MATEMATHYECKHU AHAJIN3 (KOHEYHOMEPHBIE JIMHEMHBIE IMPOCTPAHCTBA).
I'. E. Innos.

Knura npencraBnser coO0il CyIIECTBEHHO NepepaboTaHHBIM BapHaHT KHUTH TOTO ke aBTopa «BBeneHue B
TEOpUIO0 JIMHEHHBIX mnpocTpaHcTB» (I'octexusmar, 1952 u 1956). M3paHue cOOTBETCTBYET B OCHOBHOM
IporpaMMe YHHBEPCHUTETCKOTO Kypca JIMHEHHOW aireOphl M pacCYUTaHO B MEPBYIO O4Yepeab Ha CTYACHTOB
MaTeMaTHYECKUX, (PU3MUECKUX U JPYTrUX €CTECTBEHHOHAYYHBIX CHeIHaIbHOCTEeH. s ee uTeHHsI HE0OX0IUMO,
KaK MpaBUJIO, BIaICHNE JIMIIb DJIEMEHTAPHON MaTeMaTUKOMN; B OTJIEIbHBIX CIIydasX UCIOJIb3YIOTCS CBEACHUS U3
MaTEMaTHUYECKOI0 aHajlM3a ¢ COOTBETCTBYIOLIMMM OTChUIKaMU. B riaBe 1 u3naraercst Teopust onpeaeanTeNei.
B rnaBax 2—7 paccmatpuBaetcs adduHHas TEOpHUs TUHEHHBIX MPOCTPAHCTB (HAJ MPOU3BOJIBHBIM YHCIOBBIM
nojieM), B riaaBax 8—10—teopus eBKINAOBBIX M YHUTAPHBIX MPOCTpaHCTB. B rnase 11 onuceiBatoTcs anreOpbl
JIMHENHBIX ONEpPaTOPOB B KOHEYHOMEPHBIX MPOCTPAHCTBAX M B IVIaB€ 12—COOTBETCTBYIOIIME KaTETOPHUU.
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KBaJPAaTUIHON (POpMBI

MNPEAVCIIOBUE

Ora KHUTAa TMpelHa3HAYeHAa B KayecTBe Y4eOHOro mocoOusi [uis CTYJEHTOB MIIAIIINX KypCOB
MaTeMaTHYeCKUX U (PU3MUECKUX crenuaibHOCTel. B Hell m3nmaraercs maTtepuain, OObIYHO BXOJSIIUN B Kypc
JUHEWHOW anreOphl W B JalbHEHIIEM OOCTYXKMBAIOUIMKA pa3IMyHbIE pPa3leibl MaTeMaTHYECKOrO aHaJn3a.
Crenyer 3aMeTUTh, BIIPOYEM, YTO Ha3BaHME «JIMHEHHas anredpa» JaBHO YK€ HE COOTBETCTBYET PEalbHOMY
COJIEP’KaHUIO0 Kypca, KOTOPBIM MpeAcTaBiseT co00il CMHTE3 uieil anreOphl, reoMeTpun M aHamu3a. M xoTs
aHaJM3 B TOYHOM CMBICIIE cJIoBa (T. €. OTJENI MaTeMaTHKH, CBSA3aHHBIA ¢ mpeaenamu, JudQepeHIMpOBaHUEM,
MHTETPUPOBAHNEM) MPUCYTCTBYET B KHUI'€ SIBHO JMIIb HAa BTOPOM ILIAHE, HA CAMOM JI€JI€ OH-TO W SIBIISETCS
HACTOSIIIUM ~ OPraHU3aTOpPOM Kypca, TIIOCKOJBKY MpOOJIEMBl «IMHEHHON anreOpb» MOXKHO CUYHMTATh
«KOHEYHOMEPHBIMU MPOESKIUSAMI» OCHOBHBIX IMPOOJIEM aHATIM3a U B TO )K€ BPEMs «OTOPO» I HUX.

KHuura HanucaHa Ha OCHOBE Hallell cTapoll KHUTM «BBeoeHHE B TEOPUIO JMHEMHBIX MPOCTPAHCTBY
(I'ocrexuznat, 1952 n 1956; nanee ee umenyem BJIII). Paznuune mexay BJIII u HOBOW KHUIOM, B KpaTKuUX



cinoBax, caenytomee. B BJIII peus mima UCKIIOYHUTEIBHO O BEIIECTBEHHBIX NPOCTPAHCTBAX; B HOBOM KHUIE
paccMaTpuBarOTCA MPOCTPAHCTBA HaJ IMPOU3BOJIBHBIM YHMCIIOBBIM II0JIEM, BEIIECTBEHHBIM M KOMIUIEKCHBIN
ClTyyad U3JIaraloTcs Kak crenupuieckue cirydan oOIiel Teopun, HaxXoAIIUecs: B TECHOU CBSI3U APYT C IPYTOM.

BBenena rimaBa o xOpIaHOBOH (GopMe MaTpHUIbl JUHEHHOTO ONepaTopa B KOMIUIEKCHOM M BEIECTBEHHOM
IIPOCTPAHCTBE. /{151 KOMIIIIEKCHOI'O IPOCTPAHCTBA CO CKASIPHBIM IIPOU3BENCHUEM PACCMOTPEHBI KAHOHUYECKUE
(opMBI MaTpUIl HOPMAJIBHBIX ONEPATOPOB, M3 KOTOPBIX, KaK YACTHBIC CIy4au, MOJYYAIOTCS KAHOHHYECKUE
(opMBI MaTPUI] IPMHUTOBBIX, AHTUIPMUTOBBIX U YHUTAPHBIX ONEPATOPOB M MX BEUIECTBEHHBIX aHajioroB Kuura
BJIIT 3akanumBanachk OONBIION TTIABOW O TE€OMETPUH OECKOHEYHO-MEPHOTO THIIHOEPTOBA MPOCTPAHCTBA; 3/1ECh
Takou rnaBbl HeT (B psjge Apyrux KHUT MOXKHO HaWTH OoJjiee CHCTEMaTHUECKOE M3JI0KEHHE 3TOT0 MaTepuana,
OTHOCALIETOCS CKOpee YxXe K (YHKIMOHAIBHOMY aHaiuu3y). 3aro J00aBJE€HBl JIBE HOBBIC TIJIaBBHI,
HETOCPECTBEHHO NMPUMBIKAIONINE K OCHOBHOMY COJIEPKAHUIO Kypca: TJlaBa O CTPYKTYpe MaTpUYHBIX aiaredp
(HanucanHas 1o mpockOe aBTopa A. SI. XeneMCcKUM) U IJlaBa O CTPOGHUHM MAaTPUUYHBIX KaTeropuil (copepikaHue
KoTOpo# B3sTO U3 crateu U. M. I'enbdanna u aBropa, Bectauk MI'Y, MaremaTtuka u Mexanuka, 1963, Ne 4).
OTu 7ABE INaBbl, XOTS M BIOJHE 3JIEMEHTapHbI 10 METOJaM, BCE K€ HECKOJIBKO BBIIIE 10 YPOBHIO, YEM
OCTaJIbHBIC; OHHU TMPEACTABIAIOT JIMHEHHYIO anreOpy B €€ pa3BUTUM W MOTYT OBITh HCIOJb30BaHBI B
(baKyIbTaTUBHBIX 3aHATHUAX.

Kaxnas rmaBa KHUTHM 3aKaHUMBAeTCs psAAOM 3ajad. B HEKOTOpoil, HO BechbMa HEOOJNBIION Mepe OHHU
MIOMOTAIOT BBIPA0OTKE HEOOXOAMMBIX TEXHHMUYECKUX HABBIKOB (IJIs1 ATOM WLeNM JydIlie HCIOJIb30BATh P
pacrpoCTpaHEHHBIX 33JaYHUKOB C OOraThIM BEIOOPOM yIpakHEHU). B OCHOBHOM MMeroImuecs: B KHUTE 3aJjauu
IIpeAHa3HAYEHBI I WUIIOCTPALMM U HEKOTOPOI'0 Pa3BUTHsS OCHOBHOI'O TEKCTA; LUKJIBI U3 HEKOTOPBIX 3a1ad
MOTYT CIY)KUThb TEMaMU JJs JOKJIaJ0B Ha ceMHHapax. s 3Toil e Lenu IpenHa3HAauyeHbl OTIEIbHbIE
HeoOs13aTeNbHbIe Taparpa@bl OCHOBHOTO TEKCTA, BbIJICIICHHBIE 3BE3J0UKOM.

ABTOp CUMTAET CBOUM MPHUATHBIM JIOJITOM OTMETUTH THIaTeIbHYI0 padoTy M. C. ArpaHoBUYa U MPUHECTH
eMy OJ1aroZJapHOCTh 3a psijl BeCbMa LIEHHBIX 3aMeyanuii. ABTop OGnarogapur takxe W. . lopdman 3a npoBepky
BCEX 3a/]a4.
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r1ABA 1

ONPELEJIMTE/H

§ 1.1. Yucnossie nons

1.11, Kak u 661pmian yacTh MaTeMaTHKH, auHefinasd anre6pa
ACNOJb3yeT YHCJAOBHE CHCTEMH (YHCJOBHE mnons). Yucaossis
noiem HA3HBAIOT BCAKYI0 COBOKYMHOCTb K O6BEKTOB, Ha3HBa-
eMBIX 4ucaam4, B KOTOPOH MOXHO TMPOM3BOAHTbL C STHMH
o6bekTaMu uveTHpe apudmernueckux JnedicTeus. [lepeuncanm
HEO6GX0IMMBIE CBEAEHAS 06 3THX XeHcTBHAX (AKCHOMH M0 J1).

a. Kaxnph nape uncen a n P orsevaer uncio a-+ P, na-
3niBaeMoe cymmod uucen o u P, npuyem

1) a4+Pp=P+a anst mobux @ u P us K (nepemecTn-
TENbHOCTDb, WIH KOMMYTATHBHOCTDb CAOXEHHH);

9) (2+B)+v=0-+(@+y) am modux e, B, y w3 K
(coyeTaTeaAbHOCTHb, WIH aCCONHATHBHOCTH CNO-
WeHHH);

3) cywecrtByer uucio 0 (ryav) takoe, uto 04-a=o nis
noboro a u3 K;

4) ana mo6oro a u3 K cymectByer uncio B u3 K Takoe,
uto oo+ P =0 (npomusonoroxcHbil Iremenm).

PaspemnMocTh ypaBHewus o+ P =0 npu noboM o no3so-
nseT BBECTH OMepaliWo BHuHTaHMA: paswocTs o — P mo ompe-
JEJIEHHIO eCTh CYMMa YHCJa o M peeHus y ypaBteuss f 4y =0.

6. Kaxnoft nape uucen a H P orBeuaer uuciao a-P (wam
af), nasuBaemoe npoussedenuem uucen o u P, npuuem

5) ap=po ans mo6mx a u P w3 K (koMMyTaTus-
HOCTb YMHOXE€HHS);

6) (ap)y=oa(py) ans mobux o, P, y u3 K (accouna-
THBHOCTb YMHOXEHHf);

7) cywmectByeT uucio 1 (5% 0) takoe, uro 1-a=o p1% jiwo-
Goro ynuciaa o u3 K;

8) mam moGoro as%~0 cymecTByer uncio y H3 K Takoe,
yro ay=1 (06pammoii 3remMenm), '
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PaspemnmocTs ypaBHeHuHs ay=1 npu mo6oM o= 0 nosso-
AseT BBECTH ONEpPaUMIo Ae/ieHHs HA YHCHO o 5% 0: yacmuoe Bla
ecTh NpoH3BedeHHe uucaa P W pewenus y ypaenenus ay=:1.

Unena 14+1=2, 24+ 1=3 u 1. A& HA3LBAWOTCA HAMY-
P AbHBIMU; TIPEANONaraeTcs, YTO HH OAHO H3 HHX He paBHo 0 ¥),

Hatypansnbie 4ncna, um nportusonosioxknne u 0 o6pasyior,
MO ONpeIEeNEHHI0, COB0KYNHOCMbL yeablx 4ducenr noaa K. Yacr-
HHe p/q, rae p u g—uenbe H g% 0, 06pa3yioT COBOKYNHOCMb
payuoHarbHblx ducea nons K.

JBa nons K u K’ Ha3uBalOTCA USOMOPHLIMU, eCTH MEXLY
HHMM MOXHO TaK YCTAaHOBHTH B3dMMHO OJHO3HAYHOE COOTBET-
‘CTBHME, YTO CyMMa W mpou3BeseHHe yHcea nois K COOTBETCTBYIOT
CYMMe H TNPOM3BEAEHHIO COOTBETCTBYOWMX uucen mnoas K'.
(B 3TOM cnyuyae pe3ynbTaTH OCTaJbHLIX onepauuii— pasHOCTH
H YacTHOTO—TaKke OyAyT COOTBETCTBOBATb APYr APYry.)

- 1.12. HaubGonee uacTo BCTPEHaoTCA caelylollHe TpHMepH
KOHKPETHHIX YHCJIOBHX MoJjef.

a. lloae payuonarvubix uucea, T. e. OTHOWeHuH p/qg, rae
p ¥ g% 0—o6uuHbe neabe yicaa ¢ 0ObYHBIMH apu(pMeTHYECKHMH
npapunamu aeHcteuft. (3aMeTHM, YTO OZHH TOJNBKO YeAabie 4UCAQ
He 00pasyrom 4ucCA08020 NOAA, TAaK KaKk B 3TOM cAyyae He Bh-
nonHeHa akcuoma 8).)

M3 ckasannoro Buiilie cleayeT, YTO B KaAOM NoJje K uMmeercs
yacTh (noamnone), U3oMopdHAs TOMIO PAUHOHANBHHX YHCE.

6. [loase sewjecmeennblx 4uceA, MMelOlllee IeoMeTPHYECKHM
06pa3oM COBOKYNMHOETh BCeX Toyek npsmoll. AxkcHoMaTHka NoJis
BEU1eCTBEHHBIX YHCEA TMoJyyaeTcsd. KoGaBJleHHEM K aKCHOMAM
1)-—8) akcuoM mopAAKa M AKCHOMH O TOYHOHR BepxHeh
rpanu **),

B. Iloae KkomnaexcHoix uuces a-~ib, rae a u b Bewecrt-
BEHHH (CHMBOJ i He €CTb BELIECTBEHHOE YHCJ0), ¢ NpaBHIAMH

*) U3 aByx aseMeHToB, noJoXHM N ¥ E, MOXHO YCTPOMTH MOJe 1O
npaBunsam N4+N=N, N+ E=E, E4E=N, N-N=N, N.E=N,
E-E=E. B COOTBETCTBHH ¢ HalUHMH 0603HAaYEHHAMH MBI JO/KHBI [TOJIOXKHTh
N=0, E=1, u torga 2=1+4-1=0. JIas HCKJIIOYEHHs TaKHX YHCJOBLIX
CHCTeM Mbl H TpeGyeM, 4TOOB BCE HaTypaJsbHble 3JIEMEHTH: NM0Js OblIH Onl
OTJHYHBIMH oT 0.

**) TeopHs BellleCTBEHHBIX 4YHCe] TOAPOGHO H3JjaraeTcss B Hauell
gHHre «MaremaTHyeckuii anann3 (PYHKUHH OJHOrO MepPEMEHHOro)y,
«Hayga», 1969, ra. 1. B ganbuefimem ob6o3nauaeM aTy kuury uepes ®OII,
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ne#icteuit (®OI1, 2.77):

(@y+ iby) + (ag + iby) = (ay + ag) + i (b + bs),

(814 iby)- (a5 iby) = (ay8, ~— b1by) + i(a10, + agby).
Ona uncen Buia a-+ i0 3Tu KeHCTBUS NPHBOAATCH K ONHOMMEH-
HbiM IeHCTBHAM HaJd BELLECTBEHHHMH YHC/IAMM 4; MH [HILEM
KOpPOTKO a—+ i0=a W Ha3WBaeM 3TH KOMIUIEKCHHE YHC/a Be-
IECTBEHHHIMH. MOXHO CKa3aTh, YTO HOJE KOMIJIEKCHHX YHCen
COMAEPXKHT 4acTh (MOANOJE), H3OMOPHHYID NMOMI BELIECTBEHHHX
yrcen. Komnnexcume uncna Buaa O+ b HaswBalOTCS (Y4MCTO)
MHHMBIMH H KOpoue o0603HavaloTca ib.

M3 npaBuna yMHOXeHHS cheayer, 4To

Be=ii=(04i1)(0+il)= —1.

1.13. Tlone BewecTBeHHHX uHcen B AanbHelimmeM 0603Ha-
yaetcs uepe3 R. Tlone xommiexcHelx uHcen o6o3HauaeTcs ue-
pea C. CornacHo Tak Ha3wBaeMOH OCHOBHOM TeopeMe anre6pu
(POIl, 4.86), B none C He TONBKO BWINOAHUMH YeThipe apud-
METHYECKHE ONEepallii, HO H PaspeltHMo N6oe anrebpanyeckoe
ypaBHeuue

2"+a2" '+ ... 4a,=0.
[Tone R BewecTBEHHWX YHCEN He 06nanaeT 3THM CBOHCTBOM:
Hanpumep, ypaBHesne x%2-4-1=0 ue umeeT pewenut B none R.

Mnrorue u3 nanabHeHIUHMX [OCTPOEHHMH cnpaBeAfHBH  AJA
mo6oro uucnosoro noas. JIwboe uncnosoe noie Mu GyxeMm
0603HayaTh B nanbHeHmem OykBolt K. Ecam wexoTopoe npen-
JI0KeHHe BepHO Aid nois K, OHO aBTOMATHYECKH BEpHO A
nonst R n nossi C, KOTOpHeE ABASIOTCS YaCTHHMH cAyyasamu noasd K.

§ 1.2, OcHoBHBle 3aKaYU TEOPHH CHCTeM
JHHeRBbIX ypaBHeHBui

1.21. B artoit u aByx crenyowux raasax Mu GyxeMm 3aHu-
M4TbCH H3YUYEHHEM CHCTEM JIHHEHHHX ypPaBHEeHHH. .
B camom oGwiem cayuae Takas cucTemMa HMEeT cAemylo-
wHi Buna:
A%yt GpXe+ . F ay,x, = by,
Ag1 X1+ AgeXg+ . . . + Gy, X, = by, (1)

ak1x1‘|‘ak2x2‘|‘ e —I_aknxn:bk'
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3xech yepes Xy, Xy, ... , X, 0603HaUEHH HEU3BECTHHE (3/IEMEHTH
nons K), moanexawye onpejesieHdio (3aMeTuM, UYTO HHC/IO
HEeH3BECTHHX He npeanosiaraeTcss 0043aTE/NbHO - PaBHHIM YHCIY
ypaBuennft). Uucna ay,, @y, ..., Q,, B3ATHE u3 noas K,
HA3WBAIOTCH Koagpuyuentamyu cucteMu. Ileppuft muaexc koag-
¢uuEenTa yKa3WBaeT HOMeD YypaBHeHHs, B KOTOpOM Qurypu-
pyet naHHu# kosdduiHenT, a BTOPOH HHAEKC — HOMED HEH3BeCT-
HOTO, TIPH KOTOPOM STOT koadduuuedt nocrasned*). Yuc-
na by, by, ..., b, cTosMe B MpaBHX uacTAX paBencTBa (1),
B8ATHE H3 TOro Xe nons K, HasuBalOTCH CB0600HbIMU YACHAMU
CHCTEMH; KaK # KO3(dHIHEHTH, OHH [PEANO/araloTCs H3BEC THHMH.

Pewenuem cucTeMH Ha3HBAETCH BCAKASA COBOKYMHOCTb YHCE]
€y, Cgy «+., C, M3 TOrO Xe monsa K, xortopas, GylyuH nox-
craBnena B cucTemy (1) Ha MECTO HEH3BECTHHX Xy, Xg, ..., Xp,
ofpaliaeT BCe ypaBHEHHsi CHCTEMHM B TOXIECTBa *¥).

He Bcsikas cHcTeMa JuHelHbX YypasieHuHl Buaa (1) umeer
peuwenne. Harnpumep, cucrema

2x,+3x,=35, }

2x,+3x,=6 @)

3aBEJIOMO HE MOWeT MMeTh HH OJHOro peuenus. [eficTBHTENBHO,
Kakue 6H YHCNA Cy, C, MH HH TMONCTABH/IM HA MECTO HEH3BeCT-
HHX Xy, X, J€BHE YaCTH ypaBHeHMH CHCTeMH (2) oKaxyTcd
COBmajajuiuMu, B TO BpeMsl Kak T1paBule 4acTH pas-
nuyHH. [losToMy 06a ypaBHeHus cHCTeMH (2) Tako# moxcra-
HOBKOH He MOTYT OWTb OJIHOBPEMEHHO OOpalleHh B TOXAeCTBa.

CucTeMy -ypaBHenn#t Buaa (1), uMelomylo (XoTs 6H OLHO)
pelleniie, Mb 6yaeM Ha3uWBATh COBMECTHOW; CHCTEMY, He HMEIOLLYI0
pewienuft, GyJeM Ha3uWBaThb HECOBMECTHOU.

CoBMeCTHasi CHCTeMa MOXKeT MMeTb OJHO penieHHe HJH 6onee
yeM OIHO; B TOCHEIHEM ciyyae IJs Pa3/HYeHHs pelueHHfl MH
GyneM yKasuHBaTb HMX HOMEPa HHIEKCAMH HaBepXy B CKOOKax;

Hanpumep, nepsoe pemenue ci’, ¢, ..., ci’, BTOpOE peule-

2 2 1 1 1
nue ¢, ¢®, ..., ¢ u T. X Pewenne cf’, ¢’ ..., ciP
o, o, ..., cP CUMTAIOTCH PA3AUYHbLMU, €CTH XOTH OH

OnHO M3 yHcen ¢ He rOBmaZaeT € COOTBETCTBYIOLIHM YHCJIOM

*) [NosTOMY, HanpHMep, 3aNUCh Gg4 AOJKHA YUTATBCS T2K: @—TDPH —
geThipey (a He «a-—TPHALATb UETHIPED).

**) [ToguepKHeM, YTO COBOKYMHOCTb YHCEM Cy, Cpy ... Cp COCTABJSAET
OZAHO pelleHHe CHCTeMH (2 He n pelleHHH).
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cf? (i=1, 2, ..., n). Hanpumep, cuctema
2x,+3x,=0, 3)
4x,+6x;=0 ~
uMeeT pasnmuynue pemenus ¢ =cP=0, c?=3, cfP=—2

(a Takike GeCKOHEYHOE MHOXeECTBO Apyrux pewmenuft). Ecan cos-
MeCTHasl CHCTEMa HMeeT eIHHCTBEHHOE pelieHHe, OHa Ha3HBaeTCH
onpedesennod; €ciu COBMECTHas CHCTeMa HMeeT MO Kpafinedl.
Mepe NBa Pa3/JHYHHX DEUIEHHs, OHAa Ha3HWBaeTcs neonpedesennod.

1.22. Mu wMoxeM cdopMynHpoBaTh Tenepb T€ OCHOBHHE
3ajlaun, KOTOpHE BO3HHKAIOT MpPH H3yYyeHHH cHCTeMH (1):

I. Bouacuurs, asaserca cucrema (1) cosmectnod unu Hecos-
MecTHOL.

. Ecau cucrema (1) cosmecTna, TO BbIACHUTb, ABAAELTCA
AU OHa onpedeserHold.

. Ecau cucrema (1) cosmectna u onpedesenna, TO Hadru
ee eJuHCTBeHHOe peuierue.

IV. Ecau cuctema (1) cosmecTHa u HeonpedeieHHa, TO
onucato €0BOKYNHOCTb 8cex ee pewenud.

OCHOBHHM MaTEMaTHYECKHM MHCTPYMEHTOM I/ M3YYEHHSH
NMHEHHHX CHCTEM SIBAfeTCH TeopHs OnpeleiHTeneH; MH nepe-
XOOUM Teneph K €€ H3J0KEHHIO.

§ 1.3. Onpeneantens n-ro MOpARKA

1.31. Tlycts nana xs8adparHas marpuya, T. €. TabaHua u3
n® uucen (snementoB nona K) a; (i, j=1,2, ..., a)

8 &1y -+ 1
A — azl 6122 s o azn . (4)
Q, Qpy -+ Qpy

Yncao 71, yxasHBamLiee KOMTHYECTBO CTPOK H CTO/IOLOB MaTpHLH
(4), nasuwBaeTca ee nopadxom. Unciaa a;; Ha3HBAIOTCH IAEMEH-
Tamu MaTpuun A; nepBHH H BTOPOH HHAEKCH y S/AEMEHTA a,~,'
YKa3HBAIOT COOTBETCTBEHHO HOMEp CTPOKH M cTOn6uHa, B KOTO-
PHX PACHOJIONKEH STOT 3JeMEHT. DIeMEeHTH Gyy, 8gg, -, Cup
06pa3yioT 24asHYyi0 OuazoHasb MaTpHlH A,

PaccMoTpum nio60e NpOH3BENECHHE /2 S/IEMEHTOB, PaCHONOKEH-
HHX B PA3/HYHHX CTPOKAaX H Pa3nMMYHHX CTOAGLAX. MaTpHUH (4),
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T. € 0[O OLHOMY B KawaOH CTPOKE M B KAWKAOM
ctonb6ue. Takoe mpousBeseHHE MOXHO 3aMHCaTh B Buie

aa,l aa,2 < aann' (5)

HeficTBuTeNbHO, B KauecTBe NEPBOTO COMHOWHTENS MH
BCErna MOWeM B3ATb 9JeMeHT, cTosiuud B mepsbM cronbue
‘MaTpuun (4); eciu 0603HAYMTBL Yepe3 o, HOMEP CTPOKH, B KO-
TOPOH HAXONMTCS 3TOT 3JEMEHT, TO HHAEKCH 3TOTO 3J1EMEHTA
6yayT &y B 1. AHanOrHYHO B. KaY€CTBE BTOPOTO COMHOXHTEs
MOXHO B3iTb 3JIEeMEHT, CTOAWHUH BO BTOpOM cToaGle; ero HH-
IeKcH GyayT @, H 2, Thne 0,—HOMep TOH CTPOKH, B KOTOpO#H
pacrnosioxes 3TOT BTOPoOH snaemeHT; H T. . Takum o6pasom,
HHIAEKCH @4, Oy, ..., @, ABJAIOTCH HOMEpaMH CTPOK, B KOTO-
PHX pacrosioXeHH COMHOXHTENH MNpousBedeHus (5), B coorT-
BeTCTBHH C TPHHATHM MOPAAKOM HX 3alHCH MO BO3PACTAHHIO
HHAEKCOB CTOJOLOB.

Tak kak nmo yciaoBHIO 3/€MEHTH Q1s Qagey -+ «; @qp PACTIO-

7OKEHH B PA3JHYHHX CTPOKAX MaTpHud (4), MO OAHOMY
B KaXIOH CTpOKe, TO UHCAA O, &y, ..., O, BCe Pa3IHYHH
H  MpeincTaBasloT  coGoH  HEKOTOPYI MNEPECTAHOBKY uHCel
1,2, ..., n

‘Hazopem «GecniopsizkoM» B 3ToH M0OC/AeROBATENBHOCTH
@y, O, ..., @, TAKOE pacnosomeHHe HHAEKCOB, KOrina crap-
IUHA HHIEKC CTOMT panblie Maaawero. Yncno Bcex «Gecnopsii-
KOB» 0603nauuM uepes N (o, o, ..., a,).

Hanpnmep, Bnepec'i;aﬂosxe yetoipex wudp 2, 1, 4,3 — gBa «6Gecno-
pankay (2 snepeau 1, 4 Bnepean 3); Takum 06pa3soM,
N2 1, 4, 3)=2,

B nepecranoske 4, 3, 1, 2 — narm «6ecniopaAkoBy (4 Bnepenu 3, 4
Bnepean 1, 4 snepean 2, 3 Bnepean 1, 3 Bnepenu 2); nostoMy

N4, 3, 1, 2)=5.

Ecau uncno Gecnopsiakos B nocnenosatenbHocTH @y, .. . a,
HETHO, MOCTABUM Mepea TpOoH3BeJeHHeM (5) 3HAK ---; ecan 3TO
YHCJIO HEYETHO, MOCTABHM Mepe] STHM NPOU3BEJAEHHEM 3HAK — .
WMHuMH  cnoBaMH, ycNIOBHMCS Mepen KawwM TpOH3BEJeHHEM
BHAa (5) mMHcaTh 3HAK, ONpene/sieMWH BHpPaXeHHeM

(-——- ])N [ PR PYP a,,)'
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Yucno Bcex npousBeaeHuft Buaa (D), KOTOPHE MOXKHO CO-
CTAaBHTb W3 3/EMEHTOB JAHHOH MaTpuuB 7-TO MOPSAKA, PdBHO
yHcaAy BCeX BO3MOXHHIX [epecTaHoBok umucen 1, 2, ..., n,
KOTOPOE, KaK M3BECTHO, PaBHO 7!,

Tenepb BBezeM cleayloliee ONpeNeNeHHE:

Onpedeautenrem marpuyst (4) Hasvieaerca aszebpaudeckas
CYMMQ, COCTOAULAR U3 N! BCeB03MONHbLX npoussedenutd euda (5},
neped kaxdeim u3 KOTOPbIX ROCTABAEH 3HAK, onpedeiernvifi no
YKAIAHHOMY Gblule Npasury: '

D:z(_ l)N (Qys gy ees Olp) A, 100,2 - + - Qagne . (6)

B manbneftmiem npousseredus BuAa (5) Ml GyAeM Ha3bBATh
qieHamu ONpelenuTens. ONeMeHTH @;; Martpuill (4) Oyxem
Ha3WBATh J4eMEeHTamy OnpeleNHTeNnsd. :

OnpenenuTe/b MaTpHus (4) 06o3nauaercd OJHHM H3 Clelyio-
IHX CHMBOJOB:

all a12. . e aln
D: Ay Qag. -'- (121'1 — det”aullz dEtllaij”iyi=l- 2, ..., N (7)

Ay Qpa- - - Qyn

Hanpumep, aas onpeienutenedt 2-ro u 3-ro nopsaika Mu
NOJAyYaeM CleAyiOlHe BHIPAKEHHS:

a
a;i z;: = Q41095 — Q2103
a1 Q3 Qg3
Qg Qgg Ga3| = Q11039033 - Q1059015 + 51015003 — Q3109153 —
Q3 Q3 Qg3

— Q9019033 — Q11Q352Q53-

Posb onpepennTeniell NpH  pelleHHH CHCTeM JHHEHHBIX YyPaBHEHHH
Mbl TIOKaXKeM Ha NpHMepe CHCTeMbl H3 JIBYX YPaBHEHHH C AByMsA HeHs-
BecTHrIMH. Ecan paHa cHcTema

31X+ QX =by,
Q91X+ Age X3 = by,

TO, HCKJKOYad OOLIYHBIM 00pa3soM OAHO H3 HeH3BeCTHHX, MOKHO JerKo
NOJY4YHTD GOPMYJIbI
_ 51039 — bottyy o = 116, —anb,

1) 2 ]
Q11099 — Q359 Q11099 — A51019

B NPEANOJIOKEHHH, YTO 3HAMeHATeJH 3THX OTHOUIEHHi OTIHUHH OT HyJA.
YHCJAHTeNH H 3HAMEHATENH NOJyYaloHXcsa JApobell npeicTaBasior co6oi
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onpeleNHTeNE 2-r0 NOpsAKa:

ay a
anan—azlam=l u mls

21 Q35
b
biam—byayy=| g1 22|,
b
.‘zllbz"fa‘zlbl‘—" g;i b:l .

OxasuBaercs, 4TO aHAJIOTHYHHE (OPMYJTH HMEIOT MECTO H /I pPellleHHs
CHCTeM C JIIOGHIM YHC/IOM HeH3BeCTHHX (cM. § 1.7).

1.32. Tlpasuno ans onpexeneHuss 3HaKa AaHHOTO Y4JIeHa
onpexeuresis MOXHO cHOPMYTHPOBaTH HECKOJIbKO HHaye, B reo-
MeTpHYeCKHX TepMHHaX.

B wMatpuue (4) B COOTBRETCTBHH C HyMepauueR 3JeMeHTOB
€CTeCTBEHHO BHIENRIOTCSA IMOJIOKHTE/NbHHE HANpPaBNEHHA: CJIEBA
HanpaBo — BAO/Ab CTPOK, CBEPXy BHH3 — BAOJAL CTONOIOB. BMecTe
C 3THM H KOCHE OTPE3KH, COEIHHAIOILHE JBa KaKHX-iHGO 3Je-
MEHT2 MAaTPHUH, MOXHO CHaGAHTh YKA3aHHEM HaNpaB/IeHHS:
OyleM TOBOPHTb, YTO OTPEe30K, COEHHHAIOLIHA 3/eMeHT a;; ¢
SVIEMEHTOM Qj,, HMEET NOAOKUTEAbHbIL HAKAOH, €C/IH ero mnpa-
BHI! KOHEL| PaCMoN0KEH HHKE JIEBOTO, H OTPULATENbHbIH HEKAOH,
eC/M ero NpaBHH KOHell JIeXHT BHuie, yeM JeBwi. Temepn
NpoBeleM MHCJIEHHO B MaTpuue (4) Bce OTPe3KH, COCAHHSIOLIHE
MONapHO 3JIEMEHTH Qq,1, Qq,2, ---, Ga,n NPOH3BeneHHA (5) H
MPpH 9TOM HMEIOWHE OTpPHIAaTeNbHHH HakioH. Bynewm.
CTaBHTb Mepel npou3seneHHeM (D) 3HaK 4, €C/H 4HCAO Bcex
TaKHX OTPE3KOB YETHO, H 3HAK —, €C/JM HX YHCJIO HEYeTHO.

Hanpumep, B cayuae MarpHubt 4-ro MOpAAKa Aepes MPOH3BeNEeHHEM
031013043034 JOMKEH OHWTL NOCTaBJEH 3HaK -, TaK Kak B MaTpHile
HMEeTCsl B3 OTPE3Ka OTPHIATEJBLHOrO HAKJOHA, COSAMHAIOULHX 9JEeMeHTH
faHHOrO MPOH3BEJCHHA:

an @ a3 Qu
@af Gz ax ay
Qs a3, Gy @)’
Gy Qo @ ay

a4 nepel TPOH3BENEHHEM Q,i03e0;90,y NOMKEH OHTH  NOCTaBJeH
3HaK ~, TAK KaK B MAaTpHLE HMeeTCH NAThL OTPE3SKOB C OTPULATENbHHM
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HaKJOHOM, COSAMHAIOIHX €ro 3JeMeHTH!

02 Qi3 Qy

B 3THX npuMepax KXOJHMYEeCTBO OTPE3KOB OTPHIATENHHOTO HaKJIORA,
COeJUHAIIMX SJEMEHTH AAHHOTO 4JeHa, PaBHO FHCAY «GecnopsixkoB» B
PAaclOJIOKEHHH MEPBHX HHAEKCOB SJIEMEHTOB, COCTAaBJAIOMHX B MPOH3BE-
HHH JaHHHA 9JleH: B MepBOM MNpHMepe IOCJAEROBATEJNLHOCTh MEPBHX
uuaekcos 2, 1, 4, 3 uMeer ABa «Gecnopsiikas, BO BTOPOM INIpHMepe IoO-

' CAeHOBaTeNbHOCTh NEPBHX HHJeKcoB 4, 3, 1, 2 HMeeT NAThL «GecnopsRKOBY.

[okaxeM, uTo 8Topoe onpedesenue 3HaKa 4aeHa onpedeiu-
TeAs pasHOCUAbHO nepsomy. Jlns 3Toro IDOCTATOYHO NMOKA3aTh,
YTO HYHCAO «OecrnopsiaKoB» B MOCAENOBAaTEAbHOCTH NEPBHX HH-
IEKCOB 3JIeMEHTOB JAHHOro 4jieHa (MpH HaTypaJbHOM MOpAIKe
BTOPHX HHIEKCOB) BCEraa pPaBHO YHCAY OTPE3KOB OTpHHATENb-
HOTO HAKJOHA, COEAMHSIOWIHX 3/JEMEHTH IaHHOTO u/leHa B MaT-
pue. Ho 3TO nouTH oueBHAHO: HailWyHe OTPE3Ka OTpUIATENb-
HNTO HAK/NOHA, COCNHHAIOUIETO 3JIEMEHTH Qg H gy, O3HAUAET
npu i < j, 4T0 @; >@;, T. €. HaauyHe «GecrnopsKka» B pacmo-
JIO¥EHNH TNEPBHX HHIEKCOB.

CMm. sagaun 1—3 (B xoHIe STOH TJaBH).
§ 1.4. CeoficTBa ompeneanteneh

1.41. Onepauus TtpancnonupoBannda Onpexenn-
Telb

a11 a21 .« o » anl
gz Gyy --- Gy

R ®)
Ay, Gy - Gy,

noiyueHnu#t u3 onpemenntens (7) 3ameHolt cTPOK Ha CTONGUH
¢ TEMH e HOMEpaMH, HAa3HBAETCH TPANCTLONUPOBAHHbIM TIO
otHomenmio Kk onpexenutento (7). [lokawmeMm, 4TO sgeauduna
TPAHCNONUPOBARNO20 OnpedesuTens cOBNAOAET ¢ BEAUNUNOR UCx0D-
Ho20 onpedeaureas. IlectButenvno, onpexemutenu (7) u (8)
COCTOAT, OYEBHIHO, H3 QNHHX H TEX XKe Y/JEHOB; MO3TOMY HaM
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JOCTATOYHO MOKa3aTh, YTO OJHHAKOBHE YNeHn 061anaT B onpe-
genutensix (7) u (8) M ONMHAKOBHIMH 3HakaMu. TpaHCIOHHPOBaHHE
MATPHILL OTpeIeNHTeNs, OYEBHAHO, €CTh Pe3yAbTAT €€ NoBOPO-
Ta (B mpocTpancTee) Ha 180 ° BOKPYT AHATOHAMH @y, Qgg, -« - -, Appe
[lpu 3ToM mnoBopoTe KawaAbH OTPE30K C OTPHUATE/NbHBIM Ha-
KNOHOM (Hanpumep, o6pasyouwnit yroa o < 90° co cTpokamu
MaTpHIB) MEPEXOAUT CHOBA B OTPE30K C OTPHLLATENbHHIM HAKAOHOM
(uMeHro, oGpasyoui CO CTPOKaMH MaTpulm yroa 90°—a).
[TosToMy 4ucAO OTPe3KOB ¢ OTPHUATEAbHHM HAKJIOHOM, COEIH-
HAIOLWHX 3MEMEHTH JaHHOTO 4Y/leHa, 1MOoc/ae TPAaHCIOHHPOBAHHSA
HEe H3MEHHTCS; C/leJOBaTeNbHO, HE H3MEHHTCHA H 3HAK 3TOrO uje-
Ha. Takum 06pa3oM, 3HAKH BCeX YJEHOB COXPAHATCS; TEM CaMbiM
BEeJIHYHHA OMNpeAeNHTeNd OCTAeTCH HEH3MEHHOH.

HokasanHoe cefiyac CBOHCTBO onpeaenuTeNs yCTaHaBIWBaeT
paBHonpaBue ero CTpPOK H crona6uos. [loatomy aanbhedine
cBOMcTBA onpenenutenelt Mu Oyanem ¢QopMynHpOBAaTHL M dOKa-
36BaTh TOJBKO AJAsA CTOJOLOB.

1.42. CBoiictBo antucummetrpuu. Ilon aurucum-
meTpuell OTHOCUTEAbHO CT0AGYOS8 TOHHMAKT CBOHCTBO OMpenae/H-
TeNsl MEHAT6 3HAK npU nepecranoske 0syx croabyos. Pac-
CMOTpPHM CHayana ciyuaif, KOraa mepecTaBisiOTCst ABA COCENHHX
cTonbua onpedenuTens, Hanpumep j-H u (f+4 1)-K. Onpene-
AMTENb, MOJYYEHHHH MOC/le MepecTaHOBKH CTOAOIOB, OyaeT
COCTOSITh, OUEBHIHO, U3 TeX Xe CAMHX 4YJIEHOB, YTO H HCXOR-
Huii oupenennutenb. PaccMoTpuM Kakofi-uubyab u3 4JIeHOB HC-
XOAHOrO omnpegenauTens. ITOT YJAeH B CBOEM  COCTaBe
HMeeT 3neMeHT u3 j-ro cronabua u snement u3 (f-4-1)-ro
cron6ua. Ecau orpe3ok, coeluHswowufi 3TH JBa 3JeMeHTa,
HMeN OTpHUATE/NhHMH HAKIOH, TO MOCJe MepecTaHOBKH CTONG-
LOB ero HaK/JOH CTAHET MOJOXHTEeNbHHM, M HaobopoT. UTo xe
KacaeTcss OCTaJAbHHX OTPE3KOB, COEMMHAIIIHX TMOHAPHO 3Jje-
MEHTH BBUIEJEHHOTO wJeHa, TO MOcje MepecTaHOBKH CTOJOLOB
XapaKTep HAKJOHA KakJAOr0 M3 HHUX OCTAHETC HEH3MEHHHIM.
CnexoBaTenbHO, KOJHYECTBO OTPE3KOB C OTPHUATE]bHBIM Ha-
KJIOHOM, COEAMHSIOWMUX 3JeMEeHTH JNAHHOTO ujeHa, MpH nepecTa-
HOBKE CTOJGLOB 3aBEJOMO HM3MEHAeTCH Ha E€JMHHILY; [O03TOMY
KawaAul ujed omnpexenauTtens, a CAeA0BATENbHO, M CaMm OMnpe-
JeJHTEeNAb, NMPH MEepPecTaHOBKE CTO/OLOB MeHSeT 3HaK.

MycTh Tenmepb NepecTaBASIOTCA He COCEAHHE CTONOLH,
a, HanpuMep, j-H crtonGen € k-M CTONGUOM, NpHYEM MEXIy
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HUMH HaxONUTCH m JAPyrux cTonbuoB H j< k. ATy nepecta-
HOBKY MOXHO OCYILECTBHTD MOC/€JOBATENbHHMH NEPEC TAHOBKAMH
COCEIHHX CTONOUOB B CJeXylolleM NOpsike: CHayana jJ-H cTOA-
Gen nepectasasercsa c (f-+ 1)-m, nanee ¢ (j-F2)-M, (j-+-3)-M

, k-M, 3atem nonyyuswmiica (B—1)-ik cronGeu (panee Gus-
wui  k-M) nepecrapasgercs ¢ (R—2)-M, (BR—3)-M, ..., J:M.
Bcero nonamobutcs m--1-4+m=2m-1 HepeCTaHOBOK cocen-
HUX CTOAOLOB; nocne KawioH M3 HHUX, NO NOKA3aHHOMY, Ompe-
JenuTeNb HU3MEHAEeT 3HaK M, CJAeJOBATENBHO, MOCAE KOHLA
npouecca -OyseT HMETb 3HaK, MNPOTHBOMONOKHHA HAYANBHOMY
(nockonbky 2m -1 npu n06OM 1eAOM M eCTb HEYETHOE YHCJIO),

1.43. CnexcTeue. Onpedeauress, umerowuii dsa oduxa-
KoBblx croabya, pasen HYalo.

B camoMm nmene, mepectaBisis 3TH CTONGUH, Mbl HE H3MEHHM
onpeaeAnTens; ¢ APYro# CTOPOHH, MO IOKA3AHHOMY, OH LOMKEH
U3MeHuTb CBOM 3nak. Takum oGpasom, D= — D, ortkysa cne-
ayet, yto D=0.

Cwm. 3anauy 4,

1.44. Jlune#inoe cpoicTBOo onpenennTens IT0
cBOHCTBO (hopmyaupyeTcs caenyiowum o6pa3om:

a. Ecau ece asementor j-20 croabya onpedeaureas D nped-
CTasAeHb. 8 gude «AunelHOU KkKomGunayuu» O0syx caqzaemvix

a;;=Mb;+ pc; (i=1, 2, ..., n

(A u p—durcuposannsie wucaa), To onpedeautress D pasen
Takod oke AuHeldHod Kombunayuu 08yx onpedesureied:

D == ),Dl + pDz, (9)

npusem y Kamdoeo u3 ITux Oeyx onpedesureield 8ce
CTOAOYbL, Kpome j-20, Taxkue oce, Kaxk y onpedeauress D,
a j-i croabey cocrour y onpedeautesn D, u3 uucea b;, y on-
pedeaureas Dy — u3 uucea c;. ,
HeficTBuTenbHo, BeskuH unen omnpeneautens D MoxHO
NpeACcTaBHTL B BHIE :

Q0,18q,2: - -Qajj- « - Qogn = Qo 18q,2. (Afba',‘l‘llca',) -Qapn =
:laallaazg. . .baJ. . .aa",,—{—paqllaazg. . .CaJ. «laun.

CoGupast BMecTe MepBnle ClaraeMbe (C TEMH 3HAKAMH, KOTOpHE
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HME/H COOTBETCTBYIOMHE 4Y/€HH NEPBOT0 ONpEENHTENs) H BH-
HOCS 3a CKOOKH YHCJIO A, MONyydM B CKOGKAax, OYEBHIHO,
onpeneautenn Dj; ananoruyno, coGupas BTOpHE craraeMbe H
BBIHOCH 32 CKOOKM YMCAO |, monayuum onpenenutens D,. Ta-
KHM o6pasoM, dopmyna (9) yctanosnena.

A1y ¢opmyny ynoGHee 3amucaTh B HECKOAbKO HHOM BHIE.
[lycts D — npoussonbHui QuKCcHpoBaHHH# onpesenutens., O6o-
3HaYHM yepe3 D/ (p;) onpemenutenp, KOTOPHI monywaeTcs MpH
3aMeHe 3/IEMEHTOB j-ro ctonbua onpemenntens D na uucna p;
({=1, 2, ..., n). Hcxomuufl onpene/inTenb MOXHO 3amHCaTh
B ¢opme D (a;;). Torna nokasannoe HaMu paBeHCTBO (9) npunu-
MaeT BHI Dj(lb,+pci)=ij(bi)—}—ij(c,-).

6. JluneHHoe cBOMCTBO ompenenuTtens Ge3 Tpyla pacnpocT-
PaHfETCA Ha TOT cayuyall, Koriaa Kaxninil 31eMeHt j-ro ctonbua
€cTh JHHeHAHass KOMOHHAUMS JI060T0 (PHKCHPOBAHHOIO YHCAA

CIAraeMuX:
a,-j':lb,.—}—p.c,-—}— S +Tfi;
B STOM ciyyae
D/(a;)=D;(Ab;+pc;+ ... +1f)=
=AD;(b)+uD;(c)+ ... +TD;(f;). (10)

1.45. CnencrBue. Obuui MHONUTEAb 8Cex 31EMEHTO8
HEKOTOpo20 (ToAbYa onpedesuTess MONMHO BbIHECTU 3@ B3HAK
onpedeaureas. ;

B camom mene, ecnu a,-jzkb,-, To no dopmyae (10)

Dj (aij) =D/(M7i) = A'Dj {b),
YTO H YTBEDXKAAETCH.

1.46. Cnencrteue. Ecau nexoropul crobey onpedeau~
TeAR COCTOUT YeAUKOM U3 Hyied, TO onpedesuTerb pasewn Hylo.
B camom nene, 0 ectb OGmMH MHOXKHTENb S/JEMEHTOB HaH-
HOro CTON6NA; BHHOCA €ro 3a 3HAaK ONpPENENUTENs, MONYYHM

D,(0)=D;(0-1)=0-D,(1)=0.
CM. 3agaay 5.

1.47. IlpuGasnenne xk oRHOMY CcTOAGUY ApY-
roro cronéua ¢ NpPOM3BOJNBHBM MHOXHTEEM.

a. OnpedeauTens He USMEHUTCR, eCAl K 37eMEHTAM OOHOZO
u3 e2o cToabyos npubasuTs COOTBETCTBYIOWUE SAEMEHTbL 1106020
Opyeozo croabya, ymuoKenHole HA PUKCUPOBAHHOE 4ucio.
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[ycth Kk j-My cTon6uy npu6asnsercs k-# (R 5% j), yMHOKEH-
wof#t Ha uucao A. B nonyyenHom onpenenutene j-# crtonGeu
GyneT COCTOATh H3 S/NEMEHTOB BHAA @;;+ ha, (1=1,2,...,n).
B cuny dopmyan (9)

D;(a;;+May)=D;(a;)+AD;(ay).

Bo BTopoM onpenenutene j-A cTon6el COCTOMT H3 3/IEMEHTOB
a;, T. e. cosnanaeT ¢ k-M ctoa6uom. Ilo caexcteuio [.43
D;(a;,) =0, orkyna

J
Dj (a‘j"}" Aaik) =Dj(a,~j),

4yTo W TpebyeTcH.

6. Pa3aymeercs, cBOHCTBO @ MOXHO chOpmyaHpoBaTh B Gonee
obuie#t dopme: onpedeautesrs D He UBMERUTCR, eCA K INEMER-
Tam ee0 j-20 cToA64a npubasuTc COOTBETCTBYIOUUE INEMEHTHL
k-20 cTOAGYQ, YMHOXCEHHBIE HA 4uUCAO ), 3aTem 3aeMenTbl l-20

CTOAGUA, YMHONCEHHbIE HA YUCAO W, . .., IACMERT p-20 cToAbYa,
yMmHoNcennole Ha qucao T (R5&j, I=j, ..., p5%J).
Cwm. 3anauy 6.

1.48. Bce ceo#icTBa, [HOKa3aHHHE HaMM B 3TOM maparpade
A CTONOLOB ONpeienHTeNs, B CHIY HEH3MEHHOCTH oOllpelenu-
TeJAf NMPH TPaHCNOHHPOBaHWM (1.41) OCTAWOTCA CNpaBelJIHBLIMH
H AN ero CTPOK.

§ 1.5. AnreGpaudeckue JONOJIHEHHS H MAHOPHI

1.51. PaccMoTpHM npou3BO/NbHLY, Hanpumep j-fi, ctoaGeu
onpenenutens D. IlycTb a;;— HEKOTOPHIH 9/1€MENT 9TOrO CTONGLA. -
B npaeo#t yacTu paBenctBa (6)

D= (—1)N @ s -...0gy 104, - . . g,

3anaoutero onpeaenutens D, coGepeM Bce YNeHH, coAepwalnue
3/IEMEHT @, 3aK/IOYHM HX B CKOGKH ¥ BbIHECEM 3a 9TH CKOOKHM
S/EMEHT a;;. Benuuuna, octaBumascs B ckoOkax, o603HayaeTcs
yepe3 A,-j; OHAa Ha3HBaeTCa aaeebpaudecKum OOnoAHeHuem 3Iae-
menta a;; 8 onpedesurese D.

Tak Kak B kawau# unen onpeaenutens D BXOAWT 3/NEMEHT
H3 j-ro cToa6ua, TO paBeHcTBY (6) MOXHO NpHAaThb Tenepb BHI

D=ay;A ;+agAy;+ . .. +ay4,, (11)
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dopmyna (11) HasuBaeTcd dopmy ot pasroscenus onpede-
auteas D no asementam j-20 croabya. PasymeeTcs, aHaNOTHUHYIO
¢OopMyNy MOKHO HANHKCATh H A JI0GOA CTPOKH ONpeAeanTENs D;
HanpuMep, And i-B CTPOKM Mul MOJYYHM TaKOE PAaBEHCTBO:

D= al'lAl'l—}— ai2A,-2—}— e + a,-nA,-n. (12)

Mu nonyuuiu TEOpEMY.

TeopeMma. Cymma 8cex npoussedenuil 3aemenT08 KaKo2o-
nubyds cTOAGYA (UAU CTPOKW) oOnpedesuTeis D na coorsercr-
syloujue arcebpaudeckue OONOAHeHUR PABHA CAMOMY onpedeau-
reao D.

dopmyns (11) u (12) MOXKHO HCNONb30BATH s BHUHCICHHA
onpepenurens. Ho mpu sToM HEO6XOAHMO YMETb BHIYHCAATD
anreGpanyeckue NONMOJHEHHsS; TPaBHIa IS MX BEYHC/ICHHS MH
npusenem B .54

1.52. OT™eTtuM oano caeacteue dopmya (11) u (12), koTopoe
6ylaer B JajbHe#iueM HCNOJb30BaHO.

PasenctBo (11) BHNOAHSETCHA TOXAECTBEHHO OTHOCHTENBHO
BEJHUHH Qyj, Qgjy .-, @, MOITOMY OHO oCTaHeTCsl ChpaBex-
NMBHM, €CAM 3aMeHMTb B HeM a;(i=1, 2, ..., n) na niobue
ApyrHe BeluunHbl. I1pn Taxo# 3aMeHe BENHUHHN Ay Agjy - s Ay
OCTAIOTCH HEH3MEHHBIMH, TOCKONBKY OHH HE 3aBHCHAT OT SJEMEH-
TOB Q. 3aMenuM B nNpaBoit M JEeBOH 4acTAX DaBEHCTBA (11)
SNEMEHTH @y, Qgj -+ -y Gy HA COOTBETCTBYIOLIHE SJIEMEHTH
KaKOro-HuGyAb APYroro, Hanpumep k-ro, ctonbua. Torma onpe-
aenutenp cnesa B (11) Oyner uMeTh ABa OXHHAKOBHX cronbua
H 10 /.43 6yner paBeH Hy/Mo. Mul mosy1aeM paBeHCTBO (nipH k 5= j)

alkA1j+aikA2/'+ “ e + ankAnj:‘ 0. (13)
Ananornuno u3 dopmyas (12) npu /=i nonyuaem
apAn+apdnt . A =0. (14)

Hrak, MH 10Ka3ald TeopeMmy:

Teopema. Cymma scex npousseferull 3AeMeHTo8 KaKozo-
rubyde croabya (uau Kakol-Hubyds cTpOKu) onpedeaurens D nHa
aszebpauteckue OONOAHEHUR COOTBETCTBYIOUAUX 3NEMEHTOB apy-
2020 cTOABYa (CTPOKU) pasHa HYAO.

1.53. Ecau 3auepkHyTb B MaTpHUE 71-TO MOPHAKA HEKOTOPYIO
CTPOKY M HekoTOpwH cronben, TO OCTaBIIHECH 9JIeMEHTH, €eC-
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TECTBEHHO, 06pa3yloT HEKOTOPYlo MaTpuuy (72— 1)-ro nopaaxa.
Onpeaenutens 3TOH MaTpPHUbl HAa3LBAETCH MUHOPOM JaHHOH
MATPHUH #-TO MOPAAKa (4 Takxke MUHOPOM ee ompeneautens D).
Ecan 61 3auepkHyTH - cTpPoKa H j-H cTonGeu, TO MOAyyeH-
Hull MHHOp oGo3sHauaetcs uepes M;; wan M;; (D).

Mubl JoKaxeM, YTO HMeeT MeCTO PABEHCTBO

A= (1) M, (15)
C MOMOILBIO KOTOPOTO BHIYHC/AEHHE anreGpaHyeckux AONONHEeHHH
CBOMHUTCH K BBIYHC/IEHHIO COOTBETCTBYIOIHX MHHODOB.

HdokazarenbcTBO pasedctBa (15) mnpoBeneM cHavana ans
cayuas i=1, j=1. CoGepem B npaBo#f yacTu paseHctBa (6)
BCE YJEHH, COJEPKALLHE IeMEHT @q;. PACCMOTDHM OIMH H3 TAKHX
yneHoB. QueBHAHO, YTO MPOH3BEAEHHE BCEX €ro 3MEMEHTOB, 3a
UCK/IOYEeHHeM a,;, JAaeT HekoTopu#t usen ¢ muHopa M,,. Tak
KaK B MaTpHue onpeaenautens D. HET OTPe3KOB ¢ OTPHUATENbHBM
HAK/JOHOM, COENHHSAIOUIHX INEMEHT @, C OCTAJAbHHIMH 3EMEHTaMH
BHIE/IEHHOTO Y/€Ha, TO 3HAK, KOTOPHH NPHNHCHBAETCS YNEHY @q,C
onpenenntens D, COBNaAaeT CO 3HAKOM, KOTOPH NMPHNHCHBAETCH
yneny ¢ B MuHope M;;. Bubupas n0mkHHM o06pasoM ujeH
onpexenutens D, conepxawuit sneMeHT a,;, H 3aYepKHBas a,,,
MOXHO MOJYYHTDb Jlo6o#t unen munopa M;,. IlosTomy paccmar-
puBaemas aiareGpanyeckasl CymMMa BCeX useHoB onpenenntens D,
colepwallux a,,, PaBHa MpoHsBeleHuio a,,M,;. Ho coraacuo
1.51 3Ta cymMma paBHa npoH3BeleHHI0 a,;A4,,. CiaenoBarenbHo,
Ay, = M;,, utO0 H TpebyeTcH.

Tenepy Mu nokaxem ¢opmyny (15) npu mobux ¢ H j.
To o6GcTosTenbcTBo, UTO NpH i= j=1 3Ta ¢dopmyna cnpasexn-
AuBa, OyJAeT HAMH - CyUleCTBEHHO HCMONb30BAHO. PaccMoTpHM
3JEMEHT @;;= a, PacnonOXeHHH# Ha mnepeceueHHH i-H CTPOKH
H j-ro ctonbua onpeaenutens D. [lepecTapasisi nocnenoBaTeabHO
cocelHHE CTPOKH H CTONOUM, MB MOXEM MEPEBECTH J/MEMEHT &
B JeBH#i BepxXHHH yroa MaTpHUW; IS 3TOrO MOHAZOGHTCA
i—14j—1=i-4 j—2 nepecranoBok. B pesynbTate M mo-
AyyHM onpeaeauTendb D; ¢ TeMH ke uneHaMH, Kakue Gynaer
HMETb HCXOAHH#l onpesenautenb D, ecaHn €ro yMHOXKHTb Ha
(—1)*/"2=(—1)*/. Munop My, (D,) onpenenntens D,, oye-
BHAHO, coBnaaaer ¢ muHopom M;; (D) onpeneanteas D. [lo no-
Ka3aHHOMY, B onpesenuTene D) ujeHnl, COAEPKALIHE 3EMEHT 4,
COCTABAAIOT B CymMe Beawunny aM,, (D,). Tlostomy B cocTame
HCXOAHOTO Onpeneanteas D unenn, conepxaliie 31eMeHT a;;= a,
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06pa3yIoT B CyMMe BEJHYHHY
(—=1)"*aMy, (Dy) = a;; (—1)"*IM;; (D).
Ho cornaco /.51 3ta ke cyMMa DpaBHAa NPOU3BENEHHIO
a;;A;;. Cnemosarenso, A;;=(—1)""/M;; Tem cambim dop-

ij— iy
Myna (15) ZokasaHa NOJHOCTBIO.

1.564. dopmyas (11) u (12) MoxkHO Tenepp 3amucaTh COOT-
BETCTBEHHO B {opme
D= (—1)1+1'a1].M1j+(—1)2+fa2jM2j+ .. +(——1)"+1'aan"j,
D= (—1)"*guMy+(—1)"* 20, .M+ ... +(—1)F"a; M,
B KOTOpPOHA OHH OGHIYHO H YNOTPebGnfnTCH.

1.55. Tpumep &L

a. Onpeje/nTesb TpPeThero mnopsika JAONYCKAeT IIeCThb pa3JHYHHIX
pasJoXkeHHHA (Tp}fl 10 CTPOKaM H TPH Mo cTos6uam). Hanpumep, pasio-
MeHHe N0 NepBOfl CTPOKe HMeeT BHJ

a1 Q1g 3
_ Qg9 Qg3 g1 i3 g1 Gy
Q1 Qoo o3 |=0ap —ay
Qg9 Qg3 Q31 Qgg Q31 Qso
Qg1 Qg Q33
6. OnpefenuTesib n-ro NOpsixa
au 0 0 e 0
gy e 0 ... 0
D,= 0
Az Qzp Qg3 ...
Qny Qpg Qpg ... Qpup

Ha3biBaeTcd mpeyzoabibim. Pasnarasi ero mo mnepBofi CTpoke, MOJNYYHM,
4TO ompene/iuTeAb D, paBeH NMpOH3BeJEHHIO 3JIeMEHTA @;y HAa TpeYTrOMbHLIH
onpenesnuteas (n—1)-ro nopsiaka

0 0 ... 0
D"_1= Qge a‘33 oo 0 .

Qpg Gp3 ... Qpn

Onpepenurens D, _, CHOBa pa3joMHM IO NMEePBOH CTPOKe; MOJYyUHM

D, _1=039D;_5, TAe D,._o — TpeyrosbHuii onpegenuTtesb (n—2)-ro mno-

paaka. Ilpogomxkas TakHm o6pa3oM jajiee, B KOHLE KOHLOB MOJYYHM
D,,=au Aoy ... Qpupy

T. €., TPeyroJbHHH ONpeleJHTe]b paBeH IPOH3BeJEHHIO 3JIEMEHTOB, CTOS-
IIMX Ha ero rJaBHOH JmaroHany,
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§ 1.6. IlpakTHYecKoe BhHMUCIAECHHE onpenenuteel

1.61. dopmyna (12) npuobpeTaeT 0COGEHHO NPOCTOH BHI,
KOTJXa BCE 3/MEMEHTH i-#f CTPOKH, KpPOME OXHOrO, HANPHMED &g,
paBHm Hy/il0. B 3ToM cayuae

D= apAips (16)

W BHuHc/JenHe onpeneanteis D n-ro HOPsiAKa HENOCPEACTBEHHO
NPHBOAMTCH K BBIYHCJCHHIO onpenenutens (71— 1)-ro nopsika.
Ho ecan npu a;, %<0 B i-# CTpOKe eCTb 3/EMEHT &;;, TaKue
He pasHHH HYNI0, TO MBl MOXEM BLYECTb H3 j-TO CTOJ6UA Ompe-
nenutens D k-f cTonbeu, yMHOXEHHHRt Ha ?vr—-Z'—.’; 8 pe3y/ib-
1
TaTe MB MONYHYHM ONpPENe/IHTe]b, DPaBHHE HcxomHoMmy (/.47),
Yy KOTOPOro j-# s/ieMedT i-i cTpokH yxe pasen uyaw. [losro-
psisi aHaJOrMYHBE ONepalHH, Mh MOXeM OT .Jiboro onpexenu-
Tend ¢ (PHKCHPOBAHHHIM 3/IEMEHTOM a,k;&O nepeTH K onpeae-
NHTEN0, Y KOTOPOTO BCE 3/EMEHTH [-H CTPOKH, KPOME &,
PaBHH HYJIO, H BHYHCAHTHL ero no ¢opmyne (16). Pasymeercs,
aHanoruyHee npeoBpas’oBaHHs MOKHO MPOH3BOAUTHL M CO CTO/G-
LlaMK OTIpele/uTeNs.

1.62. I1p umep. BuuMcaum onpefenutesib 5-ro nopsiaxa

—2 5 0—1 3

1 0 3 7-=2

D= 3—~1 0 —5
2 6—4 1 2
0-3-—-1 2 3

B TpeTbem cTosifUe TOrO OMpeleJIUTesl yke hMeeTcsi ABa HyJs. UToGu
NOJYYHTH B -3TOM CTOJIOLE ellle Ba HyJsl, HYXXHO KO BTOPOH CTpOKE IpH-
GaBHTb YTPOEHHYIO [ATYIO, @ H3 YeTBEPTOH CTPOKK BBIYECTD YYETBEPEHHYIO
naryio. Ilocne 3Toft onepauun 4 pa3NoXKeHHs! ONpPeJENHTENS MO TPEThEMY
CTOJIGILY MBI MOJYYaeM

—2 5 0 —I 3

1 —9 0 13 7
D=| 3 —1 0 5 —5|=
9 18 0 —7 —10
0 —3-1 2 3
—2 51 3 —2 51 3
B 1—9 13 7| | 1—9 13 7
==+ =D 31 5 5|=—| 3_1 5 —5/

2 18 —7 —10 2 18 —7 —10
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Teneps npouie Bcero MOJyYHTs TPH HYJS B NepBOM CToJ6ue: AJS 5STOro
Mbl NpuGaBHM K nepBofi CTPOKe YABOEGHHYIO BTOPYIO, a H3 TpeTbedl H der-
BepTO#t CTPOK BHIYTEM BTOPYIO, CCOTBETCTBEHHO YTPOEHHYIO H YABOEHHYIO:

-2 5-1 3 0—13 25 17
D= 1—9 13 7(_ {1 —9 13 7}_
==| 3—-1 5 —5|T7| 0 926 —3¢ 26|
2 18 —7 —10 0 36—33 —24
—13 95 17
=—(—I*2| 26 —34 —26].
36 —33 —24

Yro6 Jierue GHJIO BHIYHCJANTL NOJYYeHHHIH OMpeleHTeNb 3-TO NOPSAKa,
nocTapaeMcsi YMEHbIIHTb aGCOJIIOTHBE BeJHYHHbI €ro 3JeMentoB. Jlns
3TOrO NOCJIe BuHECEHHS H3 BTOPOH CTPOKH O6ILero MHOXHTeas 2 npuba-
BHM BTOPYIO CTPOKY K NepBoii H M3 TpeTheli CTPOKH BbIYTEM YABOEGHHYIQ
BTOpYIO:

—13 25 17 0 8 4 0 2 1
D=2| 13 —17 —-13|=2}13 —17 —13[=2-4}13 —17 —13}.
36 —33 —24 10 1 2 10 1 2

B nepeofi cTpoke HMeeTcs yxe ORHH HYJb, UTOGH NOMYyuHTH eule ORHMH
Hy/]b, BHYTEM H3 BTOPOrO CTOJIGNA YRBOGHHHA TpeTHil; Moc/e 3TOro onpe-
IeNuTeNb JETKO BHIYHC/ASETCS A0 KOHLA:

0 2 1 0 0 1 13 9
D=8 13 —17 —13|=8{ 13 9 —13|=8(—1p"*3 10 3l=
10 1 2 10 —3 2 -

—g8.3/13 __?l=8.3(-13-30):-8.3.43_—__1032.
CM. 3apauu 7—10,

§ 1.7. Mpasuao Kpamepa

1.71. Mu MmoxeM mnepefTH Ternepp K PEILEHHIO CHCTEM JH-
HellHHX ypaBHeHuH. PaccMOTpPHM CHa4ana CHCTeMY CHELHaAbHOTO
BHIA

Ay X+ agx, 4. Fax, =by,

Qg1 Xyt QgeXat+ . . . + Qg X, =y, (17)
QX1+ ApeXot .o X, = b,
C YHCJ/IOM HEW3BECTHHX, DPaBHHM YHcay ypaBHedu#t. Koadduumu-
ents a;; (i, j=1, 2, ..., n) o0pasyloT O0CHOBHYIO MATpUKY

cucremol, OTHOCHTEJ/IbHO KOTOpOﬁ Mbl  MIPEANOJIONKHM, UYTO €€
ornpeaenuTenb D otnauyen ot Hyaq. Mu [MOKaXeM, 4YTO Takasd
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CHCTeMa BCerja COBMeCTHA M ONpeneJseHHa, H NONyYHM
dopMyny ANA BHUHCAEHHS ee eAHHCTBEHHOrO pelleHud.
HonycTum cHauana, 4to cuctema (17) umMeeT HekoTOpOE

pewiexne ¢y, €y, ..., C,; CNpaBeA/NHBA, C/IENOBATENbHO, CHCTEMA
PABEHCTB
a6+ @l + ..o Fay,c, =0,
A9 €; +- gy + ... + a‘lncn == b,, (18)
anlcl —TI_ 12"262 + N + ann n— bu'

YmHoxHM neppoe u3 paBeHcTB (18) Ha aareGpanueckoe no-
noiHenue Ay, K 3/1eMEHTy a;, B MaTpHUE CHCTEMH, Hajee yM-
HOXHM BTOpPOe paBeHCTBO Ha A,,, TpeTbe—Ha Ay M T. A.,
noKa He noHaeM X0 NOCAeRHEro PaBEHCTBA; 3aTeM BCE MOMyYeH-
HH€ PaBEHCTBA CNOXHM. B pesynbTaTe Mb noayuum ciaeayiouiee
COOTHOLLIEHHE:

(@141 8045 + - .. Fa,y4,) ¢+
(A T @Ay - -+ a4, ¢+
+ (8,41 + @y, 45, ... +a,,A,,) ¢, =
=0 A1+ b4+ ... + 0,4, (19)
B cuny Teopemn 1.51 ko3dpduuuent npu ¢, B cooTHoweHHH (19)
paBeH camomy onpeaeantenio D; B cuay Teopemw .52 kosd-

¢GHUMEHTH NpH BCeX OCTaAbHBIX ¢; (f7 1) 06pawalOTCs B Hyab.
Bupaxenne B mnpaBoit uacTH ecrb PasnoXeHHe onpeldesuTens

bl Qi -0 Gy,
D, = by agy ... ay,
bu Qug -+ -+ Gy,
no nepsoMy ero ctoa6ily; no3ToMy paBeHcTBo (19) MO¥HO Teneps
3anucats B BHAe D.c; =D, oTkyna N
- D,
1~ p-

COBEPLUEHHO AHANOTHYHO MOKHO NONYYHTb BHpAaKEHHE
by ; ‘
Cj='5' =12 ...,n), (20)
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rae
Gy Gpg --- 81,5y by 8y e By

D= 8y dgp --- Gg,y-1 by 83,54 .- G =Dy(4)

A

e s e+ ® e & ® e e ® = s e o s =

Ay Qps - - an,j—l bn an,/+1 cee Gup

eCcTh ofnpeAenutTenb, NOAyYeHHHH H3 onpenenntens D 3ameHoH
ero j-ro croabua Ha cronGen, 3 umcen by, by, ..., b,

Mu noAyuuaH creAyIOHH pesynbTart:

Ecau pewenue cucremst (17) cyusectayer, TO OHO BblPANCAETCA
uepes K03(PuyUenTsL CUCTeMbL 4 npassie YacTu no gopmysan (20).
B yacTHOCTH, Mu ToOnyyaeM, 4To peimeHHe cHcTeMd (17), ecan
OHO CYIIECTBYET, eJUHCTBEHHO.

1.72. Temepp ocTaeTcs MOKAa3aTh  YTO peilieHHE CHCTEMH
(17) Bceraa cymectsyer. [loactaBuM BeJHYHHH

D; R
=% =12, ..., n)

B cucteMy (17) Ha MECTO HEH3BECTHHX X;, X, ..., X,. [loKa-
JeM, 4TO BCe ypaBHeHus cHcTemu (17) mpu 3ToM o6GpamaloTcH
B ToxaecTBa. JleHCTBUTENbHO, IS {-TO yPABHEHHS Mbl nonyqaem

D,
;16 + @pglat -+ - T i€ —auD Gia D+ +am D=

= '[1)‘ (i1 (01413 + byAgy + - - - +0,451) +
+ in (01412 + baAge + - - - +bpAn) +

+ Ain (blAln + bzAzn + o + bnAnn)] =
=T1)‘ (b1 (a1 A1+ aisAra+ - - - F 10 A1) +

® ® e & e« s s s s s e e s s s

+b; (a;)An+ 8338+ - - T 0 An) +

+b (allAnl+al2A 2+ +am nn)]

U3 Bcex ckoBOK, cnyxamux ko3¢d@HUMEHTaMH NpH BEIHYH-
nax by, by, ..., b,, oTaHuHa OT Hyas B cuay TeopeM [.5/
u 1,52 TOMbKO OAAHA, IMEHHO Ta, KOTOpas CTORT HPH BeAHUHHE b
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oHa pasHa caMmomy onpeneantemio D. Caenosarte/bHo, nonyueHs
HOe BHpaXeHHe NMPHBOAHTCA K BHAY

S bD=b,

T. . coBHajaeT ¢ NpaBoH YacTbi0 i-r0 YpaBHEHHHN CHCTEMH.

1.73. Utak, BenuuuHs ¢, AefCTBHTEBHO o6pa3yioT peiue-
HHe cuctemu (17). TeM camMbM MbH YCT2HOBHAH chelyloulee
NpaBHAO IAs NOAy4YeHHs pewieHHs cuctemw (17) (npasuio
Kpamepa):

Ecau onpedeaureay cucremvt (17) orauden OT HYas, TO ORA
umeer OOHO U TOALKO OOHO pelierue: 3HAYEHUEe Heu3BecTHO20 X;
pasno Opobu, 3HamenaTesem KOTOPO RBARETCR onpedeutesd
cucresmsi (17), a qucautesrem — onpedesutesb, noayuarouudcs sa-
Menod j-20 croabya 6 onpedesurese cuctemsi (17) na cToabey u3
npasovix wacted cuctemst (j=1, ..., n). _

OThiCKaHHe pellieHHsE CHCTEMH (17), Takum oGpa3om, CBO-
JUTCA K BHYHCJEHHIO onpenenuTteneh.

Cwn. zapauy 11,

Cnoco6u peweHns Gonee OOLIHX CHCTeM (C onpeneauTeneM,
PaBHBIM HYMI0, HAH C YHCAOM YpaBHeHHH, He pPaBHHM YHCAY
HEH3BECTHHX) 6yAyT JaHH B IBYX C/IeAYIOUHX [/aBax.

1.74. 3aMmeuvanne. HMHorma BcTpPeYalOTCH CHCTEMH AH-
HeHHWX ypaBHeHHH, cBOOOAHWE U/ieHH KOTOPHX HBAAIOTCH He
YHCNAMH, 4 BeKTOpPaMH (B aHAJHTHYECKOH TreOMETpHH, B Mexa-
Huke). Teopema Kpamepa u ee BHBOL OCTAlOTCH CMpaBeA/IHBLIMH
H AAf 3TOrO cay4as; cjAelyeT HMeTb TOJBKO B BHAY, YTO H

3HQUEHHS HEH3BECTHHX Xy, X, ..., X, Takke OyAyT He
yucnaMu, a Bektopamu. Hanpumep, cuctema

X+ x,=10—3/J,

X, —X,=10+5f

AMeeT pewieHHe (eAHHCTBEHHOE)

cy=1i4J, c;=—4J.
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§ 1.8. MaHOpH MPOM3BONBLHOrO MOpALKA.
Teopema Jlannaca

1.81. Teopema .51 o pasnowenuu onpemenntens no CTpOKe
HAH CTONOUY ABAAETCH YACTHHM ClAyyaeM Gosnee oburedt TeopeMunl
O Pa3N0IKEHHH OTPede/TUTENA MO 1eJOH COBOKYNHOCTH CTPOK H/IH
croa6uon. lpexae yeM chopmyanposatsb 3Ty 06ulyl0 Teopemy
(reopemy Jlannaca), BBeZeM HEKOTOPHE HOBHE onpexe/eHus,

Ilyctb B KBazpaTHOH MaTpHue n-TO mopsaxa YKa3aHH npo-
H3BONLHO R </l DPasIMYHHX CTPOK W CTONBKO XK€ Pas3/aHYHHX
CTONGUOB. IJ/IEMEHTH, CTOSIHE HA TMEPecedeHHAX 3THX CTPOK
H CT0A6LOB, 06pa3dyloT KBaApaTHYIO MaTpHLUY mnopsiaka R; ee
OnpenesHTe/Nb HAa3LIBACTCH MUHOPOM R-20 nopadka KaHHOK MaT-
PHUB 7-TO TOpAAKa (a TaKke MHHOPOM K-TO MOpAZKa onpene-
autens D) u o6osHayaetcss uepes

M=M; 32,
rae iy, iy, ..., i,—HOMEpa BHACJECHHHX CTPOK, A Ji, Jo, « - «, Jp—=
HOMEpa BBIIENEHHHX CTO/GLOB.

Ecan 3ayepxkHyThb B MCXOXHOH MAaTpHLE CTPOKH H CTONGLH,
B KOTOPHIX JEXHT MHHOP M, TO OCTaBmIHecs 3MeMEHTH CHOBA
06pasyioT KBaupaTHYI0 MAaTpPHUY NOpPSAKa #—k; ee onpepeu-
Te/b HA3LIBAETCS MHHODOM, OONOARUTEAbHbIM K MHHODY M,
H 0603HayaeTcs CHMBOJIOM

M=M2 i g

TAE MHHIEKCH YKasulBaloT HOMepa BHUYEPKHYTHX CTPOK
H CTOAGLOB.

B uacTHOCTH, ecnM MCXOZHHWH MMHOpP HMeeT nopsaoK 1,
T. €. COBNAaNAET C HEKOTOPHM 3/1EMEHTOM a;; onpexenutens D,
TO JONO/HHTE/bHHA MHHOp cOBnanaeT ¢ musopom M, o koTo-
pom mna peub B 1.53.

PaccMoTtpum Munop

1,2,..,k&
M1=Ml,2,...,k)
nexamuid B nepBHX R CTPOKax M MepBHX R CTON6HAX onpelxes
autens D; MHHOp, NOMONHHTENbHHH K HeMy, eCThb MHHOP
Vol 2.k
M2=M1:Ml, 2, ., ke
Buizenum B npaBoit yactn ¢opmyan (6) Bce Te unenw onpe-
JE/HTEeNfl, B KOTOPHX MNEPBLIE R 3MEMEHTOB IIPHHAL/NEKAT MH-
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Hopy ‘M,, a cneaoBaTenbHO, OCTA/NbHHE fl— R 31€MEHTOB — MH-

Hopy M,. duKcupyeM cHayana OIMH H3 TaKHX 4YJIEHOB C TeM,
uTOGH OnpeneNHTh 3HAK, KOTOPHH A0/MKeH GHTb eMy MpPHUNHCAH;
0603HayHM STOT uyneH yepe3 c¢. [lepBue Kk 3neMeHTOB 3TOro
y/leHa . ONpenensioT HeKOTOpHH unaeH ¢; MHHOpa AM,;; 06o3Hayum
yepes N; YHCAO COOTBETCTBYIOHIHX OTPe3KOB OTpPHLATENLHOrO
HaK/IOHA; TOrAA 3HAK, KOTOPHH A0/MKeH OHTbH MOCTAaB/eH mepexn
YleHOM ¢; B MHHOpe M,, onpenensieTcss BupawenueM (-—1)Ni,
OcTanbHele n—Kk 3MEMEHTOB uY/leHa ¢ ONPeAENSIOT HEKOTOpPHH
uleH ¢, MHHOpa M,; 3HaK, KOTOpHH HOMKeH. GhTh NOCTABAEH
nepel 3THM 4YJE€HOM B MHHOpe M,, onpexensieTcsi BHpaXeHHEM
(—1)N:, rae N,—4uC/0 COOTBETCTBYIOUIHX OTPE3KOB OTpHua-
Te/AbHOro HaknoHa B MHHOpe M,. Tlockosnbky B MaTpHue onperne-
auteas D HeT HH OZHOrO OTPe3Ka ¢ OTPHLATEABHHM HAKIOHOM,
KOTOpH# cOoeaunsn Oul 31eMeHT MHHOPA M, ¢ 31eMeHTOM MHHOpa
M,, obuiee YHCAO OTPE3KOB OTPHLLATENBHOIO HAKAOHA, COEIHHAIO-
UHX 37EMEHTH 4Y/eHa ¢, paBHo cymme N, + N,. Ilostomy 3mak,
KOTOPHH CNelyeT NOCTABHTh Mepei YNeHOM ¢ B onpeaenutene D,
onpenensieTca BupaxenneM (— 1)¥e+Ne y cnexosaTennHo, paBen
MPOU3BENEHHIO 3HAKOB YIEHOB ¢; M ¢, B MHHOpax M, u M,. 3a-
MeTHM, Jalee, YTO MPOH3BeLEeHHe NIOOOro yieHa MuHopa M, Ha
060l wied MuHopa M, ZaeT HaM OXHH W3 BhAENEHHWX YJEHOB
onpenenutens D. Otciola BHTEKAET, YTO CYMMa BCeX BHIEJNEH-
HHX Y/leHOB B BupaxeHuu onpegenutens D no ¢agpmyne (6)
paBHa MPOH3BEAEHHIO MHHODPOB M; H M,.

Tenepe MH MONYyYHM NOXOXHH Pe3yAbTAT AN TPOH3BOABLHOTO
MHHOpa '

— i B e ik

My=Mg 5
C JONOJNHHTENbHHM MHHOPOM M,. IlepecTaBiassa nocnenoBatensHo
COCeAHHe CTPOKH M CTOJGLL, MH MOXEM MHHOP M, nepesécTH
B JeBHH BepxHuit yron onpeaenurtens D; ans 3T0ro noualloﬁm—
A Beero (L — 1)+ ({,—2)+ ... F(—k)+(,—1)+
A(jp—2)+ .. —{—(_/k—k) nepec TaHOBOK. B pe3yabTaTte. MH
nony4uM onpeleantens D; ¢ TeMH e uYNeHaMH, Kakue Oyner
HMETb HCXOIHHHA onpexeautennr D, eciu ero yMHOXHTb Ha

+ — B

(=1, rre i=iy+iy,+. +lk, J=h+jat ...+ Mo
llOKaSaHHOMy, B onpenenmene D, cymma Bcex Tex uneuos,
nepBhe £ 3/EMEHTOB KOTOPHX BXOUAT B MHHOP M,, paBHa
npoussenenuio M;M,. Otclona creayer, Yto cymma coowe'r-
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CTBYIOUHX YIECHOB ONpPENENHTENS D paBHa npousBeeHHIO
(— 1)'” M1M2 = M1A2,

rie BemuunHa A, = (—1)"*/ M, nasuBaeTcs aszebpauveckum
donoanenuen munopa M, 8 onpedeaurese D. Wuoraa ynotpe6-
JAg10T 0603HaYeHHe

T Y
Az‘—Au, Tgy «oos Ik °

dukcupyem Tenepb B onperenntene D CTpoKH ¢ HOMepamH
iy, iy ..., iy B xawuImil unen onpenenutens D BXOXAT Hexo-
TOpsle 37eMeHTH W3 3THx cTpok. Ecam cobpath BmecTe BCe Ta-
KHe uJieHbl, ¥ KOTOPHX 3JIeMEHTH BHIIE/JEHHHX CTPOK NpHHajje-
AT K (PUKCHPOBAHHHM CTOJGLAM C HOMEPAMHU Ji, fo, - - -5 Jpy TO,
M0 JOKAa3aHHOMY, CyMMa BCEX ITHX YJIEHOB OyJeT paBHA NPOH3-
BeJEHHIO MHHOpA

M

Ha COOTBETCTByloLee anreGpanueckoe NONONHEHHe. Bee 4ieHH
onpeaennTeNs, TaKHM 06GPa30M, MOXHO pa3OHTh HA TPYNMH, Kax-
nas M3 KOTOPHX ompexensieTcss 3aganueM k ctoabuos. Cymma
YyJeHOB B KaXIOH rpynme paBHA MPOM3BEJEHHI0 COOTBETCTBYIO-
HIETO MHHOPA W ero anreGpanyeckoro aomonuenns. IloaTomy Bechb
onpexenuTeNb MPENCTABJAAETCA B BHIE CYMMH

D=3 (— 1) My G M (21)
npuYeM CyMMHPOBAHHE NPOM3BOXHTCSA NPH PHKCHPOBAHHHIX MHIEK-
cax iy, iy, ..., I (MHZEKCH BHIGPHHBIX CTPOK) MO BCEM BO3-
MOXHEIM 3HAYEHMSM HMHAEKCOB CTOMOUOB Jfj, Jy, .
A1<ih<p< ... <Jjy<n). Csoficteo onpeneantens D,
BHpaxalomeecs paBenctBoM (21), W HasmBaercs Teopemoi Jan=
aaca. Ouesupno, ¢opmyna (21) melictBurenpHo spaseTcs 0606-
nrenuemM (GOPMYJH DPa3NoKEeHHS ONpefeNuTels mo OLHOH CTpOKe,
nonyueniolt B 1.54.

Ananoruynasi ¢opmysna cnpaBemJHBa JJs PasNO¥eHys oOmpe-
peautens D no ¢ukcupoBaHHOM cHcTeme CTONGUOB.
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1.82. IIpumep. Onpenenurens Buia

Qyy +re Qg OG54 -0 Can

Qo1 -+ Qop Qg py1  +-- Ggp
D=)ay, ... a @ g1 - Gy ,

0 ... 0 i1, k41 0 Cry1,n

0 ... 0 @, 441 -+ Qu

BCe 3JeMEeHTH KOTODOTO, HAXOMAsLIMEcs B MepBHX R cronbuax
M NOCHeIHHX 71—k CTPOKAX, PABHH HYJIO, HAa3HBAETCH K8a3u-
Tpeyeoiprtm. LA €10 BHUKC/IEHHS DA3/MOKHM onpelelnTenb Nno
HEPBHM £ CTPOKAM ¢ HOMOWLbIO Teopemu Jlanaaca. B cymme (21)
ocTaHeTCs TOABKO OJHO CaraeMoe, W MB HONY4YHM

Gy .- A Cpi1, k41 + - Pl n

D-—.....-'......., .

Cpy - O By ker oo Bun

Cwm. 3anauy 12,

§ 1.9. O saumeiino#i 3aBUCHMOCTH MeXay CTOJGLAMH

1.91. IlycTh HaM Jaso HECKOJAbKO, HAnpuMep m, HHCAOBHIX
CTONGUGB MO 72 YHCET B KAWIOM:

1 2y, ] 2ym

21 Qoo Qom
A, = , A= Y .

anl an2 anm

YMHOMUM KawIH# 3JeMEeHT NepBoro cronfua Ha HEKOTopoe
uHCA Aq, KAXCABH 9/1eMEHT BTOPOro CTOAGLA — HA YRCIO A,, ...

., KaxjuH 37eMeHT MOCJIEHHEr0, m-ro, cToA01A Ha YUHCIO A,
H C/IOMHM COOTBETCTBYIOMIHE 3/eMeHTH IOJy4eHHHX CTO/OLOB.
B pesynpraTe monyuHMTC HEKOTOPHH HOBHIN 4nca0BOH cronGew,
3JIEMeHTH KOTOPOro Mh 0003HauuM OyKBaMH €y, €4y ..., Cp.
Bce 3TH JelCTBHA MOXHO HArJASJHO NpPeLCTABUTH C [OMOLIBIO
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C/AERYIOLLEH CXEMKI:

}a” ‘ ” Qg A ’ 51
. an | ‘> Aqy Qo Cqy
? | S
An1 l @no Chm H |,

HJH, Kopoue,
MA 24,4+ ... +A,4,=C,

rae yepez C ofo3HaueH moayuuBluuicst croabei. DTOT CTOJ-
6eu C Ha3WBaeTCs AuUHedHOL KOMmOumayueid B63ATolLx CT0AGHO8
A, Ay, ..., A, unena A, A, ..., A, Ha3duBAWOTCH KO3~
puyuentamu 3TON auHEHHOH KOMOHRALHH.

YacTHHIMH CAyyasMH JHHeHHOH KOMOMHAIIMH SBASIOTCH CyMMa
cToa6yos (korma kosdduupentst Ay, ..., A, paBuu 1) u mpo-
H3seaeHde croablua Ha uucnao (korma m=1).

Tenepr npencrasum ceGe, YTO HAWUK CTOAGUL B3ATH HE CAMH
no ce6e, a BXOAAT B COCTaB HeKkoToporo onpenenutens D z-ro
nopsiaka. JokaweM cienyioulylo Teopemy.

Teopema. Ecau o0un us croabyos onpedeautreas D sasasn-
eTca aunednold Kombunayuetl dpyeux crorbyos, To D=0.

Hokazarenncrtro. [lycts, Hanpumep, g-it cTonbel onpe-
aeautens D gsasercd juHefiHol xomOuHaume#r j-ro, k-ro, ...
<+ ., P-TO CTONOLUOB 3TOr0 onpeaenutens ¢ KosppHIHEHTaMH,
COOTBETCTBEHHO, A, Ay, .. ., A,. Toraa, Buuntas us ¢-ro croaéua
J-# cTonben, yMHO)KeHHuﬁ Ha A 3aTeM k-H crosnfell, yMHOXeH-
HbIf Ha Ay, ..., Haxonel, p-i cmnéeu, yMHOXeHHBH Ha A,
Mbl cornacHo 1.476 He u3MeHHM BeJuvuHsl onpegenntenss D; HO
B pe3yibTaTe ¢-H cronbei 6ynetT cOCTOATh M3 OXHUX HYyJeH,
OTKyAa BeiTekaet, 4to D =0.

3ameuaTenbHO, YTO CNpaBelXNuBa U oGpaTHas TeopeMa: ecau
3adannsui onpedeauteas D pasen nyao, To odur (N0 MenbLIieH
Mepe) u3 e2o cToa6408 s84eTCA Aunelinol kombunayuel dpyaux
cTo26408. JoxasaTenbcTBO 3TOH TeopeMnl TpeOyeT HeKOTOPHX
NpeaBapHTeNbHHX NOCTPOEHHH, K KOTOPHIM Mbl M [E€PEXOIHM.

1.92. [lycTb onsitb HMeeTCd  UYHCIAOBHX CTOAOLOB MO 7t
S/1E€MEHTOB B KaWJAOM. Mbl MOWeM 3anucaTb HX B BHIE MaTpHLH
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C 72 CTPOKaMH H m CTOAGUAMH:

21 Cyp - Oy
A| @ @2 - Can

Qpy Qpe o Qup,

Ecan  ¢ukcHpoBaTh HekoTOpoe umcno A cTOA6LOB 3TOH
MaTPHUL H TaKOE€ Xe YHCIO B €€ CTPOK, TO 3JIEMEeHTH, CTOf-
L{HE HA MepecevyeHUsX yKa3aHHHX CTONOLOB M CTPOK, 06pasyioT
KBaJApaTHyK) MaTpHuy £k-ro nopszka. Ee onpeanenutenp Haswl-
BAETCA MUHOpOM K-20 nopadka marpuyst A; o MOXeT GHITh
paBeH Hymo HMH otimyen oT Hyas. Ecam cpeanm uwncen g
eCThb OT/HYHBIE OT HyAq (4TO Ml Bcerza 6yaeMm NpennosaraThb),
TO BCErZa MOXHO YKa3aThb HATypasbHOE HHCAO r, ofnaiawuiee
TaKHMH CBOHCTBaMH:

a) y MaTPHUH A HMeeTCS MHHOD r-rO NODSAKA, OTIHYHHIH
OT HyJf;

6) BesikuH MHHOp MaTpHUW A, HMEIOWHH nopsiaok r -+ 1 win
Buute (ecnd BooGule TAKOBHE CYLIECTBYIOT), paBeH HYJIO.

Yucno r, obnanaioliiee yKa3aHHHIMH CBOHCTBAMH, Ha3hlBaeTCs
paneom matpuus A. Ecnn Bce @, pPaBHH HymO, TO paHr Mart-
PHILW CYHMTaeTcs paBHbIM Hya0 (r =0). B nanpHettuiem My npen-
nosaraem, 4to r > 0. ToT MHHOp r-ro mopsiika, KOTOpHH OT-
JHYEH OT HyJA, HA3bIBACTCH OA3UCHOIM MUHOPOM MATPHUH A,
(PasymeeTtcs, y maTpHus A MOxeT 6HTh H HeCKOAbKO 6asHc-
HBHIX MHHOPOB; HO BCE€ OHH HMEIOT OLHH H TOT ¥e MNODPSIOK r.)
Cronbubi, Ha KOTOPHIX MOCTPOEH Ga3sHCHBIE MHHOp, HA3HBAKTCH
6asucroimu croabyanu.

1.93. Mmeer MecTo cnexywluas BakHas Teopema:

Teopema (0 6asucHoM MuUHOpe). Jwbod croabey
marpuyst A Asanerca auneldHOU Kombunayued ee 6a3ucHeLX
cT016408. .

Hoxasartenscrtso. [Ipeanonoxum ans onpeneneHHoCTH,
4TO Ga3HCHBIH MHHOD MaTpHUK A pPacnosokeH B NMEPBHIX 7 CTPO-
Kax # mepBuiX r ctonbuax matpuus A. [lycth §—mwoboe uenoe
yHeno ot 1 1o m, a k—nwo6oe uenoe uucio or 1 mo n.
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PaccvoTpum omperenntens (r--1)-ro nopsnaka

11 G1g - -+ Q1 Gy
Qo1 Qog -« -+ Qop Gy
D=|. . . ... ...l
Ay Qpg -+ Qpp Oy
Qpr Cpa -« Qpr Qs

Ecnn k< r, onpenenuteny [, OYCBHIHO, paBeH HyJIo0,
TaK KaK B HeM HMEWTCH ABC ONHHAKOBHE CTPOKH. AHANOrHYHO
D=0 npu s<r. Eciu B >r n s >r, 10 onpexeanutennr D
TAaKXe paBeH HYJAW KAk MHHOp (r--1)-ro mnopsika MaTpHUB
paura r. CnexoBatenpro, D=0 1pn mMoGuX 3HAYEHHAX R H S.

Pasnoxum onpenenntens D no mocaeaned CTPoKe; Ml mony-
YHM PaBEHCTBO

apAnt Gt - -+ A T CpsArs =0, (22)
rae uncna Ay, Ags, ..., Appy Apg 03HAYAOT COOTBETCTBEHHO
anre6paHdyecKkHe JOMNONHEHHS 3J1EMEHTOB @gq, Qpgy « - -y Ggpy Qpg

HAXOISILHXCS B HHKHeH cTpoke ompedeautens D. IDtn anre6-
paxuecKkHe JIONOJIHEHHS HE 3aBHCAT OT YHCAA R, Tak kak o6pa-
3YIOTCSl ¢ TIOMOWIbIO SJEMEHTOB @;; C [ < r; NO3TOMY Mbl MOXEM
BBeCTH 0003HaUEHHSH

Api=c¢y, Apa=2¢Cy .y, Ap,=¢, Ap=c,

TloxctaBnas B paBeHCTBO (22) mociaenoBaTeNbHO 3HAUCHHA
k=1, 2, ..., n, NONyYHM CHCTEMY DPaBEHCTB

€111+ C28yp+ - —Fcau—kcah=:0
claql—f-c2a22—+- o €@yt €5y =0,

cl n1+62an2+ +Canr+cans—0

Yneno c,=A,, OTANYHO OT HyJ]f, TaK Kak A, ecTb 6Gasuc-
HHH MuHOp Matpuum A. PasmennB kawioe wu3 paBeHcTB (23)
Ha c,, TlepeHecsl Bce cJjaraeMble, KpOMe MOCTEAHEro, B MPaByio

(23)

c ,
4acTh H OGO3HAYHB —Ei wepes A; (j=1,2, ..., r), mu
S

MOy HHM

= 7"1‘111 4 Aty + . A r21r)
a 1‘221—*_ 2a22+ —*_7" azr’

n.v = A’lanl —*_ 7" anz —*_ —*_ 7" anr'

(24)
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STH PaBeHCTBa MOKa3bBAIOT, YTO §-# cronben MaTpuun A sBis-
eTcs nHHeHHOH KoMOuHauyeH nepsuix r cTONOLOB ITOH MaTpPHLLL
(c xosdduunentamu Ay, Ay, ..., A,). Tlockonbky s MOXeT GHITb
nio6uM YncaoM oT 1 1o m, Hawla TeopeMa NOJHOCTBIO JOKa-
3aHa.

1.94. Mo MoxeM Temepb JoKasaTh C(OpPMyNMPOBAHHOE B
konue 1.91 obpaiuenne Teopemun 1.91.

Teopema. Ecau nekoropeii onpedeuress D nopsdka n
pasen HYyato, TO Yy Hezo umeercs cToabey, KOTOPbul ABAAETCA
Aurelinoil Kombunayuel dpyeux croabyos.

INokasaTtTenbcTBO. PaccMoTpumM MaTpHuy onpeiendtens
D. Tlockonpky D =0, GasucHu#i MHHOpD 3TOH MaTpuUB HMEeT
nopspox r < n. TloaTomy mocie BuaeneHust r 6asMCHHX CTOIG-
OB MBI CMOWeM HalfiTH elle MO MeHbliel Mepe OXuH CTOAGeEI,
He TomaBIMH B YMCIO GasHCHHX. B cmiy TeopeMbl 0 6a3uCHOM
MHHOPE OH TpeACTaBAseT CO6OH HEKOTOPYIO JHHEHHYI0 KOMOH-
Hauuo GasucHux croabuos. Mrax, MH Halad B onpelesuTene
D cTon6en, KoTOpui#t sBasieTcss AMHeHHOM KoMOuHaUMEH APYTHX
CTONGLUOB, YTO U YTBEPHAANOChH.

3aMeTuM, 4TO B COCTaB 3TOH nnHeHHOHK KOMOHHAUMH MOWKHO
BK/IOYHTb H BCe OCTaBluMecs cTonbuw onpelenurens D, mocra-
BHB TIEpE] HUMH, HamnpuMep, Hyjeshie KO3(GHUMEHTH.

1.95. [lonyyennme pesynbTate MOWHO cOpPMYTHPOBATH
B HECKOJBKO 60Jee CHMMETPHYHOM BHIE. ’

Ecnu kosdduumentsl Ay, Ay, ..., A, nuneino#t xomGuna-
UMH m uncnoBelx crtonbuos A,, A, ..., 4, (1.91) B3aTb
paBHHIMH HYJIO, TO OWeBHIHO,” YTO B pesy’bTaTe NOAYYHTCH
Hysesoll cToabey, T. €. cTONGEU, COCTOAILHH M3 ONHMX HyJed.
Ho BO3MOXHO, 4TO HyneBOH cTOnGel MOMYYaeTCH M3 3alaHHBIX
CTONGUOB HE TOABKO TaKMM CHOCOGOM, @ H C TMOMOILLBIO KO3d-
¢duuneHToB Ay, Ay, ..., A,, U3 KOTOPHX HE BCE PaBHH HYJIO.
B atom cayuae B3saTee cTonbuw Ay, Ay, ..., A, HaSHBAOTCA
AUHELHO 3a8UCUMbIMU.

Hanpuwmep, croabuu

1 2

A1= % ’ A2= g" A3=%

4 8]

—
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JMHEHHO 3aBMCHMHI, TaK Kak HyJeBoH crosfel paBeH JHHeAHOH KoMGH-
HalHH

2’A1_1'A2+0'A8.

Onpenenenne nuHelHOM 3aBHCHMOCTH MOXHO copMyaupo-
paTh Oonee noApoBHO Tak: CTONOLH

a5 Q9 Cim

asn Qs Aom
A, = , A= y ey A=

anl an2 anm

HA3BIBAIOTCHA AUHENHO 3asuUCUMBIMU, €CIH CYUIeCTBYIOT BeJH-
YHHH Ay, Mg, ..., A,, HE BCe DaBHHE HyJO, TaKHe, YTO YIOB-
JIETBOPAETCH CHCTeMa ypaBHeHHH

May +Mags+ .o+ Aa,, =0,
Mg+ Motge+ .+ . . + Apay, =0,

May, +ha e+ oo+ Ap0,,=0,
PIH, YTO TO We caMmoe,
MA; - hgdyt oo+ A, A, =0%),

Ecau odun u3 crorbyos A,, A,, ..., A,, HanpHMep mnocnex:
HHUl, ABaseTcA AuneldHOl Kombunayued OCTAAbHOLIX,

A =MA 4+ Mado+ oo Ay 1An 1, (25)

T0 croabyst Ay, A, ..., A, auxeino 3asucumel. JeHCTBH-
TeNbHO, COOTHOUIEHHE (20) PAaBHOCHIBLHO COOTHOUICHHIO

MA + A+ oo Ay 1A (—1) A, =0;

C/Ie0BATENBLHO, CYILECTBYeT JauHeHHas KomMOuHauus CcTonGLOB
Ay, 4, ..., A,, x03(dHUMEHTE KOTOPOH HE BCE paBHBI HYJIO
(B yacTHOCTH, nociennnii kosdduinent pased —1) u koTOpas
JaeT B pe3yiabTaTe HyJeBOH cronbeu; 3TO M 0O3HayaeT nHHeH-
HyI0 3dBHCHMOCTBH cTONOLOB A, A4, ..., A4,

O6patho, ecau mexdy crorbyamu A, A, ..., A, umeercs
AUHEHAR 3a8UCUMOCTE, TO (no Menbuwied mepe) 00uUH u3 3TuUX

*) 3necb B npaBof uacTH cHMBoa ( O3HavaeT HyJeBoH croaber.



3AJAUH 39

croa6y08 A845eTca Aunednoll kombunayued octTaabHelx. B caMoM
Jejne, NyCcTh B paBeHCTRe

MA A A A, A, A A =0, (26)
BRI PAXAIOLLEM JAHHEeHHYIO 3aBHCUMOCTE cTOAGLOB A, Ay, ..., 4.,

OTMHYeH OT Hyns, Hanpumep, kosdduuuent A,. Torma coor-
HOlwerKe (26) paBHOCHABHO COOTHOLIEHHIO

M Ay Ap—1
A, x, A, - A— ... T A, 1
KOTOpOe I0KasmBaeT, uTo cTonbeny A, sBAseTcs Auneftdolt
xoMOuHanHe# crtonbuos A,, A, A1 '

WUtak, croabyst A,, Ay, ..., A, auneino 3as8ucums. T020a
U TOAbKO To20a, K020Q OOUH U3 3TUX CTOABYOB ABAACTCA AUHEl-
Hol KombuHayueld OCTANbHOLX CTOABHOS.

*y

1.96. Teopemw /.97 u 1.94 mnoxkasuBawT, YTO ONpefesH-
TeAb [ paBeH HyJ 0 TOrjJa M TOJNBKO TOrIAa, KOrja OAMH H3
ero crtoabuoB dABIAETCH JAuHeHHOM KoMGMHalMed OCTalbHHX.
cTOAG1OB.

HMcnoabays nonyvennnt 8 7.95 pesynprat, MH MoxeM cdop-
MYy/IHDOBATh CJEAYIOULYIO Teopesmy:

Teopewma. Onpedesuresv D pasen nyiw T020a U TOALKO
10200, K020a MexOy e20 cTOABYAMU CYUlecTBYeT AuHelnas 3a8u-
CUMOCT®.

1.97. Tak xax npuM TpPaHCNIOHUPOBAHHH ONpEJeNHTENs ero
BeJIHYHHA He MeHsieTcd (/.4/), a CTONOUH 3aMEHSIOTCSA CTPOKAaMH,
TO BO Bcex ¢opMyauposkax Hacrosuiero naparpada crondusl
MO¥HO 3aMEHHTb HAa CTPOKH. B 4aCTHOCTH, UMeeT MecTO Cae-
IYIOLIHA pe3yabrat:

Onpedeauress D pagen Hyato Toz0a u TOAbKO TO20a, K0204
MENHOY ez0 CTPOKAMU CYUECTBYET AUHEUHAA 3a8UCUMOCTS,

CM. 3ajayn 13—14,

3AJAYH

1. C xa KHM 3HAKOM B ONpeAe/HTEN:b 6-T0 MOPAAKA BXOAAT UJEHH!

a) d230310490568, 4065,

0) Q320430140510460957

2. BunucaTb Bce unieHB, BXOASIlHE B COCTaR ONpefenHTenst 4-To
TNOp AAKa CO 3HAKOM — K COJepiKailHe MHOKHTeJeM dyg.
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8, C kaku™m 3HAKOM BXOAHT B ONpejedaHTe]b n-To MoOpAgKa uJeH

Qyp O a,1°
in G2, n-1 -+ Gn1
4’ TlokasaTb, 4TO H3 n! uJeHoB onpejenuTesid POBHO TOJIOBHHA

{nl
(—2—> riofyuaeT Mo ONpe/eJeHHIo § 1.3 3nak -+, a BTOpas NOJOBHHA —

SHAK —-.
5. BLIUHCMHTL ONpPEASIHTEND

am-+-bp an+-by
em4-dp enddg |’

PA3NOKKB €O Ha CllaraeMLie.
6. Uncna 20604, 53227, 95755, 20927 1 78421 pendrca Ha 17,

JlokasaTh, UTO ONpejesHTe1b

~ N RO R
oUW
SO~ O
O DR O
—_ -3 Ut~

raxke genutcs Ha 17.
7. BHIUHCJIHTh OHpeAenTe A

21111
246 427 327 13111
Ay=] 1014 543 4433, A,={11411].
342 721 621 11151
11116
8. BeagcauTh ONpeesuTe/ib
1 1 2 3
12—x22 3
P(x)= 9.3 1 b
9 3 19—
9. BHuACAATL OTPEJEAHTENb A-TO nopRjKa
i1xaa ... @
axa...a
A=laax ... aj.
aaa ... x
10. BruscauTh onpedelmend Bandepmorda
1 1 oo 1
Xy Xy v X
A%y Xor v Xn)= X B ...
et gl onm
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11, Pewnts cucreMy ypaBHeHHi

X+ 2%, + 3x3+4x4 +5x5==13,
2%+ X+ 2x5+3x,+ 4x5 =10,
2%, + 2%, + x3+2x,+3x5 =11,
2x; 2% +2x3 -+ x4 +2%5= 6,
2%y +2x4 +2x3+2x4+ x5= 3.

12, ChopMynupoBaTe M J0Ka3aTh TEOPeMy, HAXONAILYIOCS B TaKOM
e JIOTHUECKOM OTHOIIeHAHM K Teopeme Jlamaaca, B KakoMm Teopema [.52
HaXopuTca X Teopeme [.51.

13. TlocTpouts YeTHpe CTOAOLA H3 YETBIPEX WHCEN B KamJAOM, KOTO-
peie He ObliH Gbl JIHHEHHO 33aBHCUMEIMH.

14. TlokasaTb, 4TO €CJU CTPOKH HEKOTOPOro OINpefie/uTeNs H-TOo
NopsAKa JHHeHHO 3aBHCHMBI, TQ JHHEAHO 33BUCUMBF M ero CTONGIHL,
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JIMHEHHBIE MPOCTPAHCTBA

§ 2.1. Onpenesenne

2.11. B asanuTHyeckoH 1eOMETPHH H B MeXaHHKe HCIIONb-
3YIOTCH HanpaB/eHHble OTpe3kH — BeKTOophl. [1As8 BEKTOpPOB ycra-
HOBJIEHH MO ONpejAeseHHbIM NPaBHAaM AcHCTBHA: H3BECTHO, 4TO
03HAYaeT CyMMa JBYX BEKTODOB II 4TO O3HayaeT NPOH3BeAEHHE
BeKTOpa Ha BeuiecrTBedHoe uucao ¥). [Ipy 3TOM BHIOAHSIOTCA
00biuHble 3aKOHbl apH(PMeTHKH.

Onpenenenne nuiHedHOro 1pocTpaHcTBa 00001LaeT onpere-
JeHHe COBOKYMHOCTH Bcex BekTOpoB. O600MIEeHHE [IPOH3BOANTCA,
BO-NIEPBLIX, IIyTEM OTBJEYEHHS OT KOHKPETROH mNpHpoAn 00Db-
€KTOB (HANpABNEHHHX OTPE3KOB) ¢ COXpaHEGHHEM CBOHCTB AeHcT-
BHH HaJ HHMH, BO-BTOPHIX, MyTe€M OTBJECUEHHS OT KOHKPETHOH
NPHPO/KE AONYCTHMHX MHOXHTe el (BelecTBenHbX uncena). Takum
o6pa3oM, 1oayyaeTcs cjaeiyloulee olpeaeeHue:

MuoxectBo K nasmnaercs aunednsin (adpdunnoim) npocrpan-
creom Had nosem K, ecau a) uMeeTcs 1IPARHAO (NpaBHAO
CNO¥KeHUs), KOTOPOE MO3BOASET AN KaXAHWX IBYX 3JEMeH-
ToB x u y u3 K noctponTs Tpetnii snemMenT z € K**), naswisae-
MBI cymMOL 34eMenT08 X W y W 0003RauaeMbii x -1-y; 6) uMe-

*) Mbl He KacaeMmcsl TOKa JPYTHX BeKTOPHBIX ONepauuil — cKalaap-
HOrO M BEKTOPHOrO npou3sefenuil. Bo BcskoM ciywae o6a 3Tu TNpOH3Be-
JeHMs] He MOTYT Mrparth TOHl poJi¥, KOTOPYIO HrpaeT oGbluHOE Npou3Beje-
HHE B TIoJIe BEUIECTBEHRLIX YHCEJ; CKassipHOE NPOH3BeJEHHE BEKTOPOB yxe
He eCThb BEKTOP; BEKTOPHOE MpOW3BeJeHHe BEKTOPOB XOTb H €CTb BEKTOD,
HO 3Ta OMnepalus, B OTJHUHE OT YMHOMEHHS BeleCTBEHHBIX 4HCEJ, HEKOM-
MYyTaTHBHA.

**) Mbl HCTIONIB3YeM 3/leChb M B JaJbHellueM HEKOoTopbie 0603HaueHus
TEOPHHM MHOXKeCTB. 3anuck g€ A o3HauaeT, YTO 3JEMEHT 4 BXOQHT B MHO-
®KecTso A; 3anuch BCA 03HauaeT, YTO MHOKECTBO B fBJMETCH UACTbHIO
MHoxectBa A (npuueM B momer H cosnajath ¢ A). JlBa cooTHOWEHHA
B A, AC B paBHOCH/bHB YTBePXKAEHHIO, UTO MHOMecTBA A H B COB-
najalor. 3Hak# €, C Ha3bBAIOTCS 3HAKAMU 6KANHEHUA.
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eTCHl MpaBHA0 (IPABHAO YMHOKEHHS HA YHCA0), KOTO-
poe mno3BONSET MNOCTPOHTh JAAS KawAoro snementa x €K u
moGoro yncna A € K snement u € K, nasuBaemuti npoussedenuem
3AeMenTa X Ha 4ucao A W oGo3HauaeMmm#t Ax; B) npasuna a)
H 6) yNOBNEeTBOPSIOT AKCHOMAaM, MepeyHCHeHHHM B 2.12—2.13.

dneMeHTH NHHEHHOTO OPOCTPAHCTBA MH 6yneM Ha3bBAThH
8eKTOpamu, HeB3Hpash Ha TO, 4TO IO CBOel KOHKPETHOH mpH-
poxe oHM MOLYT GHTb BOBCE H He IIOXOXH HA NpPHBHWYHBIE HaM
HampaB/eHHble OTpe3kH. [eoMeTpHYecKHe mpenCcTABNEHHS, CBS-
3aHHBIE C HA3BAHHEM «BEKTOPBI», MOMOTYT HAM YSICHHTb H 4acTo
NPeABHAETb HYKHHE pDe3ylbTaTh, 4 TaKkKe HAXOAUTh IPAMOH
FEOMETPHYGCKHA CMHCT B pPa3lHyYHHX ¢akTax u3 anre6pn H
aHanmu3a, KOTOpuH 6e3 TOro He Gu 6w OYeBHAHWM. B wacTHO-
CTH, B Cjelyiouledl r/aBe MH IOJYYHM IIPOCTYI0 FeOMETpHYeC-
KYyI0 XapaKTepHcTHKY Bcex peuieHu#t 0JHOPOAHOH H/IH HEOZHOPOMI-
HOH CHCTEMB NHHEHHHX ypaBHeHHH.

2.12. Tlpeanonaraertcs, MTO NpPaBHAO COKEHHs O61agaer
C/IEAYIOULHMH CBOHCTBaMH:

1) x+y=y-+x g mobux x u y us K;

2) (x+y)+z=x+(ys2z) ana mobux x, ¥, 2 13 K;

3) cymectsyer sneMent O (1yab-6exTop) TakoH, 4TO x+0=x
Ins awboro x €K; »

4) ansa kaxaoro x €K cywecTsyer aneMeHT ¥y €K rakon,
YTO x+y =0 (nporugonoioxrsui 31eMenT),

2.13. llpeanonaraercsi, 4TO NpPaBHJAO YMHOXEHHSl Ha YHC/O
o6nanaer c/enylOWHMH CBOHCTBAMH!

5) 1.x==x nas moboro x €K;

6) o (Bx) =(aB) x ans nwboro x €K u Mmobux o u B us K;
B 7) (a+B)x=oax+Px ana noboro x €K u Mobux o n

n3 K;

8) a(x+y)=ax-+ay ana nobux x 1 y u3 K u no6oro
o€ K.

2.14. Ua akcnom 1)—8) MOXKHO NONYYHTb B MEPBYI0 OYe-
penb clenylolHe TEOPEMH:

a. Teopema. B awbom aunednom npocrpancree cyuiecr-
8yer eQuUHCTBeHHbL HYAb.,

Hokasatenbcrso. CymecrsoBanue XoTs 6Ll OAHOTO HY-
A9 yTBepiAaeTcd B akcuome 3). JonycTuM, uto B npocTpancTae K
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umelorcs asa Hyna: O, u 0, Tlonaras B akcuome 3) x=0,,
0=0,, M monyyaem

01+02:O].‘
Monaras B To#t we akcuome x =0, 0=0,, Mu noayyaem
02+01202.

CpasHuBas mepBoe H3 NOJYYEHHHX PABEHCTB CO BTOPHM H MOJMb-
ayacbh axcuomolt 1), maxoamm 0;=0,, uTO u TpeGoBanoch.

6. TeopeMa. B a1060m AuredHOM NPOCTPAHCTEE 0AA KAX-
0020 3/eMEHTA CYyuecT8yeT eOuHCTBeHAHbLL NpOTUEONOA0MNCHbIL
3AEMEHT. . '

DoxasateanbcTro., CymecrsoBanne x0T 6H 0AHOrO
MPOTHBONO/IONKHOIO SIEMEHTa YTBEpWAaeTca B akcHoMe 4).
HonycTuM, 4TO 418 HEKOTOPOIO 3/EMEHTA X UMeeTcd JBa npo-
THBOTIO/IOHBIX 3/M€MEHTa y; W y,. [lpuGaBuM k oGeum uacTaM
PaBEHCTBA X --y; =0 3EMEHT y,; HCIONb3YS aKCHOMH 2) H 3),
MH TIOJy4Yaem

Yo+ (X +y) =yt %)+ n=0+y,=y,
Yot (x+y1) =y + 0=y,
OTKyZA J; =y, YTO H TPe6OBaANOCH.

B. TeopeMa. [ua 8cakoeo srementa X 6 aobom auxeds
HOM NPOCTPAHCT8E UMeeT MecTO PABeHcT80

0.x=0

(8 npaBod yacTu paBeHcTBa O 0O3HaYaeT Hy/ibL-BEKTOP, B JeBOH —
yuciao 0).
HDoxasatenncTBo. Paccmorpum 9nement O-x--1.x;
HCIOMB3YS aKCHOMBI 7) M 5), MH MojydaeM
0Ox4+1x=0+1)x=1x=x, 0.x+4+1.x=0-x+x,

OTKyZAa
x=0.-x+x;

npuGapnfs K OGEHM HacTAM PaBEHCTBA MPOTHBOMOJNOKHHMA K X
S/IEMEHT Y, HaXOMMM

0=x+y=(0-x+x)+y=0-x+(x+y)=0-x+0=0-x,
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OTKyHa
0=0-x,
YTO H TpebyeTcH.
r. Teopema., [Jaa scaxozo siementa x 8 awbom suned-
HOM NPOCTPAHCTEE NPOTUBONOAOMCHBLM IAEMEHTOM CAYNCUT

y=(=1)-x

Hokasatenbctso. CoctaBum cymmy X --y; HCHONb3ys
AKCHOMH H TEOpeMy &, HAXONHM

x+y=1l-x4+(—1)x=(1—1)-x=0.x=0,

4TO H Tpebyercs.

A. Mo Oynem o603HayaTh Temeph 3JEMEHT, npomaononom-
HHA K JaHHOMY 3/IEMEHTY X, Yepe3 —x; JOKa3aHHas Teopema 2
deNaeT ecTeCTBEHHHM 3TO 0603HadeHHe.

Hanuyne npoTHBONONOKHOIO 3/1eMEHTa MO3BOJSIET BBECTH
onepaunio BHYHTaHHA. VIMeHHO, paswocTe Xx-—y ompenmensercd
KaK cymMMa X u —y. OTO omnpele/neHHe COraacyeTcs C ompeje-
JeHHeM BHUYHMTaHus B apudmeTuxe,

2.15. Jlnne#tHoe mpocTpaHCTBO Hand moneM R BewiecTBEHHRX
yucen Mu OyleM Ha3HBAaTbh 6ewecTgenssim M 0603HAUATH ye-
pes R. Jluneitoe npoctpaHcTBO Hax monem C KOMIJIEKCHHIX
YHCeJl Mbl GyNeM Ha3HBATH KOMMAEKCHbIM M 0603Hayath yepe3 C.
Ecnn yxkaszauw ‘mpupoma snementoB x,'y, z, ... M npasmna
meAcTBHH HAaX HuMu  [npHyeM  DOMKHE 6b1Tb BHITIO/THEHH
akcHoMn 1)—8)], M GyleM HasBBAaTh JHHeHOE NPOCTPAHCTBO
KOMKpEeTHbIM W MCNONb30BATh Il HEro, KaK TpPaBWIO, HHIHMBH-
IyanbHoe oGo3HayeHue,

B nanpHefiiem nng Hac GymyT ocoGeHHO BaXHHW CleLylo-
mpe TPH THNA KOHKPETHHIX IMPOCTPAHCTB:

a. [IpoctpancTBo V;. dnemenTs 3TOro mnpocTpaH-
CTBa—CBOGOIHEE BEKTOPH B MPOCTPAHCTBE, PACCMATPHBAEMEIE
B aHaNHTHYECKOH reoMeTpun. Kaxamfl BexTOp xapakTepusyeTcs
41uHO# M HampasneHuem *), CloxeHHe BEKTOPOB ONpeneleHO
OObYHEIM 006pa3oM MO MpaBHIy Mapanfieorpamma. YMHOWeHHe
BEKTOPA Ha BELIECTBEHHOC YHCIO A ONpeleNeH0 Takke OORY-
HHM 006pasoM (UMeHHO, IHHA BeKTOpa yMHOWaeTcs Ha |A,

*) 3a uCK/IoueHHEM HYJIBb-BEKTOPA, AJMHA KOTOPOrO paBHA HYJIO,
a HanpaBJIeHHE NPOHU3BOJBHO.
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nanpasnedne npn A >0 ocTaercs HeusMenHwM, npu A <0
3aMeHAeTCH Ha NPOTHBOMNONOKHOoe). Jlerko MpoOBEpHTb, YTO BCE
aKcHOMH 1)—8) 34ech BHNONHEHH. AHanor HYHBE COBOKYMHOCTH
BEKTOPOB Ha MJIOCKOCTH M HA MPAMOH, TaKxke mnpelcTasiasioline co-
60l nUHeHHNE MPOCTPaHCcTBa, 0GO3HAYHM COOTBETCTBEHHO 4YEpe3
Vo, u Vi Vi, V,, Vg—JnHeiiible NPOCTPAHCTBA HAL NO/NEM R.

6. [lpocTpancTso K, OaeMeHT 3TOro NpoCTPaHCTBA —
nio6asi coBokynHocTh X = (&, &y, ..., &,) 7 uncen u3 noas K.
Atu uucna &y, &, ..., E, OyleM HasmBaTb KoopOunaramu
anemenTa Xx. JleHCTBHS CNOXEHHS M YMHOXeHHs Ha uucio A €K
NPOU3BOJATCH MO CeAYIOUIHM MPABHAAM:

(gl! §2) "',En)_l—(nlv nzy sy nn)—_—
=(§1+T|1, §2+n2: "'a§n+nn)v (1)

A'(El‘ §2, MR ] En) = (A’Elv 7"327 M ] ?"En) (2)

Jlerko mNpOBEPHTH, 4TO AaKCHOMH 1)—8) yIOBIETBOPEHH.
B uactHocTH, 31eMeHT 0 €CTb COBOKYNHOCTb 7 HyJei:
0=(0,0, ...,0)., dakTuyecKn MbH HMeIH JeN0 C SJIEMEHTAMH
storo npocTpanctBa B § 1.9; TOAbKO MB 3amuchBany TOrAa
uX He B (opMe YMCJIOBOH CTPOKH, a B Qopme cronbua. Ecnu K
ecTh mone R BellecTBeHHHX uyucen, o6Gosnauedne K, 3ame-
Haetcas Ha R,. BEcan K ectb mone € KOMIVIEKCHBIX 4HCE],
o6o3nayedue K, 3amensetc Ha C,.

B. [IpocTtpanctBo R(a, b). DneMeHT 3TOTO MNPOCTpPaH-
cTBa— nioGas BeleCTBEHHasi HenpepoiBHAas (yHkuus x=x (f),
onpenenenHas Ha otpe3ke a<( f<(b. [eHcrua caoxenus
GyHKUME M YMHOXKEHMS WX Ha BELIeCTBEHHbE 4YHCaa ofpene-
JAKI0TCH 10 MpaBHJIAM AaHA/M34; BHIIOJHEHHE aKCHOM 1)—38)
oyeBuano. [Ipn 3aTom 3neMenT 0 ecTb ¢yHKuHS, TOKIAECTBEHHO
paBHas nynio. [Ipoctpanctso R (a, b) ecTb auHeRHOe MPOCTPaH-
CTBO Hajl mnosneM R BellleCTBEHHHX 4YHCEJ.

r. [poctpanctBo C (2, b)) COOTBETCTBEHHO €CTh MPOCTPaH-
CTBO BCEX KOMIUIEKCHO3HAYHBIX HeNpepeBHHX (YHKUMA Ha OT-
peske a<Cf<(b. ATO NPOCTPAHCTBO €CTh JHHEHHOE MpPOCTpaH-
CTBO HAjA NOJEM KOMIJIEKCHHIX YHCEN.

2.16. 3ameTuMm, YyTO BCe CBOMCTBA 3MEMEHTOB KOHKPETHHX
NPOCTPAHCTB (HANIpHMepP, BEKTOPOB MPOCTpancTea Vg), OCHOBAK-
HHE TOJNbKO Ha akcuomax 1)—8), cnpaBem/iMBH H 17 S/eMeH-
TOB MOGHX JHHeHHHX mpocTpancts. Hampumep, aHanusupys
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A0Ka3aTenbCcTBO TeopeMbl Kpamepa o pelucHuu cHcTeMH AuHed-
HBIX YypaBHeHHH

anXi+ X, + .. ay X, ==by,
Xyt QpXy+ ... Fay,x, = bs,

L R I A a5, =b,,

MBI MOXCM 3aMeTHTb, YTO B TOM uacTH, KOTOopas Kacanach
BeqnunH by, b,, ..., b,, OHO OCHOBBIBAJIOCH TOMBKO HAa TOM
baKTe; YTO 3TH BEIHYMHH MOWHO OBUIO CKAAABBATL H YMHO-
¥aTh Ha uyHcsa u3 K, npuueM HCHOJb30BANHCH MpaBHAA 1)—8).
910 103800  0GOGHINTL TeopeMy Kpamepa Ha cuctemu,
B KOTOPbIX BETHYHHB by, by, ..., b, CyTb BEeKTOPH (3/1eMEHTH
MpoCTpaHcTBa V), Kak MH yxe ykaswBaiu B /.74. DTo no3so-
JAET, lanee, yTBepkIaTh, uTo Teopema Kpamepa cnpaBennusa
H /L CHCTEM, B KOTOPHX BeNHYHHBI by, by, ..., b, saBasOTCSH
3/ICMEHTAMH NPOU3BOJILHOTO JMHEHHOTO NpocTpancTBa K, OTmeTum
TOJIBKO, 4TO 3HAYEHHS HEHIBECTHHX X;, X,, ..., X, OyaAyT
TOrA2 TAKKE 3JIEMEHTaMH 3TOrO MPOCTPaHCTRa K, NHHCHHO BH-
PamalOWUMHCH Hepe3 BeH4HHB by, by, ..., b,.
Cum. sagaun 1—3.

2.17. 3amMevanue. B ananutuueckod TEOMETPHH HHOIAA
OmiBaeT ya06HO paccMaTpHBaTh BEKTOpHl He CBOOOJHHE, a 3a-
KpEIIeHHHC CBOHM Havya/loM B Hauajze koopawHat. Takoe pac-
CMOTpeHHEe yAOGHO TeM, YTO NpPH 3TOM KamAkH BEKTOp acco-
IHHPYETCH C HEKOTOPOH TOYKOH NMPOCTPAHCTBA — CBOMM KOHIIOM
H Kawlas TOYKAa NpOCTPAaHCTBAa MOXeT OHTh OnpemeseHa COOT-
BCTCTBYIOUIHM BEKTOPOM — TaK H43bIBAEMBIM Paduycom-6eKTOpOM
3TOH Touyku. MMes B Buay 3Ty KapTuuy, Mul OyneM HHOTrHA
HA3LIBATL  3/IEMEHTH JIHHEHHOrO NPOCTPAHCTBA HE BEKTODAMH,
a ToYKamu. PasymeeTcst, Takas nepeMeHa Ha3BaHUS He comnpo-
BOKINAETCA HHKAKHMH M3MEHEHHSIMH B ONpENEJeHHAX H anell/iH-
PYeT JHUIb K HAIUUM TEOMETPHYECKHM MpEICTAaBJEHHIM.,

§ 2.2. Jluneiinas saBucumocts

2.21. THlycts x,, X, ..., Xp—BEKTOPH JiHHeAHOrO mpo-
ctpauctea K Hax monem K w Oy, Oy, ..., O——YHCJIA H3
nons K. Bexrtop

V=X Xy .. o,
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HA3WBACTCHA Aunelnod Komburayuel BEKTOPOB X, Xg, ..., Xp;
ynena oy, O, ..., Oy — KO3(PQuyuenTor 3TOR nuHEHHOR KOMOH-
HalMH.

Eciu o, =a,=...=a,=0, 10 B cuiy Teopemu 2./{8
MH Tiosiyuaem, uTo y=0. Ho mower O6HITh M Tak, 4TO Cyule-
¢TByeT juHeHiHas KOMOWHALHMA BEKTOPOB Xy, Xy, ..., Xp, B KO-
Topo#t He Bce KO3(OUUMEHTH paBHn HYJII0 H KOTOpasd, TeM He
MeHee, JaeT B pe3y/bTaTe HY/Ab-BEKTOP; B 3TOM Cjyyae BeK-

TOpH X;, X3, ..., X HA3HBAIOTCA JHHEHHO 3aBHCHMBIMH.
WHbiMH CJIOBAMH, BEKTOPHl Xy, Xy, ..., X; Ha3blBAIOTCH AuHelnO
3aBucUMbIMY, €CIH CYUIECTBYIOT YHCIA O, O, ..., O, HE BCE
paBHBE HYJII0 M TakHe, UTO

X F Xy + .. Fopx,=0. (3)
Ecan we paBencTBO (3) BO3MOXHO B eIHHCTBEHHOM Cly4ae,
KOra O ==Cy=...=0, =0, BEKTOPH X, X3, ..., X, Ha3H-

o

BAIOTCH AUHEUHO HE3ABUCUMbIMU.

2.22. IlpumMeps.

a. B nuneftnom npoctpancTBe V, nauHeHHas 3aBHCHMOCTH
JIBYX BEKTOPOB 03HayaeT, YTO OHH MapajnefibHel OQHOH W TOM
We TpAMOH; NuHeMHaw 3aBHCHMOCTH TpeX BEKTOPOB—UTO OHH
napannenbHel 0AHOW u To#t e mnockocTH. Beskne wuethpe
BEKTOpA JIHHEHHO 3aBHCHMH.

6. Buscuum, uTo O3HauaeT nuHediHad 3aBHCHMOCTL BEKTO-
pOB X;, Xy, ..., X, nAunefinoro npocrpanctea K. Ilycts Bek-
Top X; mMeet koopamnatd EP, EP, ..., EP (i=1,2, ..., R);
TOrJa JHHEHHAA 3aBHCHMOCTh

Xy + Xyt ... Fax, =0
03Hd4aeT, 4TO BHIOJHACTCA /1 PABEHCTB

T )

a8 + ok 4 L ot =0, (4)
a8f + b+ . b =0, J
ApHYeM Cpean NOCTOAHHBIX @y, G, ..., (Zk HMCIOTCH OTJAHYHBIE

OT HYJis; 3TO~——TO CaMOe€ OomnpeAe/cHHE JHHeHHOW 3aBHCHMOCTH,
KOTOpoe MHl maiu B [.95 AAs 4HCAOBHX CTO/OLOB,
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Takum o6pa3oMm, BONPOC O AMHERHOR 3aBHCHMOCTH BEKTODOB
Xy, Xg ..., % B OOuiem ciyuae CBOAATCH K Bompocy O Cy-
MECTROBAHIH HEHYIRBOTO peuiCHHs Y OXHOPOIHOR CHCTEMH ypaB-
nennit ¢ ko3pdHIHCHTaMH, PABHHIMH COOTBETCTBYIOWHM KOODIH-
HaTaM XaHHMX BekTopos. B cjeayeoinef riase 3TOT BOMpoc
GyneT noaHocTbio pemted (3.21), H Tem cayhHM 6yaeT MOJYyHEHO
npaBui0, MO3B0Afi0LIEe CYOHTE O auuciHoil 3aBHCHMOCTR HJH
HE3aBHCAMOCTH NAHHIX BCKTOPOR NPOcTpaHcTBa K, Mo HX Koop-
IUHATAN.

B. Ho B HEKOTOpHX cay4agx MH MOXeM H Tenepb yxe
JenaTh BHBOAW O JAHHEeHIOH 3aBHCHMOCTH HJAH  HC3aBHCHMOCTH
nmankof cucreMw BektopoB. [lycTb, HanpaMep, B NpOCTpaH-
cTBe K, B3STH 71 BEKTOPOB

e;=(1,0,0,...,0), e,=1(0,1,0,:..,0), ...
., €,=1(0,0,0,...,0,1).

CucteMa (4) ais 3THX BEKTOPOB NPHHHMAeT BHA

a,-1+a,-0+ea3-0+... 40, 0=0,
-0y 1 050+ ... +a,-0=0,
a1-0+a2-0~{-01-0+...+a,,-1=0
M, OYCBHINO, IOMYCKaeT €IMHCTBEHHOE DELIEHHe Oy ==Cp == ...
. =0, ==0. Taxum 06pa3oM, BCKTOPH &;, €5, ..., €, B TpO-

cTpatictee K, THHEAHO HE3aBUCHMH,
Cwm. 3apauy 4.

r. Jlusefinas  3aBHCHMOCTb  BEKTOpPOB X, =X, (f), X, =
= X, (#), ..., Xp=X, () npocTpancTBa R(a, b) (um C(a, b))
03HauaeT, 4TO Mekly OyHKuHsMH X; (f), X (f), ..., Xg(f)
HMEeTCS COOTHOLICHHC

ayy (f) Fagxy (1) 4 - .. o, () =0,

NpHuCM BCLIECTBEHHHE (KOMMIEKCHHIE) MOCTOSHHHE Gy, Og, ...
.., O HE BCC PaBHH HY.TIO. Hanpumep, dyukuun x, (f) = cos?{,
X, (f)=sin%#, x3(f)=1 nuseARO 3aBHCHMH, TaK KaK HMeEeT
MECTO COOTHOIUCHHE

Xy (1) 4 %5 (1) — x5 (1) = 0.
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[poBepum, uto dyukuun 1, £, 3, ..., t* nnHelino Heaa-
BHCHMH. J[OMyCTHM, YTO CYUIECTBYET COOTHOLIGHHE
- 1+ o+ ... o tF=0. (5)

Torna, nocnepoBatenbHo auddepeHunpys £ pasa paseH-
CTBO (9), MBI MOJAYYHM cucTeMy R+ 1 ypaBHEHHH OTHOCHTE/NbHO
BEJIHUMH O, O, ..., O, C ONpe]e/HTe/]eM, 3aBeIOMO OTIHYHBIM
ot nyaa (/.556); pemas cuctemy no npasuny Kpamepa (/.73),
MH 10Jy4aeM, 4TO

Og=0 = ...=0,=0.

Cnenosatenbto, ¢yukunu 1, £, £3, ..., f* juneHino HesasH-
CHMbI B npocTpaHcTBe R (a, b), 4TO MBl H yTBEpPWKAaJH,

Cwm. 3amauy 5.

2.23. Ot™MeTHM nBa NpPOCTHX CBOMCTBA CHCTEM BEKTOPOB,
CBSI3aHHBIX C JHHEHHOH 3aBHCHMOCTBHIO.

a. Jlemma. Ecau HekoTopsie u3 6eKTOPO6 X|, Xy, ..., X
AUHEUHD 3aBUCUMbL, TO U BCA CUCTEME Xq, Xo, ..., X, AUHEUHO
3as8ucuma,

HdokazatenbcTBOo. Bea orpannuenns OGIHOCTH MOXHO
NPHHATH, 4YTO JIHHEHHO 3aBHCHMBI BEKTOPH X;, Xy, ..., X
(j < k); takuM 00pa3oM, MMEET MeCTO COOTHOILIEHHE

X+ X+ .. fox, =0,

TIe CPenH MOCTOSNHHHIX &y, Cy, ..., O; HMEIOTCA OTIAHYHHE OT
Hyasd. B cuny reopemnl 2./48 w akcuomsl 2./2 3) cnpaBeldsiHBO
PaBeHCTBO

X+ Xyt X400 X, 4.+ 00X, =0;

OHO INIOKa3hiBaeT, YTO BEKTOPH Xy, X,, ..., X, TaKke JHHeHHO
3aBHCHMb, TdK KaK CPeAH MOCTOSHHHX Gy, Oy, ..., %; 0, ..., 0
HMEIOTCH OT/JHYHBIC OT HYJISf.

6. Jlemma. Bekropot x;, X4, ..., X, AUHEUHO 3a8UCUMBL
T020a U TOAbKO Toeda, K020a4 MOX¥CHO npedcTasuTs 00uUH U3
3TUXx 8eKTOpO8 8 eule AuHedHOU KombOurayuu Opyeux.

Ilpensoxenne, aHanoruyHoe cpopMyIHPOBAHHOMY, y¥Ke BCTpe-
4an0Ch HaM Mpeucae: Mbl J0OKaswBaaw ero B /.95 mis 4ucio-
BHX C¢TOAOIOB. Ec/aH MBI 1pocMOTpPHM elle pa3 3TO J0Ka3a-
TeAbCTBO, TO YRUAUM, UTO OHO OCHOBAHO TOJABKO HA BO3MOXHOCTH
NPOH3BOAUTbL CO CTOJNGLAMH ONEPALMH CIOWEHHS H YMHOWEHUSA
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Ha yucno. CrenoBaTenbHO, 3TO J0KAa3aTenbCTBO MOXHO TpO-
BECTH A8 3/1eMEHTOB J1060ro JHHeHHOro npocTpaHcTsa. Bmecte
C 9THM M Halia NeMMa OKa3HBaeTcs CIpaBelHBOH AnA 1i060ro
JAHHeHHOTO MPOCTPAHCTBA, YTO Ham W TpebyeTcd.

§ 2.3. baauc, KoOpANHATH, Pa3MepHOCTH

2.31. CucreMa 1HHeHHO HE3aBHCHMBIX BEKTODOB €4, €5, ..., €,
HEKOTOpOTo JnHHeHHOro npocrtpanctBa K o6pasyer, mno ompe-
Jdenedno, 6asuc mpocTpancTBa K, ecau And BCAKOTO BeKTOpa
x €K cymecTtByeT pasioxeHHe

x=§1e1—}—§2e2+...+§"e" (§J€K, j=1,...,ﬂ). (6)

Jlerko BHAETH, YTO MNpPH YKa3aHHWX YCAOBHAX KO3(u-
yuentor pazaoxcenus (6) onpedeasntorcs eGUHCTEEHHbIM 06pA3OM.
JelcTBUTENBHO, eciH OB JAJiIi HEKOTOPOrO0 BEKTOpa X MOXHO
6HJI0 HamucaTh JBa paslOKeHHS

x:§1e1—}— §2€2+ e +§neny
X="1;+ Mgy + ... + Mty
TO, BHUYHMTAs NOY/NEHHO, MH MOJAYYHAH OH PAaBEHCTBO

0=E—m)e+ E—md e+ ... +(E,—M) ep

H3 KOTOPOTO B CHJY NpPENoJoxeHHOH JHHeHHOH HE3aBHCHMOCTH

BeKTOPOB €4, €y, ..., €, MH MOAY4YHAH OH, YTO
§1:"]1v §2:"]2, ) En:nn'
DTH eIHHCTBEHHHM 06pa30oM onpelensemule yucna &, &, ..., &,

HA3KBAWTCH KOOPOUHATAMU BeKTOpA X OTHOcuTeAbHO Oasuca
€1, €3 ..., €.

2.32. IpuMepw.

a. B npoctpanctee V5 xopomo H3BeCTHHH 6asuc o6pasyer
TpofKa eIHHWUHHIX B3aHMHO OPTOTOHANbHHIX BeKTOpoB £, J, R.
Koopanuath E,, §;, E; BekTOpa X OTHOCHTEABHO 3TOro Gasuca
CYTh TPOEKUHH BEKTOPa X HAa KOOPJAHHATHHE OCH.

6. B npoctpancrBe K, npuMepoM 0asmca CAYXKHT CHCTeMa
BEKTOPOB e1:(1, O, ey 0y, ey=(0, 1, ..., 0),

..., e,=(0, 0, ..., 1), paccMoTpeHHas ye HavMu B 2.228. Jleﬁ-
CTBHTENBHO, XM 10600 Bektopa x=(&,, &5 ..., E,) €K,
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OYE€BHIHO, HMEET MECTO PaBEHCTBO
x=8,(1,0,...,0)4+E(0,1,...,0)+...+E (0,0, ..., 1),

KOTOpOe M IOKa3nBaeT B COEGNMHEHHH C YyiKe HM3BeCcTHOH snHeH-
HOH HE3aBHCHMOCTBIO BEKTODOB €, €5, ..., €,, UTO STH BEK-
TOpH 06pa3yioT Gasuc B mpoctpaHcTee K.

B uwactHocTH, okasmBaercs, yto uucaa E;, B, ..., &,
ABAIOTCS KaK Pa3 KOOPAMHATAMH BEKTOPa X OTHOCHTENbHO
Gasuca e}, €y, ..., €,

B. B 1npocTpaHcTBe R(a b) Gasuca—B TOM CMHCIE, KaK
OH HaMH 3JeCh Ompene/ieH,—HE€ CyUIeCTBYeT; JOKalaTeib-
CTBO 3TOro yTBepkAeHus Oyner naHo B 2.30s.

2.33. OcHoBHOe 3Hauende Gasuca NHHEHHOTO MPOCTpPAHCTBA
COCTOHT B TOM, YTO JuHeliHHe oOnepauuM B INPOCTPAHCTBE,
BHayaje 3afanHue abGCTPaKTHO, NPH 3aKaHuH 6a3Huca CTAHOBATCH
OOBLIYHEIMU JIHHEHHHIMK ONepalMsiMi ¢ YHCJaMH— KOOPIHHATaMHU
B3ATHX BEKTOPOB OTHOCHTeJBbHO 3TOro Oasuca. Mmeuno, umeer
MECTO CJeAylolias TeopeMma:

Teopewma. MIpu cromenuu dsyx sexTopos npocrpancrsa K
ux KoopOuwars: (OTHOCUTEAbHO 4106020 6a3uca) CKAAOLIBAIOTCA.
ITpu ymuoxmenuu 8eKTOpa HA 4UCAO Bce €20 KOOPOUHATHL YMHO-
HAOTCA HA ITO HUCAO.
~ JleficTBETENBHO, NYCTD

x=8e, 1 8ot ... +Esep y=me;+not ... + 1,85
Torna B cuny axcuom 2.12—2.13
x+y=©E +n)e;+E+n)e+ ... +E M) e
Ax=MAE e, +AEes+ ... +AEe,,

Y10 ¥ Tpebyercd.

Cwm. sapaun 6—7.

2.34. Ecmu B nunefinom npoctpancTBe K MOXHO HaHTH
n nuHeHHO He3aBHCHMBIX BEKTODOB, a BCsikHe 72-} 1 BeKTOpOB
STOTO NPOCTPAHCTRBA JHHEHHO 34BHCHMMH, TO YHCAO 72 HA3HIBAIOT
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pasmeprocrelo mpocTtpadcTea K; camo ke mpoctpanctso K Ha-
3HBAIOT n-MepHoim. MH OylneM B xanbhefilieM I n-MEPHOTO
nmpocTpaHcTBa Hax nonem K wucnonbsoBaTh o6osHauenne K,
(nan nmonem R — cootBetcTBenHo R,, Ham monem C—cooTseT-
creedno C,). JlurefiHoe mnpOCTPaHCTBO, B  KOTOPOM MOXHO
yKa3aTb CKONb YTOAHO GONBIIOE YHCIO JHHEHHO HE3aBHCHMMBIX
BEKTOPOB, HA3HBACTCH GECKOHE4HOMEDHOIM.

Teopewma. B npocrpancree K pasmepuocru n cyuwecrsyer
6asuc u3 n eexropos; bosee TO20, A06AA  COBOKYNHOCTL U3 T
AuHellno Heszasucumelx gexTopos npocrpascréa K ssaserca 6a-
3UCOM 3T020 NPOCTPAHCTEