djv.

[logcrapasaa >Tu 3HAYEHUS B PABEHCTBO a = bg + S, mOIydaeMm
diu = divg + s. [lpyrumu cioBamu,

s = dyu — dyvg = di(u — vg).

Ho mocarenmee paBeHCTBO 03HAYAET, 9TO § HEIUTCA HA dj.
[oasenem uror. Ilo npeanonoxenuto, d; = HO/l(a, b), mosTo-
My di meaut b. Ho mpoBemeHHBIE BBIYUCICHWS MOKA3BIBAIOT, TITO
d; Takxe merut wucao s. [losTomy dy sBasercsa obumm geauTe-
aem ducen b u s. OgHako do — HaMOOMBIIUMU U3 TAKUX OOIIUX
gernTenen, mo3ToMy di < do, ITO MBI M XOTEIN NOKA3ATh.
OTMeTuM, 9TO B JOKA3ATEIHLCTBE CYMIECTBEHHO UCIOMb3YETCA
cooTHoIeHne ¢ = bg + $, AHATOTUIHOE COOTHOIIEHUIO B TEOpEMe



54 DYHIAMEHMAADHVIE AAZOPUTILMBL

nmenerusa. OnHAKO 3M€Ch HAM HET HEOOXOIMMOCTH MPEIIOIATATh,
ITO S MeHbIIe b; HA caMOM Jele S He HOMXKHO ObITH U ITOJOXKU-
TEILHBIM. SHAYUT, TPEIIOJOKEHUE O TOM, IYTO OCTATOK OT AEje-
HUA MEeHBIIe NeJUTeNd, UCIONb3yeTcsa He B JOKa3aTelIbCTBE TOro,
9TO MOCIETHUN HEHYJIEBOU OCTATOK ABIACTCA HAUOOIBIINM OOIIMM
OeIuTeneM, a TOJIbKO IJIA TOTr0, ITOOBI NOKA3aTh, ITO AITOPUTM
3aBeplinaeT paboTy.

§ 2.6. Paclumpennbin anroputm dsKnuaa

Y anropurma IJBKIWIA, OMUCAHHOTO B MPEALIAYIIEM Maparpa-
de, ecTh emme oaUH BapuaHT, GoJaee MOITHBIA. MOIIHLIT B JaAHHOM
caydae He o3HadaeT Gomee ObICTpLIU. [[0OCTOMHCTBO HOBOrO Bapu-
AHTA B TOM, UTO HAUOOJLIIMNA OGIIUK NEIATENb — JUIIb YaCTh
BBIXOAHBIX MaHHBIX. [lycTh @ u b --- HaTypaspHbe Yncia, a d --- ux
HAMGOJIBIIAY OOIIUT AeTUTENh. Pacwupennbitl atzopumm Jekauda
MOJCIUTHIBAET HE TOJIBKO d, HO W IBA IEABIX YUCAA (¢ U 3 TAKUX,
9TO

a-a+pB-b=d. (6.1)

OrmeruMm, 4TO (33 MCKIIOUYCHUEM HECKOIBKUX TPUBUAIBHBIX CIIY-
Ya€B) eCIU (¢ OKA3BIBACTCA MOJOKUTEILHBIM, TO [ — OTPULATEb-
HOe, 1 Ha060POT.

Jlydie BCero BLIMUCAATL DT IUCIA, NOOABUB HEKOTOPHIE WH-
CTPYKIUU B OOBIYHBIN AJATOPUTM IJBKIWAA TakK, 9TOOH d, o u
MOACYUTHIBAIUCH OMHOBPEMEHHO. VIMEHHO MOPTOMY HOBAA IIPOIIE-
Iypa Ha3BIBAETCA PACUUPEHHbIM aA20pummonm Jerauda. [Tpuso-
IUMBIA 3€Ch BAPUAHT HTOCO AJCOPUTMa mpuHALIeXuT KHyTy,
aBTOPY 3HAMEHUTOU KHUTH «VICKyCcCTBO TpOrpaMMupoBanusy. Au-
TOPUTM OIIMCAH BO BTOPOM TOMe 3TOro coumuenus, cMm. [28] ([1.4]).

HanmomamMm, 9T0 amropurM IBKAMAA COCTOWT W3 TIOCIEAOBA-
TeILHOCTH JEJICHAN ¢ OCTATKOM. HanboIsmmy o0y MEOXATEND
IpeacTaBIgseT coO0M MOCAeTHUN HEHYJIEeBOWM OCTATOK B DTOHU IIO-
CIe0BATEALHOCTU. SHAYUT, HAM HAaL0 HAUTHU CIIOCO0 3aIMChIBATH
HOCTeJHUN HEHYJIeBOU ocTaToK B Buge (6.1).
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CyTs aaropuTMa KayTa B TOM, 9TO HAM HE CIEIyeT XIATh,
MOKa MBI JOUAEM [0 MOCIETHEr'0 HEHYJIEBOT'O OCTATKA; BMECTO
DTOT0 HAM CTOUT 3aIMUCHIBATH B TAKOM BUIE KAaXILIU U3 TOIY-
YAIOMMXCA OCTATKOB. Takme NeUCTBUA NOJKHBI MPUBOIUTH, TIO-
BUAUMOMY, K OOJBIIOMY KOAUYECTBY MOMOJHUTEILHOU PAOOTHI.
Kak mbI yBugmMm mo3gree, 5TO HE COBCEM TaK.

[Ipeamomoxum, 9T0 M5 BEIYUCICHUSI HAMOOIBIIEro o61ero re-
JUTENS 9ucel ¢ M b MBI BHIIOTHUIN TOCIEIOBATEIHHOCTD [ee-
aun (5.1). [lepenmmenm ee, cOmpoBOXaas Kax Ayl ONEPAIMIO 3a-
MUCHIO MIPEANONIATAEMOr0O MPENCTABIEHUA OCTATKA,!

a=bq +r r1 = azy + byi;

b=riqx+ro ro = axo + bys;
71 =T2q3 + T3 r3 = ax3 + bys;

r4 = axq + bygy; (6.2)

5§ 8§ § =

To =13q4 + T4
T™m—3="Tn20n-1+"Th-1 U 7Tp |=0aTp 1+ bynfl;
Tn-2="Tn-1q¢n 1 1, =0;

Yucaa x1,...,Tp—1 4 Y1,---,Ypn—1 MBI U XOTUM OnpeneaunTsb. He-
ob6xoauMmyto nHGOPMAIUIO yA0OHO CBECTH B TAOIUITY:

OCTaTKN JaCTHBIE X y
a * T | Y1

b * T Yo

1 q1 z1 Y1

) q2 z2 Y2

T3 q3 T3 Y3
'n—2 dn—2 Tn—2 | Yn—2
Tn—1 n-1 Tpn—1 | Yn—1

OrMmeruMm mpexje BCero, 4To TabIWIE HAYMHAETCA C ABYX
CTPOYEK, KOTOPBIM B HEH HE CIeNOBATO ObI OBITE. /leNCTBUTEIBHO,



56 DYHIAMEHMAADHVIE AAZOPUTILMBL

CTOSAIIUE B TEPBOM CTOIOIE DTUX CTPOK TUCIA HE ABIAIOTCA OCTAT-
KaMm B KakuX-1ubo omepanuax neireHus. MBI gaeM sTuM CTpOU-
kam HoMepa —1 u 0, mogvepKuBas TeM CAMbBIM UX (HE3AKOHHOCTh).
Bckope Mt 060cHYeM uX HEOOXOAUMOCTb.

YTo xe MBI XOTUM CAeaaTh?! MBI XOTUM 3aIOJHUTL CTOJOIBI
z n y. lIpeanmonoxum HA MUHYTY, YTO MBI [IOXyIUIn TAOINUILY 3a-
HNOMHEHHOU JO HEKOTOpOou, ckaxeMm a0 (j — 1)-om, crpoku. [las
BAIOMHEHUS J-OU CTPOKU HEOOXOMMMO MPEXIE BCErO Pa3IeiuTh
Tj_9 Ha Tj 1. B pesayapTaTe momydaTca r; u qj — IEepPBBIE IBa -
MeHTa j-ou cTpoku. He Gygem 3abrIBaTH, 9TO 1j_9 = Tj_1qj + T
m0 < rj <rj_1. Takum o6pasom,

rj = Tj—2 = Tj-1G;. (6.3)
U3 cTpodek j — 1 m j — 2 MBI MOXeM B3ATb 3HAYCHAA T 2, Tj 1,
Yj—2 1 y;_1. MoxHO 3anucaTs
ri2=a%x; 2+ byj,Q u Ti1=0a%; 1+ byjfl.

[Moacrasnas s>tu 3HaveHnA B (6.3), MOIyIaeM

ri = (azj_2+byj_2) — (azj_1 +byj_1)q; =
= a(zj_2 — qjzj_1) + b(yj—2 — ¢jyi-1)-

[TosTomy
Tj=Tj—2 = qjTj-1 n Yj = Yj—2 — qjYj-1.

3aMeTuM, ITO JJId BEIMUCICHAS Z; U ¥j HaM MOHATO0MINCH TOIBKO
9aCTHOE ¢j W JAHHBIC U3 JIBYX CTPOK TaOIWIbI, HEMOCPEJCTBEH-
HO IpeAecTByooumx j-ou. BoT modemy amroputMm KuyTa Takon
o(ppekTuBHLIU. [ 3ANOIHEHUA OYEPETHOU CTPOKU JOCTATOIHO
3HATDH ABE CTPOYKHU, HEMOCPEACTBEHHO MPENIIeCTBYIOIINE €} BCE
OCTAJbHBIE CTPOYKYU XPAHUTH HE 00432 TEIHHO.

Urak, Mbl monyawiu peKyppeHTHYIO nporenypy. Bee, aro me-
06X0IUMO — DTO HAYUIUTHCA €€ 3aMyCKaTh. IMEeHHO [ 5TOT0 MBI
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7 mobaBuny B TAOAUIy NBE (HE3AKOHHBIE» CTpoKW. HawTu B HEMX
3HAUEeHUA T U Yy OUeHb IpocTo. IIpumaBas uM TOT XKe CMBICI, ITO
7 B OCTAJBHBIX CTPOKAX, MBI JOMXKHBI OIYIATH

a=ar_1+by_1 u b = axy + byo.
[TosTOMy MOXHO IPOCTO HOJOXKUATH
z1=1, y1=0, 20=0 uw gyp=1,

U [IPpOLEAYPY MOXHO 3aIIyCKaTb.

B pesyabTaTe menovYku mETEHUN C OCTATKOM MBI ITOAYYIUM Pa-
BEHCTBO HO,Z[(a, b) = T'p_1 ¥ BBIYUACIUM TAKWE OEAbIe IUCIA Ty 1|
1 Yy 1, 9TO

d=rp_1=0aTp_1+ byn_1.

SHAYMAT O = Lp_1 U B = Yp_1. 3AMETUM, UTO, 3HAA O U d = Tp_1,
MBI MOXeM HAuTHu (3 o ¢opmyJe

B = (d—aa)/b.

[TosToMy mOCTATOYHO BBIYUCAATEH TOMNHKO IEPBbIE TPU CTOIOHA
TaOJINIEL.

[Mpusengem uucrenubin mpumep. Keam a = 1234 u b = 54, To
(mosmHAs) TAGINUIA BBINIALAT TAK:

OCTaTKN Y9a,CTHHBIE y
1234 ¥ 1 0
54 * 1
46 22 1-22-0=1 0-22-1=-22
8 1 0—1-1=-1 | 1-1-(-22)=23
6 5 1—-5-(—1)=6| —22—5-23 = —137
2 1 —1—-1-6=-7|23—1-(=137) = 160
0 3 % %

[MosTomy o« = =7, 5 =160 u

(=7) - 1234 + 160 - 54 = 2.
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[Mpunuto Bpems pazoOpaTbCs, MOYEMY AATCOPUTM AAET TPa-
BWILHLIM OTBET W MOYEMY OH 3aBepiiaeT cBoo pabory. Kak m
MOAPAa3yMEBAETCA HA3BAHWEM, DACIIUPEHHBIN AJICOPUTM JBKJIW-
& MPEACTABIAET COOOU MTPOCTO ANTOPUTM IBKIUIA U3 TIPEILITY-
mero maparpada, JOMOJIHEHHBIN UHCTPYKIAAMEA s BbITUCICHUS
3HadMeHUN £ 7 Y. [[09TOMYy OH OCTAHABIMBAETCA, W HAUOOMBITHN
OO NEeTUTENb COCTABIAET YaCTh BBIXOAHBIX TaHHBIX. Kpome
TOrO, B KaXJOU CTPOKE UUCAA U3 CTOAOIOB T U Y YAOBIETBOPAIOT
pasercTBy Tuna (6.1), B KOTOpOM 9mucI0 d 3aMEHEHO OCTATKOM U3
COOTBETCTBYIOIEN CTPOKM. B wacTHOCTH, paBeHCTBO (6.1) BHITO-
HAETCA, €CIU B KAYeCTBE & U (3 B3ATH UMUCJIA U3 CTOJONOB T U Y
CTPOKU, OTBEYAIONUIEN MOCAETHEMY HEHYJIEBOMY OCTATKY. Pacuu-
pennbitl ad2opumm Jekiuda TPUBOAUT K CAESTYIOUEN TEOpeMe.

Teopema. Ilycmb d — nauboavwuti obwutl deaumenb namy-
paabkbiz uuced o u b. To2da cywecmsytom makxue yeavie wucaa o
u 3, umo

a-a+f[-b=d.

3aMeTuM, YTO mapa Yucea «,[, yIOMAHyTas B TeopeMme, He
equHCcTBeHHAA. Ha camom menme Takux map 6eckoHevHo mHoro. Ha-
npuMep, BO3bMeM (¢ U (3, IS KOTOPBIX < - a + [+ b = d, u paccmo-
TpuM Kakoe-HuOyab memoe k. Torma, Kak HECI0XHO IPOBEPUTH,

(a+kb)-a+ (8 —ka) -b=d.

[MpuaoXuB CTOIHKO YCUINY K BHIYUCIEHUIO ( U 3, PA3YMHO 3a-
IATHCA BOIIPOCOM, JJIA 9€r0 3TH IUCIA MOT'YT MOHAT00UuThCA. [Ipo-
me Bcero Ao6paThbCa 40 OTBETA, MPOAOAKAA IUTATH 3Ty KHUTY.
SHAHME DTUX TACET HEOOXOMUMO [JIA MOLYIeHUA GOMBIIOTO TUCIA,
NPVHIUIAAILHO BAXHBIX PE3yAbTATOB, BKIIOYAA BHIOOP KIOYEH
B cucteme mudposauua RSA.

YnpaxHeHus

1. [lna KaX[gOUW MPUBEIEHHOW HUXKE MAPHI [EIBIX YUCET G, b
HaUIUTe HAMOOJBIINY OOIINK AeInTeIb U TaKde IUCIa, « U [3, ITO
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HOd(a,b) =a-a+ - b:
(1) 14 u 35;
(2) 252 u 180;
(3) 6643 u 2873;
(4) 272, 828, 282 u 3242 (0606mUTE TPEABAPUTEILHO BCE
HNOHATHA HA CIy9Iadl, KOTJa TUCea OOMbIIEe MBYX).

2. [lycTts n — HaTypadabHOE Wucao, 6Gomabinee exuauibl. [Toka-
XATE, ITO
(1) HOA(n,2n + 1) = 1;
(2) HOA(2n +1,3n +1) =1,
(3) HOO(n! +1,(n + 1)! +1) = 1.

3. [MokaxwuTe, 9TO MJIA IEIBIX IUCET G, b u n > () BHIDOAHIETCA
PaBEHCTBO

' —a" = (b—a) " P+ 0" a4+ "0 -+ ba" 2+ 0.

4. lIycts n > m — HaTypaJibHBIE YUCIA, & T — OCTATOK OT
JeTeHud n Ha m.

(1) Tokaxwure, uTo ocraTok or gerenus 2" — 1 ma 2™ — 1
paBen 2" — 1.

(2) Iokaxure, ITO €CAU YUCAO T IETHOE, TO OCTATOK OT
merxerws 2" 4+ 1 wa 2™ 4 1 pasen 2" + 1.

Hoackaska: naa BBLIMACAEHUA YACTHOTO BOCHOJIB3YUTECH YII-
paXxHeHUEM 3; YTBEPXK JeHUE BEITEKAET U3 €IUHCTBEHHOCTHY OCTAT-
Ka.

5. llycts n > m — Harypaiabube 9ucaa. C moMOmbI0 yopax-
mernsa 4 peraucaare HO(22" 41, 22" 4-1). DToT pesyasTar 6yger
WCIIOAB30BAH B YIPAXHEHUU 8 TIaBhl 4.

6. Kaxmoe umciao, HAUWHAA C TPETHETO, B MOCIETOBATENILHO-
cru @ubonaqunm 1,1,2,3,5,8,13,... aBageTca CyMMOU ABYX Tpe-
aeiaymux. O603HAYAA N-0€ TUCIO MOCAe[OBATEABHOCTH depe3 fp,
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MBI HOJIy‘Ia.eM
f0:f1:1 n fn:fn—1+fn—2-

(1) Hokaxure, 9T0 HAUCOIBLIIAU OOLIMK JEIUTEIL ABYX
[OCIe0BATEILHBIX WIEHOB mocaegoBaTeabHoCT Pu-
6oHavIM paBeH 1.

(2) Cxompko gelreHny ¢ 0CTATKOM HEOGXOAMMO BHIIOIHUTD

nas noncaera HO(fr, fn_1)?

7. B 5TOM ynpaXHEHWM MBI ONUCHLIBAEM METOJ, ¢ MOMOIIBIO
KOTOPOT'0 MOXHO HAUTH PENICHUA yPABHEHUA 4L +by = ¢ ¢ neabvu
Ko>(punmerTamu. [IpyruMm CIOBaMA, MBI XOTHM MO0 yKa3aThb
Henble 9UCIa, T U Y, yAOBICTBOPAIOIIME >TOMY YPABHEHWIO, JUOO
nokazaTb, 9T0 Takux umcen HeT. llycrs d = HO/l(a,b). Toraa
a =da ub=db pra mekoropwix meabix uucen a’ u b'. IloaTomy

c=azr+by=d(dz+by).

[TokaxuTe, ITO €CAU Y 3TOTO YPABHEHUA €CTh MEIBIE PEIICHUA, TO
¢ pemuTca Ha, d.

Ecmu 1o Tak, To momoxuMm ¢ = dc’ u paccMoTpuM npueéeden-
noe ypasnenue a'x + by = . llokaxure, 9TO M060E pEIICHTE
UCXOMHOT'O yPAaBHEHUA ABAACTCA PCEHICHUEM HIPUBEACHHOI'O ypaB-
HeHUsA, 1 Ha060pOoT.

[TosToMy mias TOTO, ITOOBI HAUTHU PENICHUS UCXOTHOTO YPAB-
HEHUs, JOCTATOYHO PEIUInTh MpuBeAeHHOe ypaBHenue. [[as sToro
BOCIIOIB3YEMCA PACIIAPEHHBIM AJITOPATMOM OBKINAA U BHITUCIAM
nenbie Yuciaa o u 3 Takue, 9To « - ¢ + 3 - b = 1. Tlokaxwure, 9T0
Torga uucia r = ca u y = ¢ galoT pelieHue MPUBEICHHOTO
YPABHEHUA.

8. Bocmonp30BaBIIUCh yIPaXKHEHUEM 7, HATTUIIUTE TPOrPAMMY
[ULS PEellleHus ypaBHeHus ax 4+ by = ¢ B neabix uuciax. [I[porpamma
MOJMXHA IIOJAYyYIaTh Ha BXOOE 3HAYCHUA Q, b ncC. Ha BBIXO /1€ ITOABJIA-
eTcda aubO METOYUCIEHHOE pelleHre YpaBHeHUA, Jub0 coobmeHne
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0 ToMm, uTO pemenun Her. [lo cymecTBy, Takas mporpamMmma pea-
JIU3yeT PACHIUPEHHBIN ATTOPATM DBKIUIA.

9. [leab HACTOAIIETO YIPAXHEHWA — BBLIACHUTD DKCIEPUMEH-
TATBHO, KAKaA IACTh CIYIaWHO CPeHEPUPOBAHHBIX MAP IMEJbIX Y-
CelI COCTOUT M3 B3aMMHO MPOCTBIX ducel. [IporpamMma mory<aer
HA BXOJEe HATYPAILHOE TUCJAO 1M, OOIIee KOJIMIECTBO TeHEepUpye-
MBIX map. K Kax ol uxX 3TuX nap IPUMEHSAETCI AJITrOPUTM JBKIU-
&, KOTOPLIX HAXOAUT UX HAMOOMLUIAA OOCIIWY AEeIUTENb, & 3aTeM
MOACIUTHIBACTCA TUCIO MMAap, MJIA KOTOPHIX OH paBeH 1. Bexomom
CIYXAT BEJIUIUHA

9UCaI0 TTap B3aMMHO IIPOCTHIX IUCET

m

ITa Ipobk 331aeT MEPY BEPOATHOCTH TOTO, UTO CIYIANHO BHIOPAH-
Had Hapal COCTOUT U3 B3aMMHO IIPOCTHIX IUCEJI. qTO6I)I IOy IUTH
XOpoliee TpUOIUKEHNE A STOU BEPOATHOCTH, TPOTPAMMY HY K-
HO BBITIOJHATE TPU OOJBINMNX 3HAYEHUAX M. [Iporonure ee gecaTs
pa3 mpu m = 10°. Kakue 3maxvenus Bor moxyammm? Teopermte-
CKUI aHATI3 JaeT TPABIIBHYI0 BepoaTHOCTD 6/m2, em. [28] ([[1.4]).
HaCKOJH)KO Oy 1€HHBIC Ba,MI/I IKCIIEPpUMEHTAJbHBIC 3HAYCHUA CO-
DIACYIOTCA C 3TOU BEINTUHON !

!Tepumun «cry4aiino BEIGpaHHAA MAPay TPEGYET TOTHOTO ONPEJEICHS, KO-
Toporo aBTop usberaer. CTporymo GOpPMyIMPOBKY 3a4a49M MOXKHO HAUTU B
mutupyemon kuaure Kayra. — ITpum. nepes.



nasa 3.

Pa3noxeHue Ha MHOXUTENu

Crparerus «pa3feiau U BIACTBYW» OY€HDb MOMYJIAPHA B HAYKE.
Hanpumep, at060€e BemecTBO pasjoXwMO HA COCTABIAIOIINE, HA
aTOMBI. Bomee TOro, ecim CBOUCTBA ATOMOB XOPOIIO M3BECTHHI,
OHM MHOT'O€ TOBOPAT U O CBOMCTBAX CAMOTO BEIIECTBA.

HeuTo moxoxee mpoucxomuT # B HEJIbIX YUCIaX. B 3TOM ciy-
Jae poJab aTOMOB UT'PAIOT NPOCMbLE YUCAG, A JTI0O0E IeJ0e TUCIO
PACKIAIBIBAETCSA B MPOW3BEIEHUE MPOCTHIX. Pa3/I0XeHne CIyXKuT
MIABHBIM WHCTPYMEHTOM B JOKA3ATEILCTBE MHOTHUX CBOUCTB IIPO-
CTHIX umcen. HauTu pasioxeHue TAHHOTO YUCIA, OJHAKO, HE BCE-
rma Jerko. Eciam 9mceno ovdeHb BEJUWKO, TO HMPOIEnypa ero pasio-
XEHUA MOXET NOTPeO0OBaTh AINTENbHOTO BPEMEHU, U OHA MPEIb-
aABageT Ooablire TpeOOBaHUA K MOUIHOCTU KOMIBLIOTEPA.

§ 3.1. Teopema o pasnoxeHuu

Haxmem co crpororo onpenenerus raaBHbx repoes. Lemroe au-
CJIO P HABBIBACTCA NPOCMbIM, €CIA P # +1 U eMUHCTBEHHBIME €I'0
IEeMATENAMA ABIAIOTCA "uciaa +1 m +p. Tak, amcna 2,3,5 mw —7
mpocThie, a ducao 45 = 5 -9 — mer. [louTm BCiIogy B KHUTE MBI
OyJeM MCIIOMB30BATEH OMPENEIeHNE B HECKOJIBLKO 00Jee Y3KOM CMbI-
cJle, Ha3bIBas MPOCTHIM MOMOXKUTEIHLHOE IpocToe Iucio. lleroe au-
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c10, OTAUYIHOE OT +1 ¥ He TpocTOoe, HABBIBAETCA COCMABHbIM, AN
pa3aodrcumbim. [ COCTABHOTO TUCIA N CYUIECTBYIOT TaKWe Iie-
abte qucaa ¢ u b, aro 1 < a,b < n un = ab. 3wauur, ducio 45
COCTAaBHOE.

3aMeTuM, 9T0 InuCIa +1 He ABIAITCA HU COCTABHBIMU, HA IPO-
creiMu. OHM OTHOCATCA K TPETHEN T'PYIIEe — HTO eIUHCTBEHHBIE
Oeable IUClIa, Y KOTOPBIX €CTh IeIbIe O6pa,THI)Ie. B KOHIIE 3TOrO0O
maparpadga MbI cMoXeM 6omee yOeauTeabHO OOBACHUTD, MOYEMY
ux He caeayeT CIuTaThb IPOCTHIMU.

Teopema 0 pas3jIOXKEHUU HA MHOXWUTEIU. Bcakoe yeaoe
YUCAO T = 2 eQUHCMBENRHBIM 00PA30M 3GNUCLIBAEMCS 8 8ude

(4 €
n=pi'...pS,

ede p1,p2,...,pk — npocmbuie wucaa, 1 < p; < py < p3 < - < pp
U Ely...,Ck — HAMYPAALHBIE YUCAQ.

JTa TeopeMa HACTOIHKO BAXKHA, UTO €€ WHOI/A HA3BIBAIOT
0CcHOB8HOT meopemoti apudmemuru. BoepBele B TAKOM BUE OHA
copmyauposana [ayccom B § 16 ero «ApudmeTndeckux uccaemno-
BAHUU»Y, ITO HE MENIAIO0, OJHAKO, €r0 IMPeAIIeCTBEHHNKAM HEABHO
ucnons3zoBath ee. Kak mumyT Xapau (Hardy) u Pant (Wright) B
CBOEH KHUI'€ II0 Teopuu Iucel, «['aycc mepBLIM mpeBpaTmI apud-
METHUKY B CUCTEMATUIECKYIO HAyKy», cM. [23].

[MokasaTemu eq,...,e; HABBIBAIOTCA KPAMHOCMAMY TPOCTHIX
MHOXWTEIEeN B PA3IOKEHUU IUCIA . [[pyruMu croBamMu, KPaTHO-
CTBI0O MHOXWUTEIA P B PA3IOKEHAN TUCIA 7, HABBIBACTCA HAUOOAb-
wee UCIo e Takoe, ITO N gemnTcsa Ha pit. OTMeTnM Takxe, ITO
y 1 eCThb k Pa3auunblis TPOCTHIX AEIUTENCH, OTHAKO 06ULee YUCHO
€ro MpPOCTHIX JEINTeNer PABHO €1 + - -+ + €.

Teopema comepkuT B PA3IATHBIX yTBEPXK IeHUA. BO-IepBhIX,
BCAKOE IEJ0€ YUCI0O MOXHO MPEACTABATH B BHUIE IPOU3BEICHUS
CTemneHer TPOCTHIX IUCET. BO-BTOPBIX, IPOCTHIE COMHOXUTEIN U
UX CTEIEHU B PA3JIOXKEHUU OMPEIEIEeHbI OHO3HAYHO. SHAMUT, HAM
HYXHO [OKA3aTh /[BE BEIIN: PA3JIOKEHUEe CyUIECTBYET, U OHO e[AH-
cTBeHHO. MBI 0KaXeM UX HO OTAETHLHOCTU. Kak MBI yBUAUM, CY-
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IIECTBOBAHMUE DPA3MOXKEHUI MOKA3aTh HECIOXKHO, a BOT €r0 eJuH-
CTBEHHOCTb — TOpa3o 6omee TOHKUU (PaKT.

ITocne Toro, xak Teopema O Pa3IOKEHWU CHOPMYJIUPOBAHA,
HaM Jerde oOBACHUTH, MOUeMy £1 He clegyeT CINTATH HIPOCTHI-
Mu. Ecau BKIIOYATE UX B YUCIO TPOCTHIX, TO PA3lI0oXKeHrue Ha IPO-
CThIE COMHOXWTENN TOTEPAET CBOUCTBO €IUHCTBEHHOCTH. [len-
CTBUTEIBHO, eCIr 1ucao 1 mpoctoe, To 2 1 12-2 — 1Ba pasIu<IHBIX
Pa3JOKEHUA YUCIA 2 HA MPOCTHIE COMHOXUTEMU. TOT Xe caMbIi
TPIOK C TIPUBIEYEHUEM PA3IUIHBIX cTeneHen ancaa 1 (mm —1) ma-
eT GECKOHEYHO MHOT'O PA3JOXKEHWN [id J060ro mejaoro wucia. C
Henbio n36€XaTh DTUX MCEBI0PA3TOKEHNN (MHOKECTBO KOTOPBIX
6ECKOHETHO 1 GECCMBICIEHHO), MBI M UCKII0OUaeM +1 u3 onpenere-
HUA IPOCTOro Iucia.

§ 3.2. CywiecTBOBaHMe pa3noXxeHus

B sTom maparpade MbI TOKa3BIBAEM, ITO BCAKOE IEI0€ TUCIO0
n > 2 MoXeT OLITH 3aMKUCAHO B BUIe IPOU3BeeHUA MIPOCTHIX. [
IOKA3ATETHCTBA, MBI IIPUBOAUM AJITOPUTM, TIOLYIAIOMIMYA HA BXOIE
MEJ0e MUCJAO 7 2> 2 U BHIAAIOIIAN TTPOCTHIE COMHOXUTEMN TUCIA, 71
7 UX KPATHOCTHU. B KadecTBe mpeaBapuTeIbHOrO MIAra, TOCTPOUM
AJITOPUTM, BBIXOJOM KOTOPOTO SBIAETCA KAKOU-HUOYIL MTPOCTON
AeInTenab Iucaa 1.

[l IOMCKa, MPOCTHIX AeAUTeNe] IPOIIE BCErO BOCIOIb30BATh-
ca cregyrommM aaroputMmoM. [lompobyeM pa3genuTh n Ha Bce Ie-
apie quciaa oT 2 1o n — 1 moapan. Ecau ogmo w3 Hux menut n,
TO YIUCJIO 7 COCTaBHOE, 1 MbI HAIILIA Ha,I/IMeHI)IHI/Iﬁ u3 ero aeanre-
aen. B mporusHOM ciydae dmcao n mpocToe. Kpome Toro, ecan n
COCTABHOE, TO HAUJEHHBIN HAMU JEIUTENb 0043aH OBITE IIPOCTHIM.

I[MocmoTpuMm, mowemy COpaBemIuBO MOCAETHEE yTBEPXKICHUE.
[Iycts f — menoe wucio, Takoe 9To 2 < f < n—1. [Ipegmonoxum,
910 f — HauMeHbw Ul JeTuTerb Tucia n, u mycth f' > 1 — gemn-
rens uucia f. [lo ompemeneHuo AeIUMOCTH, CYMIECTBYIOT TaKue
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HATYPaJAbHBIC TUCIA G 1 b, 9TOo

n=f-auf=Ff"b

3uaaut, n = f'-ab u f' Takxke ABIACTCA mEMWTENEM THCIA 7.
[Mockonbky f — HaMMEHBIIVU AETUTENDb 71, HOJKHO BBIMOIHATHCA
mepasencteo f < f', wo f' memmr f, mosromy f' < f. DTm mepa-
BeHCTBA O3Ha4aioT, 94To f = f'. TeM caMBIM MBI JOKA3AIH, ITO
ec wucao f' # 1 gemat f, To oHO coBmagaeT ¢ f. 3HauuT, f
MPOCTOE.

[Mpex e, vem mepenTu K MOAPOOGHOMY OMUCAHUIO AJITOPUTMA,
cIenyeT OTMETHUTD €IIe OJAWH MOMEHT. MBI yXe BUIEMN, ITO aJro-
PUTM BEJET MOUCK AESTUTENEN TOIBKO CPEIN HATYPAIBHBIX IUCE.
Kak mameko emy caenyer 3abuparbca? OQueBumHO, wTO 3a 1 — 1
3aXOAUTh HE CTOUT, AEJUTENh YUCIA HE MOXET MPEBLIIIATL €ro
camoro. O IHAKO MOXHO CKa3aThb M KOE-4TO TocuibHee. /lencTsu-
TEITLHO, MOXKHO HE UCKATh NeIATENN, peBbimatomue 1/n. [locaen-
Hee yTBEPXKJAEHUE BHOBb BHLITEKAET U3 TOTO, YTO AJICOPUTM WIIET
HAUMEHbWUT TeTUTETh Iucia n, coapmuu deMm 1. [losTomy HaMm
HEOOXOAUMO MOKA3ATh TOIBKO, ITO HauMenbwut nemurens f > 1
GUCIA N YAOBIETBOPAET HEPABEHCTBY [ < /7.

OTO YTBEPXK JeHUE JErKo npoBepuTh. Ilycts n = fa. [ockomns-
Ky f > 1 — mauMmenbmmu geautens wucia n, umeeM f < a. Te-
neps a = n/f u, cregosarensro, f < n/f, oTKyga BeITEKaeT, 9TO
f? < n. Ipyrumu croBamu, f < /7, ITO MBI I XOTEIX JOKA3ATE.

[MoaBecTn uTOr OO6CYX JEHUIO MOXKHO CJIeAyIOUIMM 00pas3oM. A-
COPUTM 3aHUMAETCA MPOBEPKOU (HAMMHAA ¢ 2 U mpoberas mo Ha-
TyPATbHBIM THCIAM, HE TPEBLIMIAIONM /7)) TOTO, TETUTCA JU N
Ha, odepegHoe Iucio. /s coCTaBHOTO Yuciaa n TakuM 06pasom Oy-
OeT HAUJEH ero HAMMEHBIINN JeINTedb, OOMbIINA WIA PABHBLIA 2.
Kax mbr yxe gokasanu, >TOT meauTenb OymeT 00S3aTEIBHO MPO-
cTeiM. FEcium B mporecce MpOBEpKM HU OWH AEIUTENh He Oyaer
0OHAPYXKEH, TO CAMO N — MPOCTOE.

Eme ogmo 3aMedanue mpakTUIecKoro xapakrepa. O603HaIuM
depe3 [a] meayo YacTh BEUECTBEHHOrO wuciaa «. [pyrumu cio-
BaMu, [ — HamGOJbBIIEE IEI0e HUUCIO, MEHbIIee WIM PABHOE (.
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Tax, [r] =3 u [V2] = 1. BameTum, ¥ro gna menoro wwmera r < a
BBINOJIHAETCA HEPABEHCTBO T < [(r]. 3HAYAT, MIA PEAT3AINY ONU-
CaHHOT'O BBINIEC aJATOPUTMa PA3JOXEHUA HaM JOCTATOTHO 3HATH
TOILKO 3HAMEHZE' [\/ﬁ] [Ipouenypa momcdeTa >TOrO 3HAYCHUA
npusefnena B § [1.1 mpuroxenns.

Huxe MBI IPpUBOAUM 3aIUCh AITOPATMA PABIOKEHUA B COOT-
BETCTBUU C KAHOHUYECKOU (HOPMOU, MPEIIOKEHHOU B IiIaBe 2.
YTo0bl m36€XaTh U3MNIIHEH CyeThI, OyJeM IPeAIoJaraTb, TITO
KOMIIBIOTEP yMeE€EeT BBIYIUCAATH 3HAYICHUE [\/’E] .

AnaropurMm pasioxeHus
OyTeM AeJeHUusi METOJ0M IPo0

BBoa: marypanesOE THCIO N
BeiBoa: marypansroe wmcao f > 1 — HaMMEHBIIUE TPOCTOR
JIeIUTeNb TUCIa 1 — WIA COOOLIEHUE O TOM, ITO 7, IPOCTOE.

HIar 1. Hoxoxwuts F = 2.

Hlar 2. Ecau n/F uenoe, To coobumTs: «F asasemes deaumenem
YUCAG T, U 3ABEPUIATHL PA0OTY; B MPOTUBHOM CJAyYae TMEPEUTH K
mary 3.

IMIar 3. Yeeawunts F ma enunanny w nepenTtn K mary 4.

ITar 4. Ecm F > [\/ﬁ], TO COOOIUTH: «N NPOCMoe», U 3aBep-
IUThL paboTy; B MPOTUBHOM CIydae MePENTH K mary 2.

Mge1 onucaau cmoco6 OUpemnenuThb, ABIIAETCA JUA TUCIO N > 2
IpPOCTBIM, U HOACUYATATL €0 AEIUTelb, eClIu 1 cocTaBHOe. Pa-
3yMeeTCs, eCIu M IPOCTOE, TO MBI HAXOAWM U €0 Pa3JoXeHUe.
Opmuako, eciu 1 COCTABHOE, TO HAM XOTEMOCH GBI HAUTH BCE €ro
OETUTETN U YKA3aTh UX KPAaTHOCTHU. [[J1s DTOr0 JOCTATOYHO mpU-
MEHUTD OMUCAHHBIA AJTOPUTM HECKOIBKO Pas.

[IpexmomoxumM, ITO B pe3yabTaTe IPUMEHEHUA TPEIbIIYIIEr0O
AJITOPUTMA, K 7 MBI HAIILTA AEIUTENb ¢ DTOro duciaa. Torga q; —

!Crporo rosopsa, maxke »To HeobGa3aTersHO. [JOCTATOMHO MPOBEPATH, HE
NPEBBICUI JU KBAIPAT OYEPEIHOrO IMPOBEPAEMOr0 UNCIA 3HAYEHUE N. —
IIpum. nepes.
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€ro HAMMEHBITHA MTPOCTOM MHOXUTEb. [I[pUMEHUM TOT XKe alaro-
puT™ K "ucay n/q;. IIpeanonoxum, 9To Iucio n/q; cocTaBHOE U
(o — €ro HAUMEHBIIUU TPOCTOU AeauTelb. SIcHO, 9TO ¢y = qi.
3aMeTuM, O THAKO, ITO 3TU NEJUTEIA MOTYT OKA3aThCA PABHLIMU.
Taxas BO3ZMOXHOCTDL PEATA3YETCS, €CITU N JeTATCA Ha q-. [Ipogor-
XKasg B TOM Xe JyXe, Mbl IIPUMEHsAEM aIropuT™ K n/(q1qz) # T.1.
B pesyabpTaTe MBI OMy9aeM MOCICAOBATEILHOCTE MPOCTHIX TACET

1 < <@ << (g,

KaXJI0€ U3 KOTOPBIX ABIACTCA MEAUTENEM FUCIA 7. DTOU MTOCIIe-
IOBATEIHLHOCTU OTBEYALT MOCAE[OBATEABHOCTD IACTHBIX

n n n

J— > _ > R > .

qr  q192  4192G3
3aMeTuM, ITO 3TO CMPo2o Y6bi6a0Uas TOCIeTOBATEILHOCTD HAa-
TYPAIbHBIX YKUCET, KAXJ0e U3 KOTOPBIX COOTBETCTBYET IMpPUMEHe-
HUIO aaropuTMa geaeHus meTogom mpob K n. [lockombky mHOXKE-
CTBO HATYPAIbHBIX YUCEJ, MEHBIIUX 71, KOHEYHO, MOCIEe HECKOIb-
KWX IIATOB MBI HMOJIYYIUM MOJTHOE PA3JIOKEHUe 7 HA MPOCTHIE MHO-
xuTean. Hecro)HO MpoBEpUTDb, 9TO MOCAEIHEE TUCAO B TOCIEH0-
BATEIBHOCTH YACTHBIX PABHO 1, UTO M CAYyXUT KPUTEPUEM 3aBEP-
mreHus paboTHhI.

[IpexmomoxuM Temnepb, YTO MBI XOTUM MPEACTABUTE PABIOKE-
HWEe B TOM BHje, B KOTOPOM OHO 3AaMMCAHO B TEOPEME O Pasio-
x)eHuu. Bce mpocThie AeIUTENX HAM W3BECTHBI, OCTAJOCH JIHIIb
IoACYINTATh UX KPDATHOCTH. r[[JIﬂ 9TOr'0O HYyXKHO BbITUCINUTH, CKOJb-
KO Pa3 KaXIbIM IPOCTON COMHOXUTENL BCTPEIACTCA B YKAZAHHON
MOCAEAOBATENLHOCTH MPOCTHIX YUCea. PazyMeeTcs, moaCIeT mpo-
e BCero BeCTu OJHOBPEMEHHO C UX BBIYMUCJICHUECM.

I[TocmoTpuM Ha mpuMepe, Kak padoTaeT TaKou aaropuT. [o-
MyCTUM, MBI XOTUM Pas3IoXuTh auciao n = 450. Aaropurm merne-
HIA METOOM IpO0 JAaeT MePBLIM HAMMEHDLIINN IIPOCTON MHOXU-
Tenb 2. [loBTOpHOE IpUMEHEHNE ANTOPUTMA, HA DTOT pa3 K IacT-
HoMy 450/2 = 225, gaeT MHOXUTENb 3. SHAYUT, JEAUTENDb 3 TUCIA
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225 sBusgerca u geautenaeM aucia 450. [Ipumernum aarropurm K <u-
cry 75 = 225/3. BHOBb HAMMEHBIINM JEINTEIeM OKA3BIBAETCS 3.
BuaxuT, 450 nemwrca ma 32. Emle 1Ba BBIIOIHEHUA AITOPHTMA
JeeHS MeTOLOM TIPO6 MOKA3BIBAIOT, UTO 25 JeIuTcA Ha 52, mpu-
geM gacTHOe paBHO 1. [lopToMy MBI HaULIM OJHOE PAa3JIOXKEHUE:

450 = 2- 3% . 52,

§ 3.3. dddeKkTUBHOCTb anropuTma geneHus
meTonom npob

OnucaHubIn B TpeasIAyIeM maparpade airOpuTM JErko IMo-
HATH U 3AIIPOrPAMMUAPOBATE, OMHAKO OH OKa3bIBAETCA IPE3BhIIal-
HO Hed(pdeKTUBHBIM. [10CKOIBKY I TONCKA PA3I0KEHUA MBI MHO-
TOKPATHO UCIOIB3yEeM AJITOPUTM JeJeHus MeTOI0M mpob, cieayeT
oneHuTh 3$PEKTUBHOCTE NocIeaHero. [IponmrocTpupyem 5To Ha
MPOCTOM, HO OY€Hb BHIPA3UTEIHLHOM IIPUMEpE.

[Ipu mpumeHeHWE AJATOPUTMA AEIEHUA METOJIOM TPOO K Ha-
TypaJIbHOMY YHCIy N > 2, XyJIIUM CIy9aeM OKa3bIBAETCA TOT,
KOorja mn mpocToe. B »ToM ciydae airopuTM BBIDOJIHAET IO OCTAa-
HOBKH [\/ﬁ ] OUKJIOB. [l yIPOIIEHUS BHIYUCIEHUT TIPEAITOJ0K M,
9TO 1 MPOCTOE U B HEM He MeHblre cTa 1udp. CKOIbKO BpeMeHu
noTpebyeTcs mad MO TBEPK ICHUA TPOCTOTHI TUCIA, 1 C TTIOMOIIBIO
AITOPUTMA, JAeJeHUS METOAOM mpo6?

M= mpegmoxaraem, aro n > 1090 1.e. /n > 10°°. 3maunt
0°° pas. Yrobsr
MPUKUHYThH, CKOIBKO DTO 3aWMET BPEMEHW, AOMYCTUM, YTO HAII
koMmbioTep BuimonaaeT 10'0 nerenmit B cexymay. 31ech MbI mpes-
MOMAraeM, YTO HUKAKUX APYTUX OMEPAIUU, KPOME OTepPaIldn JIe-
JeHUsd, B IUKJIEe HeT. Be3ycIoBHO, 3TO AATEeKO HE TaK, OJHAKO Cle-
JaeM Takoe MomylneHue. Pa3neanB mepBoe GmcIO HA BTOPOE, MBI
3aK/II0YaeM, ITO KoMmmbiorepy morpebyerca 100 cexyma ma mpo-
BEPKY MPOCTOTHI YUCAA 7. [IPOCTON TMOACYET MOKA3BIBAET, 9TO
Ha 5TO yigeT npubmmsuTensuo 103! rer. Ilo coBpeMeHHBIM cTaH-

MBI [OJXHBI IOBTOPUTH [IMKJ [I0 MEHbIen mepe 1
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JapTaM DTO Yepecydyp Ooabuion Cpok. UTOOBI MPEeACTaABUTH €ro
ce6e, BCIIOMHNM, ITO COMNIACHO HamOoJee PACIPOCTPAHEHHON TO'-
ke 3perns, Boabmon Bapes mpousonrer oxoro 2 - 10 ner mazan.
JonmomHUTENbHBIX KOMMEHTApueB He TpebyeTcs: WUcaa TOBOPAT
camm 3a ce0d.

OsHavaeT Jau 5TO, UTO AICOPUTM [JEIEeHUs MeTOI0M mpob Gec-
nonesen?! Pasymeercs, mer. [lomycTuM, 9TO y PACKIAIBIBAEMOTO
YUCIa €CTh MAJEHLKUY IPOCTOM MHOXNUTENIb, CKaXXeM, MEeHbIINH,
qem 10%. Torga amropmr gereHws MeTOZOM mpob GBICTPO €ro
oremmeT. C IPyrol CTOPOHBI, €CIM Y HAC €CTh OCHOBAHUA IMOJA-
raTh, ITO TECTUPYEMOE €HUCJIO MPOCTOE, TO AJITOPUTM [IEJICHUs
MeTOoa0M Ipo6 He BRINVIAIUT HAWIYUIINM PelleHueM.

Ects MHOrO Apyrux ajiropuTMOB Pa3I0XKEHUS [EJIbIX <THUCel,
5 PeKTUBHOCTL KOTOPHIX 3aBUCUT OT THIIA BBEJEHHOT'O UUCIA.
Taxk, arropuTM u3 §3.2 OYeHb XOPOII A YUCET C MATCHBKUMEI
IPOCTHIMU AeauTenaamu. B caenyromem naparpade MbI U3y <IUM aJj-
roputMm Pepma, koTopuin Hanbomee 3HHEKTUBEH Aad TAKAX [U-
CeT N, y KOTOPHIX €CTh AeauTens (He 06A3aTEeTbHO MPOCTON), He
CAIBLHO TPEBBLIMIAIONAT /7.

CaenyeT MOMHUATD, ITO 3(PHEKTUBHLIN ATTOPATM PABIOKEHUT
Ha MHOXUTE/IN CJIy‘Ia,I‘/)IHO BI)I6pa,HHOFO HATYPaJIbHOI'O IUCIQ HEU3-
BECTEH. HeﬂCHO TOJBKO, AeﬁCTBHTeﬂbHO JI OH HE CyIIECTBYECT WNIN
y TIeI0BEYECTBA MOKA HE XBATWIO YMa IO HETO MOAYMATHCA.

§ 3.4. Anroputm depma
Pa3noXeHUs HA MHOXUTENN

Anroput™m u3 § 3.2 >dppEeKTUBEH TOJIBKO B CIY9ae, €CAU Y TACTA,
N, PA3JIOKEHNE KOTOPOT'O MBI UIIEM, €CTh MAJEHBKUY IIPOCTON Jie-
autens. HaCKOIBKO 3TOT AeMUTENb HOTKEH OBITH MaJ, 3ABUCUT OT
KoMmboTepa. B HacTosmeMm maparpadge MBI M3ydaeM airOpuTM,
KOTOPBIN 2(PEKTUBEH, KOTA Y 1 €CTh JeIUTeNb (He 06432 TenIbHO
OPOCTON ), HE3HAYAUTENLHO TIPEBOCXOAAIAY /1. U gero arroputma
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npuayman Pepma, u ona Tpebyer ropasgo Goabiienn uzobpeTa-
TeIBHOCTH, YeM AJTOPUTM AEIEHUS METOAOM Ipoo.
[Ipeamomoxum niist Hagama, ITO N HeveTHOE. Eeau 661 OHO OBLIO
“eTHBIM, TO 2 6BLT0 OBI ero feauTeneM. KirodeBas uges aaropuTMa,
COCTOUT B TOM, YTOOBI MONPOOOBATH IPENCTABUTDL 1 B BUIE 1 =
= 22 —y?, rge x,y — HeOTpUIATEIbHEIE IeIble TucIa. e Takue

YU, HAUEHBI, TO
n=1z>—y’=(z-y)(z+y),

SHAMAT, £ — Y U T + Y ABIAOTCA ASTUTEIAMA TUCIA 1.

YT0o6BI OTBIEYHLCA OT MOCTOPOHHUX AETAJen, Oy IeM Tpeqmona-
raTh, YTO KOMIBIOTED YMEET BEIYUCAATH HEAYI0 IaCTh TUCIA /7.

[Mpore Bcero npuMeHATH aaroputMm Pepma K TOTHBIM KBAPa-
ram. Eciu n = r2 114 HEKOTOPOTO MeIOro MUCIa T, TO T ABIAETCA
pemureneM n. Torqpa z =r my = 0.

C mpyrom cTopoHHL, ecan y > 0, To

T =+n+y?>Vn.

AnropurMm depma pasaoXkKeHUA HA MHOXKXUTEIN

BBoa: meveTHOE HATYpAIBLHOE 9HCIO 7.
BreIBOg: MHOXWUTENL YMCTA N WX COOOMEHUE O TOM, ITO 1, TPO-
cToe.

IIar 1. IHoaoxuTs 2 = [\/ﬁ] Ecmu n = 22, To x aBaseTca ge-
JAUTENEM YUCIA N, U PabOTa aIrOPUTMA OCTAHABIMBAECTCA; B IIPO-
TUBHOM CJIyYae YBEIWYUTH L HA | U MeperuTu K mary 2.

Ilar 2. Ecim z = (n + 1)/2, To 4ucao n mpoctoe, u pabora
ATCOPUTMA, OCTAHABAUBAETCA; B NMPOTUBHOM CAYYae BBIYUCIUTH
y= V2 —n.

IMTar 3. Ecrw «mcro y menoe (T.e., ecmn [y]> = 22 —n), To n
packiIagbBaeTcsa B npomwssenenue (x + y)(x — y), u pabora anro-
pUTMa OCTAHABIUBAETCA; B IPOTUBHOM CIydae yBEIUIUTDb L Ha |
U DEepedTH K mary 2.

2
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Kak mokasbiBaeT cregyionmi npuMep, 3TOT aJIrOPUTM OYEHb
MIPOCT B NMpuUMeHeHuu. [omycTuM, MBI XOTUM Pa3JI0XUTHL HA MHO-
xurea ducao n = 1342 127. Cragana mepeMeHHOU T IPUCBAN-
BAETCA Iedasd IacTh IMCIa /n. B mpumepe oma pasra x = 1158.
Onraxo

7% = 11587 = 1340964 < 1342 127.

[TosTOMYy MBI TOMXHBI YBEIUIUTH T HA 1. MBI IPOXOIXKUM DTOT
HPOLECC M0 TeX TMOp, MOKa IUCI0 V2 — N HE CTAHET HETbIM I
He OyZeT BBINOJIHATHCA PaBEHCTBO z = (n + 1)/2. 3amernm, 4T0
B HameM npumepe (n + 1)/2 = 671064. 3navenus nepeMeHHBIX T
U Yy IOCJe 3aBePIIHNA KaX 00 [UK/IA IPUBELEHE! B TaOInIe.

x 72 —n
1159 | 33,97...
1160 | 58,93...
1161 | 76,11...
1162 | 90,09...
1163 | 102,18. ..
1164 113

TaxuMm 06pa3oM, Ha MIECTOM IUKJE MBI IOTY YAIA [ET0€ TUCTO.
3uaquT, uckombre yucaa r = 1164 u y = 113. CooTsercrByioiiue
MHOXWUTEIN PABHBI

T +y=1277 u x —y = 1051.

§ 3.5. [lokazaTenbCTBO KOPPEKTHOCTH
anroputma ®epma

Temeps MBI TOMXKHBI OKA3aTh, ITO aaropuTM depma BBHITOI-
HAET CBOIO 33,1aXy, X ITO OH BCET/a 3aBepimaeT paboty. [Ipu goka-
3aTeIbCTBE YA0OHO PAa3AeIuTh CIYy9Ial COCTABHOTO U CIYYall PO-
CTOTO YUCJIA N, HA BXOJe. B mepBOoM CIydae MBI JOMKHBI MIOKA3ATD,
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9TO CyIIECTBYET HATYPATbHOE WMCIO T, Takoe 9To [/n]| < z <
< (n+1)/2 nu V2 — n menoe 9ucno. DTO O3HATAET, UITO €CIAU N
COCTAaBHOE, TO AICOPUTM BCETAa HAXOIUT NEIUTeNb, MEHBIIAN T,
npexnie, 9eM I CTaHOBUTCA paBHbIM (n + 1)/2. A ecim n upo-
CTOe, TO MBI JOJXHBLI IPOBEPUThH, UTO IUCIO VT2 — n HE MOXET
okazaThca HeabiM pu x < (n + 1) /2.

[IpeamomoxuM, 9TO 1 MOKHO MPEICTABATEL B BUE IPOU3BEIE-
Hua n = ab, rae a < b. MBI XOTUM HAUTHU TaKue LeJble 9UcCaa T

n y, ato n = x> — y>. [pyruMu cioBamu,

2.2
n=ab=(z—y)(zr+y)=z"—y".

[Mockombky x—y < 4y, PA3YMHO MONBITATHCA MOJOXKATD G = T—Y

u b = x + y. Pemasa 5Ty cucremy ypaBHEHUU OTHOCUTENBHO ABYX

HEU3BECTHBIX, MBI TIOLYIaeM

b+a b—a
T = 5 u y = .

W percTBUTENBHO, IPOCTOE BHIMUCICHUE TTOKA3LIBAET, UTO

(b;a>2_(bg“>2:ab:n. (5.1)

OTMeTuM, 9TO £ U Y MOMKHBI OBITH MEABLIMU, & DTO 3HAYUT, UTO
06a aucia b+a u b—a [onxkHBI 66ITH YeTHBIMU. VIMEHHO TO3TOMY
MBI 1 TpebyeM, 9TOOBI 1 OBLIO HEYETHBIM; TOT 1A, KX 10€ U3 IUCET
a u b, 6ynyuu geruTeseM 7, TaKXKe HEIETHO, a 3HA4YUT u b+ a, u
b — a wernbie. Eciau qucmo n derHOE, TO aaropuTMm MOXeT pabo-

TaTh HenpaBwibHO. Ecmu, Hanpumep, n = 2k aas1 HedeTHOTO K, TO
AJITOPUTM HUKOT/A HE 3aBEPIIAT CBOIO PAbOTY.

Ecau n mpocToe, TO eIMHCTBEHHBIE BO3MOXHBIE 3HAYEHUS G
ub—oroa =10 = n. Takmm obpazom, z = (n + 1)/2, u
5TO HAMMEHBIIEE 3HAMEHUE T, A KOTOPOTO Iucao V22 — n nenoe.
PaccmoTpum Temephb, ITO TPOUCXOAUT, €CIU 1 cocTaBHOoe. Kcam
a = b, TO aIrOpUTM HAXOAUT AEIUTENb HA Mmare 1. 3HAYUT, MBI
MOXEM TPEAIoIaraThb, ITO 1 COCTABHOE U HE SABISETCA MOJHBIM
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kBagparoMm. [Ipyrumu cioBamu, 1 < a < b < n. Mbr yrBepx gaem,
YTO TOTJA AITOPUTM OCTAHABIUBAETCH, TAK KAK
a+b n+1
< .

[Vnl <= 5

Haunem ¢ mokazaTerbcTBa HEPABEHCTB.

[Mpasoe HepaseHcTBO rOBOPUT, UTO 6+b < n+1. 3amensas n Ha
ab u BorauTas u3 06eux dacTen b+ 1, MBI IPUXOAUM K HEDABEHCTBY
a—1 < ab—0b. Oguako a > 1, mosTomMy 06e JaCTU HEPABEHCTBA
MOXHO pa3meauTh Ha a — 1. B pesyabrare mbl moaydaem 1 < b.

(5.2)

ITO paccyXIeHUe MOKA3BIBAET, ITO HEPABEHCTBO 1 < b DKBUBa-
JeHTHO HepaBeHCTBY a + b < n + 1. Ilockorpky 1 < a < b mo
IPEANONOXKEHNI0, MBI ToKazamu, 9to (a + b)/2 < (n + 1)/2.
Paccmorpum Teneps neBoe HepaBeHCcTBO. OTMETUM A HAYA-
I, ITO MOCKOMBKY [v/71] < /N, HAM JOCTATOMHO AOKA3ATH, ITO
vn < (a + b)/2. fcro, uTo nocregHee HEPABEHCTBO BBIMOMHIAETCA
TOTJa W TOXLKO Torga, korga n < (a + b)%2/4. Ogmaxo dopwmy-
na (5.1) maer
(a +b)? _ (b—a)?
"1
7 1IpaBasgd IaCTh HECOTPUIATEABHA. TeM CaMbIM MBbI NOKa3aJaW HE-
paBencTeo (a + b)?/4 — n > 0, PKBUBATEHTHOE HCXOJHOMY.
Bepremcs x aaropurmy. HamomauMm, <ITO 3HAYMEHUE TI€pEMEH-
HOU 2 BHAYale PaBHO |\/71 ], a 3aTeM OHO yBermumBaeTcs Ha 1 mpu
KaXOM BBINOMHEHNN MuKaa. [looTomy m3 mHepasencTsa (5.2) BbI-
TEKAeT, ITO €CIU 9GUCIO 7 COCTABHOE, TO AITOPUTM MOUAET IO

(a + b)/2 panbue, 9em go (n + 1)/2. Ognako npu z = (a + b)/2

HOLy IaeM
5 (a+b Q—n— b—a)>
Yy = 5 = 5 .

Taxum 06paszoM, TOCTUTHYB DTOTO 3HAMEHW, AJITOPUTM 3aBep-

umT paboTy, a ero BHIBOL OyAeT COCTOATH U3 MHOXWUTEAen g u b.
[TosTOMYy ecam n cocTaBHOE, TO AITOPUTM BCEr'Ia OCTAHABINBAELT-
ca npu HeKoTopoM z < (n + 1)/2, BEIMMCAMB ABA AEAUTENS DTOTO
qUCIA.
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3aMeTHnM, 9TO JAHHOE COCTABHOE YUCIO 7 MOXHO MPEACTABATH
B Buge n = ab, rae 1 < a < b < n, BO3MOXHO, HECKOILKUMU Pa3-
auaHbIME criocobamu. Kakoe u3 pasiokeHul HAXOAUT AJITOPUTM
Depma? [louck HAIMHAESTCA HIpH T = [\/ﬁ], U ¥ YBEIUIUBACTCA
Ha, KaX[OM IIare. SHAYAT, HAUAEHHBIE aJIrOPUTMOM AETUTENN ¢
u b TaKOBBI, ITO Pa3HOCTD

a+b_
2

[Vn]

— HAUMeHBIIAsA U3 BO3MOXHBIX.

Anropurm Pepma cooOUAET HAM KOE-9TO BaXKHOE O CHACTE-
ve nmmdpoBanusa RSA. HamomuuM, 9TO 6€30MACHOCTDH CUCTEMBI
RSA 3aBucuT 0T CIOXHOCTHU PA3IOKEHUA HA MHOXUTEIN GUCTA, 1,
ABJAIONIETOCA NMPOW3BeNeHreM [BYX MPOCTHIX. Eciu HaAM yaacTcs
pPa3IoXUTL N, TO mudp GyaeT B3IOMaH. AJTOPUTM AETCHUA METO-
moM po6 MOr ObI CO3JATH WIMIO3UI0, 9TO BEIOpAB OOJbIINE ITPO-
CTBIE COMHOXUTENN, MBI MOTIIZ 6BI TOOUTHCSA TOTO, ITO N CIOKHO
paznoxuTb. OmHAKO 5TO He Tak. Kcam MmHOXMTEM Goablve, HO
X Pa3HOCTb MaJja, TO 1 OYeHBb JErKO PA3JOXUTL HA MHOXUTEIN
anropurmom Pepma. Mer BepHEMCa K 3TOMY BOIpPOCY B riiase 12.

§3.6. OpgHo dpyHpamenTanLHOE CBOUCTBO
NPOCTLIX 4ucen

1 moxa3aTensCTBA eIUHCTBEHHOCTY PA3IOXKEHUS IEJ0T0 1~
ClIa B IPOU3BENEHUE TPOCTHIX HAM MOHALOOUTCA CIAeayolnee (pyH-
AJaMEHTaJIBbHOE CBOﬁCTBO OPOCTBIX YHUCEJI. MI)I MTOKa3bIBaeM 3TO
CBOUCTBO B HACTOAImEM maparpade, a §3.7 u § 3.8 mocsaAIIeHbI He-
KOTOPBIM €0 IPUJOXKECHUIM. Ha‘IHeM C JIEMMBbI, KOTOpasaA IIOCIY-
KUT TEPBBIM MPUMEHEHUEM PACIIPEHHOTO AJITOPUTMA, JBKIUIA.

Jlemma. Ilycmb a,b u ¢ namypasvrbie wucaa, npuvem o u b

szaummno npocmui. Tozda:
(1) ecau npoussedenue ac deaumca wa b, mo ¢ deaumea wa b;

(2) ecau ¢ deaumes na a u na b, mo ¢ deaumcs wa ab.
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Moxaxewm cuagana yreepxaenue (1). Ilo npeamonoxenuto, -
cra a u b B3aumuo npoctsr, T.e. HO/l(a,b) = 1. Torga pesyabra-
TOM pabOTHI PACHIMPEHHOrO AJTOPUTMA, JBKIUIY, CIYXKAT TAKUE
qnciaa o 1 3, IT0

ac+ b8 = 1.

[Tepenmem Temeps K «abpakagabper TOKA3ATEALCTBA. YMHOXUB
06e TacT! MOCHeTHEr0 PABEHCTBA HA, C, MOIYIUM

aac + Bbe = c. (6.1)

AcHO, 9TO BTOpOE CIaraemMoe B JIEBOW YACTH MEAUTCA HA b, HO TO
®e CIPABEINBO U A TEPBOTO CAATaeMOro. [[encTBUTENILHO, OHO
OETUTCA HA GC, & TODTOMY, [0 MpeanoJoxeHuto, u Ha b. Takum
06pa3oM, BCA CYMMa B JIEBOU YaCTU MEJAUTCA HA b, a MOCKOIBLKY
OHA, PaBHA C, TO MEPBOE yTBEPXKICHUE NOKA3AHO.

Brisenem Temeps (2) u3 yrBepxkaenus (1). Pas ¢ gerurcsa ma
@, TO CyUIECTBYET Takoe HaTypaibHOe t, 9T0 ¢ = at. OgHAKO C
nemarca w Ha b, mw mopromy u3 (1) cmemyer, wro ¢ memwrca Ha b,
TakK KakK ¢ U b B3auUMHO mPOCTHI. 3HAYUT, t = bk I HEKOTOPOTO
nesoro k. [osromy «wmciao

¢ =at = a(bk) = (ab)k

IeIuTCA Ha ab, 9TO M yTBEPXKAAIOCH B 1. (2).

JTa JeMMa OyAeT UCIOJIb30BATHCA OYEHb YaCTO, HAYMUHAA C
IOKA3aTETHLCTBA, CAEAYIONIEr0 CBOUCTRBA MPOCTHIX YUCET, KOTOPOe
copmyaupoBano B Buje npemiaoxennusa 30 kauru VII sBkiam oBBIx
«Hagam. 9To CBOUCTBO HACTOIBKO BAaXKHOE, 9TO MBI JATUM €MY
uMsa. BymeM HasbIBaTBH e€ro Gyrdamenmasbrbim c80UCMBOM NPO-
CMBIT YUCEA.

dyHFaMEHTATLHOE CBOMCTBO MPOCTHIX YHCeI. Fcau
npoussedenue HaAMypasbrbls wuced a b deaumes na npocmoe wu-
ca0 p, mo aubo a deaumes na p, aubo b deaumcsa na p.

DyngaMeHTATBEHOE CBOUCTBO IOKA3BIBAETCA C MOMOIIBIO JEM-
Mmel. [To mpeamonoxenuro, ab nenmurcsa va p. Eciu ¢ geautcsa Ha p,
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TO JOKA3aTEIbCTBO 3aBEPIICHO. [IPEATIONOXUM, ITO ¢ He ACTATCI
Ha p. [lockombKy swicno p mpoctoe, 5to o3raxaer, aro HO/l(a,p) = 1.
Torga w3 mepBOrO yTBEPXKIEHUA JEMMBI BhITeKaeT (ab memurcs
HA P, HO @ U P B3AUMHO MPOCTHI), ITO b AeIUTCA HA P.

§ 3.7. 'pekn n MppaunMoHanbLHOCTH

B sTom maparpade MBI paccMaTpWBaeM OMHO U3 IIPUIOKeE-
HUM PYHIAMEHTAILHOTO CBOUCTBA MPOCTHIX YUCEJ, JOKA3AHHOTO
B §3.6. MBI X0THM MOKa3aTh, ITO €CIM P MPOCTOE, TO TUCIO /P
upparuoHaibHoe. /[[oka3zaTeabcTBO OyeT MEePBBIM B AJUHHOU IIe-
MOYKe JOKA3AMEALCNE 0T, NPOMUBHOZ0.

Wnesa sToro MeToma M0Ka3aTEAbCTBA OYE€HB MPOCTA, U MbI Ya-
CTO TONB3YEMCA UM B MOBCEIHEBHOU XU3HU. BOT nocTaTowHO Ge-
3bICKYCHBIA ipuMep. [lycTs Bam Hyx)en (aii, KOTOPBIT HAXOIAT-
CA Ha ONHOU W3 ABYX AUCKET — CUHEN wium KpacHou. K Hecda-
CThIO, BBl HE TOMHUTE, Ha KAKOU MMEHHO, 3 METOK Ha JAUCKETaX
mer. UYro Ber geraere? BerasiaseTe ogHy U3 QUCKET, CKAXEM CH-
HIOI0, B TUCKOBO[, U IPOCMATPHUBAETE ee oriasieHue. Kcan HyX-
HOrO palia TaM HET, TO OH HAXOAUTCA Ha APYyrou guckere. Kcam
roBopuTh Gosee (opmanabHO, TO BBl mpexgmomaraere, UTO HYX-
HBIA HaAWT HAXOAUTCA Ha cuHen guckere. OGHAPYXUB, 9TO 3TO HE
Tak, BeI 3akiI0vuaeTe, ITO IpeAnoaoKXeHne ObLI0 HEBEPHBIM, U ITO
dami, caeqoBaTeIbHO, HAXO[ATCA HA KPACHOU JUCKETE.

[Tpuuaumna, MO KOTOPOU MBI MPEATIONATAEM, ITO TAKaA CTPATE-
rua 6ygeT paboTaTh, COCTOUT B TOM, UYTO HUKAKOE yTBEDXK ICHUE
HE MOXET OBITh OJHOBPEMEHHO UCTUHHBIM U JOXHBIM. Tak, ecau
damt HAXOAUTCA HA OMHOU U3 ABYX AUCKET, W €CIU €U0 HET HA I'o-
aybou AUCKeTe, TO OH AOMXKeH ObITh Ha KpacHOU. Pasymeercs, B
MOBCETHEBHOU XU3HU PEIKO BCTPEUAIOTCA CTOMb MPOCTHIE CUTYAa-
nuu. Hampumep, Bama yBepeHHOCTE B TOM, 9TO (Dala HAXOTUTC
HA OJHOU U3 ABYX AUCKET, MOXET OKa3aThCA ommboanon. Wiam, xy-
®)e TOro, Bl MOMIM MOXOAS CTEpeTh HyXHbU danit. K cyacTsio,
B MaTeMATHUKE TAKOU GECHOPATOK PEIKOCTD.
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[MocmoTpuM, Kak MOXHO MPUMEHUTH MPEIIOKEHHYIO CTpaTe-
IO K JOKA3aTeILCTBY TOT'O, ITO THUCIO |/p WppanuoHarsHo. Kera-
TU, 9YTO O3HAYAET B D3TOM KOHTEKCTE CJIOBO «UPPAIUOHAILHBIN) !
MHOrma MOXHO YCIBIIATL, 9TO MPPAIXOHAILHOE — DTO ITO-TO,
9ero Heab3d IIOHATH. OrD;Ha,KO 3a1€eChb Mbl UMEEM B BUAY BCEr'O JUIIb
OTPHUIAHUE He PAYUOHAALHOE, T.€. (HE ABIAIONUICECA OTHOUICHAEM) .
Cormacao OkcdhOpACKOMY CIOBAPIO AHTIMUCKOT'O A3BIKA, 0MHOULE-
Hue IPeAcTaBIgseT co60r

«IMCIEHHOE COOTHOUICHUE MEXY ABYMA aHAJIOTUIHBI-
MF BEIWIUHAMY, U3MEPAEMOE KOJMIECTBOM TOBTOPE-
HIM OJHOW M3 DTUX BEINIWH B APYTOM.»

ITO OIpeaeNeHne TOYTH B TOYHOCTH IMOBTOPSIET OMpeIeaeHrne JB-
kianga u3 kauru V «Hagam. K coxanennio, Takoe ompeaenenne He
TIO3BOJIIET Y3HATH, UTO TAaKOe OTHOIIEHWe, ecau BEI emre He 3HA-
eTe, ITO DTO TaKOe. B TOM CMBICIEe OHO MTOXOXEe HA 3HAMEHUTOE
OBKJUJOBO OIpPEAeJeHre TOYKH: (HeUTO, ITO HEe UMEeT JacTeu.
K cuacThio, HaM HAMO 3HATH TOJBKO, UTO HPPAMUOHATHLHOE HU-
CII0 DTO BEIIECTBEHHOE [UHUCIO, He npedcmasumoe 8 eude dpobu.
Urak, mepen mHamu BOMIPOC, K KOTOPOMY MeTOH JOKA3AMEAbCMEA
om npomusHo20 BIIOIHE TPUIOKUM. MBI XOTUM NIPOBEPUTH, ITO
/P we apo6n? [laBaiTe MPEAMONOXKHUM, ITO 3TO HE TAaK, U IIPH-
aeM K mpoTuBopednio. Eciam HaM 3TO yaacTCs, TO MBI JOKAXKEM
UPPAIIOHATLHOCTD TUCTA /P.

B mposenennu qokasarersCcTBa ciegyeT cOOIIOIATE OCTOPOX-
HOCTh. HamoMuuMM, 9TO MBI npeamonaraeM (B HAJEXKAe NPUUTH K
OPOTUBOPEYHNIO), ITO /P ABAAETCA APOOKLIO. [Ipyrumu croBamm,
MBI TPEAIONATAEM, UTO CYIUIECTBYIOT HATYpaJbHbIE UUCIA G U b

TaKue, ITO
a

VP=7. (7.1)
Bonee Toro, moxmo cumrarh, 9T0 ApoOb 3aNUCAHA B MPUBEIEH-
HoM Buae, T.e. HO/l(a,b) = 1. B TakoM Buge MOXHO 3amUCATH
KaX MYy ApoOb: JJId 3TOr0 HOCTATOYHO IPOU3BOABHYIO TPOOL CO-
KPATUTh HA HAMOOIBIIAN OO JEJUTENb TUCIUTENI U 3HAMEHA-
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Tens. [Ipeanonoxenne 0 B3EAUMHOU MPOCTOTE YUCAUTENSA U ZHAME-
HaTEeIA CYIIECTBEHHO — OHO OOJEervaeT IMOMCK IIPOTUBOP YN,

Y106bI UMETE IEJI0 TOILKO C IEJIBIMU YUCIaMU, BO3BeaeM 06e
qacTu pasercTsa (7.1) B kBaapar. [oxyuum

p=—, me b2 -p=d’ (7.2)

Suasmr, a’ gemures ma p. CormacHo (QyHIAMEHTATHHOMY CBOM-
CTBY IPOCTBIX IMCENT, 3TO O3HATAET, ITO ¢ AeAUTCA Ha p. [losToMy
CYWIECTBYET TakKoe 9UUCIO ¢, 9TO ¢ = pc. llogcTasiaa mocienHee
BoIpaxenue B (7.2), moaydaem

bop=p?-
Cokpamag Ha p, MbI 3aKTI0YAeM, ITO b? JOIKHO JETHTHCA HA P.
ITorTOpHOE MCHONB30BaHWE (HYyHIAMEHTATHLHOTO CBOUCTBA, TIPOC-
TBIX 9UCEN JAeT, 9TO b AeInTca Ha p. SHAYUT, U 4, U b Jenarcs
Ha p. OpHAKO BTO HEBO3MOXKHO, nocKoabKy HO/l(a,b) = 1. Tem
CAMBIM, MBI MPUILIA K OXUJAEMOMY TPOTUBOPEYMIO, U /P HE MO-
KeT OBITh APOObI0. 3HAMUT, TUCIO /P UPPAIIOHAIBLHO.

Y Bompoca 0 CymECTBOBAHWUYU UPPANMOHANBHBIX HHUCET NOJ-
ras u apkas ucropua. CorIacHo rpedeckoMy UCTopuky ['eponoTy
(Herodotus), reomerpus 3apogmiacs B Erunre, rae dapaon pas-
IaBaJI TMOMAAHHBIM OIPAMOYTOJLHBIE YIACTKY 3€MIN TO TOLOBYIO
peary. Eciu Hun cmbiBan wacts yvacTka, TO HEOOXOAUMO ObI-
JIO BBLI3BIBATD 3€MJEMEPA JIA OMPENeNeHUI, KaKad JIaCTh yTepIHA.
[IraTa BragEnbIA yIaCTKA COKPAIAIACH TTPOMTOPIUOHATHHO TIOTE-
PAHHOW TLIOLIAIH.

Erunrtsame mHTEpECOBAIUCH TOIBKO MPAKTUICCKAMU HU3MEpe-
HIAMY TIOWAAA W JPYTUMHA TIOJOOHBIMI BEITUCACHUAME, TIODTOMY
OHM HEABHO MOJATAIN BCE IUCIa npobamu. Ha mepeguun mwian up-
PAIIMOHATBHBIE YUCIA, BRIABUHY.IUCH B [Ipesnen ['penym B pesynnb-
TaTe PasBUTHUA GOMEe TEOPETUIECKOTO MOAX0AA K TEOMETPHUMN.

CuamTaeTcs, 9T0 NPPANMOHATHHBIE IACTa OBLTA OTKPBITHL B (hr-
nocodekon mkome (wiam cekre), ocHoBaHHOU [luparopom. Passu-
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THE TeOMETPHUM YPE3BLITANHO MHTEPECOBAIO Mudaropenmes, mo-
CKOIILKY OHM IIOJATAIN, ITO 9UCIa (IO KOTOPBIMU OHU HOIPa3y-
MEBAJIY HEIBIE TUCIA W APOO!) JIEXKAT B OCHOBE MAPO3 fauma. Mox-
HO MPEJCTABUTD Ce6e, KaK YXKACHYIUCH OHU, TOHAB, ITO UMEIOTCA
OTHOIIEHUS BEIUYWH, HE BHIPAXKAEMBIE HUKAKOU APOOBIO. ['0BO-
par, aro Xunac u3 Meranouryma (Hypasus of Metapontum) 6sur
W3rHAH U3 CEKTHI 32 00HAPOJOBAHUE DTOTO CEeKpera. Pemus, IT0
DTOr0 HENOCTATOYHO, MU(ATOPERILl JaXKe BO3IABULIA €My TpOO-
HUILY, YTOOBI TPOAEMOHCTPUPOBATE, IYTO OH I HUX yMep!

OTKpBITHE UPPANUOHATHLHBIX YUCEA C HEM30EXHOCTHIO BCKO-
pé PacupoCTpaHmIOCh cpean ¢purocodos. Il1aTon yTBepX 1aeT B
muagnore «Tearery, aro Peonop Cupenckuu (Theodorus of Cirene)
JOKA3aJI MPPAIMOHAILHOCTE [ucen \/3,...,v/17. K coxarenmuio,
OH HUYEro HEe TOBOPUT O METOME M0KA3ATeIbCTBA.

[IpuBemennoe BhIMIE TOKA3ATEALCTBO UPPANUOHAILHOCTH IU-
cra /p 66110 m3BecTHO rpekam. B rimase 23 kaurn I coen «Ilepson
agamuTukmy Apucrorens (Aristotle) mumer, aro

«IUATOHANL KBAAPATA HECOM3MEPUMA C €r0 CTOPOHOM,
TaK KaK €CIN IPeAloaaraTh UX COUM3MEPUMOCTH, TO
HEYCTHBIC INCIA PABHBI Y€ THBIM.»

OTO UPE3BLIYAKHO CXaTad popMa AOKA3ATEILCTBA UPPAIUO-
HATBHOCTY 9uCIa, /2. Bolee pasBepHyTOE NOKA3ATEILCTBO COLED-
XuTca B npemmoxennu 117 xauru X >BKAnA0BBIX «Haxaimy.

§ 3.8. EAMHCTBEHHOCTb pa3noXxeHus

[Ipumo BpeMsa noKa3aTh, UTO IpeACTABIECHUE HATYPAJILHO-
ro 9MCIa B BUje, yKazaHHOM B § 3.1, equucTBenHo. Mbl gokaxem
€IUHCTBEHHOCTb OT IPOTUBHOI'O, BOCIOIL30BABIINCE (DYHITaMEH-
TAJBHBIM CBOUCTBOM TPOCTHIX YUCEI.

[Ipeamomoxum, HATPOTHUB, ITO CYIIECTBYIOT HATYPAJbHBIE U~
cra, 6oabIme 2, momycKaromme 6oJbIire OqHOTO pasiaoxenud. [IycTs
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N — HOUMEHbULEE HATYPATBLHOE IUCI0, Y KOTOPOT'O €CTh 10 KPay-
HEI Mepe [IBA PA3IMIHBIX pasioxeHuA. IlycTb
n=p"...pF=4q"...¢", (8.1)
roae p1 < .- < ppumq < --- < (g — OPOCTHIC, & €1,...,CfL,
T1,...,Ts — HATypAIbHEIE InCaa. KpOoMe TOro, MbI IpeAIOIaraeM,
9TO 9TU ABa PA3JOXECHUA PA3IUTHBI. BaMeTHM, 9TO TaKOEe MOXeT
MPOU30UTH MO ABYM MPUIAHAM. BO-TIEPBBIX, B OMHOM U3 Pa3JI0Ke-
HAU MOTYT IIPUCYTCTBOBATH IPOCTBEIC MHOXHTEIN, KOTOPBIX HET
B ApyroM. Bo-BTOpBIX, gaxe ecan HAOOP MPOCTHIX MHOXUTEICH B
060uX CIy9aax OAWHAKOB, MX KPATHOCTHA MOLYT OLITH PA3/IMIHEI-
vu. K c9acThio, HEBAXHO, KAKasd UMEHHO U3 DTUX BO3MOXHOCTEN
peamusyeTcs B pasnoxenun (8.1).
Nccnemysa meBoe pasiokeHume, Mbl 3aKII0YaeM, ITO N JeIuTCA

Ha p1. Ho n = ¢{* ... ¢%*. MHOrOKpaTHOe IpUMEHeHue @HyHdamen-
MaabHo20 C80UCMBA NPOCMBIL YUCes TOKA3BIBAET, 9TO OIUH U3
COMHOXHUTENCH B ¢ ... (5 TONKEH NEIATHCA HA Pi, & 3HATAT Of-

HO U3 9UCeN ¢; JOJKHO IeIUTHCI Ha P1. HO mpocToe aucao geiurcs
Ha JIpyroe IMpocToe, TOAbKO €CIM OHU PABHBL SHAYUT pP1 = ¢j NI
HekoToporo j, 1 < j < s.

HOBTOMy B IIPABOM PA3JIOKEHUU YTUCTA 77 MOXHO 3aMEHUTH q]
Ha p1:

__ e er r Tj r
n=p'...p}f = qll...qj]...qsS

— r1 T r
= qy ---Dy 45"

Teneps Ha p; MOXHO COKPATHUTb, MOCKOIHLKY OHO BXOMUT B 00a
PA3JI0KEHUA B MOJIOXUTEALHOU CTENEHU. B pe3yabTaTe moayIuM

e1—1 er T 7’]‘*1 r
Py PR =4 - Dy ... q4°,
T.e. [BAa Pa3JOXEHNsA HA MHOXUTEIN HEKOTOPOr'O HOBOI'O HATY-
PaAIBbHOrO YHUCIA, KOTOPOEe MbI 0603Ha4uM |depe3 m. OmnHako oTu
PA3JOXKEHUA HE MOTYT OBITH PA3IUIHBIMU. [[eNCTBATEILHO, MBI
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BBIOpATH B KAYECTBE Nl HAUMEHbULEE TIOTOXKUTEIBHOE TUCIO C IBY-
MsA Pa3IMIHBIMUA PA3MOKEHUAMHA, a m = n/p; < n. Pa3z momxyven-
HBIE PA3JI0XEHUA COBIAAAIOT, TO J = 1, T.€. p1 = q1, & KPOME TOTO
k = s. [llanee,

b2 =4q2, p3=4q3, ,... AP =(L,

¥ KPATHOCTH KaX OO0 IPOCTOr0 YUCAA B 060UX PABIOKEHUAX TO-
e pDaBHHI,

61—1:’/'1—1, €y = T9, yeoo MW EE =Tk

OHAKO U3 >TUX PABEHCTB BEITEKAET, ITO pasaoxenus B (8.1) Tak-
XK€ ONUHAKOBBI, M MBI IPUILIA K TPOTUBOPEUN0. SHAYUT, MPE/-
CTABJCHUE HATYPAJIBbHOI'O YUCIAa B BUOE, YKAa3aHHOM B TeOpeMe
u3 § 3.1, e AMHCTBEHHO.

[Mpeomones Bce MPENATCTBUA B JOKA3ATEILCTBE €IUHCTBEHHO-
CTH PA3IOKEHUS, MBI TOMXKHBI MPU3HATD, ITO OOJIBIIMHCTBO JIEOEN
IpOCTO HEe MOTYT cebe MpeNCTABATH BO3ZMOXHOCTY HAIAYIUI He-
CKOJBKUX pa,3JIO)KeHI/II‘/)L 3Ha,‘II/IT BHOBb MAaTEMAaTUKN NOKA3BIBAIOT
HEYTO, IYTO BCEM OCTAJIHLHBIM COBEPIIEHHO OYEBHUIHO.

Uc¢Tuna, ogaako, mpoTUBONOMOXKHA,. [IpuvmHa, 0 KOTOPOU enqunH-
CTBEHHOCTD PA3JIOKEHUA HA MIPOCTHIE MHOXUTENN [JIA HAC OIEBHU/I-
Ha, COCTOUT B TOM, 9TO MblI HQUIMHACM U3YyICHUEC IECABIX TUCET C
U3YUEeHUA PA3JIOKEHUN, U B OU€Hb paHHeM BozpacTe. [losToMy Bea
BBIDAOOTAHHAS HAMHU WHTYWIWA OCHOBAHA HA DTOM (pakTe. ITO
BCE PABHO, UYTO CKa3aTb, UTO 3BKJINWJI0BA T'€OMETPUSA €IUHCTBEH-
HO mpaBuiabHag. [locaegHee yTBEpX AeHNE 3aBEIOMO HEBEPHO, U B
HaIle BpEeMA TE€OPpUU OTHOCUTEIBHOCTU U YE€PHBIX ABID HUKAKOMY
00pa30BAHHOMY YEIOBEKY HE MPUAET HA YM BBICKA3ATH ITO-IUOO
nomob6HOeE.

Ecaun mocMoTpeTs HA UCTOPUIO MATEMATUKYU MOCIETHETO CTO-
JEeTUs, TO B HE HAUAETCA OMPOMHOE KOJIUYIECTBO MPUMEDPOB «IH-
CIOBBIX CHCTEM», DIEMEHTHI KOTOPHIX AOMYCKAIOT PAa3IOXeHue Ha,
HenpuBOAUMEBIE. Takoe pasyoxeHre, KaK IPABUIO, HE €TUHCTBEH-
HO. CaMBIZ 3HAMEHUTHIN KOHTPIPUMED CBA3AH C 8eAUKOT meope-
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moti Depma. Tak HaswpBaioT chopmyrupoBanaoe Pepma yTBEp-
XK JIEHIEe O TOM, ITO eCIu

UL HEKOTOPOU crernenu N > 3, To xyz = 0. Ha cBoeMm sk3emmuiape
nuodanToBon «Apudmerukmy PepMa MOMETHI, ITO y HETO €CTh
IIONCTHUHE 3aMedaTeNbHOe H0Ka3aTelIbCTBO TOro (aKTa, OJHAKO
TIOMIA CJAWIIKOM Y3KHU, ITOOBI €r0 IIPUBECTH.

OdeBugHas CTpaTErnsa AOKA3aTENLCTBA OCHOBAHA, HA, TOM, ITO-
OBI TTIOMHOCTBIO PA3JIOXUTL pa3HOCTh 2" — ™. [lasg »Toro Heo6xo-
AUMO BBECTU KOMILICKCHBIC YINCJIa; TOr oA

By = (2= y) (2= Cy) o (2= (),

rae ¢ = cos(2m/n) +isin(27/n). OxaseiBaeTCA, ITO HEOOGXOTUMOE
HAM MHOXECTBO KOMILIEKCHBIX YHUCEJI YCTPOEHO OYeHb IMOXOXKE Ha,
[eable IUCaa. BCAKUN ero 3IeMeHT PACKIAIBIBACTC B IIPOU3Be/Ie-
HU€ HEeIPUBOJUMBIX, T.€. TAKAX, KOTOPhIE HEAb3sA PAa3JOXKUTHL HA
vuOXuUTEM. OIHAKO I OOJBIIMHCTBA 3HAYEHUN 71 PABIOKEHUE
He eJUHCMBENHO, ITO U CIYXRKUT OCHOBHBIM MPENATCTBUEM K TIO-
JYYEHUIO Ha 3TOM My TU MPOCTOTO NOKA3ATEIHCTBA.
[IpemgmonaraeTcsa, ITO «IOKa3aTeIbCTBO» DepMa COmEPKAIO
AHAMOTUYHYIO OmmOKy. dDepMa MOT MONACTLCA B JOBYIIKY, TOJIA-
ras, 9TO Pa3joXkKeHWe HA MHOXUTETN B MHOXECTBE KOMILIEKCHBIX
9rcels, ¢ KOTOPBIM OH paboTal, TMHCTBEHHO. Bhuio ObI HEY TUBU-
TeIbHO, ecau Obl PepMa mad XKepTBOX Takou ommoOku. Kak Mbl
yxe rosopuiu B § 3.1, Torsko [ayce chopMyamposan yTBepx ie-
HUE O eIUHCTBEHHOCTU PA3IOKEHUS HA MHOXWUTEIA B TOM SBHOM
BUIe, KOTOPBIM MBI TIOJIB3YEMCA U MO Cel AeHb. [laxe mocie BI-
xona Mccrenosanmin Taycca, Kymvep (Kummer) npegnoxun mo-
Ka3aTerbCTBO TeopeMmbl DepMma, MOXOXKee Ha W3JIOKEHHOE BHIIIE,
HE MOHUMAA, B €M 3AKII0YAeTCA MpobieMa, MOKa ONWH U3 KOJ-
Jer He ykasaa eMy Ha omumOKy. He xemas ocTaBaTbea moOex qeH-
vBIM, KymMMmep paspaboTai MeTo[, MO3BOJANMN OOXOAUTEH He-
€MHCTBEHHOCTb DA3JIOXKEHWA HA MHOXUTeTu. B pesynbrare oH
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CMOr' [0Ka3aTh BeIuKyio Teopemy Depma mis 60JBIIOrO KpPyra
HOBBIX IIPOCTHIX 7.

Benukas Teopema depma ObLIa B KOHIE KOHIIOB JOKA3AHA Y AWLI-
com B 1995 r. On cieqoBat myTeM, IpeIIoXeHHBIM JUIIb B TTOCTE/I-
ume 10 geT, npeamecTBoBaBIIME €ro paboTe. ITOT MyTh OCHOBAH
HA TEOPUU DILIUNTUIECKUX KPUBLIX, B KOTOPBIX YaWIC ABIACT-
ca rcmepToM. Bosee paHHO0 UCTOPUO TeopeMbl Depma MOKHO
m3yunth mo kaure [15] ([[.12]). Xopomee sremenTapHoe BBeme-
HUE B WjeW, JeXAINe B OCHOBE IOKA3ATEALCTBA YAaWICa, MOXHO
HauTu B [20].

YnpaxHeHus

1. CymecTByIOT Ju TaKue HATYPAJIbHBIE YUCIA L,y U Z, ITO
27 . 3% . 96Y = 3977

2. [lycts k — maTypaabnoe umcio, k > 1. [lokaxure, 9T0 BCe
qucCiaa B IIOCaeJ0BATEIBHOCTHA

B+ 2,k +3,... kI +k

cocTaBHbie. Vcmomap3ynTe 5TOT GaKT III JOKA3ATEIHCTBA CYIIEe-
CTBOBAHUA OTPE3KOB MOCIENOBATEILHBIX COCTABHBIX TUCEN TIPOW3-
BOJBHOU [JIWHBI.

3. C nomorpio aaropurma DepMa HAUAUTE TEIUTETA CAELY-

fommx wmces: 175557, 455621 u 731 021.

4. Kakue u3 mpuBOJUMBIX HUXE YTBEPXK IEHUU ABIAIOTCA BEP-
HBIMU:

(1) Yucro /6 uppanmonatsuoe.

(2) CyMmma MppaIUoOHAIBLHOTO YUCIA U APOOHM BCErjga up-
paAIMOHATBHA.

(3) Cymma OBYX MppPAIMOHAJIBHBIX UCEN BCEr/a MPPAIA-
OHAJTBHA.

(4) Yucao V2 + /3 pamumonanbHoe.
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5. IlokaxwuTe, 9TO €CIU IUCIO 7 COCTABHOE, TO TUCIO

10" —1
R(n)on:m...u
n pa3

TOXe cocTaBHOoe. Takue 4UuCIa HA3BIBAIOTCI N0BMOPAIOULUMUCSH
eQUHUYAMU.
[Moxckaska: ecau n geawrea Ha k, o R(n) nemurcs Ha R(k).

6. [Tycts wmcno n > 0 cocTaBHOE U P — €r0 HAUMEHbULUL TTPO-
cTou meauTenb. HamauTe Bce BOZMOXHLIE 3HAYEHUA N, IIA KOTO-
pPBIX

() p=vn;
(2) HOZ(6n + 7,3n 4 2) nemaTca Ha p — 4.

7. Haumenvwee obwee xpammuoe HOK(a,b) aByx maTypamsb-
HBIX 9UCENI G U b 3TO HAUMEHbIIIee MOJOKATETLHOE TUCI0, KOTOPOe
IeTUTCA KaK Ha @, Tak 1 Ha b. [lomoxum

e (5 e T r r
a :p11p22 e 'pkk b :p11p22 e 'pkka

roe p1 < p2 < -+ < pg, a IOKa3aTeln €1,...,€ U ry,..., T, HEO-
TPUIATENLHBI. 3AMETUM, 9TO MBI He MPEAIOIaraeM, 9To B pas-
JOXEHU: 0OGOMX FHUCEN Ha MPOCTHIE MHOXUTEIN YIACTBYIOT OfU-
HAKOBBLIC MPOCTHIC TMCIA; €CIW, HATIPUMED, ¢ ACTUTCA HA P1, a b
HeT, To Mbl noxaraeM r; = 0. [lokaxure, 9TO eIUHCTBEHHBIMU
npocteiMu gemurenavu aucer HO/l(a,b) m HOK(a, b) asrsiorca
Pl,--.,Pp W HAUJATE UX KPATHOCTU B COOTBETCTBYIOIIAX DA3JIO-
KEHUAX.

8. HarypalbHoe 9mciIo 1 HA3bIBAETCA CO6EPULEHHBIM, ECIU CYM-
Ma BCex ero gemurtenenn (Bkmodas 1 m camo n) pasaa 2n. Hampn-
Mep, uucaa 6 u 28 coBepuennbie. [lycTs § — Takoe HATYpPaJIbHOE
anucio, aro 257! — 1 mpocroe.

(1) Hokaxwure, aro gerurern auca 2°(2°T1 —1) o6pasyior
[BE TEOMETPUIECKHIE IPOTPECCUN CO 3HAMEHATEIEM 2,
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mepBas M3 KOTOPLIX HAYWHAETCA C 1, a BTOpag — CO
sgamenaTerem 2571 — 1.

(2) Beraucamre cymMMy >TUX NEIWTENEN W TOKAXKATE, TTO
ameno 2°(25T! — 1) copepmernoe.

Brmme copmynaupoBano npegnoxenune 36 xkauru X sBranmo-
BBIX ((Ha,‘Ia,JI)). Ta,KI/Ie COBEPIICHHBIC YNCJIa WHOI'ITA HA3BIBAIOT 36-
KAUDOBBIMU.

Henw caegyromux ABYX yOPaXXHEHUU COCTOUT B NOKAZATETb-
CTBE TOTO, YITO BCE UeMmHble COBEPUICHHBIE YMCIA DBKIWIOBEIL, T.€.
umetor Bug 2° (2571 — 1), rae 257! — 1 mpocToe wucro. dTo yTep-
XK [eHue ObLIO JOKA3aHO DUWIEPOM, OTHAKO CAMa CTAThA OBLIA OIY-
6aukoBana B 1849 rony, 1epes muOro Jet mocte ero cmepru. [Ipu-
BOAUMOE HUXKe J0KA3aTenbCTBO B3ATO u3 [14]. VHTepecHo oTme-
TUTH, 9YTO BCE M3BECTHBIE COBEPIIEHHBIE TUCAA TPOCTHI, a 3HAYTUT
MpeaCTaBUMBI B BAE, U3BECTHOM YXe JBKIUIY. BBUIO MOKAa3aHO,
ITO €CIU HEYEMHbLE COBEPIIEHHBIE YUCIA CYIIECTBYIOT, TO KaX [0€

0300

N3 HUX 6OJII)IHe, gem 1 , 1 UMeeT HEe MEHEE€ BOCbMU IIPOCTHIX Oe-

JUTENeN.

9. O6GosHaumM 1epe3 S(n) CyMMy BCEX AEMUTENEN HATYPAIb-
HOT'O YUCIA N, BKIOYadA 1 1 n.

(1) HokaxwuTe, 9TO IUCIO T TPOCTOE, ECIA U TOIBKO ECIN
S(r)y=r+1.

(2) HokaxwuTe, 9TO IUCJAO 1 COBEPIIEHHOE, ECIA U TOIBKO
eciz S(n) = 2n.

(3) IlycTs by m by — B3aMMHO MPOCTHIE HATYPATLHBIE -
cra. Ilokaxwure, 94T0 b1by meaurTcs Ha d, €CIX W TOMb-
KO ecau d mpencTraBuMo B Buge d = didg, Toe di =
=HO/(d,b1), a do = HOI(d, b).

(4) C momouipio yTBepxAeHAA (3) MOKaXUTE, ITO ecan by
u by 63aummno npocmur, To S(birbe) = S(b1)S(b2).

10. Bceskoe geTHOE YHCIO 7 MOXHO 3AIIUCATEL B Buae n = 25¢,
rae s > 1, a wucao ¢ Hevernoe. [Ipeamomnoxmm, ITO N COBEPIIEH-
HOE.
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(1) Hoxpcrasere n = 25t B dopmyny S(n) = 2n u, BOC-
HOMB30BABIINCH YTBepXKAeHueM (4) ynpaxuerus 9, mo-
kaxure, aTo S(t) gomxuo nemarhea Ha 2511

(2) Breaure m3 (1), aro S(t) = 25+ ¢ mna mexoroporo
HaTypaabHOro ¢. [lokaxure, uro t = (2°+! — 1)q.

(3) Mer xoTuM noka3aTh OT IpOTUBHOTO, 9TO ¢ = 1. [Ipea-
nomoxuM, 9to g > 1. Torga u3 (2) cregyer, 910 y ¢
O KpaHel Mepe TPU PA3JUYIHBIX [EIUTENA, & UMEHHO
l,q u t. Tlosromy S(t) > 1 + ¢q + t. [lokaxwure, aTO
S(t) = 2°Tlq = t + ¢ u momyuMTe WCKOMOE MPOTHUBOPE-
que.

(4) Uz (3) Beirexkaer, uro ¢ = 1. IlogcraBus 5T0 3HATE-
Hze B GopMyay A t, Mbl moaydaeM t = 25T — 1 u
S(t) = 25%1. 3mawwr, S(t) = t + 1 w u3 yreepxge-
musa (1) ynpaxsenus 9 BbITeKaeT, 9TO ¢ mIPOCTOE “IW-
CJI0.

OKOHYATETBHO MBI 3aKmoTaeM, aTo n = 2°(25T!1 — 1), mpuuem
BTOPOU COMHOXUTETH TPOCTON.

11. O6o3HauuM depes d(n) IUCIO MOMOKUTEILHBIX JEIUTeIeH
HaTYPATHHOTO YUCIA N. TUCIO N HA3BIBAETCA CUALHO COCMABHbIM,
ecm d(m) < d(n) mna Bcex m < n. Hanmmmmre mporpammy, Ko-
TOpas Mo 33JAHHOMY HATYPAILHOMY UHUCIY I BBIJAET BCE CHIBLHO
cocTaBHbIe umcaa, Menbimue r. C momombio Bammen mporpammb
COCTABbTE CIUCOK BCEX CHIHHO COCTABHBIX umcel, MeHbuX 5000.
1'{TO MOXHO CKa3aThb O NPOCTHIX ACIUTENAX 3TUX Yucena, pacCMa-
TPUBASA PA3IOKEHUSA DIEMEHTOB CIUCKA Ha MHOXuTeMn! CuabHO
COCTaBHBIE YNCIA OBLIN BBEICHbI 1 N3YICHBI 3HAMEHUTHIM HH,II;HI?I—
ckum marematukoM llpurusacou Pamanynxanom (Srinivasa Ra-
manujan), cm. [40].

12. Hamummre mporpamMmy, peatusyionryio airoputm depma
Pa3NIoXeHUA HA MHOXHUTEIW. BXOMOM HpOTrpPaMMBI MOMXKHO CIY-
KUTh T000€ TMOI0KATEILHOe TUCI0, MeHbIIee 232, a BRIXOZOM —
€ro pasjoXeHWe B MPOU3BEAEHUE ABYX MHOXUTENEU WIA COOOIIe-
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HUE 0 TOM, 9T0 OHO TpocToe. He 3abyabpTe, ITO C T€ THBHIME TUCIA-
Mu aaroputM Pepma paboTaeT HETPABWIHLHO, MTODTOMY BXOTHOE
YUCI0 HYXHO CHAYANA MPOBEPUTH HA HEYETHOCTH. JTO yIPAK-
HeHUe HAYMHAET CePUI0, KOTOpasd 3aKAHUYUBACTCA yIPaXHeHueM 8
raaBel 12.



nasa 4.

NMpocTbie uucna

B mepBBIX ABYX IIaBax MbI U3y 9IaIl HEKOTOPHIE CBOMCTBA, MPO-
CTBIX 4mcesn, 6€3 KOTOPLIX MHOI'O HE MOKAXEIlb, W IBAa, aJITrOPUT-
Ma, 0€3 KOTOPBIX MHOT'O He BhIYuCauib. Comep)anme dTON IIaBbl
60Jee ABHO CBA3AHO C HAIIEH KOHEYHOU Ienbio — RSA-kpumro-
cucremon. B camom meme, maus yBepeHHOCTH B G€30MACHOCTY pea-
auzaruu RSA MBI MOMXKHBI yMETh TOAOUPATEH GOJBIIAE TTPOCTHIE
YUCa: MO ABA A KaXJOT0 MOAb30BaTeNd. B HacToAmen ria-
Beé MBI MPUCTYIAEM K pelrennto »Tou 3ana<u. CHadama paccMmo-
TPpUM IIPDOCTHIEC TUCIA, MOMYyTaloMMeCsa N3 NTOJINHOMUAJIBHBIX, 9KC-
MOHEHIIAATBHBIX U TPANMOPUATBLHBIX HOpMYJI. BaxkHbIM crencTBu-
€M U3YYeHUS MPANMOPUATLHOU (POPMYJILI OyAeT NOKA3ATETHCTBO
GECKOHEYHOCTY MHOXECTBA MPOCTHIX Yucea. [aBa 3aKaHINBAET-
ca 06Cy X [eHneM pemeTa JpaTocdeHa — CTAPEUIIero U3 U3BeCT-
HBIX METOIOB HAXOXMCHUA IIPOCTHIX YHCEJT W IMPpapoamTead BCEX
COBPEMEHHBIX DeIIeT.

§4.1. NMNonunomuanbHasa popmyna

[Tpeacrasrerne GOMLUTTHCTBA JOIER O «(POPMYJIE MPOCTHIX M-
cem MOXHO ObLIO ObI BBIPA3WThH B CaeAyoieM onpenereHuu. DyHK-
uusg f : N — N maswBaerca @opmy.cot npocmuiz wuces, ecau
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f(m) — mpocroe aucno gra kaxgoro m € 7. Kak Mmbl yBuaum, 310
OTpefeNeHne CIUIIKOM aMOUIMO3HO. BMecTo «dOpMyIbl TPOCTHIX
quces» Mbl Oy €M UCKAThH (PyHKIAYW, CPEAN 3HATEHUN KOTOPBIX Ja-
CTO BCTPEYAIOTCA TIPOCTHIE IUCTIA. [[0CKOIBKY MHOTOWIEH — TIPO-
CTeNIas U3 BO3MOXHBIX (PYHKIUNA, CTOUT HAYATH C BOIPOCA: CY-
MECTBYET JU MOIAHOMUAIBHAS HOPMYJI MTPOCTHIX IACen?

Kaxk cregyer w3 onpegenenus, JaHHOTO BHIMIE, MHOTOLICH

f(z) = apz"™ + ap 12" '+ +aiz + ag

C TeabIME KO3(PGUIMEHTAMA Ay, Gy 1, - .., G1, Gy ABIAETCA Hop-
MYa0t npocmuir wuces, ecau aucao f(m) mpocToe AL Kaxgoro
IIOJOXUTEJABHOI'O IIEJ0rO0 1. HOSKCHepHMeHTpreM C MHOTI'OY1JIe-
woM f(z) = 2% + 1. Haumem ¢ soramcrenns f(z) 419 HECKOTLKEX
HATYPATbHBIX 3HAYEHUU MEPEMEHHOU Z. Pe3yiabTaT mpemcTaBieH
B CIEAYIOer TabanIe.

z | f(z) | Opocroe?
1 2 za,
2 ) Ia
3 10 HET
4 17 aa
) 26 HET
6 37 aa
7 50 HET
8 65 HeT
9 82 HET
10 | 101 aa

3aMeruM, ITO ecau r HedeTHO, TO f(z) werno. Takum o6pa-
3oM, f(x) — Bcerga 9eTHOE, & 3HAYUT U COCTABHOE YUCJIO [JIA HE-
YeTHBIX 3HAUEHUN T (33 uckimodenueM r = 1, Tak kak f(1) = 2).
3uaawT, ectm & > 1 m f(r) — mpocroe, TO £ 0643aTEILHO 9TET-
noe. CregoBaTensHo, ecanm Ob1 aucaa f(z) GBUIM TPOCTHIME MPA
KaXOM 9€THOM I, TO MHOTO™IeH f(2x) Obur 6B (hOPMYION TPO-
creix umcen. K coxanenuro, 5To He Tak; Hampumep, f(8) = 65 —
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cocTaBHOe [mcio. Mrak, muorowren f(z) = x? + 1 me gaer dop-
MyJTy TIPOCTBIX IMCET B CMBICAE JAHHOTO BBIMIE ompegeneHud. Ko-
HEYHO, DTO TOJBKO OIWH IPUMED, U MBI MOIVIN ObI HAMEATHCH, ITO
HAM He TI0BE3JIO ¢ BEIOOPOM MHOroWIeHa. Ho creayromuit pesyib-
TaT IIOKa3bIBaCT, ITO AEJO0O HE B 3TOM.

Teopema. /Jas dannoz2o muozousena f(x) cywecmsyem bec-
KOHEUHO MHO20 TOAOHCUMEADHOIT UEABIT YUCEA T, NPU KOMOPHIT
wucao f(m) cocmasnoe.

Mub1 goKaXem >Ty TEOPEMY TONBKO IIA MHOTOWIEHOB CTEre-
HE 2. O6mUK CIydad JOKA3LIBACTCA AHAJOTUIHO, TOIBKO (POPMY-
a1 Gy 1y T GOIee TPOMO3AKUME, M yCUIUA, 34TPAIABAEMBIC A WX
MOHUMAHUA, MOT'YT JETKO 3aTMUTh KIIOYEBbIE UICH.

Iycrs f(z) = az® + bz + ¢ — MHOTOWICH ¢ HeTBIMI KO3hdu-
nueHTamMu ¢, b u ¢. MBI MoxeMm mpegnomaratk, 9To a > 0. ITO
03HAYAET, ITO f(Z) MOMOKUTENEH MIA JOCTATOYHO GOJBIINX 3HA-
qeHun nepemenHou z. Ecim f(z) cocraBHOE YmMCIO AIA KaXIOTO
HATYPAJLHOTO I, TO TOKA3BIBATH HEUET0. 3AMETHUM, ITO TAKOEe Ha
camMoM nene caydaercs; Hanpumep, ecau f(r) = 4x. Takum obpa-
30M, MBI MOXEM MPEANOIAraTh: CYIMIECTBYeT TAKOe HATYPAILHOE
qucao m, ato p = f(m) — mpocroe.

IIycTte h — mpomsBOIBHOE HATYPAILHOE TUCIO. BeramcanM 3Ha-
genue f(m + hp). BosHukaeT pe3soHHBIN BOMPOC: OTKYy/Aa TOABU-
n10ch m+ hp? Hamnydmmi oTBET HA HETO 3aKIIOYEH B BHIKJIAIKAX,
MpPUBENEHHBIX HUXKe. MBI XOTUM HAUTH

f(m + hp) = a(m + hp)* + b(m + hp) + c.

PackpeiBasg kBagpaT m cobupas BMECTE€ TWIEHBI, COAepKallue p,
IOy IaeM

f(m + hp) = (am? + bm + ¢) + p(2amh + aph?® + bh).

3aMeTuM, ITO BLIPAXKEHUE B IEPBOKM CKOOKe paBHO f(m) = p, Tak
9T0

f(m + hp) = p(1 + 2amh + aph? + bh). (1.1)
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Dopmyana (1.1) CKIOHAET HAC K IIPEAMOIOKEHUIO O PABIOKIMO-
cru aucaa f(m + hp). [JerncTBUTEIbHO, OHO PABHO MPOU3BEIACHUIO
P Ha HATYPAIbHOE YMCIO, ITO O3HAYACT OKOHYAHWE NOKA3ATETb-
cTBa. K coxameHUio, B TOM pPaCCYyXAEHUM €CThb OMmOKa. TMciIo
f(m-+hp) GymeT mIpoOCTHIM TOMIBLKO B TOM CIy9ae, €CJIU BHIPAXKECHIE
B CKOOKax B mpasou dactu ¢opmyaist (1.1) me pasuo 1. ITosTomy
HaM HYXHO HAUTHU TaKOoe 3HadeHue h, mpu KOTOPOM

1 + 2amh + aph? + bh > 1.
[locnenaee HEPABEHCTBO SKBUBAJICHTHO
2amh + aph® + bh > 0.

[MockombKy 9uCa0 h MOMOKUTETHHO (IO TPEANON0KEHWIO), TPeOy-
€MO€ HEPABEHCTBO BLIMOJIHEHO TOJIBKO €CIN

—b—2am
ap

2am +aph+b>0, T.e. h>

3aMeTuM, 9T0 —b—2a1m MOXeT OBITh MOJOKATETLHBIM TACIOM
B TOM CJytae, ecar b OTpUnaTensHO U MEHbIIe, €M —2a41M.

Yro xe MeI goKazamu? Mbl nokasam, uro ecan f(z) = ax? +
+bx + ¢ — MHOrO™WIEH C HeabIMu KOD(PPUIMEHTAMEI U TOJOKATENb-
HBIM a, u qucao f(m) = p — mpocroe, To f(m + hp) asrgercs
cocTaBHBIM i Beex h > (—b — 2am)/ap. B wacTHOCTH, HaMgeT-
ca GECKOHEIHO MHOTO HATYPAIbHBIX 3HAYCHUU T, IPU KOTOPBIX
f(x) — cocraBnoe wmciIO.

Kak MBI yxe oTmevann, moxoxee TOKAa3aTEILCTBO paboTaeT
U 1A MHOTOYWICHOB MPOU3BOILHON (PUKCUPOBAHHOU cTermeHn. Ko-
HEYHO, BhramcaeHue 3Haderua f(m + ph) He Takoe KOMIAKTHOE,
HO TIIABHAA TPYAHOCTH CBA3AHA C OMpENeJeHUEeM HYKHEH TPAHU-
ust mas h. Ilockonbky y Hac ObLT KBAAPATHBIA MHOTOWIEH, T4,
CPAHUIA JErKO MOTyJaIach U3 JUHEHHOTO HEPABEHCTBA. B obmen
cuTyanuuu, Kormga MblI pa.6OTa.eM C MHOT'OYJI€HOM CTECIICHU 77, HUXK-
HAA TPAHUNA IJA h OmpeneraeTca U3 HepaBeHCTBA, COAePKAIIErO
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MHOTOWIEH CTemneHu 1 — 1. DTa TPYyAHOCTH TPOWLIIOCTPUPOBA-
HA B yOpaXHEHU! |, rie pacCMaTPUBACTCA CIYIal KyOUTIECKOTO
MHOTOWIEHA. ECam Xe cTeneHb MHOrOWIeHa, 6ojablre 3, TO Mpo-
cTou pOPMYJILI, BEIPAKAIOIIEN HUXHIOK TpaHuIy mia h, mer. B
TAKOU CUTYALUU MBI ObLIM ObI PAbl MOKA3aTh, 9YTO HUXKHIAA I'Da-
HUIA B IPUHIAIE CYIIECTBYET, aXKe eCIU He CMOXEM BBIMUCATH
I Hee TOIHY0 hopMy.ry. [[oKa3aTenrbCTBO CyIIeCTBOBAHWS HUAXK-
HEU TPAHUIEI TPpeGyeT MPUMEHEHUA SIEMEHTOB MATEMATHIECKOTO
aHAIM3a, W MBI HE OygeM ero mpuBOAUThH. [[0Ka3aTEIbCTBO DTOU
Teopembr MoxHO Hautu B [41] ([[.14]).

[lokazannuas TeopeMa 03HAYAET, ITO OTBET HA BOOPOC, CHOp-
MYJUPOBAHHBIA B Hadajde maparpada, orpunarened. OTHAKO MBI
PaCCMaTPUBAIN TOJLKO MHOTOWIEHBI OT OJHOU mepeMenHou. He-
OXUIAHHBIM OOpPa30M CYHMIECTBYIOT MHOTOWIEHBI OT HECKOIBLKUX
ePEMEHHBIX, BCE TIOMOKUTEIbHBIE 3HAYEHUA KOTOPBIX — IIPOCTHIE
qucaa. [Ipo6aeMa B TOM, ITO 3TH MHOTOWIEHBI BO MHOT'OM HEOIpe-
JeJeHHBI, TaK 9TO WX UCIOAL30BAHME A HAXOXIEHUsA IIPOCTHIX
qucea He OveHb npakTudHo. [Ipumepsr cmorpu B [41] ([1.14]).

§ 4.2. JkcnoHeHuManbHbie hopmynbi:
yucna MepceHHa

EcTh gBe skcnoHeHIUAILHBIE (POPMYIBI OIPOMHOU UCTOPUIE-
ckou BaxuHOCTH. O6e m3ydaauch maremarukamu X VII m XVIII
BEKOB, B ocobennocTu Pepma u Iuaepom. Bor sTu popmyas:

M(n)=2"—1 u F(n) =2%" +1,

rae n — HaTypaabHOe. Jucaa u3 nepBou hpOPMYJIbI HA3BIBAIOTCA
wucaamu Mepcenna, a w3 BTopon — uucaamu Pepma.

Boupoc o ToM, npu Kakux 3HaUYeHUAX N1 Iucaa MepceHHa mpo-
CTHI, BOCXOQUT K MaTeMaTukaM aHTuvHou ['peruwu. B mudaro-
PEUCKOM MUCTHUIA3ME TUCIO HABBIBAIOCH COBEPULEHHbIM, ECIU OHO
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PABHAETCA TTONYCYyMME CBOUX TOJOXUTENLHBIX neauTenaen. Hampu-
Mep, gerurenu uucia 6 — sto 1, 2, 3 u 6. CkmagbiBasg ux, mMOIy-
qaem:

1+24+34+6=12=2-6.

CremoBaTeabHo, 6 — coBepriennoe qucio. Konevno, HUKaKoe mpo-
CcTOe YuCao He GymeT COBEPIIEHHBIM. [[eNCTBUTEIBLHO, AETUTEIN
mpocToro yucaa p — 1o 1 u p, u 1 4+ p < 2p, nockoasky p > 1.

DBKIIA 3HAT, ITO "meao 27 (2" — 1) cosepmenno, ecam 2" — 1
npoctoe. HeTpynuo nmokasaTh, 1TO BCe 4emMHble COBEPIIEHHBIE U~
ClIa MMEIOT TAKOW BUI, HO NOKA3aH HTOT (PaKT ObLT TOIBKO JU-
JepoM B BOCEMHAAIATOM Beke. [[0Ka3aTerbCTBO YIOMAHYTHIX Pe-
3yJbTATOB MOXHO HauTH B ynpaxueHuax 8, 9 u 10 rmassr 3. Dop-
MyJa JBKIUAA CBOJUT 33[ady O MOUCKE UEeTHBIX COBEPIIEHHBIX
YUCeI K HaXOX NJECHUIO IIPOCTHIX YUCea MepceHHa.

3amada O HAXOX/ICHUU COBEPIIEHHBIX YKUCET, MMEIOUas CBO-
UM UCTOKOM TYMAHHBIA MUCTUIM3M NOu(ATOPEUIEB, MOXET TO-
Ka3aThCA KPauHe CTPAHHOU HEKOTOPBIM, XXUBYIIAM B KOHIE TBa-
aumaroro seka. O gaako, pakT ocTaeTca (pakTOM: HECMOTPA HA TO,
aTo npobiaema crouT okoao 2500 jeT, y Hee Bce elle HET yIOBJIe-
TBOPUTEIHLHOTO pemrenusa. Hanpumep, Hem3BeCTHO, 0OA3aHO U CO-
BEpILIEHHOE IUCIO OBITH YEeTHBIM, XOTA K HACTOAILIEMY BpPEMEHU He
HalIeHO HM OJHOrO HedeTHOro. KomeduHo, Bo3pacT »Tou mpoob.e-
MBI OPOCAET TPYAHONPEOMOIUMBIN BBHI30B BCEM, KTO JIOOUT YUCIA,.
Bouaee Toro, ee CI0XHOCTH MOXET 03HAYATH, 9YTO OHA OTHOCUTCI K
DIy0OYAUIIIMM CBOUCTBAM [EIBIX YUCEA. JDTO AeJaeT €€ TaXKe eIe
60Jee BAXHOU C TOYKU 3PEHUA MATEMATUKOB.

Kax mbr ymomuuanu Bo BBemenum, Mapoa Mepcenn 6bu1 cBs-
[MIEHHUKOM ¥ MaTEeMATUKOM-TIOOUTENIeM CEeMHAIIATOr0 BeKa. lu-
cia Buga 2" — 1 o613aHBI CBOMM MMEHEM yTBepX aeHuto Mepcenna
0 TOM, ITO OHHU MPOCTHI, B CIy4Iae

n=2 3, 5 7,13, 17, 19, 31, 67, 127, u 257,

7 ABIAIOTCSA COCTABHBIMU IS BCEX OCTAMBHBIX 44 MOJOXKUTEIHHBIX
TIPOCTHIX 7, MEHBIINX 257.
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ITepBoe BaxuOe 3ametdanme: MepceHH pacCMaTPUBAI 3HATEHUS
dyuknum 2" — 1 TOILKO NP MPOCTHIX N. [JeNCTBUTEILHO, €Can
n — cocrasaoe, TO Takoe ke u M (n). lIpeamonoxwum, aTo n = rs,
1< rmus<n, Torga

Mn)=2"—1=2""—1= (2" —1)(27C" D 42762 ... 4974 1).

Cnenosarensno, ecau r gerut n, To M(r) nemmt M(n). Bropon
BAXHBLIM MOMEHT 3aKII0YAETCA B TOM, UTO OOpPATHOE HEBEPHO.
Nuave rosops, ecim n — mpocroe, To M(n) me 06a3aHO GBITH
npocTeiM. Mbl Bugum u3 cnucka Mepcenna, aro M (11) momxwuO
OBITH COCTABHBIM. JTO JErKO MTPOBEPUTH:

M(11) = 2047 = 23 - 89.

Kax gacTo 6n1Baio B TO BpeMma, MepceHH He MPUBET TOKa3a-
TENILCTBA CBOETO yTBEPXAEHUA, UTO AAN0 MOBOJ IIA COMHEHUN
B €ro UCTUHHOCTY W OCTABHUJIO IIMPOKOE TMOJE AEATETHHOCTH A
MaTeMATHKOB. B mOMCKax MpoCTHIX ducen MepceHHa TPUHAT Y Ia-
crue u duaep. B 1732 roay oH HaIIen ABAa «HOBBIX MPOCTHIX) Y-
cra: M(41) uw M (47), orcyrcrBoBasmux B cnucke Mepcenna. [Tos-
XK€ BBIACHWIOCH, 9TO B 3TOM Caydae Junep ObLI He mpas. [lepsyio
omubky B cuucke Mepcenna manwtu [lepsyssu (Pervusin) u Sun-
xod (Seelhov) B 1886. Orm o6mapyxwmmu, aTo wucto M(61) opo-
CTO€, XOTA €ro W HeT B crucke. /[pyrue ommbKu GbLIN HAWJAECHLI B
nocaeaytomme roasl. Cenvac uzsecTro, 1o kpome M (61), B crimc-
Ke npomyuieHsl npoctoie aucaa M (89) u M (107), u npucyTcTByioT
cocrasuble ucaa M (67) u M(257).

IIpu moxasarenscTBe mpocToThl Uucea Mepcenna, depma wuc-
MOJAB30BAT METOJ PA3NOXKEHUA HA MHOXUTENN, KOTOPHIA Oyner
omucan B §10.1. B mame Bpemsa ucnonb3yerca ropasgo 6ouaee >¢-
dexrusanin mecm Jhoka—Jlemepa, naygaemun B § 10.4. C momo-
mpio oToro Tecta B 1998 rogy 6muto mokasano, 9TO wmcao Mep-
cerra M (3021377) npocro. OHo cocrouT u3 1819 050 3HAKOB M
ABIAETCA HAMOOJBIIUM W3 MPOCTHIX TUCEN, U3BECTHBIX K MOMEHTY
U3JaHUA DTOM KHUAT'M.
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§ 4.3. DkcnoHeHunanbHbie hopMynbi:
yucna Pepma

Uctopus aucen Pepma 09eHb CX0Xa ¢ ucropuen uucen Mep-
cerna. @epma 3HAT, ITO ecau 2" + 1 mpocToe, TO M NOIXKHO OBITH
crenenbio nBouku. [losTOMy, MHTEpECYsACH TPOCTHIME, HEOOXO MU~
MO CMOTPETHb TOIBKO Ha umcia Buga 22 + 1. B mmcbme, anpe-
coarroM meBaabe Ppenmkaio (Frenicle), apyromy maremaruky-
aoburemo, Pepma Bemucaa >ty uuciaa gia n =0, 1, ..., 6:

3; 5; 17; 257; 65537; 4294967297 u 18446 744073 709 551 617.

3aTeM OH IPEIIOMIOKAIL, ITO BCe Tucia Buga 22 + 1 mpocTsie.
Kax um crpammo, depma, kaxeTcs, He MBITAICA Pa3iaraTh HA
MHOXHUTEIN 3TU IUCIA METOIOM, AHAJIOTUIHBIM UCIOIB30BAHHOMY
UM i pasaoxenusa ducea Mepcenna. Ecau ObI OH TPUMEHMT 3TOT
MeTOo, TO yBuaen 6ui, aTo ducao F(5) cocrasuoe. Heobxogumyio
MPOBEPKY DWIEP CAETAT CTOJETHUE CIIYyCTA. MbI OyIeM u3ydaTsb ero
meron B §10.2.

WNurepecro Takxke, aro Opennkin He o0HAPYRMI ommbku Dep-
Ma. B KoHIle KOHIIOB, OH OBLT CIMIIKOM 33aHAT MOMBITKAMI Pa3-
naoxenusn ducen Mepcenna Ha MHOXUTETH. DPEHUKIL HE MEITAT
3aTMuTh PepMa-MaTeMaTHKA, HO TOH €er0 KOPPECIOHIEHIIAN Ha-
BOAUT HA MBICTL, YTO OH OYEHBb XOTEN HAUTHU OmubKy B paboTe
depma. Tem He MeHee, KaxeTcda, OH ObLI coriaceH ¢ depma B
CIPABEJIUBOCTHU €TI0 TUIOTE3HI.

B oTawtme ot gucenr Mepcernna, 0 KOTOPBIX M3BECTHO, 9TO OHU
ABIAIOTCA HOraATHIM UCTOYHUKOM OOJIBIINX TPOCTHIX TUCET, CPeIn
qucen Pepma MPOCTHIX M3BECTHO OYeHb Majo. DakTudecku, BCe
m3BecTHBIE IpocThle ducia Pepma — sto F(0),...,F(4) — com-
COK, HEU3MeHHBI cO BpeMen Pepma. KoHEIHO, BEIYUCIATD 9UCIa,
Depma mpu «GOJIBITNXY 3HAYCHUAX 7 OU€Hb TPYAHO. B KOHIIE KOH-
110B, (POPMYJIa, OMUCHIBAIOIIAA DTU IUCIA, — ABOWHASA DKCIOHEHTA,
T.€. BKCIIOHEHTA, OT DKCIIOHEHTHI.
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B nByx mpembimymumx maparpadgax MbI HEMHOTO ITO3HAKOMU-
JUCH C UCTOPUEUN CAMBIX U3BECTHBIX TUCET, ONMUCHIBAEMBIX DKC-
NOHEHIUAIbLHBIME popMyaamu. [[0Ka3aTenbCTBa YIIOMAHY THIX Pe-
3yJbTATOB MBI OCTaBUM M0 TiaBbl 10. B HacTOAIMI MOMEHT HAM
opuaeTca mOBOJNBCTBOBATHCA 3HAHUEM TOI'O, ITO TUCIA MepceH-
HA — HEUCUEPIAEMBIN UCTOIHUK OUEHB OOMBIIAX MPOCTHIX TUCE.

CrenyeT ykas3aTh, 9TO MPEIIOKEHHBIN DepMa METO] Pa3I0Ke-
Hua gucea MepceHHa BeCbMa TMPOCT A OOBACHEHUA W HETPYICH
npu gokasaTenabcTBe. Ho ecThb Gosee pIeMeHTapHOe PACCY XK JeHue,
KOTOpOe Hamea 661 u cam Pepma; OHO TpeGyeT TOIBKO HECKOIb-
KUX ygadHbix oroxgectsrenui (cum. [8]). Hecmorps Ha 51O, MBI
OTKJIAABIBAEM U3ydeHue Metona depma 10 aeBaTou riaasel. K To-
MYy MOMEHTY MBI 6y,z|;eM BIageTh OCHOBHBIMU TOHATUAMU U TEO-
peMaMu TEOpHUH T'PYIII, KOTOPHIE MO3BOJAT HAM IATH GOIee KO-
pOTKOe u mpo3paxHoe obocHOBaHUE MeTona Pepma. B kadecTse
6eCHJIa,THOFO OPWIOXKEHUA MbI CMOXEM HCIOJAB30BATH TE€ XK€ Ca-
MBIE WEH B pAfe OPYTUX CIYy9IaeB, OMUH U3 KOTOPHIX — METO[
OunIepa onpenereHnd geauTenen ducea Pepma.

Onva u3 PyHIAMEHTATHLHBIX TPUHIUIIOB PA3BUTHUA MATEMa-
TUKUN 3aKJII0Ta€TCA B TOM, 9TO BaXHbBIC 9aCTHBIC 3a0aIN HEPEIKO
PEIIAIOTCA TOJILKO TOCTE PA3BUTUA OOUAX METOIOB U abCTPaKT-
HBIX TeOpI/H‘/)I, BBIABIAIONINX CBA3U U aHAJOTUU MEX Yy pe3yabTaTa-
MM, KOTOPBIE PAHBIIE CAUTAIUCH UMEIUMEA MAJIO O6IIero. JTu
CBA3M, B CBOIO OYEPEllb, 9aCTO YKA3LIBAIOT HA HEOXKU JAHHBIE PU-
JIOXEHUA HOBBIX METOJOB.

§ 4.4. NMpaumopuanbHaa ¢opmyna

HamomuuMm, 4T0 (pakTOpUamIoM HATYPAIBHOTO UUCIA 7 HA3BI-
BAETCS MPOU3BEIEHNE BCEX MOMOKUTETHHBIX IENBIX IUCENT, HE Ipe-
BOCXOJAIIMX 7. AHATOTHYIHO MBI OIIpefeIseM npatimopuas p¥ mpo-
croro p > ( KaK OMpPOU3BEAEHUE BCEX MPOCTHIX TUCET, MEHBIINX
mwin paBHBIX p. Hampumep, 2% = 2 u 5% = 2.3 .5 = 30. 3ameTnm,
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9TO ecau ¢ — craeayrigee mociae p npocTroe Inucjao, To

L

q q.

MBI XOTHM PAaCCMOTPeTh wucIa Buga p? + 1. Uro6bl moHATS,
3aveM, TOCMOTPUTE Ha TAOIUIy:

p | p* |p7F+1
2| 2 3
3| 6 7
51 30 31
71 210 | 211
1112310 | 2311

Bce umcna B mpaBoM cToabme Tabaumsl — mpocThie! Moxer
a1 3T0 OBITH MPOCTO coBmageHneM? Hcau 3TOT BOIPOC BCENseT B
BAC HAJEX Y HA TO, ITO BCE UHCIA BUAA p + 1 mpocThIe, BaM GBI
CIEOBAJIO MONBITATHCS 3AMONTHUTD CIeAYIONIYI0 CTPOKY TAaOMUITEL.
Ha camom merne,

13# +1=30031 = 59 - 509

ABIAETCA COCTABHBIM YWCJIOM.

O gHako, XoTa p¥ + 1 He Bcerga MpoCTOe, MBI MOXEM MOKA3ATh,
9TO OHO HE UMEET JeJUTENeH, MEHBIINX WIM PABHBIX p. Bocmoms-
3yeMcsa METOJOM «OT MPOTUBHOTO». IIpeamomoxum, IT0 ¢ < p —
npocroi gerurens aucaa p* + 1. Tlockonsky p# — mpomssegenue
BCEX IPOCTHIX HMCEI BILIOTH A0 P, ¢ AOMKHO TAKXKe IeIHTb p7.
CremoBaTeabHO, ¢ JEIUT PA3HOCTD

(" +1) —p* = 1.

3HAYMUT, ¢ = 1, ITO IPOTUBOPEIUT €ro npocToTe. B uTore mMuI mo-
Jy9aeM: HAUMEHbBIINY IeIuTelh TUCIa, p# 41 gomxen GbITH GOIb-
e p.

OTO HAOTIOIEHNE MOXKET HABECTH HA MBICTH O CAEHYIOMEM aJl-
TOPUTMeE TOJYIeHUsI GOMbIINX MPOCTHIX 4duced. IlycTs MBI 3HaeM



98 IIpocmuie wucaa

BCE MPOCTHIE YMCIA BILIOTH 10 p. Beramcasem p# + 1. Eciu oHo
IIPOCTOE, TO BCE CAeIaHo. Kcau HeT, To HaugeM ero HaMMEeHbIINT
MPOCTON AEIUTENb; OH NOMXeH ObIThb Goablie, deMm p. B mmobom
CIyae, MBI HAILIA MPOCTOE YUCIO, Goabliee p.

OnucasHbIA TOAXO TJIOX M0 HECKOILKUM mpudmHaM. Haumbo-
Jiee OUeBUIHAA U3 HUX — HEOOXOMUMOCTD PA3IOKEHUA HA IPOCTHIE
MHOXTTem wncaa p* + 1. Jlaxe 11a CPABHUTEILHO HeGOMBIINX
3HAMEHUN P IPAiMOPHAI P OUPOMEH M Pa3IOKEHWe ero Ha MHO-
KUTEIN BECbMA, MPOOIEMATHIHO.

C Ipyroi CTOPOHBI, €CIN IOBE3ET, IUCIO p7 + 1 MOXKeT OKa-
3aThCA MPOCTBHIM. A KaK MBI YBUIUM TO3Xe, CYyHIECTBYIOT BIIOJ-
HE MpUeMIeMbIe CIOCOOLI MPOBEPKU HTPOCTOTHI GOMBIIAX UCE,
KOTOpPBIE HE WCIOJb3YIOT PasiokeHuws Ha MHOXuTeau. lIpocToe
YUCI0, TPEICTABAMOE B TaKOU (hOpMe, HAZBLIBACTCA NPatiMOpUa.Lb-
#o npocmuim. KOHEUHO, OCTAETCA HAUBHBIN MOAXO] K IIPOBEPKE
MPOCTOTHI, 3AKMIOYAIONINCA B CUCTEMATUICCKAX MOMBITKAX IO-
noOpaTh MOAXOAANIMYA AETUTENb Yucaa. Kak mMbl Bugenu B § 3.3,
DTOT aaropuTM BechbMa HedxpdekTuBeH. ClenuaibHbIN AITrOPUTM
TeCTHPOBAHMA MPOCTOTHI THCeX BUA p* + 1 GyeT m3ydaThca B
rnase 11. HecmoTpsa Ha TO, 9TO OH OdYeHb yao06eH, TOKa HAWIe-
HO TOJBKO 16 MpamMOpraIbHO TPOCTHIX, HAMOOBINEE U3 KOTOPHIX
coorBeTcTBYeT p = 24 027 m macuureBaeT 10 387 3HAKOB.

Urak, mpanMopuaibHas (pOpMYIa He JAeT OUeHb YK yI06HOr0
MyTH K OTHICKAHUIO OOIBIINX TPOCTHIX YUCET; K CIACTBIO, HA, HER
CBET KJIWHOM HE COIIEJCA.

§ 4.5. BeckoHe4HOCTbL MHOXeCTBa
NPOCTbIX Yucen

UcTuanas npuyuHa, 0 KOTOPOW MBI TaK AOATC0 W JETATBLHO
pas3bupaInch ¢ IPauMOPHUAILHON GOPMYJION, COCTOUT B TOM, ITO
OHA MaeT HaM caMoe OBICTPOE MOKA3aTeabCTBO CleAyiomero dhyH-
IAMEHTAIBLHOTO Pe3yIbTaTa.
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Teopema. Ilpocmuviz uuces 6eCKOHEUHO MHO20.

[llokazaTensCTBO, KOTOPOE MBI 3[1€Ch IIPUBOIUM, MOXHO HAUTH
B «JJIeMeHTax» JDBKANIA Kak npemmoxenue 20 kauru 1X. /[okasb-
BaEM «OT TPOTUBHOrO». [Ipenmnonoxmm, MHOXKECTBO IPOCTHIX “U-
CeJMl KOHEYHO. JTO O3HAYAET, UTO CYIUIECTBYET HAMOOJIBIIEE MpPOo-
CTO€e YHUCI0; CKaxeM, p. [Ipyrumu cioBaMu, MBI IIPEIIOJATAEM,
9TO Bce umciaa, 66nbmme p, — cocraBabie. OTHAKO, KAK MBI BU-
Jenu B OpeablaylieM naparpade, 9ucuo p# + 1 He MOXeT MMeTH
MPOCTHIX AEIUTENCU MEHBIINX WA PABHBLIX p. V3 mpeamoaoxenns
¥ OOCIeJHEr0 YTBEePX ACHUI BBITEKAeT, ITO Y p# + 1 HeT npocThIX
rD;eJII/ITeJIeI‘/)I, T.€. OHO CaMO ABJACTCA TPOCTHIM INUCJIOM. A IIOCKOJIb-
Ky p¥ + 1 > p, MBI HOIyYaeM IPOTHBOPETHE C IIPeIOM0KCHIEM:
p — HambombIinee TpocToe Iuca0. M Tak, IPOCTHIX YUCET TOTKHO
CYLUIECTBOBATEH OECKOHEYTHO MHOTO.

BbL10 HalileHO MHOTO APYTHX JOKA3aTelIbCTB OECKOHEeTHOCTH
paga mpocteix wucen. [JokazaremrscTtBo durepa (1737 roma) HO-
cuT 0cobbii xapakTep. OHO OKA3aI0Ch TEM CeMeHeM, I3 KOTOPOro
II032X€ BBIPDOCAX MHOT'UE NOCTUXKECHUA, HOBTOMy MBI IDUBEOEM €TI0
37eCh TPAKTUICCKA IOIHOCTHLIO. I[I0J06HO MOKA3ATEILCTBY OJB-
KJIUIa, OHO TOXE UIeT «OT HpoTUBHOrO». MTak, mpemmomoxmm,
YTO CYMIECTBYeT TOJLKO KOHEIHOE HIHICIO IPOCTHIX YHUCeN, I IIyCThb
p — HamboIbllee U3 HUX. PaccMOTpUM IpOM3BeJeHNe MHOXUTE-
Jen

r= (=) (=) (+=3) (=) 00

110 OJTHOMY [IJI KAXKJOT'0 MPOCTOT0 YMCIa. F.CTeCTBEHHO, 3TO MPO-
W3BeIeHNe PAaBHO HEKOTOPOMY IOJOXHUTEIBHOMY BeEIIeCTBEHHOMY

qucay. Bomee TOro, akkypaTHO mEPEMHOXAas WIEHBI IIPOU3BEIe-
HUA, MOXHO NOKa3aTh, ITO

1 1 1 1 1
P=1+-4-+-+-—4—-+ 5.2
totgtytetgto (5.2)
rae Tenepb y HaC €CTh CBOE€ ClaaraceMoe mnad KaXaoro HaTypPaJab-

HOT'O 9MCIA. JTO PABEHCTBO MBI JOKAXEM UYTh TMO3XKE, a CeUdac
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IOMBITAEMCA IMIPUBECTU €TI0 K IIPOTUBOPEYIUIO. XOTﬂ INCJIO0 Claa-
raeMbIX B BbIpaxeHH® (5.2) GECKOHEYHO, ero CyMMa eIle MOIJIa
OBbI OKA3aThCA KOHEYHBIM YUCJIOM; HAIIPUMED, 6ECKOHEIHAA CyMMa,
1+1/2+1/2241/23+1/2* +- -, Kax cymma 6eCKOHETHOM T'eoMe-

TPUYIECKON IPOrPeccur CO 3HaMmeHaTexeM 1/2, paBHa 1_11 73 = 2.

Ho meTpynuO yBHAETH, ITO CyMMa, COOTBETCTBYIOWaA P, HE Mo-
XKeT ObITH PABHOW HU OJHOMY BEIIECTBEHHOMY Jucay. [l1a madara
3aMeTHUM, ITO

11,11
3 4 7 4 2
LI U N SR B
5 6 7 8 7 8 2
1 1 11
e RS THE A TS
CremoBaTeabHO,
P>1_’_l_’_l+l+l_’_l+...+i>n.lzﬁ
2 3 45 6 on 27 2

A 1I060T0 TaHHOTO HATYPAJIbHOTO n. TakuMm obpasom, P 601b-
me J60r0 Haepel 3aJaHHOrO YHUCIA, MOITOMY OHO HEe MOXET
6I)ITI) KAaKNM-TO BEIECTBEHHBIM YUCJIOM. HOJIy‘IeHHoe opoOTUBOpE-
Yre MOKA3BIBAET, UYTO MPOCTHIX IUCEI 6€CKOHETHO MHOTO.

Tenepb BepHEMCA K NOKa3aTenLCTBY paseHcTBa (5.2). DaxTn-
9YeCKU, HAM HYXHO [OKa3aTb, ITO mpomssegenue (5.1) coBmagaer
¢ 6eckoneanon cymmon (5.2). Hamomumm, wTo npobn 1_L; (mpm
g € (0;1)) MOXHO MHTEpPIPETUPOBATH KAK CYMMY GECKOHETHOU
reOMEeTPUIECKON TTPOTPECCUM CO 3HAMEHATEIEM (:

1 2 3 4 n
1fq:1+q—|—q +¢+qg +--F+qg+-

Takum 06pas3oM, paBeHCTBO (5.1) MOXHO mepenucaTs B BUIE:

P=(ld+dt) (dtdt) o (14le b))
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Packpoem cko6ku B 5TOM nipom3BenerHun. Takyio Omepanuio MOX-
HO crenaTh AByMs crocobamu. O IWH U3 HUX 3aKII0IAETCA B NOCAC-
d08aMeEALHOM TIEPEMHOKEHNN CKOOOK: CHAMATA PACKPBIBAEM MPO-
U3BEEHUE TEPBBIX ABYX CKOOOK, 3aTEeM TOJYIEHHLIU Pe3yabTaT
YMHOXA€M Ha, TPETbIO, U T.I. DTO MPUBLIYHBIA CIOCO0, HO [IIMH-
HBIA ¥ MAI02(PHEKTUBHLIA. [JenCcTBUTEeILHO, MBI HE 3HAEM TOTHOE
KOJIUIECTBO TIEPEMHOXAEMBIX CKODOK, 1a M KaXgas CKOOKa mpej-
CTaBIAECT COOOM OECKOHEIHYIO CYMMY.

[Ipyrou crmocob, MeHee MPUBBLIMHBIN, HO 60Iee TPAMOTHBIN, OCHO-
BaH Ha IIPOCTOM Ha,6JIIOJ_'[eHI/II/II eCaIn 6])1 Yy HaC XBAaTWJIO TEPIICHUA
7 CHAJ PACKPBITH CKOOKU MEPBBIM METOAOM, TO MBI TTOXYIUIN ObI
OECKOHETHYIO CyMMY TTPOM3BEICHUN 2%3%5%3 e % (r; > 0), mo
00HOMY COMHOXUTEIIO U3 Kax# A0t CKOOKY (3HAYMEHUME MOKA3ATEeNA
r; = 0 rOBOPUT O TOM, UTO U3 i-OM CKOOKM B KadeCTBE COMHO-
xuTens Mel 6epeM 1). Mel He GygeM 0OBACHATDL 5TO HAGIIO I€HIEe
60osmee MOAPOOHO, MOCKOJABKY TAKOT'O COPTA YTBEPXKAECHUA JErde
OCO3HATH CAMOCTOSTENHHO, HEXKEJIU MOHATDH UX JH0KA3aTEeabCTBO.

Nrax, wucro P w3 pasencrsa (5.1) mpeacrasmser cobon Gec-
KOHEYHYI0 CyMMY CJIATaeMbIX BHIA

1
2r13r25rs ... pTs’

r1 =0, 792>0,...,7s > 0. (5.3)

Yuopagodum 5T craraembie mo yosBanuno. CaMbiM OOIBITNM
OymeT wieH = 1 3aTeMm maeT m = 1/2, norom
= 1/4, u v.x. Kak Bugu-

m =1/3, mocae Hero — m
Te, MBI MOXYYUIN HAYAI0 GeckoHedHou cymmbr (5.2). Ham ocra-
JOCh TOKA3aTh, 9TO 9UCI0 P HA caMOM Jere COBHAAET C DTOU
cymmon. [[as 3Toro Heo6XOAUMO TIPOBEPUTH BE BEIIN:

(a) mma mo6GOro HaTypaabHOTO “mcaa n cpexu apoben (5.3)

HaWJIEeTCA TaKad, ITO

I 1 )
n 2r13r2573 .. pTs

1 o
(6) Kax as 1po6H BUJA - BCTPEIACTCA B GECKOHETHON CyMMe,
npejcTaBigomenr P, TOIbKO OJUH pas.
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Haumem, kak HE CTPAHHO, C TPOBEPKU BTOPOT'0 YTBEPXK IEHUS
(oHO HeCKOMBKO mpotne). [IpeAmonroxuM, ITO HAILIACE ABE PA3HbLE
apobu, paBHbBIE %, T.€e.

1 1 1

n - 2r13r257s .. pl's - 2k13k25ks ... pks ”

[TocKOMbKy YMCIMTENN BCeX DTUX APOOer PpaBHLI 1, MBI OIy<IaeM
PaBEHCTBO 3HAMEHATEICH:

n =235 ..p'e = okghaghs L phs

Kak mepBoe npoussejeHre B ’TOM PaBEHCTBE, TaK U BTOPOE, IETH-
KOM COCTOWUT U3 MPOCTHIX IUCEN, T.€. MBI ABYMSA PA3HbILMU CNOCO-
6amu Pa3IOXUIA HATYPATLHOE TUCIO 7 HA MPOCTHIE COMHOXHATE-
JIY, 9TO MIPOTUBOPEYIUT OCHOBHOU TeopeMe apupMETUKA. SHAUNT,
r =k, ro =ko, ..., s = kg, T.e. IPOOU COBIATAIN U3HATAIBLHO.
Taxum o6pa3om, yrBepxkaenue (6) mpOBEPEHO.

[lepengem x yrBepxkaeruio (a). [To ocHOBHOM Teopeme apud-
METUKY JI060€ HATYPATLHOE TUCIO 1 TPEACTABIACTCA B BUE TPO-
U3BeJeHU IPOCTHIX COMHOXUTEReR: n = pi* - pg? -+ pm. C xpy-
rOV CTOPOHBI, 3HAMEHATENb KaxX a0 w3 apoben (5.3) — »T0 mpo-
U3BECHUE CTEMeHeH 6cer MPOCTHIX wducen: 27 - -« p's, mpuaeMm mx
IIOKa3aTeJaAMU MOFyT 6I)IT]) JIIO6I)Ie HEeOTpUIaTEeIbHBIC IIEJIbIC TN-
caa. Takum 06pa3om, 9TOOHI TPUPABHATE APO6HL Buaa (5.3) wmcry
%, MOCTATOYHO BHIGPATH MOIXOIANIAE TOKABATEIN 7.

«Ara! — ckaxere Bor, — Botr a u mouman neganaTa-iexkTopal
Kak xe MoryT 6BITH paBHBIMU IpOOHU

1 1
p?lp32p%{n 2T1...prs’

€CJIW B TEPBOU W3 HUX MPHUCYTCTBYIOT TOMBKO HEKOMopbie IPO-
CThIE YUCIa, B TO BpeMsa Kak BO Bropou — gce?» He cmemwure ¢
BeIBOgaMu. HamomHIO, 9TO moOKazaTeaum r; MOTYT OOpamaThCa B
HyJb. BOT MBI # BO3bMEM HyJIEBBIE TIOKA3ATENN IS BCEX TEX IIPO-
CTBIX YUCEJI, KOTOPBIX HET B 3HAMEHaTeJe JeBou npobu. MTak,
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yTBepxaenue (a) Takxke mposepeHo. To eCTb MBI JOKA3aaW, TITO
npoussenenue (5.1) u 6eckorednas cymma (5.2) paBHBI OJHOMY 1
ToMy Xe auciay P.

Bce 6b110 651 3aMedaTenbHO, €cau ObI HE MEIKOe Xy/JIbHUde-
CTBO, KOTOpOe OBLIO MOMYIIEHO B >TOM paccyxaexuu. OHO 3a-
KJIIOYAeTCA B IPUTIAIIEHUN: «YIOPAJOUAM 3THU CIAraeMble 10 yObl-
BaHUIO». [[€JI0 B TOM, ITO OHO OTHOCUTCA K OECKOHETHOU CyMME,
HEABHO MOAPA3yMeBas, 9TO DTa CYMMa HE 3aBUCAT OT TOPAIKA
craraeMbix. K coxanenuioo, B OOIEM BUAE TAKOE yTBEPKICHUE
npocTo HeBepHO. OMHAKO, €CIM, KAK W B HAIIEM CIyYae, CyMMU-
PYIOTCA HEOTPUIATENbHBIE BEIIECTBEHHBIE YUCIA, TO PE3yJabTaT
CYMMUPOBAHUA HaXKe 6ECKOHETHOTO TUCAA CIATAEMBIX HE 3aBUCUT
oT nopsaaka. [[okazaTeascTBO 3TOro hakTa BBIXOIUT 33 PAMKU Ha-
mero yIe6HuKa. 3AMHTEPECOBAHHBIA YATATENL MOXET MPOIECTh
06 »rom B [[1.6]. Boree Toro, Tam xe 0OH MOXeT MO3HAKOMUTHCS
C YAMBUTEIBLHOU TeOpeMou PuMmana, KOTOpas yTBEPXKAAET, UTO B
HEKOTOPBIX 6ECKOHEYHBIX CyMMaX MOXHO TaK IOMEHATDb MOPII0K
CIATAEMBIX, ITO B PE3yabTaTe MOLYIATCA JI000e, HAepe 33, 1aH-
HO€ 9HCJIO.

BoT Teneps MBI MOTHOCTBIO MPUBEIN JOKA3ATEIHLCTBO JUIEpPa,
6ECKOHEYHOCTY TPOCTHIX IUCEI.

Kownewno, eciim 661 MHOXECTBO MPOCTHIX YHUCEN ObLIO OrDAHU-
9€HO, XU3HBb ObLTa OBI TIPOIIe, HO MUP cTaJ ObI cky4aHee. ToT dakT,
9TO TPOCTHIX YUCET OECKOHEYHO MHOT'O, CTABUT MHOT'O MHTEPEC-
HBIX TpobaeM. Hampumep, ITo0 MOXHO CKazaTh 00 UX pacmpeje-
nernu?! Pacrer win yOBIBa€T (ILIOTHOCTHY MPOCTHIX YUCEN, KOT/Ia,
MBI TIEpeX0auM KO Bce 6OabimM u 66nbmumM ducaam? CyuecTsy-
€T JI1 BO3MOXHOCTh M3MEPUTH BTy (ILIOTHOCTH)? Hamwny«mmu cro-
€06 TOIHO CHOPMYIAPOBATH TPOOIEMY O PACTIPEIEIEHUN TIPOCTHIX
YUCET COCTOUT B UCHOAL30BaHUU T-(yHKIMM. /[ BelecTBeHHO-
IO MOJOXUTEILHOTO YHUCIA & 0003HAYMM 4Uepe3 7 () KOIUIeCTBO
MPOCTHIX YUCEN, HE MPEBOCXOANMX L. XOPOIIas OleHKa (hyHKINA
7(x) — BaxHAa 334394 TEOPUY TUCEI.

YHnoMAHUTE IPU MATEMATHKAX O PACIPENENeHUN MPOCTHIX TU-
Cell, ¥ BBl TYT Xe€ yCauimuTe uMa Pumana. U gen, pox qeHubie 10-
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Ka3aTelbCTBOM JUaepa 6ECKOHETHOCTH PAA TPOCTHIX YUCE, JIET-
Ju B OCHOBY paborel b. Pumama, crasmen (yHIaMEHTATLHBIM
TPYIOM, TIOCBAMEHHBIM (GYyHKIUY 7 () ¥ POACTBEHHBIM BOITPOCAM.
Jra cTaThdA, onybaukoBanuas B 1895 rony, comepXuT MHOTO UH-
TEPECHBIX OIapPOBATEIBHBIX PE3YJAbTATOB, IaCTh KOTOPBIX IIPDUBE-
meHa 6e3 gokasaTenbcTBa. K coxanenuio, Puman ymep ot Ty6ep-
KyJle3a CeMb JIET CIyCTsA, HE 3aKOHYMB [IETATHHYIO MPOPabOTKY
CBOUX MOKA3ATENLCTB. DTy pafoOTy B3BAIUIO HA CBOU ILIEIU HE-
CKOILKO MaTEMAaTWKOB, B TepByio ovepens Apamap (Hadamard).

OnHUM U3 PE3yIbTATOB YCUIUA A taMapa, 1o 3a0MIHEHUTO TPO-
6eJ0B, OCTABIEHHLIX PUMaHOM, CTAI0 TOKA3ATEILCTBO 3HAMEHU-
TOU MEOPEMbl 0 NPOCMBIL YUCAAT , KOTOPAI TOBOPUT, ITO

. m(r)lnzx
lim T@ 0z _
T—00 T
rge Inz — morapudm mo ocHoBaHMIO € (T.e. HATYPAIBHBIU JO-

rapupm). ITOT pe3yabTaT gaxe crapme paboTel Pumana; ero
cpopmyauposar ['aycec B kadecTse runmoTesnl. /JJoka3an ke OH ObLT
B 1896 rogy mesasucumo apyr oT apyra A gamapowm u me jas Bamre-
ITIyccenom (de la Vallé-Poussin).

Hectporo roeops, Teopema 0 IPOCTHIX YUCAAX YTBEPKIAET,
YTO IS OYEHb OOMBIINX 3HAYMEHUN £ TACAO T (%) IPUOIM3UTEILHO
pasuo z/In(x). Ho anonpokcumanusa GygeT XOpoIIen TOIbKO eCIn
x mouctuue Beawko. Hampumep, ecar z = 1016, o pasmocts

m(z) — [=] = 7804289 844393
Inx
6y net Bemmamron mopaaka 1013, Tlockomeky B aToM cryuae z/ Inz
nmeer mopagok 10'%, To ommbka KeHCTBUTEILHO 3HAMHTEILHA.
EcTe MHOrO Apyrux mpocThIX QYyHKINUUA, TAMOIMX HEMIOXYIO al-
npokcumanuio Gyukumu 7(x) npu 6oabumx . O1HA U3 HUX U3y 4Ia-
€TCs DKCIIePUMEHTAIBLHBIM 06pas3om B ynpaxuenuu 11. [lonpobuoe
00CyX IeHIe PACIPEAeNeHUs MPOCTHIX YUCET MOXHO HAUTH B [23]
u [24] ([1.10]). Vicropust TeOpeMBI O MPOCTHIX YUCIAX COAEPKUT-
ca B (7).



§ 4.6. Pewemo OpamocPena 105

§4.6. PewweTo JpaTocdena

Pewemo Ipamocgena — TO CTAPENIINNA U3 U3BECTHBIX CITO-
cOOOB BBINUCHIBAHUSA MOPOCTHIX YUCEI. B OTJaMYMe OT METO/OB,
06CY X TABIIUXCA B MPeabIAymmx maparpadax, OH He UCIOAb3yeT
HUKaKou crenuanbaon dyukmnun. Jparocden (Erathostenes) 6vur
IpevYecKuM MATEeMAaTUKOM, POAUBIIMMCA OKOJO 284 roma mo H.D.
OH BIamEn MHOTMMU OTPACAAMY 3HAHUU, OJHAKO COBPEMEHHUKU
HE CYATAIYN €r0 BBIAAIOIAMCA CIEIUAJIACTOM HU B OJHOU U3 HUX.
Onwm npossamm ero «Berar (BTopas Oyksa rpedeckoro aadasura)
n dlenraTaocom'. Bor yxe 2300 1eT MBI mOIb3yeMca ero pabo-
TaMU, a IIOJNYYICHHBIE UM MIPO3BUINA ABJAATCA JUINIHUM IIOATBEP-
XK IEHUEM BEJIUYUA IPEBHErPETIECKON MATEMATHUKY.

B cBoen «Apudmerukes, onydaukosaanon okoao 100 roga m.5.,
Huxomax w3 T'epacer (Nicomachus of Gerasa) BBoguT pemero dpa-
TocdeHa CreayommuM o6pa3oMm:

«MeTox AIA MOLYy9IeHUS HSTUX [HIPOCTHIX UUCENT| HABBI-
BaeTCA MO JPATOCHEHY PEeleToM, TaK KaK Mbl 6epeM
BCe HEYETHBIE YNCIa, CMEIIaHHBIE OECIOPALOTHO BMe-
cTe, ¥ BEIOpACHIBAA U3 HUX, KAK HEKUM UHCTPYMEHTOM,
WV PEIIeTOM, MBI OTeNsIeM B IEPBYIO OUepensb Hepa3-
JIOXUMBIE, & BO BTODPYIO COCTAaBHBLIE IIOCPEICTBOM UX
CaMUX.»

[l1s mambHERIIero 3HAKOMCTBA ¢ BHICKa3bIBaHHEeM Hukomaxa o pe-
mere cmorpu [47].

Urak, pemero MOIydIwno CBOE UMsA MOTOMY, UTO KO OHO
MPUMEHAETCA K CIUCKY HATYPAJbHBIX YUCEN, COCTABHBIE YUCIA,
MPOCEMBAIOTCA, & MPOCTHIE 3aMePEKUABAIOTCA. [0CMOTPUM, KAK OHO
paboraer.

[Tpexme Bcero, menb pemeTa — OMPEAETUTh BCE MOMOKUTENb-
HBIE TIPOCTHIE YMCIA, MEHBIINE HEKOTOPOU BEPXHEN rpaHuibl 1 > 0,

Tlenrarnoc (Pentatlos) B mepeBofe ¢ TPEYECKOTO A3RIKA O3HAMACT (IIA-
Teii. — IIpum. nepes.
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KOTOPYIO MBI IIPEATOIAraeM [Ieaon. IT0o0k UCIOIB30BATH METO
pemieTa, Kak 5TO fenal JpaTocdeH (AMes TOIbKO KapaHIAIl U
GyMary), MbI HOCTynaeM caegyommm o6pazom. CHada A BHITACH-
BaeM BCe HEYETHBIE IeJble MeXIY 3 u n. [IpuwdmHa, Mo KOTOpOu
MBI HE TPOT'AEM €THBIE YUCIA, 3aKAI0YIAETCA B TOM, 9TO, KpOMe 2,
Cpe[u HUX HET IPOCTHIX UUCe.

Temepsr MBI HAUYMHAEM MPOCEWBATH CHOUCOK. llepBoe «wmcio B
HeMm 3. Haumnas co cregyromero «mcia B coucke (9To 5), MBI BbI-
9EePKUBAEM U3 HErO Kaxgoe Tperhbe ducao. [Ipogeras 3To q1o0 koH-
113, MBI BBIIEPKHEM BCE 9UMCJa U3 CIOUCKA, KPATHBIE 3 U OOIbIITE
CaMOH TPOUKMX.

Termeps BbIOEpPEM HAWMEHBIIIEE YUCJIO W3 CIUCKA, TTPEBOCXO -
mee 3, KOTOpOe ellle He OLLTO BRIMEPKHYTO. TakmMm 6yzeT b, a cie-
OyIolee 33 HAM YUCI0 — 7. BbIdepkuBaeM Kax o€ MATOE TUCJIO0
73 HaIlero CIUCKa, HaumHadg ¢ 7. TakuMm 06pa3oM, Bce Iucaa, KpaT-
HbIe 5, OyayT BeraepkuyThL. [Ipomgomxaem oTy mpouenypy, moka He
IOUAEeM MO 7. 3aAMETHM, ITO €CAU MBI COOMPAEMCA BHIYEPKUBATD
KaxX[oe pP-0e YNCIO, TO BCErja HajJ0 HAYMHATH OTCYET C HUUCIa,
P+ 2, Jaxe KOTJa DTO YUCIO OBLIO BBIMEPKHYTO HA MPEIBIIYIIAX
mrarax.

Hampumep, gaa n = 41 cOmcOK HEYETHBIX YMUCEN BBITVIAIUT
TaK:

3 5 7 9 11 13 15 17 19 21
23 25 27 29 31 33 35 37 39 41

BrruepkHyB Kaxgoe TpeTbe UUCIO HAYWHAA C O, MBI HOJYIUM

3 05 7 p 11 13 15 17 19 A
23 25 7 29 31 38 35 37 39 4l

Teneps MBI BEIYEPKUBAEM KX JOE IATOE UCIO, HAMAHAL C 7, ITO

IaeT
3 05 7 9 11 13 15 17 19 A

23 2% U 29 31 38 3 37 39 41

Mgt goaxkHBI ObI TEepb BEIYEPKHYTh KaX I0€ CeIbMOe HUCIO, Ha-
anaaa ¢ 9. Ho ecam MBI 5TO cmemaeM, TO HUKaKWe HOBBIE TIHCTA
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He orcelorca. /lamee HaM HYXHO OBl BBIUEPKHYTH KAaXKI0E€ O[WH-
HaANATOE YUCIO, HAUWHAA ¢ 13, HO DTO OIATH HEe AACT HUKAKOTO
>ddexTa. Ha camom mese, H1 OJHO U3 YMCEN, OCTABIINXCA B CIIUCKE
TIOCJIe BBIIEPDKWBAHUA KAX OO MATOr0, He OyJeT MO3XKe BhIUYepK-
HYTO HM Ha KaKOM 3Tane IPOCCUBAHUA. I/ITa,K, IIOJOXUTEIBHBIC
HeYIeTHBIE IPOCTHIE YUCIa, He mpeBocxoasamme 41, 3To

3 5 7 11 13 17 19 23 29 31 37 41

B pazo6panHOM mpuMepe eCThb mapa BaXHBIX 00CTOATENLCTE,
KOTOpBIE HYXHO B3ATH HA 3aMeTKy. Bo-TepBLIX, XOTA HAM CJe-
AOBAJIO MOBTOPATH NPOIECC BBIMEPKUBAHUA BIIOTH 10 I'DAHUIHO-
ro umcaa n (41 B HameMm mpumepe), MbI M30ABWINCH OT BCEX CO-
CTaBHBIX YHCET K TOMY MOMEHTY, KOU'/Ia OTCESIu KPATHBIE O, U
BCe OCTAaJbHBIE MPOCEUBAHUA OKA3AIUCH W3IUIIHUMEU. BO-BTOPHIX,
HEKOTOPBIE YUCIa BHIYEPKUBAIUACH OOJBINE, “TeM OAWH pa3. Takoe
MPOM3OIILIO, HATTpUMep, ¢ 15. [lepBbIi pa3 0HO GBLIO BEIYEPKHYTO,
KOTa MbI OTcenBaiu Kparusie 3. Ho 15 Takxke meaurca Ha 5, mO-
DTOMY OHO OBLTO BEIMEPKHYTO CHOBA MPU OTCEUBAHUU KPATHBIX .

[MocmoTpuM, KaK MOXHO yBEIWIUTEH D(PPEKTUBHOCTH PEIIeTa,
B CBeTE >TUX ABYX 3aMedaHui. HaduHeMm co BTOpOro u3 HUX, T.e.
TIOCMOTPHUM, MOXEM JI MBI TAK BCE OPraHU30BATH, YTOOBI KaXK 106
YUCI0 BEIYEPKUBAIOCH TOIBKO oauH pa3? K coxanenuio, oTBeT Ha,
DTOT BOIPOC OTPHUIATEJCH: HET XOPOIIero cruocoba H06uThbCa 3TO-
To. XOTﬂ KO€-9TO B YKa3aHHOM HAIIPDABJACHUU CAEIATH BCE-TAKU
MOXHO.

[Ipeamomoxum, 9TO MBI OTCEMBAEM UHUCIA, KPATHBIE KAKOMY-TO
MPOCTOMY p. YUIUTHIBASA HAIIE OMUCAHUE PEIIeTa, HAM CICLOBAJO
6bI BBEIYEPKUBATE KaXI0€ P-0e UuUciIo, HaduuHai ¢ (p+ 2) — caexy-
IOIIEro 3a p 9ucia B cnucke. [IpocTeninee ycoBepuieHCTBOBAHIE —
HTO HAYMHATE MPOIECC BHIYEPKUBAHUA HE C P + 2, 8 C HAUMEHbIIe-
IO YUCIA, KPATHOTO P, KOMOPOE He JeAUmMcs HG NPOCMOe YUCAO,
menvuiee p. Hammgem ero. TonoxuTeasubie Iucia, KpaTHBIE P, 3a-
nuceBaloTCA B Bumge kp, rae k — marypaabaoe. Ecam £ < p, To
kp meauTcsa Ha 9MCIO, MEHBIEE P, & UMEHHO HA k. 3HAYUT, IEPBOE
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KPaTHOE p UHUCIO, KOTOPO€e He NeIUTCA Ha MPOCTOEe THUCIO, MEHb-
mee p, ecThb p°. Tak UTO JOCTATOUHO BEIIEPKUBATL KAaXKJI0€ P-0€
aucno, mHauuHaA ¢ p°. OgHAKO HEOOXOAUMO OODATUTEH BHEMAHIZE
Ha TO, YTO [JaXe IMOCJIe DTOT'0 HOBOBBEIEHUA OCTAHYTCA “IUCTIA,
KOTOpBIE OyIyT BHIYEPKUBATHCA HE €MUHOX IHI.

Yro xacaeTca APYroro 3aMEYaHUs, MOXEM JU MBI 3aKOHIATH
OTCEeB paHblle, YeM gougeMm no n-ro mara’? Ha sror pas orser
MOJOXUTEJICH, OH CIeAyeT W3 TOrO, ITO MBI TOJIBKO UTO CIETAJH.
[lomycTyM, HATTPUMED, ITO MBI BHIYEPKUBAEM KAXKI0€ P-0€ TUCIO.
Kax MBI TOABKO 9TO BUeam, IEPBOE UUCIO, IIO[IEKAILEE BBITED-
kuBaHmo, paBHo p2. Ho ecim p? > n, TAKOro WUCIA HET B CIICKE
"N MBI MOXEM 33,6])ITI) O HEM. B nuTore, HaM HYXHO BBIYEPDKUBATH
KaxXxJoe p-oe 0 Tex mop, moka p < y/n. [lockorbky p — menoe,
5TO PABHOCUIBHO TOMY, UTO P < [\/ﬁ ] B npumepe, pazobparrom
BBIIIIE, [\/Zﬁ] = 6. Bor mouemy or6packiBaHuE KPATHBIX 3 U D
OBLIO MOCTATOYHO MJA BBHLIABIWBAHUA BCEX COCTABHBIX TUCET U3
CIINCKaA.

Cendac MBI MOIXHBI OGCYIUTH KOMITBIOTEPHYIO PEATU3AIAIO
pemtera. CIUCOK HEYETHBIX YUCEJ MPENCTABIAETCA OTHOMEPHBIM
MaCCHBOM, KOTOPBLIU TAaKXe MPUHATO HA3LIBATL BEKTOpOoM. Haro-
MHUM, 9TO C KaXOU AIEUKOU BEKTOPA ACCOIUUPYETCA [BA, IUCIA,.
OnHO U3 HUX — 3HAYEHME AYEUKU, 3 APYTroe UACHTU(PUIUPYET ee
MECTOTOMOXEHNE B BeKTOope. Hampumep, B BeKTOpe

(a b cde f g)
T

BeJININHA AICUKN, OTMEYIEHHON CTPEIKON, paBHA b, a ee MHIEKC —
IBYM, TTOCKOJBKY OHA CTOUT HA BTOPOM MECTE B BEKTODE.
Bepuemcsa k pemery dparocdena. [Ipeamnonroxum, 910 MBI XO-
TUM HAUTHU BCE TPOCTHIE TUCIA, HE MPEBOCXOAAIINE HEIETHOTO I1e-
aoro n. CHawama MBI JOIKHBI IOCTPOUTH BeKTOD ¢ (n—1)/2 a4en-
KaMH, [0 OJHON IJIA KaXKAOro HedeTHOro memoro 25 + 1. fAuenkn
OyayT TPUHUMATL OJHO U3 NBYX BO3MOXHBIX 3Hadenui: 1 wim 0.
Ecnn 3nagenue saenku pasuo 0, TO HEIETHOE TUCIO, €10 MPEACTA-



§ 4.6. Pewemo OpamocPena 109

BJIEHHOE, OBLIO BEIYEPKHYTO HA KAKOM-TO MIPEIBLIYIIEM IIare mpo-
mecca mpoceumBanuA. MTak, HaYAIbLHOE 3HAMEHNE KAXIOW ATECUKH
PaBHO 1, TMOCKOJIBKY €III€ HET HUKAKUX BBIYCPKHYTBHIX TUCEJI. qTO-
OBl (BBIYEPKHYTEHY 9mCa0 25 + 1, HyXXHO 3aMeHUTDH 1, CTOAMYIO B
j-ou suenke BekTOpa, Ha (. Komeuno, sTa svernka moria ObITH
(BBLIYEPKHYTA» Ha MPEALIAYIIEM IIare pemera. B sToM caydae ee
3HadeHUe yxe paBHO () u He OyJgeT MEHATHCA B IMPOILECCE BBIMOJ-
HEHUA CACAYIOUUX IIATOB AJCOPUTMA.

Teneps MBI mpuBegeM 60Jee WX MeHee TOAPOOHYI0 BEpCHIO
ANTOPUTMa, IJIA PEmeTa JPaTocheHa, KOTOPHIN OBLT OMUCAH BhHI-
me. OHa COMEpXKUT 068 YCOBEPIIEHCTBOBAHUA, KOTOPBIE MBI 00CY-
KIAIM, T.€. KaX0e P-O€ <TUCI0 BHIMEPKUBACTCA HAMMHAL C P2, 2
AITOPUTM 3aKAHIUBAETCA, KAK TOJBKO P MPEBLICAT (/7.

PemeTo dparocdena

BBoa: medernoe marypaabrOE M.

BBIBO: cniucok BCex HEIETHBIX MOJOXMATENLHBIX TPOCTHIX THCE,
MEHBIINX WA PABHBIX 7.

Ilar 1. Hauumaem c¢ cozgamus BekTopa v ¢ (n—1)/2 saenkamu,
KaXOU U3 KOTOPBLIX IMPUCBOEHO 3HA4YeHUWe 1, u moaaraem P = 3.
Ilar 2. Ecmu P? > n, BemucsBaeM Bee umcta 25 + 1, 418 KoTo-
PBIX 3HAYEHUE j-OU AYEUKU BEKTOPA PABHO | M OCTAHABIUBAEMCS;
B MPOTUBHOM CJIy4ae MepexoauM K Imary 3.

ITar 3. Eciz 3HaveHne a9eMKyu BEKTOPA V ¢ HOMEPOM % pas-
uo 0, yBeamuauwBaem P Ha 2 m BO3BpaIaeMcs K mary 2; B MPOTHUB-
HOM CJIydYae MepexofuM K mary 4.

ITar 4. IIpucsamsaem HOBOM mepemenuou T’ 3maxenme P?; 3a-
MeEIAeM HYJEM 3HAYEHUe AICUKNA BEKTOPA V IO HOMEPOM % u
yBemumuuBaeM 1’ Ha 2P; TOBTOpAEM 5TH IBa IIara M0 TeX Mop, MTOKa

T < n, 3aTem yBerwuuBaeMm P Ha 2 u BO3Bpalmaemcs K mary 2.

3aMeTHnM, 9TO Ha MOCIeHEM HMiare Mbl yBeauydusaeMm 1’ Ha 2P,
a He Ha P, xak MOXHO OBLIO OBI OXUAATH. MBI meaaeM »TO TO-
TOMY, YTO BEKTOP V IPEACTABAAET HAOOP HEYETHBLIX YUCET, TAK
qT0o Kak T, Tak u P medernsl. [losToOMy, eciu MBI BEIYEPDKUBAEM
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KaXJ0€e P-0€ [UUCIO, TO IUCIO, KOTOPOoe OyMeT BEIYEPKHYTO IMOCTE
T, ects T + 2P.

Bam MoxeT mokaszaThCs, ITO CYyLMIECTBYET MPOCTOE N3MEHEHNE
OMMCAHHOU BBIIIE TPOIEAYPHI, KOTOPOe YCKOpUT aiaroputm. Cro-
€00, ¢ MOMOIIBI0 KOTOPOr0 MBI M30ABIAEMCSI OT HEXEIATEIHHBIX
COCTABHBIX TUCEJ B BEKTOPE, COCTOUT B 3aMeHe 1, CTOAIIER B CO-
oTBeTCTByOIEN A4denke, Ha 0. Ho movuemy, ecaiu mb1 He 3a60TUM-
€A 0 COCTABHBIX YUCIAX, MPOCTO HE BHIOPOCUTL MX U3 BEKTOPA?!
K coxanenuio, MbI HEe MOXEM DTOrO CAeJaTh. HempuaTHOCTL B
TOM, YTO METO[, KOTOPHIM MbI Y3HAEM KPATHO JU YHUCIO, COOT-
BETCTBYIOIIEE TAHHOU AICUKE, HEKOTOPOMY P, 3aBUCUT OT HOMEPA
auerku. [[pyrumu croBaMu, GUCIA, KPATHBIE P, BCTPEIAIOTCA B
KaXJOU P-OU TIO3UIUU BEKTOpa. Ecim MbI y1aquM HEKOTOPHIE Hn-
ClIa U3 COUCKA, TO AITOPUTM, KOTOPBIA MBI OMUCAIN, TEPECTAHET
paboTaTh.

[Tomo6HO Beem anropmrmaMm, pemeTro JpaTocdeHa UMeeT Orpa-
argenusn. Hanpumep, oHO HEd(pHEKTUBHO MPU MOUCKE OUEHD GOIb-
IUX TPOCTHIX 4Yucea. HamoMHUM, OLHAKO, YTO IEIb DTOTO aj-
TOPUTMa — TMOUCK GCEL NPOCMbIT MEHBIIUX, YeM ONpeneJeHHAd
BEpPXHAA IPAHUIA. SICHO, 9TO TAKOU OMCK HEBBITOIHUM, €CIU I'Pa-
HUIIA, CAUIIKOM BEIUKA,.

CyMMupysa OrpaHWYeHWs, HAKIAILIBAEMble HA3HAYEHUEM AJ-
ropuTMa, OTMETHM [BA €ro CIa0bIX MecTa: pemeTo Tpebyer yu-
MYy KOMITBIOTEPHOU MAMATH U JOJKHO MPOAETATE CAUIIKOM MHOTO
BUTKOB IUKJA. K €ro JOCTOMHCTBAM MOXHO OTHECTH MPOCTOTY
MPOrPAMMUPOBAHUA U, KPOME TOr0, HAM HEe HYXHO BBIUYACIATH
OT/eIbHBIE [ETUTEN.

YnpaxHeHus

1. Ilycts a,b,c u d — uensie ducia, opudem a > 0. Paccmo-
tpum muorownen f(z) = ax® + bx? + cx + d crenenn 3. Mpexmo-
JOXKWM, ITO HAUAETCA TAKOe HATYPAIbHOE TUCIO M, ITo f(m) =
= p > 0 mpocroe. Hanigure naTypatsuoe 3uadenue h, Mid KOTO-
poro f(m + hp) — cocTaBHOE YHUCIO.
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2. Ucnomb3ys antropuTM geleHus MeToa0M Tpob u3 § 3.2, Hau-

IUTe BCe IPOCTHIe AeamTeny aucaa p¥ + 1 mia
(1) p=17;
(2) p=13.

Hedernoe npoctoe «umcao moxuO 3amucaTh aub6o kak 4n + 1,
au60 kak 4n + 3. [Ipyrumu croBamu, BO3MOXHBIE OCTATKYU OT [e-
JeHusa >Toro yucia Ha 4 — 310 1 wim 3. Hampumep 3, 7, 11 u 19
umeloT Bug 4n + 3, B To Bpems, kak 5 u 13 — Bug 4n + 1. Hexs
YIPaXHEHUN 3—7 — MOKA3ATEALCTBO GECKOHETHOCTH MHOXECTBA
MPOCTHIX Yucen Buaa 4n + 3. OTo GakT BepeH TaKXKe U [ MPo-
cThIX BUA 4n+ 1, HO ero J0Ka3aTeabCTBO HE CTOIb dJIeMEeHTAPHO;
OHO MOXeT ObITh HaleHo B [23].

3. [lokaxuTe, 9TO IPOU3BEACHNE ABYX IEMBIX Wmcet Buma 4n+ 1
mMeeT TOT XK€ BUI.

4. TlokaxwuTe, 9TO KaXJ0€ HEUYOTHOE MPOCTOE HUUCIO UMEET
Bug aubo 4n + 1, mmbo 4n + 3.

5. Bepwo su, 9T0 mpousBenenune AByx ducerx Buaa 4n + 3 Toxe
umeetT Bujg 4n + 37

6. IIpegmomoxum, aT0o 3 < p; < -+ < Py — MPOCTHIE TUCTA,
Buga 4n + 3. Ucmonp3ys ympaxHeHWe 3, MOKAXUTE, ITO TUCIO
4(p1-p2 -+ - pr)+3 MOMKHO TETUTHCA HA TPOCTOE IUCTO BUAa 4n+3,
He TpUHANIeXKAIIee MHOXKECTBY {3, p1, ..., Pk}

7. OCHOBBIBASICH HA, MPEALIAYIIEM YIPAXKHEHNN, TOKAXKUTE, ITO
cymecTByeT 6€CKOHEYHO MHOI'O IPOCTBIX dmMcea Buaa 4n + 3.

8. M&u1 roBopwIz B yIpaXXHEHUN 5 TVIABHI 2, ITO €CANU 1 > M —
HaTypanbable aucaa, o HOI(F(n), F(m)) = 1. Vnage rosops,
IBA PA3IWIHBIX 9ncia PepMa He MOTYT UMETh OGN NeIUTENb.
Ucnoawsays sToT dakT, fauTe Apyroe AOKa3aTEALCTBO OECKOHEH-
HOCTHU MHOXECTBA MPOCTHIX IUCE.

9. [lokaxwuTe, 9T0 ecau p, p + 2 u p + 4 — MOMOKUTETHHBIE
IIPOCTHIE IUCTA, TO P = 3.
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10. IIycrs f — kBagpaTHBIN MHOTOWIeH. HanumuTe mporpam-
My MOMCKA LEAOT0 Iucia n, Mensinero 100, pua koroporo f(n) —
npocToe Incao. VIcXoqHbIMM JaHHBIMEU IPOrpaMMbI Oy 1y T KOd(h-
dunuenTe a, b u ¢ MEOrowrena f(r) = ax? + bz + c. DT KOd-
(pUIEeHTHl TPEeAIOIATaAOTCA TEeAbIMIA, HO MOTYT OBITH KaK IOJO-
KUTEIbHLIMA, TAK ¥ OTPUIATEIbHBIME. [IporpaMMa 6y 1eT BIMU-
caaTh f(n) Aag BCeX HEOTPUIATENBLHBIX HEABIX 7, MeHbmux 100, n
BLIOMPATH U3 HUX MPOCTHIE IUCIA. ITOOHI CIeIaTh DTO, MBI CHAYA-
JIa, TOMKHBI IPUMEHUTD PEIIeTO DPATOCHEHA /I BHIABICHUA BCEX
npocteix wmcen, Menbimx, dem max{|f(0)], |f(100)|}. 3amerum,
9TO HEOOXOAUMO HAJOXKUTH PA3yMHBIE OrpaHWYeHUsA Ha |al, ||
u |c|. B nporusHOM cayuae f(z) MOXeT BLIATE 3a IpaHULBL 00Ia-
CTH LEIBIX TUCEN, MOAAePKABAEMON S3BIKOM IIPOrPAMMUD OBAHUA,
KOTOPBIM Bl moas3yerecsh. [IpumenuTe 5Ty mporpaMMmy K Kax 10-
My U3 CIeQYIOIUX MHOTOWICHOB:

(1) f(
(2) f(z) = 2? — 69z + 1231;
(3) f(z) = 222 — 199;
(4) f(z) = 822 — 530z + 7681.
BTopoﬁ MHOT'OYJIEH — 3TO BapMaHT 3HAMEHMTOI'O IpuUMepa,

omy6aukoBanuoro JI. dmrepom B 1772 roxy.

11. Mur ynomusanu B § 4.5, 9TO €CTh HECKOILKO (HOPMYI, All-
OPOKCUMUDPYOWAX 7 (%), IUCI0 MPOCTHIX HUUCEN, HE MPEBOCXOISI-
mux ¢. Hanpumep, B kasecTBe CIeCTBUA U3 TEOPEMBI O TPOCTHIX
YUCAAX MBI NOAy4win, 4TO z/Inz npubaumsurenbHo pasHO 7(x)
mast 6onbimux . Ho B aToM ciaywae, IT00bI omubka ObLIa HE3HA-
YUTETHLHOU, YUCIO0 T AOMXKHO OBITH 9yAOBUIIHO OOAbIMM. B 5TOM
VIPAXHEHAN MBI SKCIIEPUMEHTAIBHO U3ydaeM (pOpMYIy, JAIOIIYIO
JYIIYIO ANIPOKCUMAIIAIO IPU MAJbIX . BoT sTa dpopmyna:

1
12 1
X

S(zy=— |1+ Zak(lnlnm)]’C ,

" Inz
k=0
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rae In o603HaMaeT HATYpATBHBIN JorapudM (0 OCHOBAHMUIO €), 1

ag = 229168, 50747390, a; = —429 449, 7206839,
as = 199330, 41355048,  ag = 28 226, 22049280,
as =0, az =0, ag = —34712, 81875914,
a7 =0, as = 33820, 10886195,
ag = —25379, 82656589, a9 = 8386, 14942934,
ann = —1360,44512548, a1 = 89, 14545378.

Hanwmure nmporpaMmy, BEIMUCIONYO () TO JAHHOMY Ha-
TypPamTbHOMY I, TIOJOXUB B €€ OCHOBY pemeTo Jparocdena. [Ipu-
MEHUTE 5Ty IPOrpaMMy AJ OIpeaeneHus pasuoctu m(z) — S(z)
npu x = 11;100; 1000;...;9000 u 10000. CpaBHUTE MOIYIEHHBIN
pesyIbTaT ¢ cooOTBeTCTBYyIomuMY 3HadeHuaMu 7 (x) — z/ Inz. Ka-
KOU MOXHO CJEIATh BHIBOL?

12. M&bI Bumean, YTO HEIETHOE TIPOCTOE TUCI0 MOXET OBITH 3a-
nucano win Kak 4n+1, mim kak 4n+3. Bomee Toro, kak ciegyer u3
yOpaxHeHus 7, IPOCTHIX duced Buga 4n + 3 6€CKOHEYHO MHOTO.
Bepro Takxe m TO, 9TO OCTaJbHBIX MPOCTHIX HUMCEa TOXe 6Gec-
KOHEYHO MHOT'O, XOTS TOKA3aTh TO CIOKHEE (CM. KOMMEHTAPUM
nepeq ynpaxueaueM 3). Lleas 5Toro ynpaxaeHus — SKCIepUMeH-
TATBHO YCTAHOBUTDH, KAKOU U3 DTUX THUMOB MPOCTHIX YUCEJ JAIe
BcTpedaeTca. IlycTs © — momoXuTeabHOE BeleCTBEHHOE HUCIIO,
71(%) — ¥IMCA0 MOMOKUTENHHBIX TMPOCTHIX Imucea Buaa 4n + 1, we
OPEBOCXOANINX L, & M3(ZL) — aHAJOTMYIHOE YUCIO IMPOCTHIX BUAA
4n 4+ 3. Ucxoma u3 pemera JdpaTocdeHa, HAMAIIUTE TPOrPAMMY,
BurAmcAAOUyo 71 (x) u m3(z) Mo KAaHHOMY HATypaJabHOMY . Vc-

HOXB3YUTE ee Mg onpeneneHus w1 (z), m3(x) u gg; sz = 100k,

rae 1 < k < 10°. UsBecrro, aTo lim m(z)
z—yo0 T3(T)

JIYL BAIIM JAHHBIE DTOT PE3YJIbTAT?!

= 1. IlogTBepx 1at0T

13. AganTupyure nporpaMmy u3 yrnpaxueHnus 12 mia ompe-
JeJeHUsT HAMMEHBIIEr0 IUCIa T, Ipu KoTopoM 7y (x) > ms(x).
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Yucaenubre gaHHBIE, OCTYIHBIE B HAYANE CTOJETUA, CIPOBO-
[IPOBAIU HEKOTOPLIX MATEMATHKOB CIEIATH BBIBOA O TOM, 9TO
33 MCKIIOYEHNEM MAaJbIX 3HAYECHWN I HepaBeHCTBO 71 (x) < m3(x)
MOMXHO OBITH Bcerma BepHBIM. VcTuHa BbIAcHWIACH B 1914 TO-
ay, korga /Ix. E. Jlutasyx (J. E. Littlewood) mokazan, aTo cy-

meCTByIOT TaKue 6eCKOHe‘IHbIe HOCJIe,Z(OBaTeJIbHOCTI/I l‘l, 1'2, ...
Y1, Y2, - . . IOJOKUTENLHBIX BEIIECTBEHHBIX YUCEJ, I KOTOPBIX
lim (7 (2;) —m3(7;)) = 00 u lim (7 (ys) —m3(y3)) = —o0.
71— 00 71— 00

MopaJus odeBrIHA: PUCKOBAHHO AeJaTh 0O00IIEHNA Ha OCHOBAHIU
YUCAEHHBIX TaHHBIX.



Mnasa b.

ApucdpmeTnka ocTaTKOB

BoapmuHCTBO aJropuTMOB, ONUCAHHBIX B MPEABIAYIIUX [Ia-
Bax, IPOBEPAIOT JEIMMOCTD UUCET HEIOCPEICTBEHHLIM JeleHueM,
yOex [asfch, 9TO B OCTAaTKe AercTBUTEnbHO moaydaeTrca 0. Ogua-
KO cerdac m3obpereHsl 6osee >dHeKTUBHBIE METOABI, OTHAM U3
koTophix (B Tmase 10) moxasamo, wTo 5 - 22347 + 1 — vmoxwm-
rensb aucaa F'(23471). Tak kak 5TH 9ucIa CAMIIKOM OGOJIbIIAE, MbI
mozaraeM, 4To Jaxe IIPOBePKa CIPABEIINBOCTH HTOTO yTBEPXK Je-
HVSL HEIIOCPEJCTBEHHBIM JeIeHUEeM 3aiMeT OYeHb MHOI'O BPEMEHH.
MoXHO /I OIEHATH HACKOIBLKO BeIWKO uuciao F(23471)7 Ilonsay-
SCh JorapudmMamMu, Jerko mokKas3aTh, ITO B HeM OoJjee, 1eMm 107063
suakoB! To ecTs KommdaecTBO 3HAKOB B F'(23471) Gonbie umciaa
DIEMEHTAPHBIX YaCTUI B BUAUMOUN YacTé BcedeHHou. He mpumxo-
JQUTCA ¥ TOBOPUTH O IIPOBEpPKe HEIOCPECTBEHHBIM JeJeHIEM TOTO
dbaxTa, aTo 5-223473 1 1 — mmoxwmrens wmcra F(23471). Kak xe
TOrJIa DTO CAEeJATh?

BbIxog 13 5TOM AWIEMMBI 3aK/II0YACTCA B UCHOIB30BAHUA  apU -
MEMUKY 0OCMAMKOS, ABIAIOUIENCA TEMOU TAHHOU IaBhl. IIpu pe-
IIEHUU BOIPOCOB JEIMMOCTY TEXHUKA aPU(PMETUKYU OCTATKOB WUI-
paeT OCHOBHYIO DOJIb M, KAK MBI YBUAMM B IlaBe 8, OHA IIOJE3HA
TAKXKe [IPU BBIYUCICHUAX, UMEIONUX OTHOIICHNE K (DEHOMEHY IIe-
PHOAUIHOCTH.
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OcuoBHbIE UgEeN ApUGMETAKYA OCTATKOB OBLIN M3BECTHBI OY€Hb
JIaBHO, HO CHCTEMATHYIECKYIO Pa3pa0OTKy ee alllapaTa BIEpBLIE
ocymecTBma [ayce B Hadane cBoux «ApudmMeTrndeckux nuccienoBa-
Huiy (cM. [17]). B mame Bpems k apudMeTwke 0CTATKOB OGBLITHO
HOAXOIAT C TOYKY 3PEHUA OMHOUEHUA IKEUBAAEHMHOCMU, KOTO-
poe MBI TOAPOOHO paccMaTpUBaeM B IepBOM maparpade.

§5.1. OTHOWeEHNe 3KBUBANEHTHOCTH

ApudmeTnky ocTaTKOB JydIlle BCErO BBOAUTH C TIOMOIIBIO OT-
HOIIIEHNA SKBUBAJECHTHOCTMN. HOCKOJII)Ky TaKNe OTHOIIECHWA 6yrﬂ;yT
UTpaTh BAXHYIO POJb KAK B DTOU TVIABE, TaK W Aajee, CTOUT IO-
apobHO pa3obpaTh 3TO Oa3UCHOE TMOHATHE.

[Iyctes X — xoHEwYHOE MM HECKOHEYHOE MHOXECTBO. Omuouie-
nuem Ha X HA3BIBAETCA MPABUIO, IO KOTOPOMY «CPABHUBAIOTCS)
€ro dJeMeHTHI. DTO HedOPMAIBLHOE ONMpeAeIeHrne, HO ero BIIOJHE
JOCTATOYHO A HAIMX IeJed. 3aMeTUM, UTO A ONpeIeJeHus
OTHOHICHUA MBI JOJXHBI 9€TKO 3a4aTh CaMO MHOXECTBO; APpyIru-
MH CJIOBaMM, HAM [NOMXKHO OBLITH ACHO, KaKWe DJeMEHTHI HYXKHO
CpaBHUBATH.

PaccmoTpum Heckonbko mpumepoB. Ha MHOXeCTBe IenbIX qu-
Cell €CTh MHOI'O TMPOCTHIX OTHOIIEHWU, BPOJE «PABHO», «HE DPaB-
HO», (MeHBIIle, IeM», «MeHblle WIn paBHO». Ha MHOXecTBe IBeT-
HBIX MSYEN y HAC eCTh OTHOWIEHWE «mom dce ysemy. [locaemmamin
TpUMeEp, BBULY CBOEU KOHKPETHOCTH, XOPOII A 3aIOMUHAHUA B
Ka1IeCTBE MOOEIBHOT'O CIy'ad. KCTa.TI/I, MBI IIpeamnoJaraemM, 9ITO
Ka.)KrII;I)II‘/)I MAYT U3 MHOXECTBa OKpalleH TOJBKO B OIWH IIBET, IIE-
CTpBIe MAYM MBI HE PACCMATPUBAEM.

OTHOHIeHI/Ie SKBUBAJCHTHOCTH — 3TO OTHOIIIEHUE BE€CbMa CIIC-
uuduIHOTO BUAa. Bo3Bpalasicsk K 06IuM OpeaeneHuaM, IPeIIo-
JOXUM, 9T0 X — MHOXECTBO, B KOTOPOM OBLIO OTPENENTeHO OTHO-
menue. Y 106HO 3apUKCUPOBATL KAKOU-HUOYIbL CUMBOJ IJII 060-
3HAYEHUA DKBUBAJEHTHOCTH, OOBITHO YHOTPEOIAIOT 3HAUOK « ~ ».
C »Toro MoMeHTa «~» OYIAET OMHOUWEHUEM FKEUBAACHINHOCTIL,
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€CIu A BCEX T,Y, 7 € X BBHINOIHEHBI CIEAYIONIE CBOUCTBRA!

(1) z ~ =;
(2) ecmtn © ~ y, TO Y ~ IT;
B)ecmz~yuy~z 10T~ 2

[MepBoe cromcTBO HaswbIBaeTCA peduaeckcusrocmovlo. OHO TOBO-
PHUT, ITO KOTa MBI UMEEM OTHOIIEHWE SKBUBAJEHTHOCTH, JIOGOU
DJIEMEHT DKBUBAJICHTEH caM cebe. ITO CBOUCTBO BEPHO I PABEH-
CTBA MEJBIX YUCET: TI000e IeI0e IUCIO paBHO camoMy cebe. Ho omo
HE BBIMTOJHEHO 1A OTHOmeHus «<». [loaTomy «<» Ha MHOXECTBE
7, He ABIAETCA OTHOIIEHUEM DKBUBAJCHTHOCTH.

BTopoe cBOMCTBO HA3BIBAETCA cummempuurocmbio. OTHOIIE-
HEEe «<» HA MHOXECTBE IEIbIX YUCeNT He CUMMeTPUuYHO. [lencTsu-
TenbHO, 2 < 3, B TO BpeMsa KaK HepaBeHCTBO 3 < 2 moxHO. C
IPYTOU CTOPOHBI, OTHOIIEHUE «<» HA Z PedIeKCUBHO, HO HE CUM-
METPHUIHO.

Tperbe — cBoOUCTBO Mpanzumuserocmu. Ha MHOXecTBe Ie-
JIBIX IUCEJT OTHOIICHUA (PABHO», (MEHBIIE, 9€My, (MEHBIIIE I PAB-
HO», — TPAH3UTUBHLL. A BOT «HE PABHO» 3TUM CBOUCTBOM He 00.1a-
maer. [lercTBuTensHo, 2 # 3 u 3 # 2, HO U3 DTUX HEPABEHCTB HE
cregyeT 2 # 2. [Jo6aBuM, UTO «F£» CUMMETPUIHO, HO He pediek-
CUBHO.

MbI mpeayCMOTPUTENHHO MPUBEIN MTPAMEPHI OTHOMUIEHUN, KO-
TOPBIEC HE YIOBJICTBOPAIOT 9TUM CBOﬁCTBaM, IIOTOMY 9TO 9TO €IUH-
CTBEHHBIN MYTh K TOHUMAHUIO WX JEUCTBATEILHOTO CMBICTA. VMeH-
HO BJIaIeHUE IPUMEPAMU U KOHTPIPUMEPaMU 0OECIIEINBAET YCIIEX
B yCBO€HUU HOBBIX HOHﬂTI/II‘/)I. B opuMepax OTHOUICHWA SKBUBA-
JEHTHOCTH HET HEAOCTATKA. PABEHCTBO MENBIX TUCET, OYEBUIHO,
YOOBJICTBOPAECT BCEM CBOﬁCTBaM, BBIIIMCAaHHBIM BBIIIIE. OTHOHIeHI/Ie
«TOT Xe€ I[BET» HA MHOXECTBE IBETHBIX MAYEH — eIle OJWH MpPO-
CTOU W, MOXanyu, caMbiin Apkunl npumep. Cpeau TpuMepOB OTHO-
[IEHUA SKBUBAJICHTHOCTHU HA MHOXECTBE MHOTOYT'OJBLHUKOB HAXO-
IATCA TAKWAE OTHOIIECHUA, KAK «OJUHAKOBOE TMCIO CTOPOHY W «OIHA
7 Ta Xe TIOMATb).
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OTHOHIeHI/Ie OKBUBAJEHTHOCTN! I/ICHOJII)3yIOT I KJIa,CCI/I(I)I/IKa,—
[V DJIEMEHTOB JAHHOT'O MHOXECTBA, IPYIIUPYA UX B II0IMHOXKE-
CTBA [0 OPUHIUIY CXOXECTH CBOMCTB. EcrecTBeHHOE paszbueHue
MHOXECTBa, NHIYIUPOBAHHOE OTHOLIIEHNEM DKBUBAJICHTHOCTH, Ha~
3BIBAETCA pa3bumeHmeM Ha KJIACCHI DKBUBAJEHTHOCTH. llycTh HA
MHOXecTBe X 3aJaHO OTHOIICHUE SKBUBAJCHTHOCTH ~, U T —
DJIEMEHT DTOr0 MHOXECTBA. KAQCCOM 9K8UBAACHMHOCMU DIEMEH-
Ta T HA3BIBAETCA MOAMHOXECTBO B X, COCTOAIIEE M3 BCEX HJe-
MEHTOB, 3KBUBAJCHTHBIX I OTHOCUTEJIBHO ~. O6OBHa‘II/IB KJIaCC

SKBUBAJCHTHOCTH DIEMEHTA T CUMBOIOM T, MOXHO 3AIIACATH:
T={yeX: y~uzx}.

[Tpusegem mpocron mpumep. OGo3HaIIM cCUMBOJIOM M MHOXKECTBO
[BETHBLIX MAYEN ¢ OTHOIIEHUEM DKBUBAJIEHTHOCTHU «TOT XK€ I[BETH.
Kuaacc skBuBameHTHOCTH KpacHOro Msada B M cocTouT u3 gcex
KpPaCHBIX MA9en, cogepxammuxcsa B M.

OnHO M3 CBOUCTB KJIACCOB BKBUBAJCHTHOCTU HACTOIBLKO BAaXK-
HO, 9TO MBI HA30BEM €r'0 0CHOBHbIM NPUHUUNOM KIACCOB DKBUBA-
JeHTHOCTH. [IpUHIUT TIACAT, ITO 410601 JAEMEHM KAGCCE IKBU-
gaseHMHOCMY — Topowul npedcmasumend 8ce20 Kaaccs. Vinade
TOBOPS, 3HASA ONUH DIEMEHT M3 KIACCA SKBUBAJICHTHOCTHU, MOXHO
HEME[IIEHHO BOCCTAHOBUATH DTOT KJIACC MOJHOCTBHIO. DTOT (PaKT
6pOCaeTCsA B IIA3a, KOTMA MBI IMeeM 60 ¢ MHOX)ecTBOM M 1BeT-
HBIX MAYEH U OTHOIIEHUEM «TOT Xe 1BeT». [Ipeamonoxum, Bam ro-
BOPAT, YTO B KAPTOHHOU KOPOOKE HAXOAATCA BCE DIEMEHTHI O THO-
0 KJIacCa DKBABAJIEHTHOCTU MHOXecTBa M. YBUIEB OIUH DIEMEHT
U3 3TOTO MHOXECTBA, ([OIyCTUM, 3TO CMHUY MAY), BbI HeMeIeHHO
3AKII0YAETE, 9TO B KOPOOKE JEKUT KIACC DKBUBAICHTHOCTHU BCEX
cuaux msager M. [Iporie u 6617 HE MOXKeT!

BepreMca xk abcTpakKTHOMY MHOXECTBY X C OTHOIIEHUEM DK-
BUBAJIEHTHOCTH ~. OCHOBHOUW TPUHIUI TOBOPUT, UTO €CIU Y —
DIEMEHT M3 KJIACCA DKBUBAJEHTHOCTU T, TO KIACCHI DKBUBAJCHT-
HOCTH I W ¥ COBIAJAIOT. 1O Xe caMoe MOXHO BBIPA3UTH KOPOUE:

ecitm ¢ € X mw yE€ET, TO T=T1.
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JlokaxeM 5TO HEMOCPEACTBEHHO U3 ONPEAEMAIONNX CBOMCTB OTHO-
HIEHUs DKBUBAJEHTHOCTH. Kciu y € T, To, O ONPeNeNeHnio KIacca,
DKBUBAJICHTHOCTH, Yy ~ . BBUIY cuMmMmerpuyanoctu, « ~ y. Ho ec-
mm z €T, Tou z ~ . Torga CBOUCTBO TPAH3UTUBHOCTH BIEIET
z ~ 1y, T.e. z € Y. Mu1 nokazamu Bkiaodenune: T C y. [Toxoxee pac-
CyXaeHue mnokasbiBaeT oOparHoe BkiatoueHwue: y C 7. BeposTHo,
DTO BCE MOXET MOKA3aThCA HECKOJILKO megaHTuIHbIM. HO ocHOB-
HOU TPUHIAN — TAKOW UCTOYHWK Hepaszbepuxu u OmuOOK, ITO
HAM HE CTOWUT XAaJeTh YCUIUA HA MPOICHEHUE €r0 TOTHOT'O CMBI-
cra. Kpome Toro, mone3sHo OCO3HATH, ITO OH HEIOCPEICTBEHHO
clefyeT 73 ONpeAeeHUs OTHOIIEHUS DKBUBaIeHTHOCTU. KcTaTu
0 TMEIAHTAIHOCTU: BHI TIOHAJIM, ITO CBOUCTBO L € T BBITEKACT U3
pedaekcusrOCTI?

OCHOBHOU TPWHIIUI IPUBOIUT K BaKHEUIIEMY CBOUCTBY OTHO-
[IeHus dKBUBaJeHTHOCTH. Kak u pambiine, mycTh X — MHOXECTBO
C OTHOIEHUEM S3KBUBAJCHTHOCTHU ~; TOT' A

(1) X — obbeauHeHMe CBOUX KIACCOB DKBUBAICHTHOCTY OTHO-
CAUTEJIBbHO ~; 1

(2) mBa pa3sHBIX KIACCA DKBUBAJEHTHOCTH HE MOT'YT UMETH 00-
IIETO DIEMEHTA.

[TepBoe yTBepxkaeHMe CaeqyeT U3 YACTO YHOMUHAEMOrO (dhak-
Ta: KIACC SKBUBAJICHTHOCTHU SIEMEHTA, & COAEPKUT CaM DTOT De-
MeHT. [luA 10Ka3aTerbCTBA BTOPOTO MPEIOJIOXUM, ITO DIEMEH-
TH Z,Y,2 € X 2z € TNY. Tak Kak z € T, TO IO OCHOBHOMY
npuHnuny z = T. Amamorudno Z = §. Tak uTo T = §. 3ameTnwm,
aro couctBa (1) m (2) o3Havaror, 9TO MHOXeCTBO X pa3buTo
Ha, HelepeCeKAIUIecsS MO0 AMHOXECTBA, KIACCH SDKBUBAICHTHOCTH.
[pyrumu cioBaMu, MBI IMEEM [IeJ0 C pa36ueHuem MHOKECTBA X .

MHOXeCTBO, COCTABICHHOE W3 KIACCOB SKBUBATCHTHOCTH MHO-
®ecTBa X OTHOCUTEIHLHO OTHOIIEHUS DKBUBAJCHTHOCTU ~, UMEET
CIenuaIbHOE HA3BaHUe: armopmuoicecmso X MO OTHOUICHUIO ~.
OTMmeTuM, 9TO BIEMEHTHI (PAKTOPMHOXKECTBA, — 3TO MOAMHOXKE-
crBa B X. [TosTomMy dpakTOPMHOXKECTBO He ABIACTCA ITOIMHOXKE-
crBoM B X, OyIbTe BHUMATEIbLHLI!



120 Apupmemura ocmamros

3aKOHYMM DTOT maparpad TPpUMEpOM, B KOTOPOM MPOABIIAET-
CA HAKOHEIl HCTUHHAA Ipupoaa gpoben. M3 wero cocrout apobn?
Korzma Ber ma #Hee cmoTpuTe, TO BUAUTE OBA TUCIA, OJHO U3 KO-
TOPBIX (3HAMEHATENb) AONXKHO ObITH HeHyxeBbIM. Konewno, Bor
ee, BEPOATHO, BOCIpUHUMaeTe Kak dacTHoe. Ho ecim na Bac na-
IaBUTH, BBl MOXeTe MOMBITATHCA BHIOPATH GoJee JErKUU BBIXO/
7 CKa3aTh, 9TO APOOBb B NEUCTBUTEILHOCTH — MAPa, IUCET, OTHO
73 KOTOPBIX He paBHO HYT0. OIHAKO, TaKOe OMpe/eaeHne HeKOp-
PEKTHO.

B MmaTemaTuke gBe mapbl PABHEL, €CIM OHA UMEIOT O TAHAKOBLIE
NepBLIA 1 BTOPOU saemenThL. Tak, mapsr (2,4) u (1,2) mepasusr. Ho
apobu 2/4 u 1/2 paBHBI; Tak ITO APOOM — HE HAPBI TUCET.

Yro xe Takoe apobu? ITo smemenTHI hakTopMHOKecTBA! Pac-
cmoTpum MHOXeCTBO Q map meawrx (a,b) ¢ b # 0. Ha crangapTrOoM
xaproue Q = Z x (Z\ {0}). [Ise mapst (a,b) u (a’,V') neasrx aucen
MOXHO Telepb Ha3bIBATh dKBUBATeHTHBIMU, eciu ab = a’b. Jler-
KO TIPOBEPUTh, 9TO HTO OTHOUICHUE SKBUBAJCHTHOCTH, & APOOL —
KJIACC DKBUBAJCHTHOCTH MHOXECTBA Q OTHOCHTEIBHO DTOTO OT-
Houmenus. CrenoBarensHo, a/b o3uadaer He mapy (a,b), a Gecko-
HEYHOEe MHOXECTBO BCex map u3 Q, SKBUBaJeHTHHIX (a,b). UTak,
MHOXEeCTBO Q panuoHATLHBIX YKUCeT — DTO (PAKTOPMHOXKECTBO
MHOXECTBA Q MO TOJBLKO 9TO ONpEeJeJeHHOMY OTHOIICHUIO SKBHU-
BAJIEHTHOCTH.

IIpencrasbre cebe HA MuHYTYy, ITO BBl 10 CcMX mOp HEUErO
0 Apo6ax He ciblmaau # BaMm mpumaeTcsa MCXOAUTH W3 OMUCAHUI,
caeraHHOro Bhime. Ecmu Bam Teneps CKaxyT, 9TO HYXKHO BBIYUN-
CaATh ¢ Apobsamu, Bel movMyBCcTBYeTE, ITO MMEETE BECKYIO PUTIU-
HY [JId TAHUKA: BEBI XXe TOIBKO YTO BHIYYWIN, ITO APOOL — 3TO
6eckoHeYTHOE MHOXECTBO. MbICIL 0 mpubaBieHnn K 0 fTHOMY GeCKO-
HETHOMY MHOXECTBY APYTroro 6€CKOHeTHOT'0 MHOXECTBA BHYIIAET
Jerkoe 6ecrmokKoucTBo. VIMEHHO B DTOT MOMEHT TMPUXOAUT HA, MO-
MOIIb OCHOBHOU TPHUHIUI. BaMm He HYyXHO 3a60TUTHCA 0 GpeMeHn
Bcero 6eCKOHEYHOI'0 MHOXECTBA; HYXHO 3HATH TOIBKO OIWH DJe-
MEHT W3 Hero. JTOT dJIeMEeHT pacckaxeT Bam 060 Bcem, ITO He-
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006X0MMO 3HATH O IEJIOM KJIACCe DKBUBAJEHTHOCTH. BoJjee TOro,
Bac ycTpouT m0601 5IeMEeHT KIacca.

Nrak, Ber moxere onepupoBaTh ¢ 1/2 kak 00OBIYHO, TakK Xe,
KaK ecau ObI 5TO ObLTA Tapa ducen. Bl BcmoMuHAaeTe, ITO Apo0h —
DTO KJIACC DKBUBATEHTHOCTH, TOIBKO KOTa (B MPOLECCE BBITUCTE-
HUI) OKA3BIBAETCA, ITO APOOH MOXHO COKPATUTH. B 5TOT MOMEHT
BBl 3aMEHsAETE OJHOT'O MPEACTABUTENA KIACCA SKBUBAJICHTHOCTH
Ha APYTrOW NI YIPOUIEHUA BLIMMCICHNMN.

3adeM MBI CHETAIA TAKOE IIWHHOE OTCTYILUIEHWE O APOOax?
B caenyromem maparpade ompenensTcs OTHOIIEHWE DKBUBAJICHT-
HOCTHU Ha MHOXECTBe Z, & (pAKTOPMHOXECTBO DTOT'O OTHOIICHUS
urpaeT abCOTIOTHO (PYyHIAMEHTAILHYIO POIb B »Tou KHmre. Kak
U B cIydae Opo0er, KIaCCHl DKBHBAJICHTHOCTH OyAyT GeCKOHed-
HBI, 8 HAM OPEACTOUT AeiaTh BuvMuciaeHus ¢ Humu. Ho Teneps Bor
3HAETE, YTO HeT MPUIUH [JIA BOTHEHUS.

§ 5.2. CpasHeHus

[Ipoanamu3upyeM XOpoIIo 3HAKOMBIE 24-9aCOBBIE YaChI B CBe-
Te HapaboTOK npembigymero maparpada. Kormga mekTo rosoput
«OIUH 9aC», MBI HE MOXEM MOHATH, TIOAPA3yMEBAET JU TOBOPAIIAL
9TO BpeMsdA CEerofHsd, BUepa, wiu 3aBTpa. [losToMmy «oamu 9acy 310
HE MOMEHT BPEMEHMU, & KJIACC YKBUBAICHTHOCTU TAKUX MOMEHTOB.
O6wsacaum 6omee mogpobuo. CHadamra pasmgeauM BPEMEHHOU KOH-
THHYYM Ha paBHBIE MHTEPBAJLI, CKaxeM uacy. [locae sToro ompe-
JACJINM OTHOUICHUE SKBUBAJECHTHOCTU: ABa MOMEHTAQ, OTJINYIAI0IIA-
ecsa Ha OTu 24 PaBHBIX WHTEPBAJIA, DKBUBAJTCHTHHI. Temepb oquH
YaC — HTO KJIACC DKBUBAJEHTHOCTH MOMEHTOB IO CHEIUATHLHOMY
OTHOIIEHUIO DKBUBAJICHTHOCTU. C OMHOU CTOPOHBI, TAKOU IT0XO0
YCIOXHAET OYEBUIHOE, HO C APYTOU, KPAUHE TOJE3HO MOMPAKTH-
KOBATBHCA C q)eHOMeHOM IINKJINYIHOCTU.

Temeps MBI 6yIeM pacCMATPUBATEH MOX0XEE OTHOIICHUE DKBU-
BAJIEHTHOCTH, OMPEIEICHHOE HA MHOXECTBE IeJbIX Jucen. Boibe-
pPeM HATypaJbHOE UUCIO 7, KOTOPOEe C 3TOr0 MOMeHTa, 6yneT (puk-
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cupoBaro. OHO HA3BLIBAETCA MEPUOLOM, WA MOJY.AeM OTHOIICHUS,
KOTOPOE MBI COOMPAEMCS OIPEIEINTh.

ITocTpoum oTHOIIIEHNE DKBABAJEHTHOCTH HA MHOXECTBE 7, Ie-
KIAPUPYS, ITO KaXkA0€ n-0e Iucao (Haumuas ¢ 0) BXOAUT B OQUH
7 TOT Xe KJIACC DKBUBATEHTHOCTHU. Hade roBops, JT00bIE ABa, Ie-
JBIX 9UCIa, OTAXIAONIECS IPYT OT Apyra Ha KPaTHOE 7, DKBUBA-
JeHTHBL. Bosee (popManbHO, ABA MEJABIX TUCIA ¢ U b cpasHumMbl No
MOJYA10 N, €CIA @ — b OeINTCA Ha Nn; B TAKOM CIydae MbI IUIIEM:

a=b (modn).
[IpuBemeM HECKOMBKO YUCIOBLIX IpuUMepoB. a1 mogyma n = 5
10=0 (mod 5) u 14=24 (mod 5).
Bribepem mpyrou Momyab, CKaXem 1 = 7; B DTOM CIydae
10=3 (mod 7) u 14=0 (mod 7).

3aMeTuM, 9TO IUCIA, CDABHUMEIE [T0 HEKOTOPOMY MOy, HEe 005-
3aTeJbHO CPABHUMBI IO Apyromy moxyato. Tak, 21 cpaBauMO c 1
10 MOZYJIO D; HO DTU UUCIA He CPABHUMBI IO MOAYJIIO 7, TOTOMY
aTo pasuocTh 21 — 1 = 20 me kparHa 7.

Temeps HYXHO TPOBEPUTH, ITO CPABHUMOCTH MO MOMIYJIIO 71
ABJAETCS OTHOIIEHWEM SKBUBAJEHTHOCTH. Hadrem c pedyiekcus-
HOCTHU. [I7151 ee IPOBEPKU MBI OJKHBI IOKA3aTh, ITO JI0H0E 1eI0e
9UCIO G yAOBIETBOPAET cpaBHEeHWIO ¢ = o (mod n). dTo Gymer
Tak, ectm @ — a XpaTtHo n. Ho a — a = 0 xpaTHO M060My meromy
qUCay. SHAYMUT, CPABHEHME IO MOIYJI 7. PepIEKCUBHO.

Crenyrommm uaeT CBOUCTBO CUMMETPUIHOCTH. [lycTh ais we-
KOTOPBIX IEJIBIX @ U b crpaBeqauso cpaBaenue a = b (mod n). o
03HAYAET, 9TO ¢ — b = kn oA KaKOoro-To meiaoro k. YMHOXAI 5TO
paBeHCTBO Ha —1, moayvaem

b—a=—(a—0b)=(—k)n,

970 Takke KpaTHo n. [losromy b = ¢ (mod n), u Mbr gOKa3amm,
ITO CpABHEHWE TI0 MOYJIIO 7, CAMMETPUTHO.
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Haxonemn, TparsutusHOCTE. [Ipeanonoxum, aro ¢ = b (mod n)
ub=c (mod n), rge a, b u ¢ — ueaste aucaa. [lo onpexenenuo,
DTU CPABHEHUA MOBOPAT, ITO PA3HOCTH ¢ — b m b — ¢ KpaTHHI Nn.
Ho mipu ciioxeHnn KpaTHBIX 71 MOMYIAeTCA TUCIO, TIAMEECA Ha 1.
[Tosromy (a —b) + (b—¢) = (a — ¢) xpaTHO n. [Ipyrumu crosamu,
a = ¢ (mod n), KAaK MBI U XOTEeIU MOKA3aTh. YOEUBIINCH B CIPa-
BEIMBOCTH DTUX TPEX CBOUCTB [JISA CPABHEHUS 110 MOIYJIIO 7, MBI
eJIAeM BBIBOJ, ITO OHO — OTHOIICHUE SKBUBAJICHTHOCTH.

MHuOXeCTBO, KOTOpPOE OyAeT MPUTATUBATE OOMBIIYIO 9aCTh Ha-
oIero BHUMaHUA Ha IIPOTAXECHUN BTOﬁ TJIaBBI — 9TO (I)a,KTOpMHO—
®KECTBO 7 TIO OTHOIIEHNIO CPaBHEHUA 10 Monyaio n. OHO Ha3BIBA-
eTCS MHONCECTBOM BbIUEMOE NO MOJYA10 N 1 OOO3HATACTCA CAM-
BoJIOM Z,. VI3 onpenenennsa GpakKTOPMHOXKECTBA, CIEAYET, ITO DJe-
MEHTHI Z, — TOAMHOXECTBa B Z, T.e. KIACCH DKBUBAJCHTHOCTHI
B Z CPaBHUMBIX YHCEI II0 MOAYJIIO 77. MI)I XOTUM OTOXIECCTBUTH
MEX Y COOOU BIEMEHTHI DTUX KIACCOB.

IIycre a € Z. Knacc a o6pa3oBan BceMu meauiMu b, IJsi KO-
TOpBIX b — a kpaTHO N, T.e. b — a = kn gua mekoroporo k € 7.
Takum 06pa3zoM, KIACC SKBUBAJCHTHOCTU UUCAA G OMUCHIBAETCA
dopmyon:

a={a+knlkeZ}.

3ameTnM, 9T0 0 COCTOUT M3 BCEX WHCEN, KPATHBIX 71, M KAXK IBIA
KJIAaCC 35KBUBAJIEHTHOCTU — 6eCKOHe‘IHoe MHOX€CTBO.

Mg Bugenu, 9T0 B ¢ GECKOHEYHO MHOT'O DJIEMEHTOB, KAX IHIN
73 KOTOPBIX XOPOIIO MPEeACTaBIAeT KIacC meaumkoMm. OTciona pe-
BOHHBIﬁ BOIIPOC: MOXHO JU IIPOCTBIM CHOCO6OM Ha.ﬁTH HANMEHBb-
ee HaTypalIbHOE YUCI0, pencTasisgiomee ¢ ! Orser — ga. Ham
HYXHO TOJBKO HMOAEIUTE ¢ Ha 1. OO03HAMUM UYepe3 7 OCTATOK, a
Yepe3 ¢ HEMOMHOEe YACTHOE DTOrO AeJeHUs; TOrIa,

a=nqg+r n 0<r<n—-1.

CregoBarensHO, Pa3HOCTL @ — r = ng kpatHa n. [losTomy
a =1 (mod n). Yucnao r HABBIBAETCA BbIUEMOM G TIO MOLYJIIO M.
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Ha camom geme mbr qokazanu Goabiie, yem obemanu. [lencTsu-
TEeIbHO, MBI IOKA3AIN, ITO JI0060€e MEeN0e IUCIO CPABHUMO C OJHUM
3 1enbrx, gexammM Mexay 0 mw n — 1. B gacTrOCTH, dhakTOpM-
HOXECTBO Z, uMmeeT He Gomee n kraccos 0,...,n — 1. [lna yse-
PEHHOCTH B TOM, YTO OHO MMEET POBHO 7 PA3AUIHBIX KIACCOB
COTIPAXKEHHOCTH 110 MOIYJIIO 73, HAM HYXHO IIPOBEPUTD, ITO HUKA-
KWe [BA W3 BHIMUCAHHBIX KJIACCOB HE MOTYT OBITH paBHBIME. Ka-
XK IBIA KIACC COMPAKEHHOCTHU MPEACTABIACTCA HEOTPULATETHLHBIM
[ETBIM YUCAOM MEHBIIUM N. Keau Obl KIACCHI COBIAIANN, UX IPE]-
craBuTenu 66N OBI CPABHUMEI II0 MOJYJIIO 7, T.€. PA3HOCTb OBYX
Pa3HBIX HEOTPUIATENLHBIX MEIbIX YUCeJT, MEHbIIUX N, AeIUIACh
6bI HA 1. DTOTO He MOXeT ObITh. Tak aTo k1accs 0,...,n — 1 Ha
caMoM fene pa3nudHbl. VTak,

Zn:{ﬁ,T,...,—n—l}.

loBopsAT, 9TO KIACC DKBUBAJEHTHOCTH O 3AIUCAH B NPUBCIEHHOM
sude, ecim 0 < a < n — 1. Kak u B caydae gpoben, KiIacc co-
NPAXKEHHOCTU yAO0OHO MPEACTABIATL UMEHHO B TAKOM BUIE. DTO-
MY €CTh [Be MpUYIuHLL. [lepBas: MEHBIINY MPEICTABATENb KIACCA
BBHIOpATH Jerde, 4em OO0mbummi. BTopas: ecin gBa Kaacca 3alu-
CaHLI B TMPUBEIEHHOM BUIE, TO OYEHDL JET'KO OMPEeIUTh, PABHBI
ouu wau HeT (OHE OyAyT PABHBI TOTA W TOIBKO TOTAA, KOT/a UX
OpeNCTABUTENN COBIATAIOT). PazymeeTcs, yTBepK IeHIe HEBEPHO,
€CJIN KJIACCHI 3all1CaHbl HE B IPUBEACHHOM BU/C.

ITO BCE 0YEHBb XOPOIIO, HO KAXKETCA TOBOABHO a0CTPAKTHLIM.
Xopoiro 661 UMETh HATIATHYIO T€OMETPUTIECKYI0 KAPTUHKY, U30-
6paxkaroIIy0 MHOXECTBO Z,. BcmomuanM reomerputeckoe u3obpa-
XKEHUEe MHOXECTBA 7. BOJBIITHCTBO JIOJEH TPEeACTABIAIT cebe
Oeable InCiIa KaK TOYKA, PaAaBHOMEPDHO PaCIOJOXEHHBIC BA0Jb IIPA-
Mou auHnK. ['1e-To Ha 5TOU IPAMOU CTOUT TOUKA, N300DaKAIOMIAL
0, Tak 9TO OTPUIATEIBHBIE ETbIE YUCAA HAXOIATCA CIEBA OT Hee,
a TOMOXUTEIbHbIE — cripaBa. CpaBHEHME O MOIYJIIO 7, OTOX Ie-
CTBIAET MeX1y co0OM BCe 4mcaa, oTaudatommecs Ha kn (k € 7Z),
7 TIODTOMY, MOAXOMAS K 7, MbI JOJXHBI BEPHYTHCA OMATH K 0.
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Ecan npsmyto menwix wwmcen npeacTaBuTh cebe Kak TubOKyIo
MPOBOJOKY, TO MOXHO B3ATH TOYKY, IOMEYEHHYIO 7., U CKICUTH
ee ¢ 0, gTo macT OKpyX)HOCTH. [Ipogoiakas HAMATHIBATE TPAMYIO
LETBIX IUCEJa Ha MOJYIUBIIYIOCA OKPYXHOCTb, BBl yBUAUTE, ITO
9HCIa, CPABHUMBIE II0 MOJYJIO N, MOMA YT B OMHA U T€ XK€ TOYIKA
Ha OKPYXHOCTHU. B cBa3u ¢ »TuUM Z, MOXHO IPEIACTABIATHL cebe
KaK OKPYXHOCTb, Ha, KOTOPOU Y€pe3 PaBHBIE MIPOMEXYTKU OTMe-
Y€HBI 71 KIACCOB COMPSIXKEHHOCTH.

§ 5.3. ApudmeTHnka octaTkos

l'eoMeTpuveckas KapTUHKA, IPUBEIEHHAA B KOHIIE IPEILITY-
mero maparpadga, MOMOTraeT HaM JaTh IPOCTOE OMUCAHUE CJAOXKE-
HUA B Zy. llpeacraBbTe cebe n KIACCOB DKBUBATCHTHOCTH Z,, ITH-
dpamu, ormeseHabIMET Ha, udepOmare dacos. [Ipegmomoxum, IT0
0 HAXOJWTCA B BEpXHEH TOUKe KpPyra (9TO cooTBeTCTBYeT 12-TH
9acaM), B TO BPEMA KaK OCTATbHbBIE KJIACCHI PACTIPEAEICHBI BIOMb
rpaaunbl qudepbaaTa Iepes paBHbLIE IPOMEeXYTKH. [IycTs oTr 1a-
CBI IMEIOT TOJBKO OMHY CTPENKY, 3aAKPEeIVIeHHYIO B IeHTpe nudep-
0aaTa, ¥ MBI MOXEM YKA3LIBATL €10 HA HAIIN KJIACCHL

XoTenoch ObI TPEBPATUTE 3THU «IACHD B MPUOOP A BHITUCTE-
HIA CYMM B Z,,. Beccmopso, «qacwly 1ua apudMeTHKI OCTATKOB —
DTO TO XK€ caMoOe, 9TO CIeT Ha MAIbIAX AIA HOPMAILHOU apud-
MeTuku. Ilocaequuin, MeX Iy IpPOYUUM, UMEeT AINHHYIO U BBHIAAIO-
HIyroca ucropuio. B cpegame Beka emy 00y9aim B MOHACTHIPCKAX
IIKOMAX, & OJHA W3 IEePBLIX AHMIMUCKIX KHUAT IO apudMeTHKe,
«OcnoBa mayk» PobGepra Pexopga (Robert Recorde), comepxamna
nenbin maparpad, 0ObACHAIONIN (UCKYCCTBO CIeTa pyKamMmy. Tak
YTO MBI B XOPOIIEH KOMIIAHNMN.

Urak, npeamosoxumM, ITO HYXKHO CIOXKUTL G U b, IBa KIACCA
u3 Z,. Bynem npennonaraTs, 9T0 00a KIacCa 3aMUCAHBI B IPUBE-
IeHHOU (popMme, T.e. a U b HeOTpUNATEIbLHBI U MeHbIIe n. [Iporecc
BBIMHCICHYA G + b caegyiomuit. [JoMecTuM cTpenKy «1acoBy B TOU-
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Ky, IOMEYEHHYIO G, 3ATeM MEePEIBUHEM €€ 10 YaCOBOU CTPEJKe Ha
b mect. Teneps crpenaka 6ymeT HOKa3LIBATH CYMMY G + b.

Yucaenapn npumep. llpeamonoxnM, 910 BaMm HyX)HO K 4
npu6aBuTh 5 B Zg. [loMecTUTe CTPEIKY «IacoB» Ha b U HepeIBUHb-
Te ee Buepen Ha 4 mecta. Korga Ber 6ymere 5To genaTh, cTpenaka
muryeT 0 1 ocTaHOBUTCA Ha 1. 3HawuT 4 +5 = 1 B Zg.

K coxanenuio, Ham mpubop 6yaeT CIUIIKOM MeIJeHHO pado-
TaTh Opu GOJLIIKX 7 (KAK M CYET HA MAIBIAX, KOTOPBIX TPY/I-
HOOCYWIECTBUM TIPU CIAIIKOM OOmbmux [mcaax). [losTomy Tpe-
OyeTca Goaee MATEMATH3NPOBAHHBIA CIOCOO BBHIMMCICHNA CYMM B
Z. Pearpno, o gocraTrouno mpoctT. IlycTs @ m b — KIaccHl B
Z.,, KOTOPBIE HAM MPEACTOUT CIOXUTHL. Qmepamnus ompeaenseTcs
dopmyton:

aG+b=a+bh.

WNurepuperanus sTou popMyast TpeOyeT HEKOTOPOU OCTOPOKHO-
ctu. CreBa B HEM CTOUT CyMMa IBYX KIACCOB Zjp, a CIIPAaBA MBI
MMeeM KJIACC, COOTBETCTBYIONIMN CYMME ABYX HEIbIX uucen. Tak,
CIOXEHUE KJIACCOB OIMPEIENACTCA B TEPMUHAX OMEPAIUU, KOTOPYIO
MBI XOPOIIIO 3HAEM: CJIOXKEHWE IEeNBIX ThCel.

Bepremcs k mpumepy caoxenus B Zg, KOTOPOE MBI BBITOJHIA
¢ moMoImbio Ipubopa. Mbl XoTuM K 4 TpubaBuTL 5. YIUTHIBAA
dopmynry, cHagamda caoxuMm 4 u 5; uX cymMma, OI€BUIHO, pPaBHA 9.
Orcroga crexyer, ato 4+5 = 9. Ha mepBbIi B3TIAL KaXeTCA, ITO
HOBBIM PE3yJIbTAT CYMMUPOBAHUA OTIMIAETCA OT MOIYICHHOTO C
noMomsio mpubopa. Ho me 3a6emBaiTe, 9T0 9 — 1 =8, T.e. 9 = 1.

[Mocmemuunt mpuMep yKasbIBaeT HA OQHY BaXHYIO TpOOIEMy.
Mpsr Buiesn, ITO KIACC SKBUBAJEHTHOCTH MOXET ObLITH MpEeCcTa-
BJEH JMIO0BIM CBOMM BJIEMEHTOM; 3TO OCHOBHOU mpuHImn u3 §5.1.
Ho cknagbiBas gBa Kiacca, MBI CHAYMAJIA CYMMUPYEM WX MPEICTa-
BUTENEN, a 3aTeM 6€peM COOTBETCTBYIOMNY KIACC. Kak ke MBI MO-
*)eM OBITHb YBEPEHHBIMU B TOM, ITO IIPU BHIOOPE KAKUX-TO IPYTUAX
NpeaCTABUTENCH, PE3YIbTUPYIOMNA KIACC OCTAHETCI MPEeXHUM !
151 yBepeHHOCTH B TOM, ITO BBI yIOBMIN CYyTh, PACCMOTPUM EIIe
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pas cymmy b u 4 B Zg. Crenysa chopMyIupOBaHHOMY BBIIIE TIPABH-
My, MBI HAIIUTH, ITO WX cymMa pasHa 9. Ogmako, 13 =5 u 12 = 4,
7 (hOpMyTa TOBOPHT HaM, 9TO €CIM CIOXKUTHL 13 m 12, To momy-
qurca 25. Tak, TOHAMATY MOXET TOKa3aThCsa, ITO BRIOUpAd pad-
JUYHBIE MPEICTABUTENN KIACCOB, MBI MTOMYIAEM PA3HBIE CYMMEL.
Ho »sTo Tonmpko kaxercsa. Ha ocHoBammm Toro, aro 25 — 9 = 16
IeruTesa Ha 8, MBI 3aKmiouaeM: 25 = 9 B Zg.

OuH u3 myTen peneHns mpoOIeMbl MOT GBI COCTOATH B 3AITACA
KJIACCOB B MPUBEIEHHOM BUE TEPE WX CIOKEHUEM. ITO Heyxo0-
HO U coBceM HeoOs3aTeabHo. Kak MoAckasbiBaeT pa3soOpaHHLIN
BBIIIIE TIPUMED, PE3YAbTAT CYMMUDPOBAHUA HE 3ABUCUT OT BHIOOPA
MpeACTABATENEN KIACCOB. ITO OYEHDb BAXHO U JOJXKHO OBITEH IIPO-
BepeHo B geranax. Ilycrs @ u b — aBa knacca B Zy. ycrs @ = af
u b= 0. M xoTuM mokas3aTh, 9to a + b = o/ + . Ho pasercTso
@ = o' 03HAUAET, UTO ¢ — ¢’ KPATHO N U TO XKe CAMOE BEPHO A
b —b'. Cymma KpaTHBIX m CHOBA KPATHA 7, OTKYAA THACIO

(a—d)+(b-b)=(a+b)— (' +V)
TOMKHO GBITH KpaTHO n. CiregoBarensHo, a +b = a/ + b/, uro u
TpebHOBAIOCH MOKA3ATh.

BorauTanue k1accoB ompenenseTcs aHAJIOTAIHBIM 0O0pa3oM u
coBceM HeTpPyaHO. [TocMOTpUM, KaK HOTKHO OMPEREIATHCI YMHO-
xenue. [lycts @ u b — kaaccel B Z,. OnpegeneHne CIOXeHns KIac-
COB COBETYeT HAIUCATH

a-b=ab.
Kak u B caydae cyMMBI, MBI TOJXHBI OBITH YBEPEHBI, YTO ONpeEne-
JIeHUEe YMHOXEHUS He 3aBUCUT OT BBIOOpA MPENCTABUTENCH KIAC-
cos. VTak, mpexmonoxuM, aTo @ = a’ u b = i/. HyxHo mpoBepuTs,
110 ab = a'l/. PaBencTBo @ = o’ BIeueT: a —a' KpaTHO n; CKaxeM,
a = a' + rn A1a HekoToporo meaoro r. Amamormamo b = b + sn
ST HEKOTOPOT'O IEeJoro S. Y MHOXAA ¢ Ha b, momy<aum

ab= (a' +rn)(b +sn) =ad'b' + (a’'s + rb’ + srn)n.

3uaaut ab — a'b’ kpatHo N m ab = a’ly.
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3Hasg Tenepb, KaK CKAAJBIBAIOTCA M MEPEMHOXKATCI KIACCHI,
JIOOOMBITHO BBIACHUTD, TAK XK€ JU BeAyT cebsA DTHU omepaiun, KaK
ux Te3ku B Z. IlycTs @, b u € — K1acchl B Z,,. CIoXeHre KIACCOB
06IaaeT CASTYIOUMMI CBOUCTBAMMT:

a+b=0b+a;
a+0=a;
a+—-a=0

DIEMEHT —a Ha3bIBAETCA npomusonoaoHCHbIM a. BaMeTI/IM, ITO
€ClIIi ¢ 3aIIUCaH B IIPUBEACHHOM BHUOE, TO NPUBEACHHBIM BHIOM

KIacca —a O6ymeT n — a. YMHOXEHHUE KJIAaCCOB 0OMamaeT CAemyio-
MIUMHA CBOMCTBAMU:

(@-b)-c=a-(b-2);

a-b="b-a:
a-1=a.

Nrak, kaxmoe CBOMCTBO YMHOXEHUA COOTBETCTBYET CBOUCTBY CJIO-
XKEHUA, 38 OMHAM UCKIIOYICHUEM: CYIIECTBOBAHUE MPOTUBOIMOMOK-
HOTO dreMeHTa. MBI BepHEMCsS K 3TOMY BOIpocy B § 5.7, rae obcy-
OUM IEJEeHUE KIACCOB.

Ectob eme cBorcTBO ducmpubymusrocmu

a-(b+¢)=a-b+a-c.

OTHU CBOUCTBA JOBOJILHO JETKO CAEAYIOT U3 UX AHAJOTOB [JIS CJO-
KEHUA W YMHOXEHUSA IEIbIX, TIO3TOMY MBI OIYCTUM TOKA3ATEThb-

crBa. [locmemoBaTerbHOMY YMTATENI0 HE COCTABAT TPYAa HAUTHU
UX CAMOCTOATENBbHO.
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Hy xopomo. Onepanuu B Z,,, 09eBUIHO, BeAYT cebA TaK Xe,
KaK WX ABOMHEUKE B Z. OJHAKO CIEIO MOJaraThCA Ha DTy aHAIO-
TMI0 OJOBOJBHO OIIACHO, HOCKOJI])Ky MOXKET CCbOpMHpOBa,TbCﬂ JIOXK -
HOe TyBCTBO YBEPEHHOCTH, HpUBOJAIee K omubKam. [leicTsu-
TEJABbHO, OMHO KJIIOYEBOE CBOﬁCTBO IIEJBIX YUCEJN HE BBIIIOJHAET-
cA A cpaBHEHHH 110 Moaymio n. Clegyomui IpuMep IpoIcHAeT
»>ToT dakxT. PaccmoTpum kiaccel 2 1 3 B Zg. OHE 062 OTIMIHBI
OT HYJA, OJHAKO

2-3=

[=N]

=0,

T.€. IPOU3BEACHUEC NBYX HEHYJIEBBIX JIEMEHTOB U3 Z(j MOXET paB-
HATHCA HYJTI0. TaKOro, KOHEYHO, He OBIBAET B Z.

B kadecTBe BaXHOrO CHEACTBHUSI DTOr0 MPUMEPA MOJIYIAEM,
9TO B Z;, HE BCET[a MOXHO COKPAIIATH HA HEHYJIEBOU DIEMEHT.
[pyruMmu cropaMu, ecan @ # 0, TO He BCera CIIPaBeJIuBO PaCCy-
XK JCHUE:

a-b=a-tc = b==¢.

Tax, mampumep, 2 -3 = 2 -0, 50 3 # 0. MbI BepHeMca K 3To-
My BOOPOCY B § 5.7, pacCMOTpeB CHadaIa HEKOTOPBIE TPUIOKCHI
apudpMeTUK OCTATKOB.

§5.4. Kputepun genumocTm

BoabmmuCTBO MH0eN TOMHAT U3 HAYAJIBLHOU IIKOABI, ITO YM-
CIO JEeMUTCA HA 3, eciu CyMMa [udp B €ro NeCATUTHOW 3aIUCH
menuTcs Ha 3. Ho mowemy »To BepHO? MBI IETKO MOXEM 3TO MOKA-
3aTh, UCIOIB3YsA CpaBHEHUA 1o MoAyaio 3. Hamomumm, 4T0 wmcmo
OEIUTCA Ha 3 TOTJa W TOIHLKO TOTAA, KOTJa OHO cpaBHUMO ¢ () mo
MOIYMI0 3. SHAYUT, HA A3BIKE apU(PMETUKU OCTATKOB KPUTEPUU
OEeTUMOCTH Ha 3 YTBEPKIAET, ITO TUCIO CPABHUMO ¢ () IO MOLY.IIO
3, ecau W TOMBKO €CJAU TO XK€ CAMOe CIIPABEIJIUBO [JIA CYMMBI €r0
nudp. [Tocaequee yTBepX) AeHTE MBI CEHYAC U JOKAKEM.
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IIycTs @ — memoe «wmcao u ag, dq, .. ., G, — €ro Hudpsl B 16-
catuanon 3amucu. WHaxe rosops,

a=apl0" 4+ ap_110" "'+ 4+ 4110 + ag,

rie 0 < a; <9 mma s = 0,...,n. B onpexpigymem maparpade Mbr
TIOKAa3aJM, ITO YMHOXEHUEe He 3aBUCUT OT BHIOOpA MpeaCTaBUTE-
ner KaaccoB mo moayaio n. [ockorsky 10 = 1 (mod 3), mesasucn-
MOCTB OT BEIGOpa roBopuT HaM, aTo 10¥ cpasmmmo ¢ 1¥ mo moxy-
a0 3 st m060ro MomOXUTeTLHOro neaoro k. [Ipyrumu croBamm,
mobas crenens 10 umeer Border 1 mo momyuio 3. 3HAYMT,

a=ap+a,-1+---+a +ay (mod 3).

Orciona memenaenso caegyetr, 4o ¢ = 0 (mod 3) Torga u TOIBKO
TOrAa, KOraa Gy + ap—1 + -+ a1 + ag = 0 (mod 3). A sTo xax
pa3 TO, YTO HYXKHO OBLIO NOKA3ATh.

3aMeTHnM, 9TO BCE TMPOJETAHHBIE BHITUCACHUA OCTAHYTCA BEP-
HBIMU TIOCJe 3aMeHbl 3 Ha 9, moromy uro 10 = 1 (mod 9). 3uauur,
HeJa0e IUCI0 AeTATCA Ha, 9, €CIM U TOTBKO €I’ Ha 9 IeTuTCa CyM-
Ma ero mudp B IECATUTIHON 3AMUCH.

[Ipumenunm moxoxue apryMeHTHI K JPYTOMY SHUCIY, HAIIPUMED,
k 11. CuoBa 6yaem mpeamosaraTb, ITO

a=anl0" +a,_110" 1 + - 4+ a110 + aq,

TAE G, Qp_1,...,01,00 — OAGPHL 3aIACA IUCIA a. IIOCKOIBKY
10 = —1 (mod 11), To

10F = —1%  (mod 11)
6ynet au6o 1 (ecau k werHo), 1u6o —1 (ecau k neverno). [Tosromy
a=an(—1)" 4+ apn_1(=1)" 14+ 4+a3—a; +ag (mod 11).

l'oBopsa wemoBedeckum M3BIKOM, 4GmMCao meauTcsa Ha 11 Torma m
TOJBKO TOT A, KOraa Ha 11 geruTcs arsTepHupOBAHHAA CYMMA €TI0
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uudp. Hanpuwmep, 3 443 genurcsa va 11, moromy aro 3—4+4—-3 =0
peauTcsa Ha 11.

Kpurepun genwumocTr Ha 2 w 5 CAWMIKOM OYEBUIHBI, ITOOBI
TIPUBOAUTH UX AOKA3ATENIbCTBA. TaKuM 0O6pa3oM MBI HAILIA IIPO-
CTBIe KPUTEPUU MEIMMOCTH HA BCE MPOCTHIE YmMCcaa, OT 2 mo 11,
uckmodaa 7. PazbepeMcs, ITO TIPOU3OUAET B CIyUIae TPUMEHEHUA
TOr0 Xe MOAX0a K 7.

Mzl yxe 3HaeM U3 MPEegLIYIIero IpuMepa, ITO Ta JacTh Pac-
CYyX JEHUU, KOTOPASA 3ABUCAT OT MOMAYJA, COCTOUT B BHIYUCICHUU
creneren 10. Ha sror pas 10 = 3 (mod 7), a crenenu 3 He Tax Jer-
KO BBIUUCIAIOTCA, KaK crenenn 1 mium —1. [loneiTaeMcsa HauTH >TH
CTEMeHU TPUM MAJBIX MOKA3aTelIX. Bce cpaBHEHUs, TPUBEIEHHBIC
HUXe, COeJTaHbI IO MOIYIIIO 7.

102=32=2
103=10-102=3-2=6=—1
10*=10-10>=(-1)-3 =4

10°=10-10*=3-4=5
106=10-10°=3-5=1

3ameruM, uTo mociegHmi Bhraer pasen 10° = 1. DTo osmaua-
€T, YTO BBIYETHI Oy Iy T IUKINIECKH, C TEPUOAOM 6, TOBTOPATHCA.
OTHU BBLIYUCICHUA MOKA3BIBAIOT, ITO KPUTEPUU AETUMOCTH HA 7
HECKOJILKO OoJsiee CIOXeH maa 3anomuuanwusd, dem Ha 3 m 11. Tlo-
CKOMIBKY MBI YK€ MOBOJHHO JAJEKO MPOABUHYJIUCH B paboTe HAT
DTUM KPUTEPUEM, TOYHO CHOPMYIUPYEM €ro B IMPOCTOM CIydae.
[pexmonoxuM, 910 a = a210? + a110 + ag, rae 0 < ag, a1, as < 9.
Ucnoawsys Burdersr cremnenern 10, BHIYUCIEHHBIE TOJBKO YTO, MBI
nMeeMm

a = a210% + a110 + ag = 2as + 3a1 + ag (mod 7).

Takum o6pasom, a AEIATCI HA 7 TOrAA W TOABKO TOTAA, KOrIa
Ha 7 genuTcs BeIpaxenme 2ao + 3a1 + ag. Hanpumep, 231 gerurcs
Ha 7 BBUAY meaumocTu 2-2+4+3-3+1 =14 Ha 7.
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§5.5. Ctenennu

Bo MHOrMX OpUIOKEHUAX MBI OyIeM BCTPEYATHCA CO CIEIY-
olen 3aqaden: NycTb ¢, k M N — HATYpaJbHbIE YUCIA; HAUTHU

ocrarok ot geremma af ma n. Eciu k odens Goabimoe, TO MOXeT

OKa3aThCA HEBO3MOXHBIM MaXe InepecdmTaTb 3HaAKN B ak, KaK B
mpuMepe U3 Hadama 3TOU raBbl. O HAKO MBI MOXEM YIPOCTUTH
Ty mpobaemMy, UCHOAb3YA apUPMETHUKY OCTATKOB.

Haumem ¢ mpocToro mpumepa. [IpeamosoxuM, IT0 MbI XOTAM
HaiTu ocTaTok or gerermsa 10'3° ma 7. Mer Bugems B mpebigy-
urem maparpade, aro 106 = 1 (mod 7). dens 135 ma 6, Mb1 HagEM
135 = 6-22 4 3. Iloxy1eHHOE PABEHCTBO NAET CIEAYIOUINE CPABHE-

HUS 0 MOXYJIIO 7:

101° = (10%)22 . 10% = (1)?2 - 10% = 6.

3mauuT ocTaTok oT aerenua 10'3° ma 7 pasen 6.

BI)I‘II/ICJIQHI/I}I HE BCeErmga OKa3bIBAIOTCA TAKUMU JETKUMMNU. Ha—
IIpuMep, KAKOK OCTATOK IOXyauTca npy gerenun 34 ma 317 Boi-
YUCIVB HECKOJBKO CTeneHen 3 mo Momyaio 31, Mbl OBICTPO HAW-
xem, aro 3% = —4 (mod 31). BmecTo BbramcieHns Go/ee BHICOKIX
CTelmeHeu B HAMEXK e, 9TO OJHA W3 HUX CTAHET CHOBA 1, BOCIOMh-
3yeMmcsa yxe umeromiencs nadgopmamnuen. Tak kak 64= 3 - 21 + 1,
MBI IIOJTydIaeM CpaBHEHWe M0 MOAYJI 31:

3% =(3%)" 3= (-4 -3=-(2)"-3.

Ms1 emle He HOMYyYMIN MCKOMBIM OCTATOK, & TOJBKO CTENeHb 2,
KOTOpas JIeXHT MeXJy HAMM ¥ HAUled Ielblo. YJadHO, €UTO
25 =1 (mod 31). Tax xax 45 = 8 - 5 + 2, MbI HAXOUM

3% =—(2)”.3=—-(2°%-22.3=-12 (mod 31).

Ho —12 = 19 (mod 31), Tax o octaTok ot gererus 3% ma 31
paBeHr 19.

Bbum 6b1 BEIMUCIEHWA JErde, TPOAOIKAN MBI HAXOAUTH CTe-
neHu 3 4O TeX HOp, moka He BcTpernTca 17 OTBer — HeT, B YeM
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Boi camu MoxeTe yOequThCA, MOMBITABIINCH HAUTU HAUMEHBIIEE
HATypaxbHOe 7, 11 Koroporo 3" =1 (mod 31).

[MpegnomoxuM Tenepsb, ITO MBI XOTUM HAUTU OCTATOK OT Je-
63° ma 16. B nToM cIydae 6eCIONE3HO MEITATHCA OTHLICKATE
HAWMEHBIIYIO CTeneHb 6, cpaBHUMYIO ¢ 1 1o Momyato 16: ee mpocTo

JIEHUA

metT. [lencTBUTEILHO,
6'=2'-3"=0-3'=0 (mod 16),

OTKYyJa
6 =616 =0 (mod 16).

OTHU TPUMEPHI WITIOCTPUPYIOT HEKOTOPHIE TPIOKU, UCIOIB3Y-
eMble I OOJer<ieHusa MOACYETa BLIYETOB CTEMEHEUN MO MOITYJIIO
n. [I[pyrue mpuemMbl MOABATCA B MOCIEAYIOIUX TaaBax. KoHETHO,
KOMIIBIOTEPY He HYXHBI HUKAKUE TPIOKU. DTO HE TOBOPUT O TOM,
ITO KOMIBIOTEP HE UCIOAL3YeT apupMETUKY OCTATKOB A Ta-
KUX BBIYUCJICHWUU; HA CAMOM Jeje, OH €€ MCIOAb3yeT. BBICTphIn
AJITOPUTM, BLITUCIAIONIAN CTEIEHN 110 MOIYJIIO 7., MOXHO HAUTH B
§ I1.2 mpumoxenns. Kro MOXHO HCIOIB30BATE I OKA3ATEALCTRA,
memavoctu F(23471) ma 5 - 22347 4+ 1 — poctmxenme, koTopoe
paHbIIle Ka3aJI0Ch HEBLIMTOIHUMOUN 33, JAEH.

§5.6. AlnodpaHTOBLI YpaBHEHUS

Huxe mbr uctonb3yem cpaBHEHUS I HOKA3ATEAbCTBA OTCYT-
CTBUS PEIeHuU y HEKOTOPHIX [IuodaHToBbIXx ypasHeHUU. u0-
Panmoso ypasuenue — HTO MOIUHOMUAIHLHOE YpPABHEHUE C He-
CKOJBKNMU HEU3BECTHHBIMU U IIEJIBIMN KOS(i)(i)I/IH;I/IeHTa.MI/I. HpI/IMe—
pei: 3z — 2y = 1, 23 + 4> = 22, 22 — 117y3 = 5. Korga roso-
PAT O peuleHuAX AUO(PAHTOBA YPaBHEHUA, OOBIYHO MMEIT B BU-
Iy NETOYUCICHHBIE PEIICHUA. DTU YPABHEHUA HAZBAHLI MO0 UMEHUT
rpedeckoro mMaremaTuka uodanTa u3 AJEKCAHIAPUU, KUBIIETO
okomo 250 r. H.». B cBoen «Apudpmeruker [ImodaHT 110IpPOOHO
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00CyX 1aeT MPOOIEMyY MMOUCKA PEIIEHUN HEOMPEIeJeHHBIX YPaBHe-
Hun. OTHAKO OH MCKAJ PANMOHAJLHBIE PEIICHU, a He MEIbIe, ITO
MBI OOBIYHO MEIaeM CeroOTHA.

[TockoMbKy 5TU ypaBHEHUA 3ABUCAT OT HECKOILKUX MEPEMEH-
HBIX, OHM MOT'YT MMETh OECKOHEYHO MHOTO pemenun. Hampuwmep,
g oboro meqaoro k wucia x = 142k uy = 1+ 3k yzoBreTBOps-
3 — gacTHBIR
caydan BeauKon TeopeMmbl DepMa, 0 KOTOPOK PAaCCKA3BIBAIOCH BO
BBEIEHUU M KOHIIE BTOPOU riiaBbl. Kak MBI BUAETW, €CIU L, Y U
2 — UeNbIe YUCIA, YAOBIETBOPAIONINE DTOMY YPABHEHUIO, TO OIHO
73 HUX JOMXKHO OBITH PABHO HYJIIO. DTO CIEIUATLHLIN CIyIall Te-
OpEeMBI, BIEPBLIE TOKa3aHHBIN Junepom B 1770 rogy. Bemomuure,
aro Pepma CPOPMYIMPOBAT CBOIO BEAUKYIO TeopeMy Ha MOJIAX
npuHapIexamen emy konuu [uodanToBon «ApudMeTurmy.

Ypapuenne 22 — 117y = 5 umeeT Goee HEJABHIOI U IPOCTYIO
ucropuio. B crarse, mamucaruon B 1969 roay, JIstonc (D. J. Lewis)
IIOKa3aJ, 9TO 3TO ypaBHEHWE He MOXeT mMeTh Oornee 18 memoun-
crennbix pemenni. /Isa rona cycrsa P. @unkensmrenn (R. Finkel-
stein) u X. Jlougou (H. London) Hakoren gokasanm, 9T0 5TO ypas-
HEHUE HE MMeeT HU OJHOT'O LEJOTr0 PEeUIeHUA. I/IX MTOKa3aTEIbCTBO

10T ypaBHeHno 3z — 2y = 1. Ypasrenue z° 4 3% = z

KOPOTKO: OHO 3aHMMAET TOJBKO cTpanwmiy 111 weTwsrpHammaToro
ToMma «Kanagckoro MaremaTuieckoro BiomreTenas, HO OTHIOIb
ue saementapuo. Oguako, B 1973 roxy Xanrep-Kox (F. Halter-
Koch) u ¥apecko (V. St. Udresco) HesaBucuMO gaim NoKa3aTelb-
CTBO OTCYTCTBUS ¥ DTOT'O YPABHEHUS PEIIEHUN, KOTOPOE UCIIOIb-
3yeT TOJBLKO CpaBHEHHUA MO MOAyaio 9. VIMEHHO ero MBI cermdac
moApOOHO OIUIIIEM.

[lokazaTeasCTBO «OT TPOTUBHOTOY. IIpeamonoxum, 9To ypas-
HeHve 1° — 117y3 = 5 UMeEeT LEJOYUCIEHHOE pelIeHne, T.e. Cylle-
CTBYIOT TaKue IieJable To U Yo, ITO x% - 117yg = 5. Tak kak Bce
quCaa B 9TOM BBIDAXEHUU IIEIbIC, MBI MOXXEM PDaCCMOTPETH €ro 1mo
moxyiio 9. Yucmo 117 genwrcsa wa 9, mosToMy

i =ad —117y3 =5 (mod 9).

CreroBaTEIBHO, €CIM HTO ypaBHEHNE UMeeT Ieloe pemterne (g, yo),
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To 7§ = 5 (mod 9). Bosmoxno mm »10? UT06BI pazobpaThed,

HAIIOMHUM: KaXJ0e IeJ0e THUCIO 110 MOAYJII0 9 mMeeT BBIUET, Jie-
wamun Mexay 0 u 8. 3uauuT HaM GyIeT TOCTATOYHO BHIYUCIUTH
KyOBI IO MOAYII0 9 KaXIOr0 U3 DTUX BHIYETOB.

|
|
o]

kracc mo Moaymio 9 |0 |12 (3 |4|5

ol
=
0|
ol
[l
ool
ol
=
ool

Ky6 mo momy.io 9

[TpocTou B3TIA L HA TAGIUILY TOKA3BIBAET, ITO BHIYET KyHa IEJ0T0
qurciaa mo MoAyao 9 moxer ObITh paBeH Toabko 0, 1 mam 8. B
YACTHOCTH, HET TAKOr'O LEJIOT0 T, KyO KOTOPOrO CPAaBHUM C D
no moxymio 9: 23 = 5 (mod 9). Carenosarensro, 3 — 117y = 5
HE MOXET UMETH IEJOIUCICHHBIX PElIeHnI, ITO U TPeGOoBATOCDH
IOKAa3aTh.

MoXHO M3BJIEYhL TAKYI0 MOPAJIL U3 DTOTO IPUMEpA: nepsoe do-
KA3AMEALCMBO TNEOPEMbL UACTNO OKA3LIBAETNCA U HE CAMbIM NPO-
CMbiM, U He Camblm dae2anmubim. Tak ObIBaeT MOTOMY, YTO HEP-
BO€ J0KA3aTEeIbCTBO OOBIMHO HAXOMUTCSI WCCICIOBATETEM, (BCIIA-
XUBAIOOIM LOEJIWHY» HEU3YICHHOTI'O. CO BPpEMEHEM CBA3b MEXIY
HOBBIMU METOJAMU U OJUKAUIIUMEA OOIACTAMA CTAHOBUTCA AC-
Hee, 9TO JeJaeT BO3MOXHBIM HAXOAUTH 601ee KOPOTKOEe, IPOCTOE
7 TIpAMOE MOKA3aTeILCTBO, YeM TepBoe. [IpumMep, KOTOPLIX MBI
pas3obpauu, TOBOJIBHO HAWBEH, HO, KOHEYIHO, OH HE JUIIAET 3aKOH-
HOW CWIBLI COEJAHHOT'O HAMM BBIBOAA. Kak ONHAXIBI CKA3AT Ma-
remaTuk A. C. Besukosuu (A. S. Besicovitch), «penyranus mare-
MATUKa AEPXKUTCSI HA TOM, CKOIBKO OH JaJ HEKPACUBBIX TOKA3a-
TEIBCTBY.

§ 5.7. lenenmne no mopaynio n

Hacrano Bpems BepHYTHCA K IPOGIEME [ENeHUs KIACCOB B Zy,.
Ho cragama paccMOTpUM TOT Xe CaMBIK BOIIPOC B 0oJee 3HAKOMOK
curyamuu. [lycts a m b — BemecTserusie duciaa. Onue u3 cmoco-
60B nemenus a Ha b cocrout B ymHOXeHuu a Ha 1/b. Yucmo 1/b
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Ha3BIBAETCA OOPATHBIM K b ¥ OMHO3HATHO OMPEENIeTCAa KaK pe-
menue ypasaenus b -z = 1. C IpakTHIeCKOU TOYKY 3PEHUA DTOT
criocob He obmerdaeT gena, MOTOMY 9UTO A BBIYUCACHUA 1/b MbI
BCE PaBHO MOMXHBI pasgenuTh | Ha b. OAHAKO C TEOpETUIECKOU
TOYKYU 3PEHUA WHOTAa OBIBAET JAyHIIEe PACCYyXaaTh 06 0O6paTHOM
pJIeMeHTe, Hexenn o geaeHun. Hakomer, 1/b cymecTByeT TOIBKO
ecmn b # 0, mockonbky ypasaenue (- = 1 He uUMeeT peneHun.
lepxa >Tu 3aMevaHUA B yMe, BEDHEMCA K Zi,.

Kak Bcerga, n — ¢pukcupoBanunoe HaTypatbHOE Inciao. [Ipen-
MOMOXUM, ITO 4 € Z,. HazoBem & € Z,, o6pamubim K @, a caM die-
MEHT & 00PamuMblM, €CIA B 7, CIPABEIINBO PABEHCTBO: G- O = 1.
Slcro, ¥To 0 He MMeeT o6paTHOrO B Zjy. K coxamrenuio, (0 Moxer
OBITH HE eIUHCTBEHHBIM DIEMEHTOM B Z,, He UMEUIM 00paTHO-
ro. Heobxoaumo paccMOTpeTh 3TOT MOMEHT OYeHb TOAPO6GHO.

[Mpeamonoxum, 910 @ € 7, WUMeeT OOPATHBIM DIEMEHT O, U
IIOCMOTPHUM, ITO MBI ¢ 3T0r0 Oyznem nMmerh. I3 ypaBHeHUsA

a-a=1
cremyet, 9To ac — 1 nemmrca wa n. Mrade rosops,
ac+kn =1 (7.1)

1 Hexkoroporo nernoro k. Pasercrso (7.1) Brewer: HO/l(a,n)=1.
Taxum 06pa3OoM MBI 3AKI0OYAEM, ITO €CIU G UMEET OOPATHBIN D~
MEeHT B Zp, To HO/(a,n) = 1.

Bepuo au o6paTroe? [Ina oTBeTa MPEAIONOKUM, 9TO ¢ — Ta-
koe mexoe gucao, naa koroporo HO/(a,n) = 1. Pasernctso (7.1)
MOACKA3BIBAET MPUMEHUTH PACHIMPEHHBIN AIrOPUTM EBKInmma K
YUCAAM G U 1. DTOT AICOPUTM JACT HAM TaKWe [eIble TUCIa o 1
B, 9To

ac +nf =1.

[Mony4denroe ypaBHEHUE SKBUBAJEHTHO TOXIECTBY

a-a=1



§ 5.7. Jeaenue no modyao n 137

B Zyp. SHAYAT KIACC O, HAUJEHHBIA C MOMOIIBIO PACIITPEHHOTO
aaropuT™Ma EBkiuma, apageTca o6paTHBIM K a B Z,. UTak, eciu
HO/(a,n) = 1, To @ obpatum B Z,. llogsegem nTor B caemgyiomen
TeopeMe.

Teopema o6parumoctu. Kiacc @ obpamum 8 Z, mozda u
MOoALKO M020a, K020a Yeable ¢ U N B3AUMHO NPOCMbL.

Paccyxpenus, npuBeeHHBIE BBINIE, ABIAIOTCA KOHCTPYKTUB-
HBIM JOKa3aTeIbCTBOM TEOpEMBI OOpATHMOCTH, B TOM CMBICTE,
9TO OHU TIPEACTABIAIOT COOOU MPOUEAypy [Jas MPOBEPKU CyIIE-
CTBOBAHUSI OOPATHOTO DIEMEHTA U €0 BHIYUCIEHU, €CIN OH €CTh.
Kouewno, sTa nmpomenypa — HemoCpeacTBEHHOE IPUMEHEHUE PAC-
mmpennoro arropurMa Eskamga. Hampumep, obragaer i 3 06-
paTHBIM B Z3s? U ecim «ma», To demy oH pasen? Ilpummensas pac-
MIUPEHHBIA aaropuT™ EBkianga K qucaaM 32 u 3, MbI HAUEM, ITO
HO/M(3,32) =1, m

3-11-32=1.

Tak 9T0 0O6PATHBIA DIEMEHT CYIIECTBYeT. llepenuchiBanme 3TOro
YPaBHEHMA 0 MOIYIIO 32 IPUBOAUT K paBeHCTBY: 3-11 = 1. UTaxk,
11 — o6paTHBIN dIeMeHT K 3 B Z30.

MuoxecTBO 06pPATUMBIX DAEMEHTOB B Zp, 0003HATAOIIEECS
cumBoom U(n), mrpaer kaodUeBylo poab B raaBax 9, 10 m 11.
[Io Teopeme O6PATUMOCTH MBI HMEEM:

Uln) = {a € Zn| HO/I(a, 1) = 1} .

[as mpocToro dmcaa p MHOXeCTBO U(p) BHIYHCIUTEL OYEHB Jer-
KO, MOTOMY 9TO B »TOM cry4dae ycaosue HO/l(a,p) paBHOCHIBHO
TAKOMY: p HE NeIuT a. [[0CKOIBbKY 5TO CIpaBeIMBO IJIA BCEX Ha-
TypaIbHBIX Tmcen, MeHbumx p, umeem U(p) = Z, \ {0}.

K coxamenuto, Takoe mpocToe onucanue maoxectna U (p) Bep-
HO TOJIBKO IJIA mpocToro p. Ecam n — cocraBHoe m 1 < k < n —
ero muoxuTens, To HO/M(k,n) = k # 1, Tax ato k He obpa-
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TUM B Zy,. [IBa MpOCTHIX IpUMeEpA.
U4) = {T,s} u  U®) = {1,5,5,7}.

Kuatowesoe crorcTBo MHOXECTBA U(N) cOCTOUT B TOM, 9TO OHO
COIEPXUT IpOU3BeaeHne M0OBIX CBOUX DIEMEHTOB. Boree TOTHO,
ectm @ u b — o6paTuMble KIacChl B Zj,, TO TPOU3BEACHUE G - b
TOXe 00paTuMO B Zy. DTO yTBEPKIEHUE ABIACTCA OYECHL BaXK-
HBIM I TJIABHL 9, Tak ITO mpoBepuM ero petaibHO. [IycTh & —
OGpATHBIN dIeMeHT 414 G, a 3 — muaa b B Z,. Torga o6paTHBIM

K IOPOU3BEAEHNIO @ - b OygeT @ - B. [JenCTBUTEILHO,

@ b)@-p)=(aajpb-pf=1-1=1
Mpgr eme Gyem meprogn<ecKu BO3BPAMIATHCA K MHOXECTBY U(n)
B MOCJAEYIONAX TIABAX.

Bepremca k mpobaeme gemmMocTd @ Ha b B Zp, ¢ KOTODOM
MBI HAYUHAIYA 3TOT Taparpad. [Ipex e Bcero HaMm HyXHO y3HATS,
uMeeT a7 b OOpATHBIN dIeMeHT B Z,. Ecim mMmeeT, TO MBI Hai-
€M ero C MOMOIIbI0 pacimupeHHoro aaropurma Eskiaumga. IlycTs,
HaIpuUMeEp, 3TO OyaeT B. Yrobbl pasgemnTs @ Ha b, MbI BBIUH-
CIUM TIpou3BejeHye G - 3. PasfenuM, B KauecTse IpuMepa, 2 Ha 3
B Zg. llocie npumenenus aaropurma EBkampa Kk 3 u 8 MBI nme-
em: HO/(3,8) = 1 u 3 cam ce6Ge obparen. [loaTomy pesyabTar
neneHus 2 Ha 3 B Zg paBeH 6.

[TpumenyM pe3yabTATHL HTOro maparpada K peleHuo THHENHBIX
cpaBHEHUU B Z,. Jlunetinoe cpasuenue — 5TO ypaBHEHUE BUIA,

ar =b (mod n), (7.2)

rae a,b € Z. Eciu 6b1 5T0 OBLIO TMHENHOE yPABHEHUE HAJ BEIe-
CTBEHHBIMM IUCJIAME, HAM CJAEIOBAJIO OBI MOEIUTH ero Ha a. [lo-
MBITAEMCA UCIOMB30BATH Ty X€ WACI 31eCh. llpegmonaaras, 9TO
HO/(n,a) = 1, mb1 3akmodaem (o TeopemMe 06PATUMOCTH]), ITO
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cymecTByeT Takon « € Z, aro ac = 1 (mod n). YmuOoxkas o6e
cToponbl ypaBuerus (7.2) HA «, MOLyIaeM:

T =aar =ab (mod n),

u ypaBHeHue pernero. Hampumep, mia pemeHus CDaBHEHUA (L =
= 3 (mod 15) MBI cHaYATA UIEM OOPATHBIN HIEMEHT K 7 II0 MOZY-
aio 15. Tak kak 15 —2-7 = 1, obpaTabiM K 7 10 MOAyai0 15 GymeT
—2 = 13 (mod 15). ¥Ymuoxas cpasrenue 7z = 3 (mod 15) ma 13,
Oy 9aeM

z=13-3=39=9 (mod 15),

9TO ABJIACTCA MCKOMBIM PEIICHUEM.

3aMeTnM, MeTO, MTPUMEHAEMBIA K PEIICHUI0 JUHENHBIX CPaB-
HEeHUN, noKasbBaeT, 14To B caydae HO/l(a,n) = 1 cpaBuenue az =
= b (mod n) mMeeT OAHO W TOABKO OJHO PENICHWE IO MOILYJIIO 1.
Wuate roBops, HECMOTpA HA GECKOHEIHOCTH YMCIA TETBIX, YI0-
BJIETBOPAIOIINX JAHHOMY YPABHEHUIO, BCE OHU CPABHUMBI IPYT C
OPYTOM MO MOZYJNIO 7. 3aMedaHWe MOXET TOKA3aThCA OaHATb-
HBIM, HO DTO HE TakK. B camMoM [eie, BBICKA3LIBAHWE HE BEPHO,
ecm HO/l(a,n) # 1. Ypasrenme 22 = 1 (mod 8), manpumep, He
UMEET pelreHuy BoBce. MBI BEpHEMCA K DTOMY BOIPOCY B HATATE
TIaBbI 8.

YnpaxHeHus

1. Kakve u3 OTHOIIEHNT HA MHOXECTBE 7, BHINMUCAHHBIX HUXKE,
ABISIOTCA OTHOIIEHUAMYI SKBUBAJCHTHOCTH !

(1) a ~ b, xorga HO/l(a,b) = 1;
(2) mas pukcupoBaHHOrO HEAOro 1 > () OTHOIIEHUE Ompee-
JAETCS MPABUWIOM: @ ~ b TOTJa M TOIBKO TOTrLa, KOU'Ia

HO(a,n) = HOM(b,n).
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2. Hamgure BbIYET ¥MCIa @ IO MOAYJIIO 1, €CIA
(1) a=2351 un=2
(2) a=50121 u n = 13;
(3) @ = 321671 un = 14.

3. Haugure BLIYETHI KaXIOU U3 CACAYIOIMINX CTEIEHEH:
(1) 52 (mod 7);
(2) 71991 (mod 11);

(3) 81119 (mod 13);

(4) 13216 (mod 19).

4. Haitgure ocraTox ot nerenma 1000! ma 3300,

5. Ompegeaure U(n) u HauauTe 06paTHBIE K KAXIOMY U3 €r0O
sremerToB ipu 1 =4, 11 u 15.

6. Pemmre JvHENHbBIE CDABHEHUS:
(1) 4z = 3 (mod 4);
(2) 3z +2 =0 (mod 4);
(3) 2z — 1 =7 (mod 15).

7. llokaxwre, aT0 Beakui dnemenT w3 U (34) asraerca creme-

HBIO g

8. IlokaxwuTe, uTo muoaHTOBO ypaBHeHEe T2 — Ty?> = 3 He
nMeeT IEeJOIMCIACHHBIX pemeHHﬁ.

9. Tokaxnure, aTo p = 274177 = 1071 - 28 + 1 — npocron
nexurens aucrta Pepma F(6).

Yrazanne: Cuaxana peraucaure 10718 mo mogymo p. laa sTo-
ro 3amersTe, 9T0 1071 = 7-9 - 17 v HANIUTE BOCBMYIO CTEIEHb
KaXJOT'0 U3 DTUX MHOXUTEICU TI0 MOLYJIIO P, & 3ATEeM TePEMHOX b-
re ux. Jlaree, Tak kak p = 1071 - 2% + 1, mu1 umeem:

(1071-28¥ =1 (mod p).
C mpyrou cTOpOHEL,

(1071-2%® =1071% -2 (mod p).
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Bamenure 10718 B mocregue# bopMyIe HA €ro BLIMET ¥ CDABHETE
¢ npeasiaymuM ypasaeaueM. Tot daxT, aro p gexut F(6) BoiTe-
KaeT OTCIOa KaK II0 BOMIMEOCTRY.

Crenyrotme Tpu 3aga<Mu — Oauskue poacTBeHHUKYU. MBI BEp-
HEMCS K HAM B KOHTEKCTE TeCTa Ha MPOCTOTY misa ducea Mepcen-

Ha (cMm. §10.4).

10. PaccMoTpuM MHOXECTBO YHCET BUAIA G + b\/f)_’, rae a u b
nersie. OHO 06BrTHO OG03HAMAaeTCa cumBonoM Z[v/3]. Tlockombky
DIEMEHTHI MHOXeCTBa Z[v/3] — BellecTBeHHBIE THCIA, WX MOXKHO
CKIABIBATL U IIEPEMHOXKATE. IlokaxuTe, 4To A1a o, B € Z[v/3]
ux cymma (o + ) u mpomssegenue (o) Toxe dexar B Z[v/3].

11. OmpegenuM OTHOIIEHUE HA, Z[\/?;] CAeyIOIIM 00pa3oM.
SaduKcupyeM meroe TucIo n u Bo3bMeM «, 3 € Z[v/3]. Ckaxenm,
9ro o = f (mod m), ecim m TOABKO €M HAMAETCA TAKOe YHUCIO
v € Z[\V3], aro a — B = nry. [lokaxuTe, 9TO HTO OTHOMICHHE
ABIAETCA OTHOIICHUEM 3KBUBAJICHTHOCTH Ha Z[\/g]

12. /Ina $UKCUPOBAHHOTO HATYPAJBLHOTO N 0603HAUUM Ie€pe3
Zin[V/3] daxTopmHOKecTBO Z[\/3] 110 OTHONIEHUIO DKBUBAICHTHO-
CTH 73 OpeAbIAymero ynpaxaenus. [Ipeamonoxum, 9to @ u § —
knaccot w3 Zy[v/3]. TIpoepbTe, 910 MpaBmia

G+B=a+t8,
a-f=a-p

3a/[al0T KOPPEKTHO-OMPe/IeeHHkIe onepamy Ha Zy[v/3].

13. B sTom ynpaxHeHUM MBI TOKAXEM, 9TO IUCI0 Braa 4n+ 3
HE MOXET OBIThH MPEACTABICHO KAK CYMMa, IBYX KBAAPATOB IEIBIX
qHCeJ.

(1) TTokaxuTe, 9TO KBaAPAT JOGOTO TETOTO TUCAA, CPAB-
HuM ¢ 0 mmm 1 mo moxyaio 4.

(2) Ucnonbays (1), mokaxuTe, 9TO AJIA NEABIX L U Y CyMMa,
z? + y? cpasruMa ¢ 0, 1 wix 2 mo MogyTo 4.
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(3) YumreiBas (2), gokaxuTe, 9TO [e10e 9ucio suga 4n+3
He MOXET DABHATHCA CyMMe JBYX KBAJIDATOB LEIBIX
quCer.

OTOT PE3yJbTAT — YACTHBIN CIyYall TEOpeMbl, CPOpPMyaupo-
Bannou Pepma B mucbMe PobGepsamio (1640 rox). Pepma 3HaX
TaKXe, YTO HUKAKOE M3 MPOCTHIX dmcena Buaa 4n + 1 He moxer
OBITH 3AIMCAHO B BUE CYMMBI ABYX KBAPATOB. 34 MOAPOOHOCTA-
mu obparurecs K [49] ([[.13]). CmorpuTe Takxe ynpaxuerue 14
TJIaBHI 6.

14. Hanummre nporpaMMy Ha OCHOBE AJTOPUTMA, BBIYUCICHUS
CTemeHen o MOIYJIIo N, onucaHHoro B § 1.2 npuroxenusa. Vcxoa-
HBIE JAaHHBIE COCTOAT M3 TPEX HATYPAJBHBIX YHCEI: Q, k nn;a
k¥ o mozymo n. DToT arro-
puTM OyeT OCHOBOU BCEX MPUIOKEHUU CICTYIOIUX TIAB.

BBIBOAUTHCA OOJJXKEH BBIYIET YHUCIA G



naBsa 0.

NMupykumua n Pepma

Temepn, 3Has GasucHBIE (PAKTHI APUMGMETUKN OCTATKOB, MBI
T'OTOBHI BepHyTbC}I K I/IBy‘{eHI/IIO OPOCTBIX YHUCEeII. OCHOBHOﬁ pe-
3yJAbLTAT DTOU INIABLI — OYEHDb IIOJE3HAA TeOpeMa, BIEPBLIE JOKAa-
sanHags Pepma. OHa HEMOCPEACTBEHHO CIeayeT u3 60nee CUILHOU
TEOPEMBI TEOPUM T'PYIII, KOTOPYIO MBI m3y4duM B riase 9. 3mech
XKe MBI, CIeaya yKaszanuaMm Depma, gaeM ee MpAMOe NOKa3aTelb-
CTBO METOAOM mamemamudeckot undykyuu. C OnMucaHusa TaKOTo
MEeTOa HOKA3ATEALCTBA MBI M HAYTHEM.

§6.1. Xanou! Xanowu!

[Mymanu au Bour korga-uubynb Ha TOJIOBOJOMKOU IMOJ HA3BA-
uueMm «Xanouckue Gamramy? OHA COCTOMT U3 TpPEX MEPEBAHHBIX
CTEepXHEN, 3aKPEIUIEHHBIX HA IePEBAHHON OCHOBE M HEKOTOPOT'O
YMCIA [EPEBAHHBIX JUCKOB (U3 MIECTH B MOEM KOMILIEKTe). B men-
Tpe KaXxIOr0 NUCKA eCTh OTBEPCTUE A HAHU3LIBAHUA HA CTEP-
xeub. Obosnauum crpexaun A, B u C. [luameTpsr IUCKOB pas-
JUYHBI; B HAYAJ e UCPHI BCE OHU PACIOJATAIOTCA HA CTEepX)HE A B
nopsAAKe yOLIBAHUA PA3MEPOB: CAMBIA OOJBIION BHU3Y, & CAMBIN
MAaJEHbKUU — HABEPXY OAIIHU.
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Iens 3agadm: mepemMecTuTh BCIO OAIHIO CO CTEpXHA A Ha
crepxent C, ncmoabsya B Kak mepeBaJovHBIM IyHKT, IOIHHA-
ACH IIPU 3TOM CICAYIOIIUM IPABUAIAM:

(1) 3a oguHE X0 MOXHO TMEPEMECTATH TONBKO OJUH IWUCK;
(2) 66abIUN AUCK HEMB3S KIACTH MOBEPX MEHBIIETO.

O6patuTe Baumanue! [To mepBoMy mpaBmiIy ¢ T0060T0 CTEPKHSI
3a OJVH XOJ MOXHO CHATBH U MEPEMECTUATH TOILKO BEPXHUU TUCK.
[TosToMmy, eci yGpaTh U3 TOIOBOJOMKH TIEPEBATOYHBIN CTEpX)EHbL B,
3a/1a9a CTAHET HEPA3PEIINMON.

CTOUT TNOMBITATHCA PEIIUTH TOJOBOJIOMKY CAMOCTOATETHHO,
9TOOBI OCBOUTHCA ¢ HEU. [[pakTU9IeCKW 2TO MOXHO CAeIaTh JI0-
BOJMBHO GBICTPO. HO BOmpoC, KOTOPBIM MBI XOTUM TOCTABUTE, BHI-
XOAUT 33 PAMKU CTAHAAPTHOU UTPLI: MOXEM JU MBI HAUTHU (POP-
MYJIy MAHUMAJILHOTO YUCIA XOMOB, TPEOYEeMBIX A MePeMeneHus
Bcen GamHu w3 1 AUCKOB cO cTepxkHA A Ha crepxkens C? Ecre-
CTBEHHO, MBI MPEAIOIATAEM, ITO AUCKU MEPEMEI[AIOTCa COrIac-
HO npaBuaaM. [{0CTaBIEHHBIN BOMPOC UMEET BaXKHEUIIIEE 3HATCHUE
Ui TeX, KTO TOTOB MOBEPUTDH CACAYIOUEMY PACCKA3Y.

[Mox BEICOKMM KYIOJIOM OJHOT'O MHIUUCKOT'O XPaMa HAXOQATCI
TPU WINWIA, TYCTO YCEIHHBIE AIMA3aMU, KaK IIeaa 6apXaTHBIM
BopcoMm. B momenT corBopenus mupa Bor momecTwma Ha oguH M3
HEX 64 OUCKA YUCTOTO 30J0Ta: HAMOOJIBIINYA — BHU3Y, & OCTAIb-
HBIE — CBEpPXy, Tak, 4TO mnoayumiach Oamua. OH gan 3amgaHue
TMIABHOMY XPeEIy XpaMa MepeCTaBUTh QUCKU COTMACHO MTPABUIAM,
copmyaumpoBarabiM Beime. Korga Besa Oamraa u3 64 guckos Oy-
IeT TOTHOCTHIO TIEPEHECEHa, HA, OUH U3 OCTABIINXCA IIMuiIen, Bor
BEPHETCA W MOJOXUT KOHer Mupy. Tak, IT00BI y3HATH, KO
HACTYIUT KOHEI[ CBETAa, BaM [OCTATOYHO PEMIATH 32089y O MAHU-
MAaJBLHOM 9HCIE mepeMerneHu 64 auckoB.

OcTaBuB B CTOPOHE CXOTACTUIECKUE ACTEKTHI TPOOJIEMBI, BEP-
HEMCA K €€ «JIePEeBIHHOW» MOCTAHOBKE, C KOTOPOU MbI Hadau. Fc-
JU B UT'PE€ TOIABKO OJUH JUCK, €r0 JOCTATOYHO IPOCTO IEPEHECTH
co crepxHa A Ha crepxens C. [Ipu 5ToM MBI HE HApyIIaAEM HUKA-
KWX TIPABUWI, U TOJOBOJOMKA pelieHa. B 3ToM cayvae 0CTaTOIHO
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OMHOTO TepeMelnieHnsa. Tenepb MPeanoJoXuM, ITO Y HAC €CTh IBa
nucka. CHAYATA MBI IEPEHECEM MEHBIIU MUCK HA CTEepX)eHb Bj
3aTeM GOMBIIMYA TUCK MOXHO NMEPECTABUTH Ha cTepx)enb C; u Ha-
KOHeI, MeHbImu — Ha C, Tak 9T0 OH OKAXETCA CBEPXY GOMBIIOTO
aucka. tak, mis pelieHus roJOBOJIOMKM C JABYMs MUCKAMEI I0-
cTaTOYHO Tpex xomoB. Ecam y Bac ecTh Takasa roloBOJIOMKa, TO
HEIIOXO OBLIO OBl MOACYUTATH KOMMYECTBO MEPEMEIEHUN, KOTO-
poe Bl cienaere, mepecTaBisaa GAIIHIO W3 Y€THIPEX, & MOTOM U3
AT OUCKOB.

Teneps mopa3MbILIAeM HAJ OOMIMM CIY9IaeM TOJOBOJOMKU U3
n nuckoB. Paccyxgenue cTaHeT Jerte [as BOCIPUATHSI, €CAU MbI
onmuuIieM €ro B BUAEC AUAJ0Ta MEX Y YICHUKOM U YIUTE/ICM.

Yyumeav: ITlpenmomoxum, IT0 TUCKU TPOHYMEPOBAHBI CBEP-
Xy BHEU3 dmciaamu 1, 2, ... , m, TaK 9TO HAUMEHBIINUA AUCK UMEET
HOMep 1 (m HaxommTca BBEpXy), a HauGOAbIMUA — 7 (OH BHU3Y
cTepxkHA). UTO HYXHO CAEIATH, ITOOBI MOXHO OBLIO TIEPEeJBUHY Th
IUCK N7

Yuyenur: Yero?

Yyumeav: Mbl XOTUM TEpPeIBUHYTH AUCK 71, HO BCE OCTAJIb-
HBIE TUCKU CTOAT HA HEM. UTO Xe HAM MeIaTh?

Yuenur: IlepecTaBuThb BCe OUCKM, KOTOPBIE CTOAT HA CAMOM
60IBIIOM !

Yuumeab: ITO TaK, HAM CIeIyeT MEePEHeCTH N — 1 IUCKOB,
KOTOPHIE JeXaT Ha n-oM. Ho Helb3a 3a0bIBATH, ITO MBI XOTUM IIe-
PEIOXUTL BCe QUCKU Ha cTepxkeHb C, a QUCK n IPU 3TOM AOIKEH
0Ka3aThCA B CAMOM HM3y CTepXkHA. Kyma ke HaAM OeThb OCTAIb-
HBle 1 — 17

Yuenur: Ha crepxens B?
Yyumeav: Ha crepxens B. OnHaKO BOZHUKAIOT MPOOIEMEI.
Yuenur: OHE Bcerga ecTb.

Yuumeans: Ilpasmra! I[To mepBoMy u3 HEX MBI MOXEM MEHATH
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MIOJIOXKEHWE TOJBKO OJHOT'0 M3 AWCKOB; & IO BTOPOMY — IUCKU
MOJXHBI OBITH HAHU3AHBI HA CTEPXEHb B B mopsAake yObIBAHUA UX
pasmepos. Kak mam nepensuuyTh 1 — 1 MeHbIux gucka ¢ A ua B?

Yuenur: Ham cremyer mepenBurarb TOTBKO ONWH AUCK 33,
OJIVH XOJ, He HAPYIIAS MPABUI.

Yyumeav: A 6omee ToaHO?

Yuenuk: bBouio 661 340p0BO, g momarato, ITobs 3agaxa ¢ n—1
TUCKAMU OBbLTa yXKe pelreHa. Toraa MOXHO ObLTO ObI IEpEeIBUHY Th
6amHo 13 n — 1 JuCKOB co cTepxkHA A Ha B.

Yuumenvb: A aT0 6ymeT CIyXWUTH MEPEBATOTHBIM IIYHKTOM !
Yuenux: Moxer, oro C?

Yyumeav: Touwmo. llogsegem nror. Ham mHyxHO mepecTaBuTh
auck n #Ha C. Ho MBI MOXeM 5TO cAeraTh TOJIBKO MOCHIE mepeMe-
mennA Ha crepxkeab B (n — 1) qmckoB, KOTOPBIE HAXOMATCA HAJ
auMm. CperaeMm »To, urpasd ¢ n — | MEHBUIUMU JUCKAMU, UCIOIb-
3ya C B Ka9ecTBe mEPEBAJOTHOrO MyHKTA. Takum 06pa3zoMm Bech
Habop m3 n — 1 guckoB OymeT mepeaBUHYT cO cTepxHA A Ha B.
OcymecTBuB 5T0, MBI CBOOOIHO TepeHeceM N-bi auck Ha, C.

Yuenur: Kak ke MBI MOTOM mepenBuHEM OCTaBIuecsT 1 — 1
qucku Ha C Tak, YTOOBI OHU TPABUIBHO JEDVIU MOBEPX MAUCKA 17
Mue kaxeTcsa, 9TO HaM HYXHO OMATH MOUrpaTh B N — 1 auckw,
9TO0BI IepeaBuHyThH ux ¢ B ma C?

Yuumeab: Takad urpa MOXeT 3aHATL MHOI'O BPEMEHH, HO
DTO MMEHHO TOT MyTh, KOTOPHIN MPUBOAUT K MOOee. 3aMeTuM,
9TO HAM MPUILIOCH PENIUTH TOMOBOJIOMKY ¢ 1 — | muckamu dea-
2%cObl. B mepBbIz pa3 MbI IepeMeCTUIN GAIIHIO, COCTOAILY O U3 1n— 1
muckoB ¢ A ma B (ucnonssys C B KadecTBe MEPEBATOTHOTO0). JTO
HAM OCBOOOIMIO N-BIX MUCK, U MBI mepemectuin ero Ha C. Haxo-
HeIl, MBI €llle pa3 ChIPaJ’d B UTPYy ¢ N — 1 amckamu, nepemenias
ux co crepxusa B ma C (ucmonbsys A kak mepeBanovHbin). B pe-
3yJIbTATE BCE N UCKOB OKA3AINCH HAHU3AHHBIMA Ha cTepxkers C,
U HU OJHO MPABWIO He OLLIO HAPYIIEHO.
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Yuenur: Yx!
Yuumenb: ITO emme HE KOHeI!
Yuenur: He xonen? O, Boxe!

Yyumeav: Mpl X0Tenn HAUTA HAMMEHBIIEE YUCIO XOAOB, HE-
06X0IMMO€ [ PEIIeHUA TOJOBOJOMKH, PA3Be HET?!

Yuenur: Tlomararo, Bce erme XOTHUM.

Yuumensv: YToOBI 06IErINTL TATBHENIIE PACCY XK IEeHUA, 060-
suaauM vepe3 T'(n) MUHMMATLHOE YUCI0 XOAOB, TPEOyeMbIX I
peleHus rOJOBOJIOMKY C 1 AUCKaMu. Kak MbI yBUIEIHU, I €€ pe-
IeHna HaM CHAYaJIa HYXKHO MepPeIBUHYTL N — 1 TMCKOB, JeXKaITuX
Ha g n-biM. CKOMBKO XOMOB HaM MOTPebyeTcs [Aas 2TOro?!

Yuenur: IT0oOBI mepeMecTUTH UX HA cTepXkeHb B, HAM HyX-
HO PEIUTH FOJOBOJIOMKY ¢ 1 — 1 muckamu, me Tak au?! W Ham, s
nomarao, norpedyercs mo kpaureun mepe T'(n — 1) xoxos.

Yyumeav: TlockoabKy MBI IepeHecan 1 — 1 MEHBIIUX JUCKOB
Ha crepxkenb B, crepxens C ocranca nycreim. [losTomy Temepn
MOXHO MEPEIBUHYTH MOCAequun n-bin quck Ha C. MHOro au mam
HYXHO XOJOB [ DTOr0?

Yuenur: Omuu?

Yyumeav: EcTECTBEHHO; U CKOIBKO TEePh BCErO 3aTPAIEHO
XOZOB OT HAYAJIA, UT'PHI!

Yuenur: Yo, T(n—1)+ 17
Yyumeav: YUro pambine?

Yuenur: Hawm emre HyXHO mepeTamuTh n—1 MEHBIINX TUCKOB
¢ B, rae oun cenryac maxogarcs, Ha C, HAKPBHIB UMU JUCK 0.

Yyumeav: Tak, a CKOIBKO MEPEIBUKEHUN TOTPEOYeTCA st
MOCTUXEHNAA STOU Iean?!

Yuenur: He menbmme, wem T'(n— 1), pasymeercs, moToMy 9TO
5TO MEHMMAJIBHOE THUCIO XOA0B B TOJOBOJOMKE C 1 — 1 THCKAMIA.
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Yyumeav: Wrak, MbI BUAUM, 9TO C MOMEHTA HAYANA, UTPHI
Bcero HaM mpexcrout cperars T'(n—1)+1+T(n—1) = 2T (n—1)+1
xo/0B. Bosee Toro, ecim Mbl BHEMATEIBEHO HOCMOTPUM Ha IIPOBE-
JIeHHbIe DACCYXACHUA, MBI YOEAUMCA, 9TO HET HUKAKOM BO3MOXK-
HOCTHY IOJHOCTBIO PELIATH FOMOBOJIOMKY 33 MEHBIIIEEe 9UCIO XOL0B.
Tak uTo Takoe T'(n)?

Yuenur: MuHUMaIbLHOE TUCIO XOLOB, TpebyeMoe mad pelle-
HUS TOJOBOJOMKHY TI0 IEPEMEIIEHUIO 1. TUCKOB co cTepxkuia A ua C.

Yuumeav: [la, HO Kak HaM BeUCIATHL 1'(n), mpegmonaras,
910 MBI yxke 3HaeM T'(n — 1)7

Yuenur: T(n)=2T(n—1)+ 17

Yyumeav: Orauano! Teneps mogcYnTaeM MUHUMAILHOE Y-
CJI0 XOZIOB, HEOOXOIUMBIX [JIA PENICHUA 3a0a49d C MIECTHIO TUCKA-
M.

KonevHBIN pe3yabTaT guansora — (hopMy.Ia
T(n)=2T(n—1)+1.

3ameTum, 9TO dTa GopMyaa He 2060pum Ham demy pasHO T'(n).
s Berauciaenns T'(n) Mel foKHBL cHadaxa HauTn T'(n —1). 3Ha-
qut, T(n) BBHIYACAACTCA MHOTOKPATHBIM TPUMEHEHHEM (HOpMy-
ab1. Hampumep, mas seraucienus T'(6), HaM cHavama HEOOXOAU-
vo mautm T'(1),T(2),...,T(5). ITockoabKy, Kak MbI yKe yCBOWIN,
T(1) =1, to

[lericTBYS Tak Xe, MBI UMEEM
T@B)=7 T4)=15 T(()=31 u T(6)=63.

CremoBaTeabHO, NS PEIIEHUs MOEU TOJOBOJIOMKU, COCTOAIIEN U3
6 MUCKOB, MHE HYXHO MO KpauHen Mmepe 63 xoma. A kak HacIeT
TOJOBOJOMKM B MHAMUCKOM xpame? [lns oTBeTa Ha DTOT BOMPOC
HYXHO BBIIUCIATE T'(64), JOBOIBHO CTpAIIHAS 3a7a4A.
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Pasencrso T'(n) = 2T (n — 1) + 1 HasbBaeTca pexyppenmuoti
dopmyaoti. [pyrumu croBamu, 9To6b1 HavTu 1'(n) HYKHO IpuMe-
HUTH €€ HECKOABKO Pa3, Ha KaXJJOM DTale UCIOAb3ysA B KAIeCTBE
MCXOJHBIX JAHHBIX PE3YJILTAT MPEIBIAYIIErO BEIMUCICHUA. BBl MO-
XKeTe CIIPOCUTh, KaK A0Ka3aTh Ty (opmyny? OTBeT: npuBeneH-
HBIU JUAJOT W ABIAETCA e TOKA3ATeIbCTBOM. [[omycKai, ITo OHO
M3JI0XKEHO B TaKoU hOPMe, KOTOPasd MOXKET MOKA3aATHCA I€PeCIyp
DK30TUIHOU, ITOOBI HA3LIBATHCA MATEMATUIECKUM NOKA3ATEIb-
crBoM. Ho 5TOT HEZOCTATOK JErKO JEUUTC; BCE ITO HYXKHO Cjle-
JIaTh — DTO BBIOPATH OCHOBHBIE MOMEHTHI U3 [IUAJIOTA U IIEPEnu-
CATh UX HA TPUABLITHOM MATEMATHIECKOM XKAPTOHE.

ToT paxT, 9TO MBI MOLYIAIA TOALKO PEKYPPEHTHYIO (hOPMY-
JIy, HC OCTAQHOBUT HAIINX ITONBITOK Ha,ﬁTH KOHETHOE€ BBIDaXXEHUE
s T'(n), T.e. Takoe, u3 KoToporo T'(n) moryvaeTcsa mpoCTON MO I-
CTAHOBKOW 3HAYEHUsA mepemenHou n. Kcaum Bor obpatwiu BHMMA-
Hue Ha 3HadYeHusA 1'(n), BLIYUCICHHBIE BHINIE, TO MOXETE A0ra-
IATHhCA O BEPOATHOM BHUJE MCKOMOU (popmyabl. Ho pa3 komednas
dopmyna Gymer yramaHa, mepeq HAMU BCTAeT HOBad MpobieMa:
MBI OJIKHBI OyIeEM MOKAa3aTh, 9TO OHA pabOTAET MPU BCEX 3HATE-
HUAX TIEPEMEHHOU 7. 3aMETUM, UTO MPOBEPAA TUMOTETUIECKYIO
dopMynry naA KAKOU-TO TaGIMAILI YUCET, MOXHO YOEIUTHCA JIUIIh
B TOM, 4YTO OHA BEPHA MMEHHO JJIA Yucea TabauIbl, HO He Goree.
[lna mokasaTerbCTBa (POPMYJIBI MBI BBOAUM METOM MAMEMAMUYe-
CKOT UHIYKUUL.

Broits Moxer, Bur gmymaeTe: «3aueM GECIOKOUTHCA O MOUCKE
apyrou ¢gpopmyast? UTo mIoxoro B peKyppeHTHOn?» Pe3soHnbIe BO-
npocel. B koHNE KOHIOB, aas onpenererumsa 1'(n) npu dukcupo-
BaHHOM 71 HAM BCErO-TO UM HYXHO, YTO BBEIUYACIUTE C €€ TIOMOIIBIO
T(0),...,T(n). la xoMmopioTep creraer >To odeHb OpicTpo! Hero
Xe euie )KeJIaTI)? Ka,K pa3 34€Ch IyTU MATEMATUKN W BbIMUCIN-
TEILHOU MATEMATUAKHU PACXOIATCA.

Heckonpko mpeyBenruvmBasa, MBI MOTVIN OBI CKa3aTh, UTO BBIYUU-
CIUTENbHAA MAaTEMATUKa MPETHA3HAYEHA MJIA IPybOT0, CUIOBOrO
noxxona K paboTe: meaaTh HACTOABLKO d(P(EKTUBHO, HACKOILKO
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MIOAYyYaeTCA; a MaTEMATUKA, HA000POT, HAIlETEHa HA TMOUCK IIyTHU
OOCTUXEHUS Pe3yIbTaTa C MUHUMAILHBIMU BhIIHCIeHUAMU. Ko-
HEYHO, DTO, B AEUCTBUTEILHOCTH, IBE CTOPOHBI OMHOU MEIAJH.
B peanbHOM Mupe npo6IeMbl PEIaloTCsA OPTaHNIeCKUM CUHTE30M
MaTEMATUKU U BLIYUCIAUTEILHON MaTeMaTuku. Tak 9T0o 3Tu Hay-
KU Yallle COTPYIHUYIAIOT, YeM KOHKYPUPYIOT.

§ 6.2. MaTemaTu4yeckas uHAYKUUSA

CroBo «uHdyKyUs» UCTOIB3YETCA B MATEMATHUKE B OYEHB CITE-
unUIeCKOM TeXHUIECKOM 3Hadenunu. VIHOT[a K HEMY 106aBIAIOT
OIIpefeNieHne MAMEeMAMUYECKAA, KAK B HA3BAHUU TAHHOTO Mapa-
rpada. OIHAKO DTO CIOBO MMEET MHOXECTBO 3HadYeHun, 12 u3 Ko-
TOpbiXx mpuBegeHbl B «OKCHOPACKOM CIOBAPE AHTIUUCKOTO A3bI-
ka». MaTeMaTudeckoe 3HAMEHUE CJIOBA, (MHIYKIUAY TIPOUCXOTUT
n3 TPAaJUIVOHHOTO €ro 3HAaYCHUI, yHOTpe6JIﬂeMOFO B JIOr'UKeE,
KOTOpOe GIM3KO K MOBCeqHEBHOMY ymoTpebienuio. CchlLiasch Ha
«OKCHOPACKUN CIOBAPHL AHTIUUCKOTO A3LIKAY, (MHAYKIUAA) B Ta-
KOM CMBICJIE — 3TO

«IIpOIeCC BBIBEACHUA O6IIIeFO 3aKOHa WX IIPUHIINIIA U3
Ha,6JIIOrZ[a,eMBIX “IaCTHBIX CIy'1a€eB.»

3HAYUT, KO MbI JOAYMAINCEH 10 KOHETHOU (hopmyast gia T'(n),
ucnonb3ys sHaderus 1'(1),...,7T(6), MBI IPUMEHIIN UHIYKIAIO.
Koueuno, Ber genaere mogo0HbIE BElU €XEIHEBHO, HA, MTPOTIXKE-
HEUW BCero mAHA. HO B MaTeMaTwke WHIYKOWA WHOTAA, TPUBOLAT
K YXACHEUIIMM OIMOKaM (BIPOYEM, IO MHEHHUIO aBTOPA, TAKOEe
CIy9aeTCA W B MOBCETHEBHOU XU3HM).

YacTo nMuTUpyeMbIi TpuMep OmunOKU, K KOTOPOU MOXET MPU-
BECTHU WHAYKINA, — DTO yTBepXk aenune Depma, BoickazarHOe Dpe-
HUKJIO, O TOM, ITO BCE THUCIA BUIA

F(n)=2" +1
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OynyT npocteiMu. OH, BEPOATHO, MPOBEPUI TUNOTE3Y MIA 1 =
=0,1,2,3 u 4, 9T0 TOBOJILHO IPOCTO, & 3aTeM cHeaana 06006meHme.
Crenyromiee 4ucio

F(5) =22 +1 = 4294967297

JOBOJHHO BEJIUKO, €CAU BCE, 9TO ¥ BAC €CTh — DTO PydKa u Oy-
Mara. beur i Depma HAyraH pazMepaMy GUCIa, WIN JOMYCTHUI
OmuOKy TP ero BhIYUCICHUU! BepOATHO, MBI DTOr0 HUKOTIA, HE
ysuaem. Ho, kak mbl1 Bugenu, F'(5) Ha caMOM fee cOCTaBHOE |-
c10, u Juaep ObLI MepBLIM, KTO B 1738 romy mamen ero geaurens
(Mb1 Gygem moApo6GHO m3ydaTh 5Tu umcia B raase 10). C rex mop
ommbka Pepma crana mpegynpexgeaueM 06 onacHocTu 060061e-
HUU HA OCHOBE HECKOJILKUX TTPUMEPOB.

B XVII cronernnu psag maTemMmaTnkos, u Oepma Cpean HUX, Ha-
YAJIM MPOABIATHL GECIOKOUCTBO TIO MOBOAY OTCYTCTBUA NOBEPUA
K pe3yabTaTaM, AOKA3aHHBLIM 0 WHAYKIUU. DTO MOOYIUIO UX
PA3BUTH METO[, KOTOPHIM OY€Hb MOAXOMAUT I JOKA3ATEALCTBA
$axkTOB, IPOAUKTOBAHHBIX O0O0IIEHNEM JYUCJIEHHBIX DKCIEPUMEH-
TOB, T.€. PE3yAbTATOB, TOMYIeHHBIX OPAUHAPHOU WHAYKImen. Ho-
BBIA METOJI TOMYIUI U3BECTHOCTD KAK MAMEMAMUUECKAA UHIYK-
YUA, WA KOHEUHAA UHOYKYUA, WA PEKYPPEHMHOE PACCYHCICHUE.
B Tpakrare B. [Mackana «O6 apudMeTUIecKOM TPEYTOILHUKE),
orry6auKoBaHHOM B 1654 romy, Mbl HaugeM OOBACHEHWE METOMA,
MAaTEMATAIECKON UHAYKIIUA MPAKTAIECKA B COBPEMEHHOM BHUIE.
Koneuno, «apudMeTnieckuin TpeyroabHUKy U3 HA3BAHUA TPAKTA-
Ta CeUvaC M3BECTEH Kak mpeyeoavuuk Ilackans. [lackans, gemo-
BEK MHOTUX TAJIAHTOB, ObLI MEPBOKIACCHBIM MEeOMETPOM U (pu3m-
koM. VIMeHHO OH w3006pen MEepBYI MEXaHWYECKYI) MAIIUHY IJII
BbraucaeHnn (KaabKyaarop). Ero «Mbicam — kraccuka ppaniys-
CKOH JATEPATYPHL.

Bepuemcs Ha Bpems k Xanouckum GaimraaM. BuumarensHo pac-
cmarpusas 3uadenus T(1),...,7T(6), BoIYUCICHHBIE B TIPEALIAY-
mem naparpade, Mbl 3aMEeTHUM, ITO KaX J0€ U3 HAX YIOBJIETBOPAET
yeaosuio: T'(n) + 1 = 2™, IlosTOMy €CTECTBEHHO MPEAIONOKUTh,
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UTO MUNHUMGADHOE YUCAO L0008, mpebyemoe 0as nepedsuncenus
bawny u3 N Juckos 8 2ogososomke «Xanotckue 6aUWHUY, PABHO
2" — 1. OT™MeTnM, 9TO B JEUCTBUTEILHOCTU MBI IMEEM OeCKOHE'-
HO MHOT'O YTBEDXACHUU, MPOHYMEPOBAHHBIX HATYDPAILHLIMUA Y-
cramMu. A Hamr DKCepuMeHT TOBOPUT HAM TOJBKO, UTO DTHU yTBEP-
X JIeHuA CIpaBelauBLl 4aa1 n = 1,...,6 u me 6oree.

[Ipumep ¢ Xanonckumu Gamsamu Tunude. Vzydenue (Koned-
HOU) TabIMIBI C DKCIEPUMEHTANLHBIMA NAHHBIMUA 331891 TaCTO
HOJCKA3BIBAET HAM TUIOTETUYECKOe yTBepXaeHue S(n), m MbI
OXHnaaeM, ITO OHO CIPABEOINBO OO BCEX HATYPAJBbHBIX “TUCEJ.
MaremMaTndeckas WHAYKINAA MPEIATAeT CACTEMATHICCKUAN O
XOOo K NOKa3aTEIbCTBY MHOI'MX TAaKUX yTBep)KJ_'[eHHfI.

IIpuHIMI MaTeMaTHYeCKOM MHAYKIUHU. IIpednosoixcum,
YMO 0as KaHCA020 HAMYPAALHO20 YUCAG T €CMb YMBEEPHCOEHUE
S(n), obaadarowee caedyowumu J8YMA C80UCMBAMU:

(1) S(1) sepmo;
(2) ecau S(k) sepro das namypaavrozo k, mo S(k+1) marace
8epHoO.

Tozda S(n) cnpasedauso das 6cex HamMypasbHbis n.

ITonpobyem mousaTh, mouemy sToT mpuamun padoraer. [Ipen-
HOMOXKUM, y HAC €CTb yTBepX AeHue, obaanaomee csoucrsamu (1)
u (2) mpurnuna. Bropoe u3 HUX TOBOPUT HAM, UTO €CIM A HE-
KOTOPOT'O HATYPAIBHOTO k MBI MOXEM MOKA3ATh CHPABEIINBOCTH
S(k), ro S(k + 1) Toxe Gymer BepubmM. [lo mepBoMy CBOUCTBY
S(1) — wucruanoe yTBepX)aeHme. [losTomy, mpumenss (2) mpwm
k = 1, mu1 3akimogaem, 1aro S(2) sepro. Teneps, 3Has1 06 UCTUHHO-
ctu S(2), MBI OIATEH MOXEM MPUMEHUTH (2), HO HAa 3TOT Pa3 Mph
k = 2. Hony4uum uctursocts S(3). Takum 06pa3oMm, BEIOPAB mMpo-
M3BOJLHOE HATYPATBHOE 7, MBI MOXEM TIPOAOTKATH AEMCTBOBATH
nogo6HBIM 06pa3zoM moka He gocruraeMm S(n). [losTomy yTsep-
XKJICHUE JOKHO OBITH CIPABEIIUBLIM A KAaX JOTO MOJOXKUTETb-
HOT'O LIEIOTO .
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Konewno, 510 paccyxmenue He HOKA3LIBAET IPUHIAIA, MaTe-
MaTHIecKon WHAyKIuu. Ha camMoMm neme, B HEKOTOPOM CMBICTE,
oH BOOOmE HE MOXeT ObiTh nokasan! Aupm [lyamkape (Poincaré),
OIWH M3 U3BECTHBHIX MaTeMaTUKOB XIX cToaeTus, odeHb XOPOIIo
00BACHAET D>TOT MOMEHT:

«Cyx meHue, Ha KOTOPOM OCHOBAH CIIOCOO PEKYpPPEHT-
HOT'O PACCyXJIEeHUA, MOXET ObITh U3JI0XKEHO B APYTUX
bopMax; MOXHO CKa3aTh, HAIIPAUMEP, ITO B 6€CKOHEU-
HO 6OJII)IHOM MHOXKE€CTBE PA3JINIHBIX HATYPAJIbHBIX TN~
ceJl BCeraa eCTh OJHO, KOTOPOe MeHbIe Apyrux. Mox-
HO JIETKO TEePEeXOAUTH OT OJHOT'O BLIPAXEHWUS K APY-
roMy ¥ TakuM 00pPa3oM CO34aBaTh WIIIO3UIO [TOKa-
3aTEIbCTBA 3AKOHHOCTH PACCYXIEHWUA IIyTEM PEKyp-
pernuu. Ho B KOHIIE KOHIIOB BCErga MPUAETCA OCTAHO-
BUTBLCA; MBI BCET/Ia MIPUEM K HEOKA3YEMOU AKCUOME,
KOTOpad, B CyIHOCTH, Oy€T HE ITO WHOE, KAK Mpe[-
[OJIOXKEHME, MONIeXalee T0Ka3aTeIbCTBY, HO TOJIBKO
MEPEBEEHHOE HA, APYTON A3BIK.»

Tak modeMy MBI BCE € BEPUM B CTPOT'OCTDH IPUHITATIA, WHIYKITAN
CuoBa obpaTumcsa k Ilyarkape 3a moMomso:

«3IeCh CKa3bIBAETCA TOABKO yTBEDXKIEHUE MOTYIIECT-
Ba pasdyMa, KOTOPBLIU CIOCOOEH MOCTUYL GECKOHETHOE
MOBTOPEHUE OMHOTO M TOTO XE aKTa, pa3 dTOT aKT
OKa3aJIC BO3MOXHBIM OJHAX IBL.)»

ITo Ton ke mpuunHe MBI 6€3 TPYAa 0CO3HAEM OECKOHEIHOCTEL MHO-
XeCTBa TEJaBbIX, XOTdA HaAIMHAEM 3HAKOMCTBO C HUMU C HECKOJBKUX
qucen. [lurarer [lyankape MBI B3AIU U3 €r0 KIACCHIECKOU KHUTU
«Hayka u runoresar ([36], [[.11]).

[Mpumenum npuaIUn K Tpobaeme «XaHOUCKUE GAlTHUY. Y TBEpP-
X JeHue, KOTOpoe MbI cCOOMPaeMCs MPOBEPUTH, TOBOPUT, ITO MU-
HUMAJILHOE ImuCa0 nepemernerunin 1'(n), TpeGyeMbIx miA pemeHus
COJIOBOJIOMKH «XAaHOMCKHE OAIIHMY U3 7 JUCKOB, paBHo 2" — 1. Wian



154 Anoyxyua v Pepma

KOpOUe: MBI XOTUM [0Ka3aTh, uTo T'(n) = 2" — 1. CoruacHo npus-
Uy MaTeMaTWIeCKOU MHAYKIWA, 5TO OyAeT BEepHO /I J060ro
HATYPAIBbHOIO 7, ECIU MBI CMOXKEM 10Ka3aTh aBe Bemm. CHadana
MBI TOJIKHBI IPOBEPUTH (POPMYILY A COJOBOIOMKHA C 1 JUCKOM.
Ho mbr yxe ybeammucs, aro T(1) = 1 u 2" — 1 = 1. Tak uro
HepBBIN AT yxke caerad. Ha maremaTmdeckoM Xaprose oH Ha-
3BIBAETCA 030U UHOYKYUU.

[aree HyXKHO CHeraThb UHIYKMUBHLIL Neperod, WIA wa2 UH-
Jdykyuu, T.e. IOKA3ATh, ITO €CIN YTBEPXK IeHIe BEPHO I KAKOIO-
To k > 1, To oumo Bepuo um miaa k + 1. UagykTuBHbIl mEpexo
OCHOBBIBAETCS HA JBYX MOMEHTAX:

o [Ipeamosoxenue 0 TOM, ITO yTBEPK JEHWE BEPHO IS HEKO-
Toporo k > 1. B HameM npumepe 5TO 03HATAET IUIOTETHIe-
ckoe pasernctso T'(k) = 2% —1 gra mexoroporo k > 1. Takoe
TP ETIONIOKEHNE HABBIBACTCA NPeInosoHCEHUEM UHIYKYUL.

o Kakas-uubyas csasb mexay T'(k) u T(k+ 1). B npumepe —
»T0 pekyppenTHoe cootrnomenune: T'(k + 1) = 2T (k) + 1.

Urax, npegnoxoxum, aro T(k) = 2¥ — 1 gra mexoroporo k > 1.
3 peKyppeHTHOU (POPMYJILI CIEAYeT, ITO

T(k+1)=2T(k)+1=2(2F 1) +1 =2k —2 4 1 =2k _ 1,

Taxwum 06pa3om, ycaosue (2) NPUHIUIIA MATEMATAIECKON WHIYK-
[IIYU B HAIIIEM CIydae TOXe BepHO. Temepb IPUHIMIT MATEMATHAIE-
CKOM MHAyKumu gaeT: Tak Kak (1) u (2) cupasegaussr, To T'(n) =
= 2" — 1 gng BceX HATYPAILHBIX 7.

3HaA MEHUMAJIBLHOE YHUCIO XOA0B, IPUBOIANIAX K PEIICHUIO 3a-
nasu «XaHOUCKWE GAITHIY, MBI MOXEM TENePhb MOACIATATE OCTAB-
meeca BpeMs 10 KOHIA cBeTa. HamoMHEMM, 9TO GAIIHA B WHIWK-
ckoMm xpame coctouT u3 64 muckos. [looTomy o6imiee wucao mepe-
MEIEHNH, KOTOPBIE XPEIly HAI0 CAEIATh CO AHA TBOPEHUS, PABHO
T(64) = 26% — 1. Mano »Toro, HaM eme XOYeTCsA 3HATH, CKOIBKO
BPEMEHM 3aUMET DTOT MPOMeCcC. [IPeAmosokumM, ITo Kpemy it
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TIEPEeCTAHOBKYU OMHOI'O AMCKA moTpebyeTcs, B cpeaueM, 30 MUHyT.
ucku, pazymeeTcs, UMEIOT pasHble pasMephbl. Ham He ckazamHOo
HACKOJBKO BEIUK Ma,KCI/IMa.JII)HI)II‘/)I n3 HUX, HO, IO-BUAVNMOMY, HE
MaJeHLKNM, IIOCKOJILKY CO34aJ ero caM l'ocmoas. A Tak Kak OHH,
K TOMY Xe, CIeJaHbl U3 30J0Ta, TO JOJXKHBI OBITH TOBOJBHO TH-
xkeneivu. [lopToMy momdaca — MOCTATOYMHO OCTOPOXHOE IIPEIIIO-

264 uveer mopagox 1019, u HecnmoxHEIE BEI-

Joxenue. Bemuanna
THCIeHEA HOKA3BIBAIOT, UTO Xpely noTpefyerca okoro 104 mer,
9T00BI TIEPEHeCTH BCe AucCKuU. Takum oOpaszom, CIMTaAsd, ITO OT
Boasmoro Bapesa mpomwio okoro 10 mer, MoxHO mpukmHyTSH,
CKOJIIBKO €eIl[e OCTAJIOChH.

OTa JereHaa BOepBbie ObLia onybaumkoBana B [lapuxe B 1883
o1y, OMHOBPEMEHHO C TOJOBOJIOMKOM, HekuM H. Kmaycom m3 koi-
aenxa B Jlu-Coy-Cronna. Umsa venoseka n Ha3BaHUE KOLIEIXKA, —
B MEUCTBUTEILHOCTH, aHATPAMMEI uMeHu Jloka 1’ AMbeH, mpermno-
pasarens e Cearoro Jlrogosuka. dTo maremaruk @. E. A. Jloka,
(F. E. A. Lucas), npuyMaBImui Kak COJOBOJIOMKY, TaK U PACCKA3
0 ee IpouCcXoX AeHun. Ero kaura «MaTeMaTudecKue pa3BIeIeHuI)
1894 roma crana KIaCCHMKOM mpeaMmeTa. JIIoKa 3aHUMAJICA U Teo-
puen qmcen. B 10 u 11 riaBax MbI pazbepeM IBa TECTa HEIIPUBO-
OUMOCTHU, KOTOPBIE OH OTKpbLI. Vcmonb3ysa ogud u3 HuUX, JIOKa,
He mpuberas K MOMOIIY KOMIIBIOTEPOB (KOTOPBIX TOTJA elle W He
6bL10), TIOKA3aT, 9TO Tucao Mepcenna

M(127) = 170141 183460469 231 731 687 303 715884 105 727

ABJIACTCA IIPOCTHIM.

§6.3. Teopema Depma

Teopemy, KOTOPYIO MBI XOTUM [MOKa3aTh, MHOTA JACKOBO Ha-
BBIBAIOT «MaA0l meopemoti Pepmay. OHA TOBOPUT, UITO €CAA P
IPOCTOE YUCIO U ¢ — Ji060e 1emoe, To p geaut af — a. JacTubin
CIy9au HTOU TeOPEMBI U3BECTEH MHOTME COTHH JeT, HO Depma, Ka-
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XKeTCsA, ObUT TIEPBBIM, KTO JOKA3aJd TEOPEMY B MOJHOU OOLUHOCTH.
Hawumewm ¢ mepeBoga popMyInpOBKE TEOPEMEI HA, A3BIK CPABHEHUN.

Teopema PDepma. Ilycmv p — nosaoscumesbroe npocmoe
wUCA0 U 0 — yesoe; mozada

a’ =a (mod p).

YrTo6bl [0KA3aTh TEOPEMY C MOMONIBLI0 MATEMATUYIECKOU WH-
OYKIWW, HAM HyXHO HAUTHU yTBepXK AeHue P(n), K KOTOpOMy MOX-
HO IPUMEHUTL MeTo. BoT omHo:

n’ =n (mod p) A HATYPAIBHOTO 7.

Ormerum, aT0 yTBepR)AeHUe P(n) roBOPUT O BEPHOCTHU CpABHE-
HIA TOJBKO A HATYPATbHBIX TUCE, T.€. TIONOXATEIBHBIX METbIX
n. Takum 06pa3oM, MBI HE JOKA3BIBAEM TEOPEMBI B IMOJHOU OOII-
Hoctu. OmgHAKO, M060€ Henoe YUCI0 CPABHUMO 10 MOIYIIO P C
KAKUM-TO HEOTPHUIATEIbHBIM IEIbIM, MeHbImuM p. [losToMmy mo-
cTaTovHO TpoBepuThb TeopeMmy amda 0 < a < p — 1. B gacTtHOCTH,
Teopema OyaeT MoKa3aHa, eCIU MOKA3aTh CHPABELINBOCTh yTBEP-
xpeaun P(n) s scex n > 1.

Pasymeercs, P(1) ucTuraOE BEICKA3BIBAHNE, TOCKOIBKY 17 =1.
Takum o6pasom, 6a3a WHIYKIUY BBITOJHEHA,. [ WHIYKTUBHOTO
nepexoga ot P(n) x P(n + 1) HaM HyXHO BBIABATH CBA3L MEX-
oy 5TuUMU yTBepXaeHuaMu. OHa 06eCIeTUBACTCA OUHOMUGAHOT
meopemoti. [[oKa3aTeaLCTBO CTAHOBUTCA HAMHOTO MPOIIE, €CIU
MBI BBIIEIUM U3 HErO BCIOMOTATEILHOE YTBEPXK NeHNUE, B JeUCTBU-
TEIBHOCTY ABJAIONIEECA BapuaHTOM OGuHOMa HbIOTOHA MIs Henbrx
TUCE IO MOIYJIIIO P.

JdemmMma. Ilycmpv p — noaoscumesvproe npocmoe uucao, ¢ U
b — yeavie; moada

(a+b)P =a? +b” (mod p).
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lokaszarerscTBo aemmper. Kak cregyer w3 opmyab 6uHOMA,
HrroTomna,

p—1
(a+b)P =aP + b + Z (p) aP~'bt,
i
i=1

Takum o6pa3zoMm, Iad MOKA3ATEIHCTBA JEMMBI JOCTATOYHO MOKA-
3aTh, ITO

p—1

Z (p) P7'H' =0 (mod p).

im1 \!

A >r0, B cBOWO 0UYepeb, OyIeT HEMEJICHHO CACIOBATH U3 JCIUMO-

T GMHOMUATHHBIX K03(h(PUINEHTOB (’Z’) mapopul <i<p— 1.
ITo onpenenenuio,

<p> _pp—1)---(p—i+1)

1 il

[Mockoabky GuHOMUANBHBIE KO3(DPUINEHTHI — Ieable TUCIA,
3HaMeHaTeIb Opobu MOMXKeH AeIuTh ducanTers. Kpome Toro, ec-
m 1 <1< p—1, 7o p He aABnsgeTca genurenem uucia il. [Tosromy
COMHOXUTEJDb P U3 IUCIUTENI IPOOU He MOXKET COKPATUTHCA HU C
KaKUM COMHOXUTEIEM 3HAMEHATENd. SHAUYUT, 3HAMEHATENh 0051-
san gemuts npomssegenue (p —1)--- (p — i+ 1). Orcroga (7) —
9HCJIO0 KPATHOE P, ITO U TPeHOBAIOCH HOKA3ATh.

Temeps MOXKHO BEPHYTHCS K JOKA3ATEILCTBY TeopeMbr Depma.
[Ipenmonoxenne WHIYKIWN:

n’ =n (mod p) [ HEKOTOPOT'O HATYPAIBHOTO N.
B kaduecTBe MHAYKTUBHOI'O MEPEXO/a HAM HYXHO IOKA3aTh, UTO
(n+1)» =n+ 1 (mod p). Io remme
m+1)P=nP+1P=n+1 (mod p).

[lo mpeamonoXeHnmoo NHAYKIAM, nP MOXHO 3aMeHATH HA n. [Ipo-
nenas 310, Mbl noaydaem: (n+ 1)P =nP +1 =n+1 (mod p),
ITO MBI ¥ XOTEIN TTOKA3ATh.
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Haubomnee naTepecHbIx npuioxeHun TeopeMbl Pepma npugeT-
CA OMOXK JATH OO0 CIeAYIOmer MaBhl. A cendac OygeM JOBOILCTBO-
BAaTHCA HUCIOIAB30OBAHUEM TEOPDEMbBI OAA YHIPOIICHUA BI)I‘II/ICJIGHI/II?I
CTemeHeu Mo MOAYII0 P, MPOOGIEMBI, ¢ KOTOPOU MBI YK€ CTAIKH-
Banuck. CHadana nepedopMyaupyeM Teopemy B 0odee ymroOHOU
dopme.

CormacHo TeopeMe, eciu p MPOCTOE UUCIO, a ¢ — IEI0e, TO
a? = a (mod p). lIpeanonoxum Teneps, ITO a HE JEAUTCA HA .
Torma, BBUAY MPOCTOTHI P, YUCIA O U P B3AUMHO IPOCTHI, U U3
TEOpEMBI 00PATUMOCTH CIEAYET, ITO ¢ OOPATHUMO IO MOLYIIO P.
[IycTs @' — oGpaTHBI K a DIEMEHT. YMHOXAad Ha a' CpaBHEHUE
a? = a (mod p), numeem

da-a’P"' =d'a (mod p).

Ho @’a =1 (mod p), m oxomgarersro a?~! = 1 (mod p). Umemno
DTOT BAPUAHT yPaBHEHMA U3 TeopeMbl PepMa MBI OyqeM HCIOIbL-
30BaTh B AadbHeWmmeM dYaiie Bcero. [lma Oyaymmx CChUIOK cop-
MYJIHPYEeM €ro B BHUJE yTBEDXK ICHUA.

Teopema PDepwma. Ilycmb p — nosoxcumesbroe npocmoe
wucao u a — yeaoe, e deaswjeeca na p; mozda a’ ' =1 (mod p).

3amada, K KOTOPOU MBI XOTeIU ObI IPUMEHUTEL Teopemy PDep-
Ma, 3BYYUT caenyiommum obpaszom. [jas Tpex AAHHBIX HATYPAJIb-
HBIX 9mcer a, k u p Takmx, 9o k > p — 1, mawru Berder af mo
MOJYIIO P.

Ecau p genut a, To Berder paser 0. [looTomy 6e3 orpanutienus
OOLUTHOCTY MOXHO MPEANONATaTh, ITO p He AeauT a. Paszgemum k
Ha p—1 c ocrarkom: k = (p—1)g+r, rae ¢ u r — HEOTpULATETHHbIE
uensie qucaa, mputeMm 0 < r < p — 1. CregoBarensHo,

af = qPDatr = (a”fl)qa’" (mod p).

ITo Teopeme Pepma aP~' = 1 (mod p). 3uauuT, af = a” (mod p),
7 0OCTATOYIHO OeJaTh BBIMUCICHUA TOJBKO M4 OKCIIOHEHT, IIOKa-

3aTelb KOTOPBIX MeHblne p — 1.
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[Mpusemem HAIATHBIA IPUMED, TEMOHCTPUPYIOUIUN CUTY DTOU
MpOCTON penyKiuu. [JomycTuM, HAM HYXHO HAUTHA BHIYET TUCIA
25432675 116 Moayio 13. PermenT npeasiaymen riasbl MpeanuchIBaI
BBIUUCJIUTD HECKOIHKO CTEMEHEeN MBOUKHU MO MOAYJio 13, mpexme
9eM 9TO-HUOYAL moay4uuTh. [locMoTpum, 9To Oyaer, eciu mpu-
MeHUTL Teopemy Pepma. CHadama HAUIEM OCTATOK OT MEJCHUSI
5432675 ua 13 — 1 = 12. Ou pasen 11. 3aTem, paccyXgas, Kak B
OpenbIAyImX ab3anax, Mbl IMEeeM

93432675 — 911 (104 13).

HemnocpencTBeHHBIN CYET 4aeT OKOHYATEAbHBIA OTBET:

2! =7 (mod 13).

§ 6.4. Boiuncnenune kopHen

Ocraercs eme OAUH BOIPOC, KOTOPBIA HYKHO PACCMOTPETH.
CymecTByer au HATYypaabHOE k, menbuiee, 1eM p— 1, Ipu KOTOPpOM
a¥ =1 (mod p) 1s BCex memBIX GHCeT @, He JeAIEXCS Ha p?

MoXHO TOTBITATHCA OTBETUTH HA HETO CIEAYIOMMM 00pa3oM.
Xopomio m3BecTHasA TeopeMma aireOpbl COBOPUT, UTO MOIWHOMMU-
ATLHOE YPABHEHME HE MOXET UMETh KOPHEHU GOMbIIe, YeM ero CTe-
eHb. A HOCKOMBKY, TI0 TIpenonoxenno, cpasaerne a* = 1 (mod p)
CIPABENINBO [JIA BCEX IENBIX HHUCeN, B3AUMHO IPOCTHIX C P, KOp-
HU TIOTMHOMUATBHOTO ypasuerusa ¥ =18 Z, —»ro 1,...,p — L.
Takum o6pasom, ypaBHeHue uMmeeT p — 1 pasubrx kKopHsA. [lo ymo-
MAHYTOU TeopeMe moaydaeMm oneHky: k > p — 1. Tak uro oTser
HA TOCTABIEHHBIA BOMPOC OTPHUIATEIEH.

XoTs 5TH pacCcyXAeHWs KOPPEKTHBI, OHU HPAUYT UCTUHHYIO
MPUPOAY MPOOIEMBI B TEOPEME, ¢ TIOMOIIBIO KOTOPBIA MBI PN
»ToT Bonpoc. Korga Mbl TOBOPUM O ITOJMHOMUAILHOM yDaBHEHNUH,
MBI OOBITHO UMeeM BBUY YpaBHEHUE C BellleCTBEHHLIMU WIN KOM-
TIEKCHBIME KO uimenTamMmu. A mom «<KOpHEM» MBI TIOPA3yMeEBa-
€M BeIleCTBEHHBIN WIN KOMILIEKCHBIN KOpeHb. Ho KoadduimenT
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VPaBHEHUsA W3 HAIIErO PACCYXIEHWI, KAK U €r0 KOPHU, CyTh DJe-
MeHTHI Z,. Bor rge cob6aka sapbiTal Ham HyXHO HmOKa3aTbh, UITO
TeopeMa, 00 OLEHKE YUCI KOPHEU MOJIMHOMUAILHOTO YPABHEHUS
CIpaBe[JINBa W B DTOM ciIy4dae. MoxkeT, 3TO OIATH HEONPABIAH-
e negaaTu3M?! OTHIOAL HET. XOTA DT TEOPEeMa, BEPHA B CIyvae
MPOCTOTO MOAYJA, MJIA COCTABHOTO MOIYJIA OHA, A0HCHG!

Teopema. Iycmy f(x) — mmozousen cmenewu k ¢ uyeavi-
MU KodPPuyuenmany u cmapuwum xKodpduyuenmom 1. Ecau p —
npocmoe wucao, mo f(z) umeem wne 6oaee k Kopuetd 6 ZLy.

[Ipex e 1eM mOrpy3UTHCA B JOKA3ATEIHLCTBO, MBI TOJIXKHEBI 00-
paTuTh BHUMAaHUE HA [Ba MOMEHTA. BO-II€PBBIX, MOAYIb MOIXKEH
OBITH TPOCTHIM, TOCKOIBKY HAM HYXHO CIEIYIOIEe CBOUCTBO: €CJIN
ab = 0 (mod p), ro wm a = 0 (mod p) wim b = 0 (mod p). 3a-
METUM, YTO 3TO, (PAKTUIECKHU, PYHIAMEHTAILHOE CBOUCTBO IIPO-
CTBIX 4uces, chOPMYIAPOBAHHOE HA A3BIKE CPaBHEHUU. BO-BTO-
PBIX, MBI BBIIEJIAM OAMH U3 MOMEHTOB [OKa3aTeIbCTBa B OT/eIb-
HYIO JEMMY, KOTOPYIO HOKaXXeM B KOHIle DTOr0 maparpada.

Jemma. Ilycmp h(x) — mmo20ousern cmenenwuy Mm ¢ YeablMU
rkospPuyuenmamu. HAas 4106020 yea020 wucas o Hatidemcs MHo-
eouaen q(x) cmenewu m — 1, ydosaemaoparowuti ycaosuo:

h(z) = (z — a)q(z) + h(x).

[okaxeM TeOpeMy MHAYKIWEH IO 1 (CTENeHH MHOTOWICHA) C
noMomB dTon aemmbl. Eemr n = 1, o f(z) = 2 + b. U coor-
BETCTBYIOIIEE YDABHEHNE NMEET TOIBKO OJHO pelleHne —b B L.
NTak, MHOrOWIEH cTeneHr 1 MMeeT eIMHCTBEHHBIA KOPEHb B Zy,
7 TEOpEMa B DTOM CJIy<ae BepHA.

[IpexmomoxuM Temepsb, ITO 4106017 MHOTOWIEH cTenmeHu k — 1
co crapmuM KodddumuenTom 1 umeet He 6omee k — 1 KOpHA B Zj,.
IDTO TpeamoIoXeHne WHAYKIuA. MBI XOTUM MOKA3aTh, ITO JAaH-
HOE€ MMIPEANOJOXKEHUE BJICYICT QHAJOTUIHOEC yTBEPXKACHUE M1 MHO-
rowieHa cremesu k co crapmmM KoadgguuueHToM 1.



§ 6.4. Buiuucaenue xopred 161

Urak, nycrs f(z) — MHOroweH crenenu k ¢ measiMu Kodd-
dunmenTamu, cTapmuy u3 KOTopbix paset 1. Ecau f(x) He umeer
KOpHel B Zp, TO JOKa3BIBAThL Hedero, n6o 0 < k. Taxue maOrOwIC-
HBI B IEUCTBUTEILHOCTH CYIIECTBYIOT; COOTBETCTBYOIINY TPUMED
MPUBEJIEH TIOCHE MOKA3ATENIbCTBA TeopeMbl. CleqoBaTeIbHO, MBI
MOXEeM MpeAIonararTb, 9To f(x) mMmeer KOpeHb & € Z,; WHAUE
rosopi, f(a) =0 (mod p). ITo remme

f(z) = (z — a)q(z) + f (), (4.1)

rge crenedb ¢(x) paBHa k — 1. Tak kak crapiue KoahbpUIUEHTEI
MHOTOWIeHOB f (%) M & — o paBHBI 1, TO Xe caMoe CIpaBeIInBO 1
U1 MHOTOLIeHa, ¢(x). 3HAYAT, MBI MOXEM IPUMEHUTE WH/YKTUB-
HOE mpeanonoKenue K ().

Penyuupys paBencTso (4.1) mo MOAYIIO p, MBI IOy IaeM

f(z) = (z — a)q(a) (mod p). (4.2)
Ilycts B # @ — eme oau Kopers f(z) B Zy. DTO 03HATALT, ITO

f(B)=0 (mod p), HO a—FB#0 (mod p).

3amensas £ Ha « B (4.2), ¥ UCTIONB3yA DTH CPABHEHUA, MbI IMEEM

= f(B) = (B—a)q(B) (mod p).

Tak kak p mpocToe, TO >To BaedeT cpasuerue ¢(5) = 0 (mod p).
Mpebr 3akaogaem, 9T0 ecam 3 — KOpeHb MHOrOWIeHa f (%), oTamd-

HEI OT @, TO (3 aBasercs u kopueM ¢(z) B Z,. Umate rosops, y
f(z) Tompko Ha oaumH KOpeHb Goabire (B Z,), 1eM y ¢(z). A mo
MPEIONIOKEHNI0 WHAYKIANA y MOCAETHEI0 MHOTOWIeHa He Goree,
qeM k—1 pasru4HbIX KOpHEH B Z),. CrenoBaTensHo, f(x) He MoxeT
mMeTb 60mbine k PAa3HBIX KODHEW, ITO 3aBEPUIAET WHIYKTUBHOE
MOKA3ATEILCTBRO.

Paccmorpum Heckoabko npumepos. [lepBbint n3 HUX — MHOTO-
aren f(z) = 22 + 3. OH yIOBIETBOPAET BCEM YCJIOBHAM TEOPEMHI,
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HO HE MMeeT KOPHe! 10 MoAyaio 5. [[encTBUTeNbHO, e [MHCTBEHHO
BO3MOXHBIE BEIYETHI KBAIPATOB MEMLIX TUCENT IO MOLYII0 5 — DTO
1 u 4, OTKyja HEMEIEHHO ClIelyeT HAllle 33aABIEHME. JDTO KaK pa3 TOT
mpuMep, 0 KOTOPOM YIOMHUHAIOCH B TOKA3aTEILCTBE TEOPEMBI.

BTopou mpumep mLIOCTPUPYET, UTO MPOUCXOJAUT, KOT/Qa, MBI
MOBITAEMCA MCKATH KOPHU MHOTOWIEHA 10 COCTABHOMY MOYJIIO.
Kopau muorowrena x2 — 170 B Zsgs — »To 95, 150, 235 u 290,
9TO JErKO MPOBEPUTH. VITakK, MBI IPEACTABAIN TOIAHOMUAATHHOE
ypaBHEHHME CTEHNEHM 2 C YeTHIPbMA KOPHAMHU. IJTO, KOHETHO, HE
MPOTUBOPEYUT HALIEU TEOPEME, MOCKOABKY 385 COCTABHOE HMCIO.

[lna 3aBeplIeHusa TOKa3aTeIbCTBA TEOPEMBI HEOOXOAMMO TPO-
BepuTh JeMMy. Mel onaTs Gynem geraTh 510 no mHAyKouu. Og-
HAKO, €CAU TOMBITATHLCA MPUMEHUTH MPUHIWI UHAYKIUA B TOM
BU/IE, KOTOPBIN CHOPMYIUPOBAH B § 6.2, MBI yOeAUMCA, 9TO B J0-
Ka3aTeabCTBE OTKPOETCA ABIPpOUKa. [[03ke MOCMOTPUM, K KAKOU
npobieMe MOXeT MPUBECTH TaKOe MOKA3ATeIbCTBO.

Mgl BepHEMCA K JeMMe, CpOPpMYIUPOBAB IPUHITAT UHIYKIIAA B
6oaee Toukou popme. U nyk TUBHAA TUNIOTE3a MIPUHIUNA B hOpMe
u3 §6.2 mpegmonaraer, uro S(k) BEpHO A4 HEKOTOPOr'O MEIOTO
k > 1. Ho npakTudecku, KOrjia Mbl ILITAEMCA JOKA3bIBATH yTBEP-
xperue S(k + 1), onmpascs wHa S(k), MBI yxe 3HaeM 06 MCTUH-
nHocru S(1),S5(2),...,S(k —1). [losromy nmpeanonoxenue o cupa-
BeqauBocTu He Toabko S(k), Ho m S(1),S5(2),...,S(k — 1) 6yzer
HEOOIBIION ¥ eCTECTBEHHON MO JuPUKAINEA METOLA. 3aTO NI JO-
kasarenbcTBa S(k + 1) MBI CMOXEM HCIOIB30BATEH GOIEe MOTHYIO
uadopMaiuo. POPMYIAPOBKA TPUHIINAIA, BKIKOYAIONAL DTO I0-
[OJTHEHWE, BBIMVIAAUT CJACAYIOMIM 00Pa3OM.

IIpuHnuUn MaTeMaTUYIeCKOU MHAYKHUU. IIpednosoxrcum,
YMO 04s KAHCA020 HAMYPAALHO20 YUCAG v CHOPMYAUPOBGHO YM-
sepacdenue S(n), obaadarowee caedywumy 08Yma c80GCMEAMU:

(1) S(1) sepno;

(2) ecau S(1),...,S(k) sepuvi dasa namypaavrozo k, mo ym-
sepacdenue S(k + 1) marace sepro.

Tozda S(n) cnpasedauso das 6cer HamMypasbHbiL n.
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[Monb3ysacs HOBOM (OPMYIMPOBKON NPUHIWIA, JEMMY TEIEPhb
MOXKHO JIETKO NOKA3aTh WHIYKIWEN TI0 CTETEeHN 17, MHOTOWIeHa, h(T).
Ectm m = 1, o h(z) = ar + b m1a HEKOTOPHIX HeabIX a u b.
[TosTomy

h(z) =arx+b=a(x —a) +aa+b=a(z —a) + h(a).

[IpeAmnonoXuM Teeph, 9TO yTBEPK ICHAE JEMMbI BLITTOTHEHO A
J060T0 MHOTOUIEHA C HETbIMU KOd(hPUIIMEHTAMU, CTENEHb KOTO-
poro He mpeBocxoauT m — 1. cxona m3 3TOro MpemIoaoXeHn,
MBI XOTHM IIOKa3aTh, 9TO JeMMa CIpaBeIaInBa OJA MHOT'OLICHA
h(z) ¢ neasimu koaddunuentamu crenenu m. [lycrs

h(z) = amaz™ + apm12™ 1 + -+ + a1z + a,
rae a, 7 0. O6o3Hadum uepes g(r) pasHOCTH
h(z) = amz™ H(z — a),

TO €CThb

+ a1z +ag.

g(x) = (a'm—l + a'ma)wm_1 + o™
flcuo, WTo crenens MHOrOWIeHa ¢(x) MeHbIle miu pasHa m — 1.
3aMeTuM, 0JHAKO, UTO CTEeNeHb OyaeT B TOYHOCTH paBHa m — 1,
TOJABKO €CIHU (yy—1 + Gpa 7 0, HO y HAC HET crnocoba y3HATHL TaK
5T0, win HeT. I105TOoMy BO3MOXHA CHTyanusa, KOrga CTeneHsb g(x)
menvbue, 1eM m — 1. ITo Kak pa3 TOT MOMEHT, KOI/Ia MbI CTAJIKA-
BAeMCs C TPYAHOCTAMY [IPY WCIIOIb30BAHUY IPUHIVIA WHAYKIUK
B popme, chopMyampoBaHHOU B § 6.2. 3ameTnm Takxe, 1ia1 OyAy-
X CCBLIOK, 91O g(a) = h(a).

Tak Kak CTeleHb MHOIOUIeHa ¢(Z) MeHbIe Wi pasHa m — 1,
P EeAIOIOKEHAE UHIYKIUA BICTIET

9(x) = j(z)(z — a) + g(a),
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rae j(z) — MHOTOWIEH C HeTbIMu KO2(DPUIUEHTAME, CTEEHE KO-
TOPOTO Ha eUHUILY MEHbIIe, IeM CTemeHb ¢(7). Beugy paBencTsa
g(a) = h(a), momyaaem

9(x) = j(@)(z — a) + h(a).
Ho h(z) = g(z) + anz™ '(z — a), Tak a0

h(z) = (j(2) + ams™ ") (z — @) + h(a).
Haxower, j(z)+a,z™ !
9TO CTeleHb j(x) MeHblre m — 1. DTo 3aBepIIaeT JOKA3aTEILCTBO
JIEMMBI.

nMeeT CTCIICHb B TOTYHOCTH m—l, IoTOMY

EcTb 60o1ee mpamoe [0Ka3aTeIbCTBO DTOM JEMMBI, HCIOMb3YI0-
mee gerenue MEOrOwieHOB. Kak u npexae, mycts h(x) — MHOTO-
“WIEH CTEeIeHU m ¢ meabiMu Koaddunuentamu. Pasznenus h(z) ma
Z — (v, MBI HaleM Takue MHOrowieHs! ¢(z) u r(z), aro

h(z) = q(z)(z — a) +r(z), (4.3)
npudeM au60 r(z) = 0, 160 ero CTeneHb MEHBIIE CTENeHN T — (.
3HAYWUT, €r0 CTEeNeHb NOMXKHA ObITh pasuou 0, T.e. r(r) = ¢ —
nenoe Iucao. 3aMeHuM B ypasHenuu (4.3) z Ha a:

h(a) =q(a)(a—a) +c=c.

Taxum 06pa3om, MbI MOXeM nepenucats (4.3) B Buge:

hz) = q(z)(z — @) + h(a),

ITO 3aBeEpIIaeT NO0Ka3aTeJabCTBO.
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YnpaxHeHus

1. MeTomoM MaTeMaTUIeCKO WHIYKIUA JOKAXKUTE, ITO

(1) smcno n® + 2n gerurcs Ha 3 Mpw MOGOM HATYpPATLHOM
3HAYEHUN TEPEMEHHON 11;

(2) ecm n > 0 — HeWETHOE TeJT0e TUCTO0, TO N> —n AeTHTCS
Ha 24;

(3) BBIIYKIBIM M-yrOABHAK MMeeT POBHO n(n — 3)/2 gua-
COHAJEN;

(4) mna xaxaoro meaoro n > 1 uMeeT MECTO COOTHOIICHNE

S k(k +1) = n(n+ 1)(n +2)/3.
k=1

2. Ywmcna, sagarasie dopmyaon h, =1+ 3n(n—1) (n € N),
HA3LIBAIOTCA 2eKCa2onabHubimy. VIX HazBaHUE 06S3aHO TOMY hak-
Ty, 9TO OHM, MO OMpeJeJeHHBIM TIPAaBAIaM, MOTYT OBITH pa3Melle-
HEBEI Ha, CTOPOHAX MPABUILHOTO MIECTUYTOILHAKA.

(1) Beraucaure CyMMy MEPBBIX 7 TEKCATOHAJIBHBIX TUCET
man =1,2,3,4 u 5. O600muTe MOIyIEHHBIE PE3YIb-
TATHI 10 TUIMIOTETUIECKON (POPMYILI CYMMBI TIEPBBIX 7
FEeKCATOHATBHBIX TUCE.

(2) Mokaxwre HAUAEHHYIO (HOPMYIY METOLOM MATEMATH-
YeCKOU WHYKIWH.

3. Hamomuwum, ato f,, — n-oe qucao Pubonawyu, eciu fo = 1,
fi=1lu fn, = fo1+ fn_o. HAYKOMEN TIO N IOKAXUATE, ITO

an_[@n
\/5 9

rje @ 1 3 — KOPHE KBa,IPATHOrO ypaBHeHus z° — z — 1 = 0.

fn:

4. PaCCMOTpI/IM IOCAeAOBATCABHOCTD LEABIX IOJOXUTEIBbHBIX
qwucen So, S1, 52,93, . . ., OMPEIEICHHBIX PEKYPPEHTHBIM COOTHOIIE-
HUEM:

So=4 m  Sp1=05;-2
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Mycts w = 2 + V3nw=2-—+3. Nunyknuen mo n mokaxwure,
aro S, = w? + w?".

5. llpuHnun MaTeMaTUIeCKOU WHIYKIUU OYEHb TOJE3€H, HO
06paIlATLCA ¢ HUM HYXHO KpauHe O0CTOpOoxHO. Hampumep, Huxe
MIPUBEEHO M0KA3aTENBCTBO aOCYPAHOTO yTBEDXKAEHUA: B KOHEY-
HOM MHOX€CTBe I[BETHBIX MAYNKOB BCE MAYIU NOMXKHBI OBITH OTHO-
ro meera. Haugure B HeM OmubKy.

Eciz B MHOXECTBE TOIBLKO OJWH MAY, TO yTBEPXKIE-
HUE, OYEBUIHO, CIPABEIWBO. Temepsb MPeaTOI0XIM,
ITO B TI0O0OM MHOXECTBE U3 k MAYen BCe MAaphI O HOTO
nBeTa. MBI XOTUM TMOKA3aTh, 9TO BCE MAIA B MHOXE-
crBe u3 k+1 MA9a ToXe moKpaleHsl B oquH 1nset. O60-
BHAYMM MAYMA DTOIO MHOXKECTBA TE€PE3 M, ... Mk 1].
YmamuB m3 HETO My1, MBI TIOJYIAM MHOXECTBO, CO-
aepxamee k MAIEr |, 110 MPEAITOJIOKEHNIO WH Iy KITAX,
MSAYHA M1, ..., Mg OTHOTO IBeTa. [losTOMYy HaM ocTa-
JOCh TOJBKO MOKa3aTh, UTO WBET MMki] COBIALAET C
BETOM MAYEN W3 MHOXECTBa {Mmi,..., Mg}, U JOKa-
3aTenbCcTBO Oyner 3akondeHo. Ho {mg,... ,mpi1} —
MHOXECTBO, KOTOPOE TOXE HACIATHIBAET K DICMEH-
TOB M, TI0 WHAYKTUBHOMY MPENTOJOKEHNI0, COCTOUT
3 Maden ogHoro nseta. CreqoBaTEIBLHO, M| AMe-
eT TOT ¥Xe [BeT, 9TO W, CKakeM, my. VTak, Madm
M1, ..., Mk4| OKPAILIEHLI B OMUH I[BET.

6. [lonycTum, uTO y HAC ecTh 3" MOHET, OJHA U3 KOTOPBIX
danbmmBasg. M3BecTHO, ITO (paabIiuBasd MOHETA Jerde OCTalb-
veix. Bam manu gamewnsie Becsr 6e3 ruphb. Tak aro y Bac Tonbko
ONWH CIOCO0 B3BEIIMBATH MOHETHI: MOJOXUTH HECKOIHLKO MOHET
Ha, JIEBYIO YAIIKY, €lle HECKOJbKO — HA MPABYI0 U MOCMOTPETH,
Kakas W3 JacTed Taxenee. [[oKaXuTe ¢ MOMOIIBIO MATEMATHIE-
CKOU MHAYKIWY, 9TO [JIA OnpeneneHus (paabIImBOU MOHETHI Oy 1eT
JOCTATOYHO 7, B3BEIIUBAHUMN.
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7. llycTs p, — n-oe npocroe yucao. Hanpumep, p1 = 2, po = 3
7 p3 = 5. MbI XOTHM BBIPA3UTh 9€PE3 1 BEPXHIOK OLEHKY M Pp.
(1) TokaxwuTe, 9TO Ppy1 < P1---Pn + 1.
(2) Ucnonbdys 5TO HEPABEHCTBO M MATEMATUIECKYIO WH-
OYKIUIO, TOKAXUTEe, 9TO N-0€ MPOCTOE UUCIO YIOBIE-
TBOpAET HEPABEHCTBY: P, < 27 .

8. Mokaxure, ncnors3ys Teopemy Depma, aro 270 + 370 fe-
aurcs Ha 13.

9. IlycTh @ — HATYpAIbHOE YUCIO, 3AMUCAHHOE B TECATUTHON
cucteMme cuucienus. [lokaxnTe, ITO MOCTETHAE 3HAKA B 3AIMUCIX

a5 n a COBIaOAIOT.

10. C nomomiso Teopembr Pepma JOKaKUTE, ITO LA JI0O0r0
neroro n meao nd + (n+1)3 + (n + 2)3 gemmres ma 9.

11. Ilycts p — mpocToe uuciao, oTaudaoe oT 2 u 5. [lokaxwuTe,
9TO P JETUT KaKOe-HUOYIb YUCIO U3 MHOXECTBA

{1; 11; 111; 1111; 11111;...},

Ykaszanme: [To Teopeme @epma uncao 10P~1 — 1 germres wa p,
ecau p > 5. Caydan p = 3 HyXKHO pa3o6paTh OTAEIBLHO.

12. IlokaxuTe, 910 ypapHenue > + 122 4+ 13y% = 1 me umeeT
LEJOYNCACHHBIX PEIIeHUN.

Ykazanwme: PerynupyuTe ypaBHeHue mo Monayaio 13 u mpume-
nute Teopemy Depma.

13. Hangure oCcTATKE OT JeJCHUA
(1) 39°% ma 2251;
(2) 193" ma 191.

14. [lenn »ToN 3a4a8u — MOKA3aTh, ITO MAJIA IPOCTOrO TUCIA,
Buga p = 4n+1 HaugyTCA HEabie a u b, CyMMa KBaIpaTOB KOTOPBIX
a® +b? gerurca Ha p. IlycTh 2 1 iy — JBA HEILIX UHCIA, B3AXMHO
npocteix ¢ p. [lomoxum ¢ = ™ u b = y”. Torxga

(a2 o b2)(a2 + b2) — $4n o y4n‘
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(1) Ucnonbzyure Teopemy depMa MiA TPOBEPKHA JEIAMO-
ctu 2" — " Ha p.

(2) YuuTeIBasg MOTYyYIEHHBIU PE3YIbTAT, HOKAKXUTE, UTO P
memut 160 a’ + b?, mbo a’ — b?.

Ecaz p gemnt a® + b2, To Bce nmokasamo. IlosToMy, paccyxmgas
OT IIPOTUBHOT'O, MOXHO CYATATH, ITO IJIA JIIO6I)IX OeJabIX r m Y
pasmocTs 12" — y?" = a? — b? gemmrca ma p. B wacTHOCTH, 3TO
IOJXKHO OBITH BEPHO, €CJIU T — MPOU3BOJILHOE 1Ieoe, a y = 1, T.e.

%" — 1 germrca HA p TPH TOOOM IETOM .

20 =1 (mod p) (mua mio-

6Oro meaoro n) mpoTUBOpedaT Teopeme § 6.4.

(3) TokaxwuTe, 9TO CPABHEHUA L

(4) Cobupas BMeCTe MOKA3AHHBIE yTBEPKICHWUA, 3aBEPIIIH-
Te peIIeHNe 3a,TaH.

depma 3Hax 6ogee CHILHLIA (HAKT: JI060€ IPOCTOE TUCIO BU-
ma 4n 4+ 1 mMoxeT OBITH TPENCTABICHO B BUE CYMMBI KBAIPATOB
aByx mensrx gucen (cm. [49], [[1.13]). CpaBHUTE 5TOT pe3yabTaT C
yInpaxHeHreM 13 riaswl o.

15. B 5ToM ympaXHEHUU MBI OMUCHIBAEM T0KA3ATEALCTBO JU-
aepa TeopeMmbl Pepma. B oTimume oT m0Ka3aTemIbCTBA CAMOTO
depma, 0HO He MCHONB3yEeT MaTeMaTHIECKyI0 MHAYKOuUIO. IlycTs
p — mpocToe umcao u @ — saement us U(p) = Z, \ {0}. Paccmo-

TPUM IIOJMHOKECTBO S = {E, 2a,...,(p—1ay.

(1) okaxwuTe, ITO HIEMEHTHI IIOAMHOXECTBA S PABIAIHEL
(2) TTokaxuTe, ITO MHOXECTBO S CONEPKUT p — | DIeMeHT
u BeIBEAUTE OTCIONA, 9TO0 S = U(p).

(3) Ilokaxwure, uro (2) Breder paseHcTso: (p—1)! = 1-
2---(p— 1), mpaBas 9acTh KOTOPOTO — TIPOU3BEICHUE
BCEX DIEMEHTOB u3 S.

(4) TlokaxuTe, 9TO, C APYTON CTOPOHBI, TPOU3BEIEHUE BCEX
BIeMeHTOB U3 S MOXHO 3amucaTs B Buge a? - (p — 1)L

(5) 3 (3) u (4) BeBenuTe Teopemy Pepma.
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16. IlycTts p — mpocToe, m ¢ — Ieaoe 9uCIO, He AeaAIIeecs
Ha, p. [lokaxnTe, 9T0 OOPATHBIM K G B Zj ABIACTCA DACMEHT a7 -2,

17. llycte p = 4k + 3 — momoxwurenbHOE TIpocToe amcao. [lis
JAHHOTO IEJOTO ¢ PACCMOTDEM ypaBHeHme 2 = a (mod p).
(1) TlogGepure @ u p, AIA KOTOPHIX 5TO YPABHEHUE HE MMe-
€T pEeIICHUN.
(2) IlokaxwTe, 9TO eciu ypaBHEHUE UMEET KOPEHb, TO OH
cpasanM ¢ +aft! mo mogyio p.
Ykazauue: Eciu ypaBHeHUEe IMeET KOPEHb, TO HAUIETCA TAKOE

nenoe wmcao b, aro b? = a (mod p). Moaromy

(ak+1)2 = b4(k+1) = b4k+2 . b2 (mod p)

Temneps (2) HeMemIeHHO caegyeT u3 Teopembl Pepma.

18. Caenysa ympaxseruio 16, HamuimmTe mnporpaMMmy, KOTOPas
O JAHHBIM P U G BEIUUCIIET OOPATHBIN K ¢ IO MOAYIO p. [Ipex me
BCEro, IPpOrpaMMa, JOJXKHA, IPOBEPATH, NEIUTCA JU ¢ Ha, P.

19. [Tycts p = 4k + 3 — nonoxurensHOe npocToe uucao. Ha-
MUIIATE IPOTPAMMY, KOTOPaA 10 JAHHOMY P U HATYPAILHOMY U~
Cy @ HAXOAWT pemrenwe ypasaeHusa r2 = a (mod p). Hamomamwm,
9TO M3 ynpaxHeHus 17 ciemyer, 9TO eCiu 5TO YPABHEHUE UMEeT
pemenne b, To b = £a**! (mod p). Tax wro mporpaMma JOIKHA

BBI'IUCAATH BBIYET ak+ 1

IO MOAYJIO P W NPOBEPATH, ABAAETCA JU
DTOT BBHIUET PeEIIeHNeM AAHHOTO YpaBHeHUA. B kKadecTBe pe3yib-
TaTa TPOrpaMmMa [OJKHA BBHIJABATH PDElIeHNe YPaBHEHUSI WIN CO-
O6IIeHTe O TOM, ITO YPABHEHUE PEIICHUN HE UMEET. JTO IaCTHBIN

cayday ynpaxHeHus 8 raasbl 12.

20. HekoTopbie 3a1a49u TEOPUU TUCET MPUBOIAT K TPOCTHIM
9UCIAM, YIOBJIETBOPAIOMINM YPABHEHUIO

a®1=1 (mod p?)
JJI KAKOT'O-TO Ieaoro a. Hanwmmre nporpamMMy, KOTopas O TaH-

HBIM IETBIM 7 M ¢ > 1 umet Bce mpocTeie p oT a + 1 1o r, ymxo-
BIETBOpAOIIIE >TOoMy ypaBHeHnio. CHaYaIa IpOrpaMma JOMKHA,
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C IOMOUIBIO pemeTa DPATocheHa ONPEeNeIATh BCe IIPOCTHIE IACIA,
HE TPEBOCXOMAIIAE 7. 3aTeM U3 HAUJEHHBIX MIPOCTHIX HYXHO Oy-
aer BI)I6pa,TI) T€, KOTOPBIE yAOBJICTBOPAIOT BBINMNCAHHOMY BBIIIE
cpasrenmio. Mexay a + 1 u r = 10°, ecTh TOIBKO 2 IPOCTHIX WH-
Cjla, yIOBIETBOPAIOIINX CPaBHEHWIO, mpu ¢ = 2, 5, 10 u 14; u 5,
ecau a = 19.



naBa 7.

[NMcesponpocTbie Yucna

3/1ech MBI yBAIUM, KaK TeopeMa Pepma moMoraeT BHIICHUTD,
ABIAETCA JU MaHHOE YUCIO COCTABHBIM, HE PACKIAIbIBAA €ro Ha
MHOXUTENN. [ TaBa 3aKAHIABACTCA OOCY XK ACHUEM CTPATETUN pas-
JUYHBIX CUCTEM CUMBOJBHBIX BBIMUCICHUN, UCTIOAB3YEMBIX IS TIPO-
BEPKU YKCEN HA MPOCTOTY WIKA PA3JOXKUMOCTb.

§7.1. NcesgonpocTbie unucna

Kax yTBepxk aaeT Teopema Pepma, I TETOTO TUCIA ¢, HE TeJA-
erocs Ha IMPOCToe P, mMeeT MecTo cpasHenue: a? ' = 1 (mod p).
[Tpenmomoxum, ITO HAM HYXHO Y3HATD, ABIAETCA JU TAHHOE He-
yemuoe TUCIO N IPOCThIM. [lomycTuM TakXke, ITo HAM KaK-HUOY Ib
YAATOCH HAUTHU IeI0€e b, He MeNAIIeecd Ha 7 U yAOBJIETBOPAIOIIEE
yeaosmio: b1 #Z 1 (modn). B arom cayuae Teopema depma, ro-
BOPUT HAM, 9TO N HE MOXeT ObIThH mpocThiM. Takoe wucmao b 6yxem
HA3LIBATH ceudemedem pasioxuMocTn n. Tak, y HAC €CTh METO/
TECTUPOBAHUA INCIA HA HAJININEC HETPUBUAJIBHBIX rU;eJII/ITeJIeI‘/)I, opu
KOTOPOM HE HYXHO Pa3laraTh TUCIO0 HA MHOXUTeId. TpyaHOCTH
MPUMEHEHUs DTOr0 TEeCTA 3AKII0YIAETCI B TOM, ITO OH He OyaeT
paboTaTh [0 TeX MOp, MOKA MBI HE HAWAEM CBUAETENS; & 3TO Tpe-
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O6yeT Besenws. Ho kak MbI gagbine yBugauM, 601€€ BEPOATHO, ITO
TaKOU CBUAETENL OyneT HalieH, IeM He HaulJeH.

3aMeTuM, 9TO I TOUCKA CBUAETENA b HaM HET HYX bl PO-
CMATPHUBATH BCE LEAbIe InuCaa. [[eNCTBUTENBHO, TOCKOABKY MBI Pa-
60TaeM ¢ CDABHEHUAMU IO MOIYJIIO 71, MOXHO OrPAHUYATE MOUCK
qucramu b, rexamuvu B uaTepsaie 0 < b < n — 1. Umeer cmbica
uckmoauTh eme () (MOCKOTBbKY b HE MOMKHO NeTuThCa Ha n) u 1
(u60 1"~ = 1 (mod n) gna Bcex n). Boiee Toro, 3 HedeTHOCTH N
BBITeKaeT cpasHenue: (n—1)"~! =1 (mod n), T.e. cpaBHEHUE BEI-
nonueno u g n — 1. 'tak, MOXHO TIpeAmoIaraTh, 9T0 UCKOMBIT
cBugerens b yposreTsopseT HepaBeHCTBY: 1 < b < n— 1. lIpexge,
9eM MBI Oy1eM TPUMEHATH ITOT TEeCT, CHOPMYIUPYEM €r0 B BUAIE
TEOPEMBI.

TecT Ha pazaoxuMocTb. Ilycmb n — HeuemHoe wamy-
paavroe wucao. Ecau natidemes maroe yeaoe wucao b, umo

1)l<b<n—1,u
(2) "1 £1 (modn),

mo n — pas3aoHcumoe, m.e. COCmasHoe YUuchao0.

HanmomuuwMm, ¥T0 moBTopsomuecs equHunsl R(n) onpegenrsor-
ca popmyon

[lpyrumu croBaMu, 3TO MeJble YUCIa, B AeCATUIHON 3AMUCH KOTO-
PBIX BCTPEYIAIOTCA TOABKO 1 (cM. ynpaxuenue 5 rmassr 3). Mbr yxe
Bugenu, 9To R(n) cocraBHoe ImMcao Aia pasaoxuMmbix n. O nHAKO
A IPOCTOrO0 Yucia 229 y HaC A0 CUX HOP He OBLIO BO3MOXHOCTH
ompeaeauTs, mpocroe au R(229) wiu cocrasroe. Kpome Toro, sto
qnca0 cocTouT m3 6omee deM 200 3HAKOB, TaK UTO PACKJIATBIBATH
€ro Ha MHOXUTEIU CIWIIKOM yTOMHUTeIbHO. BMecTo »TOro mpu-
MEHMM TEeCT Ha Pa3JoxuMocTb ¢ b = 2. C moMOmbBI0 CUCTEMBI

CAMBOJBHBIX BBIYHACICHAN JEIKO HAUTHU BBEIYET 2R(229)_1 IIo Monay-
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mo R(229). On pasen

104516500584333397781753768885982835488612737233884898
570848288405666898406290825536552313452374268256539145
527606121567512885287283062854774198632697829520351103
663852079821692412346101479040743884170069248576365931
1045450329217

u He cpasauM ¢ 1 o moaymio R(229). Tak aro R(229) — cocras-
HOE JHUCJIO.

ITockoabky HAC OOJBIIE MHTEPECYIOT TPOCTHIE TUCIA, HEXETN
COCTaBHBIE, PE30HHO 33aTh BOMPOC: MOXHO JU UCIOAb30BATDH Te-
opemy Depma I8 TOKA3aTEALCTRA TPOCTOTH yucen?! Boree To4-
HO, TPEATIOIOXKUM, ITO 7 — MOJOXUTEILHOEe HEUYeTHOE IeN0e [u-
cio, pa koroporo b1 =1 (mod n) mpu nexomopom merom Huce
b, ynoBaeTBopsiomeM HepaBeHCTBY 1 < b < n — 1; oba3aTenbHO
au 1, OyaeT mpocThIM JucaoM? JlenbuuIl, 3HAMEHUTHIN Ppuaocod u
MaTeMaTHUK, MOJArAT, 9TO OTBET yTBepAuTenbHb. OH UCIOMb30-
BaJ BTO coobpaxkeHme KaK TeCT Ha MPOCTOTY, BCeraa BuIOUpas 2
B Ka9eCTBE b I yIPOIIEHUS BHIYUCICHUN.

K coxanenuto, Jlembuun 6bL1 Henpas. Hampumep, umeer me-
cro cpasrenne 2340 = 1 (mod 341) u, mo Jleibuumy, wmcao 341
qomxHO 6BITH mpocTeiM. Ho 341 = 11 - 31 — cocTasmoe. Huciaa,
JAIOIIUE JOXHBIN (IOJOXUTEALHBINY PE3YILTAT B 3TOM TECTE, U3~
BECTHBI IO/ UMEHEM TICEBAONPOCTHIX. BrIpaxasach TOUHEe, HEYeT-
HOE COCTABHOE HATYPAIHLHOE HMUCIO 7, YIOBJIETBOPSIOIIEE CPABHE-
mmo "' = 1 (mod n) 414 HEKOTOPOTo Heoro b W3 MHTEpBATIA
(1; n — 1), maseiBaeTca ncesdonpocmuim 1o ocnosanuto b. Cremno-
BaTeabHO, 341 — mceBOMpPOCTOE IO OCHOBAHUIO 2.

Hecomuenno, Tect Jlenbuua Bce-Taku moJae3eH, XOTa U He ab-
COJIIOTHO TOY€eH. [IJIs1 MaNBIX IENBIX, BEIOPAHHBIX HAYTaq, TECT da-
e JaeT NPABUILHBIA OTBET, YeM OmubaeTca. ITobsr yoequThes
B DTOM, HOACUYATAEM MPOCTHIE U TICEBAONPOCTHIE TUCAA IO OCHO-
BAHUIO 2, HE MPEBBLIMAIIINE KAKOU-HUOYAH MMOAXOIANIEN TDAHMU.
Hampumep, mexay 1 u 10° mexur 50 847 544 OPOCTEIX M TOIBKO
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5597 mceBgompocThIX O OcHOBaHMIO 2. Takum 06pa3omM, TUCIO U3
DTOr0 MPOMEXYTKA, BhIEpXKABIIee TecT Jlenbuuma, 6ygeT ckopee
OPOCTBIM, HEXEIN IICEBAONTPOCTHIM IIO OCHOBAHUIO 2.

Kpome Toro, Mbl mpuMeHsim TOT TECT TOJIBKO IO OTHOMY
OCHOBAHWIO, & €CJIU UCIOMb30BATH HECKOIHKO PA3HBIX OCHOBAHUM,
TO KOJIUYIECTBO HEOIpeaeaaeMbIX COCTABHBIX YHUCEI 3HAIUTEIBHO
yMmenbmmTea. Hampumep, 3340 = 56 (mod 341), Tak wro 3 cBume-
TeILCTBYeT O pasmoxuMocTu umciaa 341. Ha camom gmeme, mex oy
1 u 10? maxogmres 1272 mCEBONPOCTHIX MO OCHOBAHUAM 2 U 3 1
TONBKO 68D ICEBIOMPOCTHIX IO OCHOBAHUAM 2, 3 U b.

Tak Kak HAM HYXHO MPUMEPITH TECT TOJBKO MO KOHEIHOMY
YUCITY OCHOBAHUU: 2, 3, ..., N — 2, BOBHUKAET BOMPOC: MOXET JIH 7}
OBITH COCTABHBIM, OCTABAACH [ICEBAOMPOCTHIM II0 BCEM DTUM OCHO-
sarmam? Iycts n > 2 w npegnonoxum, ato b” 1 = 1 (mod n)
x1a mekoroporo 1 < b < m — 1. Hockompky b~ ! = b - b7 72,
73 MPEANONONKEHU CaefyeT 00paTuMocTh b mo Moayao n. A re-
opeMa 06pATUMOCTH YTBEPXKJAET, UTO TAKOE BO3MOXHO JUIIL B
caygae HO/(b,n) = 1. [losToMy, ecim n — cOCTaBHOE, & OJUH U3
nemurenei b gerut n, To b” ! £ 1 (modn). B wacTHOCTH, M0G0
JEIUTEJb 1 CBULETEIHLCTBYET O PA3IOKUMOCTH n. ITak, OTBET HA
BBIIIEC(HOPMYIUPOBAHHBIA BOMTPOC OTPULIATENEH.

TO

Kakor MOXHO crenaTsh BBIBOA U3 PE3YAbTATOB DTOTO Maparpa-
da? HamomumM, 9T0 HaIla 1eab — HAUTH 5PEGEKTUBHBIA CIOCO0
OTpeIeNeHrs, ABIAETCA JU JaHHOE KOHKPETHOE YUCIO MPOCTHIM.
Ecnu wuciao umeeT HEGOMBIION AEIUTENb, €M0 MOXHO HAUTH C TIO-
MOIIBIO AITOPUTMA AeTeHUA MeTOA0M Npo6 m3 riaassbl 3. Tak 4To
Ha MPAKTUKE TECT HA PA3JOKUMOCTD CIEAYET MPUMEHATH TOIBKO
B TOM CJIydae, KOT/a MPeIBapuUTeIbHBIE PACCMOTPEHUS TOKA3AIIN,
9TO JAHHOE YUCIO HE MMEEeT MAaJlbiXx geautenen. Takum o6paszom,
BOIIPOC, 3aJaHHLIA BEIIIEe, HMEET HEeOOJLIION MPAKTUIECKUN WH-
Tepec. Buuto 6b1 OBICTPEE HAUTHU AEIUTENb, Y€M MBITATHCA MPO-
BEPUTD, ABIAETCA JU OOJBIIOE FTUCIO N TCEBAOIPOCTHIM IO BCEM
ocHOBaHUAM Mexay 2 u n — 2. QO 1HAKO, KaK MBI YBUIUM B CIEIY-
formeM naparpade, 3TO He KOHEI[ UCTOPUH.
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[Mepenq Tem, kak MBI K HEMY TEpeUgeM, MOXET OBIThH TOJE3-
HO 3aMeTHTb, ITO B HEKOTOPLIX KHUTax KoamaecTso m(10%) mpo-
cTBIX umcen, He mpenocxoaamux 10°, cumraeTcs MeHbITEM, TeM
IpUBEEHHOE HAMU. JTO HE OMeYATKA, MOCKOAbKY BCE DTU KHUTHU
IPUBOAAT OAHO U TO Xe uucao. Omuboaras uHGOPMAIIAIA O KOIU-
YeCTBE MPOCTHIX 00A3aHA CBOMM MOABICHUEM AATCKOMY MaTeMa-
tuky Bepreanceny (Bertelsen), xkoropem B 1893 romgy macumran
Ha 56 TPOCTBIX YUCET MEHbIIE, IeM B NeUCTBUTEILHOCTH. 10 mpo-
HUHU CyAbOBI, MPEIIOoIAraJ0Ch, ITO €r0 BHEIYUCICHUS HATPABICHBI
Ha, UCIPABIEHUsA HETOYHOCTEN B HEKUX Tabaunax. BMecTo 3Toro
OH JOTTyCTWI OMIMOKY, KOTOPYI0 MOXHO HAUTU B KHUTAX, OMyOIm-
KOBaHHBIX 10 1993 roga.

§ 7.2. Ynucna Kapmaukna

Kak MBI mokazamm B KOHIE mocaegHEro maparpada, COCTas-
HOE YHCIO 7, He ABIACTCA TICEBAOMPOCTHIM MO OCHOBAHUIO b, €Can
qucna n u b uMerT OOIMI HETPUBUAIBHBIN qemuTenb. K coxaine-
HEIO, 5>Ta WHGOPMAIIAA HE OYeHb MOJe3Ha. [IpakTudecku, ITO6LI
OT'PAHUYUTL O0BEM BBHIYUCICHUU PA3YMHBIMU DAMKAMU, MBI BbI-
JeJAeM HECKOJbKO OCHOBAHUU CPend HEGOMBIINX MPOCTHIX TUCEI.
U ecnin HavMeHBIIUYT AEIUTENb YUCIA 7, OYE€HB OOJBIIOW, TO BCE
BBEIOpAHHBIE OCHOBAHUA OYIyT B3AWMHO MPOCTHI ¢ n. [losTOMy BO-
MPOC, KOTOPBIX HAM CTOMJIO OBbI 33aTh, HYKHO HAIEJIUTH HA yCO-
BEPIICHCTBOBAHUE METONA, MPUBEIEHHOT'O B KOHIIE MPEIBIAYIIErO
naparpadga. A UMEHHO, MOXET JU COCTABHOE HEYETHOE TUCIO 1)
OBITH TICEBJOMPOCTHIM MO0 BCEM 83AUMHO-NPOCbIM ¢ HUM OCHOBA-
HuaMm b? 3aberas BImepe[, CKaXeM, 9TO OTBET: «Ian.

3aMeTuM, 9TO eCIM IUCI0 b B3AMMHO IPOCTO C N, TO CPaBHE-
mze b” = b (mod n) paBOcmmbHO ! = 1 (mod n). Do MO-
3BOJIA€T IMOCTABUTH BOIPOC IYyTH 6OJIee CTPOro: CymecCTByeT Jan
TaKOe HEYETHOE HATYPAIBLHOE M, KOTOPOe, OYAYId COCMaBHbIM,
yaoBreTBopsaer cpasHeruam b" = b (mod n) gna Beex memwbrx b?
OnHO M3 TPEeuMyIECTB TAKOU (POPMYIUPOBKY BOMPOCA 3AKIIOTA-
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€TCA B OTCYTCTBAU HEOOXOAUMOCTU KAKUX-T1OO IIPenBapUTENh-
HBIX TPEAIOJOXEHUA OTHOCUTENIbHO b. [lepBbIM mpuBen mpumep
rakux aucen n maremaruk P. /I. Kapmankn (Carmichael) B cBo-
eun pabore, omybaukosanuaou B 1912 rogy ([10]). [losTomy oHEU m
Ha3BIBAIOTCA YucaaMu KapMmanukia.

[MockonbKy 5T YmMCIA UTPAIOT BAXKHYIO POJb BO MHOTOM K3
TOr0, O 9eM HaM €llle MPEJCTOUT IOBOPUTH, XOPOIIO ObI AaTh UX
dopmanbaOe onpenenerue. HeweTHOE HATYpaIbHOE 1 HA3BLIBACTCA
wucaom Kapmaiixaa, ecniu oo cocraBaoe u b" = b (mod n) gus
Bcex mneabix b. Konewno, mocTtaTovHO mpPOBEPUTH 5TO CPABHEHUE
TOJBKO [IJIS IUCEI, VAOBJIETBOPAIOMNX HepaBeHCTBY 1 < b < n—1,
ITOCKOJIBKY MBI PAOOTAEM IO MOIYJIIO 7.

Kak mokasan cam KapManki, HaumMeHbIIee U3 GNCETI, OTKPHI-
TBIX uM, paBHO 561. B mpuHnOmMme, MBI MOXEM TPOBEPUTH ITOT
daxT, ucxonsa us oupeneseauns. OTHAKO HaXe IS OTHOCUTEILHO
HEOOMBIINX YUCEN TAKad NPOIEAypa OYeHb IIUHHA U CKy4IHa. [len-
CTBUTEJILHO, YTOOBI JOKA3ATH MPAMO W3 OMPEAEJeHUs, ITO IUCIO
561 — uwmcno Kapmankiaa, HaM moTpebyeTcs TpOBEPATH UCTUH-
HOCTBH cpaBHerua b = b (mod 561) gma b= 2,3,4,...,559, T.e.
Bcero — 557 pa3. ITO MOXKET MOKA3aThCA HE TAKOU YK TAKEION
paboron, eciu y Bac ecTh KOMIIBIOTED, & YTO AeIaTh, KOrga y Bac
TaKOW KaHAUAAT Ha IUcI0 KapMankia:

349407 515 342 287 435 050 603 204 719 587 2017

Camoe mogaxonsmee BpeMsa BEPHYTHCA K NOCKE W Mery (T.e. Teo-
PETUYECKUAM U3BICKAHUAM ).

[MombrTaeMcesa HatTH 06XOMHOU MY Th IJIA OKA3ATEILCTBA TOTO,
aro 561 — wmcno Kapmankna. [Ipexge Bcero 3ameTum, ITO OHO
JMAOBOJBHO JIETKO PACKJIAABIBACTCA Ha IIPOCTHIC MHOXUTEIN!:

561 =3 -11-17.
Temeps MBI XOTMM IPOBEPUTH CpABHEHUE

b5t =b  (mod 561) (2.1)



§ 7.2. Yucaa Kapmaiixaa 177

oA HekoToporo meroro b. Hamra cTparerms cocTouT B IeMOH-
crpamun gemmMocTu pasaoct: b°%! — b ma 3, 11 u 17. Tax Kax 510
PA3AUYHBIE TPOCTHIE YUCIA, TO JEMMa U3 TJIABBI 3 TOBOPUT HAM,
4TO TOrJa X HpPOU3BELeHHe Toxe TomkHO nernTb b1 — b, Ho
YIIOMAHYTOE TMpou3BegeHmne pasHo 561, Tak aro (2.1) sTum Gyaer
TOKA3aHO.

Yro6sI caenaTh HAILLY CTPATErUI0 PA00Yen, HyKHO UCXUTPUTH-
cA JOKa3aTh, 9To b8! — b memmTca HA KaXKIBIM MPOCTOM MHOXM-
Tensb ducia H61. B sTrom Ham momoxer Teopema Pepma. Mbr npu-
BeJeM MoAPOOHOE HOKA3aTEeNhCTBO AEIUMOCTH PA3HOCTH Ha 17,
OCTAaBUB CIyYaM AETUMOCTH Ha 3 M Ha 11 B KadecTBe MOJE3HBIX
7 HeOOpEMEHUTENbHBIX yIIpaXHeHnn. VTak, MbI XOTUM NOKA3aTh,

aro 17 nemmt passocTb b°%! — b, win, Ha A3bIKe cpaBHeHMIL:

bl =b  (mod 17). (2.2)

Heob6xogumo paccMoTpeTs aBa CIy<as.

1) Yucno 17 gemmr b. B sroum curyamum o6e IacTu ypaBHe-
Hua (2.2) cpasaumbr ¢ () o Moyt 17, T.e. cpaBHEHME cHpaBes-
JIWBO.

2) Ywucno 17 me gemur b. Torga reopema Pepma BreveT pasen-
ctBo: b1 =1 (mod 17). IIpex ge weMm TPIMEHETE DTO HAGTIOICHEE
K cpaBHeHMIO (2.2), HAM HYXHO HAUTHU OCTATOK OT gexeHus H61
ma 16. Ho 561 = 35 - 16 + 1, mosTomy

bl = (816)% . b=b (mod 17).

3ameTum, Teopema Pepma TaK CHIBEHO COKPATHIA, HAIY BHIYACIC-
HUA O1arogapA TOMY, IYTO OCTATOK OT neneHud 561 Ha 16 okazanca
paBHBIM 1. YgaduHo, 9T0 ocTaTky oT gexenus 561 Ha 2(= 3 — 1)
n Ha 10(= 11 — 1) Toxe pasubl 1. Tak 9TO BHIYMCICHUA, KOTOPHIE
Bam mpexcTouT caerath aia 3 u 11 — mociaoBHOE MOBTOpPEHUE
TTPOBENEHHBIX.

Yemex maimen cTpaTeruu OOI3aH IBYM CBOUCTBAM wucaa H61.
[Tepsoe: meaenme 561 Ha Pa3sHOCTH KaXIOr0 W3 €ro AEIUTEICH U
eIVHUILI faeT B ocTaTke 1. BTopoe: KaxX bl IPOCTON JeIUTEND
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qucaa 561 BXOAUT B €ro pasioXkeHue Ha MPOCThIE MHOXWUTEIN C
kpaTHOCTHIO 1. YTO Xe 5TO: HaM OYeHb MOBE3JI0 C BELIGOPOM MpU-
Mepa, mwiu uucia Kapmaunkia BcTpedaloTca kKpanae peako?! Pe-
ATLHOCTDL OKAa3BIBAETCA emne Gomee yausuTenabHOu. CymecTByer
0eCKOHEYHO MHOTO0 ducea Kapmankia, u Bce OHUM 0OIaaI0T CBOU-
CTBaMMU, CTOJb OOJErIMBIINMY HAIMY BerIuciaeHus ¢ 561. XapakTe-
pucTuka qucen KapMmankia, BHITEKAIOMAA U3 DTOrO HAOMIOIEHNS,
Brepsbie Obuta gana A. Kopcearom (A. Korselt) 3a maTmaguaTs
aet po mybmukanuu paborsl Kapmankia wa 5Ty Temy. OmgHAKO,
KopcenT He mpuen HUKAKUX HOBBIX IIPUMEPOB UUCEN, KOTOPHIE
YAOBIETBOPSIN GBI OMUCAHHBIM UM CBOUCTBAM.

Teopema Kopceara. Heuemmnoe Hamypaibroe Yucao n A645-
emca uucaom Kapmatixaa, ecau v moavko ecau 0aa waxncdozo e2o
npocmo20 deaumens P 8bINOAHEHBL CAedyowUe J8a YCA0BUA:

(1) p? e deaum n;

(2) p—1 deaum n — 1.

[Toxkaxem s HAYATA, ITO €CIAN TUCTIO 7 YAOBIETBOPIET yCIO-
BuaM (1) u (2) Teopemsbl, TO OHO ABAsgeTCA wmcaOM Kapmankia.
[lJis1 5TOr0 MBI IPUMEHUM CTPATEruIo, pa3pabOTAHHYIO B IPEIbI-
OYIIUX BRIIUCIeHUAX ¢ quciaoM 561. IIpexmonoxum, 9T0 p — mpo-
CTOU meauTens Juciaa n. [lokaxem, 9T0

bn

b (mod p). (2.3)

Ecau b gemurces Ha p, TO 06e dacTu B (2.3) CPABHUMBI C HYJIEM IO
MOZYJIIO P, U MOKA3BIBATHL Hedero. lIpenmnonoxum Temepsb, 9TO P
me gemnt b. Kax crenyer m3 Teopemsr depma, bP~! = 1 (mod p).
[Ipex e wem TPUMEHHTH 3>TO coOOpaxenue K (2.3), MBI TOMKHBI
HaUTHU OCTATOK OT geaenus n Ha p—1. Ho p—1 geant n—1 cormacuo
ycaosuio (2) Teopembr, T.e. n — 1 = (p — 1)q maa meKoTOpOro
[EJOTO § U
n=mn-1)+1=(p—-1)qg+1.

3HAYUT

b= (""H9.b=b (mod p),
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rie BTOpoe cpaBHeHMe ciegyeT u3 rTeopembl Pepma. Cymmupys
BCE BBLINMIECKA3AHHOE, MOAYYAeM, U9TO €CIM P MPOCTOU NEIUTENb
qucaa n, To b" = b (mod p) mua mo6oro neaoro b.

Beupay yciosus (1) Teopemer, n = py -+ - Pk, TA€ P1,...,Dk —
TIOMAPHO PA3AUIHBIE IPOCTHIE Yucaa. Mbl yxe Bugenu, 91o b” — b
NEeIUTCA HA KAaXI0e W3 DTUX FUCEd, a MOCKOIbKY BCe OHM Pa3-
JUYHBI, TO, YIUTHIBaA JeMMy § 3.6, MOXHO cremaTh BRIBOM: b — b
OEJIUTCA HA UX IIPOU3BENEHUE pq - - - pr = n. VHade rosopd, " =
= b (mod n). ITocKOABKY BBIMUCICHMA CIPABEIIUBHI 1A THOO0TO
eqaoro b, To n aBrAeTca ducaoM Kapmaukia.

Teneps caeayeT MOKa3aTh, YTO BCAKOe duciao KapMmankia yno-
BreTBOpseT ycaoBuaM (1) u (2) Teopemer. Cpemaem 5TO METOLOM
«oT mporusHOroy. CHava€a, TPEAIOI0KUB, 9TO N dncio Kapman-
KJIa, DOIY<IUM, ITO AEIMMOCTD 7 HA p’° HPUBOJUT K IPOTHBOPE-
YUI0. DTUM MBI JOKAXeM, 9TO Iucia KapManukia yIoBIeTBOPAIOT
ycaosuio (1) Teopemei.

Tak kak n — uucao Kapmankia, IpOTUBOPEYNE MOLYIUTCA,
ecau MBI HaugeM nemnoe b, g koroporo b # b (mod n). [lomoxum
b =p. Tormga

Pt —p=p(E" - 1).

Ho p me gemut p" ' —1, mosromy p? He moxet gemnts p” —p. Nuase
rosopd, p" # p (modn). DTO HPOTUBOPEUUT IPEAIOIOKEHUIO O
ToM, 4TO N — uucao Kapmankia.

[l1s 3aBepieHns [OKA3aTeIbCTBA HAM OCTAIOCH TTOKA3aTh, ITO
qucaa Kapmaiikaa ynosreTBopaioT ycaosuio (2) reopemsr. O naaxo
UL 3TOCO HEOOXOMUMA Meopems 0 NPUMUMUSHBIL KOPHAL, KOTO-
pas OygeT mokasaHa TOIBKO B §11.3.

K coxamenuro, mias mpoBepKH AAHHOT'O HATYPAILHOTO 7T HA,
MPWHAIEXHOCTH K YucIaM KapMarKkia ¢ UCIOIb30BAHUEM TEOpe-
Mbl KopcenTa, HaM HyXHO Pa3JI0XUTh UCIO HA MPOCTHIE MHOX -
TEeIN, ITO JOBOJBHO CJIOXKHO B CIydae OOMbIIMX Jucea. Tem He me-
Hee, TOBOJIBHO IaCTO OBIBAET TAaK, UTO OUeHb GoJbinue ducaa Kap-
MalKJIa UMEIT MHOrO HeOOoabImx geauTenen. Hampumep, qucao
¢ 36 3sHakamu, IpUBEeNEeHHOE B HAYaje dTOro maparpada, ABIIeT-
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ca HamMeHbIuM uucioM Kapmankia, ¢ 20 TpoCThIME JeTUTeNAMY.
Ero paszmoxenve Ha MHOXWUTENN BHINVIAAAT CIeIYIONIIM 0Opa3oM:

11-13-17-19-29-31-37-41-43-61-71-73-97101-109-113-151-181-193-641.

Ucnonb3ysa ogHy m3 mpOrpaMM CHMBOJIBHBIX BBITUCICHUU, Te-
epb MOXHO OBICTPO MPOBEPUTH, YTO DTO NEUCTBUTEALHO IUCIO
Kapmankmaa. Jpyrue npuMmepsl uncen KapMankia MOXHO HAUTH
B yIpPaXHEHUU 3, Te MPUBEIEHO CEMEUCTBO IEJbIX, COAEePKAIIEEe
HECKOJBKO TAKMUX YUCEJ.

B cBoen paGore 1912 roga Kapmanka Bemmcan 15 wucen, na-
3BaHHBIX €0 UMEHEM, a 3aTeM AO63,BI/IJI: «TOT CIIACOK MOXHO IIPO-
IOMXKATH 6ecKkoHeIHOy. TO €CTh OH UM B BUIY, ITO CYIIECTBYET
6eckoHevHo MHOro [ucen Kapmankiaa. OIHAKO CKOPO CTAIO AC-
HO, ITO MOKA3ATEILCTBO DTOTO YTBEPXKACHUA — OUYEHB TPYIHAL
npobaema. [IpuanHa BHICOKOU CIOXHOCTH 3394 B TOM, 9TO Ta-
KWe YUCIa, JOCTATOYHO PeaKo BCTpedatorcs. Hampumep, mexmy
1 u 10° aexur Tomeko 646 umcen Kapmapkia, B TO BpeMa Kak
npocteix — 50847 534. Tlpobrema, HakoHer, ObLia perneHa Aub-
dopgom (Alford), I'pansunrem (Granville) u ITomepanmem (Pomer-
ance) B 1994 rogy. Onu nokazanam, 9T0 HA CAMOM J€JIe CyIEeCTBYET
OeckoHeIHO MHOro umcea Kapmamkia. IIo60YMHBIT IPOAYKT 5TO-
T'0 pe3yabTaTa UMEeeT OTHOIICHNE K TE€CTUPOBAHUIO IIPOCTOTHI 1
O6yner obcyxmaThesa B §7.4.

§ 7.3. Tect Munnepa

B §7.1 mbr Bugeau, uro Teopema Pepma mpemgaraeT Cio-
co0 TIPOBEPKM PA3MOXKUMOCTH TAHHOT'O 4UMUCIa, HE Tpebysa MOUCKa,
ero meautenen. OqHAKO BTOT MOAXOM HE BCErga paboOTaeT |, ec-
AW O¥EHBb HE TOBE3ET, MOXET moTeprnersh Heyaady. lamee (§7.2)
MBI OBITAIACH OOBACHUTH, UTO O3HAYAET (HEBE3E€HWE» B TAHHOM
KOHTEKCTe. Buuo 06HapyX)eHo, 4To uucia Kapmaukia BegyT ce-
051 KaK MPOCTBIE, B TOM CMBICIE, ITO MBI HE MOXEM yCTAHOBUTH
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X PA3JOXKMMOCTb METOJOM, PAa3BUTHIM B KOHIE maparpada. Ho
DTOT TECT MOXHO TaK YCOBEPUIEHCTBOBATH, UTO €r0 HE CMOTYT
oOMaHyTh maxe uucaa Kapmaunkmna. Hosemr Tect BBen Muwuirep
(G. L. Milller) B 1976 roxy.

[Iycte n > 0 — HedeTHOE TIEM0€. BRibGepem 1emoe qucio b, yao-
BIeTBOpsAOIee HepaBeHCTBY 1 < b < n — 1, u Ha30BeM ero, Kak
¥ paHbllle, ocHOBaHUEM. [lockoabky n — HedeTHOe, n — 1 JOMXK-
HO OBITH YeTHBIM YUCAOM. [lepBoilt mar Tecta Muwiiepa cocTouT B
oIpejeseHny TAKOro mokaszarens k > 1, qua koroporo n—1 = 2k,
rae q He geauTcs Ha 2. VlHade TOBOpPSA, MBI HOMXKHBI HAUTHU HAU-
OOJIBIIYI0 CTEleHb NBOUKWU, NEIAIYI0 1 — 1, 1 COOTBETCTBYIOIIEE
JaCTHOE (.

[lamee TECT BBIYUCAAECT BBIYETHI MO MOAYIIO N Y CIEAYIOIIEN
MOCIEJOBATEIHLHOCTY CTEIEHEN:

k—1 k
ba, b2, ..., BP9 b2,

Pas6epemcsa, KaKUMI CBOMCTBAMEA O0JATAET 3T MOCIETOBATENb-
HOCTB B caytdae npocToro n. tak, moka He OyxeT OroBOPEHO 0CO-
60, n — npocmoe uucio. Teopema dDepma roBopuT HAM, ITO

B =pl =1 (mod n).

SHAYAT, €CAU N — MPOCTOE, TO MOCICAHAU BBIYET B MOCJIEIOBA-
TeabHOCTU BCcerga pased 1. Komewuno, egmHwuma cpeau BBIMETOB
MOXET BCTPETHUThCA U pasbie. IIycTs j — Haumenbwud moKa3a-
Tens, gas koroporo %7 =1 (mod n). Ecm j > 1, To

a1 = (b”"lq . 1) (b””q + 1) .

[To mpeAmoIOXeHnio, IUCI0 N — HPOCTOE X (TaK KAK OHO JETUT
pasHOCTH KBaApaToB b? 1—1) gemmt 1u60 bZJ_lq—l, w60 b2 941,
C gpyrou CTOPOHBI, B CHIy BHIOOpA IIOKa3aTeld j, THCIO 1 He
MOXET MeIUTH b4 — 1. Ocraerca ToIbKO OJTHa, BO3MOXHOCTb:
n — pemarens wmcaa b2 941, me. b2 4= —1 (mod n).



182 IIcesdonpocmpie wucaa

OTHU PACCYXKJAEHUA MOKA3BIBAIOT, YTO B CIyYae NPOCMO20 N
Cpean MOCIeIOBATEILHOCTH CTEIeHEN:

k—1
be, b2, o b

HAUJIETCA O KPaWHen Mepe OfHa, CpaBHUMAA ¢ — 1 T0 MOAYJIIO 7.
Xoporio, HO He CIUMIKOM. [lero B TOM, ITO Hallle PaCCyXIeHue
OCHOBBIBAJIOCH Ha mpegunonoxeruu: j > 0. Ecmm j = 0, To b7 =
=1 (mod n). A y HAC HET TPOCTOrO CIOCO0A PABIOKEHUS TUCIA,
b? — 1 Ha MHOXWTENIN, MOCKOABKY ¢ HEYETHO. SHAYUT, €CIU 1, —
npocmoe, TO C MOCAEAOBATEILHOCTHIO BBIYETOB IO MOIYJIK 7, O
KOTOPOU MBI TOBOPWIM, NOJXKHO MPOU3OUTU OJHO U3 ABYX: JUOO
[IEePBLIN Xe BEIYET paBeH 1, mmbo cpequ Hux moasuTca n—1. B mpo-
TUBHOM Cay4ae (He OyJeT Hu TOr0, HU APYTOT0) TUCIO 7 JOTKHO
OBITH COCTABHBIM.

[TocremoBaTEIBHOCTD BEIYETOB, UCIONB3yeMasa B TecTe Muie-
pa, TOBOJIBHO JIETKO BEIMUCIAETCA, TOTOMY ITO KaX IBIU BEIYET (34
UCKIIOYEHUEM IIEPBOro) — KBaIPAT IpeabIayInero. B camom gerne,

b1 = (62]‘71‘1>2 npu j > 1. OTcoa BEITEKAET, ITO KAK TOIBKO
B MOCJAEIOBATEABHOCTH BBIYETOB IO MOV 7, BCTPETUTCA 1 — 1,
BCe OCTAJTbHBIE BEIYETHI OyAyT PaBHEI 1.

Y HAC TOABWICA €Ile OJUH TECT, KOTOPLIU MO3BOIIET HAM II0-
Ka3aThb Pa3JOXUMOCTb AAHHOT'O YUCAA, HO pabOTAIOIMIMNA TOIBKO
IpY YIAMHOM CTeYeHUN 06CTOATETLCTB. Tem He MeHee, TecT Mui-
naepa Gomee >dpdeKTUBEH, HeXenn npemroxeHusn B §7.1. Uro-
OBl TOHATH MOYEMY, 3aMETHUM, ITO MOCAE[OBATEILHOCTH CTerle-
HEW, BRIMUCAHHAA VIS TICEB JOMPOCTOTO 7, 10 OCHOBAHUIO b, MOMXKHA,
MMEeTDb WIEeH, CPABHUMBIN ¢ 1 M0 MOAyII0 1. A Tak Kak n He IMpo-
CTO€, TO CYLIECTBYET XOPOUINY MIAHC, ITO DTOU CTEHeHN He OyaeT
PeIIecTBOBATL Apyras, cpaBauMasi ¢ n— 1. B sTom caysae Tect
Mumniepa 06HAPYKUT pa3IoXuUMOCTh ducaa. [Ipusegem aaroputMm,
peanusytomui Tect Muirepa.

TecT MuLiepa

BBoa: regernOe HaTypaasHOE 1 M ocHOBaHUE b, rae 1 < b < n—1.
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BreIBOI: 0fHO W3 ABYX COOOWIEHUN: «N COCTABHOE) WIU (HUIETO
OIIpeJeeHHOT'0 CKa3aTh HEeAb3).

ITar 1. IlocregoBaTensro geamM 1 — 1 Ha 2 MOKA HE MOLYIUM He-
YETHOI'O 9aCTHOT'O. B pesyabTaTe Ha.ﬁ;[eM IIOJIOXKXUTENBHOE IIeI0€e
k u megerHoe ¢, mua KoTopeix n — 1 = 2Fq.

ITar 2. IlpuceouM ¢ HyIeBoe 3HAYEHHUE, & T 3HAYEHUE BhIdeTa, b?
10 MOIYJIIO 7.

IHIar 3. Ecm i = 0mur = 1, mm i > 0, ar = n—1, To
BBIBECTU COOOIIEHUE: (HUIErO ONMPEIEJEHHOT0 CKA3aTh HEAb3s; B
TPOTUBHOM CIydae MepexoauM K mary 4.

IMTar 4. Yeernumsaem i Ha 1 w 3aMeHseM 7 HA T2 1O MOJIYJIIO N;
IIepexoauM K Imary b.

ITar 5. Ecmm ¢ < k, To BO3BpamaeMca K mary 3; B IPOTHBHOM
CIydae BBIIAEM COOOIIEHUE: «n COCTABHOE).

B crywae meompemeneHHOr0 cCOOOIEHUA BO3MOXHBI [BE CHATY-
amuy: 6O 1 IpoCcToe, JuO0 cocTaBHOEe. K CoXaleHuio, BTOPOU
CIyYall peatbHO BCTpedaeTcsa. PaccMoTpuM HECKOIBKO MIPUMEPOB,
mpuYeM HAYHEM ¢ XOpommxX HoBocTen. Mul Bumeau B § 7.1, 910
341 — mceBAOOPOCTOE O OCHOBAHUIO 2, TaK YTO DTO XOPOIIMHN
o6bexT mrsa Tecta Mumrepa. IIpexae Bcero, 340 = 22 - 85. Te-
mepb HAM HYXHO HAUTHU BBIYETHI IO MOAyaio 341 y crememen 2 ¢
nokasareaamu 85 u 170:

285 =32 (mod 341), 2170 =322 =1 (mod 341).

ITO MO3BOJIET TECTY AATh 3AKIIOYUECHUE: YUCAO COCMABHOE.

Bomee marnmaguein mpumep naet mam umciao Kapmawnkmia 561.
Moasepruem ero recty Mumaepa mo ocaoBauuio 2. [IpocToie BbI-
TQHCIeHUA MOKA3BEIBAIOT, IT0 560 = 2* - 35. Beimumrem mocregopa-
TEJBHOCTH BBIYETOB CTENeHen 2 1Mo Moy H61:

Cremenu | 35 [2-35[22-35[2%-35
Brruersr | 263 | 166 67 1

U B 5TOM crydae TecT cOOOMUT HAM O PA3IOKUMOCTHU TUCIA.
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Xora 561 — umcao Kapmankiaa, MbI OOHAPYXWIN, UTO OHO
COCTABHOE, TPUMEHUB HAMMEHBIIEE U3 BO3MOXHBIX OCHOBAHUMN.

Teneps mioxue soBocTu. [Ipumenum rect Muriepa mo ocaoBa-
auio 7 k 25. [lockoabky 24 = 23 -3, mocie[0BaTeIbHOCTD CTeIeHeH
¥ WX OCTATKOB MMEET BU.I:

Cremenu | 3 [2-3[2%2-3
Brruersr | 18 | 24 1

Tak 9T0 TecT 31eCh HE MOXET CKa3aTh HUIEro ONPeIeIeHHOT O,
HECMOTPA HA TO, ITO PA3JOKUMOCTD IUCIA 25 BUTHA HEBOOPYKEH-
HBIM B3TAg0M. KoHewHOo, 0ocHOBaHUE 7 MBI BHIOPAIM HE CAY9IAUHO,
ecau OB OCHOBaHMEM OBLIO 2, TO TeCT ObI y3HAT B ABAANATHU HIATH
COCTaBHOE YUCJO.

IIycte n > 0 — medeTHOoe meaoe wucao u 1 < b <n — 1. Ecin
n cocTaBHOe, a TecT Muiiepa ero He pacmo3HalI, TO OHO Ha3bIBA-
eTca cmpo2o ncesddonpocmuim 1O OCHOBaHUIO b. Bommenpuseaen-
HBIA TPUMEp MOKA3BIBAET, 9TO 25 — CTPOro MCEBAOMPOCTOE IO
ocHOBaHHZIO 7. JIerko yBugeTh, 9TO CTPOrO IICEBAOIPOCTOE TUCIO
10 OCHOBAHWIO b ABIAETCS MCEBIOMPOCTHIM IO DTOMY XK€ OCHOBA-
HUIO (CM. yIpaxHeHue 7).

Kax MBI yX)e oTmeTmau, Iucio 25 He ABIAETCSI CTPOrO IICEB-
JOIPOCTHIM IO OocHOBaHuIO 2. HamMeHblllee cTpOro mcesonpo-
CTOe Y;MCJI0 MO ocHOBaHWIO 2 — 3T0 2047. Bosee Toro, cyme-
cTByeT TOJbKO 1282 CcTpOro mceBAONpPOCTBIX HYMCEN IO OCHOBA-
Huio 2, rexamux Mexay 1 m 107, aTo gaeT xopomree mpexcTabie-
aue 06 5dpPEeKTUBHOCTHA TAHHOTO TECTa. KOHEYHO, MOXHO MPH-
MeHATH TeCcT Mwuiiepa MmO HECKOILKUM OCHOBAHWAM, ITO CYIIIe-
CTBEHHO yBeamduT ero 3dPeKTUBHOCTH. Hanpumep, HanMeHbIIee
CTPOTO HCEBAOIPOCTOE OJHOBPEMEHHO IO OCHOBAHUAM 2, 3 M H —
a0 25326 001.

Bouaee Toro, He cymecTsyeT «cTporo KapMankIOBCKUX THCET.
dro caegyer m3 pesyabrara M. O. Pabuna (Rabin).

Teopema Pa6buna. Ilycmosn > 0 — weuemnoe namypasbHoe
wucao. Ecau meem Muaaepa, npumenenmubili ¥ n das bosee, uem
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n/4 ocnosanut, sercawux mexncdy 1 u n—1, we pacnosnaem 6 n
COCMABHOZ0 YUCAL, MO T — NPOCMOE.

3a moApoOHOCTAME MOXHO 00paTuThes K [39], mmm x [28]. He
CTOWUT ¥ T'OBOPHUTD, ITO B CIydae GOMBIIMX 7. IPUMEHEHHe TeCcTa,
Muniepa no n/4 0CHOBaHMAM 3alIMET OYEHb MHOI'O BpeMeHH. Bo-
IPeK’ dTOMY 3aMedaHuio, Hambojee IPAKTUIHEIE TeCTHI Ha IPO-
CTOTY, KaK MBI yBUJUM B CIefyolieM maparpade, OCHOBBIBAIOTCS
Ha TeopeMme Pabuma.

§ 7.4. TecTupoBaHue NPOCTOTbI U

CUCTEMbI CMMBOI/bHbIX Bbl‘lMCﬂeHMﬁ

MHOFHe CUCTEMBI CUMBOJIBHBIX BI)I‘II/ICJIGHI/II?I UMEIT IIPOCTYIO
KOMAH[Y [ TPOBEPKH, ABIACTCSA U JaHHOE Iuca0 TpocThiM. Ca-
MO€ YAUBUTEJABHOE IPU 3TOM, ITO OTBET BBIAACTCA IIOYITU MI'HO-
BEHHO, [aXe eCIV IPOBePAEMOe UUCIO OBLIO MJOBOIBHO OOIBIIAM.
Tax mpoucxXoAuT M3-3a TOTO, ITO GOIBIIMHCTBO TPOTPAMM OCHO-
BaHBI Ha TecTe Mwmwurepa, TpUMEHIEeMOM IO GOJIBIIOMY UHUCIY OCHO-
BAHNMN.

PamnuonanrbHOE 3€pHO B TAKOM MCHOJAB30BaHUU TecTa Muwiepa
npopacraeT u3 Teopembr Pabuna. [Iycts n — HeweTHOE cocmas-
noe wucao. OcuoBanme b mexay 1 uw n — 1 BuIGepeM CIyIalHBIM
o6pasom. U3 Teopemnr Pabuua caenyer, ITO BEPOATHOCTE HEOIIPE-
JEIeHHOTO pe3yJabTaTa mpu npuMmeHeHuu Tecta Mumaepa Kk n u b
HE TPEBOCXOqUT

n/4 1
n 4
Tax “T0 mpaBOMOL00HO MPEATOTIOKEHNE: TUCIO 7 B DTOM CIydae
6yeT COCTaBHBIM C BepoATHOCTHIO 1/4. Ecau Teneps BeIGpaTh k
PA3IMIHBIA OCHOBAHMI, TO BEPOATHOCTH cTaneT pasHoik 1/4F. Tlo-
pTOMYy, 6eps Bce GOobIle u OOIBINEe OCHOBAHUN, MBI MOXEM CIEJATh
BEPOATHOCTH CKOJMb YT'OMHO MAJOH.
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OTHU PACCYy X IEHUA PUBOAAT K 8eposmuocmuomy mecmy Pa-
6una na npocmomy. IIOCKOILKY OH BEPOATHOCTHBLIN, HAM HYXHO
pelnTh, HACKOABKO MAJOU [OJKHA OBITH BEPOATHOCTL OIIUOKM.
[TpenmonoxumM, HAM HYXKHO, ITOOBI BEPOATHOCTE OMIMOKU HE TIpe-
BOCXOJWIA €, M MyCTh k — Takoe HATYPAIHLHOE THUCIO, I KO-
Toporo 1/4% < e. Torga Tect Pabuma BebupaeT k OCHOBAHMI
npumenseT TecT Muuiepa mo kaxgomy u3 Hux. U3 BhImmenpuse-
MEHHBIX PACCYXKIEHUU BBITEKAET, UTO B CAyIae HEONPENETCHHOTO
orBera Ha TecT Mmrepa mo BCeM 3TUM OCHOBAHUAM BEPOATHOCTD
TOr'0, ITO MPOBEPAEMOE HUUCJIO BCE XKE OKAXKETCSI COCTABHBIM, Oy-
IeT MEHbBINEe WIN PaBHA 1/4’“, T.e. MeHbIIe Tpebyemoro e. Kak
*)e BhIOUparTcsa ocHoBaHua! KouedHo, yqobuee ObLIO ObI GpaTh
OCHOBAHUA TMOMEHbIIE, NHAYE BBITUCACHUSI, HEOOXOAUMbBIE IJIA Te-
cra Mwuarepa, 6ynyT 3aHUMATL CAWIIKOM MHOrO Bpemenu. Kak
PABUJIO, BEIOUPAIOT HMEPBLIE k MOMOXATETHHBIX TPOCTHIX UUCE.

EctecTBenuo, Mb1 x0TUM OBITH A6COMIOTHO YBEPEHBI B TOM, ITO
qucia, mporeammue Tect, 6yayT npocteimu. [ sToro Heobxonu-
MO BHIODATH € OYeHb MateHbKuM. Hampumep, mycts € = 10720,
Tax kak 1/4*° — pemuamna nopaaka 10724, maM HyKHO BEIGPATH
40 ocrHOBaHMI, 9TOOBI BEPOATHOCTE OmmOKy Gera, Menbie 10720,
[lomycTuM, 9TO B KadecTBe OCHOBaHWM BhIOpanu 40 mepBHIX mMpo-
creix umcen. K coxamenuio, ects unciao Kapmankaa (u3 397 3ua-
KOB), IUIA KOTOPOrO TecT Mummepa gaeT HEONpeNeJeHHBIN OTBET,
€CJIM B KAIECTBE OCHOBAHUYU GEPYTCA MPOCTHIE YUCIA, HE TPEBOC-
xomsaume 300 (cm. [5]). A Tak xak cymecTByeT poBHO 62 Takux
MPOCTHIX YUCIA, TECT, TPOBEPAA YIOMIHYTOE IUCIO KapMmankia
110 BCEeM OCHOBAHWUAM, KOTOPBIE MBI BbiOepeM, OyIeT BhIIaBATEH He-
OIpeeJeHHbLI OTBET!

I[TocMoTpuM Kak BBIIOAHAETCA TECT PabuHa B OLHOU IIXPOKO
M3BECTHOU CUCTEME CUMBOJILHBIX BBITUCICHUN. KOHETHO, KaX 1ad
MpOrpaMMa, UCIOAb3YEeT el OHOU CBOUCTBEHHYIO cTpaTeruto. Ha-
npumep, Maple V.2' mposepser npoctory B Tpu srama. CHadama

! Maple™ — makeT KOMIBIOTEPHBIX MPOTPAMM IO CHUMBOIBHBIM BBIUUCTE-
HuAM, pazpaboranasmr Waterloo Maple Software, Inc.
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noaA0UpPAIOTCA MPOCTHIE MEIUTETN TECTUPYEMOr'0 UCIA, HE Mpe-
Bocxogamue 103, Eciu Takux nemmrenei He o6HAPYXKEHO, TO IPO-
rpamma npumenseT Tect Mwuiepa mo ocuoBaHuAM 2,3,5,7 u 11.
A B mocrenHIOI0 OYEpenb MPOBEPAETCA, ITO TAHHOE TUCIO HE OT-
HOCUTCA HU K OJHOMY U3 CJAEAYIOIINX CEMEUCTB:

(u+1)(kg+1) s 3< k<9,

unu
(u+1)(ku +1) UL 5 < k < 20.

[IprarHON HEOOXOAMMOCTH MOCIETHETO DTAIA CIyRKUT WHPOPMA-
OMA O TOM, YTO B DTUX CEMEUCTBAX HAWAEHO HOBOILHO MHOI'O CTPO-
r'0 MCEBAONPOCTHIX YUCE] 110 TEM OCHOBAHUAM, KOTOPHIE MCIIOMb-
sytorcs nporpammont (cm. [38]). Tem He MeHee, cOCTaBHOE THCIO

12530759607 784496 010 584 573 923

ompeneaserca Maple’om kak nmpocroe. Ero HammeHbImu mpocron
penuTensk papen 286 472 803. B 6osee mosmumx Bepcusax Maple’a
TeCT HA MPOCTOTY OBLI MOAUMPUIUPOBAH, TAK ITO TEIephb HTO -
CJIO IIPpaBUIBHO I/IrZI;eHTI/I(I)I/IIII/IpyeTC}I KaK COCTaBHOE€.

Aziom 1.1? mpuMeHsAeT IPYTYIO CTPATErHIO: IOAOHPAET KO-
YECTBO OCHOBAHUU B 3aBUCAMOCTU OT YUCIA, KOTOPOE cOOMpaeT-
€A TECTUPOBATH. BBLIO MOKA3aHO, ITO TECT, UCIOAbL3yeMbin Az-
tom 1.1, mpaBUIBLHO OOHAPYXKMBAET MPOCTOTY HUUCET, €CAW OHU
mensbire, geMm 341 550071 728 321 (cwm. [26]). [das «wmcen, BBIXOIA-
mux 3a 3Ty rpanuiy, Aziom 1.1 B Ka4eCTBEe OCHOBAHUU IJA TECTA,
Munrepa ucnonssyetr 10 HamMeHBIMUX TpOCTHIX umcena. [logo6HO
Maple, »Ta nmporpamMMa JeTaeT AOMOJHATETHLHBIE TPOBEPKM s
9KCel, CIUTAMUXCA 0COOeHHO HenmpuATHbBIMEU. U 5TOT TecT He
COBEpINEHEH; OH AaeT COOU Ha COCTABHOM 9MCIE W3 H6 3HAKOB.

CHavana MOXHO MOAYMATb, YTO CTPATErUHU, BHIOPAHHBIE [
DTUX MPOTrPAMM, JATYT «COBEPUIEHHBIEY TECTHI, CTOUT TOJIBKO TO-
no6paTh MOAXOIAINNE OCHOBaHWA. Ho medansnbHAA MCTUHA B TOM,

2 Aziom — 3aperucTpupoBarHas Toprosas mapka NAG (Numarical Algo-
rithms Group), Ltd.
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9TO 3TO HEBO3MOXHO CAeJaTh naxe Teoperudecku. O IHO U3 ciaef-
CTBUM, BLITEKAIOMUX 13 paboTel Anbdopaa, I'pansuiia u [Tome-
panna Hag uucaavu KapMaukia, COCTOUT B CIAETYIOIIEM:

«/[ly1s1 1H060r0 KOHEIHOrO HAOOPa, OCHOBAHNK HAMIETCA
0eCKOHEeIHO MHOTO uucea KapMankia, CTpOro mees fo-
HOPOCTHIX 110 BCEM DTUM OCHOBAHUAM.)

Urak, crepgyeT ocTeperaTbCs KATEMOPUYHBIX YTBEDXACHUN O
IIPOCTOTE 4UCIa, PYKOBOACTBYACH TecTOM Mwuirrepa, mpuMeHsde-
MBIM II0 (PUKCUPOBAHHOMY YIUCIY OCHOBAHUU. BO3MOXHBIA BBIXO[
73 CO3JABIIEUCA cuTyanuu ObL1 peanu3osad B Aziom 2.2. Tenepn
IIporpaMMa, YIUTHIBAA Pa3Mep TeCTHPYEMOrO UHCIA, YBEININBA-
eT 9ucao ocHoBaHUU. [lna umcna w3 2k MeCATUYHBIX 3HAKOB IIPO-
rpaMma 6epeT IpUMepHO k OCHOBAHUM, IOBLIMIAA TEM CAMBIM TOY-
HOCTBH TECTa.

ITogpo6bHOCTH O TECTHPOBAHUYM MPOCTHIX YUNACET DTUMHU IIPO-
rpaMMaMu, a TAKXe MPUMEPHI, Ha, KOTOPBIX OHU TAI0T COOU, MOXK-
HO HanTu B [5]. B rmase 11 mbl Gygem u3ydaTh TeCTbI, KOTOPHIE
IIO3BOJIAT HAM C YBEPEHHOCTBIO OIpeNelIaTh NpocToTy 4ucerx. Ho
ecnu OBITH 0 KOHIIA OTKPOBEHHBIM, OHM HE TaKue IPOCThIe 1 3d-
dexTUBHLIE, KaK TecT Muirepa.

YnpaxHeHus

1. Kakwme u3 wncen: 645, 567 u 701 ABigioTCa mceB10OPOCTHIMA
o ocHoBauwmio 27 Kakue u3 HUX MCEBIOMPOCTHI IO OCHOBAHUIO 37
Kakwue npoctor?

2. IlokaxuTe, ITO €CIX N — ICEBIOMPOCTOE IUCIO OTHOBpE-
MEHHO II0 OCHOBAHUAM ¢ W ab, TO OHO IICEBIOMPOCTOE U IO OCHO-
BaHUIO b.

3. Ilycts n — wmarypansuOe [mcao. [lomoxum p; = 6n + 1,
p2 = 12n 4+ 1 u p3 = 18n + 1. IlokaxuTe, 9YTO ecau p;, py U
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P3 — MIPOCTHIE UUCIA, TO MPOUIBEAEHUE PiPoP3 ABIACTCA TUCIOM
Kapwmankna. [lokaxuTe Takxke, 9TO OTU YCIOBUA BHITOIHEHBI [
n =1, 6 u 35. Kakue uncra Kapmalkia moay4atoTcsa TP TAKAX
3HAYEHUAX 17

4. PazmoxuTre umcao 29 341 HA MHOXWATETN W MMOKAXUTE, UTO
0HO — umcao KapMmankia.

5. Ilycts p1 < p2 — HeweTHBIE TpPOCTHIe wncia. [lomoxum
N = p1Ps U JOMYCTUM, 9TO KaK p1 — 1, Tak u po —1 peaut n—1. [lo-
KaXxuTe, 9T0 B oToM caydae n— 1 = p; — 1 (mod ps — 1). Bocmons-
3YUTECHh 5TUM (PAKTOM I TMOTyIeHusa mpoTuBopednsa. Cuaemante
OTCIO/Ia BRIBOM, ITO uucaa KapMaukia qoaXHBI ©METH 60aee NByX
IPOCTBIX COMHOXUTENEH.

6. Kakwme uz umcen: 645, 2047 u 2309 cTporo mcesmaompocTsie
1o ocuoBaumo 27 Kakme m3 HUX CTPOro IICEBJOIPOCTHIE IO OCHO-
Bauuio 37 Kakwue mpocroie?

7. lloxaxwuTe, 9TO €CIM HEIETHOE HATYPAJIbHOE TUCIO 1. CMPO-
20 TCEBAOIPOCTOE IO OCHOBAHMUIO b, TO OHO W ICEBAOIPOCTOE IO
STOMY OCHOBAHUIO.

8. Hamummre mporpamMmy, HaXOAIIYIO BCE IICEBIOMPOCTHIE
qHCIa 0 OCHOBAHMAM 2 1 3, He mpesocxofamue 10°. Hamommmm,
9TO N — MCEBIOMPOCTOE IO OCHOBAHUAM 2 ¥ 3, €CIU OHO HEYETHOE,
COCTABHOE U YIOBIETBOPAET COOTHOIICHUIM:

2""' =1 (mod n) u 3""'=1 (mod n).

[MosTomy mporpamma 6ygeT TpOBEPATH TOIBKO HEYETHBIE COCTAB-
meie qnciaa. OquH u3 cmoco60B HAXOXKJEHUA TAKUX TUCET COCTO-
UT B OPUMEHEHUU peleTa JpaTocdeHa K HEIeTHBIM IEIbIM, He
npessimaomuym 108, Torsko 0T6pachIBaTE HYXHO IPOCTHIE THCIA,
ocTtasiag cocTaBable. CKOMBKO U3 HaWAEHHBIX Bamu mcesgompo-
CTBIX YUCET ABIAIOTCA ducaamu Kapmankia?
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9. Hanummre nporpamMMy, KOTOpas HAXOAuWiaa ObI BCE THUCIA,
Kapwmankia, ABaAommecs MpousBegeHneM d MPOCTHIX MHOXUTE-
Jett, Kax JbIi 13 KOTOpsIx He mpesocxogut 103. Ocrosras mpobie-
Ma [pH 5TOM (Jaxke A OTHOCATEIHHO HEOONBIINX 3HATCHUN d)
3aKJII0YAETCA B TOM, 9T0 ducaa Kapmaukia 6y 1y T JOBOIBHO GOJIh-
mmMu. [TosToMy miIs mpocTOoro geauTend p Tucia 1, IpoBepAI Je-
aumocTh n— 1 HA p— 1, HEOH6XOAUMO UCTOIB30BATH CpaBHEHUA. BOo-
Jlee TOrO0, eCIN IPOrPaMMa CTeHepUpPOBaJIa YUCIO N = P1P2 - - - Pd,
TO BBIYET N 110 MO0 P; — 1 BEIYUCAAETCSI KaK IPOU3BEICHUE BhI-
YETOB MHOXUTEIEH 1 U PEAYKIIMEN DTOTO TTPOU3BEIESHUA IO MOIY-
aio p; — 1. IlockonbKy Bce IPOCTHIE AEMUTENN IUCAA 1 MEHbIIIE, TeM
103, Takoit MoAX0 HO3BOIAET IIPOM3BOLUTH OMEPAIAN HAJ| THCIA-
MU, He Ipuberas K CIeNUaJIbHOMY IPOTPAMMHOMY O6€CIIedIeHunIO.
[IpumennTe HATUCAHHYIO MPOTPAMMY [JA BBITUCICHUS BCEX U-
cenr Kapmaikna ¢ d coMHOXUTeIAME, He mpeBocxofammmu 103,
g 3 < d < 8. [lna 5TOro He HYXHO MEPEMHOXATH HAUICHHBIE
MHOXUTEeMN. [JOCTATOYHO BHIMUCATH WX HAOOD AJId KAXKIOTO “IU-
cl1a, HAUJEHHOTO MPOrPAMMON.

10. Hamummure mporpamMMmy Ais ONPEAETCHUs HAUMEHBIIErO
IICEBJONPOCTOr0 YUCIA 10 JAHHOMY OCHOBaHWIO. e MCXomHBIME
RaHHBIME OygeT menoe wmcao b > 2. B mporpamme cregyer mpu-
MeHATH TecT Murepa (o ocHoBaHMIO b) KO BCEM COCTABHBIM He-
YeTHBIM YHCIAM [0 TeX IIOp, MOKa BBl He MOLyd:Te COOOGEeHMs
0 HEONPEAEJeHHOM OTBeTe. JTO OyAeT HAUMeHbIIee CTPOro IICeB-
JOIPOCTOE YUCIO IO OCHOBaHUIO b. Pazymeercs, o61acTh moMCKa
OyeT orpaHWYeHa HAUOOMBIIMM LeAbIM ducioM K, monnepxusa-
eMbIM A3BIKOM IPOrPAMMUPOBAHU, KOTOPHIN Bol BoiOpanu. Bama
IpOrpaMMa TOMKHA BHIABATDH ABa BO3MOXHBIX PE3yabTaTa: HAW-
MEHbIIIee CTPOrO IMCEBAOIPOCTOE YUCJAO [0 OCHOBAHUIO b WM CO-
OOIIEHNe: («CTPOro MCEBIONPOCTHIX YUCENT 10 OCHOBAHUIO b, MEHb-
umx K, He cymecrsyeTy. ITOOBI HATH BCe HEYETHBIE COCTABHBLIE
Juciaa, MeHbime K, MoXeTe MCIOIb30BATH PEUIeTO DPATocheHa.
[IpumenuTe mporpaMmy s BBIYHACJICHUS HAUMEHBIIET'O IICEBO-
IIPOCTOT'O YIUCIA IO OCHOBAHUAM 2, 3, b 1 7.
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11. Hamumwre oporpaMMy [IJs ONPEIEJeHUs ICEB JOTPOCTHIX
9KCeJI IO OCHOBAHUIO 2, PABHLIX KBAAPATY IPOCTOTO YUCIA P, TIPA
ycaosun, ato p < r = 5-10%. Iporpamma 6y geT MCIOIL30BATE Pe-
meTo JpaTocheHa I MOUCKA BCEX MPOCTHIX p < 7', a 3aTeM IO~
CTABIATH KAaXJI0€ MPOCTOE TUCIO B CDABHEHUE 2’ =2 (mod p?).
CyuiecTByeT TOABKO ABA MIPUMEPA KBAIPATUTHO TICEBIOIPOCTHIX
110 OCHOBAHWUIO 2, yIOBIETBOPAIONIAX HAJIOXKEHHBIM OrPAHUICHUIM.



naBa 8.

Cuctembl cpaBHEHUM

B oTou rnase MbI m3ydaeM METO[ PEIIEHUs CUCTEM JUHEUHBIX
CPABHEHUU, HA3BLIBAEMBIN KUMAUCKUM GA20PUMMOM ocmamkos. B
nociregHeM maparpade Mbl YBAAWM, KaK DTOT aJTOPUTM IIpUMe-
HAETCA I Nepefadn Kao4da K MUQPY HECKOIbLKUM JIIOIAM.

§ 8.1. JluneuHble ypasHeHuns

Haumem co crydas OfHOTO JXHEUHOTO ypPABHEHWA:
axr =b (mod n), (1.1)

B KOTOPOM 7 — HATYpaIbHOE 4ucio. B §5.7 MbI Bugenn, IT0 3T0
ypaBuenue jerko pemaerca, ecau HO/l(a,n) = 1. Ilo Teopeme
06paTUMOCTH, B3aMMHAA MIPOCTOTA, SUCEI G U N BiedeT 00paTh-

MOCTb G B Zp. IlycTh & — COOTBETCTBYIOMUN 0OPATHBIN DIEMEHT.
YmuO)an Ha Hero cpasHenue (1.1), MbI momy4daem:

alaxz) = ab  (mod n).
Tak kak aa = 1 (mod n), orcioga crenyer cpaBHEHUE

z=ab (mod n),
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9TO JaeT pPelleHue YPABHEHUA. B 9acTHOCTH, €CIu N — MPOCTOE
u a #0 (modn), ypasuenwue (1.1) Bcerga umeer perenwue.

IIpegmonoxum Terneps, 9TO G He obpatuMm B Z,. Hamomunm,
910 5T0 paBHOCHIbHO yeaosuioo HO/l(a,n) # 1. Haauume pemenus
y (1.1) o3magaeT, 9TO HAUAYTCA DAEMEHTHI L, Y € 7, IJIA KOTOPBIX

axr —ny = b, (1.2)

a 5T0 BO3MOXHO Toapko ecau HO/(a,n) mermr b. Utak, ecam
ypasuenwue (1.1) umeer pemenwne, To b neamrca wa HOl(a,n). Pa-

3yMeeTcda, B CIydae O0OpaTUMOCTHU KJaacca G B Zy,, HEOOX0auMOe
YCJIOBHUE BBIMOIHEHO, TOCKOIbKY Torga HO(a,n) = 1.
[Iposepum, uTo o6paraoe Toxe BepHO. [Iycts d = HO/l(a,n)
nemut b. Torga a = da’', b = db' u n = dn' gna mexoTOpBLIX HATY-
pansubix o', b u n'. Cokpamenue pasenctsa (1.2) ma d maer:

!/ ! /
axr—ny=",

9TO paBHOCWILHO cpasHenuio ¢’z = b’ (mod n'). Ormernm, aTo
CpaBHEHME GEPeTCA MO0 MOAYMI0 N/ — AETATETI0 UCXOTHOTO MOIY-
aa n. Bomee Toro, HO/l(a',n') = 1, Tax 4T0 HOBOE CpaBHeHUE
JTOMXKHO MMeTh pemtenue. Tak, Mbr gokasamu, aro eciu HO/l(a,n)
nerut b, TO MEHOXeCTBO pemennin ypasaenus (1.1) memycro.

CyMMupys BBIIIECKA3aHHOE, 3aKModaeM: ypasuenue (1.1) ume-
eT pemenue Toraa u Toabko Toraa, koraga HOI(a,n) nemt b (cm.
yupaxHeHue 7 raasbl 2). Kpome TOro, mpuBeIeHHBIN METOJ pe-
MIeHUA JII/IHeI‘/)IHI)IX CpaBHeHHﬁ JIETKO IIPUMEHUM, II0OCKOJBKY UCIIOJIb-
3yeT TOJbKO PACIIMPEHHLIN AIropuT™ JBKauga. OTHAKO, KOTaa
peureHnsa 6yrﬂ;yT IOJMYYIE€HBI, Y HaC MOTI'yT BO3HUKHYTH HECKOJBKO
MOBOJIOB [IJIA yAWBJICHUA.

Pemnm cpasrenze 6z = 4 (mod 8). ITockorsky HO/ZL(6,8) =
=2 # 1, To 6 He mmeeT ob6paTHOTO B Zg. Ecam ganHOE cpaBHEHME
IMeeT pelleHue, TO HAUAYTCA TaKWue HeJdble T U Y, A KOTOPBIX
6z — 8y = 4. Pasgenum sTo paserncTBo Ha 2: 3r — 4y = 2, 4TO
paBHOCITLHO cpasHermio 3z = 2 (mod 4). Ho 3 cam cebe o6pa-
TeH B Z4. YMHOXaA MOCTEeTHEE CPABHEHMWE HA 3, MBI IPUXOIAM K
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peleHunto:

x =2 (mod 4). (1.3)

IDTO HE COBCEM TO, YTO HYXHO. [[eNCTBUTEIBHO, MBI HAYUHAIA CO
CPaBHEHHUA [0 MOIYJIIO 8, M PELIeHUe TOXe XOTeId Obl HAUTHU IO
moayo 8, a me mo moayao 4, kak B (1.3). Bena nerko monpasu-
ma. Kak cregyer u3 (1.3), pemenne = cpasuenus 6z = 4 (mod 8)
sanuceiBaeTca B Buge £ = 2 + 4k mma mekoroporo k € Z. Ec-

au k gerno, o £ = 2 (mod 8) — oxuo u3 pemenuu. C gpyron
cToponsbl, ecan k HedeTHO, TO k = 2m + 1 mw £ = 6 + 8m. Tak
aro £ = 6 (mod 8) — ampyroe pemenne. Boree Toro, mockomin-

Ky k MoxeT ObITH JuOO0 YeTHBIM, JUOO0 HEYETHBIM, CYHIECTBYIOT
TOMBLKO 3T; Bo3MoxHOCTH. ClIefoBaTelbHO, ypaBHEeHUE 6 - T = 4
UMeeT POBHO [Ba PA3HBIX PeIIeHuA B Zg, a UMEHHO 2 u 6. JTO
pUMEpP JUHEUHOTO CPABHEHUS C deyms pemenusmu. Kak Mbr Bu-
menu B § 6.4, Takoe MPOU3OILIO MOTOMY, ITO MOAYJIb CDABHEHUS
OBLT COCTABHBIM.

§ 8.2. AcTpoHOMUUYECKUMA npumep

B sToMm maparpade MbI OMUCHIBAEM OIUH U3 METONOB PEIICHUA
CUCTEM JUHENHBIX CPABHEHUU. JDTO OYeHb ApeBHun aaroputm. OH
TMPUMEHAICA €IIe B AHTUIHOCTH A PEleHusI Tpo6IeM acTpOHO-
vun. Mb1 HadHEeM C 3312491, CHOPMYIUPOBAHHON HA, COBPEMEHHOM
A3BIKE, KOTOPasA MO, ObI PACCMATPUBATHCA APEBHUMU ACTPOHO-
MaMH.

Tpu ciy THUKA TIepeceky T MepuauaH ropoaa Jlumaca ce-
COQHA HOYLIO: MEepBLIM — B 1 Houm, BTOpOM — B 4
yTpa, a Tperun — B 8 yTpa. Y KaXAOro CIOyTHUKA
cBou mepuox obpaiennsd. IlepBoMy Ha MOIHLIE 060POT
BOKpyT 3emun Tpebyercsa 13 gacos, Bropomy — 15, a
rperbeMmy — 19 wacos. CkoabKO 19acoB mpouger (0T
HNOMYHOYU) 10 TOTO MOMEHTA, KOTa CILyTHUKHU OJTHO-
BPEMEHHO TepecekyT Mepuauan Jlumgca?
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[MocmoTpuM, Kak oTa 3aja4a MEPEBOAUTCA HA A3LIK CPABHEHWMU.
[IycTs £ — KOIMYIECTBO IaCOB, KOTOPHIE IPOUAYT ¢ 12 wacoB HO-
97 10 MOMEHTA OJHOBPEMEHHOI'O IMPOXOXJECHUA CIIy THUKAMU Ha[
Mepuauanom Jlugca. [lepBbn COIyTHUK TepeceKaeT STOT MEepUIn-
aH Kaxabie 13 9acoB, HAYMHAA C 9aCy HOYMU. ITO MOXKHO 3aIUCATH
xkak x = 1 + 13t gaa mekoToporo uenoro t. [Ipyrumu croBammu,

z = 1 (mod 13). CooTBeTcTByOmUE yPABHEHUA NJIA OCTATHHBIX
CIIyTHAKOB MMEIOT BUI:

x=4 (mod 15) u z =8 (mod 19).

Taxum 06pa3om, Tpu CIIyTHUKA OJTHOBPEMEHHO IIEPECEKYT Me-
puguaH Jluaca depe3 x 4acoB, eCIW T YIOBIETBOPSAET 3TU TPEM
ypasaeHuaM. ClregoBaTenbHO, JIA OTBETA HA MOCTABIEHHBIN BO-
MPOC TOCTATOYHO PEIIUThL CUCTEMY CPABHEHUN:

1 (mod 13),
4 (mod 15), (2.1)
8 (mod 19).

x
x
T =
SaMeTI/IM, ITO MBI HEC MOXEM CKJIAABbIBATH UJIN BBIIATATH yPAaBHE-
HUA CHCTEMBI, TIOCKOIBbKY MOJAYJIN CDABHEHWM B HUX pasHbe. By-
IEM pelaTh 9Ty 3a4a9y, MePEX0dA OT CPABHEHUU K YPABHEHUAM
B meablx dmcaax. Tak, cpasuenwe z = 1 (mod 13) coorsercrsy-
eT nuogaHTOBy ypaBHeHnuio: £ = 1 + 13{. 3ameHsas £ BO BTOpOM
cpaBHeHUU cucTeMbl Ha 1 + 13¢, momy4aem:

1+13t=4 (mod 15), T.€. 13t =3 (mod 15).

Ho 13 obpaTtumo mo moxgymaio 15, 0OpaTHBIN K HEMY DIEMEHT —
9T0 7. YMHOXaa mOcHefHee CpaBHEHUE HA 7 W MEPEXOAsI B HEM K
BBIYETAM II0 MOAYJII0 15, mMeeM:

t=6 (mod 15).

3HAYIAT,  MOXET OLITh 3amucad B Buae: £ = 6+ 15u 111 Kakoro-To
nenoro u. CregoBaTensHO,

z=1+13t =1+ 13(6 + 15u) = 79 + 195u.
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3aMeTum, 9TO BCe uucaa Buma 79 + 195u ABagoTCA measiMu pe-
MIEHUAMU TEPBLIX ABYX cpaBHeHuu cucremsl (2.1). Hakowmemn, moa-
CTaBMM B TPETbE CPABHEHUWE BMECTO I BhIpaxenwe 79 + 195u:

79 +195u =8 (mod 19), TaK ITO 5u =5 (mod 19).

Beugy o6paTtmmocTu octaTtka 5 mo monyiaio 19, HA HErO MOXHO
COKpPATUThL 1 yBUAETH, 9T0 4 = 1 (mod 19). IepenucwBas >To
cpaBHeHME KaK AuodaHTOBO YpaBHEHUE, MBI MOIydIuM v = 1 + 19v
A HEKOTOPOro memoro v. rTak,

=79+ 195u = 79 + 195(1 + 19v) = 274 4 3705v.

Kakou oTcona MOXHO CAEIATH BHIBOA OTHOCATEILHO CITYTHH-
koB? HamoMHMM, 9TO & — KOIUYECTBO YaCOB, KOTOPHIE MPOULYT
OT TOJYHOYU A0 MOMEHTA OJHOBPEMEHHOT'O MPOXOXAEHWUS CITYT-
HUKOB Ha g MepuguanoM Jlugca. [Tosromy Ham HyX)HO OBLIO Han-
T HAUMEHBIEE HATYDPAJILHOE 3HAYEHWE MEPEMEHHOU I, YIOBIe-
rBopsatomee cucreme (2.1). Mbr 5o caeramm. [Tockoapky pemenue
cucteMbl: £ = 274+ 3705v, To orBeT: 274. Tak, COyTHUKYT OTHO-
BPEMEHHO TPOUAYT HajJ Mepuamanom Jlumgca vepes 274 gaca mo-
ciae 0 9aCOB CeromHANIHEN HOYA, ITO COOTBeTCTBYeT 11 musam u 10
qacaMm. Ho o6iiee pemnrenue cucTeMbl faeT O60abIlne WHGOPMAIIAH.
[pubasasas k 274 ao60e kpaTruHoe 3705, MBI TOMy<IaeM APyroe pe-
[IeHne CUCTeMbL. VHate roBops, CIIy THUKHY OHOBPEMEHHO mepece-
KalOT O3HAYEHHBIA MepuUAnaH Kaxasie 3705 9acoB mocie mepBoro
TaKOT'0 MOMEHTA, ITO COOTBETCTBYeT 154 muaMm m 9 dacam.

B crepyromem maparpadge MBI TpOBEIEM NeTAILHBIM AHAIN3
MPUMEHEHHOTO METONA PElIeHNs CUCTEeMbI JHHEUHBIX CPABHEHUN.
3aMeTHuM, YTO MBI PEIIAINA Ty CUCTEMY TPEX CPABHEHUU, PACCMa-
TPUBaAA MO ABa CPABHEHUA 33 pa3. [[eUCTBUTENILHO, CHATAIA MBI
TIONY UM PENIEHUe EPBLIX ABYX cpaBHeHuu: £ = 79 + 195u, 9To
paBHOCWIBHO = = 79 (mod 195). /lna momcka pemeHun TpeTbe-
IO CPpaBHEHWA MBI PEIIAeM APYT'YIO CHCTEMY NBYX YPABHEHUU, a
MMEHHO

z =79 (mod 195),
z=8 (mod 19).
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B 06men curyanuu HaM IPEACTONT PEIIATE HECKOIBKO CHCTEM
IByX cpaHeHHH. Ilo3TOMYy B caegyiomeM maparpade Mel JeTaIbLHO
MPOAHATU3UPYEM AITOPATM PENIEHWA CUCTEM TOJLKO ABYX CPaB-
HCHUM.

§ 8.3. Kutauckum anropuTm OCTaTKOB:
B3aUMMHO NPOCTbIE MOAYNU

Kumatickut ateopumm ocmamkos TakK HA3BAH TOTOMY, UTO
BIEepBbIE OBLT HAUAEH B «Y4eOHUKe MaTemMaTuku macTepa CaHay,
HANMCAHHOM Mexay 287 m 473 romamu Hamien 5poi. B cBoen KHU-
re macrep CaH pemai YuCIeHHBIe TPUMEDPHI, 8 [IOTOM BBIBOAI U3
HEX OOIIUe TMPABWIA PENIeHN AHAJOTMIHBIX 3a1a4. bomee obumn
AHAIN3 TOU XKe MPOOIEMBI ¢ HECKOALKUMU TTPUMEPAMU MOXHO HAK-
Tu B KHure, HamucanHou [3uus II3i0-mao (Qin Jiushaq) B 1247
roay. AHAJOrmYIHbIE 330891 PACCMATPUBAINCH MHOTUMU IPYTUMA
MaTeMaTHKaMu, BKIo9aa wHankhna Bxackapy (Bhaskara, VI sex
Hamen >pel) u Hukomaxa us epacer. UcTopudeckyio copasky o
Teopeme cM. B [27].

Kurancknin aIropuT™M OCTATKOB — 3TO IIPOCTOe 0600IIeHne
MEeTO[a, UCIOIL30BAHHOIO Tpu pemeHun cucreMbr u3 §8.2. Tlo-
IPOOHOMY M3YUEHUIO AITOPUTMA UM TOCBAIIEH HACTOAIIAU Mapa-
rpad.

PaccmoTpum cuctemy

{ x=a (mod m),

x=b (modn). (3:1)

Kak u B §8.2, u3 nepBoro cpaBHeHUs CregyeT, 9TO £ = a + my,
e y — neaoe aucao. [TogcTasiasa BMeCTO £ BO BTOPOM CpaBHEHUN
a + my, Mer morygaem: ¢ + my = b (mod n). [pyrumm crosamu,

my = (b—a) (mod n). (3.2)

Ho 6marogaps §8.1 MbI 3HaeM, 9TO DTO CpABHEHWE UMEET PeIlle-
HUE TOT[A W TOJHKO TOTAA, KOTAa HAMOOIBIIANA OGIMINUKA JEeTATEND
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m un geaut b— . [[aa yBepEeHHOCTH B TOM, 9ITO 3TO YCIOBUE BbI-
HOMHEHO, TOCTATOYHO NPeanoaoxuth, 1o HO/l(n, m) = 1. IIpex-
MTOJMIOXKEHNE PABHOCUIBHO TOMY, UTO 713 UMEET OOPATHBIA DIEMEHT
B Zy; CKaXeM, .

Teneps cpaBuenue (3.2) Jerko pemaerca. YMHOXad 06e ero
qacTu Ha «, morydaem: y = a(b — a) (mod n). CregoBaTensHo,
y = a(b—a) + nz, rge z — nemnoe. Tak Kak x = a + my, TO

z =a+ ma(b—a) + mnz.

Ho @m = 1 B Z,,. 3Ha4uT, HalijeTca TaKoe Ieaoe 3, Ipu KOTOPOM
1 — am = pn. Uraxk,

z = a(l — ma) + mab+ mnz = afin + mab + mnz.

[IpenMymecTBO TAKOU 3AMUCH PEIIEHUA B TOM, 9TO & U 3 JETKO
Beruncaaorca. [leucrsurensno, 1 = am + fn, Tak 9ro o u f3
HAXOMATCA PACIIMPEHHBIM AJCOPUTMOM OBKIMUIA, TPUMEHEHHBIM
k m u n. B urore, ectm HO/[(m,n) = 1, To npu mobom nerom k
qucao afin + bam + kmn asiserca pemenueMm cucremsr (3.1).

A ckonbko pemenun umeeT Takasa cucteMa cpasHenuu! Bec-
KOHEYHO MHOT'O, €CJIU MBI MMEEM B BUAY [EJIOYUUCICHHBIE pelre-
HuA. Begs mpu kaXJ0M KOHKPETHOM BBEIOOPE 2 MBI MOJSY9aeM HO-
BOE pelleHune, COrmacHO (GhOpMyJe, BBIMUCAHHOW BhImE. Paccmo-
TpuM >TOT MOMeHT 6onee moapobuo. [Ipenmonoxum, <TO mEabIE
z u y yposrerBopsoor cucreme (3.1). Torza z = a (mod m) u
y = a (mod m). PazrocTh >TUX CpaBHEHUN TPUBOAUT K COOTHO-
mennio: £ —y = 0 (mod m), T.e. x —y memurca va m. [IpogensiBas
TO %€ CAMOE CO BTOPBLIM CPDABHEHUEM, TIOIYIAEM, ITO T —Y ASTUTCA
Ha 1. A BBUAY B3aMMHOU TPOCTOTHI 17 U N U JeMMBI u3 § 3.4, 53T0
MOKA3LIBAET AEIUMOCTD X — Y HA Mn. SHAYAT, €CIU L U Y — IIe-
avie pemenna cucremsr (3.1), To z = y (mod mn). osTromy, xoTa
CUCTEMA U UMeeT OECKOHETHO MHOT'O PEIIeHNN, BCE OHU CPABHUMBI
OPYT C APYTOM TIO MOIYJII0 mn. [IpyrumMum croBamu, CHCTEMA, MMe-
€T TOJbKO ONHO pelieHue B Z,,. Ho Heab3a 3abbIBATH, ITO BCE
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HAIIW BBIBOBI CIIPABEIJINBLI TOJBKO OJAT0Maps MPEeIIOM0XKEHUIO:
HO/(m,n) = 1. Ceenem Bce momydeHHBIE (GAKTHI B CAEAYIONUIYIO
Teopemy.

Kurauckaa Teopema 06 ocrtatkax. Ilycmb m un — 63a-
uMHO Npocmbie Hamypasbrubie wucaa. Cucmemna

{ = (mod m),

x=b (mod n)

umeem 00O U MoAbKO 00H0 pewenue 6 Lomnp.

Xopomui cnocob paszodpaThed, JeMCTBUTEILHO A1 BBl MOHAIT
DTy TEOpEMY, — PACCMOTPETH €€ MeOMETPUIECKYI0 MHTEepIpeTa-
uwio. [Ipexmosoxum, aro y Bac ecTs Tabauma ¢ mn KIETKAMUA.
Croa6upl TAGIUIBL IPOHYMEP OBAHEL DIEMEHTAMA Zyy,, & CTPOKT —
oreMmeHTamMu Z,. B xiaeTky Tabauwipl, CTOANIYIO HA ME€PECeTeHUN
CcTOMOIA, COOTBETCTBYIOMIErO & € Z,, U CTPOKHU, COOTBETCTBYIO-
ueit b € Z,, TOMECTAM [EI0e TUCIO T, YAOBIETBOPAIOUIEe CIELY-
FOIIAM YCIOBUAM:

e 0Lz mn—1,
e £ =a (mod m),
e z =0 (mod n).

CkaxeM, 9T0 COOTBETCTBYIOIAA KIETKA, TAOIUIHI UMEET KOOP Au-
Harer (@,b). Ilockomeky 0 < # < mn — 1, MBI MOXeM CUATATH
YUCA0 X TPENCTABATENEM KAACCA, COMPAKEHHOCTH MO MO IYJIIO 1M1,
T.€. PEATBHO 2 TMPEACTABIACT HEKOTOPBIN KIACC T € L.

Yo rosopuT 06 >TOM TabANIE KATAUCKAA TeopeMa 06 ocTar-
kax? IIpegmonoxum, uro HO(m,n) = 1. I3 Teopemsl cregyer,
9TO KaXJaA KIETKA TAOMUIBI COOTBETCTBYET B TOTHOCTH OJHOMY
eIOMY, 3aKIIo9eHHOMY MeXay 0 mw mn — 1, T.e. OTHOMY KIACCy
u3 Ly Takum 06paszoM, B Pa3sHBIX KJIETKAX CTOAT PA3HBIE [U-
caa u Hao60poT. Eie pa3 HAIOMHUM, 9TO MOAYJIU Y HAC B3AMMHO
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npoctsl. [IpuBegem Tabmauny s m =4 un = 5.

01|23
0|05 |10]15
1(16| 1|6 |11
212172 |7
3|8 |13|18| 3
41419 14|19

3aMeTnM, 9TO TAOIUIA COOTBETCTBYET MPAMOMY MIPOU3BENE-
o Zg X Zs. C mepBoro B3TIALA MOXET MOKA3ATHCA, ITO I
3amoMHeHnsa Tabauisl Heo6xoqumo pemuTs 20 CUCTeM JTUHERHBIX
cpapHeHnu. Ho xurTanckas TeopeMa 006 OCTATKAaX MOACKA3LIBAET
3aMOJIHATE TAOAUIy «B 0O6paTHOM mopsaakes. [lua meaoro wqucia x
Mexay 0 u mn — 1 HaugeM MecTO B TaOIUIe, BEIYUCIAIL €TI0 BhITe-
TBI 10 MOAYJI0 M U N. Hampumep, B Hammem ciy<ae BurteT 14 mo
monyuio 4 paser 2, a mo moaymio 5 — 4. IlosTomy emy coorBeT-
CTByeT KIeTKa ¢ KoopauHaTamu (2,4).

Ho »T0 He mocrentee cIoBO B HAyKe; MOXKHO CAEJIATH €IIe MPo-
me. PeanbHo, CymecTByeT BO3BMOXHOCTH 3aIOJMHUTDL BCIO TAOMAILY
MEIUKOM, HE TPOU3BOAA BEIYUCIACHUN A OTAeAbHBIX ducen! Yro-
OBbI TTOHATH KAaK, BCIOMHUM, ITO Yy HAC €CTh M€OMETPUIECKAS WH-
TepIpeTanns MHOXECTBA Z4: IeThIPpe TOYKY, PACIOJIOXKEHHBIE HA,
PAaBHBIX PACCTOAHUAX APYT OT APYra BAOIb OKPYXKHOCTH, KAXK Tas
73 KOTOPBIX MPEACTABIIET OAWH KIACC B Z4. [loxoxas kapTuHKa
ecThb U 1 Zs.

B gericTBuTensHOCTH HAILy TAOIUIy MOXHO WHTEPIPETUPO-
BATh KAK TWIOCKYI0 KAPTY, WIA ILIAH, MPEICTABIAOIIAA HEKYIO
PACIIOIOXEHHYIO B MIPOCTPAHCTBE ABYMEPHYIO MMOBEPXHOCTH. 1TO-
OBl HAUTHU DTy MOBEPXHOCTH, MBI MOCTYIAEM CICAYIOMUM OGpa-
som. [Tockombky kaaccer Z 4 (rOpU3OHTATBHBIE KOOD JUHATHI) MOXK-
HO CUMTATH PACIOJIOXEHHBIMU BAONb OKPYXHOCTH, MBI CKICHM
MPaBYIO CTOPOHY Tabausl ¢ aeson. [lomyunrcsa numuaap. Ho knac-
bl Z5 (BepTUKAIbHBIE KOOPAUHATHI) TAKXKe YI0OHO IPEACTABIATE
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TOYKAMM HA OKPYyX)HOCTHU. [looTOMY Bepx TabOAWIIBI HYXKHO CKJe-
UTHb ¢ HU30M. B pe3yabTaTe MOMIYIUTCS MOBEPXHOCTH, KOTOPAasd
HA3BIBAETCA MOPOM, HATIOMUHAIOMAA 1O (popme OyOiuk wim Ga-
PAHKY.

Bepremcs k 3amade o 3amonaenun Tabaunbl. [lockorbky wucta,
0, 1, 2 m 3 menblle ¥ YeTHIPEX, U OATU, OHU COBIIAJAIOT CO CBOU-
MU BBEIME€TAMU O 060MM >TuUM MOAy/aaM. [losToMy HaM HE HYXHO
JeTaTh KAKUX-IU00 BHIYUCIEHUY i ONPEAETeHs UX KOOPAUHAT,
¥ MBI CPa3y MOXEM IMOMECTUTH UX B TAOIUILY:

<l
=
Dol
wl

]
el

=
=

N
N

wl
wl

W~

3aMeTuM, 9TO PACCTABIAA IO OYEPEAM DTU KIACCHI M0 KJIET-
KaM TaOJuIbl, MBI, HAYaB C JEBOT'O BEPXHETO yIvia TabaUIlI, IIe-
PEXOIUMIN KaX LI Pas3 HA, OQHY KJIETKY BIPABO WM OQHY BHU3. A
MIPOCTABUB IETHIPE MEPBBIX KIACCA, YIEPAUCH B MIPABYIO TPAHUITY
Tabaunpst. Ecan 661 B Tabaune O6bLr eme oquH CTOAOEI, TO, IpU-
IEepXUBAACH CHOPMYIUPOBAHHOTO MPABUIA, MBI TIOMECTHIN OBI B
HeM 4, HO Ha OJHY CTPOYKY HUXe 3, T.e. B mocaequen crpoke. Q-
HAKO y HAC HET DTOrO JUIIHErO CToa0ma, He Tak au! Ha momorns
MIPUXOAT reoMeTpuIecKas nHTeprnperanua Tabaunsl. CKiens ee
BEPTUKAIbLHBIE MPAHUIBI, MBI BIJAUM, 9TO HEPBBIU JEBLIA CTOJ0EI]
TabAUIBI MOXHO CIATATH UAYIIUM CPa3y 3a ee MOCIeTHUM Tpa-
BBIM CTOJIONOM. B TepMuHaX HECKICEHHOU TAOANILI DTO 03HATAET,
9TO MBI TOJXKHBI (TIEPENPBITHYThY C TMOCAETHETO CTOJOIA Ha Mmep-
BBIW, OMTHOBPEMEHHO CIIYCTUBIIUCEH HA, OAHY CTPOUKy BHu3. Cremo-
BATEIbHO, 4 HYXHO MMOCTABUTDL HA MEepecedeHue MepBoro CToa0Ia
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7 MOCAEAHEN CTPOKY TAOIUIIHL:

0|112]3
0]0
1 1
2 2
3 3
4|14

Kaxercsa, y Hac moABmiach HOBasg mpoOieMa: MBI MOILTH IO
HUXHEU TPAHUIBI U OMATH HE MOXEM IBUTAThCA ganbime. Ho B
CIIY T€OMETPUIECKON KAPTUHKY, HUKHAA U BEPXHAA TPAHUIIHL Ta-
OJUIIBI CKIEEHBI, U MBI MOXEM MEPEUTH K IEPBOU CTPOKE TAOIUIIH.
Tonbko Teneps HYXKHO CMECTUTHCA HA OWH CTOJOEI] BIIPABO OTHO-
CUTENBHO TIPeABIAYIero nomoxenus. Caenas 5TO B HAIIEM CIydae,
MBI IIOJIY UM

0(1]2]3
0/0(5
1 1
2 2
3 3
4|4

MBI MOXEM MOBTOPATH 3TOT MPOITECC, TOKA He 3AIIOJTHUM BCE KJET-
KU TaOJIUIIBI.

§ 8.4. KnTaucKuu anropuTm OCTaTKOB:
L4 L4
obwmu cnyvau
MuI B geTalax MpOoaHAIN3UPOBAIN PEIIeHNe CUCTEMbI JUHeN-

HBIX CPABHEHWU I B3AMMHO MPOCTHIX MOIYJIEH TTOTOMY, YTO MUMEH-
HO DTOT CJIydYall BCTPETUTCA HAM B ciaemywoommx rmasax. OmgHAKO
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KHTaﬁCKHﬁ AJTOPUTM OCTATKOB MOXHO TaK XK€ UCIOJb30BATH U
TP PEIIeHUN CHCTEM, ¥ KOTOPBIX MOIYJIW HE B3aUMHO MPOCTHIE.
Ho B oToM ciiydae nmpu penieHUU TMHEUHBIX CPABHEHUU TpelyeT-
CA TmpenenbHas BHUMATEILHOCTDH, BO3PACTAIOMAA C KAaXIBIM IIa-
roMm anropurma. /oCTaTOYHO HTPOAEMOHCTPUPOBATH OAWH IPHU-
Mep. PaccmoTpuMm cuctemy

z=19  (mod 8).

{ z=3  (mod 12),

U3 mepBoro cpaBHenuss Mbl moaydaem: & = 3 + 12y mias HEKO-
Toporo neiroro y. [logcTaBndas HAUIEHHOE BHIpAKEHWE NI T BO
BTOpOe cpaBHeHue cucremsl, nmeeM: 12y = 16 (mod 8). Tak xak
HO/(12,8) = 4 meawt 16, mocregHee cpaBHEHUE TOMKHO UMETH
peuerue. [[eNCTBUTENBHO, €r0 IETOYUCICHHBIA DKBUBAJEHT UMEET
Bun: 12y — 8z = 16. Pazgenum 5T0 paBeHcTBO Ha 4: 3y — 22 =4,
r.e. 3y =4 (mod 2). Ho 3 =1 (mod 2), a 4 =0 (mod 2), Tax uTo
y =0 (mod 2). CregoBaTensro, y =2k 111 HEKOTOPOTO WEAOTO k.
Haxkonemn, moacrasuaa 2k BMecTO y B paBeHCTBO T = 3 + 12y, Ha-
xomum x = 3 + 24k. Utak, manHas cucTemMa MMeeT eIUWHCTBEHHOE
peuterue mo moayaio 24. Onrako 8 - 12 = 96. Tak kakoe ke OTHO-
menne Tucao 24 nmveer K moayaaM 8 u 127 OTseT HA 5>TOT BOIPOC
HAUJETe B YIPAXKHEHUN 5.

[lns 10607 maphl HE B3AUMHO MTPOCTHIX MOAYJIEH BCErAa MOXK-
HO HAMUCATL CUCTEMY CPABHEHUU, HE UMEIOIIYIO HU OJHOTO pele-
Husa. C TOYKY 3pEHUs reOMeTPUIecKon naTepnperanun § 8.3, 310
O03HAYAET, UTO €CIU MOAYIW OOJATAT OOMMM HETPUBUAILHBIM
JIeIuTeNeM, TO B COOTBETCTBYIOIIEN TAOMUIE BCETa OCTAHYTCA
HE3AMOMHEHHBIE KIETKH.

Eme pas moBTopuM, HET HUKAKOU HEOOXOAUMOCTH AEIATH Ka-
Kre-Tr60 BBIYUCACHUA [ 3amoanenus Tabaumsl. [IpocTo Mer goa-
XKHBI TPOCTABIATE uucaa 0, 1, ..., HAYMHAAL C JEBOU BEPXHEN KJIET-
KU, CABUTAACH KAXK TBIM PA3 HA OJWH CTOJGEI] BIPABO U OJHY CTPO-
Ky BHU3, He 3a0bIBas («IIEPENPBITABATLY CIIPABA, HAJIEBO W CHU3Y
BBEPX MPHU MPUOIUKEHUN K COOTBETCTBYIONEN TPAHUIE TaOIAIIHL.
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3amoaHAsa TaKuM 00pa3oM TabIuIly MIS HE B3AUMHO MPOCTHIX MO-
IyJieit, MBI BepHeMcA B K1eTKy ¢ koopauaaTami (0, 0), ne mepe6pan
Bcex mn — 1 qucen. ITo 0O6BACHAET, TOUEMY HEKOTOPBIE KIETKU
Tabaunsl ocTanyTca nycteivu. [las m = 4 u n = 6 Tabauna BbI-
TIAIUT CAETYIOMUM 06pa3oM:

01|23
00 6
1 1 7
2|38 2
3 9 3
414 10
5 5 11

§ 8.5. CHoBa cTeneHnmn

[lna cucTeM CpaBHEHUU, TUCIO YPABHEHUU B KOTOPBIX OOJBIIE
IBYX, €CTh CBOU BApUAHT KUTAUCKOU TeopeMbl 06 ocTaTkax. Mot
ee chopMmyaupyem 6e3 TOKA3ATEAbCTBA, MOCKOILKY 3TO MPOCTO
elle OQHO IPUIOKEHUE KUTAUCKOrO ajaropurma ocrarTkosB. CHa-

qajaa ONpeNeleHne: HATYPATbHBIE GUCIA, 7, ...,NM, HA3BIBAIOTCA
nonapruo 63aumno npocmoimu, ecmm HOJM(n;,n;) = 1 pra mo-
Ooou mapwel ¢ # j. Hampumep, Tpu [mcia ni,ns,n3 — MOTAPHO
B3auMmHO mpocteie, eciu HO/(ni,ny) = 1, HOA(ny,n3) = 1,
HOﬂ(ng,ng) =1.

Kuranckaa Teopema 06 ocrarkax. I[lycmv ny,...,np —

NONApPHO 83AUMHO NPOCMbIE HAMYPasbHble wucaa. Tozda 8cakas
cucmema

ar  (mod nq),

as (mod ny),

umeem 00HO U MOoAbKO 00HO pewerue 6 Ly, ..p, .
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[IpumenuB 5Ty BEepCcUIO TEOPEMBI, MBI MOXEM YIPOCTUTH BbI-
YUCAEHNE BBIYETOB CTEMEHEH MO MOIYII N, €CIU U3BECTHO €ro
pasioxkeHue Ha TPOCTHIE MHOXUTean. Mbr OymeM Takxke mMpeano-
JAraTh, ITO KAX BN TPOCTON MHOXUTENb BXOIUT B 3TO Pa3JIoxKe-
HUE ¢ KPATHOCTBHIO 1, TOTOMY 9TO MMEHHO B DTOM CJIyYae METO[
rHauboree >pPeKTUBEH.

[MonycTumM, 9TO pa3ioXeHWe wWMeeT BUI: N = pPi--: Pk, TOe
0 <p1 <:-- < pg — mpocThle ducia. g meablx ¢ m m MBI CHaA-
9aJia, HAXOAWM BBEIYET ¢ M0 KaXJO0My MOXAYJIIO p;. Eciu mpocTeie
MHOXWTETN HE CAULIKOM BEJIUKU, TO BEIYUCAEHUA Oy Iy T OU9eHb ObI-
CTPBIMU faXe A OOIbUIUX 1M U G, IOCKOIBLKY HaM IIOMOT'aeT 3TO
meraTh Teopema Pepma. [Ipeamomoxmm, ITO MBI yXKe CIeTATH DTH
BBIUUCIECHUA, TpAIEM

a™ =7y (mod p) u 0<r <pi,
a™ =ry (mod p9) u 0 < re < po,
a™ =17, (mod pg) u 0 < re < pg.

[TosTomMy nnst ompenereHus BuIMETa ¢ MO MOIYIIO 1, HAM HYXHO
TOJBKO PEIUTH CUCTEMY CPABHEHUU:

x =7 (mod py),
x =1y (mod po),

BaMeTHM, 9ITO MOAYJIN CUCTEMBI — Da3JUYIHBIE IIPOCTHIC “IN-
Cla, TMODTOMY OHU MOMAPHO B3AUMHO MPOCTHI. SHAYUT, [0 KUTAU-
CKOU TeopeMe 06 0CTaTKaX, CHCTEMA BCETIa UMEET PeIlleHne, CKa-
xem, r, 0 < r < n— 1. Boree Toro, mobbie ABa TaKWX PEIICHUS
CPABHUMEI TI0 MOZYIIIO P1 - - - P, = N.. Tak Kak ¢’ — Toxe peleHne
cucremsl, nmeeM ¢ = r (mod n). CregoBarensHo, r — BeIYeT 0"
O MOZYJIIO N.

[Mpusemgem mpumep. [lonycTum, HAM HYXHO HAUTHU BBIYET YM-
cra 2675 mo mogymio 1155. PackmageBas 1155 Ha MHOXHTENH,
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maugem: 1155 = 3-5-7-11. [Ipumenun Teopemy Pepma K Kax 10-
MYy U3 DTHUX TPOCTHIX UUCEN, MOLYTAM:

2674 =1 (mod 3),
2674 = 4 (mod 5),
2674 =2 (mod 7),
26754 =5 (mod 11)

C TIOMOIIBI0 KUTAUCKOT'O AITOPUTMA OCTATKOB. 110 IepBOMYy cpas-
HEHUIO CUCTeMBI £ = 1 4 3y, mO3TOMY BTOpOE CPABHEHUE AET:

1+3y=4 (mod?5), T.€. y=1 (mod5),

MIOTOMY 9TO TPOWKA OOpAaTHMa IO MOAYJIIO b M HA HEe MOXKHO
cokpatuTh 06e wacTu cpasuenud. Urak, x = 4 + 15z. [loacra-
BJfIA BMECTO Z €r0 BLIPDAXKEHWE Uepe3 z B TPEThe CPABHEHUE U
pemas ero, moxydaem: £ = 79 + 105¢. Hakonern, pemas geTsepToe
CpaBHEHWE OTHOCUTEILHO ¢, Mbl uMeeM ¢t = 6 (mod 11). 3uauur
x = 709 + 11550 u 709 — mckombrin Beraer wuncaa 2674 mo moxy-
aio 1155.

§ 8.6. Mocesawenune B TauHy

Bengxaven ®@pankimmn (Franklin) oguax asr ckasam: «Tpoe mMo-
YT XPAHUTL TAWHY, €CJIU JBOE U3 HUX MEPTBLLy B 3TOM maparpa-
e MBI u3ydIaeM 6e30MACHYI0 CUCTEMY MOMYCKa XKUBBLIX K CEKPET-
HBIM CBEIEHUAM, OCHOBAHHYIO HA KUTAUCKOU Teopeme 00 OCTaT-
kax. IIpemcraBbTe cebe cremyrormryio cutyarnuio. [logBamr 6amka
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IOJXKEH OTKPBIBATHCA KaX LI MeHb. B 0aHKe CIyXaT IMATh CTap-
IIIX KaCCUPOB, MMEIOMUX AOCTYyn K monasaty. llo mpuumbaam Ge-
30IACHOCTY PYKOBOACTBO OaHKA NMPEAMOYUTAELT CHCTeMY, Tpely-
IOMIYIO TPUCYTCTBUA XOTA OBI IBYX U3 DTOU MATEPKU A BOZMOXK-
HOCTHW OTKPHITH moaBat. [Ipobrema B TOM, ITOOBI HOABAJ MOTJIA
OTKPBITH 4100ble IBA CTAPIIAX KACCUPA.

Paccmorpum sty npobremy B Gosmee obmem Buge. [las Toro,
9TOOBI OTKPHITH MOABAJI OaHKa, HEOOXOMWUMO 3HATH KO, KOTO-
prI?I MOXHO CYUTATHh HATYPAJBHBIM YUCIOM S. MI)I XOTHUM Dpac-
MIPENENUTDh ITOT KOJ MEXIY 1 CTAPIIMMU KACCUPAMU TaK, ITOOBI
KAaXJIBIM U3 HUX 3HAT ITO-TO 06 s. HazoBeM Takyo YIacTUIHYIO
nuaGOpMAUD fpazmenmom Koaa. Bosee TOro, OTKPHITH IIOIBAT
MOJXKHO OBITH HEBO3MOXKHO, €CIU B OaHKE MPUCYTCTBYIOT MeHee k
CTapIIMX KACCUPOB, rjae k > 2 — HATYPaATbHOE UUCIO, MEHBIIIEE 11.
Mgl 1o6BeMcs DTOrO yCIOBUA, PACHPENeINB WHMOPMAIXIO O KOae
TakuM 06pa3oM, ITO

® YNCIO S JA€2K0 OMPEeNeNseTCsA, eClu W3BeCTHO k miau Gomee
dparMeHToB;

® YUCIO S MPYJHO ONMPEneInMo, eCIU U3BECTHO MeHee k dpar-
MEHTOB.

dparmeHTH KOA, COOOIIAEMBIE KAX[OMY U3 CTAPIIAX KACCH-
pOB, — BTO, B MEUCTBUTEILHOCTH, DIEMEHTHI MHOXECTBA S, CO-
CTOSIIErO U3 N yIOPAJOUYEHHBIX IMAP HATYPAIBHBIX Iuced. ITo0bI
MIOCTPOUTD S, BLIOEPEM CHAYAIA MHOXECTBO L U3 1 MOIMApPHO B3a-
“MHO TPOCTHIX ducen. llycrs N — nmpouwsBenenne HaAMMEHbIIUX K
u3 Hux, a M — npousBenenue k — 1 mamboabimux. Bymxem roso-
pUTh, 9TO k ABmgeTca nopozom das L, ecim M < N. U3 sToro
YCIOBUA CIeAyeT, 9TO MpousBeneHue Mo0bx k (mmm Gonee) sme-
menToB 3 L Beerga Goabine, uem N, a mpoussegenue k — 1 (wim
MEHEE) er0 IEMEHTOB — BCerga Menbime M.

[IpeamonoxuM, Kox s BEIOpaH Tak, ITo M < s < N, a MHOXe-
cTBO S cocTouT m3 map (M, $py), rae m € L, a Sy, — BBIYET 9ucaa §
O MOAYJIO M. DTH MAPHI U ABIAIOTCA TEMU @pacmenmami Kooa,
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KOTOpBIE COOOMAIOTCA cTapmuM Kaccupam. ToT (pakT, 9TO MHO-
xkecTtBo L mMmeeT mopor k > 2, o6ecrednBaeT HEPABEHCTBO S > 1M1
mst kaxgoro m € L. B wactuocTn, Sy, < § mas aioboro m € L.

Yro mpousoumger, eciu k win Gojee CTAPIIAX KACCAPOB HAXO-
aarcs B banke? B srom ciyuae mssecTHBI ¢ (> k) map m3 MHOXe-
crBa S. O603HaIUB >THU NApHL Uepes (mq, $1), . . . , (M4, $¢), pPACCMo-
TPUM CHUCTEMY CPABHEHWU:

x =51 (mod my),
x =59 (mod mg),

(6.1)

DIeMEHTBI MHOXECTBa, L MOMapHO B3aMMHO MPOCTHI. 3HAYAT, IO
KUTAUCKOX Teopeme 00 OCTAaTKaxX, 3Ta CUCTEMA MMEET PEeIleHUEe
0 < x9p < mq---my. Ho coBmamaer qu xy ¢ s?7 OTO Kak pas Ta
MPUYNHA, 10 KOTOPOU MBI HAKJIAMLIBAIN Tpeboaume: L umeeT
nopor k. [lockonbky ¢ > k, To Hame TpeGoBaHUE BICYIET:

mi---my = N > s.

Ho s Toxe ynosrersopset cucreme (6.1), u mo KuTaiickon Teopeme
06 ocTaTKax
2o =8 (mod mq---my).

A Tak Kak s M Ty — HATYpPAJIbHBIE YMUCAA, MEHBIIAE M1 - - - My, TO
S = XIy.

[Tpegmonoxum Tenepb, 9T0 B GaHKe HAXOAUTCI MeHee k cTap-
mux KaccupoB. HecMoTpsa Ha TO, ITO ¢ Temepb MeHbIne k, MBI BCE
paBHO cMoxeM pemutsb cucremy (6.1). Ilycrs x9 — Hanmenbuiee
HeoTpHUIaTeTbHOE pemenne, Tormga 0 < zg < my ---my. Ho mpo-
U3BEICHNE MEHBIIero, IeM k KOIMdecTBa >IeMeHToB u3 L Bcerma
Menbiie M; Tak aTo £g < M < s. CaeqoBaTeabHO, PEUIEHUsA CHU-
CTEeMBI HE MOCTATOYHO IS BOCCTAHOBICHUA Koma S. OMHAKO KAk
Zo, TaK U § — pewmenus cucremst (6.1), mosromy

s=mxo+y-(my---my),



§ 8.6. Iocsawenue 6 matiny 209

rae y — HEKOTOPOe HAaTypaabHOe umcao. HepaseHCTBO
N >s>M > xg

BJIECYET
M — xq s — xp N —xg
— <y < <

ml...mt ml...mt ml...mt.
[Ipuxogum K BeIBOAY: ecau t < k, TO I BOCCTAHOBICHUS KOMIA S
HaM IMIPEICTOUT OTLICKABATEL HEIOCTAIOINNA MHOXUTEIL i CPENn

6oxee ueM
de N-—-M
| M

neasix umcen. BoibpaB momyiau Tak, 9ToObI d 0KA3aJ0Ch OYEHD
GOMBIIMM, MBI CAETAEM 33349y TOUCKA, Y MPAKTUIECKA HEPEIIAEMON.

[ns 3aBepiierns pa3bopa 3a4a<u 0CTAIOCh OCBETUTH OJUH BO-
MPOC: MOXHO JH HAUTU MHOXECTBO L, YIOBIETBOPAIOIIEE BCEM
HeoOxoauMbiM TpeboBauuaMm? OTBeT Ha HErO MOJOXUTENEH, HO
HYXJAETCA B PE3YAbTATAX O PACIPENCJCHUN MTPOCTHIX TUCET, KO-
TOpBIE BEIXOJAT 33 PAMKHU TAHHOW KHUTH. DTOT BOMPOC AETAIBLHO
obcyx gaercs B [32].

Cuenaem 0630p pacCMOTPEHHOU KOHCTpyKIuu. [lna Hee Tpely-
FOTCS HAYAJIbHBIE NAHHBIE: IUCIO 7 CTAPIIAX KACCUPOB, MMEIOIINX
JOCTYI B mofaBat OaHKA, W HAMMEHbIIEe 4YUCIO k W3 HUX, OpU-
CyTCTBHE KOTOPHIX B OAHKE MOCTATOYHO [Jis OTKPBITUS ITO/BAJIA.
[TepBoe uucio onpexpenseT pa3zmep MHOXecTBa L, a BTOpoe — ero
nopor k. [laree Ham HYKHO TOT06PATH MHOXECTBO L U3 1N DIeMeH-
TOB € OPOroM k (9Ty 9aCTh KOHCTPYKIUU MBI TOAPOGHO HE 06Cy-
xaaau), u Beraucauts M u N, onpenenennbie Bemme. Hanomuamwm,
aT0 L HYyXHO BRIOMPATH C TAKUM PACIETOM, ITOOBI IUCIO d, O
KOTOPOM MBI TOBOPHUIX, OBLIO KAK MOXHO OO0JbIINE; B IPOTUBHOM
cry4ae KO MOXeT ObITh pa3rajaH npocTsiM nepebopom. Kox s —
HATYPATbHOE YUCI0, KOTOPOE BHIOMPAETCA JexammM mexnay M
u N. Teneps MOXHO BBIYUCAUTH DJIEMEHTHI MHOXECTBA S U CO-
o6muTL UX coTpyaHuKaM. KoHewHO, 6e30MacHOCTh DTOU CXEMBI
3aBUCUT OT TOT'0, HACKOJIBKO BEIWKO K, YMEHbIIAIOIIEEe BEPOST-
HOCTB, 9YTO OMHOBPEMEHHO k KaCCUPOB U3 OJHOTO GAHKA OKAXKYTCA
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HedeCcTHBIMU. ECanm 3To BCe-Taku IMPOM30UAET, TO HAM MPULETCI
yTemaTs ce6sa MBICILIO, ITO He CYIIECTBYET CUCTEM 6e30IaCHOCTH
100-mpoueHTHON HA JeXHOCTH.

Paccmorpum mpumep. domycTum, uTo B H6aHKE paboOTaiOT b
CTapIMX KACCUPOB U 13 COOOPAKEHNN OE30IMACHOCTH 10 KPANHEN Me-
pe IBOe M3 HUX MOJKHLI IPUCYTCTBOBATL IPU OTKPBITAN IIOABAA.
SuaanT, L TOMKHO COCTOATH W3 MATH SIEMEHTOB, 4 €ro TIOpor pa-
BeH 2. Bribpas saemenTsl L cpeau MAJBIX IPOCTLIX IHCEN, MOLY IhM:

L= {11, 13, 17, 19, 23}.

[TpousBeenne AByX HAMMEHBIIMX YUCET DTOTO MHOXECTBA PABHO
N =11-13 = 143. C gpyrou cTOpOHBI, MOCKOABLKY k = 2, pous-
Begenne k — 1 HamGOIBIINX TPOCTHIX w3 L B NEUCTBATEILHOCTH
PaBHO ero MakcuMaJabHOMY aiaeMeHTy. Takum obpaszom, M = 23
u L mveer mopor 2. Kox s MoxeT OBITH JIOOLIM IIEJILIM THCIOM,
aexamym Mexay 23 u 143. Ilycts s = 30. Torga

S = {(11,19), (13,17), (17,13), (19,11), (23,7) }.

Haxomemn, aTo GyaeT, ecim B 6aHKE MPUCYTCTBYIOT CTApIIAE KAC-
cupsl ¢ pparmenravm (17,13) u (23,7)7 Kon w3 ux pparmenTos
HOMYy9aeTCA KAK HAMMEHBIIEee TUCIO, yAOBIETBOPAIOIIEE CHCTEME:

z=13 (mod 17),
x=7 (mod 23).

Jlerko yBugeTs, aTo TakuMm qucaoMm Oyaet 30. DTOT KOI KOppPEeK-
TE€H, OH INO3BOJACT OTKDPBITH IIOABAI.

YnpaxHeHus

1. Pemure cucTeMy CpaBHEHWU, YIOMUHABIIYIOCA €II€ B KU-
Tauckou kuure 717 roma H.3.:

z=1 (mod 2),
x =2 (mod5),
x =5 (mod 12).
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2. 3agava u3 «Y4uebuuka maremaruku macrepa Canar: «Ects
HECKOJIBKO peaMeToB. Kcau ux Imcio pa3genuTs Ha 3, TO B OCTAT-
Ke TOJYyYUTCA 2; IPU MeJeHUU YUCAa MIPEIMETOB Ha O, B OCTATKE
ocraeTca 3, a Ha 7 — 2. KakoBo 4ucio mpeameToB?»

3. 3amada u3 «ApuabxaTuaMbly, THIUUCKOIO TPaKTaTa, 10 apud-
meruke VI Beka: «HauanTe HamMeHbllee HATYpPAIbLHOE TUCIO, Ta-
folee OCTATOK O IpU JefeHnn Ha, 8; 0CTATOK 4 mpu meaeHuu Ha 9,
a mpu JereHud Ha 7 — OcTaToK 1.y

4. B apeBHen MHAUNCKON ACTPOHOMUMU UCIIOABL30BAJICA IIEPUOL
Kanpna mmurensrHOCTBIO B 4320 MILIMOHOB JIET; MIPEANOIATrAI0CH,
9TO B €r0 Hadaje W KOHIE BCe (PpyHIAMEHTAJbHBIE aCTPOHOMUTIE-
CKre KOHCTAHTHI [IaHeT ObLiu HyJaeBbiMHU. [lomycTum, ITO B He-
KOTOPLIE MOMEHT BpeMeH: 1 oT Hadalda Kalbmobl coaHIe, JyHA
¥ T.[. TIPOMYTENIECTBOBAIN CJAEAYIONINE KOJIMIECTBA MAHEU TOCIEe
3aBepIIeHU UX MOJTHBIX 000POTOB:

Comumne Jlyma Mapc Mepkypuu FOmurep Catypn
1000 41 315 1000 1000 1000

3HasA, YTO COMHIIE COBepIIaeT Tpu 060poTa 3a 1096 gueu, tyna —
oaun 060poT 3a 185 muen, Mepkypun — TpuHAAIATE 0GOPOTOB 34,
1096 muen, FOnurep — Tpu o6opora 3a 10960 guen u CaTypu —
oaun o6oport 3a 10960, HanguTe Yncao gHEW OoT Hadaaa Kaibrobl
no momenTa T'.

5. IlokaxwuTe, 9TO cucTema

{ = (mod m),

x=b (modn)

He MOXeT UMeThb Oosee OTHOT'O PelleHNA 10 MOAY N0 HAaNMEHbIIer 0
00LIero KpaTHOTO 7, U N. 3aMETUM, YTO MbI He MPEAIOIaraeM
B3aMMHOU MPOCTOTHI TUCET 1M, U 1.

6. Vcnoas3ys KUTAUCKYI0 TeopeMy 00 OCTATKAX, BRIMUCIUTE
octaTky oT gerennma 249632 y 354632 ga 12155,
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7. Pemmure cpasrenue: 22 + 42z + 21 = 0 (mod 105).

Ykazaamue: Paznoxure 105 Ha mpOCTBIe MHOXUTENN U PEIINTE
CpaBHEHME MO MOJYJIIO0 KaXJOro MPOCTOro aeauTend uwmcaa 105.
3aTeM MPUMEHUTE KUTAUCKUN AITOPATM OCTATKOB.

8. Hamaure mocreqoBaTeabHOCTL HAMOOIBIIEH AIXHLI, COCTO-
AIYI0 W3 MOAPAL WAYIIAX MPOCTHIX IUCeI, HadmHaa ¢ 11, ¢ mopo-
rom 3. Cremanre TO Xe caMoe s mopora, 4.

9. [lycTs p m ¢ — pasau<able IPOCTHIE YUCTa 1 N = pq. [Ipen-
TIOMOKYM, TO MbI 3HAEM pelleHns ypapHermit: z2 = a (mod p)

z? =a (mod q). TTokaxuTe, KaK KATAKCKAH aITOPUTM OCTATKOB

MOXKHO HCIONIB30BATH JJIA PelleHus ypaBHeHHa r2 = a (mod n).

Cpasuute Bame pemenue ¢ merogom u3 § 8.5 n ynpaxuenuem 7.

10. IlycTs p m ¢ — pasaudHbIe IPOCTHIe Yucia u n = pq. [Ipex-
TIOJOXUM, ITO 008 TPOCTHIX YUCIa UMEIOT OCTATOK J IPU JAeIeHUN

Ha 4. Hanumure mporpaMMmy, KOTOpas IO TaHHBIM P, ¢ U G HAXO-

nuT pemenus ypasaernusa r2 = a (mod n). Hame mpeamonoxenne o

IIpOCTOTe T;cen o6IerdaeT pemreHue ypasBHeHui 2 = a (mod p)

u 22 = a (mod ¢) (cm. rmasy 6, ympaxuenume 17). DTo TpeTbsa

3a/[a49a U3 CePUU, MPUBEIEHHON B KOHIIE YIPAKHEHUA 8 mIaBbl 12.



