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lpeaucnoBue

MaTremaTuKa Kak HayKa [eJIMTCA Ha AUCKPETHYIO (IIpephIBHYIO) U KOH-
TUHYaJbHYIO (HelpephiBHYI0). K KOHTHHYyaIbHOUM MaTeMaTHKe OTHOCAT BCe,
YTO ABHO WX HEABHO COAEPKUT U/€I0 TEOPUHU TIPe/IeJIOB 1 HEIIPEPHIBHOCTH.
Bce ocTanbHOe — AUCKpeTHasA MaTeMaThka (Hampumep, apupmeTrka, ajre-
6pa, TeOpUsA MHOXKECTB, MAaTPUIIbI, MaTeMaTHUYeCKasi JIOTMKA, KOMOUHATO-
puKa, rpadbl, pa3HOCTHbIE YPaBHEHUA, IUCKPETHAsA BEPOATHOCTD).

JluckpeTHasd MaTeMaTUkKa — OypHO pa3BUBAawIIasAcA 3a IMOCIeJHUE
100 sieT BeTBb MaTeMaTUKU. Ee MeTOABI IMPOKO UCIIONB3YIOTCA B pa3iny-
HBIX HayKax, BKJIOYasd GU3UKY, XUMUIO, OMOJIOTHI0, TeHETUKY, UHOpMa-
TUKY U p. [I03TOMY ITOATOTOBKA OYAYIINX YIHUTENEH eCTeCTBEHHOHAYYHBIX
creniaabHOCTeN U MHPOPMATUKU TECHO CBSI3aHa C MOJyYeHHeM ITPOYHBIX
3HAHUM He TOJBKO M0 HEMPEePBhIBHOM, HO U 10 JUCKPETHOM MaTeMaTHKe. TO
’Ke KacaeTcsl M TpUOoOpeTeHUsT COOTBETCTBYIOIINX MPAKTUYECKUX HAaBBIKOB.

HacTrosmasa KHUTa COAEPKUT U3JIOKEHNE TECHO CBSI3aHHBIX MeZy coOOoM
pa3zesioB AUCKPETHOW MaTeMaTHUKH: MHOXKecTBa (1. 1), ajleMeHThl KOM-
6uHatopuku (ri. 2), maTpuilbl (1. 3), koHeuHble rpadrl (1. 4), JoruKa
(r1. 5), pasHOCTHBIE ypaBHeHUs (I71. 6), AUCKpeTHAasA BEPOATHOCTD (IJ1. 7).

KpoMme TOro, B mpuIOKeHUSIX AaHO KpaTkKoe uaioxkeHue yncen Prbo-
HAY4YM U CBS3aHHBIX C HUMU IIeMMHbIX Apobelt, mpuBeaeHbl GOPMYIUPOBKU
Y pelleHus 3a7a4 10 TEOPHUM BEPOSATHOCTEW, MPUIIEAIINX U3 TIyOUHBI
BEKOB, a TaK)Ke MPUBEAEHbI TaOMUIIbI, CBI3aHHbBIE C JUCKPETHON BEPOSATHO-
CTBIO.

M3oxXeHre TeOpeTUYeCcKOro MaTepraia COIpPOBOXAAETCA pacCMOTpe-
HMEM IIPUMEePOB U 3a/a4, WUIIOCTPUPYIOLIUX OCHOBHBIE TTOHATUA JUCKPET-
HOUM MaTeMaTUKU U ee MeToAbl. K kaxxg0ou u3 miaB 1—7 ecThb yIpaKHeHUs
(OTBeTHI K HUM IT0 Mepe HeOOXOAUMOCTHU MPUBOASTCSA Cpa3y IMocjie TEKCTa —
OHU TOMEIIeHbI B KBaIpaTHbIE CKOOKM).

B KHHUTe 0co00e BHUMaHHeE yZAEeJIeHO PACCMOTPEHHIO MaTeMaTUYECKUX
Mo/Jiesiell U3 eCTeCTBEHHOHAYYHBIX AUCIUIUIMH.

YuTareyisaM, jKeJTaloluM YITyOUTh CBOM 3HAHUS B 00JIaCTHU AUCKPETHOM
MaTeMaTUKU U ee TIPUIOKEeHUH, cieayeT oOpaTUThCA K AOTIOTHUTEIbHON
JIUTepaType, MPUBEAEHHOUN B KOHIlE KHUTH (CCBUTKM Ha Hee TI0 Mepe Ha006-
HOCTU IIPUBOJATCS B KHUTE B KBaJIPATHBIX CKOOKAX).

B pesynbraTe u3ydeHUs MaTepPHasOB, IPeICTaBJIEeHHBIX B Y4eOHUKE, CTY-
ZIEHTHI IOJKHBI OCBOUTD:

mpyodoegsle delicmeaus

* BJlIa/IeHUsA HaBBIKAMU U KYJIbTYPOU BBIUMCIUTENbHONM 00pabOTKU JKC-
IIepUMEHTAJIbHBIX JJAHHBIX;



* OCHOBaMM MaTeMaTHUYeCKOTO MO/IeTHPOBAHUSA B COOTBETCTBYIOUIEH
ob6Jy1acTy 3HAHUMH;

Heobxo0umble yMeHUS

* [IPaBWIBHO yNIOTPeOIATh MaTeMaTU4eCKyl0 CUMBOJIMKY U OIIepHPOBaTh
MaTeMaTUIECKUM UHCTPYMEHTapHeM;

* OIpeZesiATh YCIOBUA IPUWIOKUMOCTH TOT'O WX UHOTO TEOPETUYECKOTO
acreKTa MpU pellleHur MPAaKTUYeCKUX 337134,

* COCTaBJIATh KOPPEKTHBbIE MOZENU IMPUMEHUTENbHO K BO3HUKAIOUUM
KOHKPETHBIM 33/Ia4aM U IMPOBOAUTD UX COOTBETCTBYIOIIUM 00CYET;

* aHAJTM3MPOBAThH MOJTyYEeHHbIE HA MMPAKTUKE Pe3y/lbTaThl U JeaaTh 000-
CHOBaHHbIE BHIBO/IBI;

Heobxo0uMmble 3HAHUS

* 3JIeMEHTOB TEOPUU MHOXKECTB 1 KOMOWMHATOPHUKY;

* OCHOB JIMHEHHOU arebpHl;

* KOHEUHBIX rpadbl;

* OCHOBHBIX OIIpeZieJIeHNH U CITOCOO0B aHaNIN3a JUCKPETHBIX CIydaiiHbIX
BEJINYUH.



InaBa 1
JIEMEHTbI TEOPUU MHOMECTB

1.1. MHOXecTBa U onepauumn Hag HUMK

1. OcHOBHBIE MOHATHSA. MHOYcecme8o — 3TO COBOKYITHOCTb, cOOpaHue
KaKHUX-THO00 00bEKTOB, 00beIMHEHHBIX OOIITMM ITPU3HAKOM WM CBOHCTBOM
(3Ty ppasy Henb3sa paccMaTpUBaTh KaK OmpezeleHNe TTOHATUS «MHOXKe-
CTBO», TaK KaK B HEU CJIOBO «MHOXECTBO» 3aMEHEHO CTOJIb K€ HeoIllpe-
JleIeHHBIM TEPMUHOM «COBOKYIHOCTb»). OOBEKThI, KOTOpble 06pa3yoT
MHOXKECTBO, Ha3hIBAIOTCA diemeHmamu (MM wieHamu) dTOTO MHOXKeCTBaA.
[TpruMepaMy MHOKECTB MOTYT CJIY>KHUTh: MHOKECTBO BCeX CTPaHMUIL JaHHOMN
KHUTU (KaXkZas CTpaHUIa ABIAETCA 3JeMeHTOM 3TOr0 MHOXKECTBA); MHO-
»KeCTBO BCeX JIeHCTBUTENbHBIX Yuces, bonbmux 0 ¥ MeHbIINX 1; MHOXe-
CTBO OOJIbHBIX B HEKOTOPOI OOJIBHUIIE; MHOXKECTBO BCeX ornepanuii (pabor)
1o cO0pKe KOMIIbIOTEpA.

MHo>kecTBa 6yzeM 0603HaYaTh OOJIBITUMU JJATUHCKUMU OyKBaMu A, B,
C,...,X, Y, ..., a uxX a1leMeHTsl — MajJbiMu OyKBamu a, b, c, ... ... 3 X Yy e

Eciu ayieMeHT a ABadeTCAa 3JIeMEHTOM MHOXecCcTBa A, TO MUIIYT a € A
(yuTaeTrca «a MPUHAAJIEKUT A», WIA «a U3 A»). B 5TOM ciydyae roBoOpAT
TaKKe, YTO «a COAEP>KUTCA B A», «a BXOAUT B A» U T. 1I.

Ecnu a He sB/IAETCA 3JIeMEHTOM MHOXeCTBa A, To OyzeM mucaTh a € A
(«a He TMpUHAJJIEKUT A» WIN «d HE COAEPXKUTCA B A» U T. 11). Eciin anemen-
TaMH MHOKeCTBa ABJISIIOTCS YKCJIa, TO OHO HA3bIBAETCS UUC/I08bIM.

MHoOrMe U3 YUCJIOBBIX MHOKECTB UMEIOT CIIellMaIbHble Ha3BaHUA U 000-
3HaA4YeHMUs.

MHOXeCTBO ZAeNCTBUTENbHBIX YHCEN X, YAOBJIETBOPAIOIIUX HepaBeH-
ctBaM a <x <b (a < x < b), Ha3bIBaeTCs Ce2MeHMoM Win ompeskom (uHmep-
sanom) U obosHavaercs [a; b] ((a; b)).

ITonyceemenmom wim nosyunmepsanom [a; b) ((a; b]) Ha3bIBAIOT MHOXKe-
CTBO JIeCTBUTEIbHBIX YHUCET X, Y/IOBJIETBOPAIONINX HEPABEHCTBAM a < X <
< b (a < x £b). MHOXXeCTBa AeHCTBUTEIbHBIX YHUCEN X, YAOBIETBOPSIIOITAX
yCJIOBHIO X < a (x < a) wim x > b (x > b), 0603HAYAIOTCS COOTBETCTBEHHO
(—o0; @) ((=eo; a]) wau (b; +<0) ([b; +0)). MHOXECTBO BCeX JeHCTBUTEIbHBIX
quces 0603HAYaeTCsI CUMBOJIOM (—o0; +o0), WM |X| < +oo, wiin R. MHOXe-
CTBO BCeX IIeJIbIX MOJIOKUTENbHBIX YKCeT HAa3bIBAIOT HAMYPANbHbIM PSOOM
(WM MHOXXECTBOM HaTypasIbHBIX uKcesn) U 0603HavyawoT N.

Ec/ii MHOXXEeCTBO COZEPKUT JIUIIb KOHEUHOE YMCJIO 3JIEMEHTOB, TO OHO
Ha3bIBAETCS KOHEUHbLM. B IPOTMBHOM C/lydae MHOXKECTBO HasbIBaeTcs bec-
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KOHeuHbM. HamprMep, MHOKeCTBO JINCThEB Ha JlepeBe NI MHOXKECTBO CJIY-
maTesei B JaHHOM ayIUTOPUN — KOHeYHble MHOXKEeCTBA; MHOXKeCTBa ke N,
R, [a; b], (a; b), [a; b), (a; b) (pu a # b) — GeckoHEeYHbIE MHOKECTBA.

CyI1ecTBYIOT pa3iuyHble GOpMbI 33ZlaHusA MHOXKecTBa. Haubosee mpo-
CcTasd COCTOUT B YKAa3aHUU BCEX DJIEMEHTOB MHOXecCTBa. Tak, 3anuch A = {1,
2, 3} o3HayaeT, YTO MHOXECTBO A COCTOUT U3 TpeX dJeMeHTOB: 1, 2 u 3.
Eciu 9yuciio 3eMeHTOB 6€CKOHEYHO, TO MCIIOIb3yeTCs: MHOroToure. Hampu-
Mep, MHOXXECTBO BCEX HATypaJbHBIX Yuces 3anuckiBaerca Tak: N = {1, 2,
3, ...}. MHOM cmmocob 3aZaHusa MHOXKECTBA COCTOUT B OMKCAHUU DJIEMEHTOB
OTIpeeIAIoNIUM cBoiicTBOM P(x) (bopMoO# OT Xx), OOIINM JIsT BCEX DIeMeH-
ToB A = {x: P(x)}. Hanpumep, A = {x: x = 2k, k € N} o3HayaeT, 4YTO MHO-
»)KECTBO A COCTOUT M3 YETHHIX ITOJIOKUTENbHBIX LIeJbIX yucen 2, 4, 6, ... .
AnanoruyHo B = {x: 0 < x < 10 u x — 4eTHoOe} Oo3HauaeT, YTO B cocTouUT
u3 2, 4, 6, 8; C = {x: x — malueHT omnpe/ieJIEHHON OOIBLHUIIBI} O3HAYAET, YTO
C COCTOUT U3 IIallMeHTOB 3TOH OOJbHMUIIBI.

Ecnm mHOKecTBa A ¥ B COCTOST U3 OJHUX U TEX JKe 3JIEMEHTOB, T. €. eC/IN
KaXX/JIbIl 2/IeMeHT MHOXKecTBa A sABJIsIeTCs dJeMeHTOM MHoKecTBa B u, Hao-
O60pOT, KaXKbIM JIEMEeHT MHOXKEeCTBA B ABJIAETCS 37IeMEHTOM MHOXKECTBA A,
TO MHOXKecTBa A U B pasHst (moxcdecmsertsl, cosnadarom). Eciu MHOXKe-
cTBa A u B paBHBI, TO nUIIyT A = B. Hanipumep, {1, 2} = {2, 1}. PaBHbI Takxe
1 MHOXKeCTBa

A;={x:1 <x < 4,x— nenoe}

A, ={x:x2-5x + 6 =0}.

DJIeMeHThI 000MX MHOXKECTB — 3TO IleJIble urcia 2 1 3.

[IycTh Temepb UMEIOTCA ABa MHOXKECTBA A U B, OTHOCUTEJIBHO KOTOPBIX
M3BECTHO TOJIbKO, YTO KaKJbIM 3JIeMeHT MHOXKeCTBa B AB/sAeTCs dJIeMeH-
TOM MHOXecTBa A. B aToM ciiydyae roBOpAT, 4TO B eCTh n0OMHONCECMB0
A u numyT B C A (C — 3Hak skatoueHus). I'oBOPAT ellje, YTO «A COAEPKUT
B» nnn «B BKJIIOYEHO B A». B yacTHOCTH, B MOXKeT coBIazaTh C A.

HpnMep 1.1. MHO>XeCTBO YeTHBIX YMCeJ eCTh IIOMHOKEeCTBO MHOXe-
CTBa LIEJIbIX YHCEJI.

IMpumep 1.2. [Iyctb A = {x: X — BUJ, ’KUBOTHBIX}, B = {x: b — BuUJ MJIe-
KonuTtammux}. Torga B C A.

Teopema 1.1. Eccau BCcAuA c B, moA=B.

Joxazamensvcmeo. VI3 B C A ciefyet, 4To 000U 31eMeHT U3 B sABseTcs
3JIEMEHTOM MHOXKecTBa A, a U3 A C B — 4To 110004 3/IeMEHT U3 A ABJIAeTCA
3JIeMeHTOM MHOXKeCTBa B, T. e. MHO>XeCTBa A U B COCTOAT U3 OAHUX U TeX
’Ke 3JIEMEHTOB U, 3Ha4yuT, A = B.

OOBIYHO MPUXOAUTCS paccMaTpUBaTh MHOXKecTBa A, B, C U T. ZI., KOTO-
phble ABJISIOTCS IOAMHOXKECTBAMU HEKOTOPOTO JOCTATOYHO OOIIHPHOTO
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MHOXXECTBA, PAMKH KOTOPOT'O ONpeJesA0TCA [elAMU UccaejoBaHuAa. Takoe
HCXOZIHOE MHOXXECTBO Ha3bIBAETCs YHUBEPCAIbHbIM U 0003HAYAETCSA Yepe3
U. Eciin u3y4yaroTcs BCeBO3MOKHbIE YUCIOBbIe MHOXXECTBA, TO YHUBEPCAJIb-
HbIM Oy/1eT MHOKeCTBO BCeX ZIeCTBUTENbHBIX YHCEJ.

MHOKeCTBO, He coZiep:Kalliee HU OJHOI'0 3JIEMEHTAa, Ha3bIBAeTCA 1Y CIbIM.
Ero o6o3HavawT J. [I[ppuMepamMu IyCTOro MHOXKECTBA MOTYT CIYKUTh: MHO-
»KecTBO Jitoziert Ha CosHIle, MHOXKECTBO [IeMICTBUTE/NbHBIX KOPHEN ypaBHe-
Hua x2 + 1 =0.

Teopema 1.2. [Tycmoe mMHOMceCMB0 S8J11emcsi NOOMHONCECMBOM J1H06020
MHOMcecmea A.

Jokazamensvcmeo. V3 onpeiesieHUA NOAMHOXKeCTBa CaefyeT, 4YTo B ABiA-
eTcs TOAMHOKECTBOM A, ecid B He coZiep:KUT 3/IeMEHTOB, He SABJIAIOLINXCA
anemMeHTaMu A. Ho mycToe MHOXXKECTBO HE COAEP>KUT HU OJHOTO 3JIeMEHTa,
II03TOMY OHO He COZEPXKUT U 3JIEMEHTOB, He IpuHaaiexamux A. OTcroza
cJIelyeT, 4TO IMMyCTOe MHOKECTBO €CTh IIOZAMHOKECTBO JII0O00T0 MHOXKeCTBA A.

2. Onnepauuu Haja MHO:KecTBaMU. [IycTs gaHbl ABa MHOXKeCcTBa A U B.

OnpepeneHune. O6veduHeHuem (MNN CYyMMOU) STUX MHOXECTB Ha3blBaeTCA

MHOXecTBO C, cocToALllee U3 BCeX TeX NIEMEHTOB, KOTopble NpuHagnexat

X0TA 6bl OfHOMY M3 MHOXecTB A unu B.

O6o3uauenue: C =A U B (wmu C = A + B). 3Hak U Ha3bIBaeTCA 3HAKOM
00Be0UHEeHUS.

Ha puc. 1.1 u3o6pa’keHbl [Ba MHOXKECTBA TOYEK IUIOCKOCTH — KPYT
A u kpyT B. Ix o6beiiHeHIE — 3TO 00J1aCTh, TOKPHITAs WU TOPU30HTAb-
HOU, WX BEPTUKAJIbHOU IITPUXOBKOMU.
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Puc. 1.1

IMpumep 1.3. {1, 2, 3} U {2, 3,4} =11, 2, 3, 4}.

ITpumep 1.4. Onpezsenum A KaK MHOXXECTBO KyPAILIUX MY>XUUH B KaKOU-
nubo momyAAuY, a B — Kak MHOXKeCTBO OTIIOB B 3TOU momnyadiuu. Torga
MHOXeCTBO A U B eCThb MHOKeCTBO BCEX MYXYHUH B MOMYJIALIMU, KOTOPbIE
ABJIAIOTCA MO0 KypUIbIIMKaMAU, JU60 OTLaMU, MO0 KypUIbIIUKAMU

Y OTLIAaMHU OJHOBPEMEHHO.

3ameTuM, 94To A U A = A. B obmem ciyyae A C (A U B); Tak ke U B C
c (A u B).



OnpepeneHue. [lepecedyeHuem (NN npou3sedeHUEM) MHOXeCTB A 1 B Ha3bl-
BaeTcA MHOXecCTBO C, COCTOsALLEee N3 BCEX TEX I/IEMEHTOB, KOTOpble NpUHaa-
nekat  MHOXecCTBY A, 1 MHOXeCTBY B.

O6o3Hauaerca: C =A N B (wmu C = AB). 3Hak M Ha3bIBAETCA 3HAKOM
nepeceueHusl.

Ha puc. 1.1 nepeceyenmue MHOXXeCTB A U1 B — 3TO 06J1acTh, TOKPHITAA
Y TOPU30HTAJIBbHOM, U BEPTUKAJIbHOU IITPUXOBKOU.

IMpumep 1.5. {1, 2, 3} N {2, 3, 4} ={2, 3}.

B ycimoBuax npumepa 1.4 MHOXKeCTBO A N B €CTb MHOXECTBO BCEX MYX-
YUH B IOMYJIALIMM, KOTOPBIE U KYPAT, U ABJAIOTCA OTIIAMU OJHOBPEMEHHO.

3ameTuM, 4To A N A = A. B obmiem cirydyae (AN B) cAu (AN B) CB.

Jl11 HEKOTOpOU Tapbl MHOXECTB MOXET OKa3aThCsA, YTO UX Ilepece-
yeHHe — ITyCToe MHO)XecTBoO. Tak, Hanpumep, {1, 2, 3} N {5, 6, 7} = &.
[TycTbIM OyzieT U TlepecevyeHrie MHOXKeCTB A U B, n306pakeHHbIX Ha puc. 1.2.

OnpepeneHune. MHOXeCTBa, NepeceyeHne KOTOPbIX MYCTO, HAa3blBalOTCA Hene-
peceKkarwumMucs.

IMpumep 1.6. Onpegennum A Kak MHOXXECTBO LIeJIbIX TOJ0XXUTENbHBIX,
a B — xakx MHOXeCTBO LIeJIbIX OTpULIaTeNbHBIX yuces. Torna A u B — Helle-
pecekaroleca MHOXeCTBA, [TOCKOJIBKY He CYILIeCTBYET LIE/IbIX YMCE, KOTO-
pble ObUTH OB OTHOBPEMEHHO U TIOJIOXKUTENTbHBIMU, I OTPUIATETbHBIMU.

IMpumep 1.7. OnpenenuM A Kak MHOXKeCTBO Jytofen crapuie 20 jer,
a B — kak MHOXecTBo Jitozer muaziie 10 jet. Toraa A u B — Helnepeceka-
IoIeca MHOXECTBA.

BBezieHHbIe onepanuu oO0beJUHEHU U IlepecedeHUsI MHOXKEeCTB JIETKO
obob1arTcsa Ha OoJiblllee YHCI0 MHOXECTB, 4eM ABa. Tak, MHOXECTBO
C Ha3spIBaeTca oObeJUHEHNEM MHOXeCTB A;, A, ..., A,, eciu C COCTOUT
13 BCeX TeX 3JIeMEeHTOB, KOTOpble IPUHA/IeKaT XOTA 6bl OJHOMY K3 MHO-
XKeCcTB A, k=1, 2, ..., n. Obo3Havaerca C=A; UA,U ... UA,, WIK KPaTKO

n
C = |J A« . Ha puc. 1.3 usobpakeHo 06'beINHEHNe MHOXKECTB A1, A, N A5 (BcA
k=1
3aIITPUXOBaHHasA 00JIaCTh).
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1

AHanoruyHo MHoOXKecTBOo C HasblBaeTcCA IlepecedyeHUeM WU obilei
YacTbI0O MHOXECTB A, A,, ..., A,, €CJIM OHO COCTOUT U3 BCEX TEX DJIEMEHTOB,
KOTOPpBbIe IpUHaJJIeXKaT BceM MHOXXecTBaM A, k =1, 2, ..., n. O6o3HavyaeTcsa

n
C=ANnA,N...NA,, wm kpaTtko C = () Ag.
k=1
Ha puc. 1.4 nepeceueHne MHOXecTB A;, A,, A; — 00JacTb, TOKPHITas
TPOUHOU IITPUXOBKOU.

A

[

o

~ [

=

§‘~~§

~

Puc. 1.4

BBezewM ellle ofHy oIeparyiio — BbIYUTaHHE MHOXeCTB. [IycTh nmeroTcsa
JIBa MHO>KecTBa A U B.

OnpepeneHune. Pa3HoCmMbo MHOXeCTB A N B Ha3biBaeTcA COBOKYMHOCTb Tex

3N1E€MEeHTOB MHOXeCTBa A, KOTOpble He ABNAITCA dN1eMeHTaMn MHOXeCTBa B.

Pa3zHocTh MHOXKeCcTB A U B obo3Havaetrcsi A \ B. [Ipu aToM B MOXKeT
COZEPKATbCA B MHOXKECTBE A IIOJTHOCTHIO, YACTUYHO WIN COBCEM HE BKJIIO-
yaTbcsa. Ha puc. 1.5 n3obpakeHsr aTu Tpu ciaydasn. PazHocTh A \ B KaKbIiA
pas 3alITpuUXOBaHa. 3aMeTHUM, 4YTO B IIOCAELHEM Caydae, T. €. Korza A N B =
= (J, pasHocTb A \ B =A. B o6mmem ciydae A \ B C A.

A
1| |

Ecnu A C B, To pasHocTb B \ A Ha3bIBaeTcsA 00noJiHeHUeM MHOXecTBa A
[0 MHOXXecTBa B. JlonoHeHNe HEKOTOPOI'o MHOXKECTBA A 10 YHUBEPCAIbHOI'O

Puc. 1.5
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MHOXecTBa U o6o3Havaercss A. Takum obpazom, ecit A C U, To U MOXXHO
IIPEICTAaBUTh B BU/Ie OObEAMHEHUS ABYX HellepeceKaroUXCsl MHOYKECTB:

U=AuU A.

ToBOpAT TpU 3TOM, YTO MHOXXecTBO U pa3bumo Ha JBa MHOXKeCTBa A
1 A. AHaIOrMYHOMY pa36ueHU0 MOXKHO HOABEPIHYTh MHOXECTBO A MU
MHOYECTBO A WM TO U Apyroe. [Ipu 3ToM monyuumM 6ojiee MeaKoe pa3bue-
HHE UCXOAHOr0 MHOXecCTBa U. DTOT IpoLjecc MOXKHO IIPOJOJDKUTD U Jajee.
B uTore moiyuyuM mpezcTaBieHue MHoxXecTBa U B BUZe 00beIUHEHUA
IIOIIapHO HelepeceKaroluxces MOAMHOXECTB:

n
U=J A, tme A NA=Q,ecmi#].
k=1

TUnuIHbBIM TpUMepoM pa3bueHUsT MHOXKeCTBa ABJsAeTCS Kiaaccupuka-
IIUS XKMBBIX CyIIeCcTB. Bce MHOXKECTBO *KUBBIX OPTaHHU3MOB pa3OuBaeTcs,
KaK M3BECTHO, HA TUIIbI, TUIIBI — Ha KJIACCHI, KJIaCChl — Ha MOPSAAKU U T. [.
OTo, pa3dymeeTcs, He eZIMHCTBEHHOe BO3MOXKHOe pa3bueHue. Tak, Hampu-
Mep, 6MopU3MK, U3ydaIoONIUi MeXaHU3M 3peHUs, Pa300beT BCce MHOXKECTBO
’)KUBOTHBIX HE TI0 THUIIAM, a 10 YYBCTBUTEIbHOCTU K CBETOBBIM CUTHAJIAM.
[Tpu TakoM pa3bHeHWH B OHO MHOKECTBO MOTYT IIOIIACTh CJIEIble HaceKo-
Mble (HalpuMep, HEKOTOpble BUZBI MypaBbeB) U HEKOTOPbIE TTO3BOHOYHBIE
(HammpuMep, KPOTHL).

JIns HarIAAHOTO M300paykeHUsT COOTHOIIEHUH MeXy TIOMHOKECTBAMU
KaKOTo-In060 yHHUBEPCAJbHOTO MHOXKECTBA HCIIOJBb3YIOT 0udzpammbl
Jiinepa — Bennal. Camo yHUBepcasbHOe MHOXKeCTBO U M300pakaloT B BUjle
MIPSIMOYTOJIbHUKA, a €er0 MOAMHO>KeCTBAa — B BHU/I€ KPYT'OB, PACIIOI0KEHHBIX
BHYTPU NMPSAMOYTOJbHUKA. MHOXXeCTBa, IOJydYeHHble B pe3y/bTaTe ollepa-
IIWI HaJ MHOXKeCTBaMM A U B, n3o6pakeHbI Ha puc. 1.6 3alITpUXOBaHHBIMU
obsactamu. HemepecekaroIuecs MHOXKeCTBa M300paykaloTcsl HellepeKphIBa-
IOIUMUCSA 006IaCTAMU, a BKIIOUEeHHE MHOXXeCTBA COOTBETCTBYET 0bJ1acTH,
IIeJIMKOM pacliojiaraolneiicsa BHyTpu apyroi (puc. 1.7, a, 6). JlomosHe-
HH1e MHOXecTBa A (70 U), T. . MHOXXeCTBO A, U306pakaeTca TOH 4acThbIo
MPAMOYTOJIbHUKA, KOTOPAs JIEXKUT 3a IpefelaMUu Kpyra, U300pakaroliero
A (puc. 1.7, 8).

) i
D)1 L
AUB ANB A\B
a 6 8
Puc. 1.6

1 Jxon Benn (1834—1923) — aHMIMiCKUiT MaTeMaTHK.
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D ),

ANB=0 ACB A
a 6 8
Puc. 1.7

3. Anreopa Bynsa. Beezennslie onepanuu o6beIUHEeHUs, TIepecedyeHust
Y BBIYUTaHUA (JOMOJHEHUA) MHOXECTB OAUYNHAIOTCA MPOCTBIM 3aKOHAM.
HekxoTopble M3 3TUX 3aKOHOB YK€ YCTaHOBJIEHBI paHee, ApPyTHe TaKke
HETPYZAHO yCcTaHaBauBatoTcs. [IpuBezieM CBOAKY 3TUX 3aKOHOB:

I. A=A.

ILANA=A,AUA=A.

MLANA=J,AUA=U.

IVANnU=AAuU=U.

VAN =J,AuJ=A.

VI. AnNB=AUB, AUB=AnNB (3axownt de Mopzana).

VII. AN B =B nN A (kommymamusHocms N);

A U B =B UA (kommymamugHocms ).

VIII.AN (BN C) =(An B) nC (accoyuamusHocms MN);

AU (BuC) =(AuB) v C (accouuamusHocms ).

IXANBuUC =AnNB)U(M@ANCQC) (QucmpubymusHocms M 0MHOCU-
mesibHO U);

AU (BNC)=AUB) N AU C) (QucmpubymusHocms U OMHOCUMENBLHO M).

IIpoBepuM A1 mpuMepa 3akoH Ae Moprana AUB=ANB. IlycTsb
xeAUB. Tornaxe Uunx¢ AU B. CnegoBaTesibHO, X ¢ A u x ¢ B. OTcroga
x € Aux e B unoromy x € AnB. TakuM o6pasom,

AUBc ANB. ()

Ecmu Tenepb x e ANB, Toxe Auxe B.Orcionaxe Unux¢ Aux¢ B.
3HauuT, x € A U B, T. e. x e AUB. UTax,

ANBc AUB. (%)

Bxtouenus (*) u (**) B cumy Teopembl 1.1 (1. 1) ¥ A0Ka3bIBalOT 3aKOH
e Moprasa.

[Tonb3ysich onepanusiMu oObeIMHEHYS, IepeceYeHUs U BBIYUTAHUS MHO-
’KE€CTB, MOKHO M3 HEKOTOPBIX UCXOAHBIX MHOXKeCTB A, B, C U T. /. TIoy4YaTh
HOBbIe MHOXecTBa: (AUB)NC, (A\B)U(A\C), CN(ANB) u . n. K atum
MHOXeCTBaM MOXXHO IIPUMEHATh YKa3aHHbIe ollepalliy U IoJay4aTh elre
6oJiee C/IOKHBIE BBIpQ)KEHUA U T. 1. 3aKOHBI [—IX MMO3BOJIAIOT ITpeobpaso-
BBIBATb 3TU BBHIpA)KEHUs, YIIPOIIATh UX, U3 OAHUX ITOMy4aTh Apyrue. Takum
o6pasom, ImoydyaeM HCYUCIEHHE MHOXECTB, W airedpy MHOXKECTB. DTO
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MCYMC/IeHHE SBJISIETCS IIPUMEpPOM TaK HasbIBaeMo Oysiegotl anrebphl, WIx
anreOpsl Bynsal.

1.2. OTo6paxeHns n GyHKLMM

[IycTh UMerOTCA ABA MHOXXecTBA D 1 E. OTO MOTYT OBITh MHOXKECTBa
COBEpIIEHHO Pa3JIMYHON MpUpPobl. Hampumep, MoKeT ObITh, YTO D — 3TO
MHOXX€eCTBO JItoZlel, HaceAonX 3eMHOM 1ap, a E — IIKaJa 1IBEeTOB.

[IpeAronoKum, 4To CyIeCTBYeT MPaBUIO, II0 KOTOPOMY KaXXJ0My 3Jie-
MEeHTY U3 D CTaBUTCA B COOTBETCTBUE OIpe/e/ieHHbIN aeMeHT u3 E. Toraa
3TO MPABUJIO HA3BIBAIOT omobpaxceHuem mHoxucecmsa D B E (puc. 1.8).

Puc. 1.8

Hamnpumep, Kax/joMy 4eJIOBEKY 36 MHOT'O IIIapa MOKHO ITOCTAaBUTh B COOT-
BETCTBUE LIBET ero BoJioc. Tak OyZeT ornpeziesieHo 0ToOpa’keHre MHOXKeCTBA
JIoZielt B MIKaTy 1IBETOB. [10106HO 3TOMY MOXXHO OIIPEAEUTb OTOOpakeHre
MHOX€eCTBA JIto/lel B MHOXKECTBO MMEH, MHOKEeCTBA KHUT B MHOXKECTBO SI3bI-
KOB U T. I. BMecTo cjioBa «oTOOpaXkeHHe» TOBOPAT TaKKe PYHKUUS, U eCTU
3aZlaHo OToOpakeHre MHOKecTBa D B E, TO TOBOPSAT, UTO HA MHodcecmae D
3adana (onpedenena) gyHkyus co 3HaueHusimu 8 E. [l ob03HaueHUs GyHK-
nuu 6ygeM, Kak IpaBUJIO, UCIIOJb30BaTh OYKBY f. OTa AOTOBOPEHHOCTD
He MelllaeT HUCII0Ab30BaTh U Apyrue OykBol g, h, F, G U T. 1.

Ecnu Ha MHOXecTBe D omnpezienieHa HeKOTopass GyHKIMA f CO 3HAaYEeHU-
aMu B E, To o01mut ameMeHT MHOXKecTBa D o603HavaeTcs: 0OBIYHO X Y Ha3bI-
BaeTcAd He3asucumoll nepemeHHOlU, UIU aAp2yMeHMOM 3TOU (GYHKIIUU,
a OTAeNbHbIE KOHKPETHBIE 3JIEMEHTHl MHOXKecTBa D Ha3bIBAIOTCS 3HAUEHU-
amu apeymeHma. 3HaUYeHUs apryMeHTa 4acTo 0003HavyaloT TOM ke OYKBOU,
YTO U caM apryMeHT, ¢ TpubaBieHneM KaKUX-Tu00 WHAEeKCOB. Hampumep,
x9, x;, X ¥ T. . DneMeHT u3 E, COOTBeTCTBYIOIIUI d7ieMeHTy x € D B cuiy
mpaBwia f, Ha3bIBAeTCA 3HaAUeHUeM PyHKUuu f Ha dJeMeHTe X U 0603Hava-
eTcs f(x) (unutaetcs: «ad OT UKC»).

MHokecTBO D Ha3bIBaeTcs obiacmuio onpedesieHuss GyHKIUM f. MHOXKe-
CTBO BCeX 3JIeMeHTOB f(X), COOTBETCTBYIOIIUX dJIeMeHTaM X € A, re A —
IIPOU3BOJIbHOE IMOJMHOKECTBO MHOXKeCcTBa D, Ha3bIBaeTcsi 06pa3om MHO-
’KecTBa A u obo3Havaetcs f(A). B wactHOCTH, f(D) Ha3pIBaeTcs 0b6aacmbio
3HaueHutl GyHKIUH f. O6sacTb 3HaUYeHU# f(D) ecTb MOAMHOXKECTBO MHOXKe-

1 Ixopmx Bynb (1815—1864) — aHIIMIACKMIA MaTeMaTHK U JIOTHK.
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ctBa E, KoTopoe B 0011leM ciydyae MOXKeT U He coBIajaTh co BceM E. Eciu
xKe f(D) = E, To TOBOPAT 4TO f ecTh oToOpakeHue D Ha E.

JlBe byHKIUY f U g pasHbl (moxcdecm8eHHbL, cognadarom), eciau COBIIa-
JIal0T UX 00JIaCTY oTpeZie/IeHUs U eCIU i JIFo00Tro X 13 061acTU orpeere-
HUS MeeT MEeCTO paBeHCTBO f(x) = g(x).

[ToguepkHeM ellle pas, 9YTo B TpeboBaHUE PaBEHCTBA /IBYX OTOOpakeHUH!
BXOZIUT TpeboBaHMe COBIaleHNA UX obyacTeil onpeseneHUs.

IMpumep 1.8. [IycTb X — 37€MEHT KaKOT0O-HUOY/b YHMCIOBOTO MHOXKE-
ctBa. PaBHbl 1 QyHKIUU f U g, ecu f(xX) =x + 1,a g0) =3 + 2x + 1?

Ha 3TOoT Bompoc OTBETUTH HeJb3s, TaK KaK He YKa3aHbl 00JIaCTU oTpe/e-
nenusa QyHKIUNU. Ecyu B KadecTBe 001Iel 0061acTU OIpe/ie/IeHUs B3Th BCe
MHOKECTBO e CTBUTENbHBIX YHCes, TO PYHKIIUY f U g HE PaBHBI, TaK Kak,
HarmpuMep, f(2) =3 # -3 =g(2).

Ecnu jxe B KauecTBe 00JIaCTH OTIpe/ie/IEHUs B3ATh KOHEYHOE MHOKECTBO
D={-1,0, 1}, To fu g, 3alaHHbIe B 3TOI 00JIaCTHU, OKAKYTCS PAaBHBIMU.

PaccMOTpUM HEKOTOPBIE YacTHbIE BUbI OTOOpaKeHUM.

Eciu obsacth 3HaueHu# f(D) COCTOUT BCEro M3 OJHOTO JIEMEHTA,
To QYHKIMIO f Ha3bIBalOT nocmosinHol (puc. 1.9, a). IHBIMU clloBaMH,
byHKIMIO f Ha3bIBaeM TMOCTOSTHHOM, eCTi 3HAauYeHUs ee Ha BCeX dleMeHTax
X € D paBHBI OJHOMY U TOMY K€ 3JIEMEHTY a € E.

Ecnu pasubim 3eMeHTaM X € D COOTBETCTBYIOT pa3Hble 3JIEMEHTHI f(x) €
€ E, To oToOpakeHwue f Ha3bIBAIOT 83AUMHO 00HO3HAuUHbIM (puc. 1.9, 6).

/

Puc. 1.9

[TpuMepoM B3aMHO OZIHO3HAYHOT'O OTOOpAYKEHUA ABISAETCS MMacCIOPTHAS
cucrtema. KaxxgoMmy yenoBeKy, JOCTUTILEMY 14 JIET, CTAaBUTCA B COOTBETCTBUE
oTpeziesIeHHBIM HabOp MaCIMOPTHRIX AaHHBIX (GaMWwInsa, UMs, OTYECTBO, TOJ
Y MECTO POXK/IEHUS, IOMAITHUI aZipec U T. 11.), 3aITMCAHHBIX B €T'0 ITaCIIOpTe.
[Tpu 3TOM pa3HBIM JIIOASM COOTBETCTBYIOT Pa3HbIe MACIIOPTHBIE JaHHBIE.

Ecnu f — B3aMHO OfIHO3HAaYHOE OTOOpakeHHe, TO KKAOMY JJIEMEHTY
y € f(D) MOXXHO TOCTaBUTh B COOTBETCTBUE OIpeZieIeHHbIN 2/IeMeHT X € D,
MMEHHO TOT, 3HaueHue YHKIMU Ha KOTOPOM paBHO Y. Tak OyzeT ycTaHOB-
JIeHO oToOpakeHue obpasa f(D) Ha MHOXKecTBO D. 3To oToOpakeHHe Ha3bI-
BaeTCs 06paAmHbIM TI0 OTHOIIEHUIO K f 1 o603Havyaercs f1.

Ecimu o6pa3 f(D) ecTb MOAMHOXECTBO MHOXKeCTBa D, TO TOBOPAT, YTO
bynKIUA f oToOpakaeT D 8 cebs. Hanmpumep, dyHKIUA f = sinx oTobpakaeT
BCe MHOXECTBO JIeICTBUTENbHBIX YHCEJ Ha MOJMHOKECTBO 3TOI'0 MHOXE-
CTBA — MPOMEXYTOK [-1; 1].
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B yacTHOM ciIy4ae MOXKET OKa3aThCs, YTO QYHKIIUA f KOKAOMY dJIEMEeHTY
X € D cTaBUT B COOTBETCTBHE CaM ITOT dJIeMEHT: f(x) = x. B aTom ciy4ae
byHKLMIO f Ha3bIBAIOT MOXC0eCMBeHHO1L.

®yHKIMA, 06/1aCThI0 3HAYEHUI KOTOPOH ABJIAETCA YUCIOBOE MHOXKECTBO,
HAa3BIBAETCS UUC1080U. YacTo TEPMUH «DYHKIUA» YIOTPEOIAIOT UMEHHO /IS
YUCTOBBIX QYHKITUM, OCTABJISAS )1 APYTUX GYHKIIUM TEPMUH «OTOOpaKeHUE».
Oco6eHHOCTD YMCIOBBIX PYHKIMI COCTOUT B TOM, YTO B OOJIACTH UX 3HaYe-
HUU (T. €. BO MHOXXKECTBE YKCENT) UMEIOTCS ONepaIiy CJIOKEHUS, BBIUMTAHUSA,
YMHOXeHUA U JieJleHusA. DTO 03BOoJIAeT BBECTU aHAJOTUYHBIE OIMepaliuu
U Ui YucaoBbiX GyHKIMM. Tak, HallpuMep, CyMMOM /IBYX YMCIOBBIX QYHK-
Ui f ¥ g, UMeIoNUX o0yt 06acTh onpeeneHusa D, Ha3oBeM QyHKIUIO h,
KOTOpas JJIs KaXK/I0ro X € D ompezensaeTcs KaK YMC/IO, paBHOE CyMMe:

h(0) =f(0) + g(x).

AHaJIOTUYHO OIIpEAC/IAIOTCA U APYrue olepanmnu. B 4aCTHOCTH, OIlepa-
oA YMHOXKEHHA ITIO3BOJIACT paCCMaTprBaThb CTEIIEHU CIDYHKLII/II/I, HaIIpyuMep

f2 = ff. CnoxxHee OOCTOUT /IeJI0 C YACTHBIM OT ZiejieHus —. YToObI He Tpu-

g
I[JIOCh AC/IUTb Ha HYJIb, U3 obsacTu OIpeaeJieHUuA 4aCTHOr'o, KaK IIpaBHWJIoO,

HICKJIIOYAIOT Te dJIeMeHThI, Ha KOTOPBIX 3HaUeHUS g PaBHBI HYJIIO.
BBezieM eltie Ba BXKHBIX TOHATHUSA OTHOCUTETHHO OOIIMX OTOOpaKeHU.
[TycTh MetoTcs ABe GyHKUMMU f; U f, ¢ obaacTamu onpesenenus D, u D,.
I[Tycts D, € D, ¥ 7151 BceX X € D, BBITIOJIHAETCA PaBEHCTBO f;(X) = f,(x).
Torza ¢yukuusa f Ha3biBaeTca cyxwceHuem GyHKUUU f,. Takum ob6pas3om,
cy>keHHe f, — 3TO TO Ke MPaBUJIO f,, HO eficTByIolee TOIbKO Ha D C D,.
[TycTb, HakoHel, f — QYHKIUSA, onlpe/ieieHHasa Ha D, co 3HaYeHUAMU B E,
a F — ¢yHkius, onpezsiesieHHas Ha A C E, co 3HadeHusaMu B H. Torga GyHKIHA
G, onipesienieHHas Ha B C D TakowM, 4to f(B) =A N f(D), co 3HaueHUAMU B H, feii-
cTtBytoias mo popmyse G(x) = F[f(x)], x € B, Ha3biBaeTcs GyHKIIMEN OT QyHK-
IIUY, WU cynepno3uyuetl GyHKITUN, WK c1oxcHoll dyHkimeln (puc. 1.10).

Puc. 1.10

YnpaxHeHus

1. PaBHbI Iu MHOXKecTBa: a) {3;4; 5; 6} u {5;4; 3;6};0) {x:x > 0,x2<
<4 u{x:0<x<4-x};B){x:0<x<1}u {x: 3x2 < 3}.
[a), 6) PaBHBI; B) He paBHBI]
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2. BMecTo 3Be37i0UeK HAIUIINTE 3HAK C WX 3HAK € , YTOOBI IMOTYIMUIACh
BepHad 3alluChb:
a) {5; 6} * {5; 6; 8};6) 5* {5;6;8};B) 2*N.
[a) c; 6), B) €]

3. YKakuTe IyCcTble MHOXKECTBA Cpe/iu CIeAYIOMNX MHOXKECTB:
a) MHOXXeCTBO LIeJIbIX KOpHel ypaBHeHU: x2 — 9 = 0;

6) MHOXXECTBO IIeJTbIX KOpHel ypaBHeHUA X2 + 16 = 0;

B) MHOXKECTBO IIeJIbIX KOpHel ypaBHeHusd x2 — 5x + 6 = 0;

I') MHOXXECTBO HATypaJbHBIX YKUCENT, MEHBIIUX 1.

[6), r)]

4. Ilyctb A ={1; 2; 3;4; 5; 6} u B ={3; 4; 5; 6; 7; 8}. Haligute MHOKe-
ctrBaAUBUuANB.
[AUB={1;2;3;4;5;6;7;,8,AnB={3;4;5; 6}]

5.Mycth A=1{2;4;6;8; ...;2n,...},B={1;3;5;7;...; 2n - 1, ...}. Haii-
aute A U BuAnNB.
[AUB=N,AnNB=¢J]

6. [lyctb A =41; 2; 3; 4; 5; 6}, B={3; 4; 5; 6; 7; 8}. Haiigute S=A \ B.
[S =A{1; 2}]

7. Illyctb A={1;2;3;4; ...} uB={2;4;6; 8;...; 2n, ...}. Haiinute A \ B.
[ANB=N\B={1;3;5;...}]

8. BrimmuinuTe Bce mogMHOXKecTBa MHOXKecTBa A = {1; 2; 3}.
[{1}, {2}, {3}, {1; 2}, {1; 3}, {2; 3}, {1; 2; 3}, I]

9. Ilyctb A = {-4; -3; -2; -1; 0; 1; 2}, B={4; 3; 2; 1; 0; -1; -2}, C =
={-4; -3; -2; -1; 0; 1; 2; 3; 4}. Hatizute MHO>XecTBa: a) A U B, 6) A N B;
BJAUC;T)AnNC;n) BuC.

[a) C; 6) {-2;-1; 0; 1; 2}; B) C; 1) A; 1) C]



InaBa 2
3JIEMEHTbl KOMBbUHATOPUKH

KoMmbuHaTOprKa — pa3ziesl MaTeMaTUKU, U3YYaloIUA BOIIPOCHL O TOM,
CKOJIbKO KOMOUMHAIIUH ONpeieIEeHHOTO THITa MOYKHO COCTaBUTD M3 JaHHBIX
peaMeTOB (371eMeHTOB)

2.1. NpuHUMN MmaTeMaTUYeCKoii MHAYKLUN

[Ipu foka3aTenbCcTBe KOMOMHATOPHBIX TeOpeM MOHAaZ0OUTCA 4acTo YIIO-
Tpebisiemas TeopeMa, Ha3biBaeMas OOBIYHO TTPUHITUIIOM MaTeMaTUIeCKOU
WH/YKITAN.

Kak u3BecTHO, T060e KOHeYHOe MHOXXECTBO MOXKHO 33/]aTh Ilepevnciie-
HUEM ero 27eMeHTOB A = {a,, dy, ..., a,}. Jl0 CuX mOp He 6bUT BaXKEH NOPAJOK
CJIe/IOBAHUsL 5JIEMEHTOB U, HAalpUMep, MHOXKeCTBa {a,, dy, ..., 4y} 1 {ay, a;,
as, ..., 4,} He pasnuyany. B ganbHeineM OyeT BaKeH MOPAZOK, B KOTOPOM
3amnucaHbl 3jieMeHThl. MHOKeCTBO, B KOTOPOM 3a/]aH MOPAAOK CIeZl0BaHUA
3JIeMEHTOB, Ha3bIBaeTCA ynopsdoueHHbM. TaKUM 06pa3oM, ecii MHOXKeCTBO
YTIOpAZI0YEHO, TO KaXKJ0MY 3JIeMeHTY IIPUITHCAaH CBOU HOMepP U MOXKHO T'OBO-
PUTDH «II€PBBIU 3JIeMeHT», «BTOPOM 3JIeMeHT» U T. . MOXXHO cKa3aThb TaKXke,
YTO B yNOPSAZ0UEHHOM MHOXXECTBe Ka)KJOMY 3JI€MEHTY OTBEJEHO MECTO,
Ha KOTOPOM OH ITOMeIIaeTcsA Cpeiy APYTHUX 3JeMEeHTOB 3TOT0 MHOKECTBA.

[IycTp MMeeTcd HEKOTOPOe KOHEeYHOe YNOpsAZOYeHHOe MHOXeCTBO,
HallpuMep MHOXXeCTBO N MepPBbIX HATypaibHBIX yucen A = {1, 2, ..., n}.
[TpeAmnono:KuM, 4TO AJi HECKOJIbKHUX MEePBbIX 3JIEMEHTOB 3TOI'0 MHOXKeCTBa
BBITIOJIHAETCA KaKoe-HUOY/Ib yTBepK/eHue, HallpuMep

21>9 + 1,
22>9 4 1,
23>3 + 1.

Bcerga i1 MOXKHO CYMTaTh, YTO aHAJOTUYHOE YTBEP)KAEHUE OCTAETCS
CIIpaBe/JIMBBIM /[JI BCEX 3JIEMEHTOB MHOXXecTBa A? B 4aCTHOCTHU, B 3TOM
nmpumMepe s jaoboro g k = 1, 2, ..., n cIpaBeJIMBO HepaBeHCTBO 2k >
>k + 1?

OTBeT Ha MOOOHBIE BOIIPOCH JaeT CAEAYIOMIUI TPUHIIUII.

[MpuHUUI MaTeMaTU4ecKoOM MHAYKIUU. Ecau: 1) Hekomopoe ymaepic-
OeHue cnpasedaugo 0as k = 1; 2) us cnpasedausocmu ymeepioeHUsl 02sl
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Nnpou380NbHO20 HAMYPANbLHO20 k ciedyem e2o cnpasedaugocms 0 k + 1,
mo amo ymaepycoeHue cnpaseonuso 0l 8CAK020 HAMYPAIbHO20 N.

Zokazamenvcmeo. IIpeanonoKuM IpoTUBHOE, T. €. UYTO IIPU BHIIIOJHE-
HUU 00OUX YCJIOBUH /JIsI HEKOTOPBIX HAaTypaJbHBIX YHCEN YTBEPXKIEHUE
He BbITNIoHAeTCA. [IlycTh m — HauMMeHbllee U3 3TUX YUCesl. ITO 3HAYUT, YTO,
BO-TIEPBBIX, M > 1 U, BO-BTOPHBIX, AJIA M — 1 yTBepKAeHUE BBIIIOJHAETCA,
a 4jd m — yxe HeT. Ho 3To MpOTUBOPEYUT BTOpPOMY ycioBUt0. CienoBa-
TEeJIbHO, YHUCJIa M C YKa3aHHBIM CBONMCTBOM He CyllleCcTByeT. [IpuHIIMI MaTe-
MaTHU4YeCcKOW MHAYKIIMU AOKa3aH.

B yacTHOCTH, BEpHYBIINCH K IIPUBEIEHHOMY IIpUMepY, OOHApY>KUBaeM,
YTO IIpU N = 1 HEpaBeHCTBO 2" > n + 1 crpaseaauso. [IpeArionoxum Terneps,
yTo 2k > k + 1, 1 JOoKaXKkeM, 4TO B 3TOM ciaydae 2k+1> (k + 1) + 1.

Hmeem

2k+1=2.2k>2(k + ) =2k + 2>k + 2npuk > 1.

TakuM ob6paszom, ob6a yCJIOBUSA MPUHITUIIA MaTeMaTUIECKOH UHAYKIIUU
BBITIOJIHAIOTCS, W, C/IeIOBATeNIbHO, pacCMaTpUBaeMoOe HepaBEeHCTBO CIIpa-
BEJIJINBO /IS TFOOOT0 HATypalbHOTO M.

VHorza mpy MpUMeHEHHH MeTOo/ia MaTeMaTUYeCKOM MHAYKIUU HCTHUH-
HOCTb YTBEPK/EHUs BHAYaJle YCTaHaBIMBaeTcI He An =1, apmn=ny > 1.

[IpuBeZieM IIpHUMepP HCIIOJb30BAaHUs dTOIO MeTO/a /i AOKa3aTeabCTBa
CIIpaBeAIUBOCTH GOPMYIIBI

nn-1) 24 nn-1)(n-2) 3
1.2.3

N m+n(n—l)(n—2)---[n—(m—1)]
1.2.3-...-m

rae x > — 1, x # 0, n € N, Ha3pIBaeMoM ghopmysnoil b6uHoma HvtomoHa.

Jokazamenvcmeo. 1. Ilpu n = 1 dopmyna (2.1) oueBUzAHA.
2. Ilycte ipu n = k popmyna (2.1) BepHa, T. e.

k(=) ,  k(k=1)(k=2) ,

A+x)"=1+nx+

XM 4.+ X", (2.1

(Q+x)k =1+kx+

1-2 1-2-3
+ ...+k(k_l)(k_z)m[k_(m_l)]xm Fotxk,
1-2-3-...-.m

JlokaxxeM, yTO TOrZla BepHa U popMysa

(k+Dk , (k+Dk(k-D) ,
- 1.2.3

A+ =1+ (k+Dx+

N (k+Dk(k-1)---[k+1-(m-1)]
1-2-3-...-m

XM 4.+ xkl

Utak

k(e=D) , k=D (k=2) 5
1-2 1.2.3

(14 x)k+1 :(1+x)k(1+x):[1+kx+
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+k(k—1)(k—z)---[k—(m—z)]
1-2-3-...-(m-1)
. k(k-1)(k-2)---[k—(m-1)]
1-2-3-....-m
k(k—l)x2+k(k—1)(k—2)x3+
1-2 1.2-3
k(k-1)(k-2)---[k—(m-2)]
+ ...+ X
1-2:3-...-(m-1)
+k(k—1)(k—2)---[k—(m—1)]
1-2-3-...-.m
k(k—l)X3+k(k—1)(k—2)x4+m
1-2 1-2-3
+k(k—1)(k—2)---[k—(m—2)]x
1-:2:3-...-(m-1)
s k(k—l)(k—Z)---[k—(m—Z)]x
1-2-3-...-m
(k+ Dk 2 (k+Dk(k-1) B
-2 1-2-3
.\ +(k+1)k(k—1)---[k+1—(m—2)]
1-2-3-....m

xm-l 4

xm +...+xk}(1+x):

=1+kx+

m-1 +

xm 4. +xk+

+ x+kx?+

m

mil 4 xkel =

=1+(k+1Dx+

XM 4. 4 xk+l,

T. e. mosiydaem popmyry (2.1).

3. YuuTsiBad pe3yJabTaThl maroB 1 u 2 JoKa3aTeJbCTBA U MPUMEHUB
MIPUHITUIT MaTeMaTU4YeCcKoM MHAYKIINU, cuuTaeM dpopmyny (2.1) gokasaH-
HOM 1 mroboro n € N.

2.2. Pa3melenus, nepecraHOBKN U COYETAHUA

1. CiroBa. PaccMoTpuM KOHEUYHOE MHOXKECTBO IEPBBIX k HATypaJbHBIX
gucen D = {1, 2, ..., k} u Kakoe-HUOyAb KOHEYHOE MHOXKecTBO A = {a, b,
C, ..., V. MHOXXecTBO A OyzieM Ha3bIBaTh angpasumom, a Yucjio dJeMeHTOB
B MHOXKECTBe A — MOWHOCMbK 3TOTO MHOXKECTBA.

Ompezenum oToOpa)keHUe ( HA MHOXXeCTBe D co 3HaUYeHUsAMU B A, T. €.
KaXXIOMy HaTypaJbHOMY YMCJIY [ € D IOCTaBUM B COOTBETCTBUE OAUH OIIpe-
neneHHBIN ameMeHT @(i) € A. TlocmegoBaTenbHocTh O(1), @(2), ..., ¢(k)
Ha30BEM CJ1080M ONUHbBL K.

[To-uHOMY MOKHO CKa3aThb, YTO UMEETCA YIIOPAA0YeHHBIN Habop mecT 1,
2, ..., k 1, 9T06BI 0O6pa3oBaTh CJIOBO, HA KaXK/0€ MECTO ITIOMEIIlaeM OTIpeie-
JIEHHBIN TTPABWIOM ( 3JIEMEHT U3 andaBuTa A.

B manpHereM, o6pa3ys c0Ba, JJIs1 IPOCTOTHI HAIlMCaHUs He O6yeM pas-
JIeJIITh 3aIMAaThIMU 37ieMeHTH (i) B HeM. TOYHO TaK ke 00pa3yloTcs CJI0Ba,
KOTOPBIMH MBI ITOJIb3yeMcs B Hallel peun. Hanpumep, us andasura A = {a,
6, p} MOXXHO 0Opa3oBaTh CJIOBA JJIMHEL 2: 6a, ap, 6p, pa; cioBa AJUHHI 3:
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6pa, 6ap, pab, 6pp; cnoBa AnuHbl 4: 6aba, apba, paba, apab u T. 4. AHaO-
ruyHo u3 andasura A = {0, 1} MOXHO 0O6pa30BaTh /iBa CJIOBA €UHUYHOMN
aauHbl: 0 1 1, cooBa anunasel 2: 00, 01, 10, 11; cioBa gaunse: 3: 000, 001, 010
M T. I1.; ciaoBa gauHbl 5: 00101, 10001, 10101 u T. 4.

CiioBo AIuHBI k OyZeM Ha3bIBaTh TaKXke k-OyK8eHHbLM CJ1080M, a dJie-
MeHTHI ajndpaBuTa — OyKkeamu. Y:Ke U3 MPUBEJEHHBIX IIPUMEPOB SICHO, YTO
JUTHHA k-OYKBEHHOT'O CJI0Ba MOYKET OBITh M MEHbIIEe, U OOJIbIlle MOIITHOCTHU
andaBuTa. Jlaxke B pycCKOM sI3bIKe, aipaBUT KOTOPOTO COCTOUT U3 33 OYKB,
eCTh CJIOBa, JJIMHA KOTOPHIX Oosbiie 33. Hampumep, HaydHOe Ha3BaHUeE
aKpUXUHA — METOKCUXJIOPAUITWIAMHUHOMETHUIOYTUIAMUHOAKPUAUH. JTO
CJIOBO COZEPIKUT 44 OYKBBI.

/lBa cnoBa, ob6pasoBaHHbIE U3 OAHOTO andaBUTa, OAUHAKOBHI TOT/A
U TOJbKO TOTZA, KOT/la OHU UMEIOT OJJMHAKOBYIO JJIMHY U Ha OJUHAKOBBIX
MeCTax CTOST OAUHAKOBbIe OYKBBI. CKOJIbBKO BCEBO3MOXKHBIX CJIOB 3a/JaHHOMN
JUTUHBI kK MOKHO 0Opa3oBaTh 13 ajdaBUTa MOIIHOCTHU N, €CJIN CYUTATh, YTO
BCE TakKue CJI0Ba UMEIOT CMBICI?

Teopema 2.1. Yucno 8ce803MOuCHbIX €108 ONUHBL k, 06pa308aHHbLX
u3 angasuma mowHocmu n, pasHo nk,

Jokazamenscmeo. IlycTs a,, a,, ..., @, — 371eMeHTH andpaBuTa A MOIIHO-
ctu n. M3 aToro andaBuTa MOKHO 06pa30BaTh N PA3TUYHBIX CJIOB JJIUHBI 1.
TakuMmu ciioBamu 6yayT OykBbI andaBuTa. ECM K KaXXAOMY U3 3TUX CIOB
MPUITHCATD IMOCTIeOBATETbHO KaXKAbIA M3 N 2JIEMEHTOB MHOXKECTBA A,
TO 00pa3yloTCcs Bce BO3MOXKHbBIE CJIOBA JJIMHBI 2:

a,a,, a;Ay, ..., A1,
ayayq, AoyQy, ..., Ay,
a,a,, a,dy, ..., Q,d,.

Yuciio TaKUX IMap paBHO N2, T. €. TeOpeMa BBITIONHIETCS AJI CIydaeB k =
=luk=2.

[TpeArnosoXXuM Telnepb, YTO TeopeMa BepHa Ajid i = k — 1. OTO 3HAYUT,
YTO YUCJIO PA3TUYHBIX CJIOB AJMUHEI k — 1, o6pa3oBaHHbIX U3 A = {a,, a,, ...,
a,}, paBHO nk-1. [TokaxeM TOTZa, YTO TeOpEMa OCTAETCS BEPHOU U AJIs i = k.

YTobBl M3 MHOXeCTBa A 06pa3oBaThb BCce BO3MOXKHBIE CJI0BA JJIMHBI K,
JIOCTaTOYHO K KaXKIOMY CJIOBY JUTUHBL k — 1 mIpumnucaTh Ha IOc/ielHEE MECTO
MIOC/IeIOBaTeNbHO KaXKABIM U3 N 3JIeMeHTOB MHOKecTBa A. TakuM o6pa3om,
KakK/Z]0e CJIOBO ZUIMHBI k — 1 aCT n pa3IUYHbBIX CJIOB JJUHBI kK, 1 9TUM CIIOCO-
6OM IOJIyYUM BCe BO3MOXKHBIE CJIOBA AJUHBI k. [T0CKOTBKY CJIOB AJMUHBL k — 1
rMeeTcs nk-1, To 06Iee YMCIIO CJIOB ATUHEI k OyzeT paBHO nnk-1 = nk, BmecTe
C TIPUHITUIIOM MaTeMaTUYeCKOW MHAYKIIMHU 3TO JI0Ka3bIBAeT TEOPEMY.

Hampuwmep, u3 andasura A = {0, 1} MokHO 06pa3oBaTh 22 = 4 ABYXOYyK-
BEHHBIX CJIOB.

2. Pa3zmellleHHA U NMepecTaHOBKHU. [Ipu oOpa3oBaHuu cI0B U3 anada-
BuTta A = {a,, a,, ..., a,} OT PyHKUUU @ TpeboBasach TOJbKO OJHO3HAY-
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HOCTb. [IyCTb Tenepb () — B3aUMOOAHO3HAaYHOE OTOOpakeHHe. DTO 3HAYUT,
YTO B CJIOBe, 0Opa30BaHHOM C IMOMOIIbIO 3HAYEHUU 3TOTO OTOOpaKeHUs,
HeT OAWHaKOBHIX OYKB. Takue cjioBa Ha3bIBAIOTCS pasmeuleHusmu. Hampu-
Mep, u3 andasuta A = {1, 0} MOKHO 06pa3oBaTh TOJBKO /IBA pa3MelleHUs
anuHbl 2: 01 u 10. 13 andasuta A = {1, 2, 3} MOXHO 06pa3oBaTh LIECThb
pa3/JMYHBIX pa3MmelneHud AAuHL 2: 12, 21, 13, 31, 23 u 32. HeTpyaHo
YCTAHOBUTDb YUCJO PA3JIUYHBIX pa3MellleHUU AJd JaHHOTO andaBUTA
U B obOmieM ciaydyae. 3aMeTHUB, YTO JAJIMHA pa3MelleHUs He MOXeT ObITh
6oJibIlle MOIIHOCTHU ajipaBUTa, MOKaXKeM, UYTO CIIpaBeZjInBa CAeAyoIasa

Teopema.
Teopema 2.2. Yucno pasiuuHblx pasmeweHuil OnuHsl k, 06pa3o8aHHbLX
u3 angasuma mowjHocmu n, pagHon(n - 1)(n-2) - ... - (n—k + 1).

Joxazamenbvcmeo. /i k = 1 Teopema BepHa, TaK KaK YHUCI0 OTHOOYKBEH-
HBIX pa3MelleHu paBHO YuciTy OYKB B andaBUTE, T. €. M.

[TycTh Teopema BepHa i i = k — 1. DTO 3HAYUT, YTO YKCJIO pas3Mele-
HUM ayiuHe k — 1, obpasoBanHbIx u3 andasura A = {a,, a,, ..., a,}, paBHO
nn-1)-...- (n-k + 2). Ho 4To6BI MOJYyYUTh BCE pa3MelleHUs AJTUHEI k,
JIOCTATOYHO K Ka)KZIOMY pas3MeIleHHIO JTUHBI k — 1 IpUmmcaTh moo4epesHo
oany u3 n — (k — 1) 6ykB, He BOMIEAIINX B 3TO pa3MelneHure. Takum obpa-
30M, Ka)kZioe pa3MeleHue JyIuHb k — 1 mopoxzaaet n — (k — 1) pasMmernieHuit
AauHb k. ClemoBaTebHO, BCEro pa3MellleHUi ATUHE k OyzeT n(n — 1) x
Xx(Mn-2)-...-[(n-(k-1)], yro u TpeboBasOCH JOKA3ATb.

Yucio pa3MYHbIX pa3MelleHul AIuHb k, 06pa3oBaHHBIX U3 ajdaBUTa
MOIITHOCTH N, 0603HayaT Ak Takum o6pasom,

Ak=n(n-1)(n-2)-...-(n—k+1). (2.2)

IMpumep 2.1. CKOJBKO MOKHO COCTAaBUTh CUTHAJIOB U3 LIeCTH (JIa’kKKOB
PasJIMYHOIO 1|BeTa, B3ATHIX II0 /jBa?
Vickomoe uncio curianioB A2 =6-5=30.

IMpumep 2.2. VI3 rpynnsl B eBATb KPbIC HEOOXOAUMO BHIOPATh Tpex
Y IOMECTUTD UX B TPU KJIeTKU, o6o3HaueHHbIe C;, C, 1 C5. CKOJIBKUMU CIIO-
cobaMu 3TO MOKHO CZesIaTh?

37lech peub UZET O pa3MelleHU! U3 JeBATH 00beKTOB 1o Tpu. CoryacHo
dopmyse (2.2) yncio Takux pasmenieHuit paBHo 9 - 8 - 7 = 504.

YacTHBIM CJTy9aeM pa3MelleHUH ABJISI0TCA nepecmaHosku. Tak Ha3bIBa-
I0TCA pas3MeleHus, AJIMHa KOTOPBIX paBHA MoIIHOCTU andasuTa. Hanpu-
Mep, u3 andasuta A = {1, 2, 3} MOXHO 06pa30BaTh MIECTb PA3TUYHBIX IIEpe-
craHoBOK: 123, 132, 213, 231, 312 u 321.

3 dopmysnsl (2.2) mpu k = n noxydaeM, 4YTO YMCJIO BCEBO3MOXKHBIX IIepe-
CTaHOBOK, KOTOpbIe MOXHO 00pa30BaTh 13 anpaBuTa MOUTHOCTH n (0603Ha-
yeHue P,), paBHO

P, =n(n-1)-...-.(n—n+2)-(n—-n+1)=nl
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ITpumep 2.3. CKOIBKO TPEX3HAUYHBIX YHCEJ MOKHO COCTaBUTh U3 Iudp 1,
2, 3, ecnu kaxzasa urdpa BXOAUT B U300pakeHue Yncia TOJIbKO OAUH pa3?
Vickomoe 4nciio Tpex3HauHbIX ynucen P;=3!=1-2-3=6.

IIpumep 2.4. Bocemb 1abOpaTOPHBIX JKUBOTHBIX HY>KHO MPOPAHKUPO-
BaTh B COOTBETCTBUHU C UX CIIOCOOHOCTAMU BBITIOTHATH OIIpeZieJieHHbIe 3a/a-
HUA. KakoBO 41C10 BO3MOXKHBIX PaHXKMPOBOK, €CJIU JOITyCTUTh, YTO OJUHA-
KOBBIX CIIOCOOHOCTEM HeT?

CymectByeT 8! paHXHMPOBOK IO CIIOCOOHOCTAM, T. €. 1-2-3-4-5-6 X
x 7 -8 =40 320.

IMpumep 2.5. VimeeTca n 0HOLIEH U n AeBylleK. CKOTbKUMYU BapUaH-
TaMU UX MOXXHO COeJVHUTDH B TaHLIEBAJIbHBIE ITapPhI?

YTOOBI PEIIUTH 3Ty 33Zla4y, BBICTPOUM BCEX FOHOIIEH B IIEPEHTY U IIPU-
CBOMM KaxkZjoMy HoOMep OT 1 o n. Torzaa ACHO, 4TO UICKOMOE YMCJIO BapUaH-
TOB paBHO YUCJIYy [IEPECTAHOBOK M3 MHOXECTBA [IeBYIIEK, T. €. nl.

3. CoyeTtanus. [IycTb onATh UMeeTCA HEKOTOPOe KOHEYHOE MHOXKECTBO
MoIHocTy n A = {a4, a,, ..., a,}. JIloboe MOAMHOXKECTBO 3TOT'O MHOXXECTBa,
coziep:kalliee k 3leMEeHTOB, Ha3bIBAeTCA couemaHuem U3 n ajnemeHmos no k.

[ToHATHO, 4TO ecau k < n, TO U3 OZHOT'O U TOI'O XK€ MHO>KeCcTBa A MOIII-
HOCTH N MO>XHO 006pa3oBaTh HECKOJIbKO PA3JINYHBIX COYeTaHUU U3 n aie-
MeHTOB 1o k. HanmpuMmep, u3 MHOkecTBa A = {a;, a,, a3} MOXXHO 06pa3oBaTh
TPU Pa3IUYHBIX ITIOAMHOXECTBA, COAEPKALINX 10 ABA dJI€MEHTA, T. €. TPU
Pa3IMYHBIX COYETAHUA M3 TPeX dJIEMEHTOB 1o ABa: A, = {a,, a,}, A, = {ay,
as} uA;={a,, as}.

[ToHATHO TakXXe, YTO YMCIO PA3JUYHBIX COYETAHUU U3 N 3JIE€MEHTOB
110 k 3aBUCUT OT MOITHOCTU COYeTaHUA, T. €. OT kK ¥ OT MOIIHOCTU MHOKe-
cTBa A, T. €. OT n. ITO YKUCJI0 0603HAYAIOT CUMBOJIOM CK (MHOTAA yIOTpebs-

n
eTcA ellle CUMBOJI P ). Hammpumep, C} — 4ucio pa3inyHbIX COU€TaHUM, B3s-

TBIX M3 N 3IEMEHTOB 110 OAHOMY. ICHO, UTO TAKUX COYETaHUM OYET CTONBKO,
CKOJIbKO 3JIEMEHTOB B MCXOZHOM MHOeCTBe A, T. e. n. Takum o6pasom,
Cl=n.

Janee, C2 — 5T0 4MCJIO Pa3IMYHBIX COUETAHWM, B3ATHIX U3 N 3JIEMEHTOB
IO ZIBa. DTO YMCJIO JIETKO MOACYUTATh. EC/IM KaXkAbIl 2IEMEHT MHOXECTBA
A ={ay, a,, ..., a,} TIOOUEPEZHO COYETATh C KAXK/BIM M3 BCEX OCTAJIbHBIX,
TO IIOJIy9aTCs Maphl 5JIEMEHTOB, U3 KOTOPBIX MOXKHO COCTaBUTh TaG/IMILY:

{a;,a5} {qy,a3} ... AHay,a,}
{ay,qq} {ay,a3} ... {ay,a,}
{a,,qq} {a,,a,} ... {a,,a, 1}

B aToii Tabnuile n — 1 cTosnber u n ctpok. Ciie10BaTeNIbHO, BCETO BHIIHU-
cano n(n — 1) map. Ho kaxzas mapa BcTpedaeTcs ABaKJbl. Tak, HaIpH-
Mep, mapa {a;, a,} OAUH pa3 MoJydaeTcs, KOI/ja a,; COYETAEM C d,, @ BTOPOM
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pa3 — IpU COYeTaHUM d, C d;. TakuM o6pa3oM, pa3jIUdHBIX Map, T. €. pas-

. n(n-1)
JIMYHBIX COYETaHUU U3 n 3JIEMEHTOB II0 2, 6YZLeT T CJIe,Z[OBaTeJIbHO,

_ nn-1)

3-2
C?2 . BuactHocTH, C3 = - =3, B ueM yOeIWIUCh HETIOCPEICTBEHHO.

[ToacuuTaem eire C! u CO. Yucio C! — 3TO YKCIO COYETAaHUM U3 n dJie-
MEHTOB 110 . EAMHCTBEHHBIM ITOAMHOXKECTBOM MHOXKECTBA A, COlepKaliM
n 3J1eMeHTOB, OyZieT camo MHOXXecTBO A. CienoBatenbHo, C? =1. HakoHelr,
CY — 4unCJI0 IOAMHOKECTB, cogepKaIiux 0 5JIEMEHTOB, T. €. He CoepKalllix
3JIeMeHTOB BoBce. TaKUM IMOIMHOXKECTBOM SABJISETCS TOJBKO ITyCTOE MHO-
’KecTBO (OHO COZEPIKUTCSA BO BCIKOM MHOXKECTBE, CJIEIOBATETbHO, U B A).
Takum obpasom, C? =1.

Temepsb ZOKaXKeM TeOpPEMY, KOTOpast IO3BOJIUT IIOACYUTATh Jr060e Ck.

Teopema 2.3. Yucsno couemanuil u3 n anemenmos no k, 20e 0 < k < n,
gblpaxcaemcst opmynotl

ck _ n!

"o kl(n-k)
wnu (npu k # 0)
_n(n-D-....-(n—k+1)
- k! '

Joxazamenvbcmao. 3aMeTUM, 4TO, /IJI1 TOTO YTOOBI TTOJMYYUTh BCEBO3MOXK-
Hble pa3MellleHus AJIMHBI k 13 andaBruTa MOIIHOCTBIO 1, IOCTATOYHO B3ATh
BCEBO3MOXKHbBIE COUETAHUA U3 N TI0 k, a 3aTeM U3 KaK/I0To coueTaHus obpa-
30BaTh k! BCEBO3MOXKHBIX IT€PeCTaHOBOK. TakuM obpasom, AKX = Ckk!, otkyzna

Ck (2.3)

Ck_Arlf_n(n—l)--..-(n—k+1)_ n!
ok k! T Kln—-k!

IIpumep 2.6. V3 rpymnisl B MATH MBIIIEH HY>KHO BHIOpPATh TPU 6€30THO-

CHUTECJ/IbHO K ITOPAAKY BbI60pa. CKOJIbKMMH CIIOCOOaMM MOXKHO 3TO caenaTb?

VckoMmoe yucio cnoco6os C3 :%‘rg =10.

Yuciaa Ck vMeroT MHOrO Ba)XKHBIX MPWIOXKEHUM. BCIIOMHUM, HAIpUMep,
bopmyity pasnoxeHus 6uHoMa HproToHa st ioboro n € N (em. maparpad 2.1)

(1+x)n BTN Gl B
1! 2!
+n(n—1)(n—2)---(n—k+1)xk N +n(n—1)---3-2-1xn
. T - .

CpaBHUB k03ddUITMEHTHI 3TOT0 IToMHOMA ¢ dopMysoii (2.3), 3aMedaem,
4yT0 K02$OUIMEHT NpH k-i cTenenu paseH CK. Takum o6pasom,

A+x)"=Co+Clx+C2x2 +...+Cnx™. 2.4

24



[TosTomy umcia CK HasbIBAIOT GUHOMUANLHBIMU KOIPPUUUEHMAMLU.
13 popmyiibl (2.4) BEITEKAIOT UHTEPECHBIE CleICTBUA. [10/105KUB, HATIpU-
Mep, B Hell x = 1, mosy4um

CO+Cl+C2+...+Cn=2m, (2.5)

Takum ob6pasoM, cymMMa 6MHOMUAIBHBIX KO3GPUIIMEHTOB paBHa 21, T/e
n — cTeleHb OMHOMA.

C apyroi cTOpoHHI, cieBa B dopmysie (2.5) HamucaHo oblilee YHCIO BCEX
MTOZAMHOKECTB MHOKeCTBA MOITHOCTH n. 113 dopmyisl (2.5) cieayeT, 9TO 3TO
YUCJIO PaBHO 2.

3aMeTUM ellle, YTO OMHOMUAIbHbIE KO3PDUITMEHTH YI0OHO BEIUUCIATD,
MTOJIb3YSICh TaK Ha3bIBA€MBIM Mpey20abHUKOM Ilackans:

1

1 1

1 2 1

1 3 3 1

1 4 6 4 1

1 5 1010 5 1
1 6 152015 6 1

ByzaeMm cuuTaTh BEPXHIOIO €IWHUITY HYJE€BOW CTPOKON TpeyroJbHUKA.
Torza B n-i CTPOKe 3TOTO TPEYTOJbHUKA 3aMCAHBI ITOCIeI0BATENbHO OUHO-
MuasbHble KO3 uImeHT 6MHOMA n-# crenenu (n =0, 1, 2, ...). Kaxzgasa
cyieyroIas CTpoKa IoydaeTcs U3 IPeAbIAYIed MPOCTHIM CITOCOO0M: KO3d-
buIeHT mocIeayIoned cCTpoKU (3a UCKII0OUYEHHEM IEPBOT0 U MOCIEHETO,
PaBHBIX €AUHUIIE) MUIIETCA IO/ KO3QPUIIMEHTOM IIPeAbIAYINel CTPOKU
1 TIoJIaraeTcss paBHBIM CyMMe HaJl HUM CTOSIIIETO U CTOAIIETO Iepes OoCes-
HUM:

Ck+l =Ck +Ck ;.
Jokaxem oty dopmyny. Mimeem

X (n-1! N (n-!

Crlfirll_'_cn—l: =
(k+D!(n-1-k-1D! k!(n-1-k)!

_ (-1t (1 L1 j:
kiin-k-2)'\k+1 n-k-1
B n(n-1)! B n!
KK+ D(-k-D!(n-k-1) (k+D'(n-k-1!

9qTOo N Tpe60Ba110c13 AJOKa3aThb.

n! cnk.

3aMeTHUM, HaKoHell, 4To0 Ck = —— =7
k!'(n-k)!
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2.3. Kom6buHaTopuKa n reHeTuka

KoM6uHaTOpHBIN aHATN3 TPUMEHSETCA B T€X MHOTOYHCIEHHBIX BOIIPO-
cax eCTeCTBO3HAHUS, KOTOPBIE CBSI3aHbI C IIepebOpPOM MHOXKECTBA BO3MOK-
HOCTeH, C BhIJleJIeHHEM M3 DTOI'0 MHOXKECTBA Te€X WM MHBIX IOAMHOKECTB.
[IpuBezeM Tpu IPOCTHIE 3a/4a4U U3 TEHETUKU.

1. Xopo1110 n3BECTHO, YTO XPOMOCOMY CXEMAaTUYHO MOXXHO IIPEACTAaBUTh
KaK LIeMOYKY U3 reHoB. [Ipu 3TOM CBOMCTBa XPOMOCOMBI 3aBUCAT HE TOJBKO
OT COCTaBa I'eHOB, HO U OT UX PACHOJIOKEHUA B Lernoyke. CylleCTBYIOT
METOZbI, TO3BOJIAIOIIVME U3MEHUTD IIOPALOK T€HOB B XpOMOcOMe. Bo3HUKaeT
BOIIPOC: KaKOe KOJIMYECTBO XPOMOCOM MOXXHO IOJYYUTh U3 JAHHOU, U3Me-
HsA B HEU MOPAZOK CIe/JOBaHUA T€HOB?

[TycTp ucxozHasg XpoMocoMa COCTOUT U3 n reHoB. OO03HAYMM UX a4, d,y,
.., Ay, UIIYCTB A = {4, Ay, ..., a,}. TOrAa MIOHATHO, YTO KaXJasd XpOMOCOMa,
MMeoIas JaHHbBIM Habop TeHOB, eCTh IlepecTaHOBKa MHOXKecTBa A. Yuciio
TaKUX [IePECTaHOBOK, KaK U3BECTHO, PaBHO n!.

2. IlycTh MeeTcss n COPTOB MOHOMEPOB (HalpUMep, a30THUCTBIX OCHO-
BaHUM). VI3 3TUX MOHOMEPOB 00pa3yeTcs MOJUMEDP, KOTOPBIN MOXXKHO TIPEJ-
CTaBUTh KakK I[EMOYKY U3 k MOHOMepOB. [Ipu 3ToM k, KaK mpaBWIO, O0JIbIIE
n, ¥ MOHOMEDHI B [1e[I0YKE MOTYT IIOBTOPATHCA.

Kakoe KoJIM4ecTBO Pa3JUYHBIX ITOJIMMEPOB AJUHBI kK MOXKHO 00pa3oBaTh
13 JaHHBIX N1 COPTOB MOHOMEPOB? Byzem cuuTaTh HAOOp MOHOMEPOB ajda-
BUTOM U3 N 3J1IeMeHTOB. Torga KaKAbIi MOJMMeEp, COCTOSAIINMN U3 k MOHO-
MEpOB, €CTh CJIOBO AJUHBI k. YUC/IO TaKUX CJIOB, KaK U3BECTHO, PABHO Nk,
a YMCJI0 pa3/IMYHBIX TIOJUMEPOB OyZeT B Ba pa3a MeHbIIIe, TaK KakK, HallpH-
Mep, MOJIEKYJIBI d,d,d3 U d5d,d; He pa3andaroTca (ofHa U3 HUX NpeBpalia-
eTcs B IPYTYIO, eC/IU ee IToBepHyTh Ha 180°).

B yacTHOCTH, ec/iu aipaBUT COCTOUT U3 YETHIPEX a30THUCTHIX OCHOBAHUM
A I, TuT (T e.n=4), a nomuMepoM ABjdeTcA r'eH (CpeAHAA AJIMHA reHa
paBHa 1000 exunwuil, T. e. k = 1000), TO 4MCI0 BCEBO3MOXKHBIX T€HOB, KOTO-
pble MOXXHO MOJIYYUTDh M3 YeThIpeX OCHOBAHUM, paBHO

lnk 2141000 :ﬂ — 91999
2 2 2

JTO rpomMazHoe 4ucio. [lo HEKOTOpPBEIM Mo/AcUYeTaM, OHO IIPEBOCXOLUT
ob1iee yncao aToMoB B CoTHEUHOU cucTeMe.

3. PaccMoTpuM mpoiiecc pacxoxXJeHHUs HUTEU XPOMOCOM K IIOJIIOCAM.
[TycTp MMeeTcsA n CllapeHHBIX XPOMOCOM, T. €. 2n HUTeH: a4 | | by, a,| | b,
as||bs, as |y

[Tapa a;b; cOOTBETCTBYET BYM HUTAM OJHOM i-1i XpoMocoMsl. [Tpu pac-
XOXKAEHUU MOXET CIYYUTBCA, YTO YacTb HUTEU a; IOUAET K JIEBOMY IIOJIIOCY,
a yacTb — K IpaBoMy. [Ipu 5ToM ecyiu a; OTOILIO K KAKOMY-HUOYZb TIOIIOCY,
TO b; OTOH/IET 0653aTeTHbHO K MIPOTUBOIIOI0XKHOMY ITOJIIOCY:

—a;||b;—
—a,||by—
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—asg| |bg—
—ay||by—

B 3aBHCUMOCTH OT TOT'O, CKOJIBKO M KaKue d; OTOUAYT, HallpumMep, K IIpa-
BOMY IIOJIFOCY, 3aBUCUT THI IOJy4yarolieicsa raMeTbl. Bo3HMKaeT BOmpoc:
CKOJIbKO PA3JIMYHBIX TUIIOB FaMeT MOXET IOJYYUThCA IIPU BCEBO3MOXKHBIX
BapuaHTax pacxoxzaeHusa? [logcunraeM 3TO YUCTIO.

Tak Kak THII raMeThl OIlpeZesAeTCsa TeM, KaKoe OAMHOXXEeCTBO U3 MHO-
xectBa A = {a,, a,, ..., a,} OTOWZAET K IPaBOMY IIOJIIOCY, TO YHCJIO BCEBO3-
MO>KHBIX TUIIOB raMeT PaBHO YMCJIYy BCEBO3MOXXHBIX IIO[MHOXXECTB MHOXe-
ctBa A ={ay, a,, ..., a,}. DTO YUCJIO, KaK U3BECTHO, PaBHO 27

YnpaxHeHua

1. Hy»xHO npucyzuTh MepByr0, BTOPYIO U TPEThIO IIPEMUU Ha KOHKYpCe,

B KOTOpOM MpuHUMAIOT y4yactue 20 yemoBeK. CKOJbKMMHU CIIOCOOAMU
MOXXHO PaClIpenennuTsb 3TU IIPeMUun’?

[6840]

2. CKOJTbKO 4YeThIpeXOYKBEHHBIX «CJIOB» MOXXHO 0Opa3oBaTh M3 OYKB
CJIOBA «IIPUYEM»?
[360]

3. CKOJIBKO TpPeX3HAYHBIX YKCesl MOXKHO COCTaBUTh U3 1udp 1, 2, 3, ectn
KakJas 1udpa BXOAUT B U300pakeHHe YKCIa TOJIbKO OAWH pas?

[6]

4. CKOJIBKMMU CII0COOaMHU T'pYIINa U3 MIEeCTU YeJI0BEK MOXKET PacCIIOJo-
XUTHCA B pAf?
[720]

5. CKombKMMHU criocob6aM¥ MOKHO BbIOpATh /IBE ZIeTaTN U3 SIITUKA, COZED-
kamero 10 geranein?
[45]

6. Y mecTy MaJbYMKOB B KJacce UMEIOTCS IMPU3HAKU MHOEKIIMOHHOTO
3aboseBaHusAa. YTOOBI TPOBEPUTH HaMn4Me 3aboseBaHUsA, TpeOyeTcs B3SITh
BBIOOPOYHBIN aHAIM3 KPOBH Y ABYX MaJlbuMKOB. CKOJBKUMHM CIIOCOOaMU
MOKHO 3TO cJejiaTh?

[15]

7. CKOJIbKUMU cllocobaMu TpymIa U3 IIeCTH YeJI0BeK MOXKeT pacIoso-
KUTBCA 3a KPYIVIBIM CTOJIOM?
[120]

8. BoceMb 1ab0paTOpHBIX )KUBOTHBIX HY)KHO IIPOPAHKUPOBATh B COOT-
BETCTBUU C UX CIIOCOOHOCTSIMMU BHITIONHATD OIIpe/ie/ieHHbIe 3ajanusa. KakoBo
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YHCJIO BO3MOXKHBIX PAHKUPOBOK, €CJTH IOITYCTUTD, YTO OJUHAKOBBIX CIIOCO0-
HOCTEHU HeT?

[8! =40 320 paH:XHUpPOBOK]

9. KomuretT coctouT u3 12 yenoBek. MUHMMAaIbHBIN KBOPYM Ha 3acefa-
HUAX 3TOr'0 KOMUTETA J0JDKEH HAaCUUTHIBATh BOCeMb 4leHOB. CKOJbKUMU
crrocob6aMu MOXKET JOCTUTATbC MUHUMAIbHBIN KBOPYM?

[495]

10. B mabopaTopHO# KJIETKe coAepKaTcs BoceMb OeJbIX U IIeCTh KOPUY-
HEBBIX MblIllel. HaliinTe 41cIo crmoco60B BeIOOpA MSTU MBIIIEH U3 KJIETKH,
€CJTM OHU MOTYT OBITB JIF0O0T0 I[BETA.

[2002 criocoba]



InaBa 3
MATPULDbI

3.1. MaTpuubl n geincTBUA Ha HUMK

1. IToHaTue o maTpuile. Tabiuia yrcesn a;; BUza

a;; a2 ain
a1 da2 Aon
(3.1)
a1 4o .- Qqp
obo3HavYaeMast KpaTKO (aij) (i=1,23,...m;j=1, 2,3, ..., n), cocroAias

13 M CTPOK U n CTOJIOLIOB, Ha3bIBaeTCsa mampuuell pa3MepoMm m X n. Yucia
;; HAa3BIBAIOTCS €€ djleMeHmamul. ITO NPAMOY20/bHAs. MaTpuLa. B yacTHo-
cTy, Korga m= 1, n > 1, uMeeM ofHOCTpoOYeuHyo MaTtpuny (a,, d,, ..., a,),
KOTOPYIO HasbIBalOT mampuueli-cmpokoil. Eciu ke m > 1, an =1, To uMeeM
OTHOCTOJIOIIOBYIO MAaTpHILY, KOTOPYIO Ha3bIBAalOT mMampuueli-cmoabuyom.
MaTpwuiia, coCToAIIasA U3 OJJHOT'O YUC/IA, OTOXKAECTBIISIETCA C OTUM YHCIOM.

IMpumep 3.11. I1aTh 1ab60pATOPHBIX )KUBOTHBIX KOPMAT TPEMS pPa3idy-
HBIMU BHJAaMy NUIU. EC/IM ONpeAenuTsh ¢; KaK CyTOYHOE morpebeHune
{-TO BUJA TIUIIU j-M KUBOTHBIM, TO

€1 G2 G3 G4 G5
C=(cj)=| 1 €2 Ca3 Cas Co5
€31 (32 (€33 (34 C35
SABJIIETCS MaTPUIle pa3mepoM 3 X 5, oTpaskatolieit obiee CyToYHOe TOTpe-
osennie. OHa aeT yIOOHBIN CITOCOO BeZIeHUs 3aITHCe.

Ecau B MaTpulle YMCIO CTPOK PABHO YUCHTY CTOJNOIOB (M = n), TO TaKylo
MaTpUIly Ha3bIBAIOT K8AOPAMHOIl, TIPUYEM YHCJIO €€ CTPOK WU CTOJIOIOB
Ha3bIBaeTCA nopsiokom MaTpullsl. Hanmpumep, MmaTpuiia

a1 A2
dy; dy
1 HeKOTOPBIe HPI/IMepr 1 3aza4Yu U3 6I/IOJIOI‘I/II/I, I/IJIJIIOCTPI/IPYIOIJ_[I/IE MaTeMaTnudecCKue

METO/IbI, COZIEPIKATCA B KHUTAX [3 ¥ 5]; 4acTh 3TUX MPUMEPOB U 3a/]a4 UCIIOIb3YeTCs B HACTO-
A1el KHUTe.
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€CTb KBaZipaTHaA MaTpHlla BTOPOI'o IIOpAAKa, a MaTpHUlia

Q1 G2 g3
ay; Qdyy dss
a3y dzp dss

€CTb KBa/lpaTHas MaTPULA TPEThEro MopAAKa.

OJIEMEHTHI d,q, Ay, A, KBaAPATHOU MaTPULIBI (al-j) ropszAKa n, HasblBae-
MBbl€e OUA20HANILHBIMU dJleMeHMaMul, 06pasyloT ee 2/1a8HYH0 duazoHalb. Ecau
BCe HeZlMaroHaJbHbIe 3JIEMEHThI KBaZ[PATHOW MaTPUIlbl paBHBI HYJ/IIO, TO 3Ta
MaTpHIla Ha3bIBAeTCS OUA2OHANBLHOLL.

MaTpwuiry Ay KpaTKocTy OyzieM 0003HaYaTh OHOU OYKBOI (Hampumep,
OyKBOI A).

/lBe maTpullbl A 1 B Ha3bIBatoTcA pagHbimu (A = B), ec/ii OHU OJUHAKO-
BOro pa3Mepa (T. e. UMEIOT OJUHAKOBOE YMCJIO CTPOK U OAMHAKOBOE YUCJIO
CTOJIOIIOB) U MX COOTBETCTBYIOIIYE 3JIEMEHTHI paBHEI. TaK, ec/u

a1 12

bii bip
A= uB= R
g1 Q2 byy Doy
TO A = B, eCc/in a11 = bl].’ a12 = b12, a21 = b21, azz = bzz.

Kpome npuBezsieHHOM Bbilie 3anuck (3.1), UCMOMB3YIOT U JPYTUE CIIO-
coOBI Ipe/icTaB/leHusA MaTpull, HallpUMep

a Ao | --- | Qqp
asy Aoy | ... | Aoy
A1 | Ao | +-- | A

(kmeToyHad 3amnuch). [Ipu TakoU 3amKUCH 4acTO AJA YIPOILIeHUs HyJleBble
3JIeMeHTHI B TabJUIly He 3alMChIBAIOT, HO IIPU 3TOM HUMEIOT B BUAY, YTO
IyCThIe KJIETKU TaKXKe coiep:KaT yuciaa (Hyau).

2. Ci1oxxeHue MaTpul,. MaTpulisl OIUHAKOBOIO pasMepa MOXKHO CKJIa-
ZIbIBATh.

Cymmotl ABYX TakKux MaTpull A U B Ha3biBaeTca maTpuiia C, 3JleMeHThI
KOTOPOU paBHBI CyMMe COOTBETCTBYIOIIUX 3JIeMeHTOB MaTpull A u B. Cum-
BOJIMYECKU Oy/leM 3aluchiBaTh Tak: A + B = C.

Tak, eciu

;. o b1 by
A= uB= s
ay; dy by by

TO UX CYMMOI‘/JI Ha3bIBA€TCA MaTpHlia

C— ay+bin appthy
ayy +byy  apy +boy
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1 2 3 2 41 3 6 6
IIpumep 3.2. + = .
2 45 3 0 5 5 4 10
Jlerko BUZETD, YTO CJI0XKEHWE MATPULL IIOAYMHAETCA [IePEMECTUTEIBHOMY
1 COYEeTATEeJIbHOMY 3aKOHAM:

A+B=B+A,
(A+B)+C=A+ (B+ Q).

OnpepeneHune. MaTpuua, BCce 3neMeHTbl KOTOPOW paBHbl HYJ0, Ha3blBaeTCA

Hyne-mampuyet n o6o3Havaetca (0) nnm npocto 0.

Hynb-MaTpuIia Mpy CJIOKEHUYU MaTPHUI] BBHITIOTHSAET POJIb OOBIYHOTO HYJISA
[pyU CI0KeHuu yucen: A + 0 =A.

3. Beruutanue martpul. PazHocmsbio JByX MaTpuly A U B OUHAaKOBOT'O
pasmepa HaseiBaeTcd matpuua C, Takad uto C + B = A.

V3 aToro onpezesneHus CaeAyeT, YTO dJIeMeHThl MaTpullbl C paBHEI pas-
HOCTHU COOTBETCTBYIOIIVX 3JIEMEHTOB MaTpull A U B.

O6o3HavaeTcsa pa3HOCTb MaTpull A u B tak: C=A - B.

2 3 1 2 1 1
ITpumep 3.3. - = .
1 0) (31 -2 -1

4. YMHOXeHHe MaTpHIbl Ha 4yucao. [IpousdgedeHuem MaTpULBl A
Ha YHCJIO A Ha3bIBaeTCsA MATPHIIA, dJIeMEeHTHl KOTOPOW paBHBI POU3Be/e-
HUAM YHCIa A Ha COOTBETCTBYIOIIUE 3JIeMEHTH MaTPHULIBL A.

OTtcroza cienyer, YTo IIPpU YMHOXXE€HUY MaTpULBL HA HYJIb [1OJy4aeTcs
Hy/JIb-MaTpULa.

1 0 2 2 01 .
IMpumep 3.4. Ilyctb A= ,B= . Haittu marpuity AA +
+ Bu. 2 31 2 11

Ha ocHoBaHuu ornpeacsieHrd CyMMbl MaTpyUll 1 YMHOXKE€HHUA MaTPHUIIbI
Ha 4YMncCJIO UMEEM

A+ By = A+2u 0 20+
Pl 2420 3+ an )

5. YMHOXxXeHUue MaTpull. PaccCMOTpUM IIpaBUIO YMHOXEHUA ABYX KBa-
ZIpaTHBIX MaTPUL, BTOPOI'O Y TPEThEro NopAAKOB. IIycTh faHbI /1Be MaTPULILI

a a
A:[ 11 12]1/13:[1911 blzj.
az; dpy by; by,
IIpoussedeHuem mampuuyst A Ha mampuyy B Ha3biBaeTcd maTtpuia C =

= AB, 371IeMeHTbI KOTOPOM COCTaBJIAIOTCA CJIeAYIOUUM 0O0pa3oM:
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AB = (anbn +ayoby  ay1big +aiobyy J
A1b1q +Agoby1  dgqbyg +agoboy

Kak BuaUM, 371IeMEeHT MaTPHUIIbI-TIPOU3BEAEHUA, HAXOAAIINICA Ha TIepe-
CEeYEeHUH I-U CTPOKM U k-TO cToJIOIa, IIpeACcTaBasgeT cOO0M CyMMY IMapHBIX
MPOM3BelEeHUI 3JIeMEHTOB i-i CTPOKU IMEPBOU MaTPUIIbI HA 3JIE€MEHTHI
k-ro cTosib1ia BTOpOIi MaTpPHUIIHI.

Hampumep, 371eMeHT, CTOAIIWI BO BTOPOM CTPOKE U MEePBOM CTOJOIIE
MaTPHUIIbI IIPOU3BeNeHUS AB, paBeH cCyMMe ITapHbBIX IIPOU3BEIeHUM dIeMeH-
TOB BTOPOU CTPOKU MaTPUIILI A Ha 3JIEMEHTHI IEPBOT'O CTOI0I[a MaTPHUIIBI B.

OTO MpaBWJIO COXPAHAETCA JJIA YMHOXKEHUS KBaZ[paTHBIX MaTPUI] Tpe-
Thero U 6oJjiee BHICOKUX MOPSAAKOB, a TaKXKe JJIsI YMHOXKEHHS MIPSIMOYTOJIb-
HBIX MATpPHUI], B KOTOPBIX YHCJIO CTOJIOI[OB MATPUIILI-MHOXUMOTO PaBHO
YUCJIY CTPOK MaTPUIIBI-MHOKHUTEIS.

1 2)(5 6 1.5+2.7 1.6+2-8 19 22
IIpumep 3.5. = = .
3 4)\7 8 3-5+4.7 3:6+4-8 43 50
IMpumep 3.6.
1 2
210 9 1o 2-1+41-240-2 2:241-1+0-2) (4 5
311 9 o (3-1+1-2+1-2 3-2+1-1+1-2) |7 9

a;p G2 | X ay1X1 +a12Xy
IIpumep 3.7. [ = .
az; Ay )\ Xo Qp1Xq +dyoXy

BuauM, 4TO B pe3ysibTaTe MEPEMHOXKEHUS ABYX MATPHIL MOJydaeTCs
MaTpuIla, coZiepKalias CTOJbKO CTPOK, CKOJIbKO UX UMEET MaTpHUIla-MHO-
’KUMOE, U CTOJIbKO CTOJIOIIOB, CKOJTBKO UX MMEET MaTPUIla-MHOXKUTEb.

PaccMoTpuM elile mpuMep:

5 6)(1 2) (5:1+6:3 52+6-4) (23 34
7 8\3 4) (7-1+8:3 7-2+8-4) (31 46/

C Zpyroif CTOpOHBI, KaK yCTaHOBJIEHO BBIIIIE,

1 2\5 6) (19 22
3 4)\7 8) (43 50/
CremoBaTesbHO, IIPOU3BEEHNE IBYX MATPUI], BOOOIIe rOBOpsi, HE TOJ-
YUHAETCA HepeMeCTI/ITeJIbHOMy BaKOHyt

AB # BA.

Mo>xkHO IMIPOBEPUTDL, YTO YMHOXE€HHNE MATPpUL] IIOAYNHAETCA COUECTATE/Ib-
HOMY 3daKOHY:

A(BC) = (AB)C.
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OTmeTHM JI060TBITHRIHN pakT. Kak M3BeCTHO, MPOU3BeleHUE JIBYX OTINY-
HBIX OT HYJI1 YMCeJ He paBHO Hy/0. 7151 MaTpuly mogo6Hoe 06CTOATENbCTBO
MOKET U He MMeTb MecCTa, T. €. IPOU3BeZleHe /IBYX HEeHYJeBbIX MaTPUI]
MOXKEeT OKa3aTbhCsA PaBHBIM HYJb-MaTpUIIE.

11 1 1
IIpumep 3.8. Eciiu A= 1 uB=

, TO
1 -1 -1

1 1)1 1 1.1+1-(-1) 1-1+1-(-1) (00

1 1)l-1 -1) (1-1+1-(-<1) 1-1+1-(-D) |0 0/

[Ipy yMHOXXEHUU MaTpUll BTOPOT'O MopsiJka ocoboe 3HaUeHUE UMeEET
KBa/ipaTHasA MaTpuLa

1 O
E= .
0 1
o o a;; o
[Tpu YMHOKEHHUH JIFOO0M KBaZpaTHOM MAaTPUIILI A = BTOPOT'O
az; dpy

nopsiika Ha MaTpully E cHOBa nosiydaetca Marpuiia A. JlelicTBUTEIBHO,

AE a1 g 1 O ai '1+a12 -0 air 'O+a12 1 a1 qg
ds1  dyo 01 asq '1+a22 -0 dsq '0+a12 1 dsq; dyo
AnanoruyHo FA = A.
ManI/IHa E Ha3wpIBaeTca eOUHUUHOU Mampuqeﬁ. EZLI/IHI/ILIHaH MaTpuliia
n-ro mnmopAaAaxKa mMMeEeT BH/

1 0 ... O
o 1 .. O
N CTPOK
0O O .. 1
n cToA0II0B

Ecnu B maTpuile (3.1), obo3Havaemoii 6YKBOU A, cziejlaTh BCE CTPOYKU
CTOJIOIIAaMHU C TEM K€ HOMEPOM, TO ITOJIYYUM MaTPUITY

i1 do1 - Am
Ao Aoy ... Ao
’
A - 5
a, Ao Ann

Ha3bIBaeMYI0 MPAHCNOHUPOBAHHOU K MAaTpHUIIE A.

Eciu matpuiia A (kBaAgpaTHas) COBHAZAaeT CO CBOEM TPAHCIIOHUPOBAH-
HOM, TO OHAa HA3bIBAETCSA CUMMEMPUUHOL U €€ dJIEMEHTHI CBA3aHbl COOTHO-
LIEHUEM Q;; = Q;; (cuMMeTpHsi OTHOCUTENIBHO IVIABHOM AUaroHaimn). TakoBa,
HalpuMep, MaTpuIia
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6. Marpuibl parfioHOB. [IycTh Kakoe-HHUOY/b BENeCTBO, HEOOXOAMMOE
JUIS KU3HEIEeATETbHOCTH JKUBOTHOT'O, COAEPKUTCS B pa3HbIX KopMax. s
ollpeZieIeHHOCTH OyZeM TOBOPUTH 0 BUTaMmuHe A. IlycTh o, 03HadaeT Kolu-
YeCcTBO 3TOro BUTaMMHa B 1 Kr i-ro kopMma (i =1, 2, ..., n). Toraa ogHOoCTpO-
yeyHas MaTpUIa

a=(0; 0y .. 0O)

Aac€T pacClipeJeJI€cHNUE BUTaMHA A 1o KOpMaM. Hpe,Z[HOJIO}KI/IM, 4TO UcCcieny-
€MO€ X KXMBOTHO€E CbEAAET B IEHD X KT IIEPBOT'O KOpMa, X5 KI' BTOPOI'O KOpMa,
..+, Xp KI' n-T'O KOpMa. Torma o6mee KOJIM94€CTBO BUTAMHKHA A, I[mojaydyaemMmoro
KUBOTHBIM B ZI€HDb, €CTb

04Xy + ObXy + .o + 0L, (3.2)
X1
X2
Beena obosHadenune X =| [ | (MaTpuna-crosnbel noTpebieHnsa KOpMOB

Xn
B ,ZLeHb), C ,ZLPYFOﬁ CTOPOHBI, II0 IIpaBWJIy YMHOXXEHHWA MAaTPpUI] II0JTYYUM

(XX:((Xl oy ... (X,n) . =

:(Of,lxl + 09Xy +...+ Ocnxn) =01 X7 +0gXg +...+ 0y X},

YTO COBIIaZaeT ¢ cymMMou (3.2).

PaccmoTpuM Teneps 6osiee CI0KHBIN ciy4dail. ByzieM cieiuTs He TOIbKO
3a pacxosoM BUTaMUHa A, HO ellle AByX BUTAMUHOB, HaripuMep B u C. IlycTb
MarpuLa

(Xl az Ocn
M= Bl Bz Bn
Yi Y2 -+ Vn

JlaeT pacupeziesieHre BUTAMUHOB 110 KopMaM. Kaxziaa cTpoka 3Toi MaTpHLibl
COOTBETCTBYET OTZeIbHOMY BUTAMUHY, a Kbl CcTON6EI] — OTAEeNTbHOMY
kopmy. Takum o6pasom, B 1 kr i-ro (i =1, 2, ..., n) KOpMa COAEPIKUTCS
o, BUTaMuHa A, 3; BuTamuHa B u y; BuTamusa C.
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X1
X2
[TycTh mo-mpeXHeMY MaTpuila-cronber; X =| ° | — maTpuiia moTpe-

le
6JleHUs KOPMOB B ZieHb. Torza, XKejias y3HaTh OONTUI BUTAMUHHBIN PEXUM
*KUBOTHOT'O B JIEHb, CJIelyeT, OUeBU/IHO, B3ATh [IpOM3BeZieHHe MaTpull M u X:

X1
Ocl 0(,2 vee (X.n Oclxl +(X.2X2 +...+(1an

X2
MX=|By Bz - Ba|l . |=| Bixp+Baxz+...4+Bpx,
Y1 Y2 - Yn X Y1X1 Y2 Xo +eH Y Xy

n

B mpaBoii yacTu UMeeM MaTpUIly-CToJ6ell, epBhlil 1eMeHT KOTOPOU
paBeH 00IeMy KOJIMYECTBY BUTaMHHA A, BTOPON — 00IIeMy KOJUYECTBY
BUTaMHUHA B 1 TpeTuii — 0011eMy KOJIM4eCcTBY BUTaMuHa C, TIOJy4eHHOMY
*KUBOTHBIM B /IeHb.

7. KOHTaKTBI IEpPBOr0 U BTOPOro IIOPAAKOB B 3NHZieMuosioruu. [lpea-
TIOJIOXKUM, YTO TPH YeioBeKa 3abosiesu 3apa3Holi 60ye3Hb0. BTopyto rpytimy
13 LIeCTH 4YeJOBEeK ONpPAalllMBalOT C LIeJbI0 BBIACHEHUA, KTO U3 HUX HMeJ
KOHTaKT C TpeMsi OOJIbHBIMU. 3aTEM OIPAIIUBAIOT TPETHIO TPYIITY U3 CEMU
YeJIOBEK, YTOOBI BBISICHUTh KOHTAKTHI C KEM-TMOO M3 IIEeCTH YeIOBEK BTO-
po#t rpynmsl. Onpezgennm mMatpuny A = (a;) pasmepom 3 X 6, nonaras a;; =
=1, ec/u j-1 9YeJIOBEK BTOPOH TPYIIITHI HAXOAWICSA B KOHTAKTE C i-M OOJbHBIM
13 [IEPBOM IPYIIIEL, U ;;= 0 B IPOTUBHOM Ciy4ae. AHATOIMYIHO OTPeZAEINM
matpuly B = (b;) pasmepom 6 X 7, monaras b= 1, eciu j-i 4eJ10BEK TPeTbeit
TPYIIIbL HAXOAWICS B KOHTAKTE C i-M Y€JI0BEKOM U3 BTOPOW Ipymsl, 1 b; =0
B IPOTHMBHOM CJIydae. JTU IB€ MaTPULbI ONIUCBIBAIOT CXeMY KOHTAaKTOB I1ep-
BOT0 IOPAZKa MEXJY PYIIIaMH.

Morsio 6bI, HAIpUMEP, 0KA3aThCs, YTO

0010010
0011000
001010
1000011
A=[1 0 0 1 0 0|,B= ,
0011000
001101
0101000
1000010

B maHHOM ciy4ae a,, = 1 0o3Ha4aeT, 4TO 4-i 4eJOBEK BTOPOW I'PYIIIIbI
HAXOAWJICA B KOHTAKTe CO 2-M OOJbHBIM MEPBOU TPYIIIBI. AHAJOTUYHO
bs3 = 0 o3Hauaer, 4To 3-Ii YeJO0BEK TPEeTheU TPyIINBl He COIpUKAcaJCA
¢ 3-M 4eJI0BEKOM K3 BTOPOU T'PYIIIHI.

Hac moryT nHTepecoBaTh TakXe HelpsAMble KOHTAaKThI, MU KOHTAKTHI
BTOPOT'O TIOPSIZIKA, MEXAY CEMbBIO JIIOAbMU TPETheU T'PYIIIBI U TpeMA OOJIb-
HBIMU TIEPBOU.
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ITHU KOHTAKThI BTOPOTI'O IIOpAAKA OIIMCbIBAET MATPUYIHOE IIPON3BEACHHUE

C =AB.
6
DJIEMEHT Cj; = ) Aycby; AAeT YMCIO0 KOHTAaKTOB BTOPOTO TIOPS/KA MEKAY
k=1
j-M 4eJIOBEKOM TPeThel IPYIIIILI U i-M YEJIOBEKOM M3 TPYTIIEI OOIbHBIX.

14 3alaHHBIX MaTpUL] A U B 11ojiydaeM
1 1 01011
C=AB=|0 0 21 0 1 O
2 0110 21

ODJIEMEHT Cy3 = 2 IIOKa3bIBaeT, YTO MMeEETCA JBa KOHTaKTa BTOPOIO
MOPSAZAKA MEeXY 3-M YeJIOBEKOM TpeThel IPYIIIbI U 2-M NHPULIUPOBAHHBIM
O6O0JBHBIM. 3aMETHUM, 4TO y 6-TO YeJOoBeKa M3 TPETheU TPyl OKAa3aI0Ch
1 + 1 + 2 =4 HenpAMBIX KOHTAKTa C 3apaXEHHOM Irpynmnon. Takux KOHTaK-
TOB HET TOJILKO Y 5-T'0 YeJIOBEKaA.

8. Marpuiib! u cetu. /Ina reorpaduu MUPOKUIN UHTEpeEC IpeACTaBsaeT
IIpUMeHeHNe MaTpUI] ITPU U3ydeHnH reorpaduyeckux ceteil. O6paTtuMcs 3ech
K PaCCMOTPEHHUIO PEYHBIX CeTel. Y4aCTOK PeYHOM CEeTU MOXKHO MPeACTaBUTh
B MaTpUYHOU HOpMe COIIaCHO YMCTY IIPUTOKOB (pebpa), CXOASAIINXCSI B KaK-
JIOU TOUKe UX CITUAHUSA (y3/I0Bble TOUKMY). [l1st u300pakeHUsA peYHOM CeTH TaKast
MaTpHIla MOXKET OBITh COCTABJ/IEHA KAK C MCIIONb30BaHUEM pebep, TakK U Y3JI0B.

Vneany3upoBaHHas peyHas CeThb IMPOCTOro BU/a u3obpakeHa Ha puc. 3.1.
Pe6pa npezicTaBieHsl yucaaMu oT 1 0 5, a y3iabsl — OykBamu OT a 710 f. Hike
MMOKa3aHbl MaTPUIIEI, U300paKalolre JaHHYI0 PEYHYIO CETh yepe3 pebpa
Y Y3JIBIL:

ab cde f
1 2 3 45

af0 1 0 0 0O
10 0 0 1 1

b|1 01 010
210 0 1 1 0

,c/01 0 00O
3]0 1 010

do 0 0010
41 1 1 0 1

elO 1 01 01
5(1 0 01 0

flO O 0O 01 O
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B maTpuiie pebep HOJIb O3HAYAET, YTO COOTBETCTBYIOIIME TPUTOKU HEIIO-
CPeZACTBEHHO HE COeAVHAIOTCA, a €IUHUIIA — YTO OHU COeAVHAKTCA. Tak,
BUJHO, YTO IIPUTOK 2 HEIOCPEACTBEHHO CJIMBAETCA C IpUTOKaMU 3 U 4,
a He c 1 u 5. B MmaTpuiie y30B HUCII0JIb30BaHbl aHAJIOTUYHbIE 0003HAYEHUS.
Hampumep, y3en d HermocpeCTBEHHO CBSI3aH C Y3JI0M e, HO He CBfI3aH C JIpy-
MMM y3jlaMy, a y3es b cBf3aH c y3/1aMu a, ¢ 4 e. Kaxxzjad U3 aTUX MaTpulj
CUMMETpPUYHA, HO CHO, YTO 3TOU CUMMETPUHU JJI1 PEYHOU CETU He MOXET
OBITH B Cc/ydae, eCIM 3aXOTUM OTPA3UTh TO IIpOCTelilllee CBOMCTBO BOJHI,
YTO OHA HE MOXKET Te€Yh BBEPX I10 CKJIOHY. Torzia Mbl IO/KHBI KAKUM-HUOYb
o0pa3oM yKasaTh, YTO CBSI3b B OZIHOM M3 HalpaBJIeHUI HEBO3MOXKHA. YCIIO-
BHe, OTpakarolilee dTOT MOMEHT U /JieJiaiolilee MaTPUIly HECUMMETPUYHOM,
COCTOUT B TOM, UYTO CTPOKU IIPeJCTaBA0T coboli TeueHre us a, b, c u T. 1.,
a CTosIOIbI — TeueHue B a, b, ¢ u T. 4. [ToCKOJIbKY BO3MOXKHBI CBA3U TOJBKO
u3 1 B 5 wiu U3 f B e, TO B K&XX/I0U MaTpUlle HEKOTOPhIe CBSI3U yTpadyrBa-
10TCAA. B pesynbTaTe MaTpUIlbl OyAyT UMETb BUJ

a b cde f

12345

af0 10000
10 0 0 0 1

b0 01 00O
2/0 0 01 0

,clo o0 o0 o0 0
300010

do 00010
40 0 0 01

el0 1 0000
50 0 0 0 0

flo o o010

CyMMa 1o KaXkZIoMy CTOJIOIY ZaeT oOlijee YKUCIO MPUTOKOB, BIaJaro-
X B KaXKAyI0 peKy. B HaleMm ciydae 1o ABa IpuToka — B pebpa 4 u 5
1 TI0 IBa — B Y3JIbI b U e.

3.2. Onpepenutenu

1. OnpegenuTenu BTOPOro nopAaka. PaccMoTpuM KBaZpaTHYIO MaTPULYY
BTOPOTO MOpsiZIKa

a; g2
az; dpy

Onpepenenune. Onpedesumenem 8mopo20 NOPAOKA, COOTBETCTBYIOLNM
maTpuue A, Ha3blBaeTCA YMCIIO, PaBHOE d,,dy, — d;,0d,;. ONpegenutenb 060-
3HayalT CUMBOJIOM

a;; g
az; dp

(kpaTko |A)).



Takum ob6pazom,

|A|= i =011023 —A12027- (3.3)
a1 dpa
OJleMeHThl MaTPUIIBl A Ha3bIBAIOTCA dsiemeHmamu onpedeaumens |Al,
3JIEMEHTHI d;, Ay, 00PA3YIOT 2/1a8HYH0 0UA2OHANL, A DJIEMEHTHI Ay, Aqy —
nob6ouHyw.
13 paBeHcTBa (3.3) 0OYE€BUHO, YTO AJIA BEIYMCIEHUSA ONPEJeINUTes I BTOPOTO
MOpAAKa HAZI0 M3 MPOU3BEEHUSA 3JIEMEHTOB, CTOAIIMX Ha [IABHOU JaroHaJIu,
BBIYECTD ITPOU3BE/IEHNE 3JIEMEHTOB, CTOSIIIINX Ha TTOOOYHOM AVarOHAJIH.

IIpumep 3.9. BEIUUCIUTE ONIpeAeIUTeb BTOPOI'O IOpAAKa:

2 4
=2.7-4.3=2,
3 7

0
IIpumep 3.10. Vimeewm |E|= 0 1 =1, T. e. onpefeNUTENb eAUNHUIHOU
MaTpHI[bl paBEeH eIUHUIIE.

JleTKo TIPOBEPSIOTCA CJIEAyTOIIe CBONCTBA onpeenuTessa (C MOMOIIbIO
IpaBWIa BeIUMCIeHUA ero 1o gopmyse (3.3)).

BenmuuHa onpegenuTend |A|:

1) He MeHseTcs, eC/Id 3aMEHUTh €0 CTPOKU COOTBETCTBYIOIUMU CTOJIO-
I[aMH;

2) He MeHSeTCs, eCITU K 37ieMeHTaM KaKOW-TM00 ero CTPOKU WX CTOJIOLA
pubOaBUTh COOTBETCTBYIOIIME 3JIEMEHTHI APYrodl CTPOKU WU CTOJOIA,
YMHOKE€HHBIE Ha OHO U TO K€ YHUCJIO;

3) MeHseT 3HAK, eC/IU IIOMEHSITh MECTAMH €TI0 CTPOKU WUJIU CTOJIOLIBI;

4) yBenmuuBaeTcs B k pa3s, ecyiv 37ieMeHTHI KaKOTO-TMO0 ero cToI01a 1iu
CTPOKU yBEJTUYUTD B k pas, T. €. OOIINH MHOXXUTETb, UMEIOIIUNCA B CTPOKE
WU CTOJIOIE, MOXKHO BBIHOCHUTD 3a 3HAK OIPEETUTENS,;

5) paBHa HyJIIO, €CJTU 2JIEMEHTHI KaKOTO-TMOO0 ero CToONa WIX CTPOKHU
paBHBI HYJIIO;

6) paBHA HYJIIO, €CJTV JIEMEHTHI ZIByX CTPOK WJIN CTOJIOIIOB COOTBETCTBEHHO
PaBHBL.

2. OnpegenuTenu TpeThbero mopsgka. PaccMoTpuM KBaJpaTHYIO
MaTpUILy TPEThETO MOPSAAKA

1 G2 g3
A=|ay; Ay Qg3
dz; dzy dss

OnpepeneHune. OnpedesiumesieM mpemse20 NOPAOKA, COOTBETCTBYIOL MM
maTpuLe A, Ha3blBAeTCA YNCNO, PABHOE dq,05,033 + 015053037 + Aq30503y —
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a7 42 43
dy; dyy drs

a3y dsy dss

(kpaTko |A]).
HTak,
;1 A2 43
|Al=|ay; ayy o3| =0ay1090a33 +a15a53031 +
sy dgy dss
+ (13021032 —A130220371 — 110303 — d12d21d33. (3.4)

YToObI 3alIOMHUTH, KaKue MPOU3BeJeHNs B MPaBOil 4YacTU paBeHCTBa
(3.4) cnemyer 6paTh CO 3HAKOM «IUTFOC», KAKM€ — CO 3HAKOM «MHHYC»,
MI0JIE3HO IPaBWIO, Ha3bIBaeMOe npasuiom mpeyzonbHuka (puc. 3.2).

=+ -

Puc. 3.2

IMpumep 3.11. ITo popmyie (3.4) umeem

1 2 3
2 3 4{=15+24+24-27-20-16=0.
3 4 5

o = O

1 0
ITpumep 3.12. OueBugHO, 4TO E =|0 0[=1.
0 1

Bce cBolicTBa omnpegenuTener BTOporo nopsazaka (csouicrsa 1—6) ocra-
IOTCS CIIPABEAJIUBBIMU U JJIA OIIpeZieIuTeNer TpeThero nopsaka (IIpoBepka
ux uzet mo popmyie (3.4)).

OnpepeneHune. MuHopom Kakoro-nmbo snemeHTa onpenenntTena HasblBa-

eTcA onpeaenuTenb, NOMTyYEHHbIW N3 JAaHHOTO BbluepyiBaHNEM TOW CTPOKU

1 TOro cTonbua, KOTOPbIM NPUHAAIEXWUT STOT SNIEMEHT.



HampuMep, MUHOPOM 3JIEMEHTa d, ONpeZleUTeNsd |A| sBiseTcs ormpe-
JleIUTENb BTOPOTO TIOPsAKa

a a
21 o3| (3.5)

ds; dss

MuHOp 3/1eMeHTa a;, onpegenurens |A| obo3HavdaeTcs yepe3 M.
OnpepgeneHue. Areebpauyeckum 0ONOTHEHUEM 3NIEMEHTa d;, OnpefenuTens
|A| Ha3bIBaeTCA ero MMHOP, B3ATbIN CO 3HaKOM (—1)+k,

Hanpumep, anre6pandecKuM JOTIOTHEHUEM dJIEMEHTA d, OTIPeeTUTeNs
|A| siBnsteTcst onpegenuTens (3.5), B3ATHINA CO 3HAKOM «MUHYC». Arebpau-
YyecKoe JIONIOJIHEHUE dJIeMeHTa a;, OyzeM ob6o3HavaTh yepe3 A;. CirenoBa-
TENBHO, Ay, = (=1)1+kM,.

Teopema 3.1. Onpedenumensv paseH cymme npousdgedeHull 3aeMeHmos
kakoti-nubo cmpoku (cmonbya) Ha ux aneebpauveckue 0ONONHEHUS.

Zoxazamenvcmeo. IIpeobpasyeM mpaByro yacTb ¢popmyssl (3.4). Tak Kak

Q11092033 + A12093031 +a1302103 — A130p2d37 — A11d23039 —A1201d33 =
=ay1(Aypa33 — Ay3033) + ay5(Ap3a31 — Ap1A33) + Ay3(Ap1A3p — Appd3q) =
=11 411 + A1p475 + A543,

TO
| Al=ay1A11 +a12A15 +a13A3. (3.6)

dopmyrta (3.6) Ha3BIBaETCs paA3i0dceHUEM OTIPENETUTENS |A | IO a/1eMeH-
TaM NepBOM CTPOKU. AHAJIOTUYHO IOJyYaeTcsa pasjoKeHre Mo 3JIeMeHTaM
JIPYTUX CTPOK U CTOJIOIIOB.

3. [lonsATHE ompezenauTess n-ro nopaaka. CBONCTBO onpeJennuTes
TPeThero MopsiJKa, BhIpakeHHOoe TeopeMoi 3.1, pomyckaeT 06001IeHUeE,
KOTOpOe MOXXET OBbITh IPUHATO 3a Olpe/esieHre OIpeAenuTessa aoboro
MopsiJKa.

B o61iem cirydae onpedenumesiem n-20 nopsiokd, COOTBETCTBYIOIIUM KBa-
JIpaTHOM MaTpHulie n-ro MopsaKa

al 1 a12 cee aln
a21 a22 cee a2n

A= ) (3.7)
Ay Ay oo Oy

MO>KHO Ha3BaTh YUCJIO, paBHOE CyMMe IapHbIX IPOM3BeJeHUN 371eMEHTOB
KaKoW-Tnbo cTpoku (cTosnbIla) Ha uX ajrebpandeckre JomoTHeHUs (Kpa-
TKOe 0oOo3HavyeHue |A|).

3aMeTHM, YTO OIPeAeUTENH MOPsAAKa N 00IaZlal0T BCEMH YKa3aHHBIMU
BBIIIIe cBoMcTBaMu (cM. II. 1, 2).
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13 cBolicTBa 1 onpeziennuTesia caefyeT, 4To KBaJpaTHasA MaTpuLia A U TpaHC-
MIOHMPOBaHHAasA K Hell MaTpulia A" UMeIOT paBHbIE OINpeZlesTUTeNH, T. €.

Al =]A].
IIpumep 3.13. BBIUUCIUTDE ONIpeAEIUTENb:

30 2 O

3 -1 4 2 3 4
2 3 -1 4

=314 -2 3|+2/0 4 3|=3-8-2-39=-54.

0 4 -2 3

2 0 1 5 21
5 2 0 1

3aMeTHUM, YTO €CJIM B OIpe/e/IUTeNe BCe dIeMEHTHI KaKOU-THO0 CTPOKU
(cTonb11a), KpOMe OZIHOTO, PAaBHBI HYJIIO, TO ITPY BBIYUCIEHUH OINPEAeTUTE s
BBITOTHO PA3JIOKUTh €ro IO dJIeMeHTaM 3TOH CTPOKH (cTobI1a).

Eciu ke Takou cTpoku (cTosbiia) HET, TO, UCIOIb3ysl CBOHUCTBO 2 (CM.
. 1) onpezaenuTesi, ero MOXXHO MpeoOpa3oBaTh TakK, YTOOBI OH UMeEJ TaKyIO
cTpoKy (crosberr).

1 0
1 ... O
N CTPOK
IIpumep 3.14. OueBugHO, uTO | E |= e e =L
O o0 .. 1
N CTOJIO10B

CropaBegiuBa (cM., Haripumep, [1]) ciexayromaa Teopema.

Teopema 3.2. Eciu A 1 B — keadpamHble Mampuubl 00H020 NopsaodKa
c onpedenumenamu |A| u |B|, mo onpedenumens mampuuwst C = AB pageH
npousgedeHulo onpedesiumeJiell nepemMHONCAEMbLX MAMpPUY, M. e.

|Cl = 1Al -B].

4. O6parHasa MaTpuLa. PaccMoTpyUM Teneph TaK Ha3bIBaeMyIO 00pamHyHo
MaTpHUIly, IIOHATHE KOTOPOU BBOAUTCA TOJBKO JJIs1 KBaIpaTHOW MaTPUIIHI.

Ecim A — KBagpaTHass MaTpUIla, TO 0OpaTHOM /i Hee MaTpHUIlell Ha3bl-
BaeTcsa MaTpuIia, obo3Havaemas A-1 ¥ yZoBIeTBOpAIONasa YCIOBUAM

AA1=E,A-A=E,

rae E — eguHUYHaAA MaTpuUIia.
IIpumeuaHnue. VI3 3TOTO OmpefeseHUs CAeAyeT, YTO eCJu MaTpulia
A-1 gaBnsiercst o6paTHO¥ A1 A, To 1 A OyzeT obpaTHOM amsa A-L.
OnpepeneHune. Ecnu onpepenutensd |A| matpuubl (3.7) paBeH Hysio,
TO MaTpuua A Ha3blBaeTCA 8bIPOXOeHHOU; B MPOTUBHOM CJlyyae mMaTpumua
A Ha3blBaeTCA HeBbIPOKOeHHOU.



Teopema 3.3. Mampuua

Al [A] |Al
Az An A
|Al 1Al AL, (3.8)
|A[[A] |Al
20e A;, — anzebpauueckoe 0ONoONHeHUe 3JleMeHMA d; He8blPONCOEHHO

mampuusl A, asasemcsi obpamuotil 01 A.

Jloka3aTeabCTBO pagu KPaTKOCTH IIPOBEAEM I Caydas n = 2. YMHOXKas
MaTpully A Ha matpuny (3.8), mojayyaeM C UCIHOJb30BAHUEM H3BECTHBIX
CBOWCTB

A A A A 0
a —L Cl12 12 21+Cl12 22 | | .
A% Al AT A | (4] A :( 0]:
a21A1+a22 A12 A21+a22 A22 0 |A| 0 1
Al Tal A ar) Al 14

AHaJIOTUYHO IIPOBOAUTCS [OKA3aTENbCTBO M JJIA TOTO C/Iydasi, KOTZa
Marpuiia (3.8) siBjseTcs MepBbIM MHOXKUTENIEM, & A — BTOPBIM.

113 TOJIBKO YTO YCTAHOBJIEHHOMN TEOPEMBI CIEAYET, YTO, AJISI TOTO YTOOBI
IIOCTPOUTD 0OPaTHYO0 MaTPUILY JJIsI KBaAPaTHOM HEBBIPOXKAEHHON MATPUIIBI
A, HaJlo cHavyaja MOCTPOUTH TPAHCIIOHUPOBAHHYIO MaTpUIly A’, a 3aTeM
KaKZIbIH 27IeMeHT A’ 3aMEHUTD ero aare6panyecKuM JOTOJTHEHNEM, IejIeH-
HBIM Ha |A].

IMpumep 3.15. Hatitu MaTpuily, 06paTHyIO MaTpuile

1 2 0
A=l3 2 1|
01 2
1 2 0
Onpezaenurenb 3ToW MaTpullel |A|=|3 2 1|=-9.
01 2

Tak kak |A| # 0, To MaTpuila A HEBBIPOXK/JEHHasA U, CIeA0BaTEIbHO,
CcylecTByeT oOpaTHas e MaTpHIia.

BerumciisieM anrebpandecKye JOMoMHeHUA: Ay = (—1)1+

1‘
=3; aHaJo-
2
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CocTaBuUM MaTpUILy

'3 6 3

9 9 9

c-| 2 2 1
9 9 9

2 1 4

9 9 9

CrenaB B 3TOUM MaTpUIlE ee CTPOKU CTOJIOIIAMHU C TEM K€ HOMEPOM, TTOJTY-
YHUM MaTpUILY

14 2
3 9 9
A1 = E _% l
3 9 9
1 1 4
'3 9 9

3.3. (uctembl NMHENHBIX ypaBHEHUI

1. MaTpu4Has 3amyuch U MaTPUYHOE pellleHHe CHCTeMbl ypaBHEe-
HUI TIepBOii cTeneHu. [TokaxkeM, KaKUM 00pa3oM MOKHO KCIIOJb30BaTh
MaTPUYHBIH ammapar JJjs pellleHHsI CUCTeM JUHEHHBIX YpaBHEHU.

[TycTh faHa cucTeMa M3 n JIMHEHWHBIX YPaBHEHUH ¢ N HEM3BECTHBIMU X,
Xoy veuy Xt
ap1X +a19X9 +...+ A1, X, =by,

a21x1 +a22x2 +...+Cl2nxn :bz, (3 9)

A1 X7 + Ao Xy + ...+ Ay Xy, = b,

Yucna a; HaspIBaOTCA koagduyuenmamu cucmemst (3.9), a uucna by, b,,
b, — ceobodHbMu unenamu. CucTeMa TUHEWHBIX ypaBHeHU! (3.9) Ha3bIBa-

eTcs 00HopooHoll, eciu by =b, = ... =b, =0.
MaTtpuna
a5, Qg ... Qg
Ao dy; Qoy ... Qg
an1 dpa ..o App
HasbIBaeTcss mampuuetl cucmembwt (3.9), a ee onpeaenurensd |A| — onpede-

aumenem cucmemst (3.9).
Pewernuem cucmemut (3.9) Ha3pIBaeTCA COBOKYITHOCTD YUCEJI X] = Aq, Xy =
= Ag, ... X, = A, KOTOpBIE OOpaIIaloT BCe ypaBHEHUA CUCTEMBI B TOXKECTBa.
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CucrteMa, uMeroIas XoTs Obl OHO pellleHre, Ha3bIBAETCA CO8MECMHOLU.
CucrteMa, He UMeloasl PelleHN, Ha3bIBaeTCs HeCO8MECMHOLL.

[TycTe onpezenuTesnb cucTeMsl (3.9) OTJIMYEH OT HYJIA.

O603HauYUM MaTpUILy-CTON0el] 13 HEU3BECTHBIX Yyepe3 X U MaTpPUILy-
cTosibel u3 CBOOOJHBIX YIEHOB Yepe3 B:

X1 by
X b
X=|"2%| B=|?
le le

CorylacHO MpaBWIy YMHOXXEHU MaTpPUI] UMeeM

a21X1 + a22x2 +...+ aznxn
AX =

A1 X7 + Ao Xy +.oo + Ay Xy

Vcnonb3ya omnpejesieHre paBeHCTBA MaTpUll, JaHHYIO cuctemy (3.9)
MOXKHO 3aIMcaTh CJAeAYIOUMM 06pa3oMm:

AX =B. (3.10)

PaBeHcTBO (3.10) Ha3pIBaeTCa MampuuHbsiM ypagHeHuem (37ech B PO
HEU3BECTHOIO BhICTymHaeT Matpuiia X). Tak kak o ycioButo |A| # 0, To gy
MaTpHIIBI A CcylllecTByeT oOpaTHas MaTpuiia A-1. YMHOXUM 06e 4acTH ypaB-
Henuda (3.10) cieBa Ha A-L:

A1(AX) =A-1B.

Vcrionb3ys coueTaTeNbHbIN 3aKOH YMHOXKeHUsA MaTpul] (cM. maparpad 3.1,
1. 5), MOXHO HammMcaThb

(A-1A)X =A-1B.

Ho Tak kak A~!A = E (cMm. maparpad 3.2, 1. 4) u EX =X (cm. maparpad 3.1,
. 5), To moslyyaem pellleHre MaTPUYHOT'O YPaBHEHUS B BUJE

X=A"1B. (3.11)
IMpumep 3.16. PemiTh MaTPUIHBIM CIIOCOOOM CUCTEMY YPaBHEHUU
X7 +2x49 =10,
3x1 + ZXZ +Xg = 23,
Xy +2x5 =13.

B matrpuuHoii popme sTa cuctema 3anuuiercsa B Buzae AX = B. 31ech

1 2 0 bel 10
A=3 2 1|; X=|xy|, B=|23|.
01 2 X3 13
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Matpuia A-1 6buta HatiZieHa paHee (cm. pumep 3.15).
Tenepb, coryacHo paBeHCTBY (3.11), umeeM

14 2
£3 2 f 10) (4
X = g —6 6 23 = 3 .
11 4 (\BD
3 9 9
HVcrnonb3ys onpezeseHre paBeHCTBA MaTpULl, Iojay4aeM x; = 4, X, = 3,

X3 = 5.
HermocpeCTBEHHOM NIPOBEPKOM yOexAaeMCs, 9TO 3TU 3HAYEHUA HEU3-
BE€CTHBIX y,Z[OBJIeTBOpHIOT ,Z[aHHOf/i CUcTeMe.

2. ®opmynbl Kpamepal. Pemtenne cuctemsl (3.9) n JIMHENHBIX ypaB-
HEHUU C N HEU3BECTHBIMU YZO0OHO 3aMMChIBATh M BBIYUCIATH C MTIOMOIIBIO

omnpeJenuTesnei.
13 paBeHcTBa (3.11) cornmacHo mpaBwWly YMHOXKEHUSA MaTPUL, UMeeM
Ap A An
—=>b; +—=by +...+ =D
Al " [A] Al
@bl +@b2 b4 D2 b,
X=A"B=||A] = |A] |Al
Ain b, +%b2 +...+ﬂbn
Al [A] |Al
1 :
Orcroga x; = m(blAh- +byAy; +...+b,A,;),1=1,2, ..., n, WU COTTIACHO TEO-

peMe 3.1 (3Ta TeopemMa ocTaeTcst BEPHOU U /IS OTIPEJEIUTENS N-T'0 TIOPAZAKA;
cm. maparpad 3.2, 1. 3)

Gy Ay ... G;1 b @ . @y
1 |ay Gy ... G517 by Ay oo Gy |
X;=— ,1=1,2,...,n.
|A|
anl an2 oo an i-1 bn an +1 e ann

3amnuiineM Kopoye:

@
xizAA ,i=1,2,...,n. (3.12)

31ech A — ompezenuTenb cucteMsl (3.9), a AD — ompeaenuTens, MoJy-
YeHHBIN W3 ompeaenuTesisa A 3aMeHOH ero i-ro cToibiia croabmom cBoboI-

HBbIX YJICHOB.

1 Ta6bpuens Kpamep (1704—1752) — mBeinapckuii MaTeMaTHK.
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3 camoro criocoba pelieHus siCHO, UYTO cucTeMa (3.9) nMeeT eIMHCTBEH-
HOe pellleHue.

x+y=1, 1 1
IIpumep 3.17. Cucrema MMeEeT OIIpeAETUTENbA = =-2%#0,
xX—-y=2 1 -1
Y TIOTOMY UMeeT eJUHCTBEHHOe pellleHre, KOTOpoe MOXKHO HaWTH 1o ¢op-
AD A2 1 1 11
My/iaM X = ——, y =——, rme AD = =-1-2=-3; A = =2-1=1,
A A 2 -1 1 2
-3 3 1 1
T.&.X=——=—,Yy=—"=——
-2 2 -2 2

3. JIuHeiiHad OAHOPOAHAA CUCTEeMa N ypaBHEHUU C h HEU3BECTHBIMU.
Kak y>xe ormeuasoch (cMm. 1. 1), cucTeMa ypaBHeHHUM BUJA
a;1X1 +A19Xo +...+ A1y Xy = O,

as1Xq +a22X2 +...+a2 x, =0
e (3.13)

Ap1X1 + A9 Xo +...+ A X, =0

Ha3blBaeTcAa OAHOPOAHOU. OHa ABJIAETCA YaCTHBIM CIy4aeM cucTeMsl (3.9)
npub, =0, ..., b, =0. fcHo, 4yTO 3Ta cUCTeMa UMeeT HyJIeBoe pelleHue x; =0,
x,=0, ..., x,=0. OTO pelleHre Ha3bIBAIOT MPUBUAIbHbIM PELIEHUEM OHO-
poZHOU cucTeMbl. Ho MOKeT clIy4uThes, YTO ogHOpoAHad cuctema (3.13)
MMeeT U HeHyJleBoe pelleHue. Ero Ha3blBaloT HempusuUaibHbIM PelleHueM
OZIHOPOAHOU cucTeMbl (3.13).

Teopema 3.3. Ecaiu onpedenumens A 00HOpoOHOUl cucmembl (3.13)
He paseH Hysto (A #0), mo ama cucmema umeem mMoabko MPUBUANILHOE Pelle-
Hue.

B camoM zese, B cuily cBOMCTBaA omnpefenuTesneii (cM. maparpad 3.2, m. 1,
cBoiicTBO 5) Bce ompegenutenu A® = 0, moaToMy B cwty paBeHCTB (3.12)
x=0@0=1,...,n).

Teopema 3.4. Ecnu cucmema ypasHeruil (3.13) umeem HempusuaibHoe
peuwlerue, mo ee onpedeaumens A paser Hynatwo (A = 0).

B camowm gene, ecu 661 A # 0, To o TeopeMe 3.4 cuctema (3.13) umena
OBl TOJIBKO OZTHO TPUBHUAJLHOE PEIIeHHUE.

CnpasegyuBo (cM., Haipumep [5]) u obpaTHoe.

Teopema 3.5. Ecniu onpedenumens A cucmemst (3.13) pasen Hynto,
Mo ama cucmema umeem HempusUAIbHOe peuleHlle.

YnpaxHeHus
1. Haiiaute cyMMy MaTpHuIl;
3 5) (2 3
a) U ;
4 1) (1 -2
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6)

2.

3 5 7 1 2 4

2 -1 O0fju| 2 3 -2|
4 3 2 -1 0 1
4 7 11
[)(5 8}6)42 2 1]
a ; -
5 -1
3 3 3

HaiiauTe maTpuily: a) A + 2B; 6) 3A — B, eciu

L

3.

19 6 1 11
[a)[9 7}’6)(13 oj]

Brruuciute nipousBeseHUA MaTpuUll AB, eciu:

1 2 11
a) A= , B= ;
3 4j (0 1}
5 8 -4 3 2
6) A=|6 9 -5[B=|4 1|
4 7 -3 1 2
43 10
[ ){1 3) 6)| 49 11 ]
a ;
3 7
37 9
Brruuciaute OHpeZ[eJII/ITeJII/I.
A 3 -2
4 6 [26]
2 3
5. 10\.
- [-38]
6 sino.  cosa
—COSa Simo [1]
. 105 55‘
245 154 [2695]
12 6 4
8.16 4 4|

3 2 8 [72]
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10.

11.

12.

13.

14.

15.

a)

6)

4 1 0 3
3 5 2 4
2 -3 0 1 _240]
5 0 0 -5

2 3

5 -2 1.

1 2 3 [-10]

1 0 3 2

5 -6 0 2

-1 3 0 7 (513]
0 -4 5 -3

1 b 1

0 b 0

b 0 -b [-2b2]

. 1 2 coso —Ssino
Hatigute MaTpuilbl, 0OpaTHbIE JaHHBIM: a) ;0)| . .
3 4 sina  cosa
-2 1 cosa  sina
[a) ;0| . ]
3/2 -1/2 —sina.  coso

1 1
Brrunciure A2, A3, A4 i A :( 1 J.

[Azz(o 2}-143:(_2 2]-#:{_4 oj]
-2 0/ -2 -2/ 0 —4

Penryte MaTpUYHbIM CITOCOOOM CHCTEMBI YPaBHEHUI:
2x1 + X9 —x3 =1,

3x1 +2x9 —2x5 =1,

X1 — X9 +2Xx3 =5;

2x; +8x,5 +6x5 =20,

4x1 +2x9 —2x3 =-2,

3X1—X2 +X3 =11.

[a) x;=1;xy=2;Xx3=3;
6) x1=2;x2=—1;X3=4]



16. PemuTe cucteMbl ypaBHeHUH 110 mpaBuwity Kpamepa:

2x; +3x49 =1,
3x1 +5x5 =4;
3x1 +4xy =11,
6) < 5x5 +6x3 =28,
X, +2x3 =7,

a)

——

X1+ Xy + X3 :1,
B) < 2X7 +3x9 +4x3 =3,
4x; +9x5+16x3 =11;

X1+ X9 +Xx3 =8,

r) 15x; +2x5 +4x3 =14,
3x1 —2X9 + X3 =12;
X]+2Xx5 —X3 =2,

n) 12x; —6Xx5 + x5 =—11,
X] —Xq —2x3 =—12.

[a) x; ==7;x,=5;6) x;=1;x, =2; x3=3;

B) x; =1; x5, =-1; x5 =1; 1) x; = 62; X, = 40; x5 = -94;

n) x;=1;x,=3;x3=>5]



InaBa 4
KOHEYHDBIE TPAODI

4.1. OcHOBHbIe NOHATUA

1. ITouarue rpada. MHorue 3aa4u CBOJATCSA K PAaCCMOTPEHUIO COBO-
KYITHOCTH OOBEKTOB, CyIlleCTBEHHbIE CBOMCTBA KOTOPBIX OITMCHIBAIOTCS CBSI-
3IMU MeXJy HUMU. Hampumep, misAsa Ha KapTy aBTOMOOWIBHBIX ZIOPOT,
MO>KHO MHTEPECOBAThCA TOJBKO TEM, UMEeTCS JIM CBA3b MeX/y HEKOTOPBIMU
HaceJIeHHBIMU ITYHKTaMU, OTBJIEKasCh OT KOHQUTYpaLMU U KayeCcTBa JI0POT,
PacCTOTHUM U APYTUX MOAPOOHOCTEN. [TpH M3ydeHUH SIEKTPUIECKUX IeNel
Ha IEepBBIM IJIaH MOXXET BBICTYIaTh XapaKTep COeAWHEHMWM pa3IuuHbIX
ee KOMIIOHEHTOB — Pe3UCTOPOB, KOHAEHCAaTOPOB, UCTOYHUKOB U T. II.

B mof06HBIX CcIydasx yA00HO paccMaTpUBaeMble OOBEKTH M300pakaTh
TOYKaMU, Ha3blBa€MbIMU 8ePWUHAMU, A CBSI3U MEXJYy HUMU — JIMHUAMU
(mpousBosibHOM KOHbUTYpallMK), Ha3biBaeMbIMU pebpamu. MHOXeCTBO
BEPIIVH V, CBA3M MeXAYy KOTOPBIMU OIpe/ieJieHbI MHOXeCTBOM pebep E,
Ha3bIBAIOT 2padom u obo3Hauvator G = (V, E)L.

[TepBas pabora 1o rpadam 6puTa omybmMKoBaHa JleoHapaoM DHIEpOM
B 1736 1. OHa cofepikana pelleHUe 33Za4¥ O KEHUT'COEPrCKUX MOCTaX
(puc. 4.1, a): MOXXHO JIU COBEPIUIUTH MPOTYJIKY TaKUM 06pa3oMm, 4TOOHI,
BBI/IA M3 JIIOOOTO MecTa ropo/ia, BEPHYTbCA B HETO, MPOU/A B TOYHOCTH
OZIVH pa3 10 KaXKJoMy MOCTY? fICHO, YTO 110 YCJIOBUIO 3a/laUy He MeeT 3Ha-
YeHUs, KaK MPOXOAUT IyTh 10 YaCTAM CYIIHU a, b, ¢, d, Ha KOTOPBIX PaCIIOJIO-
*keH T. Keaurcbepr (HbrHe KaTMHUHTPAZ), ITO3TOMY UX MOXKHO TIPE/ICTAaBUTh
BepIIMHAMU. A Tak KakK CBSI3U MEXAY 3TUMHU YAaCTAMHU OCYIIeCTBISIOTCS
TOJIBKO Yepe3 ceMb MOCTOB, TO KaKJAbIM M3 HUX M300pakaeTcsa pebpom,
COeIMHSIONIMM COOTBETCTBYIOIINE BEPIIMHEI. B pe3ysibraTe moaydaeM rpad,
n300pakeHHBIN Ha puc. 4.1, 6. Diliep fan OTpULIaTeNbHBIN OTBET Ha IIOCTaB-
JIEHHBIN BoTpoc. bosee Toro, oH J0Ka3ast, 9To MoZ00HBINM MapIIPYT UMEETCS
TOJIBKO /11 TaKOT'o Tpada, KaXkAas U3 BEPIIUH KOTOPOTO CBSI3aHa C YeTHBIM
YHCJIOM pebep.

2. OpueHTHUpOBaHHbBIE Irpadbl. HacTo CBA3U MEXAY 00BEKTAMU XapakK-
TEpPU3YIOTCS BIIOJIHE OIpeZielIeHHOW opueHTauuel. Hampumep, Ha HeKo-
TOPBIX YJIUIIAX ZOIYCKAETCs TOJIBKO OJ[HOCTOPOHHEE aBTOMOOWIHLHOE JIBU-
’)KeHUe, B COeIMHUTEIbHBIX MPOBOZAAX JJIEKTPUUECKON I[eNM 3aJaloTcs
MIOJIOKUTEIbHbIE HallpaBJIeHUs TOKOB.

1 Ucnonpsosan marepuan kauru [8].
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S=2% I\,
ﬁ%ﬁg

Jlist yKa3aHUA HaIlpaBJe€HUS CBSI3UW MEX/y BepIIMHaMH rpada COOTBET-
CTBylOIllee peOPO oTMedaeTcs: CTpesnkoi. OpreHTHPOBAaHHOE TaKUM obpa-
30M pebpo Ha3weIBAIOT Oy2o0ll, a rpad ¢ OpUEeHTUPOBAHHBIMU pebpaMu —
OPHUEHTUPOBAHHBIM I'padoM Win, Kopoue, opepagom (puc. 4.2, a).

a b a b
e d e d
a

Puc. 4.2

Ecnu mapa BepuUIMH COeAMHSETCA ABYMs WM OOJBIINM YUCJIOM YT,
TO TaKue AyTW Ha3bIBAIOT NapaulesibHbiMu. [Ipy 3TOM Be [yTU, OAUHAKOBO
HamnpapJIeHHblEe 10 OTHOIIEHUIO K JaHHOW BepUIWHE, Ha3bIBAIOT CMp020
napauienbHbMU, a Pa3TUYHO HallpaBIeHHbIEe — HeCmpo20 NAPALlesbHbIMU.

I'pad, B KOTOPOM OPHMEHTHUPOBAHBI TOJHKO HEKOTOPBIE pebpa, Ha3bIBa-
eTcst cmewanHbim (puc. 4.2, 6).

VI3MeHUB HamnpasJeHUs Bcex AyT oprpada Ha IPOTUBOIOJIOKHbBIE, TIOJY-
yaeM oprpad, obpamusiii ucxogHomy. Ecim HampaBieHusa Ayr oprpada
He YYUTBIBAIOTCA U KaXK/Jad Ayra pacCMaTpUBaeTca Kak HEOpUeHTHPOBaHHOe
pebpo, TO OH HA3BIBAETCS COOMHeceHHbIM (HEOPHEHTHUPOBAHHBIM) rpadoM.

3. Tumnbl KOHeUHbIX rpadoB. Ecar MHOKeCTBO BepIIHH rpada KOHEYHO,
TO OH Ha3bIBAeTCA KOHEUHbLM 2pagom. B mMaTemaTrKe paccMaTpUBAIOTCA
1 6eckoHeuHbIe rpadbl, HO Mbl 3aHUMATbC UMY He OyzieM, TaK KaK B IIPak-
TUYEeCKUX MPWIOXKEeHUAX OHU BcTpeuatoTcsa peako. Koneunsiii rpad G = (V,
E), copep:xaiiuii p BepiivH u q pebep, HasbiBaeTcs (p, q)-2pagom.

Iycte V = {vy, vy, ..., vp} u E={e, e, ..., eq} — COOTBETCTBEHHO MHOXKe-
cTBa BepIIUH U pebep (p, q)-rpada. Kaxxzoe pebpo e, € E coeauHAeT napy
BEPILUVH V;, V; € V, SABJIAIOIIMXCSA €r0 KOHYAMU (2PAHUUHbLMU 8ePUUUHAMU).
Jlnsa opueHTHpPOBAHHOTO pebpa (Ayru) pas3iuvamT HAUAILHYI0 8ePULUHY,
13 KOTOPOU Jiyra UCXOAUT, U KOHEUHYH 8epULUHY, B KOTOPYIO Ayra 3aXOJUT.
Pebpo, rpaHUYHBIMM BEPIIMHAMY KOTOPOT'O SABJSETCS OfHA U Ta XKe Bep-
IIIMHA, Ha3bIBaeTcs nenuell.

Pe6pa ¢ 0AHaKOBBIMU I'PAaHUYHBIMY BEPIIMHAMU ABJIAIOTCA MTapaliesb-
HBIMU W Ha3BIBAIOTCSI KpamHbumu. B obmem ciydae rpad MoXeT coaep-
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’KaTh ¥ U30JUPOBAHHblE BePUIUHBL, KOTOPBIE He SABJISIOTCA KOHIIAMU pebep
Y He CBSI3aHbI HU MeXKIy coO0M, HU C APYTUMH BepinnHamMu. Hampumep, ais
(5, 6)-rpada Ha puc. 4.3, a V = {vy, vy, V3, V4, Vs}; E ={e;, ey, €3, €y, €5, ec};
pebpa e, U e; apaleabHbl, pebpo ey ABIAETCA NeTIel, a v, — U30IUPO-
BaHHas BepIIMHA.

E 3

Puc. 4.3

I'pad 6e3 meTenb U KpaTHBIX pebGep HA3BIBAIOT NPOCMbIM WIH 00blK-
HogeHHbIM. I'pad 6e3 meTenb, HO ¢ KpaTHBIMU pebpaMu Ha3bIBAIOT MY.Jlb-
muepagom. Haubosee obmuii caydait rpada, Korga AOMyCKAIOTCA METIN
U KpaTHBIe pebpa, Ha3bIBaIOT ncegdozpagom. Tak, rpad Ha puc. 4.3, a —
nicesgorpad. Ecmu rpad He umeet pebep (E = &), TO Bce €ro BEPIINHBI U30-
nupoBansl (V # ), ¥ OH Ha3bIBaeTCAd NYCMbiM WIN HYNB-2pagom. TIpocToit
rpa¢d, B KOTOPOM JIFOObIe IBE BEPIIMHBI COeIMHEHBI peOPOM, Ha3bIBAETCS
nonusm (Ha puc. 4.3, 6 TpuBeZIeH IpUMeP TOJHOTO rpada ¢ IMIecThIo BepIu-
Hamu). Eciu MHOXKecTBO BepmiuH V mpocToro rpada A0IycKaeT TaKoe pas-
OueHre Ha ZiBa HemepeceKaromuxcs noamMHoxkecrsa V, u 'V, (V; NV, = &),
YTO HE CyIeCTByeT pebep, COeAUHAIOIINX BEPUTUHBI OZHOTO U TOTO JKe TO/-
MHOXX€eCTBa, TO OH Ha3bIBaeTcsi 08Y00bHbIM WU buepagom (puc. 4.3, 8).
OpueHTHUPOBAHHBIN rpad CIUTAETCA NPOCMbIM, €CIN OH HE UMEET CTPOTO
rapasuleibHBIX AyT U MEeTeNb.

JlononHeHnueM rpada G HasbiBaeTca rpad G ¢ TeMU e BepIIMHAMHU,
yTo U rpad G, U cosepKalluil TOJbKO Te pebpa, KOTOphble HYKHO J00aBUTD
K rpady G, 4TOOBI MTOTYYMIICS TTOJTHBIN Ipad.

Ha puc. 4.4 uszobpaxensl ciegymoomue rpads: G; — MOIHBIHA rpad
C MATHIO BepiiMHaMu; G, — HEKOTOPHIN rpad, UMeIuil NATh BEPUIUH;
G, — gononHeHue rpada G.,.

G, G, G,
Puc. 4.4

4. CMeXHOCTb, MHIIMJEHTHOCTH, CTENEeHHU. /IBe BepIINHbL V; U V; € V
rpada G = (V, E) Ha3bIBAIOTCS CMENCHbIMUL, €CJTU OHU SIBJIAIOTCS TPAHUIHBIMU
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BeplUIMHaAMU pebpa e;, € E. OTHOIIeHNe CMEeXXHOCTH Ha MHOKeCTBe BepIINH
rpada MOXKHO OIIpeZeUTDb, IIPEACTAaBUB KaXK/j0e peObpo Kak Mapy CMeXHbIX
BEPILIVH, T. €. € = (V;, V}), k=1, 2, ..., q. [li1g HeOpUEeHTUPOBAHHBIX I'padoB
TaKye Iapbl HEYNOPAAOYEHBI, TaK 4YTO e, = (V;, v]-) = (vj, v;), a AJda oprpa-
$oB — ynopsAgo4YeHbl, IPUYEM V; U V; 03HAYAIOT COOTBETCTBEHHO HAYAIbHYO
¥ KOHEYHYIO BEPIIUHBI AYTU €. [leTia npu BepiinHe v; B 000UX Ciaydasx
IIpe/CTaBIAeTCA HEYNOpAAOYeHHOU napou (v;, v;). fICHO, YTO MHOXeCTBO
BepIIUH V BMecTe C ompe/ieIeHHBIM Ha HeEM OTHOIIIEHHEM CMEXHOCTHU IT0JI-
HOCTbIO ompeZensaeT rpad.

Ecny BepmmnHa V; ABAAETCA KOHLOM (HadyajJoM WJIMU KOHILIOM) pebpa
(ZyrH) ey, TO TOBOPAT, YTO OHU UHUUOEHMHbL — BEPIINHA V; UHIIUEeHTHA
pebpy (zyre) e, u pebpo (Ayra) e, MHINW/EHTHO (a) BepIIUHE V;.

B To BpeMs KaK CMEXHOCTh IIPe/CTaBJIsAeT COO0M OTHOIIEHUE MEXIY
OHOPOAHBIMU OObeKTaMU (BEPITMHAMM), UHITUEHTHOCTbh — 3TO OTHOIIIE-
HUE MeX/y Pa3HOPOJHBIMU 00 beKTaMHU (BepimirHamu u pebpamu). [Ipu pac-
CMOTpeHUHU OprpadoB pa3INIaAIOT NOJOHCUMENbHY UHUUOeHMHOCMb (AyTa
HUCXOIUT U3 BEPIIUHBI) U 0MPUUAMENbHY0 UHYUJeHMHocmb (Iyra 3aXOAUT
B BEPLINUHY).

Yucno pebep, MHITHUAEHTHBIX BEPIIUHE V; (TIeT/Is YIUTBIBAETCS ABAXK/IbL),
Ha3bIBAIOT CMeneHsbro 8epllluHbl ¥ 06o3HavatoT yepes d(v;) wiu deg(v;). Tax,
Jsia rpada Ha puc. 4.3, a 6(vy) =1, 8(vy) =4, 8(vs) =4 u T. A. OueBUzHO, cTe-
IIeHb M30JIMPOBAaHHOM BepIIMHEI paBHa Hyimo (6(v,) = 0). BepmuHa crenenu
eINHUIIA HAa3bIBAETCA KOHUeBoll, Wiy gucsauell, gepwunoil (5(v;) =1). Pebpo,
WHIINZEHTHOE KOHIIEBOU BEPIITMHE, HAa3bIBAETCS KOH1e8bIM.

Teopema 4.1. /lna ntob6oz20 ncesdozpada cymma cmeneHell 8cex e2o 8ep-
WUH — YUCJI0 UemHoe, pagHoe YOB0eHHOMY Uucty pebep epadga.

ZJlokazamenbcmaeo. 3akaOUYeHUe 3TOU TeopeMbl CiaeAyeT U3 TOT'O, YTO
KakJj0e pebpo UMeeT /Ba KOHIIA, a KaXKAas MeT/IsA YIUThIBaeTcs Ba pasa.

Cnedcmeue. B n11060m KoHeUHOM 2paghe uuc0 8eplUH HeUemHoll cmeneHu
YemHo.

JleficTBUTENBHO, €C/IU ObI YMCJIO BEPIINH HEYETHOU CTeIeHU ObLIO HeYeT-
HBIM, TO CyMMa CTeleHer Bcex BepIIUH rpada paBHIIACH ObI HEYETHOMY
yucay (Kak cyMMa He4eTHOTO YMcjia HeYeTHBIX YHCeT), YTO ITPOTUBOPEUUT
TeopeMme 4.1.

B oprpade pasnuyaroT nmonoxurenbHele 01 (v;) U oTpuniarenbHele 6-(v;)
CTeleHU BepIINH, KOTOpble PaBHBI COOTBETCTBEHHO YMWCIY UCXOASAIIMX
U3 V; U 3axofAmux B v; Ayr. Hanpumep, g4 BepmuHbl d oprpada (cm.
puc. 4.2, a) umeem 0*(d) =2 u &(d) = 3.

3ameuaHrue. B ciiydae opueHTUPOBAHHOTO IceBAorpada BKIAJ KaKAOU
MeT/IV, UHIIUZEHTHOM HEKOTOPOU BepIIUHE V, paBeH eINHMUIIE, KaK B 01 (V),
Tak u B 0~ (V).

Teopema 4.2. Cymmbl NOJIOHUMENbHBIX U OMPUYAMENbHBLX cmeneHell
gcex sepwuH opepagda pasHsl mexncdy coboll U pasHbl Makxice UUCTLY 8cex Oye.

Joxazamenbcmaeo. YUYUTHIBass 3aMedYaHHe U TO, YTO Kaxkaoe pebpo
OpPUEHTHPOBAHHOro rpada MMeeT OJHO HAYaI0 M OAWH KOHEIl, U3 TeO-
peMsbl 4.1 nmosydyaeM 3aKI04eHre TeopeMsbl 4.2.
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5. MaTpunsl rpados. I'pad MoxkeT ObITh 3alaH PA3HBIMU CIIOCOOAMM:
PUCYHKOM, TIepeYrCcIeHneM BepIiuH U pebep (wau ayr) u T. A. OgHUM
13 CaMBIX yIOOHBIX CITIOCOOOB ABJISIETCSA 3a1aHe rpada ¢ TOMOIIbIO MaTPHUIIHI.
Tak, rpad MOXXHO peACTaBUTb mampuuell cmexcHocmu. CTPOKU U CTOJIOIIBI
3TOM MaTpPHUIIbI COOTBETCTBYIOT BepIIHaM rpada, a ee (ij)-aieMeHT paBeH
YUCITy KpaTHBIX pebep, CBA3BIBAIOUIUX BEPIIUHEI V; U Vj (n1m HampaBiieH-
HbIX OT BEPIIUHBI V; K BEPIINHE V; ANA oprpada). Hanpumep, a1 rpados,
IIPUBEAEHHBIX Ha puc. 4.2, a u 4.3, a, UMeeM COOTBETCTBEHHO CJIeAVIOLIe
MaTpUIbl CMEKHOCTH:

a b c d e Vi Vo V3 V4 Vs
1 1 a 1 v
1|1 b 1 2 1\|v,
V)= 1 1 c V,= 2 1 |vg
1 1 V4
2 e 1|1 1 |vs

Matpuila cMeXXHOCTHU HeOPUEeHTHUPOBAHHOro rpada Bcerga cCUMMe-
TPUYHA, a oprpada — B 001IeM ciTydyae HecuMMeTpudHa. HeopreHTHpoBaH-
HBIM pebpaM COOTBETCTBYIOT Iaphl HEHY/IEBBIX 2JIEMEHTOB, CHMMETPUYHBIX
OTHOCHTEJIbHO TJIaBHOU AWaroHajay MaTPUIbl, AyraM — HeHyJIeBble 3Je-
MEHTBl MaTPUIIbI, a NETAAM — HeHYyJIeBble 3JIEMEeHTHI [VIABHOM AMaroHasIu.
B cTosb11ax 1 CTPOKaX, COOTBETCTBYIOIINX N30JIMPOBAHHBIM BEepPITUHAM, BCE
3JIeMeHTHI PaBHBI HYJI0. DJIEMEHTHI MaTPHUIIBI IIPOCTOr0 Tpada paBHBI HYITIO
WIN eIUHNIIe, TPUYEM BCe 3JIEeMEHTHI IVIABHOU AVaroHalu HyJIEBBIE.

PaccmaTpuBas UHIMAEHTHOCTh BepIIUMH U pebep (p, q)-rpada, MOXKHO
Mpe/ICTaBUTh ero mMampuuyell uHyudeHmHocmu pa3Mepa p X ¢, CTPOKU KOTO-
POl COOTBETCTBYIOT BEpPUIMHAM, a CTOJOIBI — pebpam. |11 HeOpUeHTHU-
poBaHHOTO I'pada 37eMeHThl 3TOM MaTPUIIBl ONPEAENSIOTCA MO CIEeAYIO-
1eMy IIpaBUWIY: [j-3JIEMEHT paBeH €JIUHUIIEe, €C/IN BEPIIVMHA V; UHIIM/EHTHA
pebpy ej, 1 paBeH HYJIIO, €CJIN V; U e; He MHIV/IEHTHEL.

B cydae oprpada: —1, eciu v; — HadasbHadA BepIIHA JyTU e, 1, ecma v, —
KOHeYHad BeplINHA AYTHU e;, 0, ecIu BepUINHA V; U Ayra e; He NHIUJCHTHBI;
eC/IM BeplIrHa V; ABJIAETCA A AYTH e; Ha4aIoM U KOHIOM (T. e. e;— neTsis),
MIPOCTABJISIETCA JII0O0€E YMC/IO, OTIMYHOe OT —1, 1, 0, Hanpumep 2.

Hamnpumep, MaTpuila UHIMAEHTHOCTU rpada, IpuBeZieHHOTo Ha puc. 4.3,
a, umeeT BU/,

€ € €3 €4 €5 €g

1 Vp
11111 Vo

A= 1 V3
V4

11112 |vg
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Kaxzpii cTosber; MaTpUIbl UHITUAEHTHOCTH COAEPKUT 0053aTeIbHO /IBa
eZIMHUYHBIX d/ileMeHTa (/711 oprpada 3TH 37IeMeHTHI Bcer/ia UMeIoT pa3jiny-
Hble 3HaKW U PaBHbI COOTBETCTBEHHO 1 1 —1). KosruecTBO eJUHUILL B CTPOKE
pPaBHO CTelleHU COOTBETCTBYIOIel BepIIMHbl (A1 oprpada KoImdecTBO
MIOJIOXKUTEIbHBIX €AWHUILL ONpe/iesifaeT MOJOXUTENIbHYIO CTeleHb, a KOJIU-
4eCTBO OTPULIATENbHBIX eAVHUI] — OTpUIlaTeIbHYyIO cTeneHb). HyneBas
CTPOKa COOTBETCTBYeT M30JUPOBAHHOM BepIINHe, a CToI0el] ¢ e[JUHCTBEH-
HBIM HEHYJIEBBIM 3JIEMEHTOM, OTVIMYHBIM OT —1 u 1, — neTre.

6. somopdusm. Ha puc. 4.5 uzobpakeHsl ABa rpada, KOTOpLIE C I'eo-
METPUYECKON TOYKM 3PEHUS COBEPIIEHHO Pa3/nyYHbI (TepeceyeHne pebep,
€CJIM OHO He OTMEYeHO TOYKOW, He ABJAeTca BeplunHoi). Ho mo cymecTBy
OHU Pa3JIN4aroTCA JIUIIb HaYepTaHWeM, a OTHOIIEHUA NHITW/IeHTHOCTH (IIpu
COOTBETCTBYIOIEM 0003HAUYEHUM BEPIIUH U pebep) A1 HUX OJUHAKOBHI.
I'padrl, A1 KOTOPBIX COXpaHAETCA OTHOIIEHUEe WHINeHTHOCTH, Ha3blBa-
I0TCS U30MOPPHHBIMU.

Puc. 4.5

Ecnu cyliecTBeHHbIe cBoiicTBa rpada He CBA3aHbBI CO CIIOCOOOM ero u3o-
OpakeHHUs Ha IUIOCKOCTU WU Hymepalliel BepIivuH U pebep, To u30Mopdh-
Hble rpadbl, KaK MPaBWIO, HE PA3IUYAOT MEXAY COOOM.

7. IlnanapHocTb. I'pad Ha3pIBaAIOT ntockum (NAHAPHBLLM), €CJIU CyIile-
cTByeT u3oMopdHbI eMy rpad (reomeTpudeckas peanmsalusa), KOTOPBIHM
MOXKeT OBITh M300pakeH Ha IJIOCKOCTU 6e3 nepecedyeHus1 pebep. Hanpumep,
XOTsI B OAHOM u3 rpadoB Ha puc. 4.5 pebpa mepecekaroTcs, 130MOPPHBIH
eMy He UMeeT IlepecedeHn, CeZIoBaTeNbHO, MTePBhI rpad MIOCKUHA.

Ha prc. 4.6 moka3aHbI iBa HEIUIOCKUX rpada, urparomire pyHgaMmeHTab-
HYIO POJIb B TEOPUU ILUIAHAPHOCTU Y Ha3biBaeMble 2papamu [ToHmpsieuHa —
Kypamoeckoeo. TTonHbIN NATUYTONBHUK (pucC. 4.6, a) mpezacTaBisgeT coboi
MPOCTOM HerutocKkui rpad ¢ MUHMMAaIbHBIM YHUCJIOM BepIIUH (TTOTHBIN rpad
C YeThIpbMs BepIIMHAMU — IUIOCKUM, a yAajleHrue U3 IMATUYTOJbHUKA XOTs
6B1 oHOTO pebpa TakKe IpeBpallaeT ero B IWockuit rpad). JByAOabHBIN
rpad (puc. 4.6, 6) ABIAETCSI MOJAENTbIO U3BECTHOH 3a/la4M O TPEX AoMax
U TpeX KOJIOZIIaX: MOXHO JIU MPOJIOKUTDH OT AOMOB K KaXKAOMY KOJIOAILY
JIOPOTH TaK, YTOOBI OHU He TepeceKaNuch (BpaXkAyIolUe COCeNU OIKHBI
MMeTh BO3MOXXHOCTb IOJIb30BAaThCA BCEMU KOJIOALIAMU, HO He XOTAT BCTpe-
yaThCsA Ha Aoporax)?
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Puc. 4.6

[Lnockue rpadsl 06/1aZIal0T MHOTUMM WHTEPECHBIMU cBoMcTBamMu. Tak,
Oitsiep 06HAPYKWI TIPOCTYIO CBSA3b MEX/y KOJUYeCTBOM BepIIuH B, komu-
yecTBOM pebep P u KosmdyecTBOM 4dacTelt I, Ha KoTOphle rpad paszessieT
IUTOCKOCTD (Ha3bIBaeMbIX I'PaHIMM):

B-P+TI'=2. (1)

ITnanapHocms ABJAETCA CyIIeCTBEHHBIM CBOMCTBOM I'padoB, KOTOPbIE MO/e-
JIUPYIOT KOMMYHHUKAITUU U CBA3U MEXAY 00beKTaMM Ha IUIOCKOCTH (OpOrHu
MEeX/ly HaceJeHHbIMU ITyHKTaMU, BOZOIPOBOAHEIE U I'a30IIPOBOJHLIE CETH,
JIVHUM TIepeZlauul dJIeKTPOIHEPTUH, MeXXCOeANHEHMs Ha MeYaTHBIX IIaTax
3JIEKTPOHHBIX YCTPOMCTB U KPUCTAJUIAX MHTErpaabHbIX cxeM). [tockumu rpa-
dbamu nipeiCTaBIIAIOTCA pa3IMUHbIe KapThl, C KOTOPBIMU, B YaCTHOCTH, CBA3aHa
M3BecTHas npob.Jiema uemblpex Kpacok: BCerza JIM MOXXHO PacKpacuTh 00JIacTH,
Ha KOTOpBIe IJIOCKUM rpad JeTUT MOBEPXHOCTD, TaK, YTOOBI HUKAKUE /IBE CMEK-
Hble 00JIaCTU He ObUTU OKpallleHbl B OIMHAKOBBIN LIBET M YTOOBI ITPU 3TOM OBLIO
HICTIOIh30BAHO He OoJiee yeThIpeX I[BeTOB? Bosee cTa jieT 3Ta mpobiema ocra-
Basiach HepelleHHOU. HakoHnery, B 1976 r. amepukaHckue MateMaTuku KeHHer
Arnmienib ¥ Bosbdranr XakeH pelmig 3Ty 33/1a4y C ITIOMOIIbIO KOMITbIOTepa.

8. Yactu rpada. I'pad G’ = (V, E') aBnsercsa uacmsto epaga G = (V, E),
ecmn V' c Vu E’ C E. YacTb, KoTopasi HapsAy ¢ HEKOTOPBIM ITOAMHOKECTBOM
pebep rpada comepKUT U BCe WHIUAEHTHBIE UM BEPIIWHBI, HA3bIBAETCS
noozpagom. YacTb, KoTopas, HapsAy ¢ HEKOTOPBIM IMOAMHOXXECTBOM pebep
rpada, comep:kuT Bce BepiuHL rpada (V' =V, E’ C E), Ha3pIBaeTcs cy2pa-
¢om. PaccmoTpeHHble rpadsl Ay rpada, mpeacTaBIeHHOro Ha puc. 4.7, a,
IMOKa3aHbl HA puc. 4.7 6 — e.

Vo Vo V2 Vo
2] V1 o Vs
V3
0V, Vq V4
V4q 6

8 2

Puc. 4.7

VcxoaHblil rpad 1o OTHOIIEHUIO K ero moArpady HasbIBAlOT Hadzpagom,
a TI0 OTHOIIEHUIO K cyrpady — ceepxepagom. COBOKYITHOCTb Bcex pebep
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rpada, He MpUHAIeXaNUX ero noarpady (BMecre ¢ UHIIUAEHTHBIMU Bep-
ImuHaMu), o6pa3yeT donoJsiHeHue nodepaga. 'oBopsT, yTto moarpadsr G’ =
= (V, E') u G” = (V”, E”) paszdeneHsl pebpamu, eciv OHU He UMEIOT OOLIUX
pebep (E' N E” = &), u pazdesnieHbl 8epuIUHAMU, €CJTA Y HUX HET OOIIHNX Bep-
muH (V' NV’ = &).

4.2. MapwipyTbl, Lienu, LUKAbI U NYTH

1. Onpeaenenud. [Tycte G — HEOPHUEHTUPOBAHHBIH rpad.

Mapwpymom B G Ha3bIBaeTCs TaKas MOCIeI0BATENbHOCTD pebep (e;, e,
..., €,), BKOTOpPOU KaXK/ible ZiBa coceIHUX pebpae; ;ue; (i=2,3, ..., n) UMeIOT
0OIIyI0 MHIIUEHTHYIO BEPIIMHY. B MapiipyTe o1HO U TO ke pebpo MOXKeT
BCTpeYaThCsd HECKOJIBKO pa3.

BepmuHa v, UHIIUAEHTHaA pebpy e; ¥ He MHLINEHTHAA e,, Ha3blBaeTCsAa
Hauanom mapwpyma. Ecnu xxe pebpa e; U e, — KpaTHBIe, TpeOyeTcs JOTIOI-
HUTeJbHOE YKa3aHue, KaKylo U3 ABYX MHIUAEHTHBIX UM BEPIUIUH CYUTATh
HavyajoM MapuipyTa. AHaJOTUYHO OIpeiesisieTCs KOHeIl MapIIpyTa.

[Ipumepamu mapuipyToB Ha rpade puc. 4.3, a MOTYT CIyKUTb IOCe-
ZIOBaTeIbHOCTU (e, €3, 4, €3, €5), (€5, g, €4, €4). IlepBrlii MapUIpyT IIPOXO-
JUT 4epes MOCIe0BaTeIbHOCTb BePIIUH (Vy, Vs, V3, Vy, Vg, Vs) U COEAUHAET
BEPIINHEI V; U Vs, & BTOPOM — 4epes MOC/Ie[0BaTeIbHOCTb BEPIIUH (Vs, Vy,
Vs, Vo, Vs) U COEUHAET BEPIIUHBI V4 U Ve. 3AMKHYMbLI MApuipym IPUBOAUT
B TY ’Ke BEpIIMHY, 13 KOTOPOM OH HavasIcs.

MapmipyT, Bce pebpa KOTOPOT'O PasjUYHbI, Ha3bIBAETCS Uensi, a Maplil-
PYT, AJIsT KOTOPOTO Pa3/IMYHblI BCe BEPIIUHBI, HA3BIBAETCSI NPOCMOIl Uyensto.
3aMKHyTas LIellb Ha3bIBAETCA YUKIOM, A TIPOCTAs LeIlb — NPOCMbIM YUKIOM.
Tak, Ha rpade puc. 4.3, a (e,, es, eg) — Lenb, (e, e,, es) — MpocTas LeMb,
(e, €3, €4, €5) — IUKII, (e,, €4, €5) — IMPOCTOM LIUKIL.

OpueHmuposaHHble Mapuilpymsl Ha oprpade ornpezaenstoTcs aHATOTUIHO
C TOM pa3HUIleN, YTO Hada/JibHAA BepIIMHA KaXZOW MOocaeAylolen AyTru
MapuipyTa Jo/bKHA COBIAZaTh ¢ KOHEUHOW BEPIIMHOM MpeAbIAyIlen AyTH.
MHade roBops, ABMXKEHME 110 MapPIIPyTy AOIYCKAETCS TOJIbKO B HalpasJie-
HMAX, YKa3aHHBIX CTpesIKaMu. MapiipyT, He coZiepKallliii TOBTOPAIOITAXCSA
ZIyT, Ha3bIBaeTCsA nymem, a He cofep:Kallliii MOBTOPAIONINXCA BEPIIUH —
npocmsimM nymem. 3aMKHYTBIN IIyTh HAa3bIBAETCSA KOHMYPOM, a TIIPOCTOM 3aM-
KHYTBHIN ITyTb — npocmbim koHmypom. I'pad (oprpad) HasbIBaeTCA UUKIU-
yeckum (KOHMYpPHbIM), €CJI OH COJAEPKUT XOTsSI ObI OAWH ITUKJ (KOHTYP),
B IIPOTUBHOM CJIy4ae OH Ha3bIBaeTCsA auukaudeckum (6ecKoHmypHbim).

[ToHATHA eNMX U UKJIAa IPUMEHUMBI U K OPUEHTUPOBAHHBIM I'padam.
[Tpu aTOM HalpaBieHUs AYT He YUUTBIBAIOTCSA, T. €. IO CyIIeCTBy BMECTO
oprpada paccMaTprUBaIlOT HEOPHUEHTUPOBAHHBIN COOTHECEHHBIU eMy rpad.

Yucio pebep mapipyTta (IIyTH) Ha3bIBaeTcs ero OnuHO.

2. CBA3HOCTH. /[Be BepuIUHBI rpada Ha3bIBAIOT CBA3AHHbIMU, €CIU CYIIe-
CTBYeT MapIUIpyT, COeAUHAIOIINN 3TH BepIIUHbI. ['pad, ar0bas mapa BepiuvH
KOTOPOT'O CBsI3aHa, Ha3bIBAIOT CBSA3HbIM 2padom. B MpoTUBHOM cirydae rpad
Ha3bIBAETCS HECBA3HbIM.
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Ecnu rpad HecBsA3HBIN, TO MHOXXECTBO €r0 BepIINH MOKHO eMHCTBEeH-
HBIM 00pa3oM pasziesuTh Ha HellepeceKarIlrecs MOAMHOXeCTBa, KaXK/Jo0e
13 KOTOPBIX COZIEP>KUT BCE CBSI3aHHBIE MEX/Y COO0U BEPIIMHBI U BMECTe
C MHIIUAEHTHBIMU UM pebpaMu o6pa3yeT CBA3HbIN noArpad, Ha3blBaeMblil
KoMnoHeHmoll epaga. JItoboii HeCBA3HBIN rpad SBAAETCA COBOKYITHOCTBHIO
cBA3HBIX rpadoB. Ha puc. 4.8 uzobpakeH HeCBA3HBIN I'pad ¢ KOMIIOHEH-

TaMu G, G, 1 G5
Gl GZ G3

Puc. 4.8

3. Paccrossuus. PaccmosHuem d(v', v”) mexay BepmmHaMu v’ 1 v” Heo-
PUEHTHUPOBAHHOTO CBsI3HOT'O rpada G HasbpIBaeTcss MUHUMAaJJbHasA JJUHA
MIPOCTOM IIeMu ¢ HayaysoM V' ¥ KoHIoM v”. 3ameTum, uto d(V', v") =d(v”, V').

Llenmpom epaga G Ha3bIBaeTCA BepPIIMHA, OT KOTOPOM MaKCUMalbHOE
13 PACCTOSHUM /0 PYTUX BEPIIUH SBJIAIOCH OB MUHUMAIbHBIM.

MaxkcuMaibHOE pacCTOsTHUE OT IieHTpa rpada G [0 ero BepIIvH Ha3bIBa-
eTcs paduycom epaga (obo3navenue r(G)).

Jna rpada G Ha puc. 4.9 paccToaHUA MexAy BepunHaMu: d(vq, Vs) = 2,
dvy, v =1,dvy, vy) =L d(vy, vo) =1, d(vy, v5) =2, d(vy, vy =1, d(vy, v5) =
=1,d(vs,v5) =2,d(v5, vy) =1,d(vy, vs) =1, d(v,v)) =0uT 4.

V3 Vs
Vo
G
Puc. 4.9

Otcroga cienyeT, YTO BeplIvHA V, — LIEHTp AaHHOro rpada, a ero paguyc
r(G) =1.

4. DiiIepoBBI HUKJIBI U IeNH. Jilnepos Yuka — UK rpada, coaepka-
il Bce pebpa rpada. dilnepos epag — rpad, UMeIMUN SUTEPOB UK
(aiiy1epOB ITUKJI MOXKHO CUUTATh CJIEIOM Tepa, BEIYEPUYHBAIOIIET0 3TOT I'pad,
He OTpbIBasAch oT 6ymaru). Ha puc. 4.10 usobpaxkeH rpad, obaagaronimii
3IIEPOBBIM LIUKJIOM (€1, €y, €3, €4, €5, €4, €7, €g, €9, €10), CJIEJOBATEIbHO, STOT
rpad aiiepos.
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Puc. 4.10

Teopema Ditnepa. /[ns mozo umobsl HeoOpueHMUPOBAHHbLU 2pagd G 6bLn
alleposbim, He06X00UMO U 00OCMAMOUHO, UMOobblL OH ObLI CBSA3HBIM U CMeneHuU
8cex €20 8eplUUH ObLIU UeMHBbIMLL

B rpade 3azaum o keHuUrcbeprckux mocrax (cMm. puc. 4.1, 6) Bce Bep-
IIIUHBI UMEIOT HeYeTHYI0 cTemneHb. CiieZloBaTeIbHO, COTJIACHO TeopeMe
Dujiepa pelleHre 3TOU 3ala4il HEBO3MOXKHO.

Jilieposa yens — IleNb, BKIOYaloas Bce pebpa JaHHOT'O HEOPUEHTHU-
poBaHHoro rpada G, Ho uMeroIIas pa3jInyHble Ha4aa0 V' U KoHell v”.

[l Toro 4To6bl B HEOPHUEHTUPOBAaHHOM Ir'pade G cyllecTBoBaja diie-
pOBa Iellb, HEOOXOAUMO U JOCTATOYHO, YTOOBI OH OBLI CBI3HBIM U CTEIIEHU
BCEX ero BEPIINH, KpOMe HadaJbHOU V' ¥ KOHEYHOU V” ObUIH YeTHBIMU (V'
U v’ JOJDKHBI UMETh HeYeTHYIO cTeneHb). Ha puc. 4.11 uszobpaxeH rpaod,
ob6aZiarouii siepoBoi Lelblo (e, ey, €3, €y, €5, €g) ¢ HA4aJIoM B BepIlIrHe
Vs 1 KOHIIOM B BepIINHE Vs,

Vl 32 V2 66 V3
e o
e e
1 es 5
Vs ey V4
Puc. 4.11

4.3. lepeBba n nec

HeopueHTHUpOBaHHBIN rpad HA3BIBAETCST HEOPUEHMUPOBAHHBIM 0epesom
(w1M TIpOCTO depesom), €CJIN OH SIBJISIETCS CBS3HBIM M HE COZIEPIKUT ITUKJIOB,
a 3HAYUT, ITeTeJIb U KpaTHBIX pebep. /lepeBo Ha MHOKECTBE p BEPIIHH BCersa
cozepKUT q = p — 1 pebep, T. e. MUHUMa/JIbHOE KOJTMYECTBO pebep, He0OX0-
JIVIMOE ZIJIs TOrOo, YTOOHI rpad ObLT CBA3HBIM. JIeliCTBUTEIBHO, IBE BEPIITHHBI
CBSI3BIBAIOTCSI OHUM PeOPOM, U [IST CBSI3U KaKZIOU MTOC/TIEYIONIEN BEPITUHBI
C MpeABIAYIIUMHU TpebyeTcss pebpo, ciieoBaTEIbHO, IJI CBS3U P BEPIINH
HeoOX0ZIMMO U IOCTaTOYHO p — 1 pebep.

[Tpu f06aBIeHNH B ZiepeBo pebpa o6pasyeTcs UK, a IPU YAaJeHUH XOTS
6Bl OZIHOTO pebpa JepeBo paclagaeTcs Ha KOMIIOHEHTHI, KaXJas U3 KOTO-
po¥i TpeACTaBsAET COOOM TaKXKe JepeBO WIM U30JTHPOBAHHYIO BEPIIUHY.
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HecBsA3HBINM HEOPHEHTHUPOBAHHBIN I'pad, KOMIIOHEHTHI KOTOPOTO SBJISIIOTCS
ZlepeBbsIMU, Ha3bIBaeTCA Jiecom (Jiec u3 k ZiepeBbeB, COepKAIIUMA p Bep-
IIH, UMEET B TOYHOCTHU p — k pebep). CkazaHHOE WLTIOCTPUPYETCS Ha IPU-
Mepe zepeBa (puc. 4.12, a), KOTOpoe IpeBpallaeTcs B MUKINIECKUH rpad
nobasneHreM pebpa (puc. 4.12, 6) u pacrnagaeTcs Ha JieC U3 IByX JiepEBbEB
T, u T, npu ypaneHuu pebpa e (puc. 4.12, 8).

JlobaBIeHHOE

Puc.4.12

B mepeBe Mexy JM0OBIMU BYMS BepIIMHAMMU CyIEeCTBYET Ilellb, U TIPU-
TOM TOJIbKO OfHa. BepHO M ob6paTHOe: eciu Job0ble [Be BepIIUHBI rpada
CBSI3aHbI €IMHCTBEHHOM 1IeTbI0, TO Tpad sBJsAeTC AepeBoM. Eciiu KoHeuHOoe
ZIEPEBO COCTOUT OOJIEee YeM U3 OJHOM BEPIITMHEI, TO OHO UMEET XOT OBl B
KOHIIEBbIE BEPIIUHBI U XOTSI OBI OZIHO KOHI[EBOE pPebPo.

OOBIYHO ZilepeBbsl CYUTAIOTCSA CYIIECTBEHHO Pa3JMYHBIMH, €CIU OHU
He n3oMopdHbl. Ha puc. 4.13 noka3zaHbl Bce BO3MOXKHbIE pa3IMYHbIE Jlepe-
BbSA C IIeCThbIO BepimmHaMu. C yBeMYeHUEM YKC/Ia BEPIIUH KOJIUYECTBO
Pa3IMYHBIX lepeBbEB PE3KO BO3pacTaeT (Hampumep, rnpu p = 20 UX HACUU-
THIBAETCA OKOJIO MWLINOHA). Cpeau pasiuvHbIX epeBbEB BBIJENAIOTCS
/IBa Ba)KHBIX YACTHBIX CJIy4asi: nocaedosamesibHoe 0epego, TPeACTaBIIAI0-
1mee coO0U MPOCTYIO TIEMb, U 38e30H0e 0epeso, B KOTOPOM OfIHA M3 BEPIITUH
(IIeHTp) cMeKHa CO BCEMU OCTAJIbHBIMU BepPIIMHAMU.

M_I_HMO;I@O
e P o

PaccMaTpuBarTCA TakKe ZiepeBbs U C OPUEHTHPOBAHHBIMU pebpamu
(zmyramm). OpreHTHPOBAHHOE IepeBO Ha3bIBAETCs Npadepesom C KOPHEM V,
eCJIY CyLeCTBYET ITyTh MeXK/y BEpIINHOM V, 1 11060 APYyTroii ero BepInnuHOU
(puc. 4.14). ficHo, 4TO MpaiepeBO UMeeT eINHCTBEHHbBIN KOPEHb.

Vo
Puc. 4.14
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JlepeBoM HekoToporo rpada G (puc. 4.15, a, BeIIeIeHO XXUPHBIMU JIUHU-
sIMM) HasbIBaeTCs ero CBA3HBIN moArpad 6e3 nukiaoB. Eciu Takoe JepeBo
saBseTcs cyrpadom (Comep:KUT Bce BEPIIMHBI rpada), To OHO Ha3bIBAETCS
nokpuslgarwum depesom, wiu ocmosom (puc. 4.15, 6). Tak kak meTIa Ipes-
cTaBsieT cOOOM IMPOCTEUIIMI ITUKJI, COCTOSAIIMNN U3 €JMHCTBEHHOTO pebpa,
TO OHa He MOJKET BXOAMTh B COCTaB JII000ro AepeBa rpada.

4

Puc. 4.15

Pebpa rpada, KoTopble IpUHAAIEKAT €0 JepeBy, Ha3bIBAIOT 8eMBEsMLL
Eciu iepeBo MOKphIBaeT rpad, To MHOXKeCTBO pebep rpada pasbuBaeTcs
Ha /iBa MOAMHOXKeCTBa: MOAMHOKECTBO BeTBel U MOAMHOXXECTBO pebep
JdonoJiHeHUs Oepedd, Ha3bIBaeMbIX xopoamu. [Ipu aToM cBA3HBIN (p, q)-Tpad
COAEepXXUT Vv =p — 1 BeTBed 1 6 = ¢ — p + 1 xopa. Eciu rpad HeCBA3HBIMH,
TO COBOKYITHOCTb OCTOBOB k €ero KOMIIOHEHT 006pa3yeT nokpslearoujuil Jiec.
B atom ciyqwaev=p-kuoc=q-p + k.

[TycTb maHO KOHEeUHOe ZiepeBo G. BepinvHamu Tyma 1 Ha3bIBalOT €ro KOH-
1leBble BepIIuHbI. Ectu u3 epeBa G yJaJuTh BCe BEPIIUHBI THUMA 1 Y MHIIH-
JleHTHbIe UM KOHIIeBble pebpa, TO B ocTaBuieMcs AepeBe G KOHIIEBbIE
BEPIIWHBI HAa3bIBAIOT BepIIMHAMU TUNA 2 B ZiepeBe G. AHAJIOTUYHO OIlpe-
ZAENAITCA BEPIIUHEI TUIIOB 3, 4 U T. . KOHEYHOe IepeBO UMeeT BepIIUHEI
JIUIIIb KOHEYHOTr'0 YHCJIa TUIIOB, IPUYEM YHCIO BEPIIMH MaKCUMaJbHOTO
TUIIA paBHO eAiHUIle WK AByM. Ha rpade, nzobpakxeHHOM Ha puc. 4.16,
THUIIBI €70 BEPIINH OTMedeHbI Iudpamu. Kak oueBuaHO, 3TOT rpad cozaep-
’KUT /IB€ BEPIIMHBI MAaKCUMaJbHOTO (4-r0) THUIA.

Puc. 4.16

Luknomamuueckum uucjioM KOHEYHOT'O HeopHeHTHUpPOBaHHOTO rpada
G HasbpIBaeTcHd

V(@) =v.+v,-v,,

rae v, — 49UCIO CBA3HBIX KOMIIOHEHT rpac])a; V, — 4YHUCJIO €TI0 pe6ep; v, —
YM1CJIO €I'0 BEPIINWH. L[I/IKJIOMaTI/I‘-IeCKOG YHCJIO JIIOOOTO KOHEYHOI'O rpaq)a
HEOTPHUIATE/IIbHO.
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[lukyioMaTu4eckoe yucio jaoboro gepesa v(G) =v, + v, — v, = 0. Jleli-
CTBUTEJIbHO, YMCJIO BEPIIVH V, B lepeBe Ha eJMHUITY OoJIblile 9ucia pebep
V,, T. €.V, — v, = —1, @ 4MCJI0 CBA3HBIX KOMIIOHEHT [14 JiepeBa v, = 1. OTcroza
v(G) = 0.

[lukjoMaTU4eCcKoe YUCIO jleca PpaBHO CyMMe LIMKJIOMAaTHUYeCKUX 4uces
CBOUX CBSI3HBIX KOMIIOHEHT — /JIepPEBbEB, T. €. TAK)KEe PaBHO HYJIIO.

JlepeBba UIpaloT BaXXHYIO POJb B pasjUYHBIX NIPUKJIAJAHBIX 3a/javax,
KOT7Ia, HAalIpUMep, PeYb UZET O CBA3U KAaKUX-TMO0 00'beKTOB MUHUMATbHBIM
YHCJIOM KaHaJI0B (JIMHUU CBA3Y, JOPOT, KOMMYHUKALVN) C OIIpe/ieJIeHHBIMU
cBoricTBaMu. C IIOMOIIBIO iepeBa OIpezesaeTcsa CucTeMa KOOpAUHAT IIpU
MOZIeIMPOBAHUM LleTllel U CUCTeM pasiudHou ¢pusndeckoul mpupoasl. Jepe-
BbfI MCIIOJIb3YIOTCA B KauyeCTBe MOZeJiell IIPU PacCMOTPEHUN HepapXudecKux
cucTeM 0OBEKTOB, CTPYKTYPHBIX GOPMYJT OPTaHUYECKUX COeJUHEHUH U T. TI.

YnpaxHeHus

1. Onumute rpadbl, n300pakeHHbIe Ha puc. 4.17.

1 2 4 ° °
1 3 o o)
4 G 3 G, G, G,
GS G6 G7
G8 G9 GlO
Puc. 4.17

[G; — Gg — HeopueHTUpOBaHHbIE, a Gy U G, — OPHUEHTUPOBAHHBIE;
G, u G, — TnoyIHbIe; Bce BepIInHBI rpada Gy M30JIUpOBaHHbBIE

(rpad ¢ mycTsIM MHOXeCTBOM pebep); G, U G5 ABIAIOTCA JONOJHEHUEM
IpyT Apyry; Gg — mynbTurpad; G, He ABIAETCA OJTHBIM rpadom;

Gg — nceBzporpad; G;, — OPUEHTUPOBAHHBIN MyIbTUIPad]

2. YeMmy paBHBHI cTemeHU BepuiuH rpa¢oB G; u G,, n306pakeHHBIX
Ha puc. 4.18?
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Puc. 4.18

[Crenenu BepuinH rpada Gy: 8(1) =3, 8(2) =4, 6(3) =3, 8(4) =4;

cTerneHU BepuinH oprpada G,: 87(1) =2, 6+(2) =
=3,0t(3)=1,0"(4) =1,
0-(1)=1,6(12)=1,63)=2,6(4) =3]

3. 3azaliTe MaTpullaMU CMeXXHOCTU rpadrl G, u G, Ha puc. 4.18.
1 2 3 4

2

1

0

,_|
N O

A(G1) =

—

0
1
1

o

1
0
1

A W N =

1
1
1

1

A(Gz) =

o

3 4
10
11
0|1
0|1

—
Ol OO~ N

o

4. 3azaliTe MaTpUllaMU MHIUAEHTHOCTH rpadsl G; u G, Ha puc. 4.18.

2]

A(Gz) =

5. 3apgaiite crickoM pebep rpad G, (cm. puc. 4.18).

a b cde f g
1|/1]1/0|0(0|0|1
1/1{0|{1|1(0]|0]2
A(G1):
0(0|1]1({0|1]|0]3
0O(0|0|0Of1]|1]|1|4
a b ¢ d f g
-1/1|-110|0]|0]0]1
1 |-1]0|-1]-1]0 |0]2]
o011 |0]|-1]|0/|3
010 1|1 (24
Pebpa BepIInHbBI
a 12
b 21
c 13
4 23|
e 24
f 34
g 44

63



6. Omnpegenute, n30popMHbI iU rpadel G, U G,, U300pakeHHbIe Ha puc. 4.19.

1 f4g 5 % f ¥3 g
Gl GZ

Puc. 4.19

[M3oMopdHBI]

7. [lna BepiuH v, U Vg rpada G Ha puc. 4.20 npuBeJuTe NpUMepsl Maplll-
pyTa, Lenu, IPOCTOU IIeNu.

Puc. 4.20

[MapuipyT, He ABIAIOLUIUKCA eMblo:

(e, €9, €3, €4, €5, €7, €g, €7, €4, €1, g, €7)

i (e, ey, €3, €4, €s, €1, €g, €7) U T. IL.;

1lellb, He ABJIAIOIAACA IIPOCTOM LIENbIO: (€4, €y, €3, €y, €s, €g);
npocTad Lenb: (e, eg) Win (eg, e;)]

8. Ompenenute B rpade G (cm. puc. 4.20) TUKIUIECKUU MapIIPYT, [IUKII,
IIPOCTOU IIWKJI, IPUHAB BEPUINHY V, 3@ UX Ha4yajo U KOHell.

[[ukIrMyecKUui MapIIpyT, He ABISIOIINICA

LUKJIOM: (€1, €y, €3, €4, €5, €y, €3, €4, €5, €, €7, €g, €1, €¢, €7, €g);

LIAKJI, HE ABJIAIOLUINNICA IIPOCTHIM LIUKIJIOM: (€4, €5, €3, €4, €5, €, €7, €g);

IIPOCTOM IUKIIL: (e, eg, €, eg)]

9. Zlna tpex rpadoB G,, G,, G; Ha puc. 4.21 onpeaenuTe pacCTOAHUA
MeXxZy BepuinHamMu. Kakue BepIIMHBI ABAAIOTCA LleHTpaMu rpados? Yemy
paBHBI pasuychl rpadpoB?
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Vs oV3 Vs

Vi Vy4 Vg
G, G, Gs
Puc. 4.21

[Jna Gy: d(vy, vy) =1, d(vq, v1) =d(vy, v5) =0,

IIeHTPbl — 00e BepIINHBI V; U V,, 1'(G;) =1;

g Gyt d(vs, v3) = 0, IeHTp — BeplIuHa Vg, 1(G,) = 0;

A Gg: d(Vy, vs) =d(vs, vg) =1, d(vy, ve) =2,d(vy, v4) =0

U T. ., UEHTp — BepIIMHA Vs, 1'(G3) = 1]

10. ViMeloT i MIATUYTOJbHUK U YeThIpexXyToJjibHasA MHUpaMuzia 31iepoB
UKJI?

[[IATUYTONBHUK MMEET, a YeThIpeXyToabHas MupamMuia — HeT]

11. imeroT i1 IATUYTOJIBHUK U YeThIpeXyroJbHasa NUpaMu/a 31IepoBy
Henb?

[He nmeroT]

12. CKOJIbKO BepIIMH MaKCUMaJbHOTO THUIIAa UMeeTcs B rpade, n3obpa-

)KEHHOM Ha puc. 4.22?
A S o

Puc. 4.22

[OznHa BepuIrHA MaKCUMaJbHOTO 4-TO TUMA]

13. BeruyucauTe IUKJIOMaTHYeCKUe Yyucaa s rpadoB, U300paskeHHBIX
Ha puc. 4.21 u 4.22.

[1; 3; 2]



InaBa 5
NIOTUKA

B HacTosmel rnaBe 3aliMeMcs eZiBa JIU He MPOCTENIIMMU 13 BCEX BO3-
MOXXHBIX GYHKIUN. ApryMeHTHl 3TUX GYHKIUN MPUHMMAIOT BCEro /jBa 3Ha-
yeHus O u 1. B aToM >xe MHOXKeCTBe JieXKaT U 3HaueHUus QyHKIun. VIHbIMU
cJloBaMU, paccMaTpuBaeMble GYHKIIMU MOTYT IPUHUMATh BCETO ZiBa pas-
JIMYHBIX 3HaYeHUs. HecMOTps Ha TaKylo UCXOAHYIO MPOCTOTY, NCYUCIEHUE
moZ0OHBIX QYHKIIMI OKasbIBaeTcAd yAOOHBIM UHCTPYMEHTOM BO MHOTUX
TPYAHBIX 33/la4ax, B TOM YUCJIe U B 3aZjla4ax OUOJIOTUH.

5.1. byneBbl QpyHKLUUMU

1. ByneBbl GyHKIIMM OZHOM IepeMeHHOM. byzem, kak 0ObI9YHO, 000-
3Ha4YaTh HE3aBHCHUMYIO IepeMEeHHYIO CHMBOJIOM X. EC/IM He3aBHUCHMBIX
nepeMeHHBIX HECKOJIbKO, Oy/IeM X HyMePOBATh: X7, Xy, -.., Xp.

Jlanee OyzeM mpeArionaraTh, YTO MHOXKECTBO 3HAYEHUM X COCTOUT BCETO
13 IByX 2jeMeHTOB. be3 ymepba /s OOIIHOCTH MOXKEM CYUTATh, YTO
TaKUMHU djIeMeHTaMu ABIATea yrucaa O u 1. Takum o6pa3om, Ha YMCIOBOMH
OCH MHO’KeCTBa 3HaUYeHUU apryMeHTa X U300pakaeTcs AByMS TOUYKaMHU.

HesaBucumasi nepeMeHHasi, KoTopas IMpUHUMAaeT BCEro JBa 3Haue-
HUs, Ha3bIBaeTCsl 080UUHOIL, WU Jl02UUeCcKOll, nepeMeHHOll, Win bynesoll,
1o umeHu JIxx. byna.

PaccMoTpuM BO3MOKHBIE GYHKITUU OT JIOTUYECKOU ITepeMeHHON X € D =
= {0, 1}. ITpu aToM OyZIeM MHTEPECOBATHCSA JIUIIb TeEMU GYHKIIMAMU, 3HAYE-
HUA KOTOPBIX JiexkaT Takke B D = {0, 1}. Takux yHk1iuii HemHoro. B camom
Jleyie, MOKHO yKasaTh, HallpuMep, cTelleHHYy1o yHKIuio: f(x) = x. Ho aTa
bYHKLIMA B JaHHOM CIydae HU4eM He OTJIMYAeTCsA OT mojcoecmaeHHOoU QyHK-
1uu f(x) = x, Tak Kak 3HaueHHe 0 oHa mepeBoauT B 0, a 3HaueHue 1 B 1.

Jlpyroii 6oee nHTEepecHOU GYHKIIUEN ABIsAeTCa ompuyaHue. Ota GyHK-
1Iis1 0003HAYaeTCsI X U YUTAETCA «He X». OHa JeMCTByeT caeAyomuM obpa-
3oM: ey x = 0, To X = 1, u HaobopoT, ecytn x = 1, To X = 0.

[TocTpouM TabIUIIBI paCCMOTPEHHBIX GyHKIMH (Tabu. 5.1, 5.2), Ana gero
cjieBa mepevyucauM 3HadeHUs aprymenTta (0 u 1), a cmpaBa — COOTBET-
CTByIOIIME 3HaYeHUA QYHKI[UM. TabMUIbI TAKOTO BH/a IPUHATO Ha3bIBATh
mabauyamu UCMuUHHOCMU.

KpoMe aTux AByX GYHKIIMH MOKHO YKasaTh ellle TOJIbKO ZiBe (PYHKIIUH,
oTobOpaxkaromue MHOXXecTBO {0, 1} B cebsa. DTo rmoctosHHBIE f(x) =1 1 f(x) =
=0 (tabs. 5.3, 5.4 — ux TabIUIIBI NICTUHHOCTH).
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Tabnuua 5.1 Tabnuuya 5.2
X fO) =x X f)=x
0 1
1 1 1 0
Tabnuua 5.3 Tabnuua 5.4
X f=1 x fG) =0
1 0
1 1 1 0

Jlpyrux GyHKIIUN OT OAHOM JIOTUYECKOU IepeMeHHON, 0TOOpaKarouux
{0, 1} B cebs, He cyilecTByeT. B camoM fene, mobas Takass GyHKIUS OTpe-
nensercs AByMma 3HadeHusasMu (f(0)) u f(1)), mpuyeM Kaxkgoe U3 3TUX 3Ha-
YyeHU MOXKeT ObITh paBHO 160 0, 6o 1. Takum o6pa3om, KaxkJas Takas
byHKIMA — 3TO ABYXOykBeHHOE ¢10BO f(0)f1), o6pa3oBanHoe u3 {0, 1} kak
u3 andaBuTa. YMCI0 TaKUX CJIOB, a CIEA0BATENbHO, U YMCIO UHTEPECYIO-
UX Hac QYHKIIUHN, paBHO, KaK MbI 3HaeM, 22 = 4. POBHO CTOBKO GYHKIIMH
Y TepevyrcIeHo, a Bce BO3MOXKHbIE ABYXOYKBEHHbIE CJIOBA, KOTOPBhIE MOXKHO
obpazoBath u3 {0, 1}, 3amucaHbl B MpaBbIX YacTax Taba. 5.1—5.4.

Tak, ecyiv x — JiorhudecKasi iepeMeHHas, TO CyIeCTBYeT TOJbKO YeThIpe
byHkmu f(x), orobpakaromnire obactb onpezaenerus D = {0, 1} B cebs: aBe
MIOCTOSTHHBIE, OZIHA TOXKAECTBEHHAsA W OlHA — OTpHUIaHue. DT PYHKITUH
Ha3bIBAIOT Oy/1e8biMU PYHKUUAMU O00HOU nepemeHHOU. KaxkJyro M3 3TUX
bYHKIIMM MOXKHO 33/IaTh aHAJIUTUYECKH, T. €. C TIOMOIIbI0 GOPMYJI, HallpU-
Mep f(x) = X, Wi TabJIUIHO.

3aMeTUM ellle, YTO TaK ’Xe, KaK B HeNpephbIBHOM aHajau3e, OAHY
U Ty ke GYyHKIIUIO MOXKHO 33/1aTh C IIOMOIIbIO pa3HbIX popMmys. Haripumep,
dyHKIMIO f(X) = 0 MOXHO 3a4aTb ¥ GopMyoii f(x) = 1.

Vmest Bcero yeThipe GYHKIIMU, TPYAHO MMOCTPOUTH MCUYUCIEHUE, CTOJb
’Ke cofiepyKaTesbHOe, KaK aHau3 HellpepbhIBHbIX QyHKIMH. [lepetigeM 1moa-
TOMY K U3y4eHUI0 QPYHKIIUHN, 3aBUCAIINX OT HECKOJIbKUX JIOTUYECKUX TTepe-
MEHHBIX, 3HaUYeHUsA KOTOphIX JexkaT B D = {0, 1}. Takue dyHKIIUM HaA3BI-
BAIOT O)/1€8bIMU HYHKUUAMU HECKOJILKUX NepeMeHHbLX. B 3TOM citydae Takke
MTOJIyYUM KOHEYHOEe MHOKeCTBO GYHKITHH, HO 3arac X JOCTaTOYHO BEHK,
YTOOBI IIOCTPOUTH COZlePKATENbHBIM MaTeMaTHYECKUM armapar.

PaccMoTpuM cHavasa ciydai AByX IepeMeHHbBIX.

2. BysneBbl pyHKIIUM JBYX IepeMeHHBIX. [1yCcTh X; U X, — JIOTUYeCcKue
nepeMeHHble. PacCMOTPUM QYHKIUIO OT X; U Xy:

fx1, x5). (5.1)

Tak KaK Kax/as U3 IIePEMEHHBIX X, X, MOXeT IIPUHUMATh TOJbKO /Ba
3HaveHUsa: 0 u 1, To obnacThio onpenenenus GyHkiyu (5.1) ABag0TCA
yetwipe ciuoBa: 00, 01, 10 u 11. [IpyHAB 3TU CjioBa 32 KOOPAUHATHI TOUYEK
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Ha IUIOCKOCTU X;0X,, MOJIYyYUM 4YeThbIpe BepIIMHBI eAUHUYHOTO KBaJpaTa
(puc. 5.1). Takum o6pasom, ¢pyHkmuo (5.1) MOXKXHO CUMTATh 3aZlaHHOU
Ha MHOXXECTBE BEepIIVMH eJUHNYHOI'0 KBaZpaTa, U 3TO MHOXKECTBO OHA OTO-
6pakaeT Bo MHOXecTBO {0, 1}. Hanmpumep, dyukmus f(x;, x,) MOXKeT ObITh
paBHa eAVHUIIE BO BCeX BEPIIMHAX, KpOMe Hadaja KOODAWHAT, a B HaJYaje
KOOpZUHAT 00paIaThCs B HYJb.

Xy
(0,1) e (1,1)
' >
(0,0) T (1,0) X

Puc. 5.1

Jlerko HaWTH obliee YUCIO BCEBO3MOXHBIX OyHKIIUM f(x;, X,) cO 3Ha-
yeHuaMmu B {0, 1}. B camom zene, mepeHyMepyeM BepUIMHBI eAUHUYHOTO
KBaJpaTa B KaKOM-HUOy/b TopsAzke. B kaxzoi BepmnHe GyHKIUA f(X7, X5)
MOXeT IPUHUMAaTh OJHO U3 AByX 3HaueHuii: 0 wiu 1. 3azath GyHKIMIO —
3HA4YUT yKa3aTh, B KAKMX BepIIMHAaX OHAa IPMHUMaeT 3HaueHue O 1 B KaKUX
1. Takum o6pa3oM, Halra GyHKITUA — ITO YeThIPEXOYKBEHHOE CJIOBO, 0Opa-
3oBaHHOe 13 andaButa {0, 1}. Yucmo Takux coB paBHO 24 = 16. CiezoBa-
TeJIbHO, MOYCHO NOCMpoums moJibko 16 pasnuunsix gyHkyuil 08yx Jo2uue-
CKUX nepemeHHbLx co 3HaueHusamu 8 {0, 1}. [Tepeunicium 5TU QyHKITUU.

[Ipexze Bcero oTMeTUM JBe IpocTelinivie GyHKIIUN — MOCTOSTHHBIE:
flxy, x5) =0 u f(xy, x,) =1 (Tabn. 5.5, 5.6 — ux TabAUIBI ICTUHHOCTH; TaK
’Ke TabJuIlaMU UCTUHHOCTHU SBJAIOTCA U CleAyolnue HiKe Taba. 5.7 —
5.20).

Tabnuua 5.5 Tabnuua 5.6
X1 X2 SOy, x2) =0 X1 X3 SOy, xp) =1
0 0 0 0 0 1
1 0 0 1 0 1
0 1 0 0 1 1
1 1 0 1 1 1

Eme gBe ToXe Oo4eHb NMpocThle QyHKUUU: f(X;, Xy) = X7 U f(xq, X,) =
= X, (Tabs. 5.7, 5.8). AHanoru4Ho crpoArca GyHKIUA f(x;, X,) = X7 U flxq,
X,) =X, (Tabn. 5.9, 5.10).

Bce 3Tu QyHKIINY y>Ke BCTPEUYAJUCh IIPU PACCMOTPEHUU QYHKIIUN OJHOU
Jloruyeckou nepemeHHoU. IlepelizeM Tenephb k 60see UHTEPECHBIM QYHK-
IIUSIM IBYX JIOTUYECKUX TTEPEMEHHBIX.
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Tabnuya 5.7 Tabnuya 5.8

Xy Xy | flxy, x5) =y Xy Xy | fleg, X9) =%,
0 0 0 0 0 0
1 0 1 1 0 0
0 1 0 0 1 1
1 1 1 1 1 1
Tabnuua 5.9 Tabnuua 5.10
Xy Xy | flxy, x5) = X7 Xy Xy | floey, X5) =Xo
0 0 1 0 0 1
1 0 0 1 0 1
0 1 1 0 1 0
1 1 0 1 1 0

Jusstonkyusn. Tak Ha3piBaeTca GyHKIUA f(X;, X,), KOTOpas NpUHKUMAaeT
3HaueHHe, paBHOE HYJIO, TOTZa U TOJBKO TOrJa, Korja oba aprymeHra
paBHBI Hyito (Tabs. 5.11). lu3bloHKINA 0003HAYAETCA X V Xy U UUTAETCS
«X7 WIH Xo». JIETKO BUZIETH, YTO AU3BIOHKIIUIO MOXXHO ONpe/eUTh PaBeH-
CTBOM X; V X, = max(x;, x,). TakuM ob6pa3om, 4TOOBI U3 BIOHKIUA ObLIa
paBHa eWHUIIE, OCTATOYHO (M HEOOXOAUMO), YTOOBI XOTh OJUH U3 apry-
MEHTOB ObLT PaBEH eNHUIIE.

Tabnuua 5.11 Tabnuua 5.12
bl Xy X1V Xy bl Xy X1 A Xy
0 0 0 0 0 0
1 0 1 1 0
0 1 1 0 1 0
1 1 1 1 1 1

Konwstonkyus. Tak Ha3eiBaeTca PyHKUIUA f(x;, X,), KOTOpas NIpUHUMAaeET
3HayeHue, paBHOE eIMHUIIE, TOT/Ia U TOJBKO TOTZA, Korja oba apryMeHTa
paBHBI ezuHULe (Tabs. 5.12). KOHbIOHKINA 0003HAYAETCA X; A Xy WU Xq X
X X, U YATAETCA «X U Xy»1. JIeTKO BUETh, YTO KOHBIOHKIIUIO MOXKHO OIlpe-
JIleJIUTh TaK)Ke PaBEHCTBOM X; A X, = min(xy, x,). Takum obpazom, 4TOObI
KOH'BIOHKITUS ObUTa paBHA HYJIIO, HEOOXOAMMO (1 JOCTATOYHO), YTOOBI XOTh
OZIMH apTyMeHT ObLI paBeH HYJIIO.

Hmnnuxkayus. 3ta GyHKIUSA MPUHUMAET 3HaUeHHe, paBHOe HYJII0, TOT/a
Y TOJIBKO TOTZIA, KOIZla IIepBBIil apryMeHT X; paBeH eAUHUIle, a BTOPOU X,
paBeH Hyo (Tabza. 5.13). O6o3HaYaeTCA X; — Xy, YNTACTCA «€C/IU Xq, TO Xo»
WIN «W3 X, CIEAYET Xo».

1 Mnorza KoHBIOHKINIO 0603HAYaIOT 3HaKOM &. JIo CUX IIOp He YCTaHOBWJIOCH eJlHOe
obosHaveHue u 4y Apyrux GyHKIMHM. Tak, HapUMep, i OTPULIAHUA CYHIECTBYIOT elle ABa
3HaKa.
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SxeusaneHyus. dTa GyHKIMA IPUHUMaeT 3HaueHUe, paBHOe eUHUIIE,
TOT7Zla U TOJIBKO TOT7a, KorZia o6a apryMeHTa IIPUHUMAIOT OZIMHAKOBOE 3Ha-
yeHue (Tabi. 5.14). O603HaYaETCA X ~ Xy, YATACTCSA «X; SKBUBAJIEHTHO X,»
WIN «X; PABHO3HAYHO X5>».

Tabnuua 5.13 Tabnuua 5.14
bel Xy X] — Xy X Xy X] ~ Xq
0 0 0 0 1
1 0 1 0 0
0 1 1 0 1 0
1 1 1 1 1 1

Oynkuyua Ilepgpepa, unu wmpux llepgepa. dta dyHkIUA obpaiia-
eTcs B Hy/Ib TOT/Ia M TOJIBKO TOI/la, Korja o6a apryMeHTa paBHBI €UHUIIE
(tabm. 5.15). Obo3navaercs x; | x,.

Dynkyusa /lazeepa, unu cmpeaxa Iupca. 3ta GyHKIHA 0O6paIaeTcs B eu-
HUILY TOTZIa U TOJIBKO TOTZIAa, KorZa oba aprymeHTa paBHBI HyJTiO (Tabs. 5.16).
O603HavaeTcs X, 4 x,.

Tabnuua 5.15 Tabnuua 5.16
X1 Xy x| x, X; Xy x4 x,
0 0 1 0 0 1
1 0 1 1 0 0
0 1 1 0 1 0
1 1 0 1 1 0

HcknrwouenHnoe «unu». Tak Has3pIBaloT QYHKIIMIO, KOTOpasA obpailaeTcs
B eZIMHUILY, KOTr/ja IMOO TIEPBHIH, MO0 BTOPOU apryMeHT oOpamiaeTcs B eu-
HUIIY, HO He oba BMecTe. O603HavaeTcs x; V x, (Tabn. 5.17).

Tabnuya 5.17 Tabnuya 5.18
X1 Xy x; VX, bel Xo X1 €= Xy
0 0 0 0 0 0
1 0 1 1 0 1
0 1 1 0 1 0
1 1 0 1 1 0

Ham ocTanoch paccMoTpeTs elrle Tpu GyHKIUU. [TepBas GyHKINSA U3 9TOU
TPOMKM 0003HAYAETCs X; «— X, M MHOT/]a Ha3bIBaeTcs 3anpemom (Tabs. 5.18).
OHa xapakTepHa TeM, UYTO IPUHUMAET 3HaUeHNe, paBHOE eAVHULIe TOrza
Y TOJBKO TOIZa, KOTZla IepBBIM apryMeHT X; paBeH eAWHHIle, a BTOPOU
X, paBeH Hyio. /[Be Apyrue QyHKIUU — 3TO 3arpeT U UMIUIMKALUA, B KOTO-
PBIX TTePBBIM apryMeHTOM CUHUTAETC X,, @ BTOPBIM X; (Tabs. 5.19, 5.20).
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Tabnuua 5.19 Tabnuua 5.20

X Xy Xy ¢— X1 X, Xy Xy — Xy
0 0 0 0 0 1

1 0 0 1 0 1

0 1 1 0 1 0

1 1 0 1 1 1

Wrtak, nepeuuncieHsl Bce 16 pa3nuyHbiXx QyHKIUN ABYX JOTUYECKUX
nmepeMeHHBIX co 3HaueHuAMH B {0, 1}. Kaxxzaa ¢yHKIua 3azaHa cBoei
Tabmuieii. B 1eBbIX YacTAX TabIUI] 3aIMCaHbl B OJHOM U TOM Ke IOpsAKe
YyeThblpe BepUINHBI €AMHUYHOTO KBaZipaTa, a B MIPaBbIX — BCE BO3MOXXHbIE
cyioBa AUHEL 4, obpazoBaHHbIe u3 {0, 1}.

Kpome Toro, kaxxgasa u3 16 pyHKIUI ABYX JOTMYECKUX ITepeMeHHBIX
rMeeT cBoe o6o3HaueHue. [101b3ysach 9TUMU 0003HAYeHUAMU, MOXKHO 3a/a-
BaTh QYHKIIMU aHAJIMTHUYECKH, ¢ TToMolbio popmyn. Hanpumep, f(xy, X,) =
=Xy — X, fX}, Xp) =X, U T. I

3HaKu ~, V, A U [Ip. Ha3bIBAIOT CBA3KAMLL

Ha mpakTuke HeYZI0OHO TOJIb30BATHCS TOJHBIM HabopoM 3 16 CBA30K,
HO B 3TOM HET M HeOOXOJMMOCTHU, TaK KaK OFHU CBSA3KU MOXKHO 3aMEHUTh
cynepriosuniyielt Apyrux. B camom zene, Hamu GyHKIUM IPUHUMAIOT TOJIBKO
ZiBa 3HayeHudA: O u 1. ITosToMy OHU caMu MOTYT CIIyKUTh apryMEeHTaMU CBA-
30k. Tak, Hapumep, ecu y; = f1(xy, X,) Uy, = f,(x3, X,), To MOXXHO 06pa3o-
BaTb Y, A Y, WIN Y, < Y, U Boobe F(y;, y,), rae F — onHa 13 16 CBA30K ABYX
JIOTUYECKUX IIepeMEeHHBIX. DTO K€ MOXXHO 3allucaTh U B pa3BepHYTOM BHJeE:
F10e1, x9) A fo 06y, X5) wmma f (y, Xp) <= f 0y, Xp) 1 BOOOIIIE F(f; (1, X3), (1, X5)).
Bripackenue F(f;(xy, X5), fo(x3, X,)) 1O cBOel cyTH ecTb QYHKIUA OT X; U Xy.
Kaxxgomy Habopy 3HaUYeHUI 3THUX apryMeHTOB OHA CTABUT B COOTBETCTBUE
0 wmm 1. Tlo cnocoby mosiydeHus 3TO CyNepHno3uriua GyHKIIUM WU CI0XK-
Has ¢yHKIMA. ViMes 1Be Takue QYHKITMU, UX MOXXHO CBSI3aTh KaKOU-HUOYZb
13 16 cBA30K, 06pasys elre H6osiee CIOKHYIO CyTIepIO3UIHI0, HAIpUMepP

[f10c1, X2) A Sy, X201 ~ (3003, X0) <= f4 0y, Xx5)1

U T. II.

3aMeTHM Tellepb, YTO CKOJIb ObI HY OBLIH CJIOXKHBI OTH CYIIEPIIO3UIINH, OHU
3a/af0T QYHKIMHU ABYX JIOTUYECKUX IIepeMeHHbIX co 3HaueHusmu B {0, 1}.
A Takux QYHKIMH, KaK U3BeCTHO, Bcero 16. CiemoBaTebHO, JII06as cyrep-
MO3UIIKA Oy/IeBbIX QYHKITUH JBYX ITIepeMEHHBIX 3a/]aeT OAHy U3 16 GyHKIMI
3THX mepeMeHHbIX. COCTaBIASg TaKyl0 CYIEePIIO3UIUIO, TOJy9aeM ITPOCTO
MHOE aHAJIUTUYECKOE BhIpaKeHHe KaKOU-HUOYAb U3 16 QyHKITHIA.

[TpeAnoI0KHUM Telepb, YTO UMeeM HEKOTOPYIO CJIOXKHYI0 GyHKIMI0. Kak
y3HaTh, KaKyto u3 16 QyHKIIUH ABYX JJOTUYECKUX ITepeMeHHBIX OHa 3aJaeT?
JlJIs 5TOT0 MOYKHO COCTaBUTh TAOMUITYy CIOKHON QYHKIIUM U CPAaBHUTH OTY
TabsuIly ¢ TabauiaMu CBA30K. [TokakeM Ha NMpUMepax, KaK COCTaBJIAIOTC
TaOJIUITBI CJIOKHBIX QYHKITHM.
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PaccmoTpuM QyHKIHIO

J(xq, x2) =% A Xy (5.2)

CocTaBUM TaOIUIy UCTUHHOCTHU TaK, YTOOBI CjieBa, KaK OOBIYHO, OBLIU
JIBa CTOJIOMKA 3HaYeHHU apryMeHTOB, a CIipaBa — CTOJIbKO CTOJIOIIOB,
CKOJIBKO CBSI30K YKa3aHO B GpyHKumH f (Tabs. 5.21).

Tabnuua 5.21
X Xy X, X1 A X
0 0 1 0
1 0 0 0
0 1 1 1
1 1 0 0
Howmep mrara 1 2

Ha mepBowMm miare y3HaeMm 3HadeHHUd X; 1Mo Tabs. 5.11. Ha BTopom miare
13 TMOJYyYeHHOro apryMeHTa X; U apryMeHTa X, obpa3yeM KOHBIOHKIIUIO
mo Tabs. 5.12. B uTore mosiydaem TabgUIly 3HaUYeHUHN Hamed QyHKIIUU,
13 KOTOPOH CJIeZlyeT, UTO B TpeThel BeplinHe KBazapaTa (B BepuiuHe (0, 1))
byHKIIMA paBHA eIMHUIIE, a BO BCEX OCTAIbHBIX — HYJIIO.

PaccmoTpum erne nipumep:

f(xl,X2):()_Cl \/Xz)/\(xl \/.)_Cz) (53)

CocTaBUM TaOJUITy UCTUHHOCTHU 3TOU yHKIMU (Tabs. 5.22). Ha mep-
BBIX ZIBYX IlIaraxX HaWZieM X; U X,. 3aTeM, MMOJab3ysAch Tabauilel AU3bIOHK-
IIUM, HAlZIeM X; V X5 ¥ X7 V Xo. HakoHell, Ha IATOM I1are HaiiZieM KOHBbIOHK-
LU0 OT MTOJIy4YeHHBIX apPIYMEHTOB Y1 = (X7 V X3) U Y9 =(X7 v X, ). B uTorosom
IATOM CTOJIOLe IOTyYUM 3HaueHue Hamtelt GyHKIuu f(x;, X,).

Tabnuua 5.22
X1 Xy X, Xy X1V Xg X1V Xg (31 v x9) A(x7 Vv X5)
0 0 1 1 1 1 1
1 0 0 1 1
0 1 1 0 1 0 0
1 1 0 0 1 1 1
Howmep wmara 1 2 3 4 5

V13 IpuBeIeHHBIX TIPUMEPOB sICEH MTPUHITUIT TOCTPOEHUs TaOIUI] UCTUH-
HOCTY QYHKIINH, 3aZlaHHbIX CYIIePIIO3UIEH. DTH TaOGIUIIBI CTPOSTCS ITOCIe-
JIOBaTeJIbHO, B ITOPSIKE CIeA0OBaHUsA ONepaIlii, OTAeeHHbIX APYT OT Apyra
ckobkaMmu. CpaBHUB UTOTOBBIN CTOJIOEI] TOCTPOEHHOM TaOIUIIBI ¢ TabIU-
I[aMU CBSI30K, Hali/leM Ty CBA3KY, KOTOPYIO 3a/laeT pacCMaTpuBaeMas CyIep-
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mo3unusA. B yactHOCTH, cpaBHUB TabJ. 5.19 U 3aKIIOYUTENTBHBIA (BTOPOW)
miar tabs. 5.21, HalizeMm, 4To

J_Cl A Xg =Xog < X.

AHaJIOTUYHO, CpaBHUB Tab. 5.14 U 3aKIIOYUTENbHBIN (MIATHIN) mIar
Tabsa. 5.22, mosyaum

(.7?1 VX2)/\(X1 V)_Cz)le ~ X9.

MTak, mokasaHo, YTO OZHU CBSI3KU MOXKHO C IIOMOIIIbIO oTleparuu «pyHK-
U oT QyHKI[UU» BBIpAXKaTh yepes Apyrue. 3amedyaTesbHO, YTO B CyIep-
MO3ULIUAX IIPU 3TOM MOXXHO OOOMTHUCH HE BCEMH, a TOJIbKO HEKOTOPBIMU
cBA3KaMu. B camowm Jene, paccMaTpuBas MepBbIA M3 HAIIMX IPUMEPOB,
MBI YCTAaHOBWJIH, YTO

Xg < X7 :J_C]_ N Xg. (5.4)

TakuM 06pa3oM, 3aIipeT BhIpaykaeTcs Yepe3 OTPUIlaHUE U KOHBIOHKITHIO.
To4yHO TaK Ke, KOHCTPYUPYS TabJIHUITy BO BTOPOM IPUMEPE, YCTaHOBUIN
(cm. Tpetuii mar tabi. 5.22), 9To

X1 —> Xy :3_('1 V Xo. (55)

OTO 3HAYMT, YTO UMIUIMKAIIUSI MOXKET OBITh BhIpaKeHa Yepe3 OTpUIlaHHe
U IU3BbIOHKIIUIO. HakoHel, u3 utorosoro crosbia tabsn. 5.22 ciexyer, 4To

X1~X2:(3_C1 VX2)/\(X1 VJ_Cz). (56)

Jlanee, U3 MPOCTOTO cpaBHEHUA TaOIUI] GYHKIINI JIETKO TIOMYYUTh TOX-
JilecTBa

xp | %2 :m (5.7
(cM. Tabi. 5.15 u 5.12),

X1 ¥ X, :m (5.8)
(cM. Tabm. 5.16 u 5.11),

x;Vx, :m (5.9)

(cM. Tabi. 5.17 u 5.14).

3aMeTuM ellle, YTO OTPULIAHNE TOXKAECTBEHHOTO HYJ/I €CTh TOXK/ECTBEH-
Hada eguHunia. OTcioga U u3 ToxzaectB (5.4)—(5.9) cinegyer Teopema.

Teopema 5.1. JIro6yro u3 16 6ynesvix yHkyuil 08yx nepemMeHHbLX MONCHO
8blPA3UMb C NOMOULBIO CYNEePNO3UYUL, UCNOJIb3YSL MOJILKO MoXc0ecmeaeHHblil
HYJlb, OMpUUAHUe, KOHBIOHKYUIO U OU3BHOHKUUIO.

Yka3zaHHBIN HAbOp CBA30K He ABIAETCA MUHUMAIbHBIM. MOXXHO JOKa-
3aTh, 9TO JIF0O6asA U3 3TUX 16 PyHKIUI MOXKET OBITh 3aIlMcaHa C TIOMOIIbIO
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Juib ofgHoro 3Haka Illedpdepa mau Toabko oxHOM crpenku [Tupca. OpHAKO
IIPU BHIYMCJIEHUH yA0OHEee MOJIb30BaTbCS YETHIPhbMS CBA3KaMMU, yKa3aH-
HBIMU B TeOpeMe.

3. ByseBbl GyHKIIUM MHOTHUX ITepeMeHHBIX. PaccMoTpuM 6yseBy GyHK-
U0 f(xq, Xy, ..., X,,), 3ABUCAIIYIO OT N IepeMeHHbIX. BBIACHNM IIpex/ie Bcero,
KakoBa 0b6JacThb ompezieieHUs Takux GyHKIUN. Kaxxzablli U3 apryMeHTOB X;
MO>KeT IIPUHUMAaTh OJHO 13 ABYX 3HaueHu: O wiu 1. CieoBaTeabHO, KaX-
IBIY GUKCHPOBaHHBINM HAOOp 3HAYEHUH X4, X5, ..., X, — ITO CJIOBO JJIMHBHI N,
obpasoBanHoe u3 andasuta {0, 1}: 00...0, 100...0; 01011...1 u 1. 1. yHK-

npas

1ud f(xy, Xy, ..., X,,) OIpe/ieieHa Ha MHOKEeCTBe BCeX TaKUX CJIOB. DTO MHO-
’KeCTBO, KaK 3HaeM, COAEPKUT 2" 3jieMeHTOB. B ogHOMepHOM ciaydae (n = 1)
3TO MHOXECTBO CJIOB OTOXK/JECTBJIEHO C MHOXXECTBOM KOHIIOB oTpe3ka [0,
1]. B aBymepHomMm ciydae cioBa 00, 01, 10, 11 TpakTOBaIXCh KaK BEPIIMHBI
eIMHUYHOTO KBazparta. [Ipu n = 3 6yaem umetb 000, 100, 110, 010, 001,
101, 111, O11. I[IpuHAB 5TH c10Ba 38 KOOPAUHATEI TOYEK B TPEXMEPHOM IIPO-
cTpaHcTBe OX;X,X3, HOMYINM BOCEMb BEPUIVMH eIMHUYHOTO Kyba (puc. 5.2).
TO4YHO TakK ke JJid IPOU3BOJBHOI'O N MOJYYUM 2" BEpPIIWH €AUHUYHOTO
n-MepHOro Kyo0a.

X3A
(0,0,1)
(1,0,1)
(0,1,1) (1,1,1)
(0,0,0) (1,0,0)

X1

(0,1,0)

(1,1,0)

Puc. 5.2

Takum 06pa3oM, reoMeTpUIECKU 06IaCThIO OTpe/ieieHUsT Oy1eBoi QyHK-
uu f(xq, Xy, ..., X,) OT N TIEPEMEHHBIX ABJIAETCA MHOXXECTBO BEPIINH e/U-
HUYHOTO N-MePHOTo Kyba B IIPOCTPAHCTBE apryMeHTOB OX;X,...X,. DTO MHO-
’K€CTBO BEPIIUH HA3bIBAIOT N-MePHbIM JI02UUEeCKUM NPOCMPAHCMBOM, WU
MHOCECMBOM JIO2UUECKUX 803MONCHOCMEL.

Tak ke KaK ¥ B IBYMEPHOM CJIy4ae, JIETKO HAalTH 001lee YMUCI0 OyIeBbIX
byHKUMM n mepeMeHHBIX. /[ 9TOro NepeHyMepyeM BepUIUHBI N-MEPHOT'O
eIMHUYIHOIO Kyba B KaKoM-HUOYyIb mopsizike oT 1 10 N = 2. B KaXKI0# Bep-
myHe QyHKIMA f MOXKeT IPUHUMATh OZHO U3 IByX 3HadeHui: O wiu 1. Takum
obpa3oM, KaxkZass GyHKITUS — 3TO CJIOBO JIMHBI N, o6pa3oBaHHOe 13 anda-
BuTa {0, 1}. OTcroza ICHO, 9YTO 00IIlee YHCIO PA3TUIHBIX OYIeBbIX GYHKITUHA
n repeMeHHBIX PaBHO YUCITY CJIOB AIMHBI N, o6pa3oBaHHbIX U3 andasurta {0,
1}, T. e. paBHO 2N =22",

3azaTh OyseBy GYHKIMIO N IepeMeHHBIX — 3TO 3HAUUT YKa3aTh, B KAKUX
BepIINHAX N-MEPHOTO eIMHUYHOI0 Kyba OHa MpUHMMaeT 3HaueHHe, paBHOe
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eAVHUIIe, U B KAKUX — HYJIb. [Ipolie BCcero Takoe 3ajlaHue OCYIIeCTBIIATh
C IIOMOIIIBIO TaOJUIBI UCTUHHOCTU. /IJIg 3TOrO B JIEBOM ITOJIOBUHE TaOIUIIBI
3amuileM B KaKOM-HUOyAb IOpPsAKe BCe BepPIIMHBI eIUHUYHOrO Kyba,
a B ITPaBO¥ — COOTBETCTBYMOIIME 3HaYeHUs GyHKIMU. Hampumep, Tak, Kak
B Tabi. 5.23 (n = 3).

Tabnuya 5.23

X1 X2 X3 fCxy, Xp, X3)

0 0 0 0

1 0 0 1

0 1 0 1

0 0 1 0

1 1 0 0

1 0 1 0

0 1 1 1

1 1 1 0

MHOXeCTBO BEpIITNH, B KOTOPHIX Oy/ieBa GyHKIIWS MIPUHUMAaET 3HaYeHNE,
paBHOE eUHUIle, HAa3bIBAETCS MHONCECMBOM UCMUHHOCMU JAHHOU (yHK-
1. [l GyHKIWY, YKa3aHHOUW B IPUMeEPE, MHOXKECTBO UCTUHHOCTH — 3TO
BTOpasi, TPEThS U CeIbMasi BEPIITUHEI.

B nBymMepHOM ciiy4ae s KaXZol OyseBod GpyHKIMY BBENU CIiel[halb-
HBI CUMBOJI. Boob1Ie TOBOPsI, MOTJIM OBl MTOCTYIUTh TaK U B N-MEPHOM
crydae. OgHAKO Jaxke I ABYX IMEPEeMEHHBIX OBbLIO PeIleHO OTKa3aTbhCs
OT BO3MOXXHOCTHU yIIOTPeOIATh Bce 16 CBA30K, OCTaBUB TOJbKO YeThIpe. Tem
6oJee 1e1eco06pa3HO COKPATUTD YMCJIO CUMBOJIOB B CIy4ae 60jiee yeM ABYX
IepeMeHHBIX, TaK KaK MHaYe HaM IIPUIUIOCh Obl yIoTpe6aars 22" CBA30K.
Takum o6pa3oM, BO3HHKAET BOIPOC: HEb3s JIU J0OyIo OyneBy QpyHKITHUIO
n nmepeMeHHBIX, 3a[aHHYI0 TaOJIHIlel, 3a/1aTh IPY TTOMOITY KaKOU-HUOY/Ib
bopMysbl ¢ MpUMeHeHrueM HeOOJIBIIIOT0 YKCIa U3BECTHBIX HaM CBSI30K?
OKasbIBaeTcs, 3TO BCeryla MOXKHO cZieaTh. Tak jke Kak U B IByMEPHOM CJIy-
yae, UMeeT MEeCTO CJIeZlyIolas TeopeMa.

Teopema 5.2. Jltobyto 6ynegy yHKYUIO N nepemeHHbIX MONCHO 3a0amb
C NOMOUWbIO POPMYAbL, YNOMPeOISs MOJILKO MOoKcOecm8eHHbLIl HYJlb, OMpU-
uaHue, KOHBIOHKYUI U OU3BIOHKUUTO.

[TokaxeM Ha IIpUMepe, Kak 3TO JiesiaeTcs. PaccMoTpyM GYHKIIUIO, 3a/JaH-
Hyt0 Tabs. 5.23. Bblie MM Te CTPOKU TabMUIIBI, B KOTOPHIX 3HaUYeHUe QyHK-
IIUY PAaBHO eAWHUIIE, T. €. BbIZIETUM MHOXXKECTBO UCTUHHOCTU PYHKIIUU
(B maHHOM CJIy4ae 3TO BTOpasi, TPEThS U CelbMas CTPOKH). B cooTBeTCTBUM
C KQX/ZIOU TaKOW CTPOKOM COCTAaBUM KOHBIOHKIIMIO BCEX apPIyMEHTOB, ITPHU-
YeM ecJid KaKoN-HUOy/Ib apTyMeHT B CTPOKe paBeH HYJI0, TO Ha/l 9TUM apry-
MEHTOM CTaBUM 3HAK OTPUIIaHUA. Tak, B COOTBETCTBUU CO BTOPOU CTPOKOU
COCTaBJIsIEM

Yo =X1 /\3_('2 /\3_C3,
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TPeTbeUr CTPOKOU —

Y3 =X] AXy A X3
U CeJbMOU CTPOKOU —

Y7 =X1 AXg AXa.

Kaxkzas u3 moCcTpoeHHbIX KOHBIOHKITUHM 00panaeTcs B eIUHUITY TOJbKO
B TOU CTPOKE, B COOTBETCTBHUM C KOTOPOU OHa mocTpoeHa. CocTaBUM Telephb
MU3BIOHKITAIO TTIOCTPOEHHBIX KOHBIOHKITHM

Y2 VY3V Yy

JIeTKo MpOBEPUTD, YTO TOMydeHHAsA GPyHKIMA U OyeT UCKOMOM. VIHBIMU
CJIOBaMHU,

fxy,x2,X3)=yyVysVvYy; =
=(X1 /\.7?2 /\3_C3)\/(3_C1 N Xy /\3_C3)V(3_C1 N X9 /\XB)' (510)

B caMowMm ziesie, IO caMOMY IIOCTPOEHMUIO 3Ta QYHKIIMSA paBHA €INHUIIE
BO BTOPOM, B TpEThel U CeIbMOM CTPOKaX, TaK KaK B KaXK/JOW U3 3TUX CTPOK
ofHa u3 QyHKIUN y,, ¥; U Y, paBHa eAuHUIle. YTO XKe KacaeTca JPYrux
CTPOK, TO B KaXZ0M M3 HUX QYHKIUU Y,, V3 U Y, PAaBHBI HYJIO, CleZoBa-
TeJbHO, U AU3BIOHKIYA 3TUX GYHKIIMN paBHA HYJIIO.

@OyHKIYA, CTOSAMNIAA B MpaBou yacTu paBeHcTBa (5.10), — AM3BIOHKIMA
KOH'BIOHKITUHM M3 BCEX HE3aBUCHUMBIX ITEPEMEHHBIX WIN UX OTPUIIAHUN —
Ha3bIBAETCA HOPMANbHOU 0U3BIOHKMUBHOU gopmoii. 13 crmocoba mocTpoe-
Hus oyHKuu (5.10) SICHO, YTO MOZOOHBIM 06pa3oM MOXKEM BOCCTAaHOBHUTH
aHAJIUTUYECKOEe BhIpaXKeHUE JIF000M QYHKIIMY, 3aJaHHOU TaGJIMIHO, U STUM
aHAJUTUYECKUM BBIpakeHHeM OyzeT HopMaJibHasi AU3bIOHKTHUBHAS GopMa.

HopmasnbHas ¢opma yzoObHa UMEHHO 3TOH CBOENW YHHBEPCATbHOCTHIO,
XOTS TIPeZCTaBJIEHNE C €€ TIOMOIIBI0O MOXKET OKa3aThCS U JOCTATOYHO T'PO-
Mo3akuM. C Apyroi CTOPOHBI, HOpMajbHble GOPMBI He SBJIAIOTCA €IWH-
CTBEHHBIM CITOCOOOM aHAJUTUYECKOTro 3aZilaHusi. B popmyne, 3agaromeit
OyneBy OYHKIIUIO N TIepEMEHHBIX, MOTYT OBITH Jt0Oble BBeIEHHbIE paHee
cBsA3KU. Hamprmep, MOXKHO MOCTPOUTDH PYyHKITUHN

fx1,x9,x3) =(x1 AXp)Vx3,

flxy, X9, Xx3,Xx4)=(x; ~ X)) A(X3 > X,) UT. 1.

OTH ke GYHKIIMY MOXKHO 33/]aTh C TIOMOII[bI0 HOPMaIbHOU U3 bIOHKTUB-
HOU GOPMBI, TOCTPOUB MPEABAPUTENHHO UX TAOTUIIBI UCTUHHOCTH.

Tabauiel UCTUHHOCTU QYHKIIUN MHOTHX IepeMEeHHBIX, 3a/laHHbIX aHa-
JIUTUYECKH, CTPOSATCA TaK JKe, KaK ¥ TaOJUI[bl ICTUHHOCTU QYHKIIUH JBYX
nmepeMeHHbIX. [TocTpoum, Hampumep, TabIUIy UCTUHHOCTU QYHKITUU

f(xl,xz,x3)=(x1 /\3_('2)\1/3('3.
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CrneBa, Kak 0OBIYHO, pa3MeTUM Bce BO3MO)KHbIE BepIIUHEI (Tabs. 5.24).
B nanHoM ciydae ux 23 = 8. CnpaBa nmomecTUM 3HauyeHUs: GYHKIUH, CHa-
Yyajia MPOMeXXyTOYHBIX (X, 1 X A X5), @ 3aTeM 1 utoroou (1mar N2 3). Mmes
TabNUIy UCTUHHOCTHU, JIETKO COCTAaBUTh HOPMAJIbHYIO AU3BbIOHKTUBHYIO

bopMy gaHHOU GYHKIIMU:

f(xl,xZ,X:g):()?l /\.)_Cz /\.)_C3)\/(.)_Cl N Xoy /\.7_C3)V(X1 N Xy /\X3).

Tabnuua 5.24
X1 Xy X3 X, X1 A Xo (31 A X)) ¥ x5
0 0 0 1 0 1
1 0 0 1 1 0
0 1 0 0 0 1
0 0 1 1 0 0
1 1 0 0 0 1
1 0 1 1 1 0
0 1 1 0 0 0
1 1 1 0 0 0
Howmep mrara 1 2 3

Takum o6pa3oM, OfHY U Ty Ke OyneBy GpYHKIIUI0 MHOTUX ITepeMeHHbIX
3alajJv pa3IWYHBIMU AHAJIUTUYECKUMU BBIpAXKEHUAMU, T. €. Iepellln
OT oZiHOM GOpMyJIbI K APYTOM, IOCTPOUB IIPeABAPUTENBHO TAOIUILy UCTHUH-
HOCTU PYHKIMI. DTO He eJUHCTBEHHBIM U JajieKo He Bcerza yAOoOHBIN
myTh. B cieAyrolleM MyHKTe MO3HAKOMUMCS C OOILIUM METOAOM, MTO3BOJIS-
IOIIVIM HEMOCPeICTBEHHO NIePeX0AUTh OT OZHOU GpOPMYJIBI K APYTON, MUHYA
TaOIUIIBI UICTUHHOCTH.

4. DieMeHTapHble ToxJecTBa. ToxkAecTBeHHbIE TPeoOpa3oBaHUA.
Y>ke He pa3 rOBOPHUJIOCH O TOM, YTO OJHY U Ty Ke OysieBy GYHKIIUIO MOXKHO
3a/laBaTh pa3iUYHBIMU Gopmynamu. Hampumep, TOX/AeCTBEHHBIH HYJb
MOKHO 33/aTh AByMA dopmynamu: f(x) = 0 u f(x) = 1. /IBe GopMybl 6bUTH
MOJIy9eHBI U 711 UMILIUKAI[AN:

f(xl,X2):xl —>XZ u f(xl,xZ):)_C]_ \/xZ.

HaxkoHerlr, mo6yto 6yneBy GpyHKIINIO MOXKHO IPEACTaBUTh KaK HOpMaJlb-
HYIO IN3BIOHKTUBHYIO GopMmy.

Ecnu aBe GopMysibl 3a/1at0T OJIHY U Ty Ke PYHKIINIO, TO paBEHCTBO 3TUX
dbopmyn HaszeIBaeTcss moxcdecmeom. TakuM ob6pa3oM, UMeeM TOXK/eCTBa:
0=1, x; > Xy =X V Xo.

[Tonb3ysich MOAOOHBIMY TOXK/E€CTBAMH, MOXKHO IPeoOpa3oBeIBaTh Gop-
MyJIbI, 3ajarolnye OysneBbl GYHKIIUU. [Ipy 9TOM MeHsieTcs TOJbKO aHaJIUTH-
yecKoe BhIpakeHre QyHKIMU, HO He caMa QyHKITUA.
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ToxxaecTBeHHBle TTpeobpa3oBaHus OyneBbIX GYHKIUN Oa3upyroTcs
Ha HEKOTOPOM CHCTeMe MPOCTEUIMX TOXKAeCTB. HacThb U3 HUX Jl0Ka3aau
(cm. dopmynnt (5.4)—(5.9)), Apyrye Tak ke JIETKO IPOBEPUTH C TIOMOIIBIO
TabaUIl. DTU TOXKAECTBA UMEIOT CJIeZYIOLUTUM BU/.

L. x; > x5 =X7 VvV Xs.

IL x; ~ x5 =037 v X2) A (X7 Vv X3).

II. x =x.

IV.xAx=x,xvXx=x.

V. xAx=0,xvx=0.

VLxAl=x,xv1=1.

VILxA0=0,xv0=x.

VIIL. X7 AXg =Xq V Xg, X1V Xg =X AXy.

IX. X AXy =Xy AXy, X7V Xy =Xy V X,

X.xy A (g AX3) = (X AXy) AXg=X] A Xy A Xs;

X1V (6 VX)) = (] VXy) VX3=X V Xy V Xs.

XL x; A (6 Vv X3) = (07 A X)) Vv (] A X3);

X1 A (v xs) = AXy) v (6 AXs);

X1V (g AX3) = (] VXy) A (X VX3).

Vcuucnenue OyneBbIX QyHKIIUH, TOCTPOEHHOE Ha ToxAecTBax [—XI,
Ha3bIBaeTcs anzebpoil 102uKuU.

[Tonb3ysch anred6poi JOTUKYU, MOKHO COCTABJIATh BCEBO3MOYKHBIE TOX-
ecTBa Ajs OyneBbIX QYHKIMM, MpeoOpa3oBBIBATh CAOXKHBIE QYHKIINU,
yIpouiaTh rpoMo3sakue GopMyJbl U T. . YIIPOCTUM, Hanpumep, GopMyry
(x; > x5) A X, . [Tonb3ysack nocieaoBatenbHo ToxzaectBamu VIII, 111, I, VIII,
IX, XI, V, VI, moxkeM 3anucaThb:

(x1 —)Xz)/\.)?z =(x1 —)Xz)v.)_(z :(Xl —)Xz)\/X2 :(J_Cl \/X2)\/X2 =
:(3:C1 /\)?2)\/)(.‘2 =(X1 /\.7_C2)VX2 =Xy \/(Xl /\)_Cz):

:(XZ \/xl)/\(xZ \/.)_Cz):(xZ Vxl)/\1=x2 V Xq.

Takum o6pa3oM, HAIUIK TIPOCTOE BBIpAXKEHUE 3aZJaHHON QYHKIINH, YXKe
He mpuberas K TabiuIaM, a Toab3ysAch anrebpoit JOTUKU.

5.2. BbicKka3biBaHu4

HaszoBeM 8bicka3bi8aHuem 0bOOe MpeAsioKeHrue, 0 KOTOPOM MOXKHO
CKa3aThb, YTO OHO MCTUHHO WM JoXKHO!. Hampumep: 1) «ugeT A0XAb»;
2) «OTKpPBITA IBEPH»; 3) «2 > 5»; 4) «HEWPOH BO30OYK/I€H»; 5) «OYEHD KAPKO».
Bce 5T0 BbIcKa3bIBaHUsA. BeicKa3biBaHUE «2 > 5» 103KHO. OcTasbHBIE B 3aBU-
CUMOCTH OT YCJIOBUI MOTYT OBITh JIOXKHBIMU, @ MOTYT OBITh I UCTUHHBIMU.

BomnpocurenbHble, BOCKJIUIATe/NbHbIE MIPEJIOKEHUA, a TAKXKe Olpeeie-
HUSA He Oy/leM CUUTaTh BbICKAa3bIBAHUSAMM, O HUX HeJb3f CKa3aTh, UCTUHHBI

1 310 He ompezeneHue, a IUIIb ONUCAHWE TEPMHUHA «BBICKA3HIBAHHE», KOTOPHIA OTHO-
CUTCA K pa3pszy IePBUYHBIX MIOHATUH. BMeCTO HEro 4acTo ynoTpebIsaioT TEPMUH «IIPeJIo-
JKEHHe».
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OHU WU JIOXKHBI. Hammpumep, ¢ppassbl «Kyza ThHI TOIIEN?», «CTOUTE!», «pe3yiib-
TaT CJIOKEHUSA [IBYX YKCeJ Ha3bIBAeTCA UX CYMMOW» He ABJIAIOTCA BbICKa3bI-
BaHUSIMMU.

byzemM uMHTepecoBaThCA He CO/lepKaHHWEM BbICKA3bIBaHMS, a TOJbKO
WCTUHHO JaHHOE BhICKa3bIBaHHE WJIU JIOXKHO.

BrIcKka3pIBaHMeE, MPEACTABISIONIEE COOOUM OHO YTBEPXKAEHUE, IIPUHITO
Ha3bIBaTb NPOCMbIM, WIH dJleMeHmapHbiM. [IpuMepaMuy IPOCTBHIX BBICKA3bI-
BaHUU MOTYT CIYKUThb BbicKa3biBaHUs 1)—5). B manbHeliem 6yaem mpo-
CTble BBICKA3bIBAaHUA 0003HAYaTh OYKBaMU JJaTUHCKOrO andaBuTa X, Y, 2,
VHT. I

[TycTh UMerOTCA BBICKA3bIBaHUA X, ¥, 2, V U T. [I. OTU BBICKA3bIBAHUSA
MOKHO COeIWHATH MEXY COOOM C ITOMOIIBIO COI030B He, U, UNU, eCll...,
mo U T. A.! [Ipy 5TOM TNIPEeIOKEHUS «X U Y», «He Z», «eCAU X, MO V» U T. [.
Ha3bIBAIOTCA COCMABHbIMU 8blCKA3blBAHUAMU. HanipuMep, «He UAEeT AOXKIb»,
«HJET JOXAb U 2 < 5», «ec/iu OYEHb KAPKO, MO OTKPHITA ABEPb», «<HEMPOH
BO30YK/IeH U1l OYeHb JKapKO» — COCTaBHBbIE BHICKA3bIBAHUS.

Kak y3HaTh, UICTUHHBI COCTaBHbIE€ BBICKA3bIBAHUA WU JIOXKHBI, €CJIU
M3BECTHA UCTUHHOCTh M JIO)KHOCTb MCXOJAHBIX ITPOCTHIX BBICKA3bIBAHUM?
OueBUIHO, 5TO MOXKHO CZIeJIaTh TOJBKO IIOCJ/Ie TOTO, KaK OIpeenM, KaKou
CMBICJI BJIOXKEH B CO€IUHUTEIbHBIE COIO3BI U, WIU U T. /. ITOT CMBICT cHOp-
MHPOBaJICA B CO3HAHUM B pe3y/IbTaTe ONbITA, U B OBITOBOU peyr MbI CBO-
60/ZIHO OTlepUpyeM STUMU COI03aMU, Pa3bACHA MPU HEOOXOJUMOCTH IOTIOJ-
HUTEJbHBIMU ppaszaMu, YTO UMeEM B BUZY.

Temepb 3aa4a COCTOUT B TOM, YTOOBI ITPUATH KAXKAOMY COIO3Yy BIIOJIHE
oIpeZieJIeHHbIN CTPOTHU CMBIC/I. IHBIMU CJIOBAMU, HaZI0 YCJIOBUTBHCS O MIpa-
BWJIAX eHMCTBUS COI030B. [Ipy 3TOM XOTeIO0Ch OBl YCIOBUTHCA TaK, YTOOBI
dbopMabHbIE IPaBUJIa He ITPOTUBOPEYIIN HAIIEMY OIIBITY.

[Tpore Bcero Zieyio 06CTOUT C COO30M He. OUEBUIHO, YTO E€CIU «X»
HCTUHHO, TO «He X» JIO)KHO, U Hao60poT. Hanmpumep, eciu BhICKa3bIBaHUE
«OTKPBITA ABEPb» COOTBETCTBYET AEUCTBUTEIbHOCTU U, 3HAYUT, ABIAETCA
HWCTUHHBIM, TO BBHICKA3bIBaAaHUE «HE OTKPBITA ABEPb» ABIAETCA JTOKHBIM.

PaccMoTpuM Terepsh cor3 u. byzieM cuuTaTh, 4TO COCTaBHOE BbICKA3bIBa-
HUE «X U Y» UCTUHHO, €CJIM X — UCTUHHO U Yy — HUCTUHHO, a BO BCEX OCTaJIb-
HBIX CJTy4asax OyZeM CYMTATh 3TO BhICKa3bIBaHHUE JIOXKHBIM. TaKas ZOTOBO-
PEHHOCTH XOPOIIIO COTIacyeTcsi ¢ OOBIYHOM MPaKTUKOM. B camoMm fee, mycThb
X — 3TO BBICKA3bIBaHUE «KPOKOJAWI — KUBOTHOE»Z, a ¥ — BBICKA3bIBaHUE
«2 < 5». Takum 06pa3oM, MPOCTOe BbICKA3bIBAHNE X — HUCTUHHO U MTPOCTOE
BBICKa3blBaHME ¥ — UCTUHHO. TOrZia eCTeCTBEHHO CYUTATh, UYTO COCTaBHOE
BBICKa3bIBaHUE «KPOKOAWI — XKMBOTHOE U 2 < 5» TaKKe UCTUHHO, a BbICKA-
3bIBaHHE «KPOKOJWI — pacTeHue U 2 > 5» jIokHO. MeHee 0ueBUAHBI IIPOMe-
YKyTOYHBIE CJIy4au, KOTZja OZHO IMPOCTOE BhICKa3bIBaHWE MCTUHHO, a APYyroe

1 qaCTHHa «HE€» C TOYKU 3PpEHUA I'PAMMATUKU HE ABJIAETCA COFO30M. Meb1 6YZ[6M Ha3bIBATb
€€ TaK AJId KPAaTKOCTU pE€YU.

2 B 6osee pa3BEpHYTOM BHZIE 5TO BbICKA3bIBAHHE MOXXHO CPOPMYITMPOBATh TAK: «KPOKO-
AW IPUHAZAJIEKUT MHOXXECTBY XKUBOTHBIX».
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JIO)KHO. B 3TUX ciTyyasx BbICKA3bIBaHUS «KPOKOAWI — pacTeHue u 2 < 5»
U «KPOKOZAWI — >XUBOTHOE U 2 > 5», 110 ompeJiesieHuto, Takke OyzeM cuu-
TaThb JIO>)KHBIMU.

[lepeiizeM K cowo3y wiu. B GBITOBOM peum 3TOT COI03 YIOTpebasieTcs
B IByX CMBICJIaX — MCKJIIOYEHHOM U HEHCKJIIoUYeHHOM. Hampumep, BbICKa-
3bIBaHME «B ITO€37IKe OyAyT MCITOb30BAHBI TTOE3/]a WM CAaMOJIETI» MOXKHO
TPAKTOBATh ABOSKO: 1) «B moe3fKe OYAyT UCIIOIb30BAHbI WX TI0E€3/a, WIN
CaMOJIETHI, WU U TO U APyToe»; 2) «B moe3jke OyZieT UCIOIb30BaH TOJIbKO
OIUH KaKOW-HUOyZAb BUJ TPAHCIOPTA — Il0e3/la WIKU caMoJeThl». Kakoit
CMBICJT BKJIQ/[BIBAETCSA B BBICKA3bIBAHUE C COFO30M WU, OOBIYHO SCHO M3 KOH-
TeKCTa.

YTOoOBI He MOJb30BaThCA KOHTEKCTOM U OIpe/ieIeHHO 3HaTh, YTO MMe-
eTcs B BuAy, OyZieM pa3indaTh 3TH [iBa Clydas yIoTpebieHus co3a Wil
Y TOBOPUTH, YTO B TMEPBOM CJIy4dae YIMOTPeOJIEeHO HEHUCKIIYEeHHOe WU,
a BO BTOPOM — UCKJIFOUEHHOE Wil. YCIIOBUMCH, fjajlee, CIUTATh, YTO COCTAB-
HO€ BBICKa3bIBaHME «X UIU y», T[le Wil — HEeUCKJII0UYeHHOe, NICTUHHO TOT7a,
KoTJa JIM60 X — WCTUHHO, JIMOO ¥ — WCTUHHO, MO0 UCTUHHBI U X, U Y,
1 JIOXKHO, KOT/ZIa JIOXKHBI U X, U .

YcioBuMCcA TakKe CUMTATh, YTO COCTABHOE BBICKA3bIBAHUE «X WJIU Y», T7le
UNU UCKJTFOYEHHOE, UICTUHHO TOT/Ia, KOr/a Inb0 X — UCTUHHO, a Y — JIOXKHO,
b0 Korja X — JIOXKHO, a Y — UCTUHHO; B OCTAJbHBIX CIy4yasX, T. €. KOoTzaa
Y X, U Y UCTUHHBI, WIN U X, U y JIOXKHBI, 3TO BhICKa3bIBaHUE Oy/leM CUUTAaTh
JIO>KHBIM.

OTa IOTOBOPEHHOCTh TaKXKe XOPOIIIO COIVIacyeTcs ¢ MpPaKTUKOU. B camoMm
Jiesie, TIyCTh X — BbICKa3bIBaHUE «28 HI0JIA CITyTHUK IposieTaeT Haj Adpu-
KOI», Yy — BBICKa3bIBaHMeE «28 HIOJA CIIyTHUK IIpoJieTaeT HaJ AMEpHUKO».
Torza oueBUZHO, YTO COCTABHOE BBICKAa3bIBaHUE «28 UIOJIA CIIYyTHUK MIPO-
netaeT HaA ApUKON WaU HaZ AMEPUKOW», T[e Wil — HEHUCKIIYEeHHOE,
WCTUHHO U B TOM cJlydae, KOTrZia XOTA Obl OZIHO U3 BBICKa3bIBAaHUM (X WU
Y) UCTUHHO, ¥ B TOM CJIy4yae, Korga 06a OHU UCTUHHBIL. JIOXKHBIM COCTaBHOE
BBICKa3bIBaHUeE Oy/IET TOJBKO TOTZA, KOTZA U X, U Y JIOXKHBL.

[Ipeamono:xuM Temepb, YTO MIporpaMMa IoJieTa CIyTHUKA 3aZlaHa bosee
’KECTKO: «28 WI0JIA CITyTHUK MPOJIETAET TOJIBKO HAZ OMHUM KaKUM-HUOYZb
KOHTUHeHTOM: AQpuKkoi win AMepuKoil». IcHO, YTO 37eCh COI03 WU YIIO-
TpebsieH B UCKJIIOUeHHOM CMBIC/IE, U 3TO COCTAaBHOE YTBEP)KAeHNEe OKaKeTCs
JIO3KHBIM, €CJI BAPYT BBIACHUTCA, YTO CITyTHUK IpoJeTen U HajJ APpUKOH,
Y HaZi AMEPUKOM, T. €. OKa3aJUCh UCTUHHBIMU 00a IMMPOCTHIX BBICKA3hIBa-
HUA — U X, U Y.

PaccmoTpuM elrie coio3 ecau..., mo. C ero moMolubo 06pa3yroTcsa COCTaB-
Hble BBICKA3bIBAHUSA «€CJIU X, TO y». 3/1eCh MPOCTOEe BBICKA3bIBAHUE X Ha3BI-
BalOT IIOCBUIKOM (WX yCJIOBUEM), a BBICKA3blBaHUE Yy — 3aKJIIOUYEHHUEM.
Byzem cunTaTh BBICKa3bIBaHME «€CJIU X, TO y» JIOXKHBIM TOJIBKO B TOM CJIy4ae,
KOT/ZIa X UCTUHHO, a ¥ JIOXKHO. JTO TaKXKe He MPOTUBOPEUYUT OOBIYHOU ITpaK-
THUKe yIoTpebIeHNs 3TOTO COI03a.

B camoMm gene, eciu cOCTaBHOEe BBICKa3blBaHHUE YTBepXKAAeT, UTO
13 UCTUHHOM NOCBUIKU BBITEKAEeT NCTUHHOE 3aKJI0UeHue, TO TAKOe COCTaB-
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HOe BbhICKa3blBaHHE eCTeCTBEHHO CUMTATh MCTUHHLIM. EcC/HM XXe cocTaBHOe
BbICKa3bIBaHUE YTBEPXKAAET, YTO M3 UCTUHHOM MOCHUTKY BBITEKAET JIOKHOE
3aKJ4YeHre, TO TaKOe COCTaBHOE BhICKa3bIBaHHE €CTeCTBEHHO CUUTATh
JIOKHBIM.

YTo Ke KacaeTcd TeX cJiy4aeB, KOT/Zja ITOChUIKa JIOXKHA, TO U3BECTHO, YTO,
HUCXOZsT U3 JIOX)KHOM ITOCBUIKYU, MOXKHO ITOJIYYUTDh U JIOXKHOE, U MCTUHHOE
3aKjrdeHre. B camMoM zene, BO3bMEM B KauecTBe ITOCBIKM BBLICKA3bIBa-
HHUe «3 = 2». DTO JIO)KHOEe BbICKa3blBaHUe. [10/b3ysCh CI0KEeHWEeM, U3 HeTo
MO>XKHO TIOJTyYUTh Jpyroe JOXXHOe BhICKa3bIBaHUe, HAIIpUMeED, ecliu 3 = 2,
T03 +1 =2+ 1, T. e. 4 = 3. Takum 006pa3oMm, eCI1 YK COIVIaCHIHCH C TEM,
yTOo 3 = 2 (B3SJIM 59TO PAaBEHCTBO B Ka4eCTBE MOCHUIKK), TO IPUAETCA COIvIa-
CUTBHCA U C TeM, 4TO 4 = 3. EcTeCTBEHHO ITIO3TOMY COCTAaBHOE BhICKAa3bIBaHUE
«ecau 3 =2, mo 4 = 3» cCUATATb UCTUHHBIM.

13 3TO 3Ke MOCBhUIKHU «3 = 2» MOYXHO ITOJYYUTh ¥ UICTUHHOE 3aKJII0UeHHe.
Tak, HanpuMep, ckaazbBad 3 = 2 U 2 = 3, IOJIYy4UM S5 = 5. OTO JaeM HaM
IIpaBO U BBICKA3bIBaHME «ecaU 3 = 2, mo 5 = 5» cCUUTATh UCTUHHBIM. [103-
TOMY BIIp€/Ib, KAKUM OBl HU OBLIO 3aK/IFOYEHKE B COCTABHOM BBICKA3bIBaHUU
ecau..., mo C JIO)KHOU IMOCBUIKOU, OyZIeM CYUTATh 3TO COCTaBHOE BHICKA3BI-
BaHME UCTUHHBIM.

WTak, cTporo onpe/esieHbl MpaBuia AeUCTBUA COI030B He, U, UU UCKITIO-
YeHHOe, WiU HEUCKJIYeHHOe, eCal..., mo. I1oab3ydach STUMU ITpaBUIaMH,
JIETKO MOXKeM BBISICHHUTD, JIOXKHO WJIM MCTUHHO TO WJIM WHOE COCTaBHOE
BBICKa3bIBaHME. B caMoM Jiesie, eciM MCTUHHOE BHICKa3bIBaHME 0003Ha-
yuTh OykBOU U, a 10:KHOE — OYKBO¥ JI, TO M3 ONMMCAHHBIX PABUJI CJIEAYeT,
HampuMep, 4TO /IBa UCTUHHBIX BBICKA3bIBAHUA, COEJUHEHHBIX COIO30M «H»,
€CTh UCTUHHOE BbICKa3biBaHHe. CUMBOJIIMYECKU

Null=MN.

AnanoruyHo Mu JI=JI; Munu J1=U; ne U=JI; He 1 =U; ecru Y, mo JI =JI;
ectu I, moMM=WNwur. a.

bpocaeTca B 11a3a IMoJyiHasg aHAJOTUA MeXAy AelCTBUEM PacCCMOTPEH-
HBIX COI030B U CBOMCTBAMU CBA30K JBYX JIOTMYECKUX ITepeMeHHbIX. COm3y
U COOTBETCTBYET KOHBIOHKIUA, COIO3Y WU B HEUCKIIOYEHHOM CMBICIE —
AU3BIOHKIWA, COI03Y ecuU..., Mo — UMIUIMKALMA, COI03y He — OTpUIlaHue,
HCKJIFOYEHHOMY WU COOTBETCTBYET PYHKIIHsA, KOTOpas TaK M Ha3bIBaeTCs.

AHaJIOTUYHO MOKHO ObUTO OBI pACCMOTPETH COI03 M020a ¥ MOJIbKO mo20d,
K020d ... U COOTBETCTBYIONIYIO eMy GYHKIINIO — SKBUBAJNEHIINIO, a TaKXe
U pyTHe COIO3BI.

Bce 3TO 03HaAyYaeT, YTO C BHICKA3bIBAHUSAMM U COI03aMH MOXKHO obOpa-
IIaThCS TOYHO TaK ke, KaK C JIOTUYeCKUMU NepeMeHHbBIMU U QYHKIUAMU
OoT HUX. IHBIMU c/IOBaMHU, MMeeM MCUMC/IeHre BhICKa3bIBaHUM, BIIOJIHE aHa-
JIOTUYHOE MCYUCIEHUIO JIOTUYECKUX IIepeMEeHHBIX. Pa3sHulla IuIb B TOM,
yTo BMecTo yrcesn 0 u 1 mumreM O6ykBeI U 1 JI, a BMECTO CUMBOJIOB A, V, , —
U T. 1. — CJIOBA U, WU, He, eClU..., MO U T. [l. DTa pa3HUIla He CYLIEeCTBEH-
Hasl, ogHaKo mucaTh yrcaa 0, 1 u CUMBOJIBI CBA30K yZ00Hee, yeM OyKBBI
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U cioBa. [ToaToMy BIpesb KaXkKZIOMy BBICKA3bIBAHUIO OyZeM IPUIIHCHIBATH
3HaveHHe 1, ecTi OHO UCTHUHHO, U 3HadYeHue 0, ey JIOXKHO. ByzeM, Takum
obpa3oM, paccMaTpUBaTh BBICKa3bIBaHME KaK JIOTMYECKYIO IlepeMeHHYIO.
U 6yzeM coeAHATDH BbICKA3bIBaHUs CUMBOJIUYECKUMU COIO3aMU A, V, , —>
U T. ., 00pasyst cocTaBHbIE BhICKA3bIBAHUSI.

Torma TabUITBI ICTUHHOCTU, HAIIPUMED, /JISI BBICKA3bIBAHUHT X, X A Y, X V
vY,xVyux—yOyayT UMeTb BUJl, aHaJIOTUYHBIN COOTBETCTBEHHO TabJI.
5.2,5.12,5.11, 5.17, 5.13.

13 Bcero ckazaHHOIO CJeAyeT, YTO MMeeM XOPOIIO M3y4eHHBIN cozep-
’KaTeJbHBIM MaTeMaTU4YeCKUU ammapar — almapar ajareopbl JOTUKU, —
C TTOMOIIbI0 KOTOPOT'O MOKHO M3y4aTh CKOJIb YT'OAHO CJIOKHBIE COCTAaBHbBIE
BbICKa3bIBaHUA. Ec/i cocTaBHOE BBICKA3bIBAaHUE COAEPIKUT HECKOJBKO IIPO-
CTBIX BBICKA3bIBAHUM, TO MOKEM HAaWTH MHOXKECTBO JIOTUYECKUX BO3MOK-
HOCTel ZJaHHOT'O BbICKA3bIBAHUSA, T. €. BCE BO3MOXKHbIe HAOOPHI 3HAUYEHUH
MIPOCTHIX BBICKA3bIBaHUM. MOXXeM HaWTU TaKKe MHOXeCTBO MCTUHHOCTH
COCTaBHOTO BBICKA3bIBAHUS, T. €. TAKMe HAOOPBI 3HAYEHUH IMPOCTHIX BbICKA-
3bIBAHUM, TP KOTOPHIX COCTABHOE BhICKa3bIBaHNE MCTHUHHO.

Jlasee, OMb3ysICh anreOGpOH IOTUKU WU, YTO TO YK€ CAMO€, UCUUCTIEHNEM
BBICKA3bIBAaHUI, MOKEM CJIOKHBIE TPOMO3/IKME BhICKA3bIBAHUS IIPEOOPa3o-
BaTh B MPOCTHIE, M3 OAHUX BBICKA3bIBAHUU MOIy4YaTh Apyrue (mociegHee
PABHOCWILHO /I0KA3aTe/JbCTBY TEOPEM), BHIACHATH, U3 KaKUX dJIeMeHTap-
HbIX 30 PeKTOB (IIPOCTHIX BhICKA3bIBAHMM THUIA «BKJIIOUYEH — BBIKJIIOYEH»,
«3aKPBIT — OTKPBIT», «BO30YKIEH — 3aTOPMOXKEH», «/la — HEeT») MOXET
MIPOM30UTU TO WIX MHOE CJIOXKHOE sIBJieHHe (COCTaBHOE BbICKA3bIBAHUE).

Ba)kKHO TO, YTO SI3bIK BBICKA3bIBAHUM — 3TO HE TOJBKO S3BIK CYyTy0OO MaTe-
MaTHUYeCKUX BBIBOIOB. DTO A3bIK JJIOOOTO HAyYHOTO MCC/IEJOBAHUA, B OCHOBE
KOTOPOTO JIEXKUT JIOTUIECKUH BBIBOA. [10/1b3ysCh anreOpoil BbICKA3bIBAHUM,
MOXXHO GOpMyIUPOBATh U pellaTh 3aa4u B Pa3IUYHBIX, ITOAYAC AaTEeKUX
OT MaTeMaTHKHU 00JIacTsAX, TAKUX, HAIIpUMep, KaK reoJIorys, KpUMHUHAJIN-
CTHUKAa, MeAWIIMHA. 3aMEeTHUM ellle, YTO sI3bIK BhICKa3bIBAaHUU B CBOEM OCHOBE
ype3BbIYaliHO MpocT. Omnepanuy ero OCyIIeCTBJAAIOTCA aBTOMAaTUYECKH,
1 UX MOXKHO ITIOPYyYUTh MaIlIrHe.

B 3akioueHue MpUBeEAEM MIPOCTOM IMpUMep, OCTaBUB Oojiee cofepika-
TeJIbHbIE TIPUIOKEeHUS Z10 aparpada 5.4.

[TpeATonoXuM, YTO TPYIINa U3 HECKOJIBKUX YeIOBeK IUIAaHUPYET BOCKpec-
HBIM 0XO0Z 32 TOopoJ. PelleHo, 4TO ABa YesoBeka (OpraHU3aToOpPhl) IPUAYT
Ha MecTo cOopa B JIIOOOM ciiydae, HO ITOXO/[ COCTOUTCS, €CIU OyAyT BHIITOJ-
HEHBI CIeJyIol1e YCIOBUA:

1) ecnu He HaleTCA MaJaTKU, TO MIOXO/, COCTOUTCA TOJTBKO B TOM C/Iy4ae,
ecTu He OyZeT JOXK;

2) ecyy MOUET A0X /b, TO TIOXO/, COCTOUTCS, €C/IU OyZeT majaTka u cobe-
peTcs 6OJIbIIe MATH YeIOBEK.

VccneayemM OMHMCAaHHYIO CUTYAIIUIO C IIOMOIIBIO aiareOphl joruku. O6o-
3HAYUM X; — BBICKA3bIBaHUE «IOWJET J0XK/b»; X, — BbICKa3bIBAaHUE «Hal-
ZleTcs TajaTKa»; X3 — BBICKA3bIBaHUeE «COOpaIOCh OOJbINe AT YeIOBEK».
O603HaYMM, HaKOHEII, 2 — BBICKAa3bIBAHUE «ITI0XOJl COCTOUTCS». BhICKa3bIBa-
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HUe Z eCTb, O4eBUHO, QYHKIUA OT TpeX JIOTUYeCKUX ITepeMeHHBIX X1, Xq, X3.
[Tpu ogHOM HaboOpe 3HAYEHUH STUX ITlepeMeHHbIX 2 UICTUHHO, ITPU APYTOM —
J103kHO. YTO 3TO 32 QyHKIUA?

[Tporie Bcero onpeAeanuTh 2, €CJIU MOCTPOUTh MHOKECTBO BCEX JIOTHUYe-
CKHMX BO3MOXXHOCTEH U BBIIEJTUTH U3 3TOTO MHOKECTBA Te HabOPhI 3HAYEHUI
X1, X5, X3, IPH KOTOPBIX IIOX0J, COCTOUTCA. DTU HabOpHl 3HaUeHU ompese-
JIAIOTCA yCIOBUAMU 1 U 2. VIHBIMU CJI0OBaMU, ONMUPAsACh Ha yCJIoOBUA 1 U 2,
cTpouM Tabuity GyHKIWH 2.

MHOKeCTBOM JIOTUYECKUX BO3MOJKHOCTEHN OyzZeT, OueBUIHO, MHOXe-
CTBO BEpIIMH €JUHUYHOT'O TPeXMepPHOTO Kyba. Ilepebupas 3TH BepIINHBI
OJHY 3a IpyrOU M CBepAA KaX/JbIU pa3 3HAYEHUA X, Xy, X3 B JAHHOU Bep-
IIYMHE C YCJIOBUAMM 1, 2, onpeziesiieM, B KaKUX BepIIMHAX 2 PaBHO eJUHUIIE
U B KaKUX — Hya0. HampuMmep, B repBoi BepmuHe (Tabi. 5.25) moxasd
HeT (x; = 0), I03TOMY B CWIy YCIOBHUA 1 IOXOZ JO/KEH COCTOATHCA (2 = 1).
Bo BTOpOH BepimHe ecTb Z0XKAb (x; = 1), HO HeT nayjaTtku (x, = 0), noaTomy
B CHJIY YCJIOBHSA 2 TTOXO/ He A0IKeH cocToAThbesA (2 = 0). [Tomo6HbIM 06pa3oM
CMOXKEM OTIpeZIeIUTh Z BO BceX BepiuHax (cM. Tabi. 5.25).

Tabnuua 5.25
bel Xy X3 z
0 0 0 1
1 0 0 0
0 1 0 1
0 0 1 1
1 1 0 0
1 0 1 0
0 1 1 1
1 1 1 1

Vcxoasa u3 TabiuIlbl, HalZieM TpeAcTaBIeHUe g B BUJe HOPMaJIbHOU
AU3bIOHKTUBHOMN POPMBI:

Z:(.)_Cl /\3?2 /\3_C3)V(3_C1 N Xy /\)_Cg)V(.)_Cl /\J_Cz /\X3)V
\Y% (J_Cl N Xy /\Xs)V(Xl N Xy /\xg).
OTO BbIpa)KEHUE YIIPOIIAeTCA:

Z:)_Cl /\[(J_CZ /\J_C3)V(XZ /\.)_Cg)V(J_CZ /\X3)\/(XZ /\X3)]\/(X1 N Xy /\X3).

Tak xak GyHKIINA, 3aMMCcaHHasA B KBaJ[PaTHBIX CKOOKaX, TOX/AECTBEHHO
paBHa efuHUIlE (B 3TOM JIETKO YOEIUTHCS), TO

Z:.)_Cl \/(X]_ N Xy /\X3):J_('1 V(XZ /\X3).

OTa KOMIIaKTHAasA 3amych QYHKIIUU TO3BOJAET KPAaTKO CHOPMYIUPO-
BaTh YCJIOBUA, IPU KOTOPHBIX IOXOJ COCTOUTCA. VI3 Hee 04eBUHO, UTO
OXOZ, 06513aTeTbHO COCTOUTCH, €C/IU BBIITOJHUTCA XOTA ObI OZHO U3 yCJIO-
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BUuii: 1) He OyzeT A0XxAs1; 2) cobepeTcs OOJbIe TATH YeN0BEK C MaJaTKOM!.
[TOHATHO, YTO €CJIU BHITIOJHATCA 00a 3TU yCJIOBUSA, MOXO TaK)XKe COCTOUTCH.

[IpeAnosoXyUM, 4YTO MOXOJ COCTOSJICA. YYACTHUKHU MOXOJa TMOMHAT
06 3TOM M IO TPOIIeCTBUU Tofa. [IOMHAT Takke U O TOM, YTO BO BpeMs:d
moxoza ObUT 10XKAb. HO M3 maMaTH BRIBETPWIOCH KOJIUYECTBO YIACTHHUKOB.
Torzma, B3MIAHYB Ha TabIMITy, MOXKHO JIETKO YCTAHOBUTH, YTO B ITOX0/E yYa-
CTBOBAJIO OOJIBINE ST YEJIOBEK. B caMmoM fiefie, Tak Kak IMOXOJ, COCTOSIICS,
TO U3 TAOJUIBI HY)KHO BBIZIEUTD JIUIIL T€ CTPOKU, T7e z = 1 (T. e. MHOXKe-
CTBO MCTUHHOCTH QYHKIIUH Z). 3aTEM M3 3THUX CTPOK HYKHO BBIJIEJIUTH TE,
rae x; = 1 (oxap 6bLT). DTO MOC/IeHAA CTpoKa. B Helt x; = 1. 9To U o3Ha-
YyaeT, 4YTO OBbLIO OOJIbIIIE TISITU YeOBEK.

Tabmila MOXKeT ITOMOYb U /IO TIOX0/ia. B caMoM ieste, TpeAIIoNoK UM, YTO,
IOCJie TOrO KaK yCTAaHOBJIEHBI YCIOBUA ITOX0AA, B COOTBETCTBUM C STUMU
YCJIIOBUSAMU ITOCTpoeHa Tabs. 5.25. V3 Hee cieayeT oHa JOBOJIbLHO HEPU-
ATHAasA BO3MOXXHOCTb. OHA ONMCHIBAETCA TPEeThel CTPOKOU. B 3ToM cTpoke
x;=0,x,=1,x3=0, 2=1, T. e. ZO:XZAA HeT, IpUILIO He HOJIbIlIe IIATH YeJIOBEK
U KTO-TO MPUHEC MajaTKy. Bo3HMKaeT BOIMPOC: OTIPABIATHCA JIU B MOXOZ
B Takux ycaoBuax? JloKAd HeT, U majaTKa He HyXHa. Ho MoCKoJIbKY OHa
€CTh, ee MPUIETCAI HECTU. A TaK KaK IPUIIUIO He OOJbIlle IMATH YeTOBEK,
TO KaXXJOMy INPUZAETCA HEeCTU IajaTKy NPOAOJLKUTEeNbHOe BpeMd. Eciu
rajiaTKa TsKesas, TO 3TO MOXeT JIMIIUTD IIPOTYJIKY IPUBJIEeKAaTEIbHOCTH.
B To ke BpeMs B rpade 3HaueHUM QYHKIIMU CTOUT eIUHUIIA, U 3TO 3HAUUT,
YTO MTOXO/] IOJI’KEH COCTOAThCA. TakuM oO6pa3oM, aHaau3 TabIUIIbl TTO3BOJIIET
3apaHee IMpeABUETh BCe BO3MOXKHOCTU (B TOM YHCJIE U YKAa3aHHYIO HEPU-
ATHYI0) U PEUIUTh, UTO JeJaTh IIPU OCYIeCTBIAeHUU TOW WIN MHOU BO3MOX-
HOCTU. B 4aCcTHOCTH, B paCCMOTPEHHOM CJIydae I'PyIIla MOXKET PEIIUTh Bce
»Ke OTIIPABUTHCA B MOXOJ, B COOTBETCTBUU C paHee MPUHATHIMU YCIOBUAMU
(T. e. B COOTBETCTBUU C Tabyulilelt), HO MOXKET 3apaHee OrOBOPUTH CIIeIU-
aJbHO, YTO MPHU TaKUX HeOJArOMPHUATHBIX YCIOBUAX ITOXOJ HE COCTOUTCS.
Jlnst aToro K chbopMyIMpOBaHHBIM paHee yCa0BUAM 1, 2 HaZ0 106aBUTH ellle
O/THO, HAaIIpyMep TaKoe: 3) IOXO He COCTOUTCS, ec/iu OyZieT majaTka u cobe-
peTcsi He OoJbllle TATU YeJ0BEK. ITO «OTPUIIATENBbHOE» YCIOBHUE MOYKHO
3aMEeHUTb SKBUBAJIEHTHBIM €MY «IIOJIOXKUTEJIbHBIM» YCJIOBHUEM: 3) eciu
KTO-TO IIPUHEC TTAJIaTKY, TO ITOXO/[ COCTOUTCS, eC/ik cobepeTcst O0JbIIe MATH
YeJIOBEK.

Takum ob6pa3zoM, IIpu HOBOH 6oJiee JKECTKOUM /JOrOBOPEHHOCTHU ITOXO/]
COCTOUTCS TOI/Ia U TOJIBKO TOT7IA, €C/IU He OyZieT HapyllleHO HU OHO U3 yCJIO-
Bl 1—3. OyHKIMA 2 OyeT Tenepb HHON. COCTaB/IsAs TAOMUITY KaK B ITPEZbI-
AyIIeM ciay4dae, HeTPyZAHO YyCTaHOBUTD, YTO

Z:(J?l /\)_Cz)V(.)_Cl /\X3)V(X2 /\X3).

OTcrofa cieAiyeT, 9YTO TOXOJ COCTOUTCS, €C/IH BBIITOTHEHO XOTsI ObI OJHO
13 yclaoBuii: 1) HeT ZOXKAS W HET MajaTKu; 2) HeT ZO0XAS U cobpasioch
O0JIbIIIE TIATH Y€JIOBEK; 3) eCTh MmajaTKa 1 cobpasoch O0JIbIIe TATH YeTOBEK.
Tabnuila JaHHON GYHKIIUU OTIMYaeTcs OT Tabi. 5.25 TeM, 4TO B TpeTheid
cTpoke y GYHKIMU CTOUT HYJIb.
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5.3. OyHKUUK anre6pbl NOTUKN U onepaLuy Ha MHOXeCTBaMH

V3y4dast QyHKIIUY JIOTHIECKUX TIEPEMEHHBIX, MBI TIOCTOSTHHO UMEJH J1EJI0
C IByMsI MHO>XECTBAaMU — MHOKECTBOM JIOTUYECKHX BO3MOXKHOCTEN ¥ MHO-
»K€CTBOM HCTHUHHOCTHU. [IpeAnonoKuM, 4YTO paccMaTpuBaeM HECKOJIbKO
byHKIMM, 3aBUCALINX OT OHUX U TeX JKe N JIOTUUeCcKUX repeMeHHbIX. Torza
BCe 3TU QyHKIMU OYyAyT UMETh OZHO U TO K€ MHOXXECTBO JIOTUYECKUX BO3-
MOXKHOCTEHN. OTO MHOXECTBO BEPIIUH N-MEPHOTO eANHUYHOTO Kyba. A MHO-
’KeCTBA UCTUHHOCTU HAIIUX QYHKIIUY OyAyT Pa3TMIHBIMU TOAMHOKECTBAMU
JAHHOT'O MHOXKeCTBA. ByleM 1Mmo3ToMy CUUTaTh MHOXKECTBO JIOTUYECKUX BO3-
MOXKHOCTeH YHHUBepCaJIbHbBIM M 0003HaYaTh €0, KaKk 00bIYHO, U.

[TycTh 13 3a[aHHBIX QYHKITUUA N JIOTUYECKUX ITepeMeHHbIX 0Opa3oBaHa
HOBas CJIOXKHAsA QYHKIUSA. OTa GYHKIUSA MMEET HEKOTOPOE MHOXXECTBO
HMCTUHHOCTU. Borpoc cocTouT B TOM, YTOOBI YCTAHOBUTD CBA3b MEXAY MHO-
’K€CTBOM HCTHUHHOCTU CJI0XKHOU QYHKIIMM U MHOKECTBaMU MCTUHHOCTU
HCXOAHBIX QYHKIUH.

HauneM c mpocTeimux cBA30K. [IycTh umetores ABe GyHKUINHU f1, f, C MHO-
’KeCTBaMHU UCTUHHOCTU A; U A, coOoTBeTCcTBeHHO. OOpa3yeM KOHBIOHKIIUIO
g = f1 A fo. KakoBo MHOXecTBO ucTUHHOCTU QyHKIUU g? [lo ompezeie-
HUIO KOHBIOHKIIMYM OHA paBHA eJUHMUIlE TOTZla M TOJNBKO TOTZa, KOTZJa U f;,
U f, paBHBI efuHUIle. TaKUM 006pa3oM, BepIIMHA eIMHUYHOrO Kyba MOXKeT
OKa3aTbCAd BO MHOXKECTBE UCTMHHOCTU OYHKIIMU g TOTZA U TOJIBKO TOT/A,
KOI/Z]a OHA MIPUHA/JIEXXUT ¥ MHOXKECTBY UCTUHHOCTH f;, I MHOXXECTBY UCTHH-
HOCTH f,, T. €. KOI/la OHa MPUHA/JIEXKUT IlepecedeHnI0 ITUX MHOXKeCTB. MTak,
MHOJICeCmao UCMUHHOCMU KOHBIOHKUUU f1 A f, ecmb nepeceuerue A; N A,.

PaccMoTpuM Tenephb AU3bIOHKIMIO h = f; V f,. [To onpezenenuto, An3b-
IOHKIIMA h paBHa eAuHUIle, Korza XOTA Obl ofiHa M3 QYHKIMH f; WK f, paBHa
eauHuIle. TakuM 06pa3oM, BePIIMHA N-MEPHOTO eINHUYHOTO Kyba MOXKET
MOTIACTh BO MHOXECTBO UCTUHHOCTH JU3IBIOHKIIUU TOTZIA U TOJBKO TOT/A,
KOTI/Ia OHA MTPUHA/IEXXUT MHOXKECTBY UCTUHHOCTH XOTs ObI OZTHOU M3 QyHKITHMA
f, wm f,, T. e. Korjja OHa IPUHAMJIEXKUT OOBEIUHEHUIO STUX MHOXECTB. VTakK,
MHO#eCMB0 UCMUHHOCMU OU3BIOHKUULU f V f, ecmb 06BeduHeHue A, U A,,

PaccmoTtpum otpuiianue [ = f. 1o onpezaenenuto, [ = 1, korga f = 0.
A MHOXeCTBO BepIlIUH, rae GyHkuuA f = 0, eCTb pa3HOCTh MEXAY BCEM MHO-
’KECTBOM JIOTMYECKUX BO3MOXKHOCTEU M MHOKECTBOM MCTUHHOCTU 3TOU
byHkiuu A. VIHbIMU cioBaMu, QYHKIIMSA pPaBHA HYJIO B BepIIMHAX, TPUHA/-
JIeXKalUX JOTOJTHEHUIO 10 ee MHOXKeCTBa UCTUHHOCTU A. Takum ob6pasom,
| paBHO eZMHUIlE B BepIIMHAX, IPUHAJIEKAIINX JOMOJHEHUIO MHOKECTBA
VICTUHHOCTH A, T. €. MHOXCeCMB0M UCMUHHOCMU f Aesemcs A.

Tak, yCTAaHOBWIN 3aMedaTeIbHYIO CBA3b MEXAY CBA3KaMM GYHKITUH
JIOTUYECKUX TIEPEMEHHBIX U ONeparusaMu HaJl UX MHOXXEeCTBaMU MCTHH-
HOCTH: KOHBIOHKIIM COOTBETCTBYET IlepecevyeHue, JUIBIOHKIUN — 00D-
eVHeHVe, OTPULIAHNIO — JloTIoNHeHre. Kpome Toro, o4eBUAHO, YTO eCIu
f1 =15 To A; = A,. OTClozia ciefiyeT, 4TO COOTBETCTBHE MeX/y CBSA3KaMU
Y olepanusaMy HaJi MHOXXeCTBAMU MCTUHHOCTH MTePEeHOCUTCA U Ha d/IeMeH-
TapHBIE TOXKZAECTBA. Tak, HAaIpUMep, eC/Ii A €CTh MHOXXECTBO UCTUHHOCTU
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i f, To A, KaK MBI yCTAHOBUJIN, €CTb MHOXECTBO MCTHHHOCTH_JJIsL f u,
c/eoBaTeNbHO, A eCTb MHOXEeCTBO UCTUHHOCTHU AJIsL f Ho f = f Ciezno-
BaTenbHO, A=A. TakuM 06pa3oM, TOXKIECTBY f=f B anre6pe JOTHKH
COOTBETCTByeT ToXecTBo A=A B anre6pe Byna (cm. maparpad 1.1, 1. 3).
AHaJIOTUYHO YCTAaHABIMBAETCA, YTO TOXK/AECTBY f Vv 0 = f COOTBETCTBYET TOX-
AeCTBO A U J = A; ToRAeCcTBY fA 1 =f cooTBeTcTBYeT A N U = A; TOXZAECTBY
fiv fo = fi A fo COOTBETCTBYET A; UA, = A NAy U T. JI.

Otcroga ciefyet, 4yTo JOOYI0 3aZlaqy U3 anreOpsl JIOTUKUA MOXKHO chop-
MYJIMPOBATh U PELIUTh B TepMUHaX anre6prl Byss, eciu nepeiizem oT GyHK-
I K UX MHOXKeCTBaM MCTUHHOCTH.

BepHBIM OKa3bIBAeTCSA M 0OpaTHOE yTBep:K/AeHue. JIFo0yIo 3a/a4y U3 ajre-
OpBI MHOXXECTB MOXXHO TIePeBECTH Ha S3bIK aireOphl TJOTUKU. B camoMm zere,
MyCTh UMEIOTCS POU3BOJIbHBIE MHOXKECTBA A U B, IBJIAIOIIUECS TTOAMHOXKe-
CTBaMHU HEKOTOPOT'O YHUBepcaabHOro MHOXKecTBa U. O603HaYMM CUMBOJIOM
X BBICKA3bIBaHUE «e € A» U CUMBOJIOM Yy — BBICKa3bIBaHUe «e € B». Torga
BBICKA3bIBAHUIO «¢ € A U B» OyZieT cOOTBETCTBOBATh QYHKIIUA X V Yy, BbICKA-
3BIBAHMIO € € A N B — QYHKINA X A Y; BHICKa3BIBAHUIO «& € A» — QYHKIUA
X. TakuM 06pa3oM, OCHOBHBIM OIlepalusAM HaJ, MHOKeCTBaMU — Iiepeceye-
HUI0, 00beJUHEHUIO, OTIOIHEHNIO — ITOCTaB/IeHbl B COOTBETCTBUE OCHOB-
Hble OTIepaIliy Ha/J JIOTUYECKUMU TTePEMEHHBIMU — KOHBIOHKIIHA, AU3b-

IOHKIIYA, oTpulianue (puc. 5.3).

HctunHO JIoXKHO
ux,uy UX, Uy

Puc. 5.3

OTO COOTBETCTBUE PACHPOCTPAHAETCA Ha dJIEeMEHTapHbIe TOXZAECTBaA.
Tak, HanpuMep, TOXAeCTBY A = A COOTBETCTBYeT TOX/ECTBO X = X. AHAJIO-
TUYHO TOXAeCTBY A N U = A COOTBETCTBYET TOXAECTBO X A 1l =X U T. A.

13 Bcero cKa3aHHOT'O CJIEAYET, YTO BMECTO anrebGpbl MHOXKECTB MOXKHO pac-
CMaTpUBAThb alreOpy JOruKu. TakuM 06pa3om, anrebpa JIOTUKU U anre6pa MHO-
’KE€CTB OKa3bIBAIOTCSA SKBUBAJIEHTHBIMHU JPYT APYTY UCIUCTIEHUAMU, @ POPMYJIBI
[—IX u3 m1. 1 u [—XI u3 HacTosIIel IIaBbl OKa3bIBAIOTCA pasHbBIMU GopMaMu
OZTHOTO Y TOTO YK€ MCYMCJIEHHA. ITO UCUHCIEHe MOXKHO Ha3bIBaTh aarebpoit
JIOTUKH, WIX aareObpol BbICKa3bIBAHUH, WIN, HaKOHEIl, Oy/ieBoi anre6pot.

5.4. buonornyeckne npunoxeHns 6yneBbIX GYHKLMIA

1. JluarHocTuka 3abosieBaHUM. AHa/JIM3 TeHHOTO cocTaBa. [Ipearmo-
JIOXKUM, YTO MMeeTcs OOJIbHOM, ¥ KOTOPOTO OOHapYy»KeHbI HEKOTOPhIE CHM-
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IITOMBI 1 TTOZI03PeBaOTCsA HEKOTOphIe 3aboeBaHus. TpebyeTcs, Kak 0OBIYHO,
ITOCTAaBUTh KaK MOXKHO 0OoJiee TOUHBIN AuarHo3. [IpuBieyeM /i peleHus
3TOM 3a/la4uu anreOpy JOTUKHU.

PaccMoTpuM HEKOTOpOE€ MHOXXECTBO CUMIITOMOB Sy, S,, ..., S,. Cpeau
MepeYrCIEHHBIX CUMIITOMOB UMEIOTCA U T€, KOTOPble OOHAPYKEHBI ¥ OOJIb-
Horo. PaccMoTpuM Takke HEKOTOpOe MHOXeCTBO 3abosieBaHuil M;, M,,
..., M. Cpeau aTux 3ab6o7eBaHUN eCTb U BCe Te, KOTOphIe [10[03peBaloTCsA
y 6onpHOr0. O603HAYMM X; BRICKA3bIBaHUE «OOHApYXKeH i-i cuMnTom» (i =
=1, 2, ...,n). O603HauNM y; BbICKa3blBaHHEe «OOHAPYKEHO i-e 3aboeBaHne»
i=12,...,m).

CUMIITOMBI U 3a00/IeBaHUs, OYEBUIHO, CBSI3aHBI MEXY cOOOM. DTa CBA3b
yCTaHaBINBaeTCA SKCIIepUMeHTaJIbHO, HA OCHOBE MHOT'OJIETHUX MeJUIINH-
CKUX 00C/IeJoBaHUI THICTY OOJMBHBIX. B pe3ysnbraTe Takux o6Cie10BaHUN
MOJKeT OBITh yCTaHOBJIEHO, HAallpuMep, 4To 3aboseBaHue M, Bcerza compo-
BOXK/IAE€TCA CUMIITOMOM S, WIH S, T. €.

Yo —> X4V X3.

AHaJIOTUYHO MOXeT OBITh U3BECTHO, YTO €C/IM OOHapYKeHBl CUMIITOMEI
S, 1 Sg, TO 06513aTeNBHO JODKHO OBITH 3a6oneBaHue M, 1 HA060pOT, 3TO
3abojieBaHUe NIPOABJIAETCA BCerja B CUMIITOMAxX S, U Sg, T. €.

X4 N X~ Y1

YacTo oAWH KaKOW-HUOYAb cUMIITOM (HampuMep, BBICOKAsA TeMIlepa-
Typa) COIPOBOX/JAaeT MHOTUe 3abosieBaHUsA. B 3TOM ciydyae MOXeT OBITH,
HaIllpuMep, YTO

Xg—=>Y1VYaVY3V ... VY

Takum 06pa3oM, dKCIIepUMEHTATbHO YCTAHOBJIEHO HEKOTOPOE YHCIIO
3aBUCHMOCTEN MEXy JIOTUYECKUMU ITEPEMEHHBIMU X1, «.., Xpp V15 -+ s V'

f10¢0, e s Xy V15 ooy Y3

fZ(Xla °°'an).y17 )ym)7

NG ey Xy Vs e Vi) -

O™ QYHKUIMM HA3BIBAIOTCA ykadaHusimu. Kakjas U3 HUX MO CBOEN CyTH
eCThb HEKOTOpPOe COCTaBHOE BhICKa3blBaHVWE OTHOCUTEJIbHO CUMIITOMOB
1 3aboseBaHuii. Hac MHTEPECYIOT JIUIIIb TE CJIydau, KOTZa KaKA0e U3 ITUX
BBICKA3bIBAHUM UCTUHHO, T. €. KOTZla UCTUHHA UX KOHBIOHKIUA. TaKuM
00pa3oM, HaM HY}KHO M3YYUTh MHOXKECTBO UCTUHHOCTH QYHKITUH

Z2=f1 Afo Ao Ay
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Jlayiee MOKeM TIOCTYIIUTh PUMEPHO TaK JKe, KaK U B IPUMepPE C TIPOryJI-
KOM, KOT/Ia yCTaHaBIMBAIU KOJIMYECTBO €€ yYacTHUKOB. CocTaBUM TabIHITy
byHkiuu z. Becero B Tabiumne Oyzer 2n+m crpok. Ciaydawu, rae z = 0, Hac
He WHTepecyloT (OHU COOTBETCTBYIOT HECYNIECTBYIOIIUM WIN, BO BCIKOM
cy4ae, IoKa HeHAOII0JeHHBIM CBS3SIM MEXKIY CUMIITOMaMU U OOJIE3HIMU).
[T05TOMY BBIZIEIMM M3 TAOJIUIIBI JIUIIb T€ CTPOKH, KOTOPhIE COOTBETCTBYIOT
MHOKEeCTBY UCTUHHOCTH Z. 3aTE€M U3 3TUX CTPOK BBIZIE/ISIEM T€, B KOTOPHIX
MMEIOTCsS CUMIITOMBI, OOHapyKeHHbIe ¥ TallkeHTa. B KaykJo# TaKoii CTpOKe
MMeIOTCs 1 3a60ieBaHysi. AHATU3UPYSI 9T CTPOKH, MOYKHO C/Ie/IaTh BHIBOJBI
0 XapakTepe 3abo/ieBaHH MaI[EHTA.

Hampumep, peAIos0oXuM, YTO CUMIITOMBI, OOHApyKeHHbIE ¥ TallkeHTa,
MMEIOTCSI BCETO B YEThIPEX CTPOKaX. BhIZieIM TH CTPOKHU (Tabi. 5.26). s
IIPOCTOTHI IIPEATIOIOKUM, YTO Y HaC MUMEeEeTCs TPU CUMIITOMAa U TpH 3aboJie-
BaHMsI. AHa/IU3 BhIZIEJIEHHBIX CTPOK IIOKA3bIBAET, YTO BO BCEX CTPOKAX, COOT-
BETCTBYIOLINX CUMIITOMaM OOJIbHOTO, eCTh 3ab0IeBaHUe Y U HET 3aboJeBa-
HUA y,, a 3a00yeBaHue Y, B OZHUX CTPOKAX €CTh, B APYrux — HeT. OTcioza
MOJKHO CZieJIaTh BBIBOZ, YTO y TAaI[MeHTa HeT 3a00JeBaHusd y,, OH ompese-
JIEHHO CTpaZiaeT 3a00JieBaHNEM Y5 U, OBITH MOXKeT, 3a60I€eBaHUEM Y.

Tabnuua 5.26
CHUMIITOMBI 3abosieBaHUS OnbIT
X1 X2 X3 Y1 Y Y3 z
1 1 1 0 1 1 1
1 1 1 0 0 1 1
1 1 1 0 0 1 1
1 1 1 0 1 1 1

BcnoMHUM Temepb, UTO MpUCOeJUHEHUE K yCI0BUAM 1, 2 B 3azaue
O MPOTYJIKE JOMOJHUTEIBHOTO YCJIOBUA 3 CYy3WJIO MHOXXE€CTBO UCTUHHOCTU
byHKIMHY 2. DTO U MIOHATHO, TaK Kak ZobaBieHre yCa0BUA 3 SKBUBaJEHTHO
IepecevyeHuIo MIpeXHero MHOXKeCTBA UCTUHHOCTU C MHOXXeCTBOM UCTUHHO-
CTH ycioBuA 3. A TiepeceyeHrie MHOXKECTB He MOXKeT OBITh IIUPe HU OJHOTO
13 «COMHOXUTeNeH». OTcIoia ciefyeT, 4To 4eM Oosiblile OyzeM UMETh yKa-
3aHUi (T. e. yeM Gosbllie OyZeT MOMYyYeHO Pa3IMYHBIX SKCIIEePUMEHTAIbHBIX
JlAHHBIX), TeM OoJjiee TOUHBIN AMArHO3 CMOXXEM IOCTaBUTh. B yacTHOCTH,
eCJIA yAacTCAd HAaWTU Takoe yKa3aHue, 9YTO B IEPBOU U YeTBEPTOU CTPOKaX
Tabs. 5.26 BMecTo 2 = 1 OSIBUTCS 3HAYE€HUE, pAaBHOE HYJIO, TO 3TU CTPOKU
BBIUEPKHYTCA, Y IIOJYIUM TOJIBKO /IB€ CTPOKHU C OJHUM 3a00ieBaHUEM Y.

B peasbHBIX yCIOBUAX YUCIA M U N JOCTaTOYHO BeJUKU. [ToaToMy omnu-
CaHHBIN aHAIN3 TAOJUIEI B COCTOSTHUH MPOZIENIATh TOJTBKO KOMITBIOTED.

[Togo6HOEe MpuMeHeHMe anrebpbl IOTUKU YMECTHO He TOJBKO MpU Jua-
THOCTHKe 3a007eBaHuN. AHAJOTUYHBIM METOZOM MOXXHO ZeHCTBOBATh
B JIT0OOM CUTYallNH, T7le eCTh CKPBIThIE IIPUYUHBI, JIETKO HabI0aeMble Cref-
CTBUSA 3TUX MPUYWH U U3BECTHBI HEKOTOPHIE CBA3U (YKa3aHUA) MeXAY IpU-
YMHAaMU U CJIeJCTBUAMU. B 4acTHOCTH, Takoe MOJI0XKeHNe BCTpedaeTcsa Ipy
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aHa/IM3e FeHHOro cocTraBa. Kak M3BeCTHO, MPU3HAKU OpraHW3Ma CBSI3aHbI
c reHaMu. [Ipy 5TOM dKCIEPHUMEHTAIbHBIN MaTepHras aeT pasHOoOOpasHbIe
CBSI3U MEXJy TeHaMH U mpu3HakaMu. TakuM o6pa3oM, eciu dyepex X; 060-
3HAYUTD BBICKAa3bIBaHUE «OOHAPYKeH (-1 TeH», a y; — BBICKa3bIBaHUE «00OHa-
PY’KeH i-# IpU3HaK», TO MOJIYYUM CUTYaIIUI0, HAITOMUHAIOIIYIO TOJBKO YTO
pasobpanHyio. Posib YKasaHUM U 37IeCh OYAyT UTrpaTh SKCIIEPHUMEHTaIbHBIE
JlaHHEBIE.

HeTpyaHo BUIETH, YTO, BOOOIIE TOBOPs, 3a/ladya U3yUYeHHs COCTaBa I'eHOB
CJIOKHEe, YeM JUarHOCTUKa. B camMoM fiesie, ec/iv reH, KOHTPOJIUPYIOIIU
JIaHHBIN TIPU3HAK, PeIleCCUBEH, TO MPHU3HAK, He 0OHAPYKEHHbIN y JaHHOM
ocobu, MOXKeT OBITh OOHAPY)KEH B MOCIEAYIOIINX ITOKOJIEHUAX. [loaToMy
BMECTO BBICKA3bIBaHUA «OOHApPYXKeH i-i MpU3HaK» MPUXOJAUTCS OIMepH-
poBaTh BhICKa3bIBaHUEM «O0OHAPYKeH - IpHU3HaK B k-M MOKOJEHUU MIPU
$-M CKpeIllBaHUKW». DTO CHIbHO YBEJIMUYUBAET YUCJIO IOTUYECKUX TIepeMeH-
HBIX U, CJIeZIOBaTEIbHO, YCIOKHSIET UCCIe[OBaHNE.

2. [foHATHE 0 KOHEYHOM aBTOMAaTe. YacTo IpU OMMCAHUU TeX WIN
MHBIX MIPOIIECCOB He HYKHO CJIeAUTDb 3a TEM, KAKOBO COCTOSIHIUE IIpollecca
B Ka)XZIbIii MOMEHT BpEMEHH, a JOCTATOYHO 3HATh JIUIIh, KAKOBO 3TO COCTO-
sIHUe B OT/e/bHbIe MOMEHTHI. Bojlee TOYHO: MeeM IIpe/iCTaBIeHHe O TIPO-
1ecce, C/M 3HaeM, KAKOB OH B MOMEHTHI o, t1, ty, ..., t), ... . UTO Mponcxoaut
B IIPOMEXKYTKAX MEXY STUMH y3J0BBIMU MOMEHTaMMU, HAC He NHTEPECYET,
Y TIOOTOMY STH IIPOMEKYTKH MCKII0YaeM U3 paccMoTpenus. Hampumep, rpu
II0JIb30BAaHUM aBTOMATOM C ra3MpPOBAHHOM BOAOH JOCTATOYHO GUKCHPOBATh
TOJIbKO T€ MOMEHTHI BpeMeHH, B KOTOPhIE OITyCKAeTCsI MOHETKA, HaUMHAIOT
JINTbCS CHUPOII U BOZIa, HATIOJNHSAETCS CTaKaH, yOMpaeTcs CTaKaH, CTaBUTCS
HOBBII CTaKaH, 6pocaeTcss MOHETKA U T. /. YTO MPOUCXOAUT BHYTPHU YCTPOT-
CTBa MeX/Jy STUMU MOMEHTaMH, Hac MaJio UHTepecyeT. /J[a U U3 Imepedwuc-
JIEHHBIX MOMEHTOB MOXXHO 6e3 0co60ro0 yIiepba HUCKIIYUTD, HallpuMep,
MOMEHTHI, KOT/Ia HAYMHAIOT JIUTHCSA BOZIAa U CUPOIL.

lITak, 4aCTO BMECTO HEMPEePBhIBHOM OCH BpeMEeHH J0CTaTOYHO paccMa-
TpHUBaTh OECKOHEUHbIH HabOP AUCKPETHHIX MOMEHTOB BpeMeH!

Ls t15 Lgy wves Lpy o s

B TakoM cirydae roBOPAT, YTO pacCMaTPUBAETCS OUCKPemHOe 8pemsl WIN
YTO 8pems NPOKBAHMOBAHO.

[Tpu 3TOM BpeMeHHAsA OCh MOXKeT ObITh pa3buTa Ha OAMHAKOBBIE IIPOMe-
’KYTKHM WM Ha HEOJWHAKOBhIe. DTO He BayKHO. MBI BOOOIIle MOXKeM 3a0bITh
00 3TUX MPOMEXYTKaX U OT MOMEHTOB BPeMeHH t, ty, ..., tp, ... OCTABUTD
TOJIbKO UX HoMmepa 0, 1, 2, .., p, ... ¥ Ha3bIBaTh UX MAKMamu.

[TpeArosoXKUM Telepb, YTO UMeeM HeKOe YCTPOHCTBO, paboTarliee
B ZIMCKPETHOM BPEMEHHU U CITOCOOHOE MPUHKMATh U BhIZIaBaTh KaKHe-TO CUT-
Hasel. KaHasbl, MO KOTOPBIM CUTHAJBI IPUHUMAKOTCA U BBIJAIOTCA, OyaeM
Ha3bIBaTh COOTBETCTBEHHO 8X00aMU U 8bIX00AMLU.

[TycTb yCTPOMCTBO UMEET N BXO/IOB M1 M BBIXO/I0B. byzieM nzobpakaThb ero

MIPSAMOYTOJBHUKOM, a BXOZbI U BBIXOJbI — cTpenkamu (puc. 5.4). [Ipeamoo-
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»KAM, YTO Ha KaK/JbIi BXoZ nozgaetca curHaa O miu 1 u Ha KaXXoM BbIXOZe
TOXKe MOXXeT MosaBaATbcs 0 win 1. Takum 06pa3oM, B KaXK/JbIH p-M TaKT
B YCTPOMCTBO BXOAUT CJIOBO X, ANUHOM n, obpazoBaHHOe U3 andpaButa
{0, 1}, 1 BBIXOAUT C/I0BO Y, ANUHOMN M, 06pa30BaHHOE U3 TOTO JKe andaBuTa.
BxozHOe c10BO MBI 6yZ1eM TPaKTOBATh KaK 8HewHee go30elicmaue, a BHIXOJ-
HOe — KaK peakyuro ycmpoiicmea Ha 3TO BO3ZeliCTBHE.

1 2 ..

mo ||| l

BBIXOZIBL l l l l

1 2... m

Puc. 5.4

BbIxo/iHOE CJIOBO ellle Ha3bIBAIOT COCMOsIHUEM YCmpolicmeda B p-ii MOMEHT.
[TycTh B HauaJIbHBIM MOMEHT 3aZJaHO HEKOTOPOe BXOZHOe U HEKOTOpOe
BBIXOZIHOE CJIOBO: X, U Y|,. Kak 06pa3yroTcs BBIXOZHBIE CJIOBA B ITOCIIEAYIOLITHE
MOMEeHTHI? Ecii MBI 3TO ompeZieiuM, TO 3TUM CaMbIM OIIpeJle/IUM XapaKTep
ZIeHiCTBYA HAIllero yCTPOUCTBA, WU, KaK TOBOPAT, OIIPEZIe/IIM ero nogedeHue.
MO’KHO TIPEATIONOKUTD, YTO YCTPOUCTBO paboOTaeT TaKUM 0Opa3oM, UTO
B (p + 1)-U TakT U3 yCTPOMCTBA BBIXOAUT CJIOBO, BUJ, KOTOPOT'O MOJHOCTHIO
OIpeJiesifieTcs BUAOM cioBa X, ;. VIHbIMU cIoBaMy, Y, | ; eCTb byHKIMA OT Xyt

Yp+1:F(Xp+1). (5.11)

TakuM o06pa3om, yCTPONCTBO MI'HOBEHHO pearupyeT Ha BHeEITHee BO3-
JIefiICTBHE.

MOXHO pacCMOTPeTh TaKKe yCTPONCTBA, KOTOPbIe pearupyroT € 3aJepK-
KOM Ha OfiMH TakT. Popmysia AeUCTBUA TaKUX YCTPOMUCTB UMeeT BUJ

Y,,1=FCX,). (5.12)

Mo:XHO paccMOTpeThb 1 6oJiee CJIOKHYIO 3aBUCHMOCTh, KOT/Ia CJIOBO, BBIXO-
asmiee B (p + 1)-11 MOMEHT, 3aBUCUT He TOJIBKO OT BXOZIHOT'O, HO M OT BBIXO/I-
HOT'O CJI0Ba, COOTBETCTBYIOIIET0 p-My MOMEHTY:

Y, =F(X, ,). (5.13)

MookeT OBITh U TaK, YTO CJIOBO Y, ;1 3aBUCHUT OT CJIOB, BBILIE/IINX B p-H,
(p-D-tur a., (p—k)-i1 MOMEHTHI:

Yp+1 = F(Xp3 Yp: Yp_la seey Yp—k)‘ (514)

OTO 3HAUUT, YTO COCTOSAHUE ycTporcTBa B (p + 1)-ii MOMEHT 3aBUCUT
He TOJIbKO OT BHEIIHEro CUrHaja, MoZJaHHOTo B p- MOMEHT, HO U OT TeX
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COCTOSIHUHM, B KOTOPBIX HAXOAUJIOCh YCTPONCTBO B MpeABIAYIIe HECKOTBKO
MOMEHTOB.

B 4acTHOCTH, MOXXHO TIPeCTaBUTh cebe YCTPOUCTBO, COCTOSHUE KOTO-
pOTO He 3aBUCHUT OT BHEUTHUX BO3ZENCTBUIN U ONpeZesaeTcs JUIIb COCTOS-
HUSIMU CaMOTI'0 YCTPONCTBA B MpeAbIAyIIiE MOMEHTHI:

Yp+1 = F(Yp, Yp—l’ ceey Yp_k). (5.15)

BBIXOZBI TAKOT'O YCTPOMCTBA OHOBPEMEHHO SBJISIOTCA M €0 BXOJaMHU.
['OBOPAT, YTO «BBIXOZBI 3aMBIKAIOTCS HA BXOBI».

BceB0O3MOXKHBIE YCTPONCTBA MOJOOHOTO poZia OTHOCATCS K TaK Ha3bIBae-
MBIM KOHEUHbIM A8MOMAMAMm.

PaccMoTpuM 4yTh MoApoOHEee MIPOCTEUITNY KOHEUHBIM aBTOMAT, UMeI0-
AN n BXOZOB U TOJbKO OAWH BbIXoA (puc. 5.5). PaboTy Takoro aBromara
yI0OHO omuchIiBaTh QYHKIIMEN n + 1 JIOrUYecKux IepeMeHHbIX. B oTiu-
yre oT YHKIUN, KOTOpble paccMaTpuUBaIvch B maparpade 5.1, kaxgas
13 JIOTUYECKUX IIEPEMEHHBIX B JAHHOM CJIydae 3aBUCUT OT BpeMeHU, TOUHee
roBOpsi, OT HOMepa TakTa. B camMoMm Jiesie, ecii aBTOMar paboTaeT, HalpH-
Mep, 1o dopmyse (5.13) (m = 1), To MOXKeM HaIUcaThb, YTO

vy + D =f0;0), x,(p), ..., x,(p), y(P)), (5.16)
rie f — OYHKIUA JOTUYeCKUX ITePeMeHHBIX X1, X, ..., X, Y.

1 2 ..

mows ||| l

Brixog, l

Puc. 5.5

TakuM 06pas3oMm, KaKAOMY TaKTy P CTAaBUTCS B COOTBETCTBUE BXOIHOE
CJIOBO JJIUHOM n: x;(p), X,(p), ..., X,,(p) 1 ofHOOYKBEHHOE BBIXOZHOE CJIOBO
y(p), obpazoBanHbIe u3 andasuta {0, 1}, a aBTomar paboTaeT Tak, YTO CJIOBY

x1(0), x,(p), ..., x,(p), y(p)

B (p + 1)-i1 MmomeHT o dpopmyse (5.16) craBuTca B cooTBeTcTBHE 100 0,
7160 1 B 3aBUCUMOCTH OT XapakTepa GpyHKITUH f, T. €. OT TIOBeJIeHH aBTOMaTa.

Eciu aBTOoMar pabotaet no popmyite (5.15), rae k=0 (m = 1), To MoxkeM
HaIucaTh:

yp + 1D =fP@)),

rae f — QYHKIIUA OAHOM JIOTUYeCcKOol IepeMeHHOM. B yacTHOCTH, f MOXKeT
OBITh, HATIpUMeD, oTpunianueM. Torga y(p+1) = y(p).
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Jlob6aBuB cioZia HavaIbHOE ycaoBue, Hanpumep y(0) = 0, moaydum aBTO-
MaT, paboTa KOTOPOTO CBOAUTCA K TOMY, 4TO B (p + 1)-i1 TakT OH BblaeT 1,
eCJIN B TIPEABIAYIINH TaKT BbiZiaa 0, 1 HA0OOPOT.

ABTOMATHI C OZHUM WINA HECKOJBbKHMMMU BBIXOJAMHU MOXXKHO COEJUHATH
B CXE€MBbI, yCTpauBas TaK, 4YTO BBIXOZAbl OZHOT'O aBTOMAaTa 3aMBbIKAIOTCH
Ha BXOJBI JPyrUX. B 4acTHOCTH, HEKOTOPHBIE BBIXO/bI JAHHOI'O aBTOMAaTa
MOTYT 3aMBIKaTbCA Ha BXOJbI 3TOT'O K€ aBToMaTa. Takue CXeMbl, COCTO-
1ve U3 60JBIIOro YMcia aBTOMATOB, MOTYT OCYIIIECTBJIATH CAMble CJIOKHbIE
JloTU4YecKue mpeobpa3oBaHUA.

He Hy:XHO AyMaTh, YTO KaXKAbIN pas, KOIrZja IPOU3HOCHM CJIOBO «aBTOMAT»,
“MeeM B BU/y KaKHe-TO peaJbHble MeXaHWYeCKHe YCTPOUCTBA, CZelaHHbIe
13 MeTajUla, Ha JIEHTaX WIX 3KpaHaxX KOTOPBIX MeabKatoT uncia 0 win 1. Takue
pUOOPBI MOT'YT OBITH IOCTPOEHBI, HO 1 B 3TOM CJIy4ae CyTh OyZleT He B caMUX
3TUX MPUOOPAX, a B TEX PEATHHBIX MPOIECCAX Y CUTYAIUAX, KOTOPbIE MOXKHO
C TIOMOIIBIO 3TUX NMPHUOOPOB MOAEIUPOBATh. A I 3TOU 1[I YaCTO COBCEM
Heobs13aTeIbHO CTPOUTH CJIOKHBIE U JOPOTOCTOAIIME MexaHu3Mbl. JlocTa-
TOYHO YMO3PUTEIbHO, MaTeMaTU4eCKUMU CPeZCTBAMU UCCIeJ0BATh COOTBET-
ctBytoire GyHkimu Buzaa (5.11)—(5.16) wiv ux cymneprno3ulum.

Yro xe KacaeTcs 3TUX GYHKIIMOHAIbHBIX 3aBUCHMOCTEN, TO OHU OXBaThI-
BAIOT KOJIOCCAIBHOE MHOXKECTBO CIOXKHEHMIIINX U PAa3HOOOPA3HEMNIIINX TIPOIiec-
coB. B camoM zieste, ¢110BO X)), 3a/iatoliiee BHEIIHIE BO3AEHCTBIA, COOTBETCTBYET
Ha0Opy 3HAYEHUU N JIOTUYECKUX TTePEMEHHBIX, KaK0€e M3 KOTOPHIX B CBOIO
odepeZib COOTBETCTBYET TOMY VI MHOMY BBICKa3bIBaHMUIO. B KayecTBe Takux
BBICKA3bIBAHUN MOTYT ObITh, HaIIpUMep, BbICKA3bIBAHUSA TUIIA «IIellb 3aM-
KHYTa», «3JIEKTPO/Jbl BBEZIEHBI», «COIIPOTHUBIEHUE BKIIOYEHO», «KaTaanu3aTop
n00aByieH», «MeTabOoMUT MIPUCYTCTBYET», «pepMeHT BBIZETUICS» U T. [. AHAJIO-
TMYHbIE BHICKA3bIBAHUS MOTYT OBITh OTPQKEHBI U BBIXOAHBIM cJIoBoM. OTCIozIa
FICHO, 4TO C IIOMOIIBIO TOW YMO3PUTEIbHOU KOHCTPYKIIMU, KOTOPYIO Ha3Baiu
KOHEYHBIM aBTOMAaTOM, MOTYT OBITh OIMCAHbBI 1 U3y4eHbI caMble pa3HOoOpas-
Hble U3NIECKUEe, TEXHUIECKUE, OMOIOTMYeCKre TIPOIECCHI U SIBJIEHUS.

Jlo cvx Top BXOZHOE M BBIXOZIHOE CJIOBA B HAIIIMX aBTOMaTaX 0Opa30OBHI-
BaJIMCh U3 OHOTO U ToTO e andasuta {0, 1}. 3To coBceM He 0bsA3aTETHHO.
AndaBUT MOXKeT OBITh ITPOU3BOJBHBIM MHOXECTBOM. bosiee TOTO, Ha BXOZE
¥ Ha BBIXOJle MOTYT OBbITh CJI0BAa U3 Pa3HbIX andaBUTOB. J[1i onmHcaHUA
paboTHI TAKMX aBTOMATOB 3HAKOMas HaM JIBOMYHAs JIOTUKA Y)Ke He TOX0-
JIUT, U IPUXOUTCA TI0JIb30BaThCA k-3HAYHOM JIOTUKOM, ITlepeMeHHbIe B KOTO-
poil MOryT IpMHUMATh He /iBa, a k 3HaYeHUM.

3. ®opmasbHBIA HEHPOH. B KauecTBe prMepa 3jieMeHTapHOTO aBToMaTa
pPacCMOTPUM (POPMANbHbLIL HelipoH. Vicxoasa u3 GU3N0NIOrndecKuX AaHHBIX,
HeUpoH rpy6o, cXeMaTUYHO MOKHO IIPE/ICTaBUTh cebe ciieyroImuM 06pa3oMm.

HelipoH — 3TO HEKOe yCTPOUCTBO, paboTarollee B AUCKPETHOM BpEMEHH,
“Melolllee n BXOZAOB, Yepe3 KOTOpble BOCIIPUHUMAIOTCA CUTHAJBI, U OAVH
BBIXO/], Yepe3 KOTOPBIM CUTHAJ BBIJAIOTCA.

Kaxzpli1 13 BXOZOB U BBIXOZ MOTYT NIPUHUMATh TOJbKO OZHO U3 ABYX
COCTOAHUU: BO306ykeHHOe (eMy OyzeM MpUMIMCHIBATh 1) U HeBO30OyKAeH-
Hoe (emy cooTBeTcTByeT 0).
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OT KaXZoro BXo/Zia UAYT BoJoKHA. [Ipu Bo3OY:XAeHUM BXoJa BO30yKAa-
IOTCA M UAYIIYE OT HETro BOJOKHA. BoyoKHA OBIBAIOT TPEX THUIIOB: a) 803-
Oyancoarowjue, Tak Ha3bIBAIOTCA BOJIOKHA, KOTOPBblE B aKTUBUPOBAHHOM
COCTOSSHUY BBOJAT B meJio HelpoHa eVHUIY Bo30OyxaeHus (+1); 6) mop-
Mo35auue, TaKue BOJIOKHA B aKTUBUPOBAHHOM COCTOSIHUYM BBOZAT B TEJIO
HelipOHa TOPMO3AIIYI0 eNHUIly (OTpULlaTeIbHYI0 eJUHUILY TOPMOXKEeHUH,
T. e. —1); B) 3anpewarouiee. B oTanune oT NpeAbIAYLIINX JIBYX TUIIOB BOJIO-
KOH, OKaHYMBAIOLIUXCA Ha Tejle HeMPOHa, 3alpeliaplye BOJIOKHA OKaHYU-
BaIOTCA Ha BO30YXAAIOUINX WIM TOPMO3AIINX BOJOKHAaX. B akTMBUpOBaH-
HOM COCTOSIHMHU 3allpeljarollre BOJOKHA MPeAoTBPalllaloT IPOXOXKAeHNe
CUTHaJIa II0 TOMY BOJIOKHY, HA KOTOPOM OHU OKaHYMBAIOTCA.

CurHasabl MOTYT IPOXOAUTh TOJABKO B OZHOM HallpaBJeHUU: OT BXO/a
K BbIxoZy. [Ipu mepexoze curHajaoB depe3 cuHanc (MecTo, IZie BOJOKHO
COIIPUKACAETCA C TeJIOM) IIPOUCXOAUT 3aZiep>KKa Ha OJWH TaKT (CMHAITU4e-
cKas 3a/iep>KKa).

B Ka)K/Ip1if MOMEHT BpeMeHHU p paboTy HelipOHa XapaKTepU3yeT TaK:Ke BeJTH-
YrHa nopoza wyscmeumensHocmu 0(p). B 3aBUCMMOCTH OT BHEIIHUX yCJIOBUI
3Ta BeJINYMHA MOKeT IPUHUMATh OZHO U3 k 11eJI0OYMC/IeHHbIX 3Ha4eHuH 0, 0,,
..., 0. Bo36y:xjeHre HelipoHa, T. e. BO30y»X/ZleHHe BbIX0Zla B MOMEHT p + 1,
IIPOUCXOZIUT TOJIBKO TOT/IA, KOTZIA PA3HOCTh MKy YUCIOM eIMHUI] BO30yxle-
HUS U YUCJIOM €JMHUI] TOPMOKeHUs, TIepelaHHbIX TeTy HelipoHa B p-U TakT,
He MeHblIle 3Ha4eHUA ITopora yyBcTBuTeapHOCTH O(p + 1) B (p + 1)-11 TakT.

OmnucaHHYI0 KOHCTPYKLIMIO HAa3bIBalOT GOpPMasbHBIM HEMPOHOM, YTOOBI
MOJYePKHYTh, YTO 3TO JIMIIb MO/IeJIb peaJlbHOro GU3NOIOTUYECKOro HelipoHa.
dopmabHBIN HEHPOH M300pakaloT B BU/E TPEYTONbHUKA (3TO TEIO HEMPOHA),
oOpaleHHOTo BepIIMHOM BHU3 (puc. 5.6). Ha BEpXHIOIO CTOPOHY TPEYTOJIbHUKA
OITyCKAIOTCA JIMHUU, UAYIITME OT BXOAOB. DTU JIMHUU COOTBETCTBYIOT BOJIOKHAM.
Ecnu BoJIOKHO BO30y:kZarolllee, TO COOTBETCTBYIOIIAA JIUHUA OKaHYUBAETCSA
CTPEJIKOW; €C/IN XK€ BOJIOKHO TOPMO3dlllee, TO JIMHUA OKaHYMBAETCS IeTeslb-
KOI; 3ampeniaroliye BoJJOKHA OKaHIMBAIOTCA TIETebKOM Ha BO30YKJAIOIINX
VIV TOPMO3AILIMX BOJOKHAX. VI3 HIKHElN BepUINHBI TPEYTOJbHUKA BBIXOAUT
OZIHa CTpeJKa, obo3Havaromas Beixo . Ecmm HelipoH Bo30YK/IeH, TO Ha BBIXOZIE
cTaBUTCA eZHUIA. HeBo36yKZIeHHOMY COCTOSTHUIO HEelipOHA Ha BBIXO/IE COOT-
BETCTBYET HyJb. PSI0M ¢ M300paykeHreM HelpoHa IMUIIYT B BO3PACTAIOIIEM
MopsiZike HabOp 3HAYeHM TIopora YyBCTBUTEIBHOCTH I I]AHHOTO HEHPOHA.

B
A C
61 = 2
62 =
63 =
Puc. 5.6
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V13 aTOrO OmMcaHus SCHO, YTO HEHMPOH paboTaeT KaKk KOHEUHbI aBTOMAT
C OIHUM BBIXOZIOM U 1 + k BxoziaMu. B camom fiesie, skejas peICTaBUTh Hell-
POH KaK KOHEYHBIH aBTOMAT, 00aBUM K n «peajbHBIM» BX0JaM, OT KOTO-
PBIX UAYT BOJIOKHA, elne k «MHGOPMAaIlMOHHBIX» BXOIOB, HECYIITUX CBEJEeHU
0 TIOpOTax YyBCTBUTEIbHOCTU. VIMeHHO, OyZieM CUUTATh, YTO Ha i-M HHMOPMa-
IIMOHHOM BXO7le CTOUT 1, ecii MOpor YyBCTBUTEIbHOCTH HEMPOHA B JaHHBIN
MOMeHT paBeH 0;. Eciu Teneps 0603HaUUTH X;(p) BbICKAa3bIBaHUE «B MOMEHT
p BO30y:X/leH i-11 peanbHbIl Bxoz» (i =1, 2, ..., n), z;(p + 1) — BbICKa3bIBa-
HUE «IIOPOT YyBCTBUTEJBHOCTH B (p + 1)-11 MOMeHT paBeH 0 (i=1, 2, ...,
k), Hakonern, y(p + 1) — BbIcka3eiBaHue «B (p + 1)-fi MOMEHT BO30YK/eH
BBIXO/I», TO paboTa HelipoHa OyZieT ONMUCHIBAaThCS QYHKITMEN

Yy + 1) =f0;(p), x,(P), ..., x,(p), z:(p + 1), ..., z(p + D). (5.17)

3ameTtuM, uTo ¢yHKHIuUs (5.17) ompezaeneHa yacTU4HO. B camowm zerne,
TaK KakK B JI0OOM MOMEHT BeJIWYMHA ITOpOra MOXKeT ObITh paBHA OJHOMY
Y TOJIbKO OZIHOMY 13 3HaueHui 0, To dynkuus (5.17) He omnpezeseHa B TeX
BepIINHAX, IZie Be Wiu Oojee epeMeHHbIX Z; paBHbI eIUHUIlE WU BCe
Z; paBHBI Hy/0. MOXHO 3aZaTh 3Ty QyHKUINIO C IOMOIIBIO TOT'O WIN MHOTO
aHAJUTUYECKOTO BHIpAXKEHU, OIIpe/leJIEHHOTO Ha BCEM MHOXKECTBE BEPIINH
(n + k)-mepHoro Ky6a. Ho uHTepeCHBI TTO-TIPEKHEMY JIUIIb T€ BEPIINHBI,
I/ie OZIHO U3 Z; PaBHO eVHUIIe, a OCTaJbHble — HYJIIO.

MoO’KHO TIpeACTaBUTh U APYTHe MOZENU, YUUTHIBAIOIIe, B YaCTHOCTH,
COCTOSTHUE BBIXOZIa B MPEABIAYIINY MOMeHT. Torzga

Yy + 1) =fx1(p), x,(p), ..., x,(p), 2:(p + 1), ..., 5. (p + D, y(p)).

XapakTep GYHKIIUM f omipefiessieTcss TUTIOM BOJIOKOH Y UX YKCJIOM Y JaH-
Horo HeiipoHa. Hanmpumep, ImycTb HEIpOH MMeET /iBa BXo/ia ¢ BO30Oy:kAato-
IIMMU BOJIOKHAMU U /iBa 3HAUYE€HUA I Iopora 4yBCTBUTEIbHOCTH 6, = 1,

0, =2 (puc. 5.7).
AI I B

61:1

Puc. 5.7

Haiizem ¢yukiuto f. OueBUAHO, 4TO B (p + 1)-11 MOMEHT HEUPOH OyzeT
BO30YK/IeH B CIEAYIOIINX CIydasiX:

1) B (p + 1)-it MOMeHT Iopor paBeH 0; U B p-iI MOMEHT BO30YX/IeH BXOZ
A unu Bxoj, B winu oba Bxoga. Kparko:

z21(p + D A xy(p) vxy,(p)1;
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2) B (p + 1)-ii MOMeHT HOpor paBeH 0, U B p-iI MOMEHT BO30YK/I€HBbI
U BXoZ A, u Bxoz B. Kpatko:

Zo(p + 1) Ax;(p) Axy(p).

TakuMm o6pasom, dyHKIUA y(p + 1) ecTb AM3BIOHKIMA 3TUX JBYX BO3-
MOXXHOCTEH:

yp+D=1[z,p +D ALy vxy;(p)] v [x;(p) Axy(p) Azo(p + D]

YnpaxHeHus

1. ITokaxuTe, uTo OyneBa ¢yHkuuA f(x;, X,) = Xy —>X; UMeeT
Ty e TabINIly UCTUHHOCTH, YTO U UMILUTHUKAIUA X; — Xy

2. CocTaBbTe TabJUIIBI ICTUHHOCTU OyeBbIX QYHKIIMI:

a) fxy, x5) = (X1 AXp) = Xp;

6) flxy, x5) = (3] AXy) > Xg;

B) f(x1, X5) = (X1 = X3) A X;

r) fxy, X5) = X1 vV Xy

3. IIpoBepbTe, He COCTABJIASA TAOIUI] UICTUHHOCTH, SBJISIIOTCS JIU CIIEAYTO-
myie OysneBbl GYHKIIMY ITOCTOSTHHBIMU:

a) XAX;
6) X ~X;
B) X ~ X;

) (xvx)~ (xAx).
[Bce yeThipe GYHKIMU SBISIOTCA TOX/IECTBEHHBIMU €IMHUIIAMU

4. Jloka)KuTe TOXK/JeCTBa:
a)(x—>x)>x=x;
6) (x; Vv xy) A(X] Vv Xy) =Xy
B) X] = X9 =X A Xy}
T) X; AXy=Xq V Xs.
5. Yrpoctute GbopMyiibl A 6yeBbIX GYHKITUN U3 3aZlaHusg 2.
[a) Xx; = Xy; 6) X; — Xp; B) X; L X035 T) X A X

6. Yrpoctute GOPMYJIBI:
a) O AXy) = Xxg;
6) (x1 /\X2)\/[(X1 /\)_Cz)\/(.)_cl /\XZ)]‘
[a) 1; 6) x; Vv X,]

7. Cpeau cieAylolux IpeIoKeHUU BblIe/IUTe BBICKAa3bIBAaHUA U YCTAHO-
BUTE, UCTUHHBI OHU WU JIOKHBI:

1) MockBa — cTtosuiia Poccuu;

2) A. C. [lymkyuH — BEeJIMKUU PYCCKUU IT03T;

3) Bosra Bnazaetr B YepHoe mMope;

4) cTyAeHT OuoJornyecKoro gakyiabTeTa MeAarorudeckoro YyHUBEPCH-
TETA;
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5) 25 < 10;
6) x2 — 5x + 6;
7) meiiTe BUHOT'PAAHBbIN COK!;
8) KoTOphIU Hac?
[BrickaswiBaHuA 1), 2) — MCTUHHBIE, 3), 5) — JIOXKHBIE.
[Tpeamnonoxenus 4), 6)—8) He ABIAIOTCA BbICKa3bIBAHUAMM |

8. Cpeau cieAyrolnX BbICKA3bIBAHUN YKa)KWUTE MPOCThIE U COCTABHBIE.
B cocTaBHBIX BbICKa3bIBaHUAX BHIENINTE I'PaMMaTUUYECKHE CBA3KU:
1) uucio 36 He AenuTCSa Ha 7;
2) gucio 18 genurcs Ha 6 1 Ha 3;
3) ecsiu yncno 162 genuresa Ha 9, TO OHO JeauTcd Ha 3;
4) yncyio 7 ABASAETCA AeIUTeNIeM uyrcaa 63;
5) 4 moiiAy B TeaTp WU BCTpeuy ApyTa;
6) 3ema BpaiaeTcs BOKpyr CosHIIa.
[BeickasbiBaHuA 4) U 6) — TpocThie, a 1)—3) U 5) — cOoCTaBHBIE.
B BbIcKa3bpiBaHUAX 1)—3), 5) rpaMmmaTHUYecKre CBA3KU
COOTBETCTBEHHO «HE», «U», «€CJIH..., TO», «HJIH» ]

9. CoopmynupyliTe oTpUllaHUe CIeAYIOIMNX BhICKa3bIBaHUU:
1) gucio 35 He geaUTCS HA YUCIO 7
2) 6 > 3;
3)4<7;
4) KUCJI0pOoJ — ras.
[1) uncio 35 genuTcsa Ha 4UCIO 7;
2) 6 <3; 3) 4 >7; 4) xkuciaopog — He ras]

10. O603HaYbTE MPOCThIE BHICKA3bIBAHUA OYKBAMU U 3AITHIITUTE CIEAYIO-
1Y€ BBICKA3bIBAHUSA C IIOMOIIBIO CHMBOJIOB alreOpshl IOTUKU:
1) cerogHs noHeAeNbHUK WU BTOPHUK;
2) UzeT J0X/Ib WIN CHET;
3) eciu UZET AOXAb, TO KPHIIIIA MOKpBIE.
[x — «cerofiHA MOHEeAETbHUK»; ¥ — «CETOJHA BTOPHUK»;
Z — «MJeT JAOXKAb», V — «UZET CHEer»; W — «KPBIIIU MOKPBIE»;
DxVy;2)zvvy;3)z— w]

11. ITycTh X 1 y 0603HAYAIOT BBICKA3bBIBAHUA: X — «SI YIYCh B IITKOJIE»;

Y — «s1 JII00Jt0 6MOTOTHI0». [IpOUTHUTE CIefyroIIyie COCTaBHbIE BHICKA3hIBaA-

HUSA: L
[DX;2)X3)XxAY; D XAY;5)XAY; 6)XAY; 7)XAY.

[1) s He y4ych B LIKOJIE; 2) HEBEPHO, YTO S HE YUyCh B IIIKOJIE,;

3) s ydych B IIKOJIE U JIIOOJII0 OHOJIOTHIO;

4) 51 y49ych B IITKOJIE U HE JITOOII0 OMOJIOTHIO;

5) 51 He y4ych B IITKOJIe U JIFOOJI0 OUOJIOTHIO;

6) 51 He y4yCh B IIIKOJIE U HE JIFOOJII0 GHMOJIOTHIO;

7) HEBEPHO, UTO {1 YUyCh B IITKOJIE U JIFOOJII0 OMOJIOTHIO]
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12. Kakue 13 cieayronyx BEICKa3bIBAHUW UCTUHHBI:
1)ecm3-3=9,T03 <8;
2)ecmn3-3=9,T703 > 8;
3)ecmn3-3=5 103 < 8;
4)ecn3-3=5,T03 > 8.
[BrickaspiBaHuA 1), 3) 1 4) — MCTUHHBIE, a BBICKa3bIBaHMUeE 2) JIOKHO ]

13. [IycTp x — BBICKa3bIBaHME «CTyAeHT [leTpoB mM3y4aeT HeMelKUU
A3BIK»; ¥ — BBICKa3blBaHUE «CTyAeHT [leTpoB yclieBaeT Mo AWUCKPETHOU
MaTeMaTuke». JlaiiTe cioBecHy0 GOPMYIMPOBKY BBICKA3bIBaHUM: 1) X A Y;
2)x—>y;3) y~X.

[1) ctyzenT IleTpoB He u3yyaeT HEMELKUU A3bIK

Y yCIIeBaeT MO AVMCKPETHON MaTeMaTUKe; 2) eCJIN CTYJeHT
[leTpoB M3y4aeT HeMeLKUU fA3BbIK, TO OH yCIIeBaeT

10 IMCKPETHOU MaTteMaTrke; 3) cTyZeHT [leTpoB

He ycIeBaeT 10 IUCKPeTHON MaTeMaThKe TOorza

Y TOJIBKO TOT/]a, KOTZa OH He U3y4aeT HEMELKUM A3BIK]

14. CocTtaBbTe TabJUIY UICTUHHOCTH /JIST BBICKA3bIBAHUSA X V Y.

x X Yy Xvy
0 1 0 1
[ 1 0 0 0 ]
0 1 1 1
1 0 1 1
CocTaBbTe TabIUIBI UICTUHHOCTH 1 QYHKIUIA.
15. fO,y) =xVvYy.
x Yy x y xXvy
0 0 1 1 1
[ 1 0 0 1 1 ]
0 1 1 0 1
1 1 0 0 0
16. fO, ) =(xAy)>(xVvy).
X y X y XAy xvy |[(xAy)>(xxvy)
0 0 1 1 0 1 1
[} 1 0 0 1 1 0 0 ]
0 1 1 0 0 1 1
1 1 0 0 0 1 1
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17. f(x, v, 2) =(x AYy) V.

x y Z y XAY (xAy)vz
0 0 0 1 0 0
1 0 0 1 1 1
0 1 0 0 0 0
[ o | o | 1 1 0 1 ]
1 1 0 0 0 0
1 0 1 1 1 1
0 1 1 0 0 1
1 1 1 0 0 1

18. lokaxxute ToxkzAecTBa: a) (XAX)VY=Y;0) X >y=XAY.
19. Ympoctute popmyny (xvy > XV Y)AY.
[(xvy—->Xxvy)Ay=Yyl



InaBa 6
PASHOCTHbBIE YPABHEHUA

6.1. lloHATHE 0 Pa3HOCTHOM YpaBHEHUN

B HacToA1Iell IMIaBe pacCMOTPUM HEKOTOPble MaTeMaTU4yecKue OHATHS,
C TIOMOIIIBI0 KOTOPBIX MOXKHO OTIUCATh JUHAMUKY OUOJIOTUYECKUX CUCTEM.
Kak nsmeHsieTcs ogHa 6uosorudyeckas mepeMeHHas B pe3y/ibTaTe U3MeHe-
HUM Apyroii? MoryT 6bITh MHTEePEeCHB N3MEeHEHUs BO BpeMeHU, KOTOPhIe
IIPOUCXOJAT C YMCAEHHOCTBIO MOMYIANMN KOHKPETHOTO BHUZA B OIpeze-
JIeHHOU cpefie. buosioruyeckas nepeMeHHas MOXeT ObITh QYHKIIUEN TaKUX
nepeMeHHBIX, KaK TeEMIIepaTypa, BAQKHOCTh WK obwine nuny. K mozo6-
HBIM 33/ladyaM [IPMMEHUMBI MaTeMaTU4eCKue MeTO/bl, pacCMaTpuBaeMble
B 3TOH m1aBe. Paziu onpesieIeHHOCTH OMOJIOTUYeCKON IlepeMeHHOM B 60JIb-
IIMHCTBE c/lyyaeB OyZeT CIyKUTh YMCIEHHOCTh HEKOTOPOT'O BH/Ia B JaHHOU
cpesie Kak QYHKI[UA BpeMeHU.

MO:KHO IOCTPOUTH KaK JUCKPETHBIE, TaK U HellPepbIBHbIE MOJeIN IIPO-
IIeCCOB, 3aBUCAIIUX OT BpeMeHU. B AUCKpeTHOU MOZenn BpeMsA Mpe/CcTaB-
Jis7eT cOOOU AMCKPETHYIO TIEPEMEHHYI0 Y HaOJTIO/IEHUS BBITTOTHAIOTCS JIUIIIh
yepes omnpezieseHHble pUKCUPOBAHHBIE UHTepBasbl BpeMeHU. [lepenuch
MOMYJIAIIUN MOXET IIPOBOAUTHCSA, HAallpUMep, eXedacHo, eXerofHo Wiu
kaxzpble 10 sieT. B HempepeIBHOM Mo/iein BpeMs IIpeAicTaBisgeT coboii Herpe-
PBIBHYIO IIEPEMEHHYIO M YMCAeHHOCTD MOMYJIALNY CIUTAETCA HeIIPEePhIBHO
HM3MeHAIIeNnca BO BpeMeHU. B 3Toi r1aBe pacCMOTPUM MOHATHUA, OTHOCA-
Mecs K JUCKPETHBIM MO/EeISAM.

B AUCKpeTHBIX MOZeAX MOMyAAIMOHHOI'0 POCTa BeJIUYMHA X, OyZeT
0603HaYaTh YMCIEHHOCTD MOMYJIAINUMU K KOHIYy N-TO Mepuojia BpeMeHH.
[To OKOHUaHMU OZHOTO IIeproZia BpeMeH! YMCIeHHOCTb paBHA X;; 110 OKOH-
YaHWM JIBYX [IEPUOZIOB OHA paBHA X, U T. [. PazBuTHe NONyaAUN BO Bpe-
MEHU ONUCBHIBAETCA MTOCIEA0BATEIBHOCTBIO YUCEIT Xy, X1, Xy «-ey Xpy Xpyyqs «-v -

ITpumep 6.1. JlomycTyM, YTO MOMYJIAIMA pacTeT COmIacHO dopMyIe X, =
= 1000 + 500(1 — 2). Eciu n = 0, TO Ha4aJIbHaA YUCJIEHHOCTD X, = 1000 +
+ 500(1 - 29) = 1000. Ilpu n = 1 yncaeHHOCTD MOMyaAnMU X; = 1000 +
+ 500(1 — 2-1) = 1000 + 250 = 1250. [Tocye AByX BpeMeHHBIX UHTEPBAJIOB
YHCJIEHHOCTD paBHa X, = 1000 + 500(1 — 2-2) = 1375. Tak kak npu 60JbLIINX
n BeIUYMHA 2~ CTAHOBUTCS OYeHb MaJIOH, TO WwieH 1 — 2 npubimxaeTcs
K eIMHUIlE, KOTZ]a N Bo3pacTaeT. DTO 03HAYaeT, YTO C POCTOM N YUCJIEHHOCTh
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X,, IpUOJIMKaeTCA K npedeibHOMY, WIN pagHosecHoMy, 3HaueHHto 1500. [Tpu-
POCT TIOMY/IALMY 32 N-U Iepruos BpeMeHU BbIpa)kaeTCsl BeTMINHON

X, —X,_1 = [1000 + 500(1 - 2-7)] — [1000 + 500(1 —2-1)] =500 - 2.

JTa BeJIMYMHA C POCTOM n HpI/I6JII/I)KaeTCH K HYJIIO.

B npumepe 6.1 gaHa dopmysna A4 X, U IOITOMY YHUCIEHHOCTD MOIYJIA-
MU K KOHITYy Ka)KZIOTO TepUo/ia BpeMeHHU u3BecTHa. OfHAKO vaille ObIBaeT
M3BeCTHA JIMIIb HavyaJdbHas YUCIEHHOCTh U UMeeTcs HeKoTopasa nHdopma-
IIUA O CKOPOCTSAX pocTa IOMyJSAINY B pa3udHble TepUo/bl BpeMeHu. Torzaa
3a/la4a COCTOUT B TOM, YTOOBI, MCIIO/Ib3Ysl 3Ty HUHPOPMAIINIO, ONPEAETUTD
ABHYyI0 GopMysLy A4 X,. MoxkeM, HallpuMep, UMeThb OLIeHKY /Il IPUpOCTa
MOMYJIALIMU X, — X,,_; 3@ n-i nepuoA. JloctaToyHo U 3ToN MHOpMAaLUH,
YTOOBI OIIPEeZIeIUTD X,,? DTU UAeU IPUBOJAT K CJIeZyIolleMy OllpeZie/IeHUIO.

OnpepeneHmne. PasHoOCMHbIM ypasHeHUeM Ha3blBaeTCA ypaBHEHNe, KOTopoe
CBA3bIBaET Mexay COOOI 3HaUEHNA X, PU Pa3NYHbIX 3HAUYEHUAX NHAEKCA N.
Ecnn N, n N, npeactaBnaioT co6om HanbonbLUNN 1 HAVMEHbBLUUIA N3 UHAEK-
COB N, BCTPEYAIoLMXCA B 3aN1Cu ypaBHEHWSA, TO NOPAJOK Pa3HOCTHOO ypaB-
HeHunA ectb N, — N,

IMpumep 6.2. [TpuBeseM NpUMepHl PA3HOCTHBIX YPaBHEHUIA:

1) x, —x,_; = 2. 3gece N; =n, a N, =n — 1. TIopAAoOK ypaBHEeHUA paBeH
N;-Ny=n- (n-1) = 1. OTo pa3HOCTHOE ypaBHEHUE [IepBOI'0 MOPAAKA;

2) X,41 =2"x, + (x,_1)2 DTO ypaBHEHHE BTOPOIO NIOPAAKA, TaK Kak N, =
=n+1,No=n-1uN;-N,=2;

3) 2x,,9 + 3x,,, = sin(x,, ;) — ypaBHeHUe II€PBOro IIOPAJKA;

4) 2x,,9 + 3x,,1 + X, = 0 — ypaBHEeHHE BTOPOI'O MOPAAKA;

5) (x,,3)? + x, =5 — ypaBHeHUe TpeTbero Nnopsajxa.

ITpumep 6.3. [TomynAnuAa HaCeKOMBIX yBeINYNBAETCA TaKUM 00pas3oM,
YTO IIPHPOCT 3a n-1 Iepuoj, BpeMeH! BABoe 60JIbllle IPHUpOCTa 3a Ipeblay-
U Tepuoz BpeMeHu. TpebyeTcsa onrcaTh 3TOT IIpoliecC pocTa ¢ IIOMOIIbIO
Pa3sHOCTHOTO ypaBHeHUA. KakoB MOPAZIOK 3TOr0 ypaBHEHUA?

Onpezienum x,, KaK YMCI€HHOCTD IOMY/IALIMY [10C/Ie N IePUOZO0B BpEMEHMU.
[TpupocT 3a n-U Nepruoz BEIpaXKaeTCA BEIUYUHOM X, — X,,_;,  IpUpoOCT 3a (n —
— 1)-11 nepuoj — BEJIWUYNHOU X,_; — X,,_,. [10 ycyIoBUIO, X, — X, 1 = 2(X,_; —
— X,_5). DTO pa3HOCTHOE ypaBHEHHE BTOPOI'O MOPAJKA, KOTOPOE MO>KHO
3amnucaTth Takke B BUJE X, — 3X,_; + 2x, ,= 0.

IMTpumep 6.4. KpymnHEBIN poraThli CKOT BBIKAPMJIUBAETCA C LIEIbI0 MaKCU-
MU3UPOBATh KUBYIO Maccy K MOMeHTY ybos. [Ipu onpezieleHHBIX YCIOBUAX
Macca cpeHe KOPOBHI 32 KaXK/yI0 HeZleslto Bo3pacTaeT Ha 5 %. TpebyeTtcs
oIycaTh 3TO YBEIUYEHUE MACCHl C IIOMOIIbIO PA3HOCTHOI'O YpaBHEHUS.
KakoB nopAazok 3Toro ypaBHeHusA?

OmnpezenuM w, KaKk Maccy cpeZjHell KOpoBHI IocJie n HeZenb. [Tocien + 1
HeZlelb BeJIMYWHA W, yBeanyuBaeTca Ha 5 %. OTcrofa nosyyaeM ypaBHEHUE
w, 41 = LOSw,. ODTo pa3HOCTHOE ypaBHeHue [1epBOro MOpAZAKa.
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B ocraBmuxcs naparpadax 3Toi IaBbl OyAyT U3/I0KEHBI METOABI pellle-
HUA I HECKOJIBbKUX Ba)KHBIX THUIIOB PA3HOCTHBIX ypaBHeHUU. Eciu aHo
pPa3HOCTHOe ypaBHEHUe, TO MOKHO JIM HaWTU ABHYI0 GopMyIy i X,,? B ToM
ciydae, Korza Takasa ¢dopmysna OyZeT HalileHa, OHA Ha3bIBaeTCsA peuleHueM
Pa3HOCTHOTO YpaBHEHMUA.

6.2. JluneiiHble pa3HOCTHbIE YPaBHEHNA NepBOro NopaakKa

[TepBO€ 13 pa3HOCTHBIX ypaBHEHUM, KOTOPble pACCMOTPUM, MOXXHO TIpeJ-
CTaBUTb cebe KaK IMPOCTYI0 MOZeNb POCTa MOMYIANMUA. PacCMOTpUM TIOITy-
JIAMIO, PACTYIIYI0O TAKUM 0Opa3oM, YTO C YBeIWYEeHUEM ee YMCIEHHOCTHU
CKOPOCTBb pOCTa MOMYJIALMNU TOXKe yBeauuuBaeTcd. TouHee roBops, AOIIy-
CTUM, YTO CKOPOCTb POCTa MOMYJIALNHU B JIOOOH 1epuro/; BpeMeHH MPOIop-
I[MOHaJbHA pa3Mepy MOMyJAIMYA B Hayaje 3TOro Iepuoja.

YToOBI BBIPA3UTh 3TO AOMyIlleHUe B MaTeMaTudeckoi popme, 060-
3HAYMM uepe3 X, pa3Mep MOMNYJIANWMN B KOHIle N-ro Iepruoja BPeMeHHU.
Torza BenuuuHa X, ; — X,, BEIpaXXaeT MPUPOCT MONYJIALUN 32 CIeAyIOIuN
IIepuo/, BpeMeHU, T. €. 3TO CKOPOCTh POCTa, WIN POCT B €JUHUILY BpeMeHHU,
Ha (n + 1)-M nHTepBaje BpeMeHU. JTa BeIWYWHa IIPONOPIUOHAIbHA X,,.
Ecnu k03¢ uilreHT TponopIoHaIbHOCTA 0003HAUUTD Yepe3 d, TO MOJy-
YUM X,,, 1 — X, = aX,,. CCpyIIIINPOBaB WIEHBI, IPUXOAUM K Pa3HOCTHOMY ypaB-
HEHUIO IIepBOro MopsAAKa

X,41 =1 + a)x,. (6.1)

YToOBI PelIUTh 3TO YpaBHEHUE, HA/I0 3HATh HAYaJIbHBIN pasMep IIOITy-
AWK X,. Toraa, ucnonb3ya ypaBHeHue (6.1), MOXXHO MOC/IeZOBATENIbHO
BBIUUCIIUTD X7, Xy, X3 U T. I. Takum obpa3om, nmeem

x;= (1 + a)xy,

Xo=(1+a)x;=0+a)1 + a)xy= (1 + a)2x,,
Xg=(1 + a)xy,=(1+a)(1 + a)?x,= (1 + a)3x,.

CTpyKTypa pellleHUs ZooKHA OBITh MOHATHA. [Ipu mepexoze K Kax-
JIOMY CJIeIyIoIlleMy MOMEHTY BpeMeHU pa3Mep IMOMyIAIUN YMHOXaeTcs
Ha MHOXuTeb 1 + a. [ToaToMy o06lliee peleHue, WiK 001asa Gopmya A
X,, AMeeT BUZA X, = (1 + a)™x,. [Ipu usBecTHOM 3Ha4eHUHU X, 3Ta GopMysa
ornpezienaeT X,

Ecnu koa3dduiieHT IponopIiiuoHaIbHOCTH a mojoxuTeneH (a > 0),
TO BBITTOJTHSIETCA yeaoBue 1 + a > 1 u, cregoBaTenbHo, (1 + a)” 6e3rpaHUYHO
Bo3pacraert ¢ poctoM n. Eciu a = 0, To momysiaius ocTaeTcs Ha TOCTOSTHHOM
YPOBHE X,,. DTO cjiydail HyneBoro pocra. Eciu a oTpurareneH (Ho 6osblie,
yeM —1), T0 0 < 1 + a < 1 u x,, npubIKaeTcsa K Hy/II0 IIPU BO3paCcTaHUH N.
B sTOM ciyyae moOmy/AnuA B KOHIlE KOHIIOB BBIMUpAeT. 3aMeTHUM, YTO eCu
a = -1, To nomynALMA BBIMUPAET MOCJIEe MEePBOro XKe Mepuosa BpeMeHU.
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B aToi1 MOJ€E/IN HaC HE MHTEPECYIOT 3HAYECHHNA d, MEHbIINE —]., TaK KaK OHU
IMpUBOAVJIN OBI K OoTpHuuaTEJIbHBIM YU CJI€HHOCTAM.

ITpumep 6.5. PeminTe pa3HOCTHOE ypaBHEHNE NIepBOro mopajka x, + 1 —
— X, = 2x,,. YeMy paBHO X3, ety x, = 10?

YpaBHEHME MOXKHO 3aIKCcaTh B BUJE X, 1 = 3X,. DTO IIPUMeEp YPaBHEHUA
OTIMCAHHOTO BhIIIe TUMIA TpU a = 2 U 1 + a = 3. OO11iee pellleHNe UMEET BUJ
x, = (1 + a)™x, = 3"x,. [TockonbKy x, = 10, moay4aem, 4To X, = 3" - 10 1 x5 =
= 33.10 = 270.

IIpumep 6.6. INomynamnus 6akTepuil MepBOHAYaANbHO HACUYUTHIBAIA
1000 ocobeii 1 TOCTOSTHHO YBETUYMBAJIAch ¢ TEMIIOM pocTa 50 % B KaXK/bIi
yac. KakoBa 4uMcIeHHOCTh nonyAanyu mnociae 10 4 pocra?

ITycTs X, COOTBETCTBYET YMCJIEHHOCTU IOMYIALMY IIOCIE N 4YacoB.
ITo ycnoBuro, x,, 1 = 1,5x, u xo = 1000. 3Hauut, x; = 1,5 - 1000, x, = 1,52 X
x 1000 u T. A. Ob11ee penieHue ecTsb X, = 1,5%,. [To npomectBuu 10 4 pas-
Mep MOIYJIALNHN COCTaBUT X, = 1,510 - 1000 = 57 700.

YpaBHeHUe X, , ; = (1 + a)x, mpeacTasiaeT coboi IpuMep JiuHeliHO20 Pas-
HOCTHOTO ypaBHEHUs IE€PBOTO MOpsAKa. YeHbl YpaBHEHUSA, COZiepKalye
X, ¥ X1, uMetoT Buz a(n)x, u b(n)x, ., rae a(n) u b(n) 3aBUCAT TOIBKO
JUIIB OT Nn. TAKUX WIEHOB, KaK X2, X3 1, 2%, X, X, 1, 1/X, ¥ T. 1., B ypaBHe-
HUU HeT. Ec/iu MOABISAIOTCA MOA0OHbIE WIEHBI, TO pa3HOCTHOE YpaBHEHME

Ha3bIBAIOT HeJUHElHbIM.

IMpumep 6.7. Cneayrolyie pa3HOCTHbIE YpaBHEHUA ABIAIOTCA JUHEUHBIMU:

1) X1 =5, — 4,15 2) X1 =125 3) Xpy0 — X, = 05 4) X, 1 — 11X, =12

IIpumep 6.8. Cieayroiiyie pa3HOCTHbIE YPAaBHEHUS SBJIAIOTCA HEJTMHEN-
HBIMMU:

1) Xni1 = xrzl; 2) Xn+1 =X Xn-15 3) Xn+2 :Xn+1(1 + xn); 4) Xn+1 =N Xn -

O6muii BUJ JTUHEMHOTO PAa3HOCTHOT'O YpaBHEHUs IePBOTO MOpSAKa
TaKOB:

X, +1=f)x, + gn), (6.2)

rze f(n) u g(n) — 3aga"Hble GyHKIMU OT n. Eciiu U3BeCTHO X, TO 11O ypas-
HEHUIO MOXXHO OIIpeZIeSIUTh X, , ;. YpaBHeHUe (6.2) Ha3bIBAIOT 0OHOPOOHBIM
B ciydae, Korzaa g(n) = 0, 1 HeOOHOPOOHbIM — B IIPOTUBHOM CJIydae.

PaccmoTpuM cHavasla OfHOPOJHOE ypaBHeHue X, ., = f(n)x,. Pemad ero,
nos10kuM 1 = 0 1 momyauM x; = f(0)x,. [Ipu n = 1 HaxoauM x, = f(1)x; =f(1) X
X f(0)x,. AHaIOrM4YHO IpU n = 2 uMeeM x5 = f(2)f(1)f(0)x,. ITO MozACKa3HI-
BaeT BUJ OOIIero peleHus:

x, =f(n = Df(n - 2).. f2)F(DF(0)x,.
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OTO pelleHre MOKHO POBEPUTH ITOJICTAHOBKOU €ro B UICXOJHOEe YpaBHe-
HUe X, , 1 = f(n)x,. [To dopmyre 151 0OIIEeTo permeHns nMeemM

Xne1 = fFEf( = D - 2)... fRIFDFO)x, = f)x,.

IMpumep 6.9. PaccMOTpUM MOMYJ/IALMIO OAKTEPUI, PACTYIIYIO OT HaYa/lb-
Horo pasmepa B 1000 ocobeit TakuM o6pa3oM, YTO ee pa3Mep IO IMpoIlIe-
cTtBUU n + 1 yacoB 6osibllle pa3mepa mnocje n 9acoB B (n + 3)/(n + 2) pasa.
KakoBa yncieHHOCTS nonyaanuu nocie 10 y pocra?

[lycTh, Kak U Ipex /e, X, IpeCcTaBIsAeT pa3Mep MOMYIALUY IIOCIe N YacoB
pocra. M3BecTHO, 4TO Xy = 1000 u uTo X, , ; = [(n + 3)/(n + 2)]x,,. 3TO OAHO-
poxaHoe ypaBHeHUe nipH f(n) = (n + 3)/(n + 2). O6I1nee pelieHye ecTb

X, = f(n - Df(n = 2)... fFF0)x, = ’l:f -”T”-...-%g%-moo.

Cokpamas 4ieHsl, noaydaeM x, = [(n + 2)/2] - 1000 = 500(n + 2).
Pasmep nonynauuu nocie 10 94 paBeH x;, = 500(10 + 2) = 6000. B atom
Ipoliecce pocTa MOMYJIANUA KaXK/Abli yac yBenuyuBaetcs Ha 500 ocobeid.
B KOHEeYHOM cYeTe 3Ta MOJENTb OKaXXKeTCsd HepeaJNuCTUIHOMN, MOCKOIbKY
HeoOXOoAMMBIE JJIsT POCTa PeCyPChl Bcera orpaHuyeHbl. OZHAKO OHA MOXKET
CJIY?KUTBH XOPOIIUM OITMCAaHUEM HEKOTOPHIX THUIIOB POCTa Ha OTPaHUYEHHOM
OTpe3Ke BpeMeHH.

BepHeMmcs Tenepsh K 0011IeMy TUHEHHOMY Pa3HOCTHOMY YPaBHEHUIO Iep-
BOTO TOpsiZika. MeToz ero pelieHus TakoH ke, KaK U JJI1 paCCMOTPEHHOTO
BBIIIIE YACTHOT'O CIy4asi, XOTs BU/ PeIIeHUs Oojee CI0KHBIN. [Tonarasa n =0,
nosydaeM x; = f(0)x, + g(0). [Ipu n = 1 ypaBHeHUe AaeT

xp=fDx; + g =fDf(0)x, + f(Dg(0) + g(D).

AHaJIOTUYHO

x3=f(2)x, + g(2) = fRA1F(0)x, + f(2)f(1)g(0) + f(2)g(1) + g(2).

OTO IO/ICKA3bIBAET BU/] OOIETO PEITeHHUS:

x,=f(n-1)f(n-2)...f(D) f(O)xo + f(n—1) f(n—2)...f(1)g(0) +
+f(n-Df(n-2)...f( Qg +...+ f(n-1)gn—-2)+g(n-1). (6.3)

B TOM, 9TO 3TO pelleHre, MOXXHO YOeUThCS, TTOJICTAaBUB €TI0 B ypaBHEHNE
(6.2). ®opmyny (6.3) 3annOMHHATh He CleAyeT, TaK Kak ee, [10-BUAUMOMY,
ropasZio jierde BeIBOJUTD KaXKABIM pa3, IOBTOPAA IPHUBE/IeHHbIE BHIIIE pPac-

CY>KAEeHMU.

IMpumep 6.10. ITomynamnua 6akTepuil pacTeT OT Ha4YaJIbHOTO pa3Mepa
B 1000 ocobeli TakuM o6pa3oM, YTO ee IIPUPOCT B UHTepBaje OT n A0 n +
+ 1 gacoB ¢ Hauasa pocrta coctasadeT 500 - 2. KakoB pasmep IOMyIALUN
nocsie 10 u pocra?
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ITo ycmoBuio X, 1 =X, + 500 - 2" 1 x,= 1000, r1e x,, o6o3Ha4aeT pasmep
MIOMYJIALIUY TIOCJIe n YacoB pocTa. 37ech f(n) =1, a g(n) = 500 - 2. Halizem
pasMep nomyndanuu 4epe3 1 4 mocjie Hayasa pocra: x; = Xo + 500 x 20 =
= 1000 + 500 = 1500; gepe3 2 u: x, = x; + 500 - 2-1 = 1500 + 500/2 =
= 1750; gepe3 3 4: x3=x, + 500 - 2-2=1750 + 500/4 = 1875. O6uuii BUA
pellleHUs TaKOB:

X, :1OOO+500+@+@+...+&:1000+500M.
2 22 2n-1 1-1/2

Urtak, x, = 1000 + 1000[1 - (1/2)"] = 2000 — 1000 - 2-". B 3THX BBIYUCIIE-
HUAX BOCIIOJIb30BAJIUCH BBIPAXKEHUEM /JI1 CYMMBI N1 IePBBIX YWIEHOB reoMe-
Tpudeckou nporpeccuu. [Tocie 10 4 pocTa pasmep MOMYJIAIMA COCTABIACT
X10= 2000 — 1000 - 2-10 = 1999. C TeyeHMEeM BpeMeHU IONyaALUA bakTe-
puii mpubmKaeTcsa K mpeieibHOMY, WIH PaBHOBECHOMY, pa3Mepy, paBHOMY
2000. B TepMuHax mMozienu pocTa OH MHTEPIPETUPYETCA KaK pasMmep IOIly-
JIAIIAY, KOTOPBIA MOXeT IOAZLEP>KUBAThCA 34 CYeT UMEIOIIUXCA PeCypCOB.

6.3. JluneiiHble pa3HOCTHbIE YpaBHeHUA BTOPOro NopsAAKa

OO6uIMii BUZ TMHEHHOT'O Pa3HOCTHOT'O YpaBHEHUSA BTOPOTO MTOPSKA TAKOB:
a(n)x, ., + b(n)x, ; + c(n)x, =d(n), (6.4)

rae a(n), b(n), c(n) u d(n) — 3aganusie PpyHkuuu. Ecau d(n) = 0, To ypaBHe-
HUe Ha3bIBAIOT 00HOPOoOHbIM. Ecu a(n), b(n) v c(n) MOCTOSHHBI, TO YpaBHe-
Hue (6.4) Ha3bIBAIOT YPABHeHUEeM C NOCMOSIHHbIMU KO3PduyueHmamu. Ypas-
HeHUe (6.4) MOXKHO PEIINTb METOJaMU, aHAJIOTUYHBIMU METO/IaM PEIIeHU
ypaBHeHUl nepBoro nopszgka. Ilonaras n = 0, MOXXHO HalTH X,, BbIpa3uB
ero uepes x, u x;. [lomaras n = 1, BeIpasuM x5 4epes X, U X;, a 3aTe€M 4epe3
Xy U Xx;. TeopeTudecky TakKUM 0O6pa3oM MOKHO BBIPA3UTh X, AJIA 0600
n yepes X, U X1, OAHAKO BBIUUCJIEHUS IIPU 3TOM OKa3bIBaIOTCA OYeHb I'PO-
MO3JAKHMHU U BBIBECTU 001IyI0 GopMysIy AJd X, KpaiiHe TpyzHo. Ciyuait
MTOCTOSTHHBIX KO3PDUITMEHTOB BCe Ke TMOAAAETCA PENIEHUI0 OOIIUMU METO-
JlaMU, COlepKalllUMK CPaBHUTEIbHO HEOOJIBIIONH 00beM BBIUKCIEHUH.

B nanHOM Maparpade 3ariMeMcs U3ydeHueM JIMHEHHOT'O OZJHOPOAHOI'O Pa3-
HOCTHOT'O YpaBHEHUS BTOPOT'O MOPSZKA C IIOCTOSHHBIMU KO3bUITHEHTaMU

ax, o + bx, ., + cx,=0. (6.5)

Byzaem cuutath, 4TO a, b u ¢ — nocTtosiHHbIEe, TpuyeM a # 0. CooTBeT-
CTByIOIllee HEOZHOPOZHOE ypaBHeHUe OyZieT pacCMOTPEHO B CleAyIoIleM
naparpade. YpaBHeHue (6.5) mosydaeTca Impu M3ydeHUU MoZesel pocTa
Y KOHKYPEHIIUU TOMY/IALUN, a TaKkKe B pAZie IPyruxX 6MoJOrnYecKux 3aad.
OmnucaHHas B 3aK/JIIOYMATENbHOU IJIaBe MOJeNIb BBDKUBAHUA U BBIMHpa-
HUA BUZIOB IPUBOJAUT K Pa3HOCTHOMY YPaBHEHMIO TaKOro Tula (CM. mapa-

rpad 7.8).
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YpaBHeHue (6.5) MOXKHO IepenucaTh B BUAE X, o= —(b/a)x, ., — (c/a) X

X X, U 3aTeM PelInTb, ITocaeAoBaTeNbHOo nonaraan=0,1, 2, 3, ... . Ilpun =
= 0 nony4aeMm x, = —(b/a)x; — (c/a)x,. AHAIOTUYHO
b c b% —ac c
Xg=——Xg —— X =—— X1 +—Xp.
a a a? a?

OTO IPUBOJUT K KpaiiHe c0okHON popMyIie, IO3BOJIAIONIEH BEIPAa3UTh X,
Jepes X, 1 X;. bosiee y100HBIN MeTOZ BBITEKAeT U3 BI/IA PellleHNs YpPaBHeHUA
nepBoro nopagka x,,; = (1 + a)x,. B npegsigyuiem naparpade nosaydanu
pelleHusa Buja x,, = A%, rge A = 1 + a. Ilo a"Hanoruu ¢ aTuMm 6yzeM UCKaThb
perieHue ypaBHeHud (6.5) B BUZe X,, = A IpX HEKOTOPHIX 3HAUEHUAX A.

Ecnu x,, = A yioBneTBopsieT ypaBHeHUIo (6.5), To

altt2 + pAntl + cAn=0

npun=_0,1, 2,3, .... B4actHocTH, nosarad n = 0, HOIy4YUM

ar2 + bA + c=0.

OTO ypaBHeHUe Ha3blBaeTCA XapaKTEPUCTUYECKUM /Ji Pa3HOCTHOTO
ypaBHeHUA. OHO ABIAETCA KBAZPATHBIM U UMeeT CeyIoliyie KOPHU:

_ —b++/b?—4ac N _ —b—+/b?-4ac
- , Ay = :
2a 2a

[Tpu pellleHUU XapaKTepUCTUYECKOTO YypaBHEHUsS clefyeT paccMaTpHU-
BaTbh TPU Caydasd. /[Ba ero KOpHSA MOTYT OBbITh JeCTBUTETbHBIMU U Pa3/INy-
HbIMU (Korza b2— 4ac > 0); OHU MOT'YT OBITh ZIEICTBUTEIHbHBIMHA M PAaBHBIMU
Mexay coboit (b2 — 4ac = 0) wiu Ke KoMIUTeKCHBIMU (b2 — 4ac < 0).

Eciu b2 — 4ac > 0, To onucaHHBIN BbIIIIE METO/ IA€T ZIBA PEIIEHU ypaB-
HeHuA (6.5): x; = A} 1 x, = Al. Ob6Iee pelieHre UMeeT BUJ

M

Xp :klkil +k27\,g, (66)

rae k; u k, — IpOU3BOJIbHBIE NTOCTOAHHBIE. BesAkoe pellleHre YpaBHEHUA
VIMeeT TaKoM BUJ IIPU HEKOTOPBIX 3HAUEHUAX ITOCTOSHHBIX ki U k,. YTOOBI
y6eauTbCcsl B TOM, YTO IOJYYEHO pellleHue, MOACTAaBUM BhIpaKeHUe JJIsd
X, B ypaBHeHue (6.5):

a.xn+2 + bxn+1 + an = a(k17\,’11+2 + kz?\,TZH_Z) + b(k]_}\,iH_l + kz;\.g-‘rl) +
+ (kA +koAB) = kA (aAh? +bhg +¢) + koAB(arZ + Dby +0).

Tak kak A U A, ABIAIOTCA KOPHAMU KBaIpaTHOTO YpaBHEHUA aA? + bA +
+ ¢ =0, To nosly4yeHHOe BEIpa)keHNe oOpaljaeTes B HyJb, T. €. X, =k A + koAl
ZIeiCTBUTEJIbHO ABJIAETCA pellleHnueM ypaBHeHus: (6.5).

[ToctosanHBIe k; U k, MOXHO BBIPA3UTh Yepe3 3Ha4eHU: X, npu n = 0
un =1 Ilonaraan =0 un =1 B obmmeM pemenuu (6.6), moaydaem x, =
=k, + k, 1 x; = kyA; + kyA,. DTO TIpocTad crucremMa JUHEWHBIX YpaBHEHUN
OTHOCUTEJIbHO IIOCTOAHHBIX k; U k,. Pemasd ee, nomyyaem
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VTak, ecau JjaHbl X, U X;, TO 3TUM OIIpe/ieIeHO eIMHCTBEHHOE pellleHre
ypaBHeHUs: (6.5).

ITpumep 6.11. HaiiTu ob1riee peliteHre pa3HOCTHOI'O YpaBHEHUS BTOPOT'O
HMOPAZAKA X, 15 — 3X, .1 + 2x, = 0. Beinucate popmyny 414 X,,, eciu x, = 1000
1 x; = 1500. Yemy paBHO X5?

37lech XapaKTepUCTUUYECKUM fABJIsieTCs ypaBHeHMe A2 — 3A + 2 = 0, KOpHU
KOTOPOTO

_3+V9-42 . 3-\9-42_
SR s SN W Y b ks S

A
! 2 2

1.

CornacHo ¢popmysie (6.6) obiiee pelieHre eCTh
Xn :k12" +k21n :k12n +k2.

Ho x, = k; + ky = 1000 u x; = 2k; + k, = 1500. Pemaa atu ypaBHEeHU:A
oTHocUTeNbHO k; u k,, HaxoauMm k; = 500 u k, = 500. Takum o6pa3om, eAuH-
CTBEHHBIM pellleHHeM, YZOBJIeTBOPAIONINM 3a/laHHBIM HadaJlbHBIM YCJIO-
BUAM, fABJAETCA

x, =500-2" +500=500(1 +2").
[Ipu n = 5 nony4aeMm x5 = 500(1 + 2°) = 16 500.

[TpoananusupyeM Teneps ciaydait, koraa b2 — 4ac = 0. 31ech KOpHU Xapak-
TepPHUCTUYECKOTO YpaBHEHUA PaBHBI MeXIy co0oii: A, = A, = —b/(2a); pac-
cMaTpUBaeMBblil MeTOZ MMOPOXKAAeT JUILIb OJHO pelleHue x, = Al ITokaxeM,
YTO B 3TOM CJIy4ae ZIPYTUM pellleHreM ypaBHeHUA (6.5) CIyuT X, =nAjL
Torza ob1mee perieHre MOXKHO 3aMKUCaTh B BUZE

Xn :kl}\{l +k2n7\4£l_1, (67)

rae A, =-b/(2a), a k; u k, — Ipor3BOJIbHBIE TOCTOAHHBIE. UTOOBI yOeAUuThCA
B TOM, YTO 3TO pellleHue, I0JCTaBUM BbIpaXKeHNe /I X,, B ypaBHeHue (6.5):

AXppy0 + DX + 00X, = alkg A2 + ko (n+ 2)AF ]+
+ bl A + ko (n+ DA T+ (kg A7 + kond 1) = kg A2 (@A + DAy +¢) +
+ konA1(a)3 + by + ) + koA (2a, +D).

[TepBBIe ABa caaraeMbIX O0OpaIialTcs B HYJb, TaK KaK akf +bh; +c=0.
TpeTbe ciaraemoe paBHO HYJIIO, IOCKONBKY A, =-b/(2a) u 2ai, + b =2a[-b/
/(2a)] + b = 0. Utak, norydaeMm, uro dopmysna (6.7) JaeT pelieHUe ypas-
HeHUA (6.5). IlocToaHHBIe k; U k, MOXXHO BBIPA3UThb Yepes X, U x;. [lonaraa
n=0wun =1 B obueM pemeHuu (6.7), noaydaeM ypaBHEHUA X, = k; U X; =
= kA + ko, OTKyZA ky = X, @ ky = X7 — kjA;. DTOT CciIy4aii WITIOCTpUpPYeTCs
CJIETYIOIITUM TIPUMEPOM.
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ITpumep 6.12. HaiiTu ob1riee pelieHre pa3HOCTHOT'O YPaBHEHUS BTOPOT'O
NOpAZKA X, o — 4X,, 41 + 4x, = 0. Haittu x,,, eciut x, = 500 u x; = 1000. Yemy
PaBHO X5?

XapaKTepUCTUYECKUM SBJAETCA ypaBHeHUE A2 — 40+ 4 = 0. 31ech b2 —
— 4ac = 0 1 eAMHCTBEHHBIM KOpHeM fABsgeTca A, = —-b/(2a) = 4/2 = 2. T1oa-
TOMY OOlIlee pellleHre UMeeT BUZ X, = k; 2" + k,n2™ L Tlomaraan=0un =1,
nosy4yaeM x, = 500 = k; u x; = 1000 = 2k; + k,, oTKyza HaxoguM k; = 500
u k, = 0. Takum o6paszom, x,, = 500 - 2. B yacTHOCTH, X5 = 500 - 25 = 16 000.

OcTaeTca pacCMOTpeTh TpeTui ciydai, korga b2 — 4ac < 0. B sTom ciy-
yae KOPHU A U A, ABJIAIOTCA KOMILUIEKCHO-COTPSYKEHHBIMU YU CTaMU:

N __£+l.\/4ac—b2 N __i_i\/4ac—b2
! 2a 2a > 2 2a 2a '

OTU umcIa MOXKHO 3alKcaTh B ITOKa3aTeabHOU dopMe (cM., Hampumep,
[1, maparpad 4.7]):
Ay=redud; =re,
raer= \/c/—a, a tgh = —/4ac—b? /b. Takum obpasom,
AR =rnein® =rn(cosnO+isinnd) = (c / a)"/?(cosnd +isinnd).
AHaJIOTUYHO
A2 =(c/ a)*?(cosnb—isinnd).

Kak u B ZIBYX IpeABIAYIINX CIy4asX, Mobas TuHelHass KOMOWMHAIIUS 9TUX
pelieHUN Al U A} Takke ABIAeTCA pelleHHeM. B 4acTHOCTH, pelleHUAMU
ABJIAIOTCA

A/2)(AF+A8)=(c/a)2cosn® u(1/(20)) (A} —A%) =(c/ a)/? sinnb.

Vcrmob3ysl 5TH [Ba pellleHus, MOKHO 3aIrcaTh obliee pelleHre ypas-
HeHus: (6.5) B BUze

x, =k;(c/a)"2cosnBO + k,(c/a)"/1sinnb.
[TocToaHHBIe k; U k,, Kak U IPeX/e, MO>KHO BBIPA3UTh Yepes X, U X;.

3azaua (Mozesib pocTa ¢ BIUSAHUEM IIPeJIIeCTBYIOIINX IOKOJIEHUMN).
PaccMoTpuM nomysIALNIO, KOTOPas YBeINYMBaeTCA OT ITOKOJIeHUA K IIOKOJIe-
HuU1o. [TyCTh X,, COOTBETCTBYeT pa3Mepy MOMYIALNUN B N-M IIOKOJIEHUHU. fSICHO,
YTO pas3Mep HOMYJIAILMU B N-M OKOJIEHUM 3aBUCUT OT MOMYJ/IALINU B IIPeJbIAY-
I1eM ITIOKOJIEHUU U MOKET TaKKe 3aBHUCeThb OT OMY/IALMHI B APYTUX IIpe/Iiie-
CTBYIOIIMX MOKOJeHUAX. [IpealiecTByromue MOKOJIEHUA MOTYT, HalIpuMep,
rcyepriaB GOJBIIYIO YaCTh UMEIOIINXCA PECYPCOB, 3aTPYAHUTH BOCIPOU3-
BO/ZICTBO IOMYJIALIMM WU CJejlaTh ero HEBO3MOXKHBIM. B KadecTBe mMozenu
pocCTa MOMyJAANUN OT IOKOJEHHUA K MOKOJEHUI0 MOXKHO paccMaTpUBAaTh
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YPaBHEHME X, o = I'X, 1 t sx,. [Tomymanua B (n + 2)-M IIOKOJIEHUU COCTaB-
JleHa U3 JIByX 4acTel, COOTBETCTBYIOIIUX BKIagaM (n + 1)-ro ¥ n-ro mokKo-
sneHuu. [IoCcTOAHHBIE I U § TTIOKA3bIBAIOT OTHOCUTEJNBHYIO BJIAXKHOCTDb JIBYX
COOTBETCTBYIOIIUX YWIEHOB. XapaKTEPUCTUUECKUM CIY>KUT ypaBHEeHUE A2 —
— 1A+ s=0 c KOpHAMU A =(r +/r2 +4s) /2 u Ay =(r—~r2 +4s) /2. Eciu
r2 + 4s > 0, TO 9TV KOPHU /IeHCTBUTENbHBI U PA3JUYHBl U OOIIUM pelie-
HUEeM ABJIAeTCA X, =k A + kAL, Ecnu ke r2 + 4s < 0 (4To UMeeT MecTo,
KOr/la s — IOCTaTOYHO O0JIbIlIOe OTPULIATENbHOE YMCIIO), TO O0lllee pellieHre
“MeeT UHOM BUJ: X, = (=s)"2(k,cosn6 + k,sinn®), raetg0 = —\/}—(r2 +4s)/r.
B 3TOI 0YeHb MPOCTON MOZEIU IMOJy4YeH UHTEPECHBIU Pe3yabTaT, COCTO-
I B TOM, YTO €CJIM Ha CMEPTHOCTb B ZJAHHOM ITOKOJIEHUU CYLIeCTBEHHO
BJTUSIOT OCOOU, POJVBIIHECS ABYMS IOKOJIEHUSIMY PAHBIIE, TO YUCJIEHHOCTD
MTOTYJIAIUY OT TOKOJIEHUS K TTOKOJIEHUIO OyZIeT UCITBITBIBATh KOIeOaHuUs.

IMpumep 6.13. HatiTu 0o6111ee pelieHre pa3HOCTHOTO YpaBHEHUsI BTOPOTO
nopsAaka x,,, + x,., + x,= 0. Hautu x,, ecniu x,= 100, a x; = 0. Xapak-
TepucTUYecKoe ypaBHeHUe A2 + A + 1 = 0 uMeeT KOMIUIEKCHbIE KOPHU
M :(—1+i\/§)/2 U Ay = (—1—i\/§)/2. [TapaMeTpsl 3KCIOHEHIIMAJIbHOM
dopmsbl 1 = (c/a)V2=1u 6 = 2n/3 (Tak Kak tgo = —\/5). Ob11ee pelnreHue
x, = kycos(2nmn/3) + k,sin(2nm/3). Ilonaraga n = 0 u n = 1, nosy4yaeM x, =
=100 = ky 11 x; =0=—(1/2)k; + (/3 / 2)k,. Otciona k; = 100 u ky =100/ /3.
VckoMmoe pelreHue ects X, =100cos(2nn / 3)+ (100 / \/§) sin(2nn / 3).

6.4. MeTop, Bapnauum NOCTOAHHDIX A1 Pa3HOCTHDIX
YPaBHeHuii BTOpOro nopaaka

B nanHOM naparpade pacCMOTPUM METOZ, pellleHUs YpaBHEeHU
ax, .o + bx, .1 + cx, =f(n) (6.8)

C OCTOSIHHBIMM Ko3adduuimentamu a, b u ¢ (npu a # 0). ITo TUHENHOE
HEOZHOPOJHOE PAa3HOCTHOE YpaBHEHHE BTOPOTO MOPSAAKA C MOCTOSHHBIMU
koadounmentamu. Eciu f(n) = 0 mpu Bcex n, TO ypaBHeHUE ABISAETCA OTHO-
poaubiM. Kak u B npefbigyieM maparpade, Hy)KHO pacCMOTPEThb TPH CJIy-
yasi, COOTBETCTBYIOIIIME TOMY, IBJIAIOTCA I KOPHU BCIIOMOTaTe/IbHOT'O YpaB-
HEeHUA JeHCTBUTENbHBIMU U PA3JTUYHBIMU, J€HCTBUTETLHBIMU U PABHBIMU
WU JKe KOMILIEKCHBIMU. MeTo[bl HacTosIero maparpada MoXXHO IIpUMe-
HATb KO BCEM TPeM cay4asM, HO /JI1 IPOCTOTH paCCMOTPUM JIMIIb Caydaut
AEeNCTBUTEIbHBIX U PA3INYHBIX KOPHEU A, U A,. Toraa x, =kA} + A} aBna-
eTcsA O0IIUM pellleHHeM OJHOPOAHOTO ypaBHeHU: (6.5), mpuuem k u [ —
MIPOU3BOJIbHBIE TIOCTOSIHHEBIE. VZIess MeToZia Bapyaluy MOCTOSHHBIX COCTOUT
B TOM, YTOOBI CYUTATh IMOCTOSTHHBIE k U | U3MEHAIOIUMUCA B 3aBUCUMOCTU
OT N TaKUM 006pa30M, YTO ITOIyYaeTCs pellleHre HeOAHOPOJHOTO YPaBHEHUA
(6.8). CornacHo 3TOMY OyZIeM MCKaTh pellleHVEe B BU7IE

X, =k A2+ 1AL, (6.9)
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rae k, u l, MoryT usmeHATbCA BMecTe ¢ n. [logcTtaBuM BrelpakeHue (6.9)
B ypaBHeHUe (6.8) u momblTaeMca HaiTu Takue GyHKUUU k, U [, KOTOpbIe
MIOPOKAAIOT pellleHue.

Vcrnonb3ya paBeHCTBO (6.9), MOXXHO BBIYHUCIUTD X, U X, . VIMeeM
Xpi1 =Ky ML+ 1, A8+, TIpu6aBUB K IIpaBOM 4acTU M OTHSAB OT HeEe OHY
U Ty 3Ke BeJTM4YuHY kAT + [ A2, mpUXOAUM K BBIPQ)KEHUIO

xn+1 == kn}\.iH_l + ln}\.rzH_l + (kn+1 - kn )7\,:,[1+1 + (ln+1 - ln )}\.EH_]' .
YTOOBI YIIPOCTUTH €T0, OyZEM CUUTATD, UYTO
(kpo1 =k DAL+ (L, =LA =0 (6.10)

Ipu J10060M 3HaueHUH n. [Ipu TakoMm ycIoBUU TOTydaeM (/19 KaXKA0Tro n),
4TO

Xpaq =k AL+ 084 (6.11)
Torza cortacHo ypaBHeHHIO (6.11) UMeeM X5 =k, AT™2 +1,,, A8 2, win
Xpio = knxil+2 + Zn7LT21+2 + (kn+1 - kn )7\4T+2 + (Zn+1 - ln )}MTZH_Z. (612)

[ToxcraBuB Teneps BeipaxkeHus: (6.9), (6.11) u (6.12) B ypaBHeHue (6.8),
MOIyIUM
(X0 + DX + 0, = alk, M2 + LA 2 + (kg — kA2 + (Lyq —LIAE2 ]+
+ bk, AL+ LAY + c(k, AT + [ AB).

['pynmnupys ciaraeMble U IpUpaBHUBAA MPaBylo 4acThb f(n), momyyaemM

f) =k, (@2 + oA + ) +1, (@ 82 + DAL + chd) +
+af (kg =k IM2 + (L —LOAE2]. (6.13)
[TockONbKY A; U A, ABIAIOTCA KOPHAMU BCIIOMOI'aTeJbHOTO ypaBHEHUH,

IepBhIE /IBa BRIpAXKeHUsA B cKOOKax B dpopmyiie (6.13) obpamarTcsa B HYJIb
Y, 3HAYUT,

X0 + DXy +0x, =al (Kyyq =k A2 + g — LA 2]= f().

OTo JlaeT BTOpoe ypaBHeHue and k, . ; —k, ul ., — [, a IEPBBIM CIyKUT
ypaBHeHUe (6.10). 3anucaB 5TU ypaBHEHUA BMecCTe, IPUXOJUM K CUCTeMe
/IByX ypaBHEHUM

(kn+1 - kn )}\'TH + (ln+1 - ln )}‘TZIJr1 =0,

6.14
(kn+1 - kn )}\4514—2 + (ln+1 - ln )}"EHZ = f(n) ( :
a

OTHOCUTENBHO IBYX HEU3BECTHHIX k,,; — k, u [, ,; — [ . Pemmas 3Ty cucremy,
YMHOXXUM IIepBOe ypaBHeHUe Ha A, 1 BBIYTEM U3 BTOpPOro. TeM caMbIM Haxo-
muM k,,  ; — k,,. 3aTeM aHaJIOTUYHBIM IPUEMOM MOXXHO HaTH [, , ; — [,,. Peme-
HUA UMEIOT BUZ
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_ f(n) .
a1 (g —hy)

L f(n) .
n+1 n a;\'rzH—l(}\'Z_}\'l)

k.., —k, (6.15)

(6.16)

OueBUHO, 4TO ypaBHeHUs (6.15) u (6.15) mpeAcTaBadoT cO60 TUHEH-
Hble PA3HOCTHbBIE YPaBHEHMUS MEPBOTO MOPAAKA, KOTOPbIe MOXKHO PEITUTh
MeTOoJJaMH1, PAaCCMOTPEHHBIMU B Taparpade 6.2.

Pemiasa ypaBHeHue (6.15), momydaem

f(0)
ky = TN A A N
! k°+ax1(x1—x2)
_ f@ 3 f(0) f
kz_k1+a}b%(7b1—7b2)_k0+a}\/1(7\q—},2)+a},%(X1—KZ)’
S €3 BN | O N (O NN ()

ari (g —%y)

Jlerko BUZETH, YTO 0OOllee pelleHre ypaBHeHUA (6.15) uMeeT BUj,

R S U o N ) W
k“_k0+ak1(k1—K2)(f(O)+ . + 2 ot = j (6.17)

A —hy) a2 —hy) aA3(h —Ly)

AHaJIoTUYHO /11 ypaBHeHUs (6.16) obImee pellieHHe eCTb

A f@ f(n-1
Lf(0)+ ” + 2 +...+ xg—l

P S
Wy (hy — 1)

TakuM o6pa3om, obiilee pellieHHe ypaBHeHUA (6.8) 3amuiieTcss B BUzeE
(6.9) rne k, u [, Belpaxkatorca popmynamu (6.17) u (6.18). Ecam nsBecTHBI
Xy U X;, TO MOKHO HaWTH nocTossHHBIE k, U . [Tonaraa B popmyne (6.9)
n=0un=1, umMeeM xy=ky + ly ux; = kA + kyh,.

OTU TPOAOIKUTENbHBIE BBHIKJIAAKU MPUBEIU K GOpMYysIaM, MO3BOJAIO-
IIIMM ITOJTy4aTh 0OIllee M YacTHBIE pellleHUs ypaBHeHUsA. JIydiine Bcero mpo-
WUTIOCTPUPOBATH UX IIPUMEHEHHE Ha IIpUMepax.

L=l j (6.18)

ITpumep 6.14. HaiiTu obiee pelureHue Ajd ypaBHEHUA X, o — X, = 1.
BriBectu popmyny a4 x,,, ecnu x, = 50 u x; = 100.

3zech f(n) = 1. BcmoMmorartenbHBIM ABsAeTCA ypaBHeHUe A2 — 1 = 0 ¢ Kop-
HAMHU A; = 1 u A= —1. Ob1mee pemeHue nMmeeT Buj X, =k, 1" +1,(-1)", rae
k, u |, onpexensaoTca dopmynamu (6.17) u (6.18):

k, =k +%(1+1+1+...+1):k0 +%’

L, =1 +%[1—1+1—...+(—1)”—1]:l0 +%[1—(—1)”].
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Ortcrozia ob1ilee pellleHre MOXKHO 3aIKcaTh TakK:
n 1
x, =kgy +§+(—1)” [lo +Z[1—(—1)“]j.

Ecmu xy =50 ux; =100, Toxy =50 =k, + [y ux; :100:k0+%—[10 +%j:
~ko~lo
Takum obpasowm, 2k, = 150, T. e. kg = 75 u [, = -25.

OTO AaeT YacTHOe pellleHue BUJa
n 1
X, =75+ 5 +(=1) (—25 + Z[l - (—1)”]).

IIpumep 6.15. Ecyin 661 TOMy/ISATINA PBIO pociia, He MoABEPrasich BHEII-
HUM BO3MYIIEHUSIM, TO €€ IpUpocT B (n + 1)-M roxy 6s11 ObI BABOE OOJIbIIIE
mpupocTa B n-M roay. OJHAKO B MCCIeI0BATENbCKUX IEIAX K MOMY/ AN
exxerogHo fob6assstock mo 100 pei6. HaliTh X,, — YHUCIEHHOCTH TOMY/IALIUN
B NN-M I'ofy, eciau x, = 1000 u x; = 1200.

YuceHHOCTD PhIO X, YIOBIETBOPSET PA3HOCTHOMY YPaBHEHHIO BTOPOTO
opsiIKa

Xn+2 = Xp41 = 2(xn+1 _xn) + 100,
Wnin
xn+2 - an+1 + 2xn = 100.

3aech f(n) = 100. BcriomoraTebHBIM CIYKUT ypaBHeHUEe A2 — 3\ + 2=0
C KOPHAMH A; = 2 U A, = 1. Oblijee pelteHue umeeT BUA X, =k, - 27 + [, - 1n.
[To dbopmymnam (6.17) u (6.18) HaxoAMM

b+ 100+100,100 100

2 Tt o

10011/ 2)" 1
- —k,+100[1-—
ot 1, et ( 2nj

[.=1,- (100 + 100 + ... + 100) =1, — 100n.
Takum ob6paszom,
x, =kg-2n + 100(27 - 1) + [,— 100n.

I[TocTosHHBIE ky U [, MOXXHO BBIpa3uTh 4epes X, U X, TaK Kak x,= 1000 =
=ky + lyu x; = 1200 = 2k, + 100 + [, — 100. OTcroga k, = 200, [, = 800,
a ICKOMOE€ DellleHNEe eCTh

x,=200-2" + 100 - 2" - 100 + 800 — 100n = 300 - 2" + 700 — 100n.
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B yactHOCTH, X5 = 1700, x5 = 2800, x4, = 5100. fIcHO, YTO YMCIEHHOCTD
PBIO IPO/IOI’KAET OYeHb OBICTPO BO3pACTaTh.

6.5. Cuctembl pa3HOCTHBIX ypaBHEHUi1 NepBoOro nopaaKa

B npeapigymux maparpadax Mbl pacCMOTPEIN Pa3HOCTHBIE YPaBHEHMS,
KOTOpPHIE MOIJIH OBI IIOJTy4aThCs IIPY ONMMCAaHUH JUHAMHUKY MOMYJISIINN HEKO-
TOPOT'0 BU/Ia B IAHHOM cpe/ie. B aTHX ypaBHEHUAX He YUUTHIBAIUCDH B ABHOM
BHU/le HaJIMYe KOHKYPUPYIOIIUX MOMYIAIUN U APyTHe acleKThl BHeITHel
cpezpbl. [l 6osiee JeTabHOTO OMMCAHUSA U JIYYIlero MOHUMaHUs JUHAMUKN
pocTa MOMyJAAINNA HY>KHO HalTH CITOCOOBI BKJIIOYATh B YpaBHEHUS pocCTa
dakTophl, OTpakarollre XxapakKTepHble CBOUCTBA CPeJbl.

MoOXXHO 3aHUMAaThCsA, HAl[pUMeDP, UCCleloBaHUEM B3aUMOEeNCTBUS ABYX
w1 6osiee BUAOB. Ecii Ha HEKOTOPOM apeajsie COCYIIeCTBYIOT ABa BHUA,
TO pasMephl UX NnonyaAuu B (n + 1)-i1 mepuoj, BpeMeHu (rof, MOKoJIeHHe
U T. [I.) MOTYT B3aMHO 3aBUCETh OT UX pa3MepoB B n-it mepuoa. Eciu atu
[IBa BU/la CBSI3aHBbI OTHOIIIEHUEM «XUIIHUK — YXe€PTBa», TO OOJbINAsT MOIMY-
JIALMSA KEPTB B nN-M Iepuojie O6yeT IPUBOAUTD K BO3PACTAHUIO MOIMYJIAIUN
XUIIHUKOB B (n + 1)-M mepuoze. 3TO, B CBOIO 0Yepesib, MOXKET IPUBOJUTH
K YMEeHbIIIEHUIO TOMYJAILNY XKePTB B ceAyioleM nepuoge. Eciu, ¢ apyroi
CTOPOHBI, /IBa BU/IA CBSI3aHbI CUMOMOTHUYECKUMY OTHOIIIEHUAMU, TO UX TIOIIY-
nanuy 6yayT BO3pacTaTh WK YOBIBAaTh OIHOBPEMEHHO. Pa3yMeeTcs, peasb-
Has dKOCHUCTeMa IMPeACTaB/AeT COO0H CIOXKHYIO CETh KOHKYPEHTHBIX, KOO-
TepaTUBHBIX U TPOYHX OTHOIIEHUM MeX/y MHOTUMU pa3IUYHbIMU BUJaMU.
Ceifyac orpaHUYHUMCS CJIy4aeM BYX BHU/IOB, XOTs B IIPUHITHAIIE pacCMaTpPUBa-
eMble MeTOZbl MOYKHO 000OIIUTh U Ha JII0O0e Y1CIO BUJOB.

PaccMOTpuUM cUCTEMY ZIBYX Pa3HOCTHBIX YpaBHEHUM MEPBOTO MOPAAKA,
KOTOpas UMeeT BUJ

Xp41 = A11X, + A0y, + f(1),

(6.19)
Yn1 = 21X, + A0 Y, +8(N),

TZie dqq, Aq9, Ao U Aoy — MOCTOSAHHBIE, a f(n) u g(n) — 3azaHHBIe QYHKIMU.
3azlaya COCTOUT B TOM, YTOOBI HAUTU QYHKIUU X, U ¥,, VAOBIETBOPAIOIINE
3TUM ypaBHeHUAM. CUcTeMa Ha3bIBAeTCsI 00HOPOOHOIL, ecu f(n) = g(n) =0
IIpU BCeX Nn. B MPOTUBHOM cily4yae crucTeMa Ha3bIBaeTcs HeOOHOPOOHOLL.

Cucremy (6.19) MOXXHO IpeZicTaBUTH cebe Kak Mo/ieTb WIU OTIMCaHue B3a-
VIMO/IEVICTBUA [IByX BUZIOB B HEKOTOPOU CpeJie, €CIU X,, U ¥,, COOTBETCTBYIOT
YUCJIEHHOCTAM nomyaAnuil Buga [ u Buza Il k KOHITy n-ro nepuoja BpeMeHH.
Korzma oba BHUla KOHKYPUPYIOT 32 OHU U T€ K€ PEeCypcChl, 3TO MOZAEIUPY-
€TCsA C IIOMOIIBbIO OTPULIATENbHBIX KO3PPUIIMEHTOB d;, U d,;. Ecyiu, Hampu-
Mep, Ko3bOUIMEHT a,, OTpULIATeNEeH, TO oMy AluA Buzja [ Oyzer yOpIBaTh
C pocToM nonyJAnuy Buza II. 3To MOXXHO MoKa3aTh Ha IIPUMEpE.

IMpumep 6.16. Mogenb MeXXBUAOBOM KOHKYpeHIIMU. JIMHeHHas OMHOPOI-
Had cucTema
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:2 —_ 5
{xnﬂ Xn = Yn (620)

Yns1 =—Xq +2Y,

ONKUCBHIBAET B3aMMHOE BJIWAHHUE JBYX KOHKYPHUPYIOUIUX BUZOB Ha pasmep
UX nonynAauui. I1ycTh HayaabHBIE YUCIEHHOCTU COCTABIIAT Xy = 100 n y, =
= 150. HaifTu 4mcieHHOCTH 000MX BUIOB BO BCE IMOC/IEAYIOIINE MOMEHTEI
BpEeMeEHHU.

Byaem pemats cuctemy (6.20) myTeM cBeZieHHUS ee K IUHEWHOMY pas-
HOCTHOMY YPaBHEHUIO BTOPOI'O MOPsIKa OTHOCUTEIBHO X,, C IOCTOSHHBIMU
koadounrentamu. V3 nepsoro ypaBHeHus (6.20) numeem

Xn42 = 2Xn+1 ~Yn+1= 2Xn-i—l - (_xn + Zyn) = 2Xn+1 + Xn— zyn
ComracHO TOMY e IIEPBOMY YPaBHEHUIO ¥, = 2X, — X, ; Y IIoJIy4aeM
Xn+2 = 2xn+1 + Xp — 2(2Xn _xn+1) = 4'Xn+1 - 3Xn'

Takum obpasowm, X, , — 4x,,; + 3x, = 0. BcrmiomoraTenpHOe ypaBHeHHE
A2 — 4\ + 3 =0 uMeeT KOpHU A, = 3 U A, = 1. OO111ee pelieHue ecTh X, = k; X
x3n+ k, - 10 =k, - 3" + k,. 113 nepBoro ypaBHeHU: cucteMsl (6.20) cie-
JYeT, UTO ¥, = 2X, — X,41 = 2k; - 3" + 2k, — k; - 3" — ky = ky — k; - 3. UTOOHBI
HalTU NOCTOAHHBIE k; U k,, UCNIONb3yeM YCIOBUA Xy = 100 =k + kyuy, =
150 ==k, — k;. Otcroza k; =-25, a ky= 125. VckoMoe pellieHne UMeeT BUZ

x,=125-25-3nuy, =125 + 25 - 3n,

OTcrozia SICHO, 4TO TEPBBIN BUJZ OBICTPO YOBIBAET, @ BTOPOU BUJ IIPOJOJI-
»KaeT pacTH.

BepHeMmcs Temnepb K cucTeMe obiero Buza (6.19) u orsiniem ee obiiee
pellleHre MeTOoZaMM, pACCMOTPEHHBIMU B IIpuMepe 6.16. 113 mmepBoro ypas-
HEHUA ToJIydaeM

xn+2 = allxn-i-l + al?.yn-i-l +f(Tl + 1) =
=A1X 41 + Ap(a0X, + gy, +g() + f(n + 1) =
=A11Xp 41 T Aq2001X, + A19095), + a158(n) + f(n + 1).

ComIacHO TOMY K€ TIEPBOMY YPaBHEHHIO Y, = X, .1 — 4, X, — f(1). 3HA4MT,
Xypo = A11X, 11 T A19091X, + Ao (11— ayx, —f(1)) + a,g(n) + f(n + 1) =
= (17 + ap)x, 1 = (a11055 — A15051)X, — Aof (M) + ag5¢(n) + f(n + 1).

Otcroza ciefyeT, 4To X, y0BIeTBOPAeT Pa3HOCTHOMY YPaBHEHUIO BTO-
poro nopszka

Xp40— (@17 + ay)x, 1 + (a11a55 — a15051)x, = h(n),

rae h(n)= —a,,f(n) + a;,g(n) + f(n + 1). OTo ypaBHEeHHUE MOKHO PEILIUTh
METOZIOM BapUallMU MOCTOAHHBIX (cM. maparpad 6.4). 3aTeM U3 epBOTO
ypaBHeHuA (6.19) MOXHO OIIPEZENUTD Y,,.
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YnpaxHeHus

1. Onpeznenute NOPAZOK PAa3HOCTHBIX YPaBHEHUU:
a) Xn =Xn4+1 + Xn+35 6) Xn+1 = (xn)2 + (xn—l)s; B) Xn + nx, = n2; F) Xn+2 +
+4x,, 1 +4x, =2 0) X, =X, + 1;€) x, =X, 5 + X,_3.
[a) 3;6) 2;B) 1; 1) 2; 1) 1; e) 3]

2. IIpoBepbTe, ABNAETCA JIU X,, = N2 + n pellleHueM pa3HOCTHOTO ypaB-
HEHUA X, = X, + 2n + 2. [lokaxure, 4TO X,, = n2 + n + k Taxxe ABIAETCA
pellleHreM IpU JI060M 3HaYeHUU TTIOCTOSHHOM k.

3. ¥6exzuTech B TOM, UYTO X,, = ca™ ABJAeTCA pellleHueM pasHOCTHOTO ypaB-
HEHUA X, = aX, [IpY JI000M 3Ha4eHUH ITOCTOAHHOM c. HaliziuTe nocTosH-
HBIE A U C, €CJIU U3BECTHO, 4YTO X, = 3, a X3 = 5. 5

27
a=—,c=—
[ 3 25]

4. PocT 6aKTepUaIbHOU KY/IBTYypPhI B TUTATENBHOU Cpefie 3aMePsIeTCsT KaX-
Able Ba yaca. OKas3amoch, YTO MPU KaXKZA0M U3MepeHUH TOMYJ/IALNS OaKkTepuit
yBeJIMYyuBasiach Ha 25 % 110 CpaBHEHMIO C MIPEABIAYIIUM U3MEPEHUEM.

a) OnuiurTe 3TOT MPOLLeCC POCTa C MOMOIIbI0 PAa3HOCTHOI'O YPaBHEHUA
JUIA X, — pasMepa IOIyJIALUY 110 IIPOLIEeCTBUU N 4acoB pOCTa.

6) KakoB mOpsiZIOK 3TOro pa3HOCTHOTI'O YPaBHEHUS?

B) Haiizure x, u x,, ecau x, = 1600.

[a) x,,;5 = 1,25x,; 6) BTOpPOIi; B) X, = 2000; x, = 2500]

HatizuTe ob1iee pelieHue i CIeyIOUMX Pa3HOCTHBIX YpaBHEHUH 1ep-
BOT'O ITOPAZJKA.
S. X4 — X, =27

1
[x, =X, +2(1_2_nj]

[x,, = 3"x,]
n+5
7 Xni1 = +3xn
(n+4)(n+3)
[x, = 1 Xo]
8. X1 = nx,.
" " [x,=0,n=1]

9. X471 — 3x, = 3X,41 — X,

[x,, = (=1)7x,]

HaliauTe yacTHOe pellleHMe, YJBIeTBOPAIlee HavyaJlbHOMY YCJIOBUIO
Xo= 1, AJIA CIEAYIOIMNX PA3HOCTHBIX ypaBHeHI/Iﬁ IEPBOT'O IMOpAAKA.
10. 2x,,,1 = X,
[x, =27]
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11. x, .1 =x, + e™

1-e™m
[xn:1+1_e_1]
12. (n + Dx, 1= + 2)x,,.
[x,=n+ 1]
13. %, —x, = 2x,, + 2.
[x,=2-3"-1]

Haiiayte obiye peneHys AJIs CIeAYIOMNX Pa3HOCTHBIX YPaBHEHUU BTO-

poro mopsjxa.
[xn=k1[1+£] +k2(1_£J ]

14. X, 0=X, + X, ;1.
2 2

15. Xn+2 + 2Xn+1 - 3Xn = O.

16. 4x, + 4x,,1 + X4 =0.
[x, = k;(=2)" + ky(=2)"1n]
17. 3Xn+2 - 2Xn+1 —Xn = 0.
1 n
[xn Zkl +k2 (—gj ]

Hanayre pemeHus, yAOBAETBOPAOIINE HaYaJbHBIM YCIOBUAM X, = 1,
X1 = 2, U1 CIeAyOIINUX Pa3HOCTHBIX YPaBHEHUM BTOPOTO MOPAZAKA.
18. x5 + X, 1 = 6x,,.
[x, = 2"]

19.x,,, + 6x,,; + 9x,=0.

nf1.21
[xn —(_3) (1 3 j]

20.Xn+2+2Xn+1 +2Xn:0.

[x, =272 (cos?)ﬂ +3sin Bﬂj]
4 4

S R

HatizuTe ob1ire pelieHuUs A1 caeAyolUX pa3HOCTHBIX YpPaBHEHUH BTO-
pOro NopsAzKa, UCIOIb3ys METOZ, BapUallii TOCTOSHHBIX.
22. Xy, =X, + 2.

21. Xn=Xn4+2 = Xpt1-

[x,=n + ko + [,(-1)"]
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23. X, 49— 33X, 1 + 2x, = 30

[xn :374‘]{1 +k22n]

24. [lnda ypaBHEHUA X, , 5 — 9x, = 1 HalAUTe pellleHne, YAOBIeTBOPAIOLIee
Ha4YaJIbHBIM YCJIOBUAM Xy= 0 1 x; = 1.

1 3 (=3)n
1.3 (3)
8 4 8

HatiguTe 001Ipe pelreHus Jis CIeAYIONUX CUCTEM Pa3HOCTHBIX YpaBHe-
HUI TIepBOT0 MOpsAKa.

25 {erl =2Xn +Yn

[x, = ]

Yni1 =Xp +2Yn.
[Xn = kl + kzgn, yn = k23n - kl]

26 {fol = _yn +2n:
Yni1=—Xp t 2n,

[t =Ko + (-1 +3-27, Y =—ko + (-1l +3-27]

27. HavijuTe peleHus, yZOBIETBOPAIOIINE HAYaJIbHBIM YCIOBUAM X =
=100 u y, = 200, A4 cucTeEMBI U3 YIIPAKHEHUA 25.

[x,=-50 + 150 - 3, y, = 150 - 3 + 50]



InaBa7
AWCKPETHAA BEPOATHOCTD

7.1. Cnyyaitible cobbiTUA. OnpepeneHue BepoATHOCTH

1. IToHaTue o ciay4aitHoM coObITHH. OIIBIT, SKCIIEPUMEHT, HabIoZleHre
ABJIEHUA Ha3bIBaeTCA ucnblmauueMm. VIcnbITaHUAMY, HalIPUMED, ABIAIOTCS
6pocaHue MOHETHI, BBICTPeJ U3 BUHTOBKM, OpocaHue UTpajbHON KOCTHU
(kybrKa c HaHEeCEeHHBIMM Ha KaXKAyl0 I'PaHb YUCJIOM OYKOB — OT OJHOTO
J10 IIIECTH).

Pe3ynbTaT, UCXOZ, UCTIBITAHUA Ha3bIBaeTCsA cobbimuem. COOBITUAMU ABJIA-
I0TCA BBINIaZleHUe repba wiu udpsl, IonaZaHue B 1[eTb WK IPOMax, MOsB-
JIEHVWe TOT'O WIN MHOTO YHCJIa OYKOB Ha OpOIIeHHON UrpasbHOU KocTu. s
0003HAYEHUS COOBITHUN HCIOJB3YIOT OOJIbIIMEe OYKBBI JTAaTHHCKOTO anda-
BUuTa: A, B,Cur. a.

OnpepgeneHune. [18a coObITUA HA3bIBAOT COBMECMUMbIMU (COBMECTHBIMM),

€C/N NoABNIEHVIE OLHOMO U3 HUX HE UCKITIOYAET NOABIIEHNA APYroro B O4HOM

1 TOM e UCNbITaHUN.

IIpumep 7.1. UcnbiTaHue — OAHOKpPAaTHOe OpocaHue UTPaJbHOU KOCTH.
CobbITHe A — TOsIB/IeHHEe YeThIpeX 04KOB. CoObITHE B — TOsBIeHNE YeT-
HOTO yrcjaa 04KoB. CoObITHA A U B COBMECTHUMEBIE.

OnpepgeneHune. [IBa coObITUA Ha3bIBAOT HECOBMECMUMbIMU (HECOBMECT-
HbIMW), €C/TN MOABJIEHNE OJHOI0 U3 HUX UCKOYAEeT NosABeHne APYyroro
B OZJHOM 1 TOM K€ UCTbITAHUW.

IIpumep 7.2. VcribiTaHWe — OAHOKpPATHOe 6pocaHuie MOHeThl. CoObITHE
A — BeImazieHue repba, coobITHe B — BHINTaZieHHE TUPPHI. DTU COOBITUA
HECOBMECTHMBI, TaK KaK MOSBJIEHNE OHOTO U3 HUX UCKJIIOYAET TOSABIEHUE
JIPYTOTO.

HecoBMmecTUMOCTh OoJjiee yeM ABYX COOBITUI O3HAYaeT UX I[MOoImapHyIo
HECOBMECTHMMOCTD.

IIpumep 7.3. VcribITaHWEe — OHOKPATHOE OpOCaHMe UTPATbHOU KOCTH.
I[TycTb cOOBITUA Ay, Ay, As, Ay, As, Ag — COOTBETCTBEHHO BBINIaJIeHUE OLHOTO
OYKa, ZIBYX, TPeX U T. . DTU COOBITUA ABJIAIOTCA HECOBMECTHUMBIMU.
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OnpepeneHue. [1Ba co6bITUS A 1 B Ha3bIBAOTCA NPOMUBONOIOKHbLIMU, €CIN
B JAHHOM WCMbITAHUWN OHU HECOBMECTUMbI U OIHO 13 HUX 06s13aTeNbHO MPOo-
NCXOAWT.

Co6bITHE, IPOTUBOMOIOKHOE COOBITHIO A, 0603HAYAIOT Yepes A.

IIpumep 7.4. VictibiTaHWe — OAHOKpaTHOe OpocaHure MOHeThl. CoObITHE
A — BeImazieHue repba, coobiTHe B — BhHINIaZiIeHNE TUPPBI. DTU COOBITUA
MIPOTUBOIIOJIOXKHBI, TaK KaK MCXOoAaMH OpOCaHUSA MOTYT OBITh JIMIIb OHHU,
1 TOsIBJIeHHe OZ[HOTO U3 HUX MCKJIIouaeT IoABIeHHe JPYyroro, T. e. A=B,
i A =B.

OI'IPEAEJ'IEHIIIG. CobbITMe Ha3bIBaOT aOCmOGGPHbIM, edJin B AaHHOM UCMbITa-
HUWN OHO ABNAeTCA eAUNHCTBEHHO BO3MOKHbIM €ro McXxonaom, N He803MOXXHbIM,
ecJin B JaHHOM UCTMbITaHUW OHO 3aBe€4OMO HE MOKeT I'IpOVI3OVITVI.

IIpumep 7.5. VcnibiTaHe — u3BJIeYeHUeE Iapa U3 YPHBI, B KOTOPOU Bce
mapel 6esble. COObITHE A — BBIHYT O€JBIN IIap — JAOCTOBEPHOE COOBITHE;
coObITHE B — BBIHYT YEPHBIH 1Iap — HEBO3MOXKHOE COOBITHE. 3aMETHUM, YTO
ZIOCTOBEPHOE W HEBO3MOXXHOE COOBITHS B JAHHOM WCIBITAHUU SIBJISIOTCS
MIPOTUBOIIOJIOXKHBIMH.

OnpepeneHune. CobbiTne A Ha3bIBalOT C/Iy4aliHbIM, €ClIN OHO OOBEKTUBHO
MOXeT HaCTyMNTb UW He HAaCTYNUTb B AAHHOM VCMbITaHWW.

ITpumep 7.6. CobbiTue Ay — BbINAZleHUE 1IeCTH OYKOB Ipu Opoca-
HUU UTPAJIbHOU KOCTU — ciaydatiHoe. OHO MOXXeT HaCTYIUTh, HO MOXET
Y He HACTYNIUTh B JAHHOM HCIIBITAHUMU.

ITpumep 7.7. CobbITHE Agg — TTpOpacTaHue 98 3epeH mniieHuIs! 13 100 —
ciydaliHoe. DTO COOBITHE MOXKET HACTYIUTh, HO, MOKET ObITh, TPOPaCTET
3epeH OO0JIbIIle WIX MEHBIIIE.

MO3KHO JIU KaK-TO U3MEPUTh BO3MOKHOCTD IIOABJIEHUA HEKOTOPOT'O CJIY-
yaifHoro cobbITUsA? JpyruMu cJIoBaMu, MOXHO JIU OXapaKTepU30BaTh 3Ty
BO3MO>XXHOCTb HEKOTOPBIM YMCJIOM?

2. Kimaccu4deckoe onpepesieHre BEpOATHOCTHU. BeAKoe UcbITaHue Bie-
yeT 32 c060U HEKOTOPYIO COBOKYITHOCTh UCXO/IOB — Pe3y/IbTaTOB MCIIbITA-
HUS, T. €. COOBITUI. BO MHOTHX CTy4assXx BO3MOXKHO TIEPEYUCIUTH BCE COOBI-
THSI, KOTOPbIE MOTYT OBITh UCXOAAMU JAHHOTO HCITBITAHUS.

OnpepeneHune. [0BOPAT, UTO COBOKYMHOCTb COObITUI 0OpasyeT noJiHyto
epynny cobbimuli pnAa QaHHOro UCNbITaHWA, €CNn ero pesynbraTtom obsa3a-
TeNIbHO CTAHOBUTCA XOTA Obl OAHO M3 HUX.



[TpuBezieM IpUMepHI MOJHBIX TPYTII COOBITHUI: BBITIaleHNe repba 1 BhIIa-
JeHue nubpH TpU OAHOM OPOCAHWM MOHETHI; TIOTaJlaHue B I[eb U IIPO-
Max [IpYA OZHOM BBICTpEJIe; BhIlIaZIcHUEe OAHOI0, ABYX, TPEX, YEThIPEX, IIATU
Y IIeCTH 0YKOB ITPU OJHOM OpOCaHUU UTPaTbHON KOCTH.

PaccMOTpyM IOJIHYIO IPYIILY IIOIIAPHO HECOBMECTUMBIX cobbITull Uy, U,,
..., U,, CBA3aHHYIO C HEKOTOPBIM UCIbITaHUEM. [IpeAnosoXuM, YTO B 3TOM
VICIIBITAHUY OCYIIeCTBIeHNe KaXoro u3 coosrtuii U, (=1, 2, ..., n) paBHO-
BO3MOXXHO, T. €. YCJIOBHA UCIIBITAHUA He CO3Z,al0T [IPEUMYILIECTBA B IIOABIIE-
HUU KaKOT'0-INOO COOBITHA TIepe/] APYTUMU BO3MOXKHBIMHU.

Onpepenenue. Cobbitna U,, U,, ..., U,, obpasytoLume NosHyto rpynny nonapHo
HECOBMECTUMbIX Y PaBHOBO3MOXHbIX COObITUI, byaem Ha3blBaTb 31emeHmap-
HbIMU CObbIMUAMU.

IMpumep 7.8. BepHeMcs K OIBITY ¢ ITOAOpackiBaHUEM UTPaJTbHOM KOCTH.
I[Tycts U; — cobbITHE, cOCTOsAIIee B TOM, YTO KOCTh BbIllajla I'PaHblo ¢ IHd-
poii i. Kak yxxe oTmeuanoch, coosiTusa U;, U, ..., Ug 06pa3yroT NOJHYIO
I'PYIITy MOIIapHO HECOBMECTUMBIX COOBITHM. TaKk Kak KOCTb IIpeZIojara-
eTcs OZHOPOAHOW U CUMMeTPU4HOMU, To cobsitusa Uy, U,, ..., Uy ABNAIOTCA
U PaBHOBO3MOXXHBIMU, T. €. DJIEMEHTaPHBIMU.

OnpepeneHue. CobbiTue A Haseiearom 6azonpuamcmayouum cobbiTuio B,
€CNIM HacTyneHme cobbiTna A Bneyet 3a cobol HacTynneHme cobbitua B.

IIpumep 7.9. I[lycTh npu 6pocaHuM UTpasbHOU KOCTU cOOBITUA U,,
U, nu Uy — mosABIeHUE COOTBETCTBEHHO [BYX, YETHIPEX U IIECTU OYKOB
1 A — coOBITHE, COCTOsIIEe B MOSBIEHUN YeTHOTO YHCJIa OYKOB; COOBITHUSA
U,, U, 1 Uy 61aronpuATCTBYIOT COOBITHIO A.

OnpepeneHune (knaccuvyeckoe onpedesieHue eepoamHocmu). Bepoam-
m
Hocmobto P(A) cobbiTuA A Ha3blBalOT OTHOLIEHNE — YUCA NTIEMEHTAPHbIX

n
cobbITUIN, 6NaronpUATCTBYIOWNX COBBITUIO A, K UACNY BCEX DNEMEHTaPHbIX

cobbiTnit, T. €. P(A) = E.

IMpumep 7.10. BeravciuM BEPOATHOCTH BHIMTAZIeHUA repba MpU OJHOM
6pocaHuu MOHeThl. OUueBUAHO, COOBITHE A — BBINaZleHe Tepba U COOBI-
The B — BhIMaZieHre MUGPhl 06pa3yIoT MOJHYIO I'PYIITY HECOBMECTHUMBIX
Y PAaBHOBO3MOJKHBIX COOBITUM [JIS JAHHOT'O HCIIBITAHWSA. 3HAYUT, 31€Ch
n = 2. CobbITHIO A 61aTOTIPUATCTBYET JIUIIIb OJHO COOBITHE — caMo A, T. €.

3aecb m = 1. [Toatomy P(A) =%.

IMpumep 7.11. O4eBUAHO, YTO B OIBITE C UT'PATBHON KOCThIO (CM. IIPU-
Mep 7.8) P(Ul-)zé, i=12,...,6.
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IMpumep 7.12. HaiiTu BepOATHOCTD TOT'O, YTO TP OpOCAaHUU UTPATBHOU
KOCTH BBIIIaZIET YUCJIO OYKOB, AesAlieecs Ha 2 (cobwiTue A). Yucio ae-

MEeHTaphIX COOBITUH 37iech 6. YHCIO 6IarOMPUATCTBYIOMINX d/IeMeHTAPHBIX

cobbrtuit 3 (BeimageHue 2, 4 u 6). [Toatomy P(A) :§ = 1

6 2
IIpumep 7.13. Habupas Homep TesnedoHa, aOOHEHT 3a0bLT ZIBE TIOCIIE-

HUe TUQPHI U, TOMHSA JIUIIb, YTO 3TU ITUPHI pa3IMYHbI, HAOpas UX HayAady.
KakoBa BEpOSAATHOCTb TOT'0, YTO HOMep HabpaH IMpaBUIbHO?

JlBe mocezHue nUdPL MOXHO Habpath A criocob6amu, a 61aronpuAT-

cTBOBATh cOObITUIO M (1TdppBl HAOpaHBI TPABUIBHO) OyZET TOTBKO OAVH

crocob. [ToaTomy P(M) = 1 1 1

AZ 109 90°

3azaua 1 (BepoATHOCTH POXKAEHUS MaJbUYHUKOB U JAeBouek). byzgem
MpeAroaaraTh, 4YTO POXAEHUA MAJbYUKOB U €BOYEK — PaBHOBO3MOXKHBIE
cobpiTuA. IIycTh B ceMbe ABOe ZieTeli. KakoBa BEpOATHOCTh TOTO, YTO 0ba
pebeHka — MaabuuKU? ECIU U3BECTHO, YTO OAUH Ma/IbYUK, KAKOBA BEPOSIT-
HOCTB TOT'O, YTO 00a pebeHKa — MaTbUUKU?

Ha nepBbIl BOIIPOC OTBETUTH HETPYZAHO. VIMeeTcsa 4YeThlpe paBHOBO3MOXK-
HBIX ucxoza: MM, M/, IM, I (M — manpuuk, /| — AeBouka). Mcxoanl
M n IM pasiau4Hbl, TaK Kak B [IEPBOM U3 HUX CHavaja POAWICA Majb-
YUK, a IOTOM /IeBOYKa, BO BTOPOM — HA000pPOT. V3 3TUX YeThIpeX UCXOZOB
TOJIBKO ogWH MM 6yIaronpuATCTByeT HallemMy coObTuio. OTCIoZia Cleayer,

1
yto P(MM) :Z.
Eciu A0MOMHUTENbHO M3BECTHO, UTO OAMH pebeHOK — MaJbyUK,

TO cobbiTHe I/l uckiaovaeTcs. V3 Tpex paBHOBO3MOKHBIX COObITHIT MM,

M/, ZIM mo-npexHeMy TOJbKO ofHO MM 61aronpUsATCTBYET KeJlaeMOMY

ucxony. ITostomy P(MM) = %

Ecay u3BecTHO, YTO cTapuinii pebeHOK — MaJbuUuK, TO UCKII0YAeTCs

IM u /1. B atom caydae P(MM) = %

IMpumep 7.14. Y kabuHeTa Je)KypHOI'O IICUXOTEPAINEBTa OXKUAAIOT IIPU-
eMa Tpoe O0JIbHBIX. Bpauy M3BeCTHO M0 MEAUIIMHCKHUM KapTOYKaM, YTO OANH
13 OXXuAarouux, mo ¢amuauu IleTpoB, 6oJiesl B MPOILIOM MaHHAKaIbHO-
JleTIPeCCUBHBIM TICMX030M. Bpau uHTepecyeTcsa STUM OOJbHBIM, HO HE XOUeT
BHE o4Yepe/iv BhI3BIBATh €ro B KabuHeT. O603HAaYMM KaK cOOBITHE A TOT PakT,
YTO B KAOMHET Bpada BXOAUT 60bHOI [leTpoB; Kak coObITHE B 0603HAYNM
TO, YTO BXOJUT Apyroil 6ompHON — CuzopoB (cobwiTue B;) muim ViBaHOB
(cobriTue B,). CobbiTrd A, B; U B, — HECOBMeCTUMBI U 00pa3yloT IOJIHYIO
rpymmy (IpezroaaraeTcs, 4YTo K Bpady OOJIbHBIE BXOASAT IT0 ogHOMY). Tak
KaK IMOSBUTHCS, COIYIACHO OYepeird, MOXKET PAaBHOBEPOSATHO JTI0O0U 13 60JIb-
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HBIX, TO K Ha4aJly IIpueMa BEPOATHOCTDb IIOABUTHCA IIEPBBIM B KabuHeTe

1
Bpa4a AJid OJHOI'O 13 6OJIbeIX, B TOM 4HHCJIE OJIA HeTpOBa, paBHa g

3azava 2. IIpu cocTaBieHUY KOMaHABI KOCMUYECKOT'O KOpabJis BO3HU-
KaeT BOIPOC O TICUXOJIOTUYECKON COBMECTUMOCTH OTAENbHBIX WIEHOB JKU-
naka. JIoImycTUM, 4YTO HaJZ0 COCTABUTh KOMaHAy U3 TPeX YeJOoBeK: KOMaH-
Jvipa, MH)KeHepa U Bpaya. Ha MecTo KoMaHAMpa ecTh TpU KaHAWAATA dq,
a,, ds; HA MeCTO MHXeHepa — JeTelpe kKanaugata — by, b, bs, b,, Ha MecTo
Bpaya — /IBa KaHAW/ATA Cq, C,. [IpOBeZieHHas IIPOBePKa MoKa3asa MCUX0JIo-
IrMYecKyl0 HeCOBMeCTUMOCTh KOMaHAUpa a, ¢ MHXeHepamu b,, b, u ¢ Bpa-
YOM C,, a TaK)XKe UHXKeHepa b, ¢ BpauoM ¢,. ByzeM /11 MpOCTOTHl CYUTATH,
yTo Oe3 yuera ¢pakTOpa HECOBMECTUMOCTU BCE BAapPUAHTHI COCTABJIEHUS
KOMaH/Ibl pABHOBO3MOXKHBI. KaKoBa B 3TOM CjIydyae BEPOSTHOCTb TOTO, YTO
OyZeT cocTaB/ieH SKHUIIaX, BCe WIeHbl KOTOPOT'O IICUXOJOTUYECKU COBMe-
CTHUMBI IPYT C APYTOM?

[TpeacTaBUM BCe BapUaHTBI KOMAaH/bI, IIPU KOTOPHIX WIEHBl dKHUITAXKa
COBMECTHMBI YT C AIPYTOM B BUE «AepeBa» (puc. 7.1). Yucio BeTBel
3TOTO JIEPEBA, T. €. UCXOZOB, O6JArOTPUATCTBYIONIUX COOBITHIO A, paBHO 16,
a o0Iree YMCI0 BO3MOXXKHBIX KOMOMHAIIUH 110 TIPaBWIy YMHOXKEHHUS PaBHO

1 2
npousBesieHuto 4 - 3 - 2 = 24. Vickomas BeposiTHOCTb P(A) = ﬁ =§.
€1
C
by b, ¢ ’
4 1 .,
a;
€1
a, by
a G
3 bl C2
D, Cq
C
b C
4 1 ,
Puc. 7.1

V13 mpuBeIeHHOT'O KJIACCUYECKOT'O OIIpe/IeIEeHUsT BEPOSITHOCTH BBITEKAIOT
cjlelytoIIe ee CBOMCTBA.
1. BeposmHocmb 0ocmogepHo20 cobbimus pasHa eduHuue. JleficTBU-

TeJIbHO, IOCTOBEPHOMY COOBITHIO JOKHBI OJ1arOIPHUATCTBOBATD BCE N dJIe-
o m n
MeHTapHBIX COOBITUH, T. €. m = n, ciefoBarenbHo, P(A)=—=—=1.
n n
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2. BepOHmHOCTle HeB803MONCHO20 cobbimus pasHA HYJ0. B camom AgeJie,

HEBO3MOXKHOMY COOBITUIO HE MOXKET 6JIaFOHpI/IHTCTBOBaTb HY OZHO M3 dJIe-

o m O
MeHTapHBIX COOBITHH, T. €. m = 0, oTkyza P(A)=—=—=0.
n n

3. BepossmHocmb cayuatiHoz2o cobbimusi ecmb NOJONCUMENbHOe UUCO,
3aKI0OUeHHOe Mexcdy Hyem U eOuHuyell.

JleiCTBUTENBHO, CIyYalHOMY COOBITHIO OJIarONIPUATCTBYET JIUIIb YaCTh
13 OOIero 4mcja 3jJeMeHTapHbIX cOObITHUH. [ToaTOMy B 3TOM ciaydae 0 <

m
< m < n u, 3HauuT, 0 <— < 1. CinegoBaTreabHo, 0 < P (A) < 1.

n
Tak, BEpOSTHOCTH JII0OOTO COOBITHA YAOBAETBOPSAET JBOMHOMY Hepa-
BEHCTBY

0<PA)<1.

3. OTHOCcUTeNbHaA YyacToTa. CTaTUCTUYECKOE OIIpe/ie/leHHe BepOoAT-
HocTU. Kitaccuyeckoe onpeziesieHre BEPOATHOCTU He ABJIAETCA MPUTOAHBIM
JJIsT U3Y9EeHUs TTPOU3BOJIBHBIX CIyIaHBIX COObITHM. Tak, OHO HempueM-
JIeMO, eCJIM pe3yJbTaThl UCIIBITAHMA HepaBHOBO3MOXHBI. Hanpumep, nipu
O6pocaHuy HENPaBUILHON UTPATbHON KOCTH BBITTAZIEHVE €€ Pa3IUYHbBIX I'Pa-
Hell HepaBHOBO3MOXHO.

B Takux cay4yasgx UCIOJIb3yeTCs TaK Ha3blBaeMoOe CTAaTUCTHUYEeCKOe OIpe-
JileJieHre BEPOATHOCTH.

[TycTh mpoU3BeZeHO N UCHBITAHWUMN, IPU 3TOM HEKOTOPOE COOBITHE
A Hactynwio m pa3 (m < n).

OnpegeneHune. Yncno m HasbiBaloT abcosmomuol yacmomodu (Mnn NPocTo

. % m
yacmomou) cobbiTna A, a oTHoweHue P"(A) =— Ha3bIBalOT 0mHocumerss-
Hol yacmomot cobbiTusa A.

IIpumep 7.15. Ilpu tpancnoptupoBke u3 10 000 apOy30B UCIOPTHU-

Joch 26. 31ech m = 26 — abcoM0THAs YacToTa UCIIOPYEHHBIX apOy30B, a

P*(A) = 26 =0,0026 — oTHOCUTEIbLHAA.
10000

Pe3y/ibTaThl MHOTOYHCJIEHHBIX OITBITOB 1 HAOJIIO/IEHUI TTOMOTalOT 3aKJIIO-
YUTh: IPU MPOBEAEHUM CEPUN M3 N UCIBITAHUN, KOT/a YHUCJIO N CPaBHU-
TeJIbHO MaJIo, OTHOCUTeIbHAA YacToTa P*(A) mpUHHUMAaeT 3HaYeHUsI, KOTO-
pble MOTYT JOBOJIbHO CUJIBHO OTJIMYAThCA APYT OT Apyra. Ho ¢ yBesnyeHreM

o % m
n — 49urcjia UCIIbITAHWH B CEPUAX — OTHOCHUTE/TIbHAA 9aCTOTa p (A) =—IIpHU-
n

6KaeTcsa K HeKoTopoMy unciy P(A), cTabUIn3upysch Bo3jie HEro U MpHU-
HUMadA Bce Oosiee yCTOMYMBhBIE 3HAYEHUS.

IMpumep 7.16. bruio npoBezseHo 10 cepuit 6pocanuit MoHeTsl, 1o 1000
6pocaHuil B Kaxaou. OTHOCUTENbHbIE YaCTOTHI BHIMIaZIeHUs repba oKasa-
auck paBueiMu 0,501; 0,485; 0,509; 0,536; 0,485; 0,488; 0,500; 0,497;
0,494; 0,484 (cM. [8]). OTu YyacTOTHI TPYNIIIUPYIOTCA OKOJI0 yuciaa 0,5.
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OnpepeneHne (cmamucmuy4yeckoe onpeodesieHUe eeposmHocmu).
BepoaTHOCTbIO COOLITUA A B JAHHOM UCMbITAHUKN Ha3blBaloT Ynciio P(A), okono
KOTOPOro rpynnupytoTca 3HaYeHWA OTHOCUTENIbHOWM YacTOTbl NpY 60MbLINX N.

B ycnoBusax npumepa 7.16 ykasaHHas BepoaTHOCTb paBHa 0,5.

IMpumep 7.17. [To oduitnaabHbIM JaHHBIM IIBEJCKON CTaTUCTUKU, OTHO-
CUTEJIbHBbIE YaCTOThI POXKAEHUA AeBOUeK o MecAlaMm 1935 r. xapakTepusy-
IOTCA CeAYIOMMMU YucaamMu (paciooKeHbl B TOPAAKE CieJOBAaHUA MeCs-
1leB, HaunHada ¢ aHBapsa): 0,486; 0,489; 0,490; 0,471; 0,478; 0,482; 0,462;
0,484; 0,485; 0,491; 0,482; 0,473 (cm. [3]). OTu 4YaCTOTHI TPYHIIMPYIOTCA
okouio uyuciaa 0,482.

Takyum 06pa3oM, OTHOCUTETbHASA YaCTOTA COOBITHS TPUOIMKEHHO COBIIA-
JlaeT C ero BepOATHOCTBIO, €CIU YMCJIO MCHBITAaHUUM JOCTaTOYHO BEIHKO.
ViMeeTcst OTPOMHBIN ONIBITHBIN MaTepuaJl 1o IIPOBePKe MOCAeHETO YTBEPK-
JleHUs. YKaKeM elrle OAUH TaKoW mpuMep ¢ 6pocanreM MoHeThl (cM. [3]).

JKCIIepUMEeHTaTOP Yuciio Ywuciio BeIIIazE- OTHOocuTeNbHAaA
OpocaHmit HUIi rep6a JacToTta
XK. Broddon 4040 2048 0,5080
K. ITupcon 12 000 6019 0,5016
K. ITupcon 24 000 12 012 0,5005

3/lecb OTHOCUTEJIbHBIE YaCTOThl HE3HAUUTEIbHO OTKJIOHSIOTCS OT YMCJIa
0,5, mpu4yeM TeM MeHbIIe, 4yeM 60JbIIe YrcIo ucnbiTaHui. [1pu 4040 ucIbI-
TaHUAX OTKJIOHeHUue pasHo 0,008, a mpu 24 000 — 0,0005.

IIpumep 7.18. YTOOB! 3HATH, KAKOBA BEPOSTHOCTD /JI JAHHOTO CTAaHKA
HU3TOTOBUTH T'OJHYIO ZIeTajlb, ITIOCTYIIAIOT TaK: IPOBEPAIOT OHY WIN HECKOJIBKO
MapTUU JeTanen, U3rOTOBJIEHHBIX CTAHKOM, MOJCYUTHIBAIOT YUCIO TOJHBIX
JleTajiell, BBIYMCIAIOT OTHOCUTEIbHYIO YaCTOTY U B COOTBETCTBUM C OIlpe/eie-
HMEM BePOSTHOCTb MPUHUMAIOT PABHOM 3TOM dacToTe. J[oImyCTHUM, IPU IPO-
Bepke naptuu u3 200 getaneit 190 okazanuch rogHbBIMU. TorZia BEpOSTHOCTD

Hay/lauyy BHIOpaHHOMU ieTau OBITh TOAHOM P ~ % =0,95. BeposATHOCTb Hali-

J€Ha HPI/I6JII/I}KGHHO, TaK KaK 0,95 — OTO OTHOCHUTEJIbHAA 4aCTOoTa.

AHaJIOTUYHBIM 00pa3oM MOCTYIIAIOT, HAIIPUMED, IIPU ONpeieIeHUH IIPO-
IIeHTa BCXOXKeCTU CEMSH.

7.2. (BoiiCTBa BEPOATHOCTY

1. Teopema cJIOKeHMSI BEPOSITHOCTE HECOBMECTUMBIX COOBITH.
OnpepeneHune. CymmoUli cobbiTuin A n B HasbiBatoT cobbitne C=A + B, cocto-
Alee B HACTYNJIeHUN NO KpariHen mepe ogHOro 13 cobbitum A unu B.



IMpumep 7.19. VicnibiTaHe — cTpenbba ABYX CTPENKOB (KaXKABIHA e/1aeT
110 ofHOMY BBICTpeny). CoObITHE A — IOMTaZlaHKe B MUIIIEHD ITIEPBBIM CTPEJI-
KOM, COOBITHE B — TOMaIaHue B MUIIIEHb BTOPBIM CTPETKOM. CyMMO¥ COOBI-
Tuit A u B 6yzeT cobritrie C = A + B, cocTosIee B MOMaZIlaHUU B MUIIIEHD
10 KpaliHeu Mepe OZHUM CTPETKOM.

AHaJIOTUYHO CyMMOM KOHEYHOTO uMcjia COOBITUit Aq, A,, ..., A, Hasbl-
BaeTcd cobpiTe A = A; + A, + ... + A, cocToslee B HACTYILUIEHUU XOTA
651 ofiHOTO U3 COOBITUN A; (I =1, ..., k).

3 onpeziesieHUsI CyMMBbI HEIIOCPEJCTBEHHO clieyeT, uTo A + B =B + A.
CropaBeZIMBO TakKXXe codyeTaTeJbHOe CBOMCTBO. OmHako A + A =A (a He 2A,
Kak B ajireobpe).

OnpepeneHue. [lpoussedeHuem cobbITU A 1 B HasbiBatoT cobbiTre C=AB, cocTto-
slliee B TOM, YTO B pe3yibTaTe UCMbITaHUSA NMPOU30LWIv 1 cobbiThe A, 1 cobbiTue B.

AHaJIOTUYHO TMpPOU3BeJileHNeM KOHEeYHOIr'o 4ucia cOObITUM Aq, A,, ...,
A, HasbIBaeTca cobuiTHe A = A A,.. A, cocTosAlIee B TOM, UTO B pe3yJabTaTe
HICITBITAHUS TTPOU3O0IIUIN BCE YKa3aHHbIE COOBITHA.

B ycnoBusx nmpumepa 7.19 nmpousBezseHreM cobObiTuii AB 6yneT coObITHE
C = AB, cocrosliee B IOIIaIaHUU B MULLEHD JBYX CTPEJIKOB.

W3 onpezenieHra Mpou3BeAeHUA HEIIOCPEACTBEHHO ciieayeT, uTo AB = BA.

CrpaBeZ/ITUBBl TaK)Xe COYETATeJbHBIM U AUCTPUOYTUBHBIA 3aKOHBHI.
OnHako A - A = A (a He A2).

Teopema 7.1. BeposimHOCMb CyMMbL 08YX HECOBMECMUMbBLX COObIMULL
A u B pasHa cymme sepossmHocmeltl amux cobbimuii:

P(A + B) =P(A) + P(B). (7.1)

Jokxazamenbcmeo. Vicnionb3yeM KjIacCUdecKoe OIpezieJieHre BEPOSATHO-
ctu. [IpeAnoaoXum, 9To B JAHHOM UCITBITAHUU YHMCJIO BCEX dIeMEeHTapHbBIX
COOBITUM PAaBHO N, COOBITHIO A GIAaTONPUATCTBYIOT k 3IeMeHTapHBIX COOBI-
TUH, COOBITUIO B — [ 3eMeHTapHbIX cOOBITHH. Tak KaKk A U B — HecoBMe-
CTHUMBIe COOBITHSA, TO HU OZHO W3 3jeMeHTapHbIX cobsituit U;, U,, ..., U,
He MOXKET OHOBPEMEHHO 0JIaronpUATCTBOBATh U COOBITHIO A, I COOBITHIO
B. CnegoBaTenbHO, cOOBITUIO A + B OyzeTr 6maronpuaTcTBoBaTh k + [ aye-
MeHTapHbIX coObITH. T10 onpesiesieHNI0 BEPOATHOCTH UMeeM

P(A) =E, P(B) =£, P(A+B) =ﬂ,
n n n
OTKy/la U CJIeiYET YTBEP)KAEHNE TEOPEMBI.

CoBepIlIeHHO TaK ke TeopeMa GOpPMYyNIUpyeTcd U [OKa3blBaeTcA MAJ
J060T0 KOHEYHOTO YHMCJIa TIOTTAPHO HECOBMECTHUMBIX COOBITHM.

Cnedcmeue 1. Eciu cobbimus Ay, A,, ..., A, 06pasytom noaxyw 2pynmny
NnONAapHoO Heco8MeCmuMblx cobblmuil, mo cymma ux geposmHocmeil pasHa
eduHuUe:

P(A) + P(A) + ... + PA,) =1.
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Joxaszamenvscmeo. Tak Kak cobbITUA Aq, Ay, ..., A, 00pa3yIOT IOJHYIO
T'PYIINY, TO MOSABJAEHHE XOTS ObI OHOTO M3 HUX — JOCTOBEPHOE COOBITHE,
Y, 3HAYUT,

PA,+ Ay + ... +A) =1.
A TaK Kak 3TU COOBITHA M HECOBMECTHUMBIE, TO
P(Al +A2 + ... +An) :P(Al) + P(Az) + ...+ P(An),

YTO Y MMPUBOJUT K UICKOMOMY PaBEHCTBY.
Cnedcmeue 2. Cymma gepossmHocmetl NPOMuUBONOJIONCHbIX cobbimuil A
u A pasHa eduHuue:

P(A) + P(A) =1. (7.2)
OTO cleiIcTBUEe — YaCTHBIUN ciaydail ciaeacTBus 1.

IMpumep 7.20. B ypHe 10 mapoB: Tpu KpacCHBIX, MATh CUHUX U IBA OEJIBIX.
KakoBa BepOsSTHOCTDb BBIHYTH 1[BETHOMU IlIap, €CJIM BBIHUMAETCA OAWH LIap?

BepoAaTHOCTh BBIHYTB KpacHbIU 1map P(A) = %, cuHu — P(B) = % Tak kak

coObITUA A U B HECOBMECTHUMEL, TO IO TeopeMe 7.1

3.5
P(A+B)=P(A)+P(B)=—+-—-=0,8.
(A+B)=P(A)+P(B) 0" 10

IMpumep 7.21. Ha kaymbe pactyt 20 kpacHblX, 30 cuHUX U 40 Gesbix
acTp. KakoBa BEpOSTHOCTh COpBaTh B TEMHOTE OKpAIIeHHYIO acTpy, ecau
CPBIBAIOT OZHY acTpy? VickoMasi BEpOSITHOCTb paBHA CyMMe BEPOSATHOCTEM
COpBaTh KPACHYIO WIHM CUHIOIO acTpy, T. €.

790 90 90 9

2. TeopeMa YMHOKE€HMSI BEPOSITHOCTEI.

p_20 30 _50_5

OnpepeneHume. [1Ba cobbITUA A 1 B Ha3bIBalOT HE3ABUCUMbIMU, €CNTA BEPO-
ATHOCTb MOABNIEHMA KaXKAOrO U3 HMUX He 3aBUCUT OT TOro, NOABWUIOCH ApY-
roe cobbiTne nnm Hetl. B npoTuBHOM ciyyae cobbiTuA A u B Ha3biBaloOT 3a8u-
CUMBbIMU.

IMpumep 7.22. ITycTh B ypHE HAXOAATCA ABa OeJbIX U IBA YEPHBIX IIapa.

o 1
[TycTh coObITHE A — BBIHYT Oebiii map. O4ueBugHO, P(A) =E. [Tocye mep-
1 HeckonbKko COBBITHIA A, ..., Ay HA3BIBAIOTCA HE3ABUCUMBLMU 8 CO80KYNHOCMU (WU TIPO-

CTO H€3a6'uCLLMbLMU), €C/IN BEPOATHOCTD IMOABIEHNA JII060TO M3 HUX HE 3aBUCUT OT TOro, IIpo-
M3OIIINA KaKKue-Trub0 Apyrue pacCMaTpruBaeMbie COOBITHSA WU HET.
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BOT'O UCIIBITAHUA BBIHYTHIN IIap KjaajeTcsa obpaTHO B YpHY, LIaphl llepeme-
IIMBAIOTCA Y CHOBA BhIHMMaeTcs 1map. CoObITHe B — BO BTOPOM HCIBITAaHUU

o 1
BBIHYT OeJsiblil map — Tak)ke MMeeT BeposATHOCTb P(B) =5 T. €. COOBITUSA

A U B — He3aBUCHUMEBIE.

[TpeAmonoXuM Telepb, YTO BHIHYTHIM 1Iap B IEPBOM MCIIBITAHUHU He KJia-
JeTcst oopaTHo B YpHY. Torza eciy MpoU30IIUIO COOBITHE A, T. €. B IIEPBOM
HCIIBITAHUN BBIHYT O€JIBIH IIap, TO BEPOATHOCTDL COOBITHS B yMeHbIIaeTcs

1 o
(P(B)= E) ; €CJTU B TIEPBOM UCIIBITAaHUY OBbLT BHIHYT YePHBIH I1ap, TO BEPOST-

2
HOCTb coObITHA B yBemuuuBaercsa (P(B)=-).
MTak, 3/ech BEPOSITHOCTh COOBITUA B CyIleCTBEHHO 3aBHCHUT OT TOTO,
MIPOU3O0NILI0 WINM HE IMPOU30ILIO COOBITUE A, B TaKUX CIy4asiX COOBITHS
A u B — 3aBucHUMBIE.

OnpegeneHue. lyctb A u B — 3aBucumble cobbiTuA. Yci08HOU 8eposmHo-
cmbio P,(B) cobbiTna B Ha3biBalOT BEPOATHOCTb COOBbITUA B, HanaeHHy!0 B npea-
MONOXEHNN, UTO COObITUE A yXKe HacTynumno.

Tak, B npumepe 7.22 P, (B) =%.

3aMeTuM, 4TO ecyiu coObITUsA A U B He3aBucuMEl, TO P,(B) = P(B).

Teopema 7.2. BeposimHocmbs npousgedeHus: 08yX 3a8UCUMbBLX cOObLmuUil
A u B pasHa npousgedeHur0 8epoSiMHOCMU 00H020 U3 HUX HA YCJI08HYHO 8epPo-
samHocmb 0py2020, HATIOeHHYH0 8 NPedNoJI0XNCeHUL, UMO nepsoe cobblmue yice
HACMynuno:

P(AB) =P(A)P,(B). (7.3)

Jokaszamenvcmeo. ITycTb U3 BCEro YMCaa N dJIeMeHTapHBIX COOBITHM
k 61aronmpUsTCTBYIOT COOOBITHIO A M ITyCTh U3 3TUX k COOBITHI | Gy1aronpu-
SATCTBYIOT COOBITHIO B, a 3HaUMT, U cobbITUIO AB. Torzma

k1

P(AB)=—= s P(A)P,(B),

!
n
YTO Y IOKa3bIBAa€T UICKOMOE paBeHCTBO (7.3).

3ameuarue. [Tpumenus popmyny (7.3) K coObITHIO BA, TOTyYUM

P(BA) =P(B)P3(A). (7.3)
Tak kak AB = BA (cwm. 1. 1), To, cpaBHuBas (7.3) u (7.3'), nomydaem, 9To

P(A)P,(B) = P(B)P4(A). (7.4)

IIpumep 7.23. B ycnoBusax npumepa 7.22 bepeM TOT ciydal, Korza
BBIHYTHIU IIap B IEPBOM MCIBITAaHUM He KiaZleTcs o6paTHO B ypHYy. [TocTta-
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BUM CJIEZYIOIINUM BOIIPOC: KAaKOBa BEPOSTHOCTb BBIHYTh MEPBBIA U BTOPOU
pa3 6esble mapsi? 1o popmyse (7.3) umeem

P(AB) = é.

Wl

1
2

IIpumep 7.24. IIpeAnonoxuM, 4TO BEpOATHOCTU BCTPETUTD PEKY, 3arpA3-
HAEMYIO TTOCTOSTHHBIM pakTopoM P(A), BpeMeHHBIM dpakTOopoM P(B) u 060-
umu paktopamu P(AB), paBHBI cooTBeTcTBeHHO 0,4; 0,1 u 0,05. Hatitu:
1) BepoOATHOCTBb TOTO, YTO peKa, 3arpsA3HsgeMas BpeMeHHBIM (GaKTOpOM,
OyZieT K TOMY »Ke 3arps3HeHa U ITOCTOAHHBIM $paKTopoM, T. e. P5(A); 2) Bepo-
ATHOCTb TOT'O, YTO PeKa, 3arps3HseMas MOoCTOAHHBIM dbaKkTopoM, OyzeT elile
3arpsA3HeHa U BpeMeHHBIM GaKToOpoM, T. e. P,(B). 13 dopmysl (7.3") Haxo-
UM

P(AB) _0,05 05

Py(A)= pB) 01 7

AHaJIOTUYHO, UCTOoJb3ys popmyiay (7.3), HaxXoAUM

P(AB) 0,05

PaB)= P(A) 0,4

=0,125.

IMpumep 7.25. B TepaneBTHYECKOM OTAeTeHUH O0abHUILI 70 % mammeH-
TOB — JKEHIIUHBL, a 21 % — Kypslrde MyK4uHbl. Hayras BeIOMpaioT naiu-
eHTa. OH OKa3bIBaeTCA MY>XUYUHON. KakoBa BepOATHOCTD TOTO, UTO OH KYpUT?

[Tycts M 03HavaeT, 4TO Nan¥eHT — MYy»XKYhHa, a K — 4To marnueHT Kypur.
Torza B cuity yenosusd 3agauu P(M) = 0,3, a P(MK) = 0,21. ITosTomy ¢ yueToM
P(MK) 0,21 ~0.7

opMyJibl (7.3) ckoMas yesioBHas BeposaTHOCTh Py, (K) = = =
¢opmyaer (7.3) y p M (KD 20D - 0.3

IMpumep 7.26. B rpynrme TypuctoB 20 % geteit, npuyeM 12 % JeBOYKHU.
Hayrag BeiObupatoT pebeHka. KakoBa BepOATHOCTh TOTO, UTO 3TO JleBOYKa?
KakoBa BepOATHOCTH TOT'O, YTO 3TO MaJIbUUK?

[TycTh P o3HavaeT, 4TO TypucT — pebeHOoK, XK — UYTO TypHCT KEHCKOT'0
nosia, M — my»xckoro. Torza 1o ycaoButo P(P) = 0,2, PCKP) = 0,12, P(MP) =
= 0,08. CiegoBaTenabHO,

PCKP) 0,12

P(MP) 0,08 _
P(P) 0,2

P(P) 0,2

PP(R): :036;PP(M):

9 .

3azaua (KypeHue u 3aboJieBaHMe JIETKMX). B rpymie obcieayeMbIx
1000 uyenosek. M3 Hux 600 kypamux u 400 Hekypaumux. Cpean KypAaLUX
240 4ey0BEK MMEIOT Te WIN UHbIE 3a00eBaHus Jerkux. Cpeay HEKyPALIUX
JIETOYHBIX O0JbHBIX 120 YenoBek. SBIAIOTCA JIM KypeHUe U 3abojieBaHUe
JIETKUX HEe3aBUCUMBIMU COOBITHSIMU?
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[TycTb coOBbITHE A — 00OC/IeyeMbIN KypUT, cOOBITHE B — obcieryeMblit
cTpajaeT 3aboieBaHUEM JIETKHUX.
Torga cormacHO yCJIOBHIO 3aja4u

p)=230t120 6 p (3)=240_2_¢ 4
1000 600 5

Tak xak 0,36 # 0,4, coObITUA A U B 3aBUCHUMEIE.

Teopema 7.3. BepossmHocmb npousgedeHuss 08yX He3a8UCUMbBLX cOObImMuLl
A u B pasHa npoussedeHuro gepossmHocmetl amux coobimuii:

P(AB) =P(A)P(B). (7.5)

JeiicTBuTenbHO, ecnu A U B — He3aBucuMsble cobwiTus, To P,(B) = P(B)
u dopmyna (7.3) mpeBpaimaercs B bopmyiny (7.5).

3ameuarue 1. B ciyyae He3aBUCUMBIX COOBITHUM B COBOKYITHOCTH 3Ta TEO-
peMa pacIpoCTpaHsAeTCsa Ha JIF000oe KOHEYHOe YHCIO UX, T. €. UMEET MECTO
pPaBEHCTBO

P(A/A,...A)) =P(A))P(A,)...P(A,).

3ameuanue 2. Ecnu cobbITuA A, Ay, ..., A, HE3aBUCUMBI B COBOKYITHO-
CTH, TO Y IPOTUBOIIOJIOXKHBIE UM COOBITUA A;, Ay, ..., A, TaK)Ke HE3aBUCHUMBI
B COBOKYITHOCTH.

IMpumep 7.27. HaiimeM BepOATHOCTb OAHOBPEMEHHOI'0O TOPaXKeHUA LIeIn
ABYMs OPYAWUAMU, €CJIU BEPOATHOCTh MOPaKEHUA LIeJIN [IEPBBIM OpYyAUEM
(cobrrTre A) paBHa 0,8, a BTopbIM (cobbiTrie B) — 0,7.

CobbITuSA A 1 B HE3aBUCHUMBI, TIO3TOMY MCKOMas BepoATHOCTb P(AB) =
=0,7-0,8=0,56.

IIpumep 7.28. BepoATHOCTH BBLKUBAHUA OLHOI'O OpraHu3Ma B Te4eHUe
20 muH P = 0,7. B npobupke ¢ 6;1aronpUATHBIMU JJIS CyI[eCTBOBAHUA TUX
OpPraHU3MOB YCJIOBUAMU HAXOZAATCA TOJBKO YTO POJAUBIIMNECA ABa Opra-
Hu3Ma. KakoBa BEpOSATHOCTD TOTO, YTO Yepe3 20 MUH OHU OYAYT >KUBBI?

[TycTb cobbiTHE A — TepBbIN OpraHu3M XKUB yepe3 20 MUH, cOObITHE B —
BTOPOU OpraHu3M XuB 4yepe3 20 MuH. ByzeMm cuuTaTh, 4TO MeXAy Oopra-
HU3MaMU HeT BHYTPUBHZOBOUN KOHKYpDEHIIMH, T. €. COObITUA A U B He3aBu-
cuMbl. CoOBITHE, YTO 00a OpraHu3Ma JXUBHI, eCTb coObITHE AB. I1o Teopeme
7.3 nmony4daem P(AB) = 0,7 - 0,7 = 0,49.

IMpumep 7.29. [IycTh y Hac nepeMelIaHbl 3alIMCH HEUPOHHOM aKTUBHO-
ctu 10 KJIETOK M3 OfHOU obsacTu Mo3ra (Y MSATU KJIETOK 3aperucTpUpOBaHa
aKTUBHOCTbB, XapaKTepHas /I KJIETOK «BHUMAHUS», y TIATH — JAPYTod BUJ
akTuBHOCTH) U 20 u3 Apyrou obnactu (y 15 — aKTUBHOCTDb TUTIA KJIETOK
«BHUMaHUs», V TMATA — JAPYroro BU/a). BBIACHUM, 3aBUCHUMBI JIU COOBI-
TUsA A — «BbIOpaHHad HayraJ 3aluch cZejaHa B mepBoi obmacTu» U B —
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«Ha BbIOpAaHHOM HayTa/ 3alucy 3aperucTpUpoBaHa aKTUBHOCTD, XapaKTep-
Hadg /Ui KJIEeTOK “BHUMaHUA ». iMeeM

10 1
P(A)= =, P(B)

20 2 Lo 51
30 3 30 6

P(AB) # P(A)P(B), ciemoBaTelbHO, COOBITHA A 11 B 3aBUCHUMBI.

Teopema 7.4. Ecnu cobbimus A, ..., A, He3as8ucuUMblL 8 COBOKYNHOCMU,
Mo 8eposiMHOCMb HACMYynJleHUst xoms 6bl 00HO20 U3 amux cobbimuil (m. e.
8ePOSIMHOCMbL CYMMbl) 8bIUUCSAEMCA NO Popmyie

P(A; + Ay +...+4A)=1-P(A)P(A,)-...-P(A,).

Jloxasamenscmeo. CobbiTHe A; A,...A, COCTOUT B TOM, 4TO He IIPOU3O0LLIO
HU OZiHO U3 cobbITuit A; (i =1, 2, ..., n). OHO IPOTUBOIOJOKHO COOBITUIO,
COCTOAIEMY B TOM, YTO IIPOM30LILIO XOTSA ObI OHO U3 COOBITUH A; T. €. CyMMe
cOOBITUI A] + A, + ... + A,,. [ToaToMy cornacHo popmye (7.2)

P(A + Ay +...+A)+P(AA,...A ) =1,
OTKyZa
P(A; +Ay+...+A)=1-P(AA,...A).
Ho c yyeTom 3ameuanuii 1 u 2
P(AA,...A ))=P(A)P(A,)-...-P(A,),

YTO Y MPUBOAUT K UICKOMOMY PaBE€HCTBY.

3. Teopema cJI0K€eHUA BEPOATHOCTEN COBMECTUMBIX COOBITUI. Bepo-
SAMHOCMb CYMMbL 08YX COBMeCMUMbLX cobbimuil A u B pasHa cymme geposim-
Hocmell amux cobblmuil MUHYC 8ePOSIMHOCMb UX NPOU3BE0eHUS:

P(A + B) =P(A) + P(B) - P(AB). (7.6)

Joxazamenvcmeo. IlycTb M3 BCEro 4uciaa n 3JeMeHTAapPHBIX COOBITUH
k 6maronpusATCTBYIOT COOBITUIO A, [ — COOBITHIO B 1 m — OAHOBPEMEHHO
cobeiTusAM A u B. Otciozia co6pITUIO A + B 671aronpuATCTBYIOT k + [ — m 271e-
MeHTapHbIX cobbITHil. Torga
k+l-m k | m
P(A+B)=—=—+——-—=P(A)+ P(B)- P(AB).
n n n n
3ameuanue. Ecnu cobbITHA A 1 B HECOBMECTUMBI, TO UX MIPOU3Be/leHre
AB ecTb HEBO3MOXXHO€e COOBITHE U, ciefloBaTenbHO, P(AB) = 0, T. e. dop-
Mmysa (7.1) siBisgeTcsa YacTHbIM ciay4daeM popmyssl (7.6).

IIpumep 7.30. B noceBax mieHUIbl Ha JieJITHKe UMeeTcd 95 % 340pOBBIX
pacteHuii. Beibuparor aABa pacteHusd. OnpenennuTb BepOATHOCTh TOTO, YTO
Cpeay HUX XOTs ObI OTHO OKaXKeTCsI 3/[0POBBIM.
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BBezieM o6o3HaueHus A COOBITHI: A; — TIepBOe pacTeHue 3/I0POBOE;
A, — BTOpOe pacTeHue 370poBoe; A; + A, — XOTA OBl OHO pacTeHUe 370-
poBoe.

Tak xak co6bITHA A 1 A, COBMECTHMBIE, TO coryiacHO popmyie (7.6)

P(A, + A) =P(A;) + P(A,) -P(A,A,) =0,95 +
+0,95-0,95 - 0,95 =0,9975 =~ 1.

4. ®opmysia IOTHOU BEPOATHOCTH.

Teopema 7.5. BepossmHocmb cobbimusi A, KOmopoe Moxcem HACmynuma
JAUWB NPU YC08UU NOSIBJEHUS 00H020 U3 N NONAPHO HECOBMECMUMDbLX COObL-
muil By, B,, ..., B,, 06pa3yrouux nosiHyio 2pynmny, pasHa cymme npousgedeHuil
gepossmHocmetl Kaxc0020 U3 aMux cobblmuil Ha coomaeemcmayuLly yci08-
HY10 8epOsLMHOCMb cobbLMus A:

P(A)=P(B,)-Pg (A)+P(B;)-Pg, (A)+...+ P(B,)- P (A) (7.7)

(popmyna nonHoll 8eposmHocmuL).

Zoxazamenscmago. CoObITHE A MOXKET HAaCTYIIUTD JIUIIb TIPU YCIOBUU
HACTYIUIEHUS OZHOTO U3 cOOBITHI B, B,, ..., B, T.e.A=B;A + B,A + ... +
+ B, A, mpyu4yeM BBUZAY HECOBMECTUMOCTHU COOBITUM By, B, ..., B, cob6pITUA
BJA, B,A, ..., B,A Takxe HECOBMeCTUMBI. [I09TOMy Ha OCHOBaHUU TEOPEM
CJIOKEeHUA U YMHOXKeHUs BepOATHOCTEN nMeeM

P(A)= P(B,A)+ P(B,A) +...+ P(B,A) =
= P(B,)Pg, (A)+ P(By)Ps, (A) +...+ P(B,)P;_(A).

IIpumep 7.31. [lna npuema 3auera npenogasaresib 3arotoBuwi 50 3aza4:
20 3azau no audbdepeHnUaNbHOMY HcuucaeHUio, 30 MO MHTErpasb-
HOMY HcUucaeHUuto. /i caadyu 3adeTa CTYAEeHT AOJKEeH PEelIUTh MePBYIO
»Ke ZIOCTaBIIyIOCA Hayra/ 3aZady. KakoBa BepOATHOCTD AJIS CTyZeHTa CaTh
3a4eT, eCJIM OH yMeeT pemuTh 18 3az1a4 no auddepeHasbHOMY UCIHCIIE-
HUIO U 15 3371a4 10 UHTErpaIbHOMY UCYHUCIEHNIO?

BepoATHOCTDH MOJNYyYUTh 33auy 10 AuddepeHnaibHOMY UCUUCTEHUIO
(cobeiTHE B;) paBHa P(B;) = 0,4, 1o UHTerpajbHOMy HCYHCIEHUIO (COOBI-
tHe B,) — P(B,) = 0,6. Eciiu cobeiTie A 03Ha4yaeT, 4TO 3a/aya pelieHa, To
P (A)=0,9, Pg,(A)=0,5. Tenepb 1o popmysie (7.7) umeem

PA)=0,4-0,9 +0,6-0,5=0,36 + 0,3=0,66.

IIpumep 7.32. IMeroTca Tpu OAMHAKOBBIX IIO BUAY AlUKA. B mepBom
HaXOZATCA iBe OeJible MBIIIY U OJHA cepasi, BO BTOPOM — TpH OeJible U 0ZfHA
cepasi, B TpETbeM — ZIBe Oesible U /iBe cepble MbIH. KakoBa BEpOATHOCTD
TOr0, YTO U3 HayraJ BRIOpaHHOTO SANIUKAa OyzZeT u3BjaedeHa Oeas MbIIIIb?

O603HauuM: B; — BBIOOP IIepBOro AlIMKa; B, — BEIOOP BTOPOTO ANINKA;
B; — BBIOOp TpeTbero AmuKa; A — usBjiedeHue 6e10i MbIIIN.
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Tak kak Bce AMUKU OAWHAKOBHEL, TO P(B;) = P(B,) =P(B;) = %

Ecsu BBIOpaH MepBBIN AWK, TO Py, (A)z%. AHaJIOTUYHO Pp, (A)=E,
1
PB3 (A):E
Hakoserr, mo dopmysne (7.7) noaydaem
pay.12,13.11 23
33 34 32 36
IMIpumep 7.33. B canatopuu 30 % nmanueHTOB — MY>X4YUHBI (M)

u 70 % — xxenmuusl (0K). CepaeuyHble 007€3HU CpeAy MYKYUH BCTpeya-
IOTCA B IBa pa3a 4alle, 4YeM CpeJiu *KeHIWH. KakoBa BEpOATHOCTb TOT'O, YTO
HayTa/] BRIOpaHHBIN MAllMEHT — CEePAEYHUK?

O6o03HaynB C — HayMU4YMe cepAevHoro 3aboeBaHus, MOKEM HaIKUCaTh

P(M) =0,3, POK) = 0,7, By (C) = PH{(C)——

[MoxacTaBisasa 3To B popMysy IOTHOM BePOATHOCTHU (7.7), TONIyIUM

P(C)=0,3-%+O,7%z0,2+0,23:O,43.

3azaya (cmor Hag ropozgoM). Ha ropoa mpumepHo 100 aHel B rogy AyeT
BeTep ¢ ceBepa u 200 gHeU B roay — ¢ 3amnaza. [I[poMbllieHHbIe TTpeAnpHy-
ATUS, PacIoNoKeHHbIe Ha ceBepe, ITPOU3BOJAT BEIOPOC BPEAHBIX BEIECTB
KaXXJIbIi TPETUU [leHb, a pacloyioKeHHbIe Ha 3alajZie — B MOCJAeAHUN JeHb
Kaxzgou Hezenu. Kak 4acTo ropo/ noABepraeTcs BO3EUCTBUIO BPeAHBIX
BBIOpPOCOB? VMHBIMU CJIOBAMH, KaKOBa BEPOSATHOCTh TOTO, UTO B Hayrag
BBIOPAHHBIN JIeHb Topoz 6y1eT HaKPBIT TPOMBIIIIEHHBIM CMOTOM?

O6o3naunB C — BeTep c ceBepa, 3 — BeTep C 3amajia U B — Bo3zelicTBre
BPEIHBIX BEHIOPOCOB HA rOPO/, MOXKEM HAaIlUCATh

100 20 200 40
P(C)=—1=2=p@3 2 P(B)=
()365 73 ()365 73’ C()BB()7

OTcroza o dopMyJie MOTHOU BEPOATHOCTU

20 1 40 1
P(B)=P(C)P;(B)+P(3)P;(B)==—-—+—-=~0,09+0,08=0,17.
(B)=P(QFc(B)+ PR (B) =—2- o+

TakuM o6pa3om, IPUMEPHO /[Ba MecsAIa B oAy TOPOZ HAKPBIT CMOT'OM.

5. ®opmyna baiieca. [TycTb B yCJIOBHUAX PacCCyKAEHUA, OTHOCALIETOCH
K GopMysie TOJTHOM BEepPOATHOCTH, POMU3BEIEHO OJJHO UCITBITAHNE, B PE3YJIb-
TaTe KOTOporo npousonuio cobeitTue A. CrpammuBaeTcs: Kak U3MeHWJINUCh
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(B cBsI3U C TeM, UTO COOBITHE A yKe mpon3ouuio) BenuduHsl P(B,), k=1, 2,
.., n?
Haiizem ycioBHYIO BepOATHOCTD P,(B,).
[To Teopeme ymMHOXeHUs BeposTHocTel u popmyne (7.4) (cm. m. 2)
rMeeM

P(AB,) = P(A)P4(B,) = P(B,)Py, (A).

OTcroza
P(B, )P, (A
Py (B = PP A,
P(A)
HaxkoHel1, ucronab3ys GopMy/y MOJTHON BEpOSTHOCTH, HAXOAUM
P(B)P; (A
P,(B) = n( )P, (4) k=1,2,...,n. (7.8)

=1

®opmysel (7.8) Ha3bIBaOT hopmynamu baiiecal.

IMpumep 7.34. bosbuiasa monynsanus awAeld pa3buta Ha JBe TPYIIILI
OZVWHAKOBOM YMCJIEHHOCTU. /lueTa OJHOW I'PyNIbl OTIWYaJach BBICOKUM
coZiep)KaHHeM HeHacChIIIeHHbBIX )KUPOB, a ineTa KOHTPOJIbHOU IPYNITbl ObLTa
6orara HacwIleHHbBIMU JXupamu. [Tocie 10 jeT mpeObIBaHUA Ha 3TUX JUE-
TaX BOBHUKHOBEHHE CEPAETHO-COCYAUCTHIX 3a00I€BaHUI COCTABWIO B 9THUX
rpyImax coorBeTcTBeHHO 31 u 48 %. Ciy4aiiHO BbIOpAHHBIN W3 TOMYJ/ISALNN
YeJIOBEK MMEET CepAevHO-CcocyarcToe 3aboneBanne. KakoBa BEpPOATHOCTh
TOT'O, YTO 3TOT YeJIOBEK MPUHAAJIE)KUT K KOHTPOJbHOU rpyIIIie?

BBezieM 0603HaueHUs JJ1s1 COOBITU: A — cy4ailHO BhIOpaHHBIN U3 TOITY-
JIALUY YeJI0BEK MMeeT CcepAedHO-CocyaucToe 3aboneBanue; B; — deloBeK
MIPUZEPKUBAJICA CIIELIUAJIbHOU AUEThl; B, — 4deJloBeK MprUHazIexasl K KOH-
TPOJILHOM TpYIIIIE.

Nmeem

P(B;) =P(By) = 0,5, P (A)=0,31, P;,(A)=0,48.
ComtacHO dopMyJie IMOTHOM BEPOATHOCTU
P(A)=0,5-0,31 + 0,5-0,48 =0,395,
1, HaKoHell, B cuty Gopmynsl (7.8) mckoMas BEPOSTHOCTD

0,5-0,48
P, (B,)=—"2"2_061.
A (By) 0,395

IIpumep 7.35. M3BecTHO, 4TO 25 % MYX4YUH U S5 % KEHIIUH — JaJIbTO-
HUKU. B rpynme 18 mansunkoB U 22 AeBOYKU. KakoBa BEpOATHOCTH TOrO,
YTO HayTa/] BHIOpaHHBIN peOeHOK OKaXKEeTCSI MaTbYUKOM-ZIaTbTOHUKOM?

1 Tomac Baitec, wnu Beitec (1702—1761) — aHIIMICKUI MaTeMaTHK.
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O6o3HauuM yepe3 M u J] cOOBITHSA, COCTOSIINE B BHIOOPE COOTBETCTBEHHO
MaJIbuMKa U IeBOYKH, U Yepe3 C — HaJu4uKre y BHIOpaHHOTO pebeHKa Jalb-
TOHU3Ma. Torza 1o ycjaoBUio

18 22
P(M)="—, P(lD="=, P,(C)=0,25, P;(C)=0,05.
(M) 20 (D 20 M (C) n(C)

Otctoza o dopMyJie TIOTHOW BEPOATHOCTU

18 22
P(C)=P(M)Py (C)+ P(1)Py(C) = 20 0,25+ 20 0,05=

_9, 11 _56 _14 _
80 400 400 100

0,14
u o ¢popmyre Baiteca

pvy - PODB(©)_18 110045
P(C) 40 4 14 56

7.3. CnyyaitHble cobbITUA B PU3MKE, XUMUK,

6uonorumn u KogupoBaHUM

1. Llens mpu60opoB. PaccMOTpUM y4aCTOK 3JIEKTPUYECKOH LIEIH, COAEP-
’Kalui 1Ba MocjeZloBaTeIbHO coeIMHEeHHBIX Tpubopa: A u B (puc. 7.2).

Puc. 7.2

[IpeArnonoXuM, 9TO TpUOOPEI pabOTaIOT HE3aBUCUMO OJUH OT JIPYTOTO
Y KQOK/JbIM U3 HUX MOXeT JINOO MPOIMyCTUTh TOK (MIpubOp HcIpaBeH), 160
He IponycTuTh (mpubop HeucrpaeH). O6o3Hauum P(A) u P(B) BeposT-
HOCTHU HCIIPAaBHOCTU IPUOOPOB A M B cooTBeTCTBEHHO. [IJIsT TOTO YTOOBI
II0 YYaCTKY LEIHU MPOIIIeN TOK, Hy>KHO, YTOOBI M TpUOOp A, 1 mpubop B 6bL1H
HCIIPABHBI, T. €. HY’KHO COBMeEIIleHHE UCITPaBHOCTH IPUOOPOB. Tak Kak mpu-
60pbl pabOTAOT HE3ABUCUMO, TO 1O GOpPMYJie YMHOXKEHUA BEPOATHOCTEH
BEPOATHOCTH ITPOXOXK/EHUS TOKA BBIPA3UTCSA IIPOU3BeIeHHEM

P=P(A)P(B). (7.9)

CoBepIlIeHHO aHAJOTUYHO JJI TpeX IMOcae/J0BaTebHO COeINHEHHBIX
Y He3aBHUCHUMO paboTarimux IpubopoB A, B, C (puc. 7.3) BEpOATHOCTb MPO-
XO0KJIeHUA TOKa 10 YYacTKy LIeNy BbIPa3uTCA MPOu3BeeHueM

P=P(A)P(B)P(C),

a 11 n IpubopoB A, A, ..., A, — npousBefenueM P = P(A;)P(A,) - ... X
X P(A,).
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—1 A B C

Puc. 7.3

B wactHOCTH, eciii TpUOOPHI OAHOTUITHBI, TOUHEE TOBOPSI, €CJIU BEPOSIT-
HOCTU UX HCIIPaBHOCTU paBHHI P(A;) = P(A,) = ... = P(A,) = p, TO BepoAT-
HOCTb IIPOXOX/JeHUsA ToKa P = p™.

MOXKHO MOCTaBUTh B HEKOTOPOM CMBIC/IE OOpaTHYIo 3azauy. [Ipezaro-
JIO’KUM, YTO BEPOATHOCTDb MCIPABHOCTU IepBoro mpubopa P(A) usBecTHa.
[Tocye uCHBITAHUY YCTaHOBWIN BEPOATHOCTD MIPOXOXK/JEHHUA TOKA [0 BCEMY
ydacTky P. Toraa us opmysnsl (7.9) MOXKHO HATH BEpPOATHOCTb MCIPABHO-
ctu BToporo npubopa P(B). Hanpumep, eciu P(A) =0,9; P=0,72, To B cuty
dopmyier (7.9) P(B) =P/P(A) =0,72/0,9 =0,8.

2. llenb peakuuii. [lemmHOM HA3bIBAIOT XMMUYECKYIO PEaKIINIo, KOTopas
mpe/icTaBasAeT coO0U 1IeMoYKy OANHAKOBBIX 3BeHbeB. 3BEHOM MOXKET ObITh
OflHa, /iBe, pexke — HEeCKOJIbKO cTaguii. Harpumep, 3B€HO

R+0, >RO,, RO, +RH—->ROOH+R,

HayaBIINCh ¢ TIOsABIeHeM CBOGOAHOTO pajuKaia yriesogopoja R, Bo BTo-
POM CTaZIuX CHOBA BBIIEJIAET 3TOT PAaZUKaI U TEM CaMBbIM CO37,a€T BO3MOX-
HOCTb IIOBTOPEHUA TaKOTO e 3BeHa.

Ha HeKOTOpOM 3Talle IlelTHasi peaKIus MOXXeT obopBaTbcs. [IpUdnHON
0oOpBIBA MOXKET CIYXKUTh 3aXBaT CBOOOAHOTO paZiMKajsa CTeHKOU cocyza,
JeiictBue uHruburopa u T. 0. Takum ob6pa3oM, Ha KaXZOM 3Tane cylie-
CTBYeT HEKOTOpas BEPOATHOCTb P MPOAODKEHUA e U BEePOATHOCTD q =
=1 — p obpbIBa LIeNH.

KakoBa BEpOATHOCTD TOT'0, UTO LlelTHas PeaKIvs COAEP>KUT N 3BEHbEB?
JI71s1 oCyIecTBIeHUA TaKOW PeaKIuy HY>KHO, YTOOBI n pa3 MPOU3O0IILIO TIPO-
JI0JKeHMe PeakIlUy U MOcJe 3TOro mpousoliesn oopsiB. Tak Kak MpoLecchl
MIPOJIOJDKEHUST M OOphIBa HE3ABHUCUMEI, TO TT0 popMysie YMHOXKEHUS BEPO-
ATHOCTeU Ay P(n) — BepOATHOCTU MOSABJIEHUS LENU AJUHBI N — MOXKeM
Hanucatb P(n)=p-p-...-p-q=p"qg=p"(1—p).

L
npas

3. MoJiekyna nonuMepa. [Iporecc moiuMmepusanyy COCTOUT B TOM, 4TO
K 3B€Hy-MOHOMepY IIpUCOeJUHAETCA TaKOU XK€ MOHOMep, K 3TOMY 3BeHy —
ele OJWH TaKOU ke MOHOMep U T. A. [IpucoesviHeHre IPOUCXOAUT C HEKO-
TOPOI BEPOATHOCTBIO P U, Ce[0BaTeNbHO, He IIPOUCXOJUT C BEPOATHOCTBIO
q =1 - p. Tak Kak kaxx/joe cjaeyrollee IpHUCcoeIUHEeHNEe IPOUCXOJUT He3aBU-
CHMO OT TIPEJBIAYIINX, TO BEPOATHOCTh 00pa30BaHUs MOJIEKYJIbI, COAEPKa-
el n MOHOMEepPOB, KakK U B MpeAbIAyleM ITpUMepe, BeIUUucaAeTcs 1no gop-
myne P(n)=p-p-...-p-q=p"q=p"(1—-p).

A
npa3

4. [TapannenbHOe coeAHEHNE MPUOOPOB. PaccMOTpUM y4acToK 1iemu,
coZiep Kaliuii Ba mpubopa A U B, coeIMHEHHBIX TTapajuieibHO (puc. 7.4).
[IpeamnonoxuM, 4To TPUOOPHI paboTalOT He3aBUCUMO U P(A) — BEpOATHOCTD
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MIPOXO’KAEHUs CUTHAJIa 1o pubopy A, a P(B) — mo npubopy B. Hanpumep,
CUTHAJI IIPOXOAUT II0 TIPUOOPY, €CTu MPpUOOP HCIIPaBIeH, U He TPOXOAUT —
B IIPOTUBHOM cirydae. OueBU/HO, CUTHAJ MPOUZET, ecu OyzeT UcIpaBeH
X0TA Obl ofuH npubop. TakuMm 06pa3oM, BEPOATHOCTD ITPOXOXK/JEHUS CUT-
HaJjia [0 Y4acTKy LielIi — 3TO BepoATHOCTb P(A + B), rae cymma A + B 0o3Ha-
YyaeT MCIpPaBHYIO paboTy XOTsa O6bl 0fHOTO U3 MPUOOPoB. Tak Kak MPUOOPEI
paboTaloT He3aBUCUMO, TO 3TY BEPOSTHOCTb MOXKHO BBIYHUCIUTD 110 hopMmysie

P(A + B) =P(A) + P(B) —P(A)P(B). (7.10)

Puc. 7.4

Hanpuwmep, eciu P(A) = 0,8, P(B) = 0,9, To
P(A+B)=0,8+0,9-0,8-0,9=0,98. (7.11)

Mo>kHO TIOCTaBUTh 1 0OpaTHYIO 3aa4y. [IpeArnonoXxum, 4To oA1H 13 prudo-
POB — 3TAJIOHHBIN U BEPOSITHOCTD €T'0 0€30TKa3HOU paboTHI (T. €. BEPOATHOCTD
MIPOXOXK/JeHUA TI0 HeMy CUTHajia) u3BecTHa. [locjie UCBbITaHUN YCTaHOBWIN
BEPOATHOCTDb IIPOXOK/IEHUA CUTHAJIA 0 BceMy y4dacTky. Torga u3 dopmyiibl
(7.10) MOXHO HAMTH BEPOATHOCTH O6€30TKa3HON pabOTHl BTOPOTO Mpubopa.
Hampumep, eciu P(A) = 0,8, P(A + B) = 0,95, To, ozcTaBuB 3T0 B Gpopmyry

(7.10), 6yaem umets 0,95 = 0,8 + P(B) — 0,8P(B). Otctoza P(B) = %’125 =0,75.

b

V13 Beruncienuii (7.11) sicHO, 4To mapasuieJIbHOEe COeIUHEHNE YBETUINIO
BEPOATHOCTD MIPOXOXK/AEHUSA CUTHAaIAa. BTOpoil mpubop moACcTpaxoOBbIBaET,
AyOIUpyeT mepBblii. MOXKHO 0XUAATh, YTO Mapa/UIeJIbHOE COeAMHEHNE TPEX
1 6oJiee TpUOOPOB elrle Ooiee YBEJIUYUT 3Ty BEPOSATHOCTb.

Ec/v y9acTOK IIely COCTOUT U3 N HE3aBUCUMO PabOTAIOIIMX MMPUOOPOB,
COeIMHEHHBIX MapaulebHo (puc. 7.5), U A; 03HAYAET, YTO CUTHAJ IIPOILeT
10 i-My IpubOpY, T. €. 9TO i-i MpHUOOP UCIIpaBeH, TO BEPOATHOCTD ITPOXOXK-
JIEHUsT CUTHAJIa 10 YYaCTKy — 3TO BEPOSATHOCTH MCIIPABHOM pabOThI XOTS
ObI OfHOTO TPUOOPA, T. €. BEPOATHOCTb CYMMBIA; + A, + ... + A,. CiezoBa-
TeJbHO (cM. Teopemy 7.4),

P(A; + Ay +...+4A)=1-P(A)P(A,)-...-P(A,). (7.12)

Puc. 7.5
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Tax Kak P(Kl-) =1-P(A;)<1, To npu O6OJBIIOM n TpoOU3BeAeHUE
P(A;)P(A,)-...-P(A,) AOCTaTOYHO MaJjo M, CIe[0BaTENIbHO, BEPOATHOCTh
PA; + A, + ... + A) 6113Ka K eAUHULLE.

B yacTHOCTH, ec/iu Bce BepOATHOCTU paBHEL, P(A;) =P(A,) =...=P(4,) =
=p, To P(A))=1-P(A;)=1-p=q u u3 dopmynsl (7.12) noaygaem

P(Al +A2+ ...+An):1_qn. (7.13)

113 dopmyisl (7.13) oueBHUIHO, UTO ake IPU MaJoi BEPOSITHOCTHU p, T. €.
pu ¢, 6JIU3KOM K eIMHUIle, BBIOMPAsA JOCTATOYHO OOJIbIIIOE 1, MOXKHO CJie-
JaTh BepoATHOCTb P(A; + A, + ... + A,) JocTaTouHO GIM3KOU K eANHUILE.

BmecTo cxeMbl ¢ mapaUieTbHO COeIMHEHHBIMU MTPUOOpaMH MOXKHO pac-
CMOTPETDb CUCTEMY XUMHYECKHUX PEeaKITUH U T. II.

5. ITocyexoBaTebHbIE U MapaJliejibHbIe COeIUHEHUA MPUOOPOB.
B nmpeaplAyniuxX MyHKTaX MBI pacCMOTpEIX MOPO3Hb IOC/AeZ0BaTelbHbIE
Y TlapaJjule/ibHble COeIMHEHUS TPUOOPOB U YCTAaHOBUIN, KaK BHIYUCIIAETCS
BEPOATHOCTD MPOXOXKAEHUS CUTHAJA II0 YYaCTKy CXeMbI B TOM U APYT'OM CJTy-
yae. Ha mpakTuke NMpUXOANTCA UMETD IeJI0 C PAa3IMIHBIMU COUYETAaHUAMU
coeMHEHUU 0O60UX TUIOB. PaccMOTpUM /Ba XapaKTEPHBIX MIPUMeDA.

[TpeAnosoKuM, 4TO CUTHAJI IPOXOAUT IO y4aCTKY CXE€MBbI, COCTOAIIEMY
13 IBYX MapaUIeIbHbIX OJIOKOB A 1 B, TIEpPBBIi M3 KOTOPBIX COCTOUT M3 OTHOT'O
nmpubopa A, a BTOPOU COAEPKUT ZBa MOCIe0BATEIbHO COeAMHEHHBIX MPU-
6opa B, u B, (puc. 7.6, a). [TycTb BO3MOXKHOCTb OTKa3a OZHOTO U3 IPUOOPOB
He 3aBUCHUT OT paboThl ocTaabHBIX. CUTHAJ ITPOXOAUT, €CIU XOTSA ObI OANH
13 GJIOKOB HCIIPaBeH, a KaXX/bIl 13 OGJIOKOB BBIXOJUT U3 CTPOS, €CJIU XOTS
OBI OZIH U3 €T0 MPUOOPOB OTKa3all.

A B,
- — — 1 A _
B B, B,
a 6
Puc. 7.6

O6o3nauuM P(A), P(B;) u P(B,) — BeposATHOCTU 6e30TKa3HOI pabOThI
COOTBETCTBYIONIUX MPHUOOPOB; P(B) — BepOATHOCTb MCIIPAaBHOCTH OJIOKa
B (BeposiTHOCTD UCIIpaBHOCTH 0J10Ka A, oueBuzAHO, paBHa P(A)); P(A + B) —
BEPOSATHOCTD MPOXOXK/AEHU CUTHasA 1o lienu. Torzga, Ucrmoab3ys GopMyIIbl
CJIOKEHUSA U YMHOKEHUsI, MOKEeM HaIlrlcaTh

P(A+B)=P(A)+P(B)-P(A)P(B)=
= P(A)+ P(B,)P(B,) — P(A)P(B,)P(B,). (7.14)

Ha mpakTuKe 4aille 3aZilaeTcsd He BEPOATHOCTb 0€30TKa3HOW paboTHI,
a BEpPOSITHOCTh OTKa3a, T. €. P(A), P(B,), P(B,) u T. 1. Tak KaK oTKa3 1 6e30T-
KasHasa paboTa — B3aWMMHO IIPOTHUBOITOJIOKHBIE cOOBITHSA, TO P(A) =1—P(A);
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P(B;)=1-P(B,), P(B,)=1-P(B,) U Ml CHOBa MOeM IPUMEHHUTb HOp-
Mmyny (7.14).

Hanpumep, eciu P(A) = 0,1; P(B;) = 0,07; P(B,) = 0,08, To P(A) = 0,9;
P(B,) =0,93; P(B,) = 0,92. TToaTomy

P(A+B)=0,9+0,93-0,92-0,9-0,93-0,92=0,986.

Terepb MpeAIIoNOXKUM, YTO yUaCTOK CXeMbI COCTOUT U3 IBYX ITOCIe/0Ba-
TEJIbHO COeJUHEHHBIX OJIOKOB A M B, OWH M3 KOTOPBIX COCTOUT M3 OIHOTO
npubopa A, a Ipyroi coep:KUT ABa IapaieJibHO COeAMHEHHBIX Mprbopa
B, u B, (puc. 7.6, 6). IlycTb no-npexxHeMy prOOpHI paboTalOT He3aBUCHMO.
B0k B BBIXOAUT U3 CTPOSI, €CJIM OTKasaau oba ero mpubopa. CUTHA IIPO-
XOAUT, ecau oba 6;10ka A u B ucnpaBHbl. O603HaunB P(AB) BEpOSATHOCTD
MIPOXOXKZIEHUS CUTHAJIA 10 I[elTh M COXPAaHUB OCTajJbHble 0003HAYEHUS IS
BepoATHOCTel, MoxxeM Hanucatb P(AB) = P(A)P(B) = P(A)[P(B,) + P(B,) -
— P(B,)P(B,)]. B yacTHOCTH, /11 JAHHBIX IIpeAbIAYILIEro IpuMepa

P(AB) =0,9 - (0,93 + 0,92-0,93-0,92) = 0,895.

AHaJIOTMYHO paccCMaTPUBAIOTCA CIyvau, KoTla 60K A COCTOUT U3 ABYX
WU GOJIBIIETO YKC/Ia TPUOOPOB, COeIMHEHHBIX TTapalIEIbHO WIH TIOCIEO0-
BaTeJIbHO, Korza 0JI0K0B Oojiee ueM /iBa U T. II.

PasymMeeTcs, ¥ B 3TOM CJy4yae BMeCTO IMPUOOPOB MOTYT OBITH pPaccMo-
TPEHBI XMMUYECKHEe peaKIH.

6. 3akonbl MeHzessd. V3BeCTHO, YTO B MPOCTEUIINX CIyYasax repegada
HEKOTOPOTO ITPH3HAaKa I10 HaCJIe[ICTBY 3aBHUCUT OT OIIpeIeIEHHOTO TeHa. B 1mojio-
BBIX KJIETKaX T'€HbI, OTBEYAlOIlle 32 HEKOTOPhII IIPU3HAK, HAXOAATCS TapaMy.
Hampumep, B KJIeTKaxX ropoxa MMEETCs ITapa reHOB, OTBEYAIOIINX 3 I[BET I[BET-
KOB IIOTOMCTBa — KPacCHBIN WX OeJbIi. DTU TeHbl MOTYT HaXOAUTHCA B IBYX
COCTOSTHUSIX — JIOMHMHAHTHOM (OHO 0003HavaeTcst OYKBOM A) U pelleCCHBHOM
(oHO 0603HauaeTcs OykBoii a). [ToaTOMy Mapel TeHOB MOTYT OBITh TAKUMU:

AA, Aa (unu dA), aa.

BrInricaHHBIE BO3MOYKHOCTHU OIPEEISIIOT TeHOTHUIIBI JAHHOU 0COOU: TTep-
BbIA — JOMMWHAHTHBIN, BTOPOM — CMEILIaHHbIN, TPETUU — PeLleCCUBHBIMN.
Oxa3bIBaeTcs, YTO Hacjae/oBaHHe NMpU3HaKa 3aBUCUT OT F'eHOTUIIAa OCOOH.
Hampumep, A1 ropoxa KpacHbBIU IIBET IIBETKOB — JOMUHAHTHBIM MTPHU3HAK,
a Gesblii — pellecCUBHBIMN.

N3 onblTOB M3BecTeH I 3axkoH MeHOens: ocobU JOMUHAHTHOI'O U CMe-
IIIAaHHOTO TE€HOTUIIOB B ¢eHoTUIe! 061aal0T JOMUHAHTHBIM IIPU3HAKOM,
1 TOJIbKO OCOOM perjeCCUBHOTO TeHOTUIIa B peHOoTHUre 001a1al0T PElleCCHB-
HBIM [IPHU3HAKOM.

CoracHO 3TOMY 3aKOHY ISl TOpoXa 0COOU JOMUHAHTHOT'O U CMeIaH-
HOT'O T€HOTUIIOB MUMEIOT KPAaCHBIN IIBET IIBETKOB M TOJBKO 0COOM C peliec-
CUBHBIM I'€HOTUIIOM HMMEIOT IIBET IIBETKOB OeJIbIH.

1 deHOTHUIT — BHEIIHEE IIPpOABJIEHHE IIPDHU3HAKA.
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[TycTh MMeeTca MOMyAALMA YUCTBIX JUHUU ¢ TeHoTUnaMu AA v aa —
nokosieHue F,, (pogurenbckre GOpMBI).

[Tocne ckpemnuBaHusa ocobeil ¢ reHOTUIIOM AA ¢ 0COOIMU C TeHOTUTIOM
aa nokosieHus F, obpasyercs MoKojaeHWe r'uOpUAOB ¢ T'eHOTUIoM Aa. OTO
IIOKOJIEHNe B reHeTHKe NMPUHATO obo3Hayath F;. B mokosmenuu F, Apyrux
reHOTUIIOB, KpOMe I'eHoTuIa Ada, Her.

[Tpu ciyyaifHoM ckpeliBaHUU ocobeli mokoseHus F; obpasyercsa MOKo-
neHue F,, B KOTOPOM OZIMHAKOBO YaCTO BCTPEYAIOTCA YEThIPEe I€HOTUIIA:

AA, Aa, dA, aa.

113 onbiTOB u3BecTeH Il 3akon Mendesnsi: B IOKOJIeHUU F, MPOUCXOAUT
paciieruieHre GeHOTUIIOB B OTHOIIEHUU 3 : 1 (3 4acTu COCTaBIAIOT 0cobu
C IOMUHAHTHBIM NIPU3HAKOM B deHoTHure, 1 4acTb IPUXOAUTCA Ha 0cobu
C pelLleCCUBHBIM IIPM3HAKOM B pEeHOTHUIIE).

W3 sTOrO 3aKOHA C/IEAyeT, YTO /1A IIOKONIEeHUA Fy BEpOATHOCTh TOT'O, YTO

o 3
B peHOTHIIE OCOOU MPOABIAETCA JOMUHAHTHBIN NIPU3HAK, paBHA Ve a Bepo-
ATHOCTb TOTO, YTO B HpeHOTHUIIE 0COOU TTPOSIBUTCSA PEIECCUBHBIN MTPU3HAK,
1
paBHa —.
4

7. 3akoH Xapau. [IycTh B IOMY/AIUM BCTPEYAIOTCA TPU T'eHOoTUMA: AA,
Aa, aa. lonsa ocobeti reHoTHIa AA paBHA U, Z10J151 0cOb€el reHOTHITa Ad paBHA
2v u zonsa ocobelt reHoTUIa aa paBHa w. KpaTtko 6yzieM roBOPUTD O CTPYK-
Type TOIY/IALUYN U 3al1ChIBaTh ee TaK:

AA Aa aa

u22vw

(7.15)

[Ioz 3TUM MBI TOHUMAaEM CJIeAyIolee: eCau IMOMyIALNa CoOAepKUT N 0co-
6eli, To ocobeil reHotuna AA B Hell uN, ocobeli cMelIaHHOrO TeHOTHUIIa
Aa B Helt 2VN u ocobell perlecCHUBHOTrO reHoTUMna aa B Hel wN. IIpu aToMm,
Tak Kak N + 2vN + wN =N, ToO

u+2v+w=1. (7.16)

[TogcunTaeM YMCIO T€EHOB A B MOMY/IAIUU. Bce 0coOM JOMUHAHTHOTO
reHoTuna umeroT 2uN reHoB A (Y KaXXZioi ocobu 1Ba TeHa A, U BcexX ocober
uN), ocobu cMelraHHOTO reHOTUNa UMeIOT 2VN reHoB A (y KaXKZ0i ocobu
OJIMH T'eH A, U Bcex ocobeli 2vN), y ocobeli pelleCCMBHOTO 'eHOTHIIa TeHOB
A Het. CnegoBaTenbHO, B nonyasanuu (7.15) 4Mcio JOMUHAHTHBIX T'€HOB
A paBHO

2uN + 2vN=2N(u +v),
Wiy, xopoue, 2Np, rae

p=u-+v. (7.17)
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Yuco p uMeeT IPOCTOM BEPOATHOCTHBIM CMBIC — 3TO ecTh P(A), T. e.
BEPOSITHOCTH TOTO, YTO BHIOpAHHBIN HayZayy T'eH OMUHaAHTeH. /[eficTBU-
TeJIbHO, IOMUHAHTHBIX I'eHOB 2Np, 1 BceX reHoB 2N (y KaXKZI0u 0coOH TIoITy-
JAnMu ABa resa). CiezoBaTenbHo,

2Np

PA=24

(7.18)

AHaJIOTUYHO TOACYUTHIBAETCS, YTO YUCIO BCEX PEILECCUBHBIX T'€HOB
a B nomyssAnuu (7.15) paBHO 2Ng, rae

qg=w +v. (7.19)
[Ipy 5TOM YMCIIO ¢ UMEET aHAJTOTUYHBIM BEPOATHOCTHBIM CMBICI:

2Nq
P(a)=——"=q. 7.20
(a) N 4 (7.20)
/13 BepOATHOCTHOTO CMBICJIA YUCENI P U ¢, a Takxke u3 ¢opmyn (7.16),

(7.17) u (7.19) cnenyert, 4To
p+q=1 (7.21)

3aMeTuM, YTO 4Yucaa u, 2v u w B nonyasanuu (7.15) Toxxe uMeloT Ipo-
CTOUM BEPOSATHOCTHBIU CMBIC/ (MMOACYET aHAJOTHUYEH MPOBEJEHHOMY BBIIIE
MO/CYeTY A1 JOMUHAHTHBIX I'€HOB):

uN 2vN wN
P(AA)=—=u; P(Aa)=——=2v; P(aa)=—=w 7.22
(AA) N (Aa) N (aa) N (7.22)

(P(AA) — BepOATHOCTH TOT'O, YTO BHIOpaHHAs Hayga4y 0coOb MMeEeT TeHO-
Tun AA, ananorudHo P(Aa) u P(aa)).

Tenepsb mocMoOTpUM, KakoBa OyZeT CTPYKTypa MOTOMCTBA. [IycTh moTom-
CTBO UMeeT CTPYKTYpYy

AA Aa aa

u; 2vy wy

(7.23)

(aTO MOHMMaeTcA Tak ke, Kak u (7.15)). [Toacuuraem u,, 2v; u wy. Yuena uy,
2V, 1 W €CTb BEPOATHOCTU TOT'0, YTO B3ATHIN Hay/jady IIOTOMOK UMEET COOT-
BETCTBEHHO TeHOTHIl AA, Aa 1 aa (cM. coOoTBeTCTBEHHO ¢popMyIel (7.22)).
Tak KakK CKpelMBaHUA MPOUCXOAAT He3aBUCUMBIM 06pa3oM, TO BEPOSAT-
HOCTb U; MOXXeT pacCMaTPUBAThCA KaK BEPOATHOCTD CJIEAYIOUIETO COOBITHA:
BBIOpa/IN HayZjayy U He3aBUCUMBIM 00pa3oM 13 Bcero 3arnaca ZiBa reHa A. Tak
KaK BbIOpaTh KaXKABIM F'eH A MOXKHO ¢ BeposaTHOCTbIO p (dopmyna (7.18)),
TO B CHJIY TEOPEMBI YMHOKEHUS BEPOATHOCTEN HE3aBUCUMBIX COOBITUM (CM.
naparpad 7.2, m. 2) uHTepecylolasa Hac BepOATHOCTh paBHA p2, T. e.

u,;=p2 (7.24)
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AHaJIOTUYHO C UCIoib3oBaHueM popmysbl (7.20) momyyaem
wy =q2. (7.25)

BepoATHOCTh reHoTrumna Aa B HNOMNYJAIUU IMOTOMKOB CKJAJbIBAETCA
13 JIBYX BO3MOXXHOCTel — b0 reH A MOJy4deH OT OTIIa, a TeH a OT MaTepH,
7160 TeH A TIOJIy9eH OT MaTePH, a TeH d OT OTI]a — COOTBETCTBYIOIINE BEPO-
ATHOCTU €CTb pq U qp. CiefoBaTeIbHO, BEPOATHOCTb T'€HOTUIIA Ad B IOILYJIA-
LIUU IIOTOMKOB paBHa 2pq, T. €. 2v, = 2pq. OTcroza

V1=pq. (7.26)
CiezoBaTesbHO, IOTOMCTBO (7.23) uMeeT CiIeyIoUlyI0 CTPYKTYPY:

AA Aa aa
p? 2pq ¢?

(7.27)

CaMoe 3aMevaTe/IbHOEe COCTOUT B TOM, YTO €CJIM /I IIOTOMCTBA B3ATh
u; + vy 1 wy + v4, KaK 3TO JeNasoch Ansa poaurteneit B popmynax (7.17)
u (7.19), To moSly4uM Te Ke caMble Yucia p U (. JJefiCTBUTENBHO, COTJIAaCHO
dopmynam (7.25)—(7.27) u (7.21) umeem

uy, +vy=p2+pq=pp + q =p;

wy+vi=q2+pq=q(p + q) =q.

Tak kak cTpykTypa (7.27) mOTOMCTBa BBIYMCJIEHA TOJBKO C UCIIOJIb30-
BaHWEM 3TUX CYMM, TO ITIOTOMKU IOMYJIAIUUA CO CTPYKTypoH (7.27) 6yayT
HMETb TY XK€ CTPYKTYypy. [Ipu 9TOM roBOpAT, 4TO CTPyKTypa (7.27) craiuo-
HapHa, T. €. OT IIOKOJIEHUA K ITOKOJIEHUIO He MeHAeTCs.

OTOT 3amMeyaTeNbHbIA GAKT, YTO CO BTOPOTO MOKOJEHUs yCTaHaBIUBA-
eTcsA CTallMOHapHAasA CTPYKTypa MOMYJAIUM, ABISAeTCS HelloCpeACTBEHHBIM
o6061enueM Il 3akoHa MeH/e/ ¥ Ha3bIBaeTCsl 3aKOHOM Xapou.

Ha mpakThKe BO3MOXKHO OTKJIOHEHUE, OHAKO JIsT OOJIBITUX TOMYJIAINN
3aKOH XapZu OCTaeTcs B CUJIE.

Jlns1 ropoxa BepOSATHOCTh MoJTydeHus Oesoit ocobu paBHa g2 (pelieccus-
HBIN IIPU3HAK), BEPOSATHOCTD MOJIyYeHU KpacHOH ocobu paBHa 1 — g2 (Kak
ZUTST TIPOTUBOIIOJIOKHOTO COOBITHSA) U OTHOIIEHHE YMCIa KPACHBIX M OeJThIxX
ocobeti paBHo (1 —g2) : g2

1
Jlnsa onvcaHHoOro B II. 6 ciay4as q:E, Y MBI onATh nosydaeMm 3 : 1 (cMm.

II 3akoH MeHzena).

8. Koxg ®aHo. Bce xopollio 3HAIOT, YTO KOABI, WX MTUPPEI, UCTIOTb3YIOT
JUIS TIepeZlayy ceKpeTHOW mHpopmalnmu. MeHee U3BECTHO, OJHAKO, UTO
B Hallle BpeMsI KO/IbI IPHUOOpeTu U MHOe 3HaYeHHe, ObITh MOXKET, 60jiee 0ObI-
JleHHOe, HO 3aTO KyZa OoJjiee Ba)KHOe M IMPOKoe. B 3Toi UX HOBOM posin
KO/IbI 1 KOZIMPOBaHMeE — IIPeXK/ie BCET'O CPEACTBO 1T SKOHOMHOM, yI0OHOM
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U MpaKTudecku 6e30munb60YHON mepesayn coobineHui. HoBble MpuMeHe-
HUSA KOZOB CJIOXKWINCh B pe3y/IbTaTe OYPHOT'O Pa3BUTHA PA3JTMYHBIX CPEJICTB
CBSI3M, HEM3MEPUMO BO3pOCIIero obbema InepesaBaeMoil WHPOPMaIUH.
Hipxe octaHoBUMCSI HA OZHOM 13 KooB — Koze daHo.

[IpeacTaBuM cebe, UTO OAHU COOOINEHUS NMPUXOAUTCSA IepeaBaTh
ZIOBOJIBHO 4acCTo, IPyTUue — PeAKO, TPETbU — COBCEM B UCKIIOUUTETbHBIX
cay4dasx. [IoHATHO, 4TO MepBble Jydllle 3aKOAUPOBAaTh TOTa KOPOTKUMU
CJIOBaMH, OCTaBUB 0oJiee JTUHHBIE CJIOBA i1 KOAUPOBAHUSA COOOIIEHUH,
MOABJIAIOIIUXCA pexe. B pe3ynbTaTe KOJOBBIM TEKCT CTaHET B CpeJHeM
KOpOYe U Ha ero Iepenady norpebyeTcs MeHbIlle BpEMEHH.

BriepBhle 3Ta mpocTtas ujes O6blIa peajn30oBaHa aMepUKaHCKUM HH)KeHe-
poMm Mop3e B mpeyIo)KeHHOM UM KoZie. PacckasbIBaloT, 4TO, CO3ZaBasg CBOU
Ko, Mop3e OTIpaBWICS B OIMKANIIYIO TUITOTPAUIO U TOACYUTAT YUCIIO
JuTep B HAOOpHBIX Kaccax. bBykBaM U 3HaKaM, 11 KOTOPHIX JUTEP B 3TUX
Kaccax ObUIO MpHUIaceHo OOJIbIle, OH COMOCTAaBMI 60jiee KOPOTKHE KOZO-
Bble 0003HaueHUsA (Beab 3TH OYKBHI BCTpedaroTcsa yaile). Tak, Hampumep,
B PyCCKOM BapuaHTe a30yku Mop3se OyKBa «e» ImepeZjaeTcsi OJHOU TOYKOH,
a peZIKo BcTpevaroasacs OyKBa «Il» — HaOOpPOM M3 YeThIpeX CHMBOJIOB.

Mepoii 4acTOTHI MTOSIBJIEHUSI TOT'O WJIM WHOTO COOBITUS SABJISETCS €ro
BEPOSITHOCTh. BEPOATHOCTh HEKOTOPOT'O COOBITHA (COOOIIEHUA) MOXKHO
MIpeCTaBIATh cebe KaK J0JII0 TeX CJIy4aeB, B KOTOPBIX OHO IOSBJAETC,
OT 00111ero yucsia IMoABUBIINXCI COOBITHH (COOOIIEHUN).

Tak, eciu 3alaHbl YeTbIpe coobueHus A;, A,, A;, A, C BEPOATHOCTAMU
PA,) =1/2,P(A,y) =1/4, P(A3) = P(A,) = 1/8, TO 3TO O3HAYaET, YTO CpeH,
Hanpumep, 1000 nepegaHHbIX coobIeHu 0Kos10 500 pa3 MosBIseTcs CO00-
meHue A, okoso 250 — coobuienue A, v mpuMepHo 1o 125 pa3 — kaxzoe
13 coobueHnN A; U A,.

Pa3o6beM cOOOIIEeHNS Ha JIBe pABHOBEPOSATHBIE TPYIIIILI: B IIEPBYIO ITOTIA-
JlaeT coob1ieHre A, BO BTOPYIO — COOOIIeHUA A,, A,, A,. CorocTaBuM I1ep-
Bol rpymre cumBos 0, Bropoit — cumBoi 1 (tabsn. 7.1; Bo BTopoi rpade
TabOJIUITEl YKa3aHbI BEPOSATHOCTH COOOIIEHUH).

Tabnuya 7.1

A | 172 | 0
A, | 174 | 1 0
A, | 1/8 1 0
A, | 1/8 1

CuMBoJ O COOTBETCTBYET OTBETY «/Ia» Ha BOIIPOC «IIPUHAJIEXKHUT JIK CO00-
IieHre MepBoi rpymme?», a 1 — oTBeTy «HeT». [IpofomKas B TOM Ke Jyxe,
pazobbeM MHOXXeCTBO coobOLeHui A,, A;, A, CHOBA Ha /IBe PaBHOBEPOATHBIE
rpynsl. IlepBoii, cocTosIet U3 ofHOro coobIeHuA A,, COTOCTaBUM CHMBOJI
0, a BTOpOIi, B KOTOPYIO BXOAAT coobuieHusa A; u A,, — cumBoi 1. Hakoser,
OCTaBIIyIOCS TPYIIITY U3 BYX COOOINEHUI pa3obbeM Ha JBe TPYIILI, COAEP-

141



’Kalllie COOTBETCTBEHHO coobIeHus A; U A,, COIOCTaBUB IIePBOI U3 HUX
0, a BTopoit — cumBos 1. CoobuieHne A; 06pa3oBaso caMOCTOATENbHYIO
T'PYIITy Ha ITIepBOM Ilare, eMy ObUI comocTaBieH cuMBoJ 0, ciioBo 0 1 6yzeM
CYNTATh KOZOM 3TOro coobieHus. CoobieHne A, 06pa3oBaJo CaMOCTOS-
TeJbHYIO TPYIIY 3a /iBa Ilara, Ha IIepBOM IIlare eMy COIIOCTaBJISIICS CHM-
BoJ 1, HAa BTOpoM — 0; moaToMy OyZieM KOAUPOBATH COOOIIEHNE A, CIOBOM
10. AHanoruuHo Ansa A; U A, BbIOKMpaeM COOTBETCTBEHHO koAbl 110 u 111.
B uTore mosydaeTcs ciefyoInas KogoBas tabauma (tabi. 7.2).

Tabnuya 7.2
A | A, A, A,
0 10 110 111

YKa3zaHHBIH 37IeCh CIIOCOO KOAMPOBAHUS OBLT IIPEAJIOKEH aMePUKAaHCKUM
MaTeMaTukoM daHo.

AnroputMm KogupoBaHus PaHO MMeeT OoUYeHb IPOCTYIO rpadpUUecKyIo
WUIIOCTPAIIUIO B BU/le MHOXXKeCTBA TOYeK (BepIIMH) Ha ILIOCKOCTU, COeU-
HEHHBIX oTpe3kaMu (pebpaMu) IO OIpeseleHHOMY MPaBUIy, T. €. B BUE
epaga (cm. maparpad 4.1). I'pad ana koza ®aHO CTPOUTCA CIEAYIOITUM
obpasom (puc. 7.7). V3 HiwkHel (KOPHEBOI) BEPIIUHBI Tpada UCXOAAT ABa
pebpa, 0Z[HO M3 KOTOPHIX ITOMeYeHO cuMBoyioM O, Apyroe — cuMBoOJIOM 1.
OTu Ba pebpa COOTBETCTBYIOT pa30MEeHUI0 MHOKECTBA COOOIIEHUH Ha IBe
PaBHOBEPOATHBIE IPYIMIIbI, OAHOU M3 KOTOPHIX COMOCTaBdgeTcsa cuMBoI 0,
a pyroii — cuMmBoa 1. Pebpa, ucxoAdiiye U3 BEPIINH CIEAYIOIIETO «3TaXa,
COOTBETCTBYIOT pa3OMEHUIO MOTYYUBIIHUXCA IPYIII CHOBA HA PABHOBEPOST-
Hble MOATPYNIIH U T. . [locTpoeHue rpada 3akaHUYUBAETCs, KOTZJa MHOXKe-
CTBO COOOIIeHUM OyZieT pa3bHUTO HAa OAHO3IEMEHTHBIE TIOAMHOKeCcTBa. Kaxk-
J1ast KOHIleBasi BepuivHa rpada, T. e. BepIIrHa, U3 KOTOPOU yKe He UCXOZAT
pebpa, COOTBETCTBYET HEKOTOPOMY KOZOBOMY CJIOBY. UTOOBI yKa3aTh 3TO
CJI0BO, HaZl0 MPOUTU MyTh OT KOPHEBOM BEPIIUHBI 0 COOTBETCTBYIOIIEH
KOHII€BOM, BHINMMCHIBAsA B MOPsAAKe CleAOBaHUA IO 3TOMY YT CUMBOJIBI
IPOXOAUMEIX pebep. Hanmpumep, BepuinHe a; Ha puc. 7.7 COOTBETCTBYET
cioBo 100, a BepminHe ag — ¢10B0 1110 (BepIIMHEBIL, COOTBETCTBYIOLINE
KO/ZIOBBIM CJIOBaM, IIOMeYeHbI Ha PUCYHKE KPY)KKaMU).
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I'pad Ansa paccMOTpeHHOTO BhIIIE IPUMepa MpeACcTaBieH Ha puc. 7.8.

110

111

Puc. 7.8

[Tonyuatoutuecs ansa kozoB ®ano rpadsl Becerga obmafaloT TeM CBOM-
CTBOM, YTO OHU He COJiep>KaT 3aMKHYThIX KOHTYpoB. Takue rpadsl (cm.
naparpad 4.3) HasbBalOT depesvbamu (OyeM HA3bIBATh UX, YIUTHIBAS MPO-
HCXOX/eHue, ko0osbmu depesbamu). KomoBble epeBbs MOXXHO CTPOUTH
HE TOJIBKO 11 KoZoB PaHo, HO U A APyTrUX KOZO0B. HesaBucuMO OT airo-
pUTMa KOAVPOBAHUA KaXKAOMY ZIepeBy COOTBETCTBYET OIIpe/ileJIeHHOE MHO-
»KeCTBO KOZIOBBIX CJIOB. Hampumep, 4151 KOZOBOTO iepeBa, U300paKeHHOTO
Ha puc. 7.7, UMeeM:

a; =00, a,=01, a;=100, a,=101, a;= 110, ag=1110, a, = 1111.

7.4. InckpeTHble CyyalHble BenuunHbl

1. I[ToHaTUE «CIy4yaiiHble BEJIUIUHbBI».

Onpepenenme. Cs1yyauHoU 8e/lU4UHOU Ha3bIBAIOT NEePEeMEHHYIO BEIMUYNHY,
KOTOpas B 3aBMCMMOCTM OT NCXOAA MUCMbITAHUA C/TyYaHO NPUHUMAET O4HO
3HaYeHMe U3 MHOXKEeCTBA BO3MOKHbIX 3HaYEHUN.

[Ipumepsr:

1) 9MCI0 OYKOB, BHIMIABIIUX IIPU OZHOKPATHOM OPOCAHWUU UTPATbHOU
KOCTH, €CTh CJIydaiiHasA BeJIMYMHA, OHA MOXKeT IPUHATDH OAHO U3 3HAYEeHUU:
1,2,3,4,5, 6;

2) IpUpOCT Beca OMAaIIHEro XKUBOTHOT'O 3a MECALL eCTh CIydyaliHas BeJlu-
YUHa, KOTOpas MOXET IIPUHATb 3HaY€HNE U3 HEKOTOPOr'o YUCJIOBOTO IIPO-
MEXYTKa;

3) 4HUCIO0 POAVBLINXCA MAJbYUKOB CPeU MATU HOBOPOXKAEHHBIX €CTh
cylydyaliHasd BeJIMYMHA, KOTOopasd MOKeT IpUHATh 3HaveHud 0, 1, 2, 3, 4, 5.

CrnyyatiHble BeTMYUHBI OyZieM 0003HavYaTh MPONUCcHBIMU OykBamu X, Y, Z,
a ¥X BO3MOXKHbIE 3HaUeHH — COOTBETCTBYIOLUMU CTPOYHBIMU OYKBAMU X,
Y, 2. Hanipumep, eciu ciay4dairiHas BeJU4YMHA X UMeeT TPU BO3MOXKHBIX 3Ha-
YeHHs, TO OHU OyAyT 0003HAUEHBI TaK: X7, Xy, X3.
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OnpepneneHune. CiyyanHasa BeIMUYMHA, MPUHUMAIOLWAA KOHEYHOE, UK CYeT-
HOe MHOKeCTBO 3HaueHM1I1, Ha3biBaeTCcA OUCKpemHOoU Cy4YaHOW BENNYMHON.

Huxe paccmaTpuBaloTCs AUCKPETHBIE Cay4yaiiHble BeJTUYUHbI, MHOXe-
CTBO JIONIYCTUMBIX 3HAUEHUN KOTOPHIX KOHEYHO.
CrnyyaiiHble BeJTUYMHBI U3 TPUMePOB 1) U 3) AUCKPETHBHIE.

OnpepneneHune. CriyyanHasa BeNMUMHA, KOTOPaA MOXeT NMPUHUMATb BCe 3Ha-
YeHUA U3 HEKOTOPOro YMCNOBOro NPOMeXyTKa, Ha3blBaeTCAa HenpepblsHOU
C/y4YanHOW BENINUYMHOMN.

CiyqaliHas BeJW4YMHA U3 IpuMepa 2) ABJAETCA HelIPEPbIBHON.

2. 3akoHBI pacnpejeleHUs AUCKPETHBIX CIydalHbIX BeJIMYUH. Pac-
CMOTPUM JUCKPETHYIO CIYYalHYI0 BeJIMYUHY X C KOHEUHBIM MHO>XECTBOM
BO3MOXKHBIX 3HaueHU. BesnunHa X cuuTaeTcs 3aZlaHHOM, ec/iu Iepeyuc-
JIeHBl BCe ee BO3MOXKHbIe 3HAUYeHHs, a TaKKe BEPOATHOCTH, C KOTOPBIMU
BeJIMYrHAa X MOXET IPUHATDh 3TU 3HAYEHUA. YKa3aHHBIN [IepeYeHb BO3MOXK-
HBIX 3HAUYeHUH U UX BEPOSITHOCTEN HA3BIBAIOT 3AKOHOM pacnpedesieHUs C-
KPETHOU CIy4YallHOUW BeJWYUHBI. 3aKOH paclipe/ieieHUsT JUCKPETHOU CITy-
YalHOW BEJIMYUHBI MOXKET OBITh 33/IaH C IIOMOIIBIO TAOJIUIIE:

X

X1

Xo

X3

Xn1

Xn

p

P1

P2

Ps

Pna

Pn

B BepxHell CTPOKe BBINMCHIBAIOT BCE BO3MOXKHBIE 3HAUEHUS Xp, Xo, ...,
X,, BeJINYUHBI X, B HIDKHEHN CTPOKe BBIKUCHIBAIOTCA BEPOATHOCTHU Pq, Poy, ---»

D, BHAYEHUN X1, X, ..

., X,,. YnTaeTcsa Tabnuia ciaegyomuM o6pa3oM: crydaiiHasa

BeJIMYMHA X MOXKET IIPUHATh 3HAaY€HUeE X; C BEPOATHOCTRIO p; (=1, 2, ..., n).
Tak Kak B pe3y/sbTaTe HCOBITAHUA BeJuWYnHa X Bcerjga MpUMeT OJHO

Y3 3HAYEeHUU X1, Xy, ..

.y X, TO

p1+py+...+p,=1

IMIpumep 7.36. B meHe:XHOU J0oTepee pa3birPHIBAETCA OAVH BBIMTPHIMI
B 100 000 py6., 10 Bemurpsimeii mo 10 000 py6. u 100 BemmurpsImied mo 100
py6. mpu ob61em uncie 6uneroB 10 000. HaiiTu 3aKoH pacrpeeneHus Ciry-
YalfHOTO BHIMTpPHINIA X /I BlaZesiblia OJHOIO JoTepeiiHoro ouera.
371ech BO3MOXHBIE 3HaYeHus JIa X ecThb: x; = 0, x5 = 100, x5 = 10 000, x, =
= 100 000. BeposaTHOCTH UX OyAyT: p, = 0,01, p3 = 0,001, p, = 0,0001, p, =
=1-0,01 - 0,001 - 0,0001 = 0,9889. CinegoBaTeysbHO, 3aKOH pacrpezerie-
HUS BRIMTIPHINIA X MOXKET ObITh 3a/laH TaOIUIEH:

X

0

100

10 000

100 000

p

0,9889

0,01

0,001

0,0001

1 MHOKeCTBO Ha3bIBAETCA CYETHBIM, €CJ/IN €TI0 3JIEMEHTHI MOXXHO IIPOHYMEPOBATh HATY-
PaJIbHbBIMHA YK CJIaMU.
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7.5. MaTematnyeckoe oXxuaaHme AUCKPETHON CNY4YalHOW BeINYMHDI

1. I[ToHaTHE MaTEeMaTUYECKOTr0 OXKUAAaHMA. 3aKOH pacipe/ieeHUs 0JI-
HOCTBIO 3a/laeT AUCKPETHYIO CAy4aulHy0 BeMndynHy. OZHAKO 4acTO BCTpe-
YaloTCA clydau, KOIZla 3aKOH paclpe/iesiIeHUs CIydalhHOW BeJUYMHBI Hen3-
BeCcTeH. B Takux ciy4yasax cIydalHyI0 BeJIMYUHY M3y4aloT I10 €€ YUCIOBBIM
xapakTepuctukam. OJHOM M3 TaKUX XapaKTEPUCTHUK ABJAETCA MaTeMaTUu4de-
CKOe OXKH/JaHUe.

[TycTh HeKOTOpask AUCKpeTHAasA clydaliHas BeJMYrHa X ¢ KOHEUHbIM YHC-
JIOM CBOUX 3HAaUEHUU 3a/laHa 3aKOHOM paclpe/iesieHus

X X Xy X,

p P1 Py Pn

OnpepeneHne. Mamemamuyeckum oxuoaHuem M(X) puckpeTHonm cnyyan-
HOM BeNN4YMHbI X Ha3bIBalOT CyMMY NPOUN3BEAEHNIN BCEX BO3MOXHbIX 3Haye-
HUN BeNNYMHbBI X HAa COOTBETCTBYOLLME BEPOATHOCTU:

MX) = X,p1 + XD + o + XD (7.28)
IMpumep 7.37. HaliTu maTemMaTru4ieckoe OKHUAaHWEe BBIUTPHIIA X B IIPU-
Mepe 7.36. Vcrmonb3ys MogydeHHYI0 TaM TabauIly, UMeeM

MX)=0-0,9889 + 100 - 0,01+ 10000 - 0,001 +
+ 100 000 - 0,0001 =1 + 10 + 20 =21 (py6.).

OueBuzaHo, M(X) = 21 py6. ecThb cripaBeAIuBas IleHa OHOTO JIOTEepPEN-
Horo oOwera.

Teopema 7.6. Mamemamuueckoe oxcudaHue OUCKPemMHOUl cayuatiHoll
genuuuHblL X NpubAUNCEHHO PABHO cpedHeMy apudmemuueckoMy 8cex ee 3HA-
yeHutl (npu docmamouHo 601bWOM UUCIe UCABIMAHULL).

Joxazamenvbcmeo. TTpeAroaoKUM, YTO IPOU3BENEHO N UCIIBITAHUM, B KOTO-
PBIX IMCKpeTHaa clydaiiHada BeanuuHa X IpUHAIa 3Ha4eHUd Xy, ..., Xj COOT-
BETCTBEHHO My, ..., My pas3, Tak 4To m; + ... + my. = n. Torza cpegHee apud-
MeTUYeCKOe BCeX 3HAYEHUH, TPUHATHIX BEJTMINHOM X, BEIPA3UTCSI PABEHCTBOM

_ XMy + XoMy +...+ XMy,

cp — >
P n

X
nin

my my my
=X]—+ Xy —= 4. X —
n n n

xcp

m; o o
Tak Kak KO3)PUIIMEHT —- SABJIAETCSI OTHOCUTETbHON YaCTOTOM COOBITHS
n

«BeJIMYMHA X IpUHAIA 3HadeHue xp» (i=1, 2, ..., k), TO
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Xep =X1P1 +X2P2 + .o+ Xg Py

13 cTaTUCTHUYECKOTO OlIpe/ie/IeHU BEPOATHOCTHU CJIEyeT, YTO IIPU JOCTa-
TOYHO GOJIBIIIOM YHC/Ie UCIIBITAaHUM p; ~p; (i =1, 2, ..., k). IToaToMy

Xep ®X1P1 +XoPg + oo+ Xy Py WU X, = M(X).

IIpumeuanue 7.1. B cBaA3u ¢ TeopemMou 7.6 MaTeMaTH4eCKOe OXUJaHUe
cJlydaiiHOM BeJIMUYMHBI HAa3bIBAIOT TAKXKe ee CpeOHUM 3HAUeHUeM, WIN OHCU-
0aemMblM 3HAUEHUEM.

2. CBoiicTBa MaTeMaTUYeCKOTO OXXHJaHMA JUCKPETHOM CIydallHOMI
BEJIUYMHBI.

1. Mamemamuueckoe oxcudarHue nocmosHHoll genuuuHst C pagHo amoil
gesIUUUHE.

[ToctoaHHy0 C MOXHO paccMaTpPUBaTh KaK AUCKPETHYIO CAY4alHYIO
BEJINYVHY, IPUHUMAIOIIYIO JUIIb OAHO 3HaYeHHe C ¢ BepOATHOCTBIO p = 1.
[Toatomy M(C) =C-1=C.

2. ITocmossHHbLL MHONCUMEb MONCHO BbIHOCUMb 3 3HAK Mamemamuue-
ck020 oxcuoarus, m. e. M(CX) = CM(X).

Wcnonb3yda cooTHomeHue (7.28), nmeem

M(CX) =Cxyp; + Cxypy + ... +
+ Cx,p,, = COx;py + X9p5 + ... + x,p,) = CM(X).

Crnenyrouye ABa cBoricTBa (3 U 4) mpuMeM 6e3 oKa3aTeabCTBa.
3. Mamemamuueckoe oxcudaHue cymmbl 08YX CAYUAUHBLX 8eNUUUH
X u'Y pasHo cymme ux mamemamuueckux oncu0aHuil:

MX+Y)=MX) + M(Y).

Onpepenenume. CriyyariHble BennUnHbl X 1 Y Ha3bIBaOT HE3A8UCUMbIMU, €CNN
3aKOH pacnpegeneHnsa Kaxxaomn N3 HUX He 3aBUCKT OT TOro, Kakoe BO3MOX-
HOe 3HaueHune NpuHAna gpyraa BenymHa.

[IprMepOM JBYX He3aBUCUMBIX BEJTMIUH MOTYT CJIY>KUTh CYMMBbI BBIUTDHI-
IIeki 1o KaykKZoMY 13 IByX OMJIETOB TI0 IBYM Pa3JINYHBIM JeHeKHO-BeIlleBbIM
JIoTepesM. 3/1eCh CTABIITUA U3BECTHBIM pa3MepP BBIMIPHIIIA IT0 OWIETY OZHOMN
JIOTEPEU He BIUSIET Ha OXKUAAEeMbIM pa3Mep BBIUTPHIIIA U COOTBETCTBYIO-
IIYI0 eMy BEPOSTHOCTb 10 OWIETY APYTrol JIOTEPEU.

HecKo/IbKO C/TydyaiiHbIX BEJIMYMH Ha3bIBalOT HE3aBUCUMBIMU, €CJTH 3aKOH
pacripezeneHus 000K U3 HUX He 3aBUCUT OT TOT'0, KaKKe BO3MOXKHbBIE 3Ha-
YeHUs IPUHSIM OCTaJIbHbIE CTydaiiHble BEJTMYUHBI.

4. Mamemamuueckoe oxcudaHue npoussedeHuUss 08yX He3a8UCUMbBLX CJLY-
YATIHBIX 8eJIUYUH PABHO NPOU3BEOEHUID UX MAMEMAMUUECKUX 0XCUOaHULL:

M(XY) = MXOM(Y).
CiieacTBHEM CBOMCTB 2 U 3 ABJISAETCA CBOMCTBO 5.
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5. Mamemamuueckoe oxcudaHue pasHocmu 08yX CJLYyHUAUHbIX 8eqUUUH
X u'Y pasHo pasHocmu ux mMamemamuueckux oncuoaHuil:

MX-Y)=MX) - M().

IIpumeuanue 7.2. CBoticTBa 3 ¥ 4 UMEIOT MECTO U JJIfA JIIOOOT0 KOHEYHOTO
YHCIa CIy4YalHbIX BEJTUYNH.

IIpumeuanue 7.3. Eciii MHOXX€CTBO BO3MO>KHBIX 3HAYE€HUM JAVCKPETHOU
cJlydaliHOM BeTMYHHBI X O€CKOHEYHO, TO MaTeMaThuieckoe oxxkuzanve M(X)

o0

ornpezienseTcs CyMMoH uncaoBoro psaga M(X)= ). x;pr IpHU yCIOBUU, YTO
k=1

3TOT PsiZi AaOCOTIOTHO CXOAUTCA (B IPOTUBHOM CJIydae TOBOPAT, YTO MaTe-

MaTudeckoe oxxkuzanue M(X) He cyulecTByeT). [lepedrcieHHbIE CBOUCTBA
MaTeMaTU4eCKOTO OXKUAAHUA OCTarTcs B cuiie (cM. [3]) u Ad Takux CIIy-
YalHbIX BEJINYHH.

IMpumep 7.38. HaliTu maTeMaTuudeckoe OXUZAaHUE CIy4alHOU Besu-
yuHbI Z = X + 2Y, eciv U3BECTHBI MaTeMaTU4YeCKUe OKUAAHUA CIyIalHbIX
BemmunH X 1 Y: M(X) =5, M(Y) = 3.

Vcnionp3yda cBoricTBa 3 U 2 MaTeMaTHUYECKOT0 OXKUAAHUA, ToIydaeM

MZ)=MX+ 2Y)=MX) + M2Y) =MX) + 2M(Y) =5+ 2-3=11.

ITpumep 7.39. HezaBucumble ciydyaliHble BeTUYUHBI 3aZIaHBI 3aKOHAMU
pacmpezeneHus

X 1 2 Y 0,5 1
p 0,2 0,8 p 0,3 0,7

Halitu MmaTeMaTruiecKoe OXHUJaHUe ClydyalHoU BenuduHbl XY. Haiigem
MaTeMaTHYecKHe OXKHUAAaHWA KaXK/oM 13 JJaHHBIX BeJIMYUH:

MX) =1-0,2+2-0,8=1,8.
M(Y)=0,5-0,3+1-0,7=0,15 + 0,7 =0,85.

CﬂyqalebIe BEJIUMYUHBI X U Y HE€3aBHUCHUMBI, IIO3TOMY MCKOMO€E MaTeMa-
THYECKOE OXXHNJaHHE

MXY)=MX)M(Y)=1,8-0,85=1,53.

7.6. Incnepcna AnCKpeTHON CTy4yalHoON BeNUYnHbI

1. [loHaTue aucnepcuun. MaTeMaTUdecKoe OKH/IaHUE He JlaeT IOJTHOU
XapaKTepUCTUKU 3aKOHA paclipe/ieJieHUs CIydalHOW BeJWYuHBI. [IoKkaxkeM
3TO Ha npumepe. IlycTh 3aZjaHbl B€ ANCKPETHBIE CIy4aliHble BeTUYMHBI
X U1 Y cBOUMU 3aKOHAMU paclipeeieHnA:

X 2 0 2 Y | -100 0 100
p 04 | 02 | 04 p 0,3 0,4 0,3

147



HecmoTps Ha To 4TO MaTeMaTU4yecKre OKHMJaHus BeTUuduH X U Y oAuHa-
koBBI: M(X) = M(Y) = 0, BO3MOKHbIE 3HaUeHU BeJIMYMUH X 1 Y «pa30opocaHbl»
(Wu «paccesaHbl») OKOJIO CBOMX MaTeMaTU4YeCKUX OKUJAaHUU I10-Pa3HOMY:
BO3MOXKHbIe 3HaUeHUs BeTMYUHBI X PACIIONIOKEHBI TOPaszio GyrKe K CBoeMy
MaTeMaTU4eCKOMY OXXKHaHUI0, YeM 3HAYEeHUA BEJTUYUHHI Y.

YkaxkeM ellle Ha oAWH Npumep. [Ipy oJUHAKOBOU cpeZiHEN BelUYUHE
T'O/IOBBIX OCA/IKOB OIHA MECTHOCTb MOJKET OBITh 3aCYIIUTUBOM U Heb1aronpu-
STHOM /I CeJIbCKOXO3SIMCTBEHHBIX paboT (HeT ZoXKAel BECHOU U JIETOM),
a apyrass — O6J1aronpuUsaTHOU /I BeleHUs CeIbCKOT'0 XO3HCTBA.

3 cKka3aHHOTO BBITEKAeT HeOOXOJUMOCTDh BBeJEHUS HOBOM YMCIOBOM
XapaKTepPUCTUKU CIyYalHOUN BEJIMYUHBEI, II0 KOTOPOU MOXKHO CyZIUTh O «pac-
CeAHUM» BO3MOXKHBIX 3HAUEHUN 3TON CIydaliHOM BEJIMYUHBI.

[TycTh 3a/1aHa AVCKpeTHAs caydaiiHas BeJUYruHa X:

X X Xy X,

p P1 P> Pn

OnpepeneHune. Omksi0HeHUEM Cly4alHOW BeNUNHbI X OT ee maTemaTunye-
cKkoro oxkmgaHua M(X) (Mnm NpocTo OTKNOHEHMNEM CllyYaHOW BeNUUMHbI X)
Ha3bIBalOT CriyvanHyto Benuunny X — M(X).

BuzHo, 4TO, 711 TOTO YTOOBI OTKJIOHEHUE CIyYaltHON BeJTMYUHBI X MpU-
HAJNO 3HaueHUe Xx; — M(X), gocTaTo4HO, 4YTOOBI caydyalHas BeIWYrHA
X TpuHANa 3HaUeHUe X;. BepoATHOCTD e 3TOro COOBITHA paBHA pq; Cle-
JI0BaTeJbHO, U BEPOATHOCTD TOT'O, UTO OTKJIOHEHHNE CIy4allHOU BeIUYUHBI
X mpuMeT 3HaueHue x; — M(X), Takxe paBHa p;. AHJIOTUYHO OOCTOUT Z1eJI0
Y I OCTAJIbHBIX BO3MOXXHBIX 3HAUYE€HUU OTKJIOHEHUA CIIy9YalHOW BeJTUYUHBI
X. Vicnionb3yA 5TO, 3aIMIIEM 3aKOH paclipeZie/ieHNA OTKJIOHEeHUA CIy4alHON
BEJIMYUHEI X:

X - MCO X, - M(X) Xy~ M(X) x,— M(X)
p P P2 Pn

BrryrcivM Terepb MaTeMaTU4ecKoe OXXuAaHue oTKIoHeHus X — M(X).
[Mosb3ysack cBoiictBamMu 5 u 1 (cm. maparpad 7.5, 1. 2), nmosydyaem

MX-MX)]=M®X) -MX) =0.

CrnezoBaTesnbHO, CIIpaBeAIvMBa CAEAYIOIaa TeopeMa.
Teopema 7.7. Mamemamuueckoe oxcudarue omkaoHeHuss X — M(X) pagHo
HYJ10:

M[X-MX)]=0.

13 TeopeMbl SICHO, YTO C IIOMOIIbIO OTKJOHeHus X — M(X) He yza-
eTcs ONpeseuTh Cpe/lHee OTKJIOHEHHE BO3MOXXHBIX 3HAYeHUW BEJTUYHUHBI
X OT ee MaTEMaTUYECKOI'0 OXKUZAHUA, T. €. CTEIIEHb PAaCCEAHNA BEJTUYNHEI X.
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OTO 00BACHAETCA B3AUMHBIM TOTAllleHUEM MTOIOKUTETbHBIX U OTPULIATEb-
HBIX BO3MOXXHBIX 3HAQUeHWH OTKJIOHeHUA. OJHAKO MOXXHO OCBOOOJUTHCS
OT 3TOTO HeJ0CTaTKa, eCJIM pacCMaTpUBaTh KBAZpaT OTKJIOHEHUS CIydaii-
HOU BEJIMYUHBHI X.

3amnuiineM 3aKOH pacipeziesieHus caydaiHol Besudunsl [X — M(X)]2 (pac-
CY>XZEeHUs Te JKe, 4YTO U B ciIydae caydaruHou BednduHbl X — M(X)).

[X-MX)]? [x; - M(X) ]2 [x, — M(X)]? [x, — M(X)]2

OnpegeneHue. [Jucnepcuet D(X) AnckpeTHON cnyvyanHom BennumnHbl X Hasbl-
BAlOT MaTemaTuyeckoe OXKufaHue KBagpaTa OTKNOHEHMA CyYaHOWN Benun-
YnMHbI X OT ee MaTeMaTUYeCKOro OX1UAaHUA:

D(X) = MI(X - M(X))2].

3 3akoHa pacnpeeneHusa BeauduHsl [X — M(X)]2 cinenyet, 4To

DX) =[x; -M@X)1%p; + [xy - MX)1%py + ... + [x,-MX)1%p,.

2. CBoiiCcTBa AUCHEPCUU JUCKPETHOU CIydalHOU BeJINYUHBI.

1. lucnepcusa duckpemuoil cayuatiHoll genuduHslt X pagHa pasHocmu
Mexncdy mamemamuueckum oxcudarHuem keadpama genuuurst X u keaopa-
MoM ee MAMeMamuuecko20 OHCUOAHUSL:

DX) = M(X?) - M2(X).
JIeACTBUTENBLHO, UCTIOMB3Ys CBOMCTBA MATEMATUYECKOTO OXKUAHHs, UMEEM

DX) =M[(X-MX))?] = M[X? - 2XM(X) + M2(X)] =M(X?) -
—2MXOMX) + M2(X) = M(X?) - 2M2(X) + M2(X) = M(X?) - M2(X).
C IIOMOIIBIO 3TOTO CBOMCTBA U CBOMCTB MaTeMaTHUYECKOTO OXXUJAHUA
yCTaHaBJIMBAIOTCA CJIEAYIOIIEe CBOCTBA.
2. [lucnepcusi nocmosiHHo 8enuuuHsl C pagHa Hymw.

3. ITocMOsIHHbLIL MHONCUMEIb MONCHO 8bIHOCUMb 3 3HAK OUCNEPCUll, 803-
80051 €20 8 K8AOpam:

D(CX) =C?D(X).

4. /lucnepcust cymmul 08YX HE3ABUCUMDBLX CAYUAUHBIX 8eUUUH PABHA
cymme ducnepcuil 3mux 8eJIUUUH:

DX +Y)=DX) + D(Y).

OTO CBOMCTBO PACIPOCTPAHAETCA U Ha C/Iydal JIF0O0TO KOHEYHOI'O YHC/Ia
cjlaraeMbIX.
CiiencTBUEM CBOMCTB 3 U 4 ABIAETCA CBOMCTBO 5.
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5. Zlucnepcus pasHocmu 08yX He3A8UCUMBLX CAyUAliHbLX gequdud X u'Y
pasHa cymme ux oucnepcuil:

DX-Y)=DX) + D(Y).

IMpumep 7.40. [lucniepcus ciydaiHOU BeJndnHBI X paBHa 3. Halitu auic-
MIepCUIO CIeAYIONNX BeTMYrH: a) —3X; 6) 4X + 3.

CornacHO CBOMCTBaM 2—4 AVCIIEPCUU UMEEM:

a) D(-3X) =9D(X) =9 -3 =27;

6) D(4X + 3) =D(4X) + D(3) =16D(X) + 0=16 - 3 =48.

IIpumeuarue 7.4. Eciv MHOXXeCTBO BO3MOXXHBIX 3HAUEHUHN JUCKPETHOU
c/TydyaiiHOM BeW4YrHBI X OECKOHEYHO, TO ee AUCIIEPCUs OIpeesIeTCs CyM-

MO¥ cxogserocs yucaoBoro psaga D(X) = > [x, — M(X) P py.
k=1
3. CpeaHee KBaZjpaTU4eCcKoe OTKJIOHEHUe.

OnpepeneHune. CpedHUM K8aOpamuyeckum omkaoHeHUem o(X) cnyyanHom
BENMYUMHBI X Ha3bIBAETCA KOPEHb KBaZlpaTHbIN 13 ee aucnepcun: o(X) =+/D(X).

BBezieH1e cpeiHEro KBa[paTUUYeCKOTO OTKJIOHEHUS OOBACHAETCA TeM, YTO
JvicTiepcys u3MepsieTcss B KBa/IpaTHBIX eIMHUIIAX OTHOCHUTEIBHO Pa3MepPHOCTH
camoli cydaiiHoOM BeTmdnHbL. Hampumep, eciv BO3MOKHbIE 3HaUYeHNA HEKOTO-
po¥i CTydaitHOM BETMYMHBI U3MEPAIOTCS B METPAX, TO ee AUCTIepCHs U3MepsIeTCs
B KBa/IpaTHBIX MeTpax. B Tex ciyyasx, Korzia Hy»KHO UMeThb YHCJIOBYIO XapaKTe-
PUCTUKY paccessHUs BO3MOXKHBIX 3HAaUeHUH B TOM ke pa3MEPHOCTH, YTO U caMa
CIydaiiHasi BeJIMYMHA, UCIIONb3yeTCs cpeiHee KBa[paTUuecKoe OTKJIOHEHHE.

IMpumep 7.41. CnydaliHasa BeIU4YMHA X — YMCJIO OYKOB, BBHINIABIIMX MIPU
OTHOKpPATHOM OpOocaHUH UTpabHOU KocTh. Onpeaenutsb o(X). imeeM

1 1

Meo=1242203.14 51 61 35,
6 6 6 6

1
6 6

1 1 1
D) =(1-3,58+(2-3,5) —+(3-3,5% —+

>

£ (4-352 .21 (5-3,52. L (6-3,52.L=32,

6 6 6 12
35
X)=,—=171.
o(X) ,/12

37ech A1 0bieryeHus BEIYUCIEHUH MOYKHO UCTIONb30BaTh KaJbKY/IATOP.
To ke ciemyeT UMeTh B BUAY U B Psifie APYTUX IIPUMEPOB TOM IJIaBHI.

4. [ToHATHE O MOMEHTAaXxX paclipe/ieJIeHUsl.

OnpepeneHune. Ha4yasbHbIM MOMeHMOM NOPAOKA k ClyyarnHON BENNYNHDI
X Ha3blBalOT MaTeMaTMUeCcKoe oXKuaaHue cilydainHom BennumHbl Xk, roe k —
HaTypanbHoOe YnNCIOo:



CJIC,Z[OBaTeJIbHO, eciu X UMeeT pacIipeaecicHue

X

X1

Xo

p

P1

P>

Dn

TO
Vi =XKpy +xKpy +...+ xk
k =X7P1+ X3Py + .ot X Pp.

MaTtemaTru4eckoe OXHUJaHWE U JUCIEPCUI0 CIYYaUHOU BETUYUHBI
X MOXXHO BBIPA3UTh Yyepe3 HayaJabHble MOMEHTHI OpAAKoB 1 u 2: M(X) = v,

DX) =M(X?) - M2(X) =v, — V3. (7.29)

OnpepeneHue. LleHmpanbH6IM MOMEHMOM NOPAOKA k CyYalnHOW BENNUYMNHDI
X Ha3blBaeTCA MaTemMaTnyeckoe oxmnaaHuve sennumubl [X — M(X)1k:

V13 ompeziesieHUs IeHTPAJTbHOTO MOMEHTA, TEOPEMHEI 7.7 U OIpeeNeHUs
JUCTIEPCUM CIeZIyET, UTO

W, = MIX - M(X)] =0,
Uy =M[(X-M(X))?] =D(X). (7.30)
CpaBHuBas cooTHoieHus (7.29) u (7.30), nosydaem

_ 2
H2 =V — V1.

IMpumep 7.42. luckpeTHaa ciy4darHad BeaudyrHa X 3aZaHa 3aKOHOM
pacupezeneHus

X 1 3
p 0,4 0,6

HaﬁTPI Ha4dYa/JIbHbIE MOMEHTHI IIEPBOT'O, BTOPOT'O IIOPAAKOB WU LICHTPAJIb-
HBII MOMEHT BTOPOTO nopsjka. limeem

v;=MX)=1-04+3-0,6=22;

Vy=ME2) =1-0,4+9-0,6=5,8;

U, =5,8-222="58—4_84=0,96.

7.7. OcHOBHble 3aKOHbI pacnpeaeneHus
AVCKPETHDIX CNYYaHbIX BeIUUUH

1. bBunomuanbHOe pacnpezesneHue. [lycTb MpoOU3BOAUTCA n UCHBITA-
HUM, IPUYEM BEPOSTHOCTH MOSBJIEHUS COOBITUA A B KaXK/JOM HCIBITAHUU
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paBHA p ¥ He 3aBHUCUT OT UCXO/la APYTUX UCIBITAHUM (He3aBUCUMBbIE HCIThI-
TaHUA). Tak KaK BEPOATHOCTb HACTYIUIEHUSA COOBITHSA A B OTHOM HCITBITAHUH
paBHa p, TO BEpOATHOCTb €ro HeHacTyIIeH!s paBHa g = 1 — p.

HaiizieM BepOSATHOCTb TOT'O, YTO ITPY N UCIIBITAHUSIX COOBITHE A HACTYIIUT
m pa3 (m < n).

[TycTb cOOBITHE A HACTYIIHJIO B ITEPBBIX M HUCIIBITAHUAX M Pa3 v He HACTYy-
IIWIO BO BCEX IMOCAEAYIONIUX UCIBITAHUAX. DTO CJI0KHOE COOBITHE MOYKHO
3amycaTh B BU/IE IPOU3BEIEHU

AA..AAA..A.
N

mpa3 n—mpas

OO6I11ee YHCIO CIOKHBIX COOBITHM, B KOTOPBHIX COOBITHE A HACTyIIaeT
m pa3, paBHO YUCJIYy COYeTaHUU M3 N 3JIEMEHTOB 10 m 3JeMeHTOB. [Ipu
3TOM BEPOSTHOCTb KaXKAOT'O CJIOXKHOT'O COOBITHS paBHA p™mg™™. Tak Kak 3TU
CJIOXKHBIE COOBITHA ABJIAIOTCSI HECOBMECTUMBIMU, TO BEPOSITHOCTD UX CYMMBI
paBHaA cyMMe UX BepoATHocTel. Mtak, eciu P,(m) ecTb BEpPOATHOCTD IIOAB-
JIeHUs COOBITHA A m pa3 B n UCIBITAHUAX, TO

P,(m)=Citpmq™™m,

nin

n! maAan—-m
Pn(m)—mp q. (7.31)

®opmyny (7.31) HazweiBaloT ghopmynoil bepHyanu.

IIpumep 7.43. IlyCcTh BCXOXKECTh CEMAH JAHHOI'O paCTEHUsA COCTABIIAET
90 %. HaliTy BEpOATHOCTDb TOI'0, YTO U3 YEThIpeX IIOCEAHHBIX CEMAH B30U-
AyT: a) Tpu; 6) HEe MeHee TPeX.

a) B nanHom ciysaen=4,m=3,p=0,9,q=1-p=0,1.

[
[Tpumenum popmyny Bepnymnu (7.31): P,(3) = %O, 93.0,1=0,2916.
6) Vickomoe coObITHE A COCTOUT B TOM, YTO U3 tiei‘mpex CeMAH B30OUJYT

VI TpH, WK 4eTwIpe. [1o Teopeme caoxeHns BepoaTHOCTer P(A) = P,4(3) +
+ P,(4). Ho P,(4) = 0,94 = 0,6561. Iloatomy P(A) = 0,2916 + 0,6561 =
= 0,9477.

CHOBa pacCMOTPHUM N HE3aBUCHUMBIX UCIBITAHUN, B K&XXJ0M M3 KOTOPBIX
HacTyIaeT coObITHE A ¢ BepOATHOCTBIO p. O60o3HauUM depe3 X CcydaiHyIo
BEJIMYMHY, PABHYIO YKCJTy TIOSIBJIEHUH COOBITHS A B N UCITBITAHUSX.

[ToHATHO, YTO COOBITHE A MOXKET BOOOIIe HE HACTYIIUTh, HACTYITUTb OJUH
pas, IBa pas3a u T. [I., U HAKOHeI], HaCTynuTh n pa3. CiiefoBaTeIbHO, BO3MOXK-
HBIMU 3HAaYEeHUSAMU BeJMIuHbl X OyzayT uuciaa 0, 1, 2, ..., n — 1, n. ITo ¢op-
Myse bepHy/IM MOXKHO HAaWTU BEPOATHOCTU 3TUX 3HAYEHUIM:

P,(0)=C%" =q", P,()=C}q"'p, ..., P,(n) =pn.
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3anuiinemM IMTOJIYYEHHBIE IAHHBIE B BU/IE Ta6JII/ILIbI pacipeacjicHuA:

X 0 1 m n

p q" Ciq"'p Crpmq ™ p"

[TocTpoeHHbBIM 3aKOH pacupe/ieieHUs JUCKPETHON CIydaliHOU BETMYUHBI
X Ha3BIBAIOT 3AKOHOM OUHOMUAIBbHO20 pacnpedesnieHUs.

Hatizem M (X). OueBUIHO, YTO X — YHCJIO TTOSABJIEHUN COOBITUA A B KaXK-
JIOM MCIIBITAHUN — TIPECTaB/IAET COO0M CIyIaliHYI0 BEIMYHHY CO CIeAyIO-
IIUM paclipe/ieIeHUueM:

X 0 1

b; q b

[Tostomy M(X;)) =0-q+ 1-p=p. Hotak kak X=X; + ... + X, o M(X) =
= np.
Hatizem ganee D(X) u 6(X). Tak Kak BeJIMUMHA Xl2 WMeeT pacripeziesieHue

X2 02 12

1

b; q b

To M(X?) =02 - q + 12 - p = p. [ToaToMy
D(X;)=M(X?)-M?(X;)=p-p?>=p(-p)=pq.

Haxkownerr, B cily He3aBUCUMOCTU BeIUYUH Xq, X,, ..., X,

D(X) =D(Xy) + D(X,) + ... + D(X,) = npq.

Otcroza o(X) =+/npq.

IMIpumep 7.44. CnyyariHaa BeJMYUHA X oIpeZesieHa KaK YMCIO BbIIaB-
mux repboB B pe3ynbraTe 100 6pocaHUii MOHETHI. BRIYMCIUTE MaTeMaTH-
YecKoe OKUJaHue, JUCIePCUI0 U CpefHee KBaZpaTUyecKoe OTKIOHEeHue X.

1
BeposTHOCTb MOsiB/IeHNUs repba B KaXKJ0M OPOCAaHUM MOHETHI p = 5 Cre-
1 1 .
JI0BaTeIbHO, BEPOSITHOCTh HETOsABIeHUsA repbaq=1— 5 Ciry4yaiiHas Belu-
1
yrHa X nMeeT OMHOMUATbHOE paciipezenenue npun=100u p = 5 [TosTomy

M(X):np:100%:50, D(X):npqleO-%%:ZS, o(X) =D(X) =25 =5.

IIpumep 7.45. JlonyCTUM, 4YTO [AJIA XWUIIHUKA BEPOATHOCTb IIOUMKU
OTZEJIbHOU XePTBHI cocTaniAeT 0,4 IpU KaXKAOM CTOJKHOBEHUHU C XXEPTBOU.
KakoBo oxyzlaeMoe 41cjio MOMMaHHBIX KepTB B 20 CTOJIKHOBEHUAX?

OTo mpuMep 6MHOMUAIBHOTO pacipegenenus mpu n = 20 u p = 0,4. Oxu-
naemoe uncio ectb M (X) =np =20 - 0,4 =8.
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IIpumep 7.46. [IpuMeHsAeMBbIA METO/, JIeYeHUs MIPUBOJUT K BBI3LOPOB-
neruio B 80 % ciyyaeB. KakoBa BEpOATHOCTb TOT'O, YTO U3 IIATH OOJBHBIX
BBI3ZIOPOBEET YeThIpe?

B nannom cinyyae p =0,8,q=1-p=0,2, n =5, m = 4. [loaTromy 1o ¢pop-
mysie bepHy/UH

5! 5.84.2 B 84

P(4)=— 0,840,254 =
5(4) 41(5—4)! 105 104

=0,4096~0,41.

IIpumep 7.47. B ycnoBUAX IpeAbIAyIero npruMepa HalTU BEpOATHOCTD
TOT'O, YTO U3 MATH OOJBHBIX BBI3ZIOPOBEET HE MEHEEe YEeThIPEX.
Vickomas BepOATHOCTb €CTh CyMMa BepoATHocTel Pc(4) + P:(5). imeem:

Ps(4) + P5(5) =0,4096 + 0,8°>=0,4096 + 0,32768 =0,73728 = 0,74.

3agaya 006 3kcTpaceHnce. OOBIYHBIA YEeTOBEK MPUMEPHO B MOJOBUHE
clydyaeB MPABWIbHO YraZblBaeT, B KAKOU PYKe CIPATAaH MEJKUU IMpeaMeT.
[TpeAnosioK1M, YTO BEPHBIM OTBET IIOJYyYEH B TPEX CAy4asX M3 YeThIpeX.
CirydaiiHo v 3T0? VITu Ipu TakoM pe3y/ibTaTe MOXKHO TOBOPUTH O HEOOBIY-
HBIX CITOCOOHOCTSIX yrabIBalOIIero?

1
Eciu IpUHATH BEPOATHOCTD YTaZIbIBAHUA B HOPME p = o> TO 110 hopmyIie

2) 2 4
Kak BuauM, KaXKJblli Y€TBEPTHIM HOPMAaJIbHBIU YeJIOBEK IPAaBUIbHO yTa-
JIbIBaeT B TPEX CJIydasax U3 YeThIpex.
JlomycTUM, 4YTO BEpHBIM OTBET IOJY4YEH B EBATHU CAy4asaX U3 JECATH.
KakoBa BepOATHOCTb TAaKOro yraJblBaHUA y HOPMAJbHOIO 4YejoBeKa?
[To dbopmyne BepHymwiu

3
Bepuymmu P, (3) =C3p2q, rae q = 1 — p, uin P4(3):4.(l) 1_1

Y1 01 1
2 10710~

Takum obpazom, HOpMAaJIbHBIM YeOBEK JUIIb B OAHOM ciydae u3 100
MOJKeT CJTyJyaiiHO IIPOZIeMOHCTPHUPOBATh TaKOU pe3yabTaT. M eciu mogobHoe
yraZiplBaHue MPOUCXOAUT 4alle, TO MOXKHO, II0-BUAVMOMY, TOBOPUTb, UTO
yrazipiBaTesNb — 3KcTpaceHc (Wi MUCTUPUKATOP).

2. JlokanbpHaa U UHTErpajabHad IpeJeabHble TeopeMsl Jlatutaca. Eciu
YHCJIO UCMIBITAHUN N BEJIMKO, TO BBIYUCIEHUA 1o dopMmysne bepHymwiu cra-
HOBATCA 3aTPyAHUTENbHBIMU. Jlamiac! MOoay4Yua BaXXHYIO MPUOIMKEHHYIO
bopmyy aya BepoATHOCTU P, (m) mosABIeHUs cOOBITHA A TOYHO M pas, ecyu
n — JOCTATOYHO OoJibIlloe Yuciao. VM ke mosiydeHa npubamkeHHas ¢Gpop-

l
MyJa U A CyMMBI Buga », P, (m).
m=k

1 Meep Jlarmac (1749—1827) — ¢ppaHIly3CKHii MaTeMaTUK ¥ ACTPOHOM.
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JlokanbHasa npeaeabHasa TeopeMa Jlamnaca (ZoKa3aTeJabCTBO CM.
B [3]). ITycmb p = P(A) — seposamHocmb cobbimust A, npuuem 0 < p < 1.
Toz0a seposimHOCMb MO20, YMO 8 YC08USX cXembl BepHyanu cobbimue A npu
N UCNBbIMAHUSX NOSBUMCSA MOUHO M PA3, 8bIPANCALMCS NPUOAUNCEHHOTL POP-
myzoti Jlannaca

1 m-—np
B,(m)~ o) , (7.32)
Jnpq { Jnpq j

20eq=1-p;o(x)= ex*/2,

271
Jlna dyHkumu @(x) uMeeTcs: Tabsauna (cM. IpwioKeHUe 4) ee 3HaAUEHUH
JUIS TIOJIOXKUTENTbHBIX 3HaUeHUM X (QyHKIINA @(X) deTHAs).

IIpumep 7.48. BepoATHOCTD NOPaXXEHUSA LEJIU CTPEJIKOM IIPU OAUHOYHOM
BeICTpesie paBHa p = 0,2. KakoBa BepoATHOCTH TOro, 4TO Ipu 100 BBICTpEIax
11eJ1b OyzieT rmopakeHa poBHO 20 pa3z?

3mech p = 0,2, ¢ = 0,8, n =100 u m = 20. OTciona \Jnpg =+/100-0,2-0,8 =4
m-np 20-100-0,2

\Jnpq 4

1
—~0,40, u3z dopmynsl (7.32) monydyaem
V21
1

13100(20)z0,40-Z:O,1O (ana monydeHUs TPUOJMKEHHOTO paBeHCTBA

1
——~ 0,40 MOXHO HCIIOJIb30BaTh KaJbKYJIATOP).

J2n

[TepeiizeM K MHTerpajbHOU IpeJenbHOlN TeopeMe Jlamnaca. [ToctaBum
CIeAyIoIIii BOIPOC: KaKOBA BEPOATHOCTh TOTO, YTO B YCJIOBUAX CXEMBI
BepHymwiu cobsiTHe A, nMeloliee BepossiTHOCTb P(A) =p (0 < p < 1), npu
n WCHOBITAaHUAX (Kak U MIpex/e, YMCJIO0 MCHBITAHWN BEJIUKO) MOABUTCA
He MeHee k pa3 u He 6osee [ pa3? DTy UCKOMYIO BEPOSTHOCTb 0O03HAUNM
yepes P, (k, [).

Ha ocHOBaHUM TeOpeMBbl CJI0KEHUSA BEPOATHOCTEN /i HECOBMECTHUMBIX
coberTuii (cM. maparpad 7.2, m. 1) moaydum

=0.

U, CJIelOBaTeIbHO, t =

YuutbeiBasg, uro ¢(0)=

P,(k,D= Zl: P,(m).
m=k

CrpaBegymBa ciiefyrolas mpubmmkeHHas Gopmyra:

X1 1 X1 5
PGk, D= [ o(x)dx =—— | e**/2dx, (7.33)
3 e
rzie
Xk—k_np; Xl—l_np (734)
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OTO COCTaBJSAET cOZEep)KaHUE UHMe2PANbHOU npedesibHOU meopembl
Jlanaaca.

BBezeM PyHKIHIO

1 5

[et°/2dt, (7.35)
V27
Ha3bIBaeMyw @dyHkuuell Jlannaca, Wiv uHmezpaiom gepossmuocmetl. Ode-
BuaHO, ®(x) ecTh mepBoobOpasHas ana yHkuuM @(x). Tak Kak @(x) >
> 0 B (—o0; +00), To ®(x) — Bo3pacrawiias GyHKIMSI B 3TOM UHTEPBAJIE.
Ha ocHoBanuu ¢popmyssl HetoToHa — JlettbHuia us popmyinsl (7.33) umeem

D(x)=

P .(k,D) =®(x) —DP(xp). (7.36)
OTO uHmezpanvHasa gopmyna Jlannaca.

1
Kak u3BecTHO, MHTerpaj; —— j e **/2dx He b6epeTcsa B aeMeHTapHBIX
27
bynakIiuax. [Toatomy ana dyakiuu (7.35) cocraBiaeHa Tabauiia (CM. IIPUIIO-

’KeHHe 5) ee 3HaUEHUHU /I MOJIOKUTENbHBIX 3HaUYeHUH X, TaKk kak ®(0) =0
u ¢ynakiusa O (x) HedyeTHAA:

1 —-X ) t=—3,dt=—dz 1 X )
O(-x)=—= [e/2dt = - [e#*/2dz = —®(x).

V27 V2m

IMIpumep 7.49. BepoATHOCTh TOr'0, YTO U3JAEIHE HE IPOIUIO IPOBEPKY
OTK, pasna 0,2. HaliTu BepOoATHOCTb TOr0, 4TO cpeau 400 ciydailHO OTO-
OpaHHBIX U3EUH OKaXKyTCs HelpoBepeHHBIMHU OT 70 710 100 uszenuii.

3necb n =400, k=70, =100, p=0,2, g =0,8. [ToaTOMy B CHITy paBEHCTB
(7.34) x,=-1,25, x; = 2,5 u comtacHo ¢opmyzre (7.36)

P,40(70, 100) = @(2,5) - D(-1,25) =
= ®(2,5) + ©(1,25) = 0,4938 + 0,3944 = 0,8882.

3. Pacipegenenue Ilyaccona. [IycTs IpOU3BOAUTCA CepUA N HE3ABUCHU-
MBIX UCOBITaHUU (n =1, 2, 3, ...), IpuYeM BepOATHOCTh NOABJIECHUS JAHHOTO
cobwITuA A B 3TOM cepuu P(A) = p,, > 0 3aBUCUT OT ee HOMepa n U cTpe-
MUTCS K HYJTIO TIPU N — oo (TI0C/IEZI0BATETBLHOCTD pedkux cobbimuil). [Ipearo-
JIO’KUM, UTO /I KaXKAOU CepuH cpe/iHee 3HaUeHHe YHCIa MTOSBIEHU COObI-
TUA A TIOCTOAHHO, T. €. Np,, = L = const.

Otcroza p, = B
n

Wcxoaa us dopmynsl beprymnu (7.31) Aysi BEpOATHOCTHU TOSBIEHUSA
COOBITHSI A B N-M c€pUM POBHO M pa3 UMeEeM BBIpaKEHHE

m n-m
Pn(m)=c,znpmq(1—pn>n—m=c:r(%] (1—;] .
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[Tyctb m pukcupoBaHo. Toraa

lim Cr (Ej — lim nn-1Dn-2)-....(n-m+1) o

n n—om m!n™m

m — m
o T {1(1_1J(1_3j...(1_ m 1]}: K ;
n-m
lim(l—ﬁj =e M
n—w n

X
(3mech MCITOIb30BAH BTOPOM 3aMedaTelbHbBIN Ipeaes lim (1 +—J =e).
X

n—o

X—>00
m

[Toatomy lim P,(m) = B ou,
n—o m!

Ecay n BeIuKo, TO B CUJIy OINpeZiesieHUs Iipezesia BepOATHOCTD P, (m)
m

CKOJIb YTOJHO MaJo OTIMYaeTCA OT u—'e—“. OTcioza npu GONBIINX N JAJIA
m!

HCKOMOU BepoaTHOCTH P, (m) umeem npubmmxeHHyio ¢opmyny [lyaccona

(#7151 TPOCTOTHI 3HAK MPUOIMXEHHOTO PAaBEHCTBA OITYIIEH)

rzie W =np,.
OnpepeneHue. [0BOPAT, UTO CJlyvaiiHana BenvumHa X pacnpeaeneHa rno 3akoHy
[lyaccoHa, ecnv 3Ta BeNYMHa 3afaHa Tabnuuen

X 0 1 2 3

p e ¥ peH u? TE

31ech U — PUKCHPOBAHHOE TOJIOKUTENbHOE YHCI0 (pa3HbIM 3HAUEHUAM
U OTBeYaroT pa3Hble pacripezaenenus [IyaccoHa).

Halizem MaTeMaTu4yecKoe OXKUAaHUe JUCKPETHOW BEeJUYHHBI X, pacipe-
ZleJleHHOM 1o 3akoHY [IyaccoHa. CornacHo oIpezie/iIeHHMI0 MaTeMaTU4eCKOTO
oxkuganus (cm. maparpad 7.5, m. 2)1

pk . prt o —
M(X)= Zkze =pe Z(k 1)'_ue Hel =1,

Hatinem ganee D(X). CHauasa HaiigeM M (X2):

x2)= 3 e ]
M(X e M =pe™
k=0 k! " k1 (k- 1)'

n
1 37ech, KaK U Ipy HaxoxkAeHn M (X2), UCIToIb3yeTcss U3BECTHOE Pa3IOlKeHUE eX = Z —

x| < +ee. o nt
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k=2 (k—2)!

Tereps 1o u3BecTHOM popmyse (cMm. maparpad 7.6, m. 2)

DX) =MX?) - M2(X) =p? + p—p2=u.

Pacmpeznenenue IlyaccoHa kpaliHe Ba)KHO BO MHOTUX GpU3NYECKUX U OMO-
Jorudeckux 3azadax. OHO mpeAcTaBisaeT co60i rpyOyi0 Mojenb YacTOThHI
BCTpPEYaeMOCTH KaTacTPOoPHUUeCKUX HAaBOAHEHUU MPU JOBOJBHO AJIUTEb-
HOM Ilepuofie HabmozeHul. PacnipesiesieHe MUKPO3JIEMEHTOB B obOpasiie
ITOYBBI MOXKET TaKKe MPUOIMKATHCA K ITyaCCOHOBCKOMY. BO3MOXKHOCTH
MIPWIOXXEHU! pacripesiesneHus [lyaccoHa B eCTeCTBO3HAHUU WUIIOCTPUPYIOT
cleAyroue IpruMepHI.

Pedxue 60ose3Hu. MHOTHE 60OJIE3HU OCTATOYHO PEAKU WIN CTAHOBATCS
TaKOBBIMHU IOCJIe IPUHATUA TPOPMIAKTUYECKUX U JedeOHBIX Mep. OZHaKO
JlaXKe TPY CaMbIX OJIaTONMPUATHBIX YCIOBUSIX B OOJBIIUX MOMYJIAIUAX BCE
’Ke BCTpeyaeTcss HEKOTOPOoe YHCI0 OOMbHBIX peAKUMU O6ose3HaMu. Hampu-
Mep, IPU BBeJleHUU BAKLIWHBI IPOTUB MOJIMOMUENNTAa UMMYHUTET CO3/a-
erca B 99,99 % ciaydaes. KakoBa BepoATHOCTh TOrO, 4yTO M3 10 000 Bakiu-
HUPOBaHHBIX JleTell 3a60seeT OuH?

BeposiTHOCTB 3a60seTh p = 1 — 0,9999 = 0,0001, 4MC/IO UCIIBITAHUH N =

=10 000. [ToaTomy w = 0,0001 - 10 000 = 1 u o popmyse ITyaccoHa umeeM

P(1)= %e‘l ~0,368.

© k-2
:ue‘{uZ—M +e“}:ue‘“(ue“ +et)=p2 +p.

12
AHaJIOTUYHO BEPOSATHOCTD, YTO 3a00JIel0T ABa pebeHKa P(2):§e—1 ~

~ 0,184, a BeposTHOCTU 3ab0JieBaHUSA TPeX U YETHIPEX JeTell COOTBET-
- -1
CTBEHHO paBHHI P(3) = 63—' ~0,061 u P(4)= 64—' ~0,015.

PaduoaxmuseHbslii pacnad. PaccMoTpuM Mpoby pajioaKTUBHOTO Belle-
CTBa, KOTOpPOE B CpeJHEM JlaeT I UMITYJIbCOB PAZJMOAKTUBHOCTU B OAHY
cekyHZy. OXKHlaeMoe YMCI0 UMITYJIbCOB 3a t CeKyH/| €CTh r't. DTOT IPOolLiece
MOKHO OIMcaTh pacrpeeneHueM [lyaccona. [Ipoba cocToUT M3 04YeHb
OOJIBIIIOTO YMC/Ia N PAaJUOAKTHBHBIX aTOMOB, ITIPUYEM KaXKABIM aTOM UMEET
KpaliHe MaJyl0o BepOSITHOCTh p pacliaZia B TedeHHue OAHOM ceKyHAbl. OXKu-
JlaeMoe YHCJIO paciaZioB 3a 1 ¢ ecTh r = np. OXugaeMoe YHUCI0 pacliajioB
3a t CeKyH/ ecTb rt = npt. DTO SABJISETCS MaTeMaTU4eCKUM OXKUAaHUEM pac-

npezenenus I[lyaccoHa, KOTOpoe ZiaeT BePOATHOCTD k paciaZioB 3a t CeKyHI:

(re)k
k!

Eciu, HanpuMep, UMeeTCA TPU MMIyJAbca paJUOaKTUBHOCTU B 1 ¢,

TO BEPOATHOCTb BOSHMKHOBCHHUA 10 HNMITYJIbCOB 3a HHTHCGKYH[[HbeI HWHTEP-
BaJl COCTaABJIAET

P(k) =

e Tt,

(35010 5151
10! 10!

P(10)= e 15,
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ITodcuem xknemok nod mukpockonom. IIpeaAnonoKum, 94To n KJIeTOK OIpe-
ZIeJIEHHOT'O TUIIA paclpesiesieHbl CydaiiHbIM 00pa3oM IO IUIOIIAAY TIpej-
METHOTI'O CTeKJIa, KOTOpoe pa3buTo KBagpaTHOH perreTkoi Ha 900 (30 x 30)
PaBHBIX Y4aCTKOB. BEpOATHOCTD TOr'0, UTO KOHKPETHAsA KJIETKA JIEXKUT B IaH-
HOM yyYacTke peuleTku, ecTb p = 1/900. IIpoiiecc pasmeleHUa n KIeTOK
Ha NpeJMEeTHOM CTeKJie MOXXHO pacCMaTpyUBaTh KakK N IIOBTOPHBIX MCIIBI-
TaHUU i1 OMHOMHAJIBHOTO DKCIIEPUMEHTA, TZle «yCIeX» OMPeAeAeTCs
KaK II0Ia/laHKe KJIETKU B KOHKPETHBIM YYacTOK pelleTKku. Eciau n Benuko,
TO JJIS1 BBIYUCJIEHUA BEPOSTHOCTU TOTO, YTO KOHKPETHBIM Y9aCTOK pellleTK!
COZIEP>KUT k KJIETOK, MOKHO BOCITIOJIb30BAThCS ITyaCCOHOBCKUM ITPUOJIIIKE-
HUeM OMHOMUAJIIBHOT'O pacipezeneHus: U = np = n/900.

3Ha4uT,

k! 900 k!

Benuuuna P(k) gaet gonto Tex u3 900 y4acTKOB, B KOTOPBIX COZEp-
KUTCA 0 k KieTok. O6Iee YMCI0 YY4acTKOB, CoAepKalluX Mo k KJIETOK,
paBHo 900P (k). Hampumep, oxxkuzmaeTtcs, 94To B cpegHeM 900e/900 yyacTkoB
He CoZiepKaT HU OJHOU KJIETKH.

OTO ZJaeT HaM MeTO/] OLIEHKH OO0IIero 4mcja UMEeRIIUXCI KIETOK IyTeM
ompe/ieJieHus Y1cJia TeX y4acTKOB KBaJIpaTHOM pelleTKH, KOTOphle He coiep-
»KaT 3TUX KJIeToK. Eciu, HanmpuMep, KJIeTOK HeT B 75 y4acTKax KBaZpaTHOM
peleTKu, TO

k k —n/900
(i) =P e‘”P:( n j ¢ k=0,1,2,....

75 = 900e-/900,

Otcroza n = 900In(900/75) = 900In12 = 2240 (37ech MOXKHO UCIIOIb30-
BaThb KaJbKYJIATOP).

OcCHOBHOe JIoTyIIleHNE, C/leJJTaHHOe HaMH, COCTOUT B TOM, YTO N KJIETOK
pacIipezieJieHbI 110 IUIOIIA/Y CTeKJIa cydyaliHo. Ectu aTo foIylneHue cIipa-
BeIJIUBO, TO pactipesenenue [TyaccoHa gaet BecbMa 3pPeKTUBHOE CPEACTBO
OII€HKHU YMCJIa KJIETOK Ha CTEKJIE.

7.8. MaTematuueckue mogenu 6uonornyeckux npoueccoB

1. I[TocTpoeHne MaTeMaTU4YeCcKO Moaeau. Mozeab 61OIOrUYeCcKOro
mpollecca MpeAcTaBiseT cobolt Habop AOMyIeHU OTHOCUTENbHO JaHHOTO
rpoliecca B COBOKYITHOCTHU C aHAJIM30M JIOTUUYECKUX CAeACTBUM U3 3TUX
JonyileHuii. MaTeMaTuueckas MOZeb MoJydaeTcs TOrAa, Korja AoIylle-
HHSI MOXXHO BBIPA3UTh B MaTemMaTudeckod popme. PasymeeTcs, Mozenu
CTPOATCA JJI ONMCAHUA PeaJbHBIX IIPOLECCOB, U BCAKOE NpeZcKa3zaHue,
OCHOBAHHOE Ha aHaJIM3€e MO/ei, He0OOXOMMO CPaBHUBATh C dKCIIEPUMEH-
TaJIbHBIMH HAOJII0ZIEHUAMU, YTOOBI IIPOBEPUTH CIIPABETUBOCTD CAETaHHBIX
JIOTTYIIIeHUH.

Ecnu pomnyineHusa MoZieii BhIpaXkeHbl B MaTeMaTH4deckor ¢bopMe, TO I
BBIBOZIA JIOTUYECKUX CJIEICTBUM M3 3TUX AOMYILIEHUMN B PAaCIOPSKEHUN UCCIIe-
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JI0BaTeJIsI UMeEeTCs BeCh apceHal MaTeEMaTHIECKUX cpeAcTB. OYeHb YacTo 3TU
MaTeMaTU4YECKUE CJIEJICTBUA MIPUBOJAT K TAKUM TPEACKa3aHUAM, CBI3aHHBIM
¢ GHMOJIOTUYECKUM TIPOIIECCOM, KOTOPBIE BPSIZ JTU MOXXKHO OBUIO OBI MTOHATH
U TIpeJBU/ETDb, 3aHUMAsICh JIUIIIb SKCIIEPUMEHTOM U HaOJIIOJEeHUSIMU.

Mogenb mozcueTa KJIETOK I1oJ MUKpocKormoM (cM. maparpad 7.7, m. 3)
MIPUBOJUT K TOMY VAWUBUTEILHOMY PE3Y/IbTATy, 4TO 0O0Iee YMCI0 KIETOK
MOKHO OTIPe/IeJIUTh, CYUTAs IIOTIPOCTY KOJUYECTBO T€X KBa/[PaTOB PEIIETKH,
B KOTOPBIX KJIETOK HE COIEPKUTCA.

B MmaTtemaTudecko popmMe BbIpAKEHUSA AOMYIIEHUN OHUOJOTUYECKOU
MO/IEJTY UMEIOTCS U OTIpeZieJIeHHbIE HeZIOCTaTKU. YacTo ObIBaeT HEOOXOAMMO
CYIIIECTBEHHO YIIPOCTUTH 3a/1avy. Ec/in Takoe yrpoleHue 3aX0AUT CIUITKOM
JlaJIeKo, TO MOJIeNb TIepecTaeT OTpakaTh KaKue-TO BaXKHbIe YePThl peabHO-
CTH, KOTOPBIE MbI CTPEMUMCS TIOHATb.

[Tocne Toro Kak NpoaHaIU3UPOBAHBI Pe3yJbTAThl IIPOCTON MOJENH,
ee MOXKHO cZieJiaTh Oojiee peaTuCTUYHOMN, U3MEHUB HEKOTOPbIE AOIyIeHUs
Mozenu. CiefyeT Takke MOAYEPKHYTh, YTO B HACTOSAIIee BpEMS C PAa3BUTHEM
obIcTpozericTByIOMUX OBM HEKOTOPBIE TUITHI CJIOKHBIX MOZIe/IeH TiepecTaiu
OBITH CJIOXKHBIMM /I aHATH3A.

MaTemaTtudecKkre MOJENU CTaIu 00s3aTelbHBIM HWHCTPYMEHTOM HCCIIe-
JIOBAHUM MOYTH B KaXKJ0H 06acTh GUOJIOTUU.

B npeamecTByrOmux maparpadax 3Tou IIaBsl yKe ObLTH paCCMOTPEHBI Pa3-
JIMYHbIE MO OMOJIOTMYECKUX TIPOIIECCOB. PacCMOTPUM elle OJHY MOEb.

2. BekMBaHUe U BBIMHpPaHUe BUAOB. Ecv B OIHOM U TOM JKe Teo-
rpaduIecKOM perroHe OOUTAIOT MOMY/IANNY ABYX BUOB, UMEIOIIUX O/U-
HAKOBBI€ DKOJIOTUYECKHE TTOTPEOHOCTH B IUIIE, TPOCTPAHCTBE U APYTUX
pecypcax, TO COIVIaCHO T€OPUH KOHKYPEHITMM HAZ0 OXUJAATh, YTO Oosee
MIPUCITIOCOOIEHHBIN U3 IBYX BU/IOB IIOJTHOCTBIO BHITECHUT MeHee IIPHCIIOCO-
GJIeHHBIN. B 3TOM COCTOUT CyTh NPUHYUNA KOHKYPEHMHO20 UCKJHOUEHUS.

VITak, IpUHIMIT KOHKYPEHTHOTO UCKIIOYEHUS YTBEPXK/AET, YTO €CIU
/IBa BU/la UMEIOT OMHAKOBBIE DKOJIOTHYECKHE ITOTPeOHOCTH, TO OoJiee IpH-
crioco6IeHHBIN BU/ Oy/leT BBITECHATh MeHee MPUCIocobieHHbIN. YToObI
MOJIYYUTh MOJIENb 3TOTO IPOoIlecca, PACCMOTPUM CJIy4al ABYX KOHKYDPU-
PYIOIIUX BUAOB C OAMHAKOBBIMU 3KOJOTUYECKUMHU MOTPEOHOCTAMHU, COCY-
IIECTBYIOIINX B HEKOTOPHI MOMEHT BPEMEHHU B Cpezie, KOTOpasi CIIOCOOHA
obecreunTh pecypcamu poBHO N ocobeit oboux BUAOB. /IoMyCTHUM, YTO
IepBOHAYaJbHO B cpeZie UMeJioch k ocobeii Buza I u N — k ocobeit Buza II.
[IpeamonoKUM, 9YTO KOHKYPEHITUIO MEX/Y ABYMs BUAAMU MOXXHO IIpeZCTa-
BUTb KaK MOCIEZ0BATETHbHOCTDh CTOJKHOBEHUN MEXY HUMHU, IIPUYEM BEPO-
ATHOCTH TOT'O, YTO BU/ | yBeIMYUTCSA TOCIe CTOJKHOBEHUSA Ha OZIHY 0CO0b,
paBHa p, a BEPOATHOCTDb YBEJIMYEHUS HA ofHy 0cobb Buza Il ectb g = 1 — p.
Hampumep, oba Bua mpucmocobaeHbl OAUHAKOBO, eI p = g = 1/2, U 1iep-
BBIY BU7I O0TalaeT CEJIEKTUBHBIM IIPEUMYIIECTBOM, €CTH p > (. JlomycTuM,
YTO p He 3aBUCHUT OT YucyieHHocTel k 1 N — k 060UX BU/OB.

KoHKypeHIHs 10 3TUM IIpaBWIaM IIPOJOJIKAETCS A0 TeX MOP, IToKa OJUH
13 BUZIOB HE BBITECHUT ITOJHOCTBIO APYyroi. IMEHHO 3TOT MPOIIECC XOTe-
Jioch O6BI TOHATH. /I 3TOTO OIpeZiesIuM p; KaK BEPOATHOCTD TOTO, YTO BUZ |
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BhITecHAET BUZ II, eciii HavanbHasA YrMcaeHHOCTh BUia | 6pu1a paBHa k. Eciu
Havya/IbHas YMCAEHHOCTD nonynanuu ectb 0, To p, = 0, Tak Kak BuUzj I yxe
BBITeCHeH. EciM HavanpHass YUCIEHHOCTb MOMyAAlMU paBHa N ocobel,
TO py= 1, mockonbky BuUZ I yxke BeiTecHW! BUZ I1. Ilocie mepBoro cToakHoBe-
HUSA Momysisays Buzaa I 6yaer HacuuTeiBaTh k + 1 wim k — 1 ocobeii ¢ Bepo-
ATHOCTAMU P U q COOTBETCTBeHHO. TakuM 06pa3oM, BepOSATHOCTD p IIpes-
cTaBJsieT cOO0U CyMMy /IByX WIE€HOB:

Pk =PPk+1 t qPi-1- (7.37)

34€Chb PPj1 O3HAYAET BEPOATHOCTb TOI'O, YTO IIOCJIE OZHOI'O XOZa BUJ
I umeeT uucieHHocTh k + 1 u BbITecHseT 3aTteM Buz II. AHalIOTMYHO
dPj_; O3Ha4aeT BEPOATHOCTD TOT'0, YTO BUZ I MMeeT 1mocjie OZHOTO X0/a YUC-
JIEHHOCTbB k — 1 ¥ BbITecHdAeT 3aTeM Buz II.

CootHourenue (7.37) — 3TO JTMHENWHOE Pa3HOCTHOE YpaBHEHKE BTOPOro
MopsiIKa ¢ MOCTOAHHBIMU Koadduriventamu (cM. maparpad 6.3).

ByzeM ucKaTh ero pelieHue B BUe p; = Ak. XapakTepucTruieckoe ypas-
HEHMEe UMeeT BU/,

Ak =pAk+1 + gAR1 i pAZ2 — A + g =0.
KopHHU 3TOro KBapaTHOTO ypaBHEHU HAXOAATCA o GpopMyIie

k_li«/1—4pq _1+y1-4p(1-p) 1+(1-2p)
2p 2p 2 ’

p

oTkyza A =1, A, =(1-p)/p=q/p.
OTH KOPHU paBHBI, Korza p = q = 1/2. Takum ob6pa3om, obI1iee pelreHue
ypaBHeHUs (7.37) uMeeT ceAyIoluii BUI:

pr=cy + cy(q/p)kmpup #q,

px=¢; + ckmpup =g,

rZie ¢; U ¢, — IOCTOAHHBIE, MMOAJIeXalle HaxoxAeHno. ComiacHO ompeze-
JIEHUIO p;. OBLIO YCTAHOBJIEHO, UTO Py = 0 U pyy = 1. 3Hauur, ecnu p # 1/2, To

c; +¢,=0,c; +c,(q/pP)N=1.
Ortcroza ciezyerT, 4To

1 1
q=—"-""—,C="""—.
1-q/pN’ % 1-(q/pV

Ecmup=1/2, 101 =01 ¢,N =1, unu ¢, = 1/N. OKOHYATEIbHO IIPUXOAUM
K TOMY, YTO MCKOMOe pellleHue ypaBHeHUs: (7.37) ecTb

_1-(q/p)
1-(q/p)N

pr=k/Nupup=q=1/2.

Dk npup #g,
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B AaHHOM IPOCTOM MOZeIM Mbl CMOIVIU B IBHOM BU/I€ BEIYUCJIUTD BEPOAT-
HOCTb BBITECHEHMA OJHOT'0 BUZA APYTUM. PacCMOTpUM pa3aUdHbIE BO3MOXK-
HOCTH JJI OMYJISIIUY ¢ 061melt yncieHHocTbio N = 1000. Eciiu HavaibHbIE
MOMy/IAIMY 000UX BUIOB HacYMTHIBaIU 1o 500 ocobeii nuecmmp =q =1/2,
TO BEPOATHOCTD BeITeCHEHUA BUOM I Buza II paBHa ps,,= 500/1000 = 1/2.
OTO YKa3bIBaeT Ha TO, YTO B JJAHHOM CJIydae HU OJUH M3 BUJOB HE NMEEeT
KOHKYpEeHTHOro npeumyiiectsa. Hoecmip =2/3uqg=1/3, To

1-(1/2)00 1
1-(1/2)1000  14(1/2)500°

Yucio (1/2)°90 kpaiiHe Majo. [ToaToMy B JaHHOM ciydae MpaKTUYeCKU
C eAMHUYHOU BepoAaTHOCThI0 BUZ II OyzieT BBIMUpPATh. Jlaxke Majble KOHKY-
pPEeHTHBbIE TpenMylecTBa (Korja p 4yTh Gosblile 1/2) MpU AaHHBIX Havyaslb-
HBIX YMCJIEHHOCTAX IPUBOJAT K TAKOMY XK€ pe3y/bTaTy. 3aMeTUM, 4YTO eCIu
p=2/3uq=1/3, a HadaJbHble YMCIeHHOCTY BUZ0B I 1 Il paBHEI cOOTBET-
CTBEHHO 1 11 999, TO BEPOATHOCTD BBHITECHEHUA IIEPBLIM BHIOM BTOPOI'O €CTh

Pso0 =

B 1-(1/2)1 ~l
P _1_(1/2)1000 o

B 4acTHOCTH, OTCIOZIa CJIEAYeT, YTO eCJIH JaXKe OAWH WHANBUAYYM Oosee
MIPUCIIOCOOJIEHHOTO BHIAa BTOPraeTcsi Ha TEPPUTOPHUIO APYroro BH7A,
TO C BEPOSAATHOCTBIO 1/2 BHEAPAIOUIUICA BU/, IOJTHOCTBIO BBITECHUT KOPEHHOU
Bug. Eciu ke p = q = 1/2, To p; = 1/1000. VIHBIMU cl0BaMy, eciiy oba BUza
OZIMHAKOBO XOPOIIIO MPUCITOCOOIEHBI, TO MAJIOBEPOSITHO, UTO TOSIBIEHUE e/IU-
HUYHOT'O MHAUBUYYMa OZHOI'O BH/a IIPUBEZET K BBITECHEHUIO APYroro BUA.

YnpaxHeHus

1. B amuke nmeetrca 100 Aul, U3 HUX NATh HEKaYeCTBEHHBIX. Hayzauy
BBIHMMAIOT OAHO AWIl0. HalijuTe BepOATHOCTh TOT'O, YTO BBIHYTOE SAMIIO
HeKayeCTBEHHOE.

[0,05]

2. bporeHa urpaibHas KocTb. HaliiuTe BEpOATHOCTb TOTO, YTO BBITIAZIET
YyeTHOE YUCJIO OYKOB.

[0,5]

3. Y4acTHUKU XepeObeBKU TAHYT M3 AIMIMKA >XKETOHBI C HOMepaMH
oT 1 go 100. HaiigjuTe BEpOATHOCTbh TOT'O, YTO HOMEP IMEPBOT'0 HayAady
M3BJIEYEHHOTI'O )XeTOHA He COAepPKUT IUdpHI 5.

[0,81]

4. B cocyz emkocThio 10 J1 mIomasa poBHO ofiHa 6oJsie3HETBOpHAs OGakKTe-
pus. KakoBa BEpOSITHOCTh 3a4ePITHYTh ee IIpU Habope U3 3TOro cocy/ia CTa-
kKaHa Bozpbl (200 cm3)?

[0,02]
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5. B maptuu u3 100 geTasneit oTaen TeXHUYECKOe KOHTPOJIS 0OHAPYKUI
MATh HeCTAHZAPTHBIX ZeTaseil. YeMy paBHA OTHOCUTEIbHAS YaCTOTA TOSB-

JIEeHUS HeCTaHJAPTHBIX JeTalen?
[0,05]

6. [Tpu TpaHcnoptupoBke 13 1000 AbIHb UCIOPTWIOCH IATh. YeMy paBHa

OTHOCHUTEJIbHAsA 4aCTOTa UCTIOPYEHHBIX JbIHb?
[0,005]

7. IIpu cTpenbbe Mo MUIIEHU BEPOATHOCTD CZENaTh OTJIUYHBIN BBICTPE
paBHa 0,3, a BepOATHOCTD BBICTPEJIa Ha OLIEHKY «XOpoI11o» paBHa 0,4. KakoBa
BEPOATHOCTH IOJYYUTD 3a CAECJTaHHBIU BBICTPEJI OLIEHKY He HIDKE «XOPOII0»?

[0,7]

8. BepoATHOCTE TOr0, YTO JIUIL0 YMpPET Ha 71-M roay »xkusHu, pasHa 0,04.
KakoBa BepOATHOCTH TOI'0, UTO Y€JIOBEK He YMpeT Ha 71-M rozay?

[0,96]
9. BpocaeTca oAuMH pa3 urpajbHad KocTb. OnpenennuTe BepPOATHOCTD
BBINIAZIEHUA 3 WIK 5 OYKOB. 1
[-]
3

10. B ypHe 30 mapoB: 15 6ebix, 10 KpacHbIX ¥ 5 cuHUX. KakoBa BeposIT-
HOCTb BBIHYTb LIB€THOU IlIap, €CJIU BBIHUMAaeTCA OAUH Inap?
[0,5]

11. B meHexxHO-BeIeBo joTepee Ha cepuio B 1000 6G1I€TOB MPUXOAUTCS
120 genexxHbIx 1 80 BellleBBbIX BBIMTPHINIEN. KakoBa BEpOATHOCTb KaKOI'O-

1060 BBIMTPHIIIA HA OAVH JIOTEPENHBIN OUIET?
[0,2]

12. B ypHe Tpu 6eJbIX U TPU YePHBIX I1apa. V3 ypHbI ABaXK/IbI BRBIHUMAIOT
110 OHOMY IIIapy, He Bo3Bpamias ux obparHo. Halizimre BEpOSITHOCTD TOSIB-
sieHus1 6eJ10To 1mapa Mpy BTOPOM UCIIBITAHUY, €CJIU TTPU TIEPBOM HCITBITAHUHU

OBLT U3BJIeYEH YePHBIN map.
[0,6]

13. B xonoze 36 kapT. Hayzauy BBIHUMAIOT M3 KOJIOABI ABe KapThl. Ompe-
JleJIATE BEPOATHOCTb TOT'O, YTO BTOPBLIM BBIHYT TY3, €CJIU MEPBBIM TOXE
BBIHYT TY3. 3
[—]
35
14. B ypHe zBa 6esbIX U TPU YepPHBIX 11apa. V3 ypHbl BRBIHUMAIOT MTOAPSA],

[Ba 1mapa. Haligure BeposITHOCTh TOTO, YTO 0ba Iapa Oesble.
[0,1]

15. KakoBa BepOSTHOCTh TOT'O, YTO M3 KOJIOZABI B 36 KapT OyAyT BHIHYTHI
MOApAZL ABa Ty3a? 1
[—]

105
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16. /IBa cTpesika CTpesAoT 110 1ed. BepoATHOCTD Nopa)kKeHUs LieJIu Iep-
BBIM CTPEJIKOM IIpU OZHOM BeICTpese paBHa 0,8, BTopsIM cTpenakom — 0,7.
Haiiyite BEpOATHOCTD NOpaXKeHU 1IeJIU ABYMA IMY/IAMU B OZHOM 3aJllle.

[0,56]

17. HalizuTe BepOSTHOCTh OJZHOBPEMEHHOTO IOsBIEHHUSA repba mpu
OTHOM OpOCaHUM IBYX MOHET.
[0,25]

18. MImeeTca aBa Amyka, cogepxawmux mo 10 geranen. B nepBom Aimuke
BOCEMb, BO BTOPOM CEMb CTaHAAPTHBIX AeTasel. V3 KaKA0oro AlrKa Hay-
Jladqy BBIHMMAIOT 110 OJHOU AeTanu. HalijuTe BEpOATHOCTh TOTO, 4TO 0Oe
BBIHYTBIE IETAJIN OKQXXyTCA CTaHAAPTHBIMU.

[0,56]

19. B cembe aBOe AeTel. [IpyHUMAas COOBITHSA, COCTOSININE B POXKAEHUM
MaJIbuMKa U IeBOYKU PaBHOBEPOATHBIMU, HAUAUTE BEPOATHOCTh TOTO, YTO
B CEMbE: a) Bce /IeBOYKU; 6) JeTHU OZHOrO II0Ja.

[a) 0,25; 6) 0,5]

20. [IycTh BCXOXKECTh CeMAH OlleHHnBaeTcsa BepoAaTHOCThIO 0,7. KakoBa
BEPOATHOCTh TOT'0, YTO W3 /IByX NOCESIHHBIX CEMAH B30MJeT Kakoe-mubo
OIHO?

[0,91]

21. i3 kosogpl B 36 KapT HayZayy BeIHUMaeTcsa ofHa. KakoBa BepoAT-
HOCTb TOTO, YTO OyZleT BbIHYTa IUKa WIN Ty3? 1
[=]
3
22. bpolieHa urpanbHasa KocTb. HaiijuTe BEpOATHOCTDh TOTO, YTO BBINA-
JleT YeTHOe WJIM KpaTHOE TPeM YHCJIO OYKOB. 5
[=]
3
23. NImeetcsa aBa Habopa JeTaneii. BepoATHOCTb TOTO, YTO ZeTaslb Mep-
Boro Habopa craHzapTHa, paBHa 0,8, a Broporo — 0,9. HatizuTre BeposT-
HOCTh TOTO, YTO B3ATasA Hayjady JeTanb (M3 Haygady B3ATOro Habopa) —
CTaHZapTHas.
[0,85]

24. B nepBoii KOpobOke cozaepkutTca 20 paauosami, U3 HUX 18 cTaHgapT-
HBIX; BO BTOpOU Kopobke — 10 ylamIr, U3 HUX 9 cTaHAapTHHIX. I3 BTOpOi
KOpOoOKH Hayzauy B3sTa JlaMIla U IlepejioykeHa B MepByro. Haiizure BeposT-
HOCTh TOTO, YTO JIaMIIa, Hay/lady U3BJeYeHHas U3 IepBOi KOPOOKU, OyZeT
CTaHJApPTHOM.

[0,9]

25. CtyzeHT M MoxkeT 3a60/1eTh IpUIIIIoM (coObITHE A) TOJIBKO B PE3Yilh-
TaTe b0 mepeoxaaxaeHus (cobwiTHe B), MO0 KOHTAKTa C APYTrUM 0O0JIb-
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HBIM (cobwiTue C). Tpebyercs nauitu P(A), ecim P(B) = 0,5, P(C) = 0,5,
Pp(A) = 0,3, P-(A) = 0,1, npu ycioBun HecoBMecTuMocTy B u C.
[P(A) =0,2]

26. B KopobKe HaxoAATCA LIeCTh HOBBIX U /IBe M3PacXo/l0BaHHbIe HOaTa-
peliku A1 kapMaHHOTO doHapuka. KakoBa BEpOATHOCTbh TOTO, YTO ZIBE
BBIHYTHIE U3 KOPOOKU Hayzauyy 6aTapeiku OKaXKyTCsl HOBBIMU? 15
[ 2 8]

27. Ha Tpex KapTOuYKax HalMcaHbl OYKBH V, K, XK. Ilocje TIaTeIbHOTO
nepeMeniuBaHus 6epyT Mo OJHON KapTO4YKe W KJIAAyT IMOCJe0BaTeNlbHO
pAznoM. KakoBa BepOATHOCTB TOT'O, YTO IIOJIYYUTCA CIOBO «OKYK»? 1

[—]
6

28. C/IOBO «KepaMUT» COCTaBJIeHO M3 OYKB pa3pe3HOi a30yku. 3aTem
KapTOYKU ¢ OyKBaMM TepeMEeIIUBAIOTCS, U U3 HUX U3BJIEKAIOTCA 0 OYe-
peau yeThipe KapToyky. KakoBa BepOATHOCTD, YTO 3TU YEThIPE KapPTOYKU
B IIOPAZKE BBIXOZA COCTABAT CJIOBO «peKa»? 1
[840]

29. IlycTe cirydyaliHas BeIMYMHA X — YKCJIO OUYKOB, BBIIIABLINX IIPXA OZHO-
KpaTHOM OpOCaHWU UrpaJbHOU KocTU. HaliinuTe 3aK0OH pacipeseeHus CIry-
YalHOU BeJIUYMHBI X.

X 1 2 3 4 5 6
p 1/6 1/6 1/6 1/6 1/6 1/6

30. B geHexHol yoTepee BhIynieHO 100 6umeToB. PasbirpeiBaeTcs
oguH BeATPHI B 5000 py6. u 10 Beiurpsieit mo 100 py6. Haligure 3akoH
pacripezieJieHus CIy9aliHOTO BRIMIPHINIA X /IS BjlaJiesibIla OZHOTO JIOTEPE-
HOTO buIeTa.

31. 3aKOH pacIipezieJIeHUs CIydafHOM BeIMYUHBI X 3a/1aH TaOIuIe:

X

0

100

5000

0,89

0,1

0,01

X

1

2

3

p

0,3

0,2

0,5

Haiigure maTemaTtudeckoe oxkuzaHue X.
[2,2]

32. HalizuTe MaTeMaTU4yeckoe OXHUAAaHWE BBHIUTPHIIMIA X B yIpakHe-
Huu 30.

[60 py6.]

33. HaiiauTe MaTeMaTrUuecKoe OXKUAaHUe CIydalHOU BeJIMYMHBI X, 3Hasd
3aKOH ee paclipeZie/ieHUs:

165



0,3 0,1 0,6

[3,9]

34. TIlpousBogATCA BA BBICTPEJa C BEPOATHOCTAMU MONAZaHUA B 11eJb,
paBHBIMU p; = 0,4, p, = 0,3. HaiiiuTe MaTeMaTh4eckoe OXXuAaHUe 00IIero
yycJa nonagzaHuin.

[0,7 nmonazaHu |

35. HaﬁﬂHTe MaTeMaTHU4€CKOE OXKMJaHHE CYMMBbI YHCJIa O9YKOB, KOTOPEIE
MOTI'YT BBITIACTb IIPX OAHOM 6pOCElHI/II/I ABYX UI'DAJIBHBIX KOCTeH.

[7]

36. Haiigute maTeMaTruyeckoe OKUAAaHUE IIPOM3BeJEHM Yrcia OYKOB,
KOTOPBIE MOTYT BBITIACTH IIPY OAHOM OPOCAHMU IBYX UT'PAJbHBIX KOCTEM.
[12,25]

37. He3aBucumble ciy4dyaliHble BeTUYUHBI X U Y 3aZlaHbI CIeAYIOIUMA
3aKOHAMM paclpe/ie/IeHUA:

X 2 4 5 Y 7 9
p 0,1 0,3 0,6 p 0,8 0,2

HaiiznTe MaTeMaTU4yecKoe OXXUAAHUE CIyJalHON BeTUYUHBI XY.
[32,56]

38. HaiiauTe gucrepcuio cIydaliHOM BeJMYUHBI X, KOTOpas 3aZjlaHa ciie-
AYIOIIUM 3aKOHOM pacIipe/ieJIeHUs

X 1 2 S5

p 0,3 0,5 0,2

[2,01]

39. V3BeCTHHI AUCIIEPCUH IBYX HE3aBUCHUMBIX CIYYalHBIX BeJTMYUH X, Y-
D(X) =4, D(Y) = 3. HaliguTe AUCIIEPCUIO CYMMBbI STUX BEJIUYUH.

[7]

40. [luciepcusa caydyaliHOU BeJW4MHEL X paBHa 5. HalijuTe aucnepcuto
creayomux BeqndrH: a) X — 1; 6) -2X; B) 3X + 6.
[a) 5; 6) 20; B) 45]

Haivigyte MaTemMaTUueCKUe OXKUJAHUA U JUCTIEPCUH CTyYalHbIX BEJTUYUH.
41.
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-1

1

2

0,1

0,2

0,3

0,3

0,1

[MX) =0,1uDX) =1,29]



42.

43.

6

7

0,1

0,1

0,3

0,4

0,1

[M(X) =4,7u D(X) = 3,01]

10

15

0,2

0,5

0,2

0,1

[MX) =8 uDX) = 8]

44. K cnyyaiiHOM BelWYHHe MPpHUOaBWIN MOCTOSAHHYIO a. Kak mpu aToM
M3MEHATCS: a) MaTeMaThYecKoe OXXKulaHue; 6) AUCIepCcusi?
[a) [TpubaBuTcs a; 6) He U3BMEHUTCA]

45. CnydyalHy10 BeIUMYMHY YMHOXXWIN Ha a. Kak mpu 3TOM U3MEHSTCA:
a) MaTeMaTUYeCKoe OXXuJaHue; 6) AUCIIepCcus?
[a) YMHOXUTCS Ha a; 6) YMHOXUTCS Ha a?]

46. CnyvaiiHasa BesnyrHa X MPUHUMAaeT TOJAbKO ABa 3HadueHusd: 1 u —1,
Kaxkzoe ¢ BeposaTHOCThIO 0,5. HatiauTe aucnepcuto D(X) u cpeHee KBaJpa-
TUYeCcKoe OTKJIOHeHHe G(X).

[DX) =1, 0(X) =1]

47. lucnepcusa ciaydaliHou BeaudyuHsl D(X) = 6,25. Halizute cpesnHee
KBa/Z[paTU4iecKoe OTKJIOHeHue G(X).

[2,5]

48. IlycTb 3aKOH pacipe/ie/ieHus caydaiiHoM BeTMYrHbI X 3a/jaH Tabuiei
X 4 10 20
D 1/4 1/2 1/4

Omnpezenute MaTeMaTudeckoe oxuganue M(X), aucnepcuto D(X) u cpea-
Hee KBaJ[paTU4ecKoe OTKJIOHeHHe G(X).

[MX) =11; DX) = 33; 6(X) = 5,75]

49. luckpeTHaa ciay4daiiHas Bean4yrHa X 3a/laHa 3aKOHOM pacIipe/ie/IeHUsA

X 3 5
p 0,2 0,8

HaﬁﬂI/ITe Ha4da/JIbHbI€ MOMEHTLI IIEPBOI'O 1 BTOPOI'O IIOPAAKOB.

50. [luckpeTHada ciy4yaliHas BeaudrHa X 3aZlaHa 3aKOHOM pacipezeie-
HUSA, IPUBEIEHHBIM B NIpeJbIAyIeM yrpakHeHUuu. HaiiuTe 1jeHTpasbHbIN
MOMEHT BTOPOT'O TIOPAJKA.
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51. B xyonike 75 % JJIMHHBIX BOJIOKOH. KakoBa BepOATHOCTb TOT'O, UTO
CpeAy B3ATHIX HayZlauy TPEeX BOJIOKOH OKaXXyTCA ABa AJUHHBIX BOJOKHA?

27
[—]
64
52. I[Ipy HEKOTOPBIX YCIOBUAX CTPETHOBI BEPOATHOCTD MOTIAZIAaHUSA B II€Th

1
paBHa 3 ITpousBoguTCA LIECTh BHICTPEIOB. KakoBa BEPOATHOCTb B TOYHO-

CTU ABYX MOMaZaHUM?
29,
243

53. UrpasnbHas KocTh OpocaeTcs mATh pa3. Haiizimre BepOSATHOCTH TOTO,
YTO /Ba pasa MOABUTCA YKCJIO OYKOB, KpaTHOE TPEM. 30
[—]

243

54. Moneta nozbpacsiBaeTcs mATh pa3. KakoBa BEPOSTHOCTh TOTO, YTO
repb MOABUTCA HE MeHee JBYX pas? 13
[—]

16

55. IlycTh BCXOXKeCThb CeMsH JaHHOI'o pacTeHus cocrasidaeT 80 %. Hai-

JIUTe BEPOATHOCTDb TOTO, YTO U3 TPEX MOCEAHHBIX CEMAH B3OUAYT: a) /ABA;

6) He MeHee JIBYX.
[a) 0,384; 6) 0,896]

56. B cembe nsiTepo AeTeii. HaiiiuTe BEpOATHOCTD TOTO, YTO CPEAU STUX
JeTel Ba MajJb4yvKa. BepoATHOCTh pOXK/AeHUS MajbuivKa MPUHATH paB-
Hol 0,51.

[0,31]

57. Tlo MUIlleHU TPOU3BOAUTCS TPU BBICTpEJA, IPUYEM BEPOATHOCTH
nomnaZilaHusA IpU KaXkIoM BeicTpesie paBHa 0,8. PaccmaTpuBaeTcs ciy4yaiiHas
BeJIMYMHA X — YUCJI0 ToTNalaHu B MUIIIEHb.

HaiizuTe 3aK0H ee paclipefie/ieHu.

X 0 1 2 3
p 0,008 0,096 0,384 0,512

58. HPI/IHI/IMaH BEPOATHOCTHU POXKACHUA MaJIbUMKaA Y1 J€BOYKHW OAMHAKO-
BbIMU, HaﬁﬂHTe BEPOATHOCTDb TOI'O, YTO Cpe€AUr YETBIPEX HOBOPOKAEHHBIX
ABa MaJ/IbYHKa.

[0,375]

59. BeposATHOCTH TOMaZiaHUsA B Ieb MpU cTpeabbe u3 opyaus p = 0,6.
HalizyuTe MaTeMaTHyecKoe OXXHMJaHHe OOIIero 4ucja nomnaJaHui, eciu
OyzeT mpousBeneHO 10 BBICTPEJIOB.

[6 onazanmii]
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60. HaiiziuTe MaTeMaTH4YeCcKoe OXXKUAaHUE YMCTIa JIOTEPENHBIX OUIETOB,
Ha KOTOpPHIE BHITTAAYT BHIUTPHININ, ec/Iu ITpruobpeTreHo 20 6MIeTOB, IpUYEM
BEPOSITHOCTH BBIUTPHIIIA 1O OfiHOMY OwteTy paBHa 0,3.

[6 OuteTOB]

61. Haiizute fucniepcuro CaIydalHOU BeIUYMHBI X — 4YUC/a IOABIEHUN
cobpiTusA A B 100 HE3aBUCUMBIX UCIBITAHUAX, B KAXK/JOM U3 KOTOPBIX BEpO-

ATHOCTH HACTYIUIEHUsA cOObITHUA A paBHa 0,7.
[21]

62. HatizuTe: a) MaTeMaTU4eCKOe OXXUJaHWe W 0) AUCIEPCUIO YHCIa
OpakKOBaHHBIX U3Ze WU B mapTuu 13 5000 u3zenuii, eciv Kaxaoe uszienue

MOXKET OKa3aThcsl OpaKOBaHHBIM C BeposATHOCTHIO 0,02.
[a) 100 uszenuii; 6) 98]

63. [IpousBoauTca 10 HE3aBUCUMBIX UCIIBITAHUM, B K&XKJA0M M3 KOTOPBIX
BEPOSITHOCTD TOsIBNIEHUs COOBITHA A paBHa 0,6. HaliinTe ANCIEPCUIO CITY-

YalHOM BeJIUYHHBI X — YHCJ/Ia ITOSIBJIEHUHN COOBITHA A B 9TUX MCIIBITAHUSIX.
[2,4]

64. HaliguTe avcnepcrio CIydalHON BeJTWYMHBI X — 4YHucia TMOABIEHUN

coOBITHS A B IBYX HE3aBUCUMBIX UCIBITAaHUAX, ecu M(X) = 0,8.
[0,48]



Mpunoxexns

[lpunoxerue 1

(TapuHHble 3aaun N0 TeOPUU BEPOATHOCTEM

3azauyu 'aanineo l'aannes

1. CKOTBKMUMU CIIOCO6aMU MOYKHO TTOJTYYUTh TY WIX UHYIO CYMMY OYKOB
IIPY OZTHOBPEMEHHOM OPOCAHUWU JIBYX UTPATbHBIX KOCTEH?

Peuterue. Bce BO3MOXKHBIE CYMMBI, ITOJTyYalONTHUECST ITPHU OJHOBPEMEHHOM
6pocaHuU ABYX WUTPAJbHBIX KOCTEH, MOXXHO NMPeACTaBUTh B CIEAYIOIIeM
BU/IE:

2=1+1;

3=1+2=2+1;

4=1+3=3+1=2+2;

5=1+4=4+1=2+3=3 + 2;

6=1+5=5+1=2+4=4+2=3 + 3;

7=14+6=6+1=2+5=5+2=3+4=4+ 3;

8=2+6=6+2=3+5=5+3=4+ 4;

9=3+6=6+3=4+5=5+4;

10=44+6=6+4=5+5;

11=5+6=6+5;

12=6 + 6.

B uTore mosiyqaeM Tabauily

CyMMa O4YKOB 2 3 4 5 6 7 8 9 10 11 12
Yuciio crrocobos 1 2 3 4 5 6 5 4 3 2 1

2. Paccka3bIBaroT, YTO OJHAXK/BI K UTATbIHCKOMY GU3UKY, MEXaHUKY,
acTpoHOMYy U MaTeMaTuky lamuneo lanunero (1564—1642) aBuiaca congaT
Y TIOTIPOCKJI IIOMOYb €MY B pellleHUHU BOIIPOoca, KOTOPBIU AJUTEIbHOE BpeMs
He JlaBaJjl eMy [IOKOSA: YTO BhIaJaeT Jallje IpU Urpe B KOCTU (TPU KOCTH) —
cymMMa B 9 O4KOB wiv cyMMa B 10 OYKOB?

Pewenue. MoxeT IOKa3aTbCA, YTO BEPOATHOCTb OJUHAKOBA, TaK Kak
Kakzass cyMmMa u3 9 v 10 0YKOB MOKET OBITh IIpeZicTaBlIeHa OAHUM U3 IIIECTH
CII0cO00B:

9=14+2+6=14+3+5=1+4+4=2+2+5=2+3+4=3+
+ 3 + 3;

10=1+3+6=1+4+5=2+2+6=2+3+5=2+4+4=3 +
+ 3 + 4.
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OZHaKo ¢ y4eTOM IepeCcTaHOBOK JJIs1 CyMMBI 9 OUKOB MOJIYYUTCA 25 pas-
JIUYHBIX crtocoboB (6 + 6 + 3 + 3 + 6 + 1), a aya cymMmMbl 10 OYKOB —
27 pas3nudHBIX crtocoboB (6 + 6 + 3 + 6 + 3 + 3). Kak o4eBUIHO, BEPOST-

HOCTH 3THUX CﬂyqaﬁHbIX COOBITUI JOBOJIBHO OTH3KU MEXAy coboii u PaBHEBI

25 27
COOTBETCTBEHHO m nu E’ 4YTO U BBI3BIBAJIO 3aTPYAHEHUA y COJIgaTa.

Bce BO3MOJKHBIE pa3IMYHble CYMMBI, ITOJTy4Yaroulecs Ipyu OJHOBPEMEH-
HOM OpOCaHHM TPeX UT'PaJbHBIX KOCTeH, O6e3 yyeTa IepecTaHOBOK, MOKHO
MIPE/ICTaBUTh B CJIEAYIOIIEM BU/E:

3=1+1+1;

4=1+1+2;

5=14+1+4+3=1+2+2;

6=1+1+4=1+2+3=2+ 2+ 2;

7=1+1+5=1+2+4=1+3+3=2+2+ 3;

8=14+14+6=1+2+5=1+3+4=2+2+4=2+ 3+ 3;

9=14+24+6=14+3+5=1+44+4=2+2+5=24+3+4=3+
+ 3+ 3;

10=14+34+6=14+4+5=24+2+6=24+3+5=24+4+4=3+
+ 4+ 3;
11=14+4+6=14+5+5=2+3+6=2+4+5=3+3+5=3+
+ 4+ 4;
12=1+5+6=2+44+6=2+54+5=3+3=6=3+4+5=4+
+ 4+ 4
13=1+6+6=2+54+6=3+44+6=3+5+5=4+4+05;
14=24+6+6=3+5+6=4+4+6=4+5+5;
15=3+6+6=4+5+6=5+5+5;

16=4+6+6=5+5+6;

17=5+ 6 + 6;

18=6 + 6 + 6.

C y4eToM MepecTaHOBOK ITOJIYIHUM CJIEAYIOIIYIO TaOIHILY:

CyMMa OYKOB 3(4|5/6 8891011121314 |15|16|17 |18
Yuceo criocoboB |1 [3 16110 15(21 (25|27 (28(25(21(15|10| 6| 3 | 1

HUrps1 ae Mepa

CTpacTHBIM UTPOK pHIIAph Ae Mepa xoTesn pazboraTeTh IpU MOMOIIU
WUTPHI B KOCTH, U JI 3TOTO OH IIPUAYMBIBAJ Pa3IUYHbIE YCI0KHEHHBIE IIpa-
BWJIa UTPHIL.

3 (mepBas urpa ge Mepa). UrpasbHas KocTb 6pocaeTcs YyeThlpe pasa.
Phitiapb 6miIcs 06 3aKjaj, 9YTo IIPU 3TOM XOTs OBbI OZIJMH pa3 BHIMIAZIET IIECThb
04YKOB. KakoBa BepOATHOCTD BBIUTPHIIIA AJIA phILAPA?

Pewenue. Tak kak IpU KaxJoM OpOCaHUU UTPaJbHONU KOCTU MMEETCs
IIECTh PA3JUYHBIX BO3MOXXHOCTEH, TO MPU YeThIpeX OPOCAHUAX KOCTHU

1 Jlerenza o ze Mep>s moapobHO u3jokeHa B cTaThe A. f. Xununna u A. M. fArmoma
«Hayka o ciyqaitHOM».
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YHCJIO0 PA3TMYHBIX PABHOBO3MOXKHBIX cIydaeB OyzeT 1296 (6 x 6 X 6 x 6).
Ho cpeau atux 1296 ciydaeB O6yzet 625 (5 x 5 X 5 X 5) Takux, r/e IecTepka
He TOsIBUJIach HU pa3sy, a B 1296 — 625 = 671 ciydae xoTs ObI OJWH pa3
M3 4YeThIpex BhINaJaeT LecTtepka. CiesoBaTelbHO, BEPOATHOCTD BHINIa/e-

HUSI XOTSI OB OTHOM IIECTEPKY TIPU YeThIpeX OpOCaHUAX KOCTU PaBHA 1296’

1
T. €. OOJIbIIIE 5 ITO 3HA4YUT, 4YTO YEM 6osblIIe peILIapb Urpaj, TEM 6oJbIIIe

OH BhIUrpBIBaZ. OKa3blBasACh IOCTOAHHO B MPOUTPHILIE, IPOTUBHUKU
phILlaps IepecTalu UrpaTh M0 3TUM IpaBwiaM c Ae Mepa. Toraa oH npu-
ZlyMaJl HOBYIO UTDY.

4 (BTopas urpa ge Mepa). /IBe urpanbHble KOCTU OpocatoTcs 24 pasa.
Prinjaps 6wicsa 06 3akjiaj, 4To MPU 3TOM XOTS OBl OAUH pa3 BhINAAYT /B
mecTepky. KakoBa BepOATHOCTb IIPOUTPHIILIA /1A phILapa?

Peutenue. [Ipy ogHOBpeMeHHOM OpOCaHUU IBYX UT'PAJIbHBIX KOCTeM Bepo-

1
ATHOCTDb BbBIIIaZICHUA ABYX HNIECTEPOK paBHA £, d BEPOATHOCTb TOI'O, 4YTO

35
He BBIMAJYT /iBe IIeCTepKU, paBHA 26 Torza BepoOATHOCTb TOTO, YTO IIPU
24-KpaTHOM 6pOCZEhHI/II/I JIByX KOCTell HU pa3y He BBINAAYT JiBE IIeCTEPKHU,

OyzeT paBHA 36 ~0,509. CnenoBaTeNbHO, BEPOATHOCTD IIPOUTPHILLIA JJIA

1
phiLiaps 6bU1a GOJIBIIE 5 OTO 3HAYUT, YTO YeM OOJIbIIIE PHILAaph OyIeT UTPaTh,

TeM 0oJIbllle OH OyZIeT TPOUTPHIBaTh. Kor/ia Tak U CIyYHUIOCh, PIIIaph Pa3o-
puics U obpaTtuics k [Tackasio 3a pa3bsCHEHUSIMHU. [lacKasb yCIIeIHO pac-
KpbUI MaTeMaTU4YeCcKHe TaliHbI IpaBWI ABYX UTP phIlaps e Mepoa.

3azava o reHy33CKOIi JioTepee

B XVII B. B I'eHye BO3HUKIIA 3HaMeHUTAaA JoTeped. ['eHys3ckada jorepes
B XVIII cTtosieTun passirpeiBasacb B0 paniuu, 'epmaHuu u Apyrux crpa-
Hax. KpacoyHo omnucasa reHy33CKyIo JOTeper0 UTalbAHCKasA [MUCaTeIbHULIA
Matunbzga Cepao (1856—1927) B HOoBesuie «PO3BITPBIII JTOTEPEU».

5. PaseirpeiBaerca 90 HOMepPOB, U3 KOTOPBIX BHIUTPHIBAIOT IATE. 110 yciio-
BUIO MOXHO CTaBUTh Ty WIM MHYIO CyMMY Ha Jitoboit u3 90 HomepoB Wiu
Ha JI0O0yI0 COBOKYITHOCTb JIBYX, TPeX, YEThIpeX WIN IATU HOMepoB. Eciu
Y4aCTHUK JIOTEPEU CTAaBWI Ha OAWUH HOMEP, TO OH MOJIy4Yasl IIPU BBIUTPHILIE
B 15 pa3 6osbIlie cTaBKY; eC/IU Ha Ba HoMepa (am60), To B 270 pa3 6oJiblile;
ecyii Ha Tpu HoMepa (TepH), To B 5500 pa3 6oJiblle; ecyiv Ha YeThIpe HOMepa
(kaTepH) — B 75 000 pa3 Gosbllle; ecau Ha MATb HOMEPOB (KBUH) —
B 1 000 000 pa3 Gosbilie, yeM cTaBKa. KakoBa BepOATHOCTH BBIUTPHIIIA
B K&X/IOM U3 YKa3aHHBIX IIATU CIy4aeB?

Peutenue. VickoMas BepPOATHOCTb BHIUTPHINIA B KAXK/JOM U3 YKa3aHHBIX
i
AT CIyYaeB ecTh P; :C—l,s, raei=1,2,3,4,5.
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B YaCTHOCTH, ITOJIYIYUM

— 5 —_ 1 .
P1—9—O—E,
5.4 2
P2=50.89 801’
5.4.3 1
D3 = = ;
90-89-88 11748
. 5432 1
P4750.89-88-87 511038
5.4.3.2-1 1

P5 = 90.89-88-87-86 43949268

3azauyu bie3a Ilackana

Jlo cepeaunbl XVII B. He ObUIO IPAaBWIBHBIX METO/IOB pelleHUs 3aAa4
O CIIpaBeJIMBOM Jieyiexke cTaBku. B 1654 r. mexay ¢paHIly3cCKUMHU MaTe-
Mmatukamu b. [Tackanem u3 ITapmxka u [1. @epma u3 Tyny3sl BO3HUKIIA ITEpe-
IKCKa 110 MOBOAY pAza 3aza4 peinapa ae Mepa. 3 nepenucku llackang
1 ®epma COXpaHWIOCh JIUIIb TPU ITrcbMa [lackasa v yetsipe nmucbMa @epma.
OTu nrchbMa BIiepBbIe ObUTH OImyOKoBaHbI B 1689 . B Tymy3e. B aToi1 nepe-
MCKe 00a YYeHBIX, XOTS M HECKOJIBKO Pa3HBIMU MYTAMHU, IPUXOASAT K BEP-
HOMY pelleHUIO, eI CTaBKy IIPONOPIIMOHAIBHO BEPOATHOCTU BBIUTPATH
BCIO CTaBKYy, ecJii UTpa OyZieT MpoJo/nKeHa.

depma co cBOel CTOPOHBI Halllesl pelieHue U s 60jiee CI0XKHOTO CITy-
yad, KOrZia urpa IpoucxXoAuT MexXy IIPOU3BOJIbHBIM YMCJIOM UI'POKOB.

6. Kak pa3zenuTs CTaBKy IPU UrpPe A0 TPeX BBHIUTPHIIIHBIX ITAPTUN, €CIU
OZWH WUT'POK BBIUTPAJ ABE MapTUH, a APYTOU — OAHY U Ka*KABIM BJIOXXE€HO
B UI'PY 110 32 MUCTONA?

Pewenue. CBoe pelnreHue 3azauu [lackanb Hanbosee TOJTHO U3JIOKUI
B nuceMe K @epma ot 29 utona 1654 r.: «<BoT npuMepHoO, 4TO A Aesaro
JJI OTlpeZieIeHNs CTOMMOCTU KaXkK/0M MapTUH, KOTZa jBa UTPOKA UTPAIoT,
HamnpuMep, Ha TPU NMapTUU U KaK/JBIM BJI0XXEHO B UTPY 110 32 MUCTOJIA.

[TpeAmnonoXum, 4TO OAUH BBHIUTPAJ B apTUU, a Apyrou — oaHy. OHU
WUTPAIOT ellle OZHY MMapTUI0, €C/IU €€ BEIUTPBhIBAeT IIePBbIM, TO OH IOIy4aeT
BCIO CyMMY B 64 NMUCTOJIS; €CJIU JKe 9TY MapTUIO BHIUTPHIBAET BTOPOM, TO KaK-
JBIN UTPOK OyZleT UMeTh 2 BHIMTPAHHBIE MAPTUH, U, CJI€ZIOBATETHHO, ECIN
OHU HaMepeHBI NTPOU3BECTU pa3zies, KaKAbIN A0IKEeH MOJIYyIUTh 0O6paTHO
CBOH BKJIaZ B 32 IIHCTOJIA.

[IpumuTe Xe BO BHUMaHHE, MOHCEHbEP, YTO €CJIU IEPBBIU BBIUTPAET,
TO eMy IIpuumuTaeTcs 64; ecay OH IIpoUrpaeT, To eMy Ipuauraercs 32.

Eciu xe UrpOKU He HaMepEeHbl PUCKOBATh... U XOTAT IPOU3BECTU pas-
JleJ1, TO TIePBBIM AOKeH cKasaTh: “f umero 32 MUCTOJA BEPHBIX, 10O B CIIy-
yae IIPOUTPHIIIA S UX TaKKe IMOJYIUI OB, HO OCcTaJbHble 32 MUCTOJISI MOTYT
OBITH TIOJIy4eHBI INOO0 MHOU, M60 Bamu. CirydyaliHOCTH paBHBI. Paszenum
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’Ke 9TU 32 MUCTOJIA MOTIoIaM, U IaiiTe MHe, KpOMe TOTO, 6eCCIIOPHYIO0 CyMMY
B 32 nucrtosa’». Kak oueBUAHO U3 paccyxJeHui [lackansa, nepBulii UTPOK
JIOJDKEH MOJIyIUTh 48 nucTosen, a Bropou — 16.

7. Kak paszienuTb CTaBKy IIpX UT'pe 0 TPeX BBIUTPHIITHBIX IAPTUH, €CIn
OZVH UTPOK BBIMTpAJ [Be NapTUH, a JPYyroll — HU OAHOW U KaXK/JbIM BJIO-
YKEHO B UTPy 110 32 IIUCTONA?

Pewenue. OTBeTHI, Ipe/okeHHbIe [TackaneM, TaKOBBI: IEePBBIN UT'POK
JIOJDKEH TOIyYuTh 56 MUCTOIeN, a BTOpol — 8 mucTosieit. PaccyxgeHus npu
pelleHuu MOoAO0OHbI TeM, KOTOpble ObLIN IPOBE/IEHbI MPU PellleHUU Mpe/bl-
AyIIel 3aZiauu: ecy OBl TEPBBIM UTPOK BBIUTPAI €ITle OZ/HY MAPTHIO0, TO MY
MpUYUTATIOCh OB 64 TIHCTOJSA, ecy OBl Mpourpan — 48 mucTosel, a ocra-
TOK 16 Zie/IuTCs ITIOPOBHY.

8. Kak pa3zenuTh CTaBKy IPU UTPe [0 TPeX BBIUT'PHIIIHBIX TAPTUH, €CIU
IIEPBBIM UT'POK BBIMIPAJ OJHY IApTUIO, a BTOPOU — HU OZHOU U KaXKAbIM
BJIO’KEHO B UTPY 110 32 IUCTOJA?

Peutenue. IlycTb UTPOKU CBITPAIOT ellle OAHY ITapTuio. Eciu ee BBIMTPHI-
BaeT IepBBIH, TO OH OyZleT UMeTh, KaK U B IIpeAbIAyIIeM ciIydae, 56 MUCTo-
neti. ECJiv OH ee POUTPBIBAET, TO ¥ 0OOMX OKAXKETCS IO OTHOU BHIUTPAHHOM
[IapTUU U [IEPBOMY CJIelyeT MOJyYUThb 32 MUCTOJIA. [lepBBIli UTPOK MOKET
cKa3aTh: «Ec/iy BBl He XOTUTe UrpaTh 3Ty MapTHIO, AaliTe MHe MO bGeccriop-
HBIM BBIUTPHIII B 32 MUCTOJIA, & OCTAaTOK OT 56 pa3ZieiuM IIOPOBHY... T. €.
BO3bMeM KaKAbIM 10 12, 4To ¢ 32 cocTaBUT 44». 3HAUUT, NIEPBBIA UT'DOK
JIOJDKEH TOJIYIUTh 44 MUCTOJA, a BTopord — 20.

3azauyu fAko6a bepHywTHn

9. CKOJIbKUMU CITOcOOaMU MOKHO MOJYYUTh 12 0YKOB IIPH OJHOBPEMEH-
HOM OpOCaHUM YEeThIPEX UT'PATBHBIX KOCTEM?

Pewenue. V3naras mpaBwia mepebopa pa3JINdHBIX UCXOJ0B IPU OJHO-
BpeMEHHOM OpOCaHWH YEThIPEX UTPATBHBIX KOocTel, fI. BepHy/UTH TPUXOAUT
K cllefyroIiel Tabauie:

Croco06bI moydeHus 12 09koB Yucio 6pPOCKOB € Y4€TOM HepPeCTaHOBOK
6+4+1+1 12
5+45+1+1 6
6+3+2+1 24
5+4+2+1 24
5+43+3+1 12
4+4+3+1 12
6+2+2+2 4
5+3+2+2 12
4+4+2+2 6
4+3+3+2 12
3+3+3+3 1

Bcero 125
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Kpowme sToro, fI. BepHy/iu yka3siBaeT o6lilee IPaBWIO /I HAXOXK/IeHUA
YHca Cmocob0B, KOTOPBIMU MOJKET OBITH IOJYYEHO M OYKOB IPU OHO-
BpeMeHHOM OPOCaHWU N UT'PaJbHBIX KOCTEW; OHO PaBHO KOdYIHUITMEHTY
XM B pa3yIoKeHUU

O+ x2 4+ x3 + x* + x5 + x0)n,
rZie X — IIPOU3BOJIBHBIN MapaMeTp. B yacTHOCTH, A n = 2 UMeeM
O+ x2 4+ x3 +x* + x5 + x6)2 =
=x2 + 203 + 3x* + 4> + 5x6 + 6x8 + 5x8 + 4x? + 3x10 + 2x11 + x12,
[TokasaTenu napameTpa X B IpaBOU YaCTU TOXK/ECTBA YKa3bIBalOT HAa BO3-
MOXKHBIE CyMMBI OUYKOB IIPU OJJHOBPEMEHHOM OpOCaHUM /IBYX UTPaTbHBIX
KocTel oT 2 0 12, a k03¢ PUIIEeHThl — COOTBETCTBEHHO Ha YHMCJIO CIIOCO-

OOB ITOJIYYEHUS STUX CyMM OYKOB.
AHaJIOTUYHBIE PACCYKAEHUA I N = 4 IPUBOJAT K CIeyIolel Tabmurie:

CymMMa OYKOB 4 5 6 7 8 9 10| 11 12 13 14
Yucsno cnioco6oB 1 4 10 | 20 | 35 | 56 | 80 | 104 | 125 | 140 | 146
CyMMa O4YKOB 15 16 17 |18 | 19 | 20 | 21 | 22 | 23 24
Yuco cioco6oB | 140 | 125 | 104 | 80 | 56 | 35 | 20 | 10 4 1

10. HekTo KeyaeT mpU MIeCTH OPOCAHUAX KOCTH IMOJYIUTh BCE IIECTh
rpaHeil B TakOM TOpsAKe: MPU MepBOM OGPOCaHUU OAHO OYKO, IPU BTO-
poM — /iBa U T. 4. Kak BeJIMKO ero oxxugaHue?

Peuwienue. Tak KakK BepPOATHOCTh BBIMAZeHUS KAKOU-TUOO HUPHI

oT 1 10 6 mpy OJHOKpPAaTHOM OpOCaHUU UTPATbHOM KOCTU paBHA . TO B CHTY

1M3BeCTHOU GOpMy/Ibl BEPOATHOCTU MPOU3BEAEHUA He3aBUCUMBIX B COBO-
KYITHOCTHU COOBITHUM MCKOMas BEPOSITHOCTD

111111 1

P 66666 66

3agaua XK. JI. I’Anamb6epa — I1. C. Jlamiaca

®paHIy3cKui acTpoHOM, MaTeMaTUK U ¢u3uk [Ibep CumoH Jlamiac
(1749—1828) akTUBHO y4acTBOBaJl B peOpraHU3aIluH BhICIIEro obpa3oBa-
HUA BO PpaHIU, PYKOBOJAWI BBeIeHUEM MEeTPHUUYECKOU cucTeMbl Mep. Hayd-
Hoe Haceaue Jlarutaca cBsi3aHo ¢ HebeCHOM MeXaHUKOU, anrebpoii, MaTeMa-
TUYECKUM aHaJIU30M, TeoOprel BeposITHOCTeN, MaTeMaTUudecKou Gpu3nKou.

11. CroBo «KOHCTaHTHHOIIOIbL» cocTaBieHo u3 6ykB A, U, K, JI, H, H, H,
0,0,0,II, C, T, T, b. KakoBa BEpOATHOCTb CJIYYaHHOI'O COCTABIEHUS STOT'O
CJIOBA U3 TIEPEYUCTIEHHBIX OYKB?

Pewenue. imeem

1 3312121112111, 2.3

1514 13121110 9 8 7 6 5 10 3 2 15!
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[lpunoxenue 2

LienHble apobu

OnpepeneHune. KoHe4yHou yenHol (Mnn HenpepsigHOU) Opobbio Ha3blBaeTCA

Apo6b BMaa

roe g, — uejsioe HeoTpuuateslbHOe YNCNoO, a 4y, g3, ..., 4, — U&JIble NONOKN-

TeJibHble YnCha.

cey

IlenHasa gpobb obo3Hauvaercsa: [qq; gy, qs, ---, q,]. HUCHA G4, Gy, Q3 -
q,, HAa3bIBAIOTCA aneMeHmamu (MM HETIOJHBIMU YaCTHBIMU) LIETTHON JPOOH.

BCAKYIO KOHEUHYIO IIEIMHYIO Ip0Oh MOXKHO OOpPaTUTh B pallMOHAIBLHYTO IPO0b.
IMpuwmep 1.[3;1,4,2]=3+ ! + ! 3+2=£.
1 1 2 11 11
+ 1 5
4+
2

Bcskyio pardoHalbHYIO ApoOb MOXXHO OOpaTUTh B LeNMHY0. IIycTs,

a
HallpuMep, JlaHa paluoHajabHasA ApoOb B’ npudeMm b > 0. [IpuMeHUB

K a u b anroputm EBKIMA A onpezeeHNs WX HaubOOJbIIero o6Inero
JIeTUTENIsA, TTOJIyIMM KOHEUHYI0 CICTEMY PAaBEHCTB

a=bq; + 1y,
b=ryq, + 13,

e 0 <r,<..<rz3<r,<b.
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JTa cucrtema PaBE€HCTB paBHOCHWJIbHA CJIG,Z[YIOH_IGIL;I CHCTEME:

a_. . _, .1
b G b G 2,
)

r3 1
=@t =0+,
2 ) 2
I3

-2 n
=qn1t =qn1t 5
-1 -1 Tn-1
T
Tn-1
=
T
. . . o . b 1 o
M3 KOTOPpOM ITociieJOBaTE€JIbHOU 3aME€HOUN KaXKI0HU 13 ,Z[p06eI/I Ty Ty eeey ,

n 13 -1

r,_ o
=1 ee COOTBETCTBYIOMIUM BhIpaXKEHHEM U3 CIeAyIolel CTPOKH IOIydaeTcs
rn
a
IIpe/icTaBlIeHue Apoou 5 B BHU/IE

IMIpumep 2. ParioHasibHOE YHUCTIO % 06paTUTh B IENMHYIO ApoOb. [Ipu-

MeHUM anroputm EBkinza Kk yucaam 43 u 19. Mimeem

43 | 19
38 | 2

19| 5

15| 3

5| 4
4] 1
411
4| 4
0
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HOSTOMY£=2+ !
19 34 1
T
1+~
4
OnpepeneHue. [Ipobu
P P, 1 A 1 P, 1
— =G, =qt—,—=qt pee =01t
1
Q Q 9 Qs gy +— Q, g, +
qs qs +

Ha3bIBaAOTCA NOOXO0AWUMU APO6AMMN.

43
IIpumep 3. /lnia panuoHaJIBLHOIO 4Yucaa E MOAXOAAIIUMHU IPOOIMU

2 1 7 1 9 1 43
HBJIHIOTCH—,2+—:—,2+—1:—,2+—1:—.
1 3 3 34 4 34 - 19
1 1+~
4

Haiizem 3aKkoH 00pa3oBaHUSA MOAXOAAIINX Apobei B obuiem Buze. s

P
yaobcTBa nonoxxkuM Py =1, Q, = 0. 3ameTum, 4To —k (k > 1) mony4aetcs u3s

k
h 3aMeHOi B O k i
YKBEHHOM BBIDQKEHUU [IJIST 9ucia qj_q Ha Qg_; +—.
Qr1 Qr qx
NmeeMm
b _a,
Q 1
1
G +—
&:qlJri: G _2atl_ GhA+HR
Q, q> 1 d2-1+0  q,Q +Qq

[‘b "‘jp1 +F
B qds _ (P +R)+P  gsPB+PR

Qs (QZ+1JQ1+Q0 3+ QR tQ

qs

,Z[OHYCTI/IM, 4TO BBIIIOJTHAETCA PaBEHCTBO

B @B+ hBe . )
Q. G%Qrq+Qr o
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JloKaXeM, 4TO B TAKOM CITydae U
P _ QB+ P
Qer1 e Qi + Qg

PaBenctBo (*) zmaert

1
(Qk + jpkq + P
P _ i1 _ Q@B+ BBy GenBit B
Qx+1 ( - q1 ] Qs +Qrs Q1 (@Qr1 + Qo)+ Qi1 Q1 Qi + Qi
k+1

Takyum 06pa3oM, YUCTUTENN U 3HAMEHATEN TIOAXOAAIINX Apobelt MOXKHO

BBIYUCIIATH TT0 popmynam (k > 2):
P =qPy + Pry;
Q=4 Qiq1 t+ Qpp-

OTH BBIYHCIEHUS y,ZI;O6HO IMpOU3BOAUTD II0 CJIE,Z[YIOH_Iefl cXeMe:

q — d1 4> o Qi—2 Qi1 i o dn1 4y
1 q Py Pr o P4 Py Py a
0 1 Q, e Qo Qi1 Qr e Q.1 b

IIpumep 4. HatiTu noaxozsiiye Apoby K palliOHATBHOMY YUCITY 3

100
Paznoxxum palinOHaJIbHOE YHCJIO E B LICITHYTO ,Z[p06b. HNmeem

100 | 63
63 | 1
63 | 37
37| 1
37 | 26
26| 1
26 | 11
-l =
11| 4
8| 2
4
3|1
301
3| 3

179



3HaA4uT, % =[1;1,1,2,2,1, 3].

Yka3aHHad BhIIIE CXeMa ZIaeT

q — 1 1 1 2 2 1 3
p 1 1 2 3 8 19 27 100
Q 0 1 1 2 5 12 17 63

123 819 27 100

VICKOMBIMH IOAXOAAIIUMHI APOOIMU O Sy ——.
AROARIR AP Y,ZLYT11251217 63

OnpepeneHune. beckoHe4yHoU yenHou 0pobbio Ha3blBAaETCA BblpaXkeHne B1Aaa

1

P—n:CI1+

Q, 1

g +——
as +

PaccMoTpyM Ha KOHKPETHOM IpUMepe pasjioKeHHWe UPPaloHaTbHOTO
yucia B 6eCKOHEUHYIO LIeTHYI0 po0b.

ITpumep 5. PaznoxuTh B 6eCKOHEUHYIO I[eMTHYIO0 poOb UppalioHaIbHOE
qucro 3.

Llesnasa yacTp ynciaa \E ecThb 1, a moaToMy

1 1 J3+1
J3=1+—; ¢, = = .
LT BEaT 2

qo

1
Llesnasa yacTp ynciaa ecThb 1, a moaToMmy

J3+1 1 2
=1+—;q =— = =/3+1.
qs ? J3-1

Llenasa yacTs yuciaa J3+1 ectn 2, a Mo3TOMY

Barmar Lig ! :\/§+1,
4 J3-1 2

T. €. 4y = (4. C)IG,Z[OBaTeJIbHO, HEIIO/JIHBIE YaCTHBIE TaKIKE 6y,Z[YT IMTOBTOPATBCA.

Urak, V3 =[1;1,2,1,2,1,2,...].
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[lpunoxenue 3

Yucna OQubonauuu

OJIEMEHTHI YU CJI0BOU NOCIEeL0BATENbHOCTH
1,1,2,3,5,8, 13, 21, 34, 55, 89, 144, 233, 377, ...,

B KOTOPOU KaXK/[blil MMOCIeAYIOMUI WieH, HauuHas ¢ TPeThero, paBeH cymMe
JIByX TIPeABIAYIIUX, Ha3bIBalOTCA yucnamu Pubonauuu. Takum obpasom,
II0CJIeIOBATENbHOCTD f1, fo, f3, ... uncen ®uboHay4u 3a7aeTcs HadyaabHBIMU
3HaUYeHUAMM f; = f, = 1 ¥ peKyppeHTHBIM COOTHOIlIEHUEM

fn+1=f -1 +fn

(ana kaxxzaoro HaTypaiabHoOTo n > 1). IlepBble 14 yncen duboHaYYIM OBLTH
BIIEPBBIE IPUBEZIEHHI B pykomnucy «KHura abaka» (1228) Jleonapzo ITusan-
ckoro (®uboHayum). DTU YKUCIA OH IOJYYHUJI KaK YHUCIEHHOCTb CeMeli-
CTBA KPOJIMKOB 3a r'0Z, POXKAAIOIIMXCA OT OZHOM Iaphl, IPU YCIOBUHU, UTO
OT KaXX/IOU Maphl KPOJIMKOB eXXeMeCAYHO PoXKJaeTcsa HoBasd nmapa (CcMm. mpu-
BOJUMYIO HIKe 3a/lauy U3 pykomnucu «KHura abaka», TOMeIlleHHYI0 B Hel
Ha c. 123—124).

«HekTo momecTusn napy KpoJWKOB B HEKOEM MeCTe, OrOPOKEHHOM
CO BCEX CTOPOH CTEHOM, YTOOBI Y3HATh, CKOJIBKO Map KPOJIUKOB POAUTCA MIPU
3TOM B TeYeHHUe r'ofia, eC/Iu IpUpoza KPOIUKOB TaKOBA, UYTO Yyepe3 MecsAl]
rapa KpOJMKOB IIPOM3BOJUT Ha CBET APYIYIO Iapy, a POXKAAIOT KPOJIUKU
CO BTOPOTI'0O MecAla I0Cjie CBOero poxaeHud. Tak Kak nepsad napa B Iep-
BOM MecslIle JjJaeT IOTOMCTBO, Y/IBOM, U B 3TOM MecAlle OKaXXyTCA 2 Maphl;
13 HYX OZIHA [1apa, a UMEHHO IlepBasd, pOXAaeT U B CJIEAYIoleM MecAlle, TaK
YTO BO BTOPOM MeCALle OKa3bIBAaeTCA 3 Maphl; U3 HUX B CIEAYyIOLIEM MecsAlle
2 mapsl 6yAyT AaBaTh IOTOMCTBO, TaK YTO B TPeTheM MecsAIle POAATCA elle
2 mapsl KpPOJIMKOB, U YUCJIO IIap KPOJUKOB B 3TOM MecAlle JOCTUTHET S;
M3 HUX B 3TOM JXKe Mecslle OyAyT AaBaTh MOTOMCTBO 3 Maphl, U YUCJIO Tap
KPOJIMKOB B YETBEPTOM MecAle AOCTUTHET 8; U3 HUX 5 Map IPOU3BEAYT
ipyrue 5 map, KOTopble, CJIOKeHHBIe ¢ 8 mapamu, AaJyT B IATOM MecdAle
13 map; 3 HUX 5 nap, poXXJ€HHBIX B 3TOM MecAlle, He JAaloT B TOM XXe MecALe
IIOTOMCTBA, a OCTaJbHbIE 8 ITap POXKAAIOT; TaK YTO B IIIECTOM MecALle OKa-
3bIBaeTca 21 mapa; cioxeHHble ¢ 13 mapamMu, KOTOpble POAATCA B CEbMOM
Mecslle, OHU AaioT 34 maphl; CI0KeHHbIe ¢ 21 mapou, poXKAEHHOU B BOChH-
MOM MecAle, OHU JaloT B 3TOM MecsAlle 55 nap; ca0KeHHbIe ¢ 34 mapaMu,
POXJAEHHBIMU B IeBATOM MecAlle, OHU AaloT 89 map; C/J0XKeHHble BHOBb
¢ 55 mapamu, KOTOpble POXKAAKTCA B IECATOM MecAlle, OHU AT B 3TOM

181



MecAle 144 nmapsl; CHOBaA CJI0KeHHbIe ¢ 89 mapamMu, KOTOpbIe POXAAKTCA
B OZIMHHA/IIATOM Mecsille, OHU /Ial0T B 3TOM Mecsile 233 mapsl; CI0KeHHbIe
BHOBbB C 144 mapaMmu, pOX/J€HHBIMU B IOCJIeAHEM MecAlle, OHU AaroT 377
map; CTOJIbKO Tap Mpou3BeJia liepBas mapa B JaHHOM MecCTe K KOHITY OTHOTO
roza» (puc. 1).

[Tapa
1
[TepBoIii
2
Bropoi1
3
TpeTtuit
5
YeTBepThIN
8
[TaTeri
13
[MecToit
21
CezbMoit
34
BocbMoit
55
JleBATHIN
89
JlecaTrIi
144
OauHHaIaThIA
233
JIBeHaaaThIN
377

Puc. 1.

MeToZOM MaTeMaTUYeCKOM MHAYKIMU MOXHO ZI0Ka3aTb CIeAYIoIlie
COOTHOIIIeHUs MeXxay ynciaMu PuboHayun:

Do+ttt fi=fia-1;

DA+t o+ o =fon

Dfotfatfot oo +fon=Foni1—1;

4) fE+fF+fE o+ 2= fufas

5) on :fn2+1 _fnz—l;

6) fan=fin + 1@ —fiv

7) fn2 :fn—lfn+1 +(_1)n+1;

8) fy—fo+ fafy + oo + (CLMHI = 1 4+ (1P

9) fn+m=fm—1fn +fmfn+1'
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Yucna PuboHauyu 06aat0T MHOTMMU UHTEPECHBIMU TEOPEeTUKO-YHC-
JIOBBIMM CBOMCTBaMM. YKa)KeM JIUIITb HEKOTOPbhIEe U3 HUX:

1) xaxxzg0e TpeTbe uyncio PuboHAYIN YETHO;

2) KaXXZioe YeTBEPTOe YUCJIO AEUTCA Ha TPU;

3) ABa cocepnux ynciaa PrboHavYYM B3aMHO MPOCTHI;

4) f,, nenuTcd Ha f,, TOTZa U TOJbKO TOTZA, KOTZa N AeJUTCA Ha M.

®paHiy3ckuit MaTemMaTuk U acTpoHoM K. bune (1786—1856) BbiBesn
ABHyI0 GOpMysy A obulero wieHa f, nociaezoBareabHocTu PuboHaUUU
Kak QYHKIIMIO OT HOMepa 1, He TPeOYIOIIyIo 3HaHUSA MPeAbIIYIINX YWIEHOB:

1+v5) [(1-5)

_ 2 2
fn_ \/g

Oty dopmysny BuHe MOXKXHO ZIoKa3aThb METOZOM MaTeMaTHYeCKOW UHAYK-
LIUU. NG
Yucna ®uboHAYYM CBA3AHBI C YHUCJIOM (p=——, T. €. C 30JIOTHIM ceye-
HUEM. 2

Yuciio ¢ npezacTaBiseTcs 6eCKOHEYHOU I[eITHON Apobbio BH/a

1
1
1

1+...

o=1+
1+
1+

[ToaTOMY HAaWIYYIINMU MOAXOAANIMMHU APOOIMU K YUCTY (¢ OyAyT

1=1,1+1=E,1+L 3,1+#=§, cees

' 1r 12 1+113

1

1+

T. €. OTHOIIIeHUA coceHUX unceyn PuboHayyu. B mpupoze 151 BUHTOOOpa3s-
HOT'O PacCIoJIOKEHUA JUCTheB Ha cTebsAX pacTeHU 4acTo ObIBAIOT Xapak-
TEPHBIMU KOJIMYECTBEHHBIE OTHOIIIEHUS TIOC/Ie0BaTENbHBIX urices Pubo-

3 5 8
HAY4M: — /I OPEIIHUKA U OyKa, 3 st abpukoca u ay6a, < JJI1 TPYIIU
Y TOTIOJIA, n JUIST MUH/ZIQJIA Y UBBL U T. .

Yucna PubOHAYYM TECHO CBSI3aHBI C JJOTapUPMUIECKOU CIIMpPabio. ITO
XOPOIIIO yCMaTpUBaeTCs, HAallPUMep, B PacCIOJIOKEeHUM ceMedeK Ha IoJ-
COJIHYXe WM B CTPOEHUM YelllyeK aHaHaca U T. II. Yucaa GuboHaydn ObUTH
HCIIOIb30BAHbI Ha 3aBeplIllalollleM JTalle AoKa3aTeJlbCTBa 3HAMEHUTOM Jiecs-
ToM mpobsieMbl ['IbOepTa. OTU YKCIa HAlUIU IIPUMEHEeHNEe B COBPEMEHHOU
MIPUKJIaZHON (OITHMM3aIIMOHHOM) MaTeMaTrKe. Kazaaoch ObI, KAKOEe OTHOIIIE-
HUE MOTYT UMeTh yncyia PruboHaYuIM K CTApUHHOU KUTAMCKOW HApOJHOU Urpe
I[3STHBIIUIIZEI, B KOTOPOH ZIBOE UTPAIOINIMX OepyT 1Mo oYepear KaMHH U3 JABYX
Ky4eK: WIU JiT000e YMCI0 KaMHeN M3 OJHOM KYYKU, WIN OAMHAKOBOE YHCJIO
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KaMHel U3 ZByX Ky4eK. [10 yCJIOBUIO UT'PHI BEIMTPBIBAET TOT, KTO OepeT moces-
HUM kKaMeHb. OKa3bIBaeTCs, ONTUMAJIbHASA CTPATETUS 3TOM ApeBHEN UTPhI OTIH-
paeTcs Ha ucrosb3oBaHue urcesn Pubonavun. Kak Buanm, yncia PuboHavdu
MOABJIAIOTCA CaMBbIM HEOXXKMIAHHBIM 00pa3oM B IIpUPO/ie, HayKe U UCKYCCTBeE.

OkaspIBaeTcs, CyIlecTBYeT CBA3b urces PuboHAUYH C IPYTUMU, He MeHee
3aMevaTeJbHBIMU YHUCTIaMU — OMHOMHUANIBHBIMU KO3)OUIIEHTAMU.

Pacrionoxxum 6uHOMUAIbHBIE KO3PPUIIMEHTHI B CIEAYIONTUNA TPEYTOIh-
HUK, Ha3bIBa€MbIU TpeyroJIbHUKOM [lackansa:

Co
SN,
¢ G 3

G G G G

T. €
1
11
1 2 1
1 3 3 a7
1 ,,4"/,,6"/4 1
/,1”/,,5"/ 10 10 5 1
76 15 20 15 6 1

JluHWY, IpOBeZIeHHbIe Yepes3 YrcJia 3TOr0 TPeyroJbHUKa U UAYIIHE TOZ
yrioM 45 rpaZycoB K ero CTpokam, Ha30BeM 80CX00AWUMU OUAOHANAMU
TpeyrojabHUKa [lackana. BocxoadanyumMu AuaroHaIsIMu OyAyT, HallpuMep,
MpsiMble, ITpOoXo/sAlIre Yyepe3 uncaa 1,4, 3 wim 1, 5, 6, 1.

[Tokakem, 4TO cyMMa 4uceJI, Jexallix Ha HEKOTOPOM BOCXOZAlel aua-
TOHaIN, ecTb yncao PruboHauvn.

B camowm geste, mepBasi, camasi BEpXH:AA BOCXOAAIIAS AUATOHAIb TPEYTOJIb-
HuKa [lackajiss cCOCTOUT TOJIBKO M3 eAUHULBI. TOJIbKO U3 eUHUIBI COCTOUT
U BTOpasd ero AuaroHasb. /Id AoKasaTeabCTBA UHTEPECYIOIero Hac Ipes-
JIO’)KEHUA HaM I0CTaTOYHO MTOKa3aTh, YTO CyMMa BCEX YMCeJl, COCTABJIAOIIMX
(n — 2)-10 u (n — 1)-10 AuaroHanu TpeyroabHuKa [lackasnsd, paBHa cymme
YKceJsl, COCTaBJIAIOIINX ero n-10 AuaroHaib.

Ho Ha (n - 2)-# auaroHanu pacnosoxeHsl yuciaa C 5, C_,, C2 ¢, ...,

a Ha (n - 2)-# Anaronanu — uucna C? ,, Cl .. C2 , ...,
CyMMy BCeX 3THX YHCes 3allUIIeM TaK:
0 0 1 1 2
Cl o, +(C) 3 +CL)+(Ch, +Cr ) +.... (2)
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Ho g 6uHOMUa/IBbHBIX KO3GUITUEHTOB

Cho=CRy=1
n
Ci+cll.{+1:k(k—l)---(k—.l+1)+k(k—1)---(k.—l4.—1)(k—l):
1-2-...-1 1-2-...-i-(i+1)
_k(k—l)---(k—i+1)(1+k—ij_k(k—l)---(k—i+1)i+1+k—i_
B 1-2-...-0 i+1) 1-2-...-0 iv+1
_(k+Dk(k=D---(k=i+1) _ .,
1-2-...-i-(i+1) kel

[ToaTomy BeipaxkeHue (*) paBHO
0 1 2
Cl,+Co ,+C5 o+,

T. €. CyMMe 4UCe, JieXKallluX Ha n-i AuaroHaau TpeyroabHUKa.

/13 TOIbKO YTO I0Ka3aHHOT'0 HAa OCHOBAHUWU BHIIENTPUBEIEHHOT'O COOTHO-
meHud (1) moayyaeMm: cymMMa Bcex OMHOMUAIBHBIX KO3GOUIIEHTOB, Jexa-
WX BBIIIE N- BOCXOAAIIEH AuaroHaau TpeyronbHuka I[lackans (Bkiatovas
caMy 3Ty AWaroHaib), paBHa f, ,, — L.



[Tpunoxenue 4

Ta6bnuua 3HaYeHU QyHKLUN __1 e
L GyHKLMM o(x) =

0,0 | 0,3989 | 3989 | 3989 | 3988 | 3986 | 3984 | 3982 | 3980 | 3977 | 3973

0,1 | 3970 | 3965 | 3961 | 3956 | 3951 | 3945 | 3939 | 3932 | 3925 | 3918

0,2 | 3910 | 3902 | 3894 | 3885 | 3876 | 3867 | 3857 | 3847 | 3836 | 3825

0,3 | 3814 | 3802 | 3790 | 3778 | 3765 | 3752 | 3739 | 3726 | 3712 | 3697

0,4 | 3683 | 3668 | 3653 | 3637 | 3621 | 3605 | 3589 | 3572 | 3555 | 3538

0,5 | 3521 | 3503 | 3485 | 3467 | 3448 | 3429 | 3410 | 3391 | 3372 | 3352

0,6 | 3332 | 3312 | 3292 | 3271 | 3251 | 3230 | 3209 | 3187 | 3166 | 3144

0,7 | 3123 | 3101 | 3079 | 3056 | 3034 | 3011 | 2989 | 2966 | 2943 | 2920

0,8 | 2897 | 2874 | 2850 | 2827 | 2803 | 2780 | 2756 | 2732 | 2709 | 2685

0,9 | 2661 | 2637 | 2613 | 2589 | 2565 | 2541 | 2516 | 2792 | 2468 | 2444

1,0 | 0,2420 | 2396 | 2371 | 2347 | 2323 | 2299 | 2275 | 2251 | 2227 | 2203

1,1 | 2179 | 2155 | 2131 | 2107 | 2083 | 2059 | 2036 | 2012 | 1989 | 1965

1,2 | 1942 | 1919 | 1895 | 1872 | 1849 | 1826 | 1804 | 1781 | 1758 | 1736

1,3 | 1714 | 1691 | 1669 | 1647 | 1626 | 1604 | 1582 | 1561 | 1539 | 1518

1,4 | 1497 | 1476 | 1456 | 1435 | 1415 | 1394 | 1374 | 1354 | 1334 | 1315

1,5 | 1295 | 1276 | 1257 | 1238 | 1219 | 1200 | 1182 | 1163 | 1145 | 1127

1,6 | 1109 | 1092 | 1074 | 1057 | 1040 | 1023 | 1006 | 0989 | 0973 | 0957

1,7 | 0940 | 0925 | 0909 | 0893 | 0878 | 0863 | 0848 | 0833 | 0818 | 0804

1,8 | 0790 | 0775 | 0761 | 0748 | 0734 | 0721 | 0707 | 0694 | 0681 | 0669

1,9 | 0656 | 0644 | 0632 | 0620 | 0608 | 0596 | 0584 | 0573 | 0562 | 0551

2,0 | 0,0540 | 0529 | 0519 | 0508 | 0498 | 0488 | 0478 | 0468 | 0459 | 0449

2,1 | 0440 | 0431 | 0422 | 0413 | 0404 | 0396 | 0387 | 0379 | 0371 | 0363

2,2 | 0355 | 0347 | 0339 | 0332 | 0325 | 0317 | 0310 | 0303 | 0297 | 0290

2,3 | 0283 | 0277 | 0270 | 0264 | 0258 | 0252 | 0246 | 0241 | 0235 | 0229

2,4 | 0224 | 0219 | 0213 | 0208 | 0203 | 0198 | 0194 | 0189 | 0184 | 0180

2,5 | 0175 | 0171 | 0167 | 0163 | 0158 | 0154 | 0151 | 0147 | 0143 | 0139
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OkoHuyaHue mabnuypbl

x 0 1 2 3 4 5 6 7 8 9
2,6 | 0136 | 0132 | 0129 | 0126 | 0122 | 90119 | 0116 | 0113 | 0110 | 0107
2,7 | 0104 | 0101 | 0099 | 0096 | 0093 | 0091 | 0088 | 0086 | 0084 | 0081
2,8 | 0079 | 0077 | 0075 | 0073 | 0071 | 0069 | 0067 | 0065 | 0063 | 0061
2,9 | 0060 | 0058 | 0056 | 0055 | 0053 | 0051 | 0050 | 0048 | 0047 | 0046
3,0 | 0,0044 | 0043 | 0042 | 0040 | 0039 | 0038 | 0037 | 0036 | 0035 | 0034
3,1 | 0033 | 0032 | 0031 | 0030 | 0029 | 0028 | 0027 | 0026 | 0025 | 0025
3,2 | 0024 | 0023 | 0022 | 0022 | 0021 | 0020 | 0020 | 0019 | 0018 | 0018
3,3 | 0017 | 0017 | 0016 | 0016 | 0015 | 0015 | 0014 | 0014 | 0013 | 0013
3,4 | 0012 | 0012 | 0012 | 0011 | OO11 | 0010 | 0010 | 0010 | O0O09 | 0009
3,5 | 0009 | 0008 | 0008 | 0008 | 0008 | 0007 | 0007 | 0007 | 0007 | 0006
3,6 | 0006 | 0006 | 0006 | 0005 | 0005 | 0005 | 0005 | 0005 | 0005 | 0004
3,7 | 0004 | 0004 | 0004 | 0004 | 0004 | 0004 | 0003 | 0003 | 0003 | 0003
3,8 | 0003 | 0003 | 0003 | 0003 | 0003 | 0002 | 0002 | 0002 | 0002 | 0002
3,9 | 0002 | 0002 | 0002 | 0002 | 0002 | 0002 | 0002 | 0002 | 0001 | 0001




lpunoxenue 5

Tabnuua 3HaueHnit GyHKLUMN d(x) 1 [et*/2dt
270
X D(x) X D(x) X D(x) X D(x)

0,00 0,0000 0,40 0,1554 0,80 0,2881 1,20 0,3849

0,01 0,0040 0,41 0,1591 0,81 0,2910 1,21 0,3869

0,02 | 00080 | 042 | 01628 | 0,82 | 0,2939 | 1,22 | 0,3888

0,03 0,0120 0,43 0,1664 0,83 0,2967 1,23 0,3907

0,04 0,0160 0,44 0,1700 0,84 0,2995 1,24 0,3925

0,05 0,0199 0,45 0,1736 0,85 0,3023 1,25 0,3944

0,06 0,0239 0,46 0,1772 0,86 0,3051 1,26 0,3962

0,07 0,0279 0,47 0,1808 0,87 0,3078 1,27 0,3980

0,08 0,0319 0,48 0,1844 0,88 0,3106 1,28 0,3997

0,09 0,0359 0,49 0,1879 0,89 0,3133 1,29 0,4015

0,10 0,0398 0,50 0,1915 0,90 0,3159 1,30 0,4032

0,11 0,0438 0,51 0,1950 0,91 0,3186 1,31 0,4049

0,12 | 00478 | 052 | 0,198 | 0,92 | 0,3212 1,32 | 0,4066

0,13 0,0517 0,53 0,2019 0,93 0,3238 1,33 0,4082

0,14 0,0557 0,54 0,2054 0,94 0,3264 1,34 0,4099

0,15 | 0,0596 | 055 | 02088 | 0,95 | 0,3289 | 1,35 0,4115

0,16 0,0636 0,56 0,2123 0,96 0,3315 1,36 0,4131

0,17 0,0675 0,57 0,2157 0,97 0,3340 1,37 0,4147

0,18 | 0,0714 | 058 | 02190 | 0,98 | 0,3365 1,38 | 0,4162

0,19 0,0753 0,59 0,2224 0,99 0,3389 1,39 0,4177

0,20 0,0793 0,60 0,2257 1,00 0,3413 1,40 0,4192

0,21 0,0832 0,61 0,2291 1,01 0,3438 1,41 0,4207

0,22 0,0871 0,62 0,2324 1,02 0,3461 1,42 0,4222

0,23 0,0910 0,63 0,2357 1,03 0,3485 1,43 0,4236

0,24 0,0948 0,64 0,2389 1,04 0,3508 1,44 0,4251

0,25 | 0,0987 | 0,65 | 02422 1,05 | 0,3531 1,45 | 0,4265
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[MpodonxeHue mabnuysi

X D(x) X D(x) X D(x) X D(x)

0,26 0,1026 0,66 0,2454 1,06 0,3554 1,46 0,4279

0,27 0,1064 0,67 0,2486 1,07 0,3577 1,47 0,4292

0,28 | 0,1103 0,68 | 02517 | 1,08 | 03599 | 1,48 | 0,4306

0,29 0,1141 0,69 0,2549 1,09 0,3621 1,49 0,4319

0,30 0,1179 0,70 0,2580 1,10 0,3643 1,50 0,4332

0,31 0,1217 0,71 0,2611 1,11 0,3665 1,51 0,4345

0,32 0,1255 0,72 0,2642 1,12 0,3686 1,52 0,4357

0,33 0,1293 0,73 0,2673 1,13 0,3708 1,53 0,4370

0,34 0,1331 0,74 0,2703 1,14 0,3729 1,54 0,4382

0,35 0,1368 0,75 0,2734 1,15 0,3749 1,55 0,4394

0,36 0,1406 0,76 0,2764 1,16 0,3770 1,56 0,4406

0,37 0,1443 0,77 0,2794 1,17 0,3790 1,57 0,4418

0,38 0,1480 0,78 0,2823 1,18 0,3810 1,58 0,4429

0,39 0,1517 0,79 0,2852 1,19 0,3830 1,59 0,4441

1,60 0,4452 1,86 0,4686 2,22 0,4868 2,70 0,4965

1,61 0,4463 1,87 0,4693 2,24 0,4875 2,72 0,4967

1,62 0,4474 1,88 0,4699 2,26 0,4881 2,74 0,4969

1,63 0,4484 1,89 0,4706 2,28 0,4887 2,76 0,4971

1,64 0,4495 1,90 0,4713 2,30 0,4893 2,78 0,4973

1,65 0,4505 1,91 0,4719 2,32 0,4898 2,80 0,4974

1,66 0,4515 1,92 0,4726 2,34 0,4904 2,82 0,4976

1,67 0,4525 1,93 0,4732 2,36 0,4909 2,84 0,4977

1,68 0,4535 1,94 0,4738 2,38 0,4913 2,86 0,4979

1,69 0,4545 1,95 0,4744 2,40 0,4918 2,88 0,4980

1,70 0,4554 1,96 0,4750 2,42 0,4922 2,90 0,4981

1,71 0,4564 1,97 0,4756 2,44 0,4927 2,92 0,4982

1,72 0,4573 1,98 0,4761 2,46 0,4931 2,94 0,4984

1,73 0,4582 1,99 0,4767 2,48 0,4934 2,96 0,4985

1,74 0,4591 2,00 0,4772 2,50 0,4938 2,98 0,4986

1,75 | 04599 | 2,02 | 04783 | 2,52 | 0,4941 | 3,00 | 0,49865

1,76 0,4608 2,04 0,4793 2,54 0,4945 3,20 0,49931

1,77 0,4616 2,06 0,4803 2,56 0,4948 3,40 0,49966

1,78 | 04625 | 2,08 | 04812 | 2,58 | 0,4951 | 3,60 | 0,499841




OkoHuyaHue mabnuypbl

X D(x) X D(x) X D(x) X D(x)

1,79 0,4633 2,10 0,4821 2,60 0,4953 3,80 | 0,499928

1,80 0,4641 2,12 0,4830 2,62 0,4956 4,00 | 0,499968

1,81 0,4649 2,14 0,4838 2,64 0,4959 4,50 | 0,499997

1,82 0,4656 2,16 0,4846 2,66 0,4961 5,00 | 0,500000

1,83 0,4664 2,18 0,4854 2,68 0,4963

1,84 0,4671 2,20 0,4861

1,85 | 0,4678
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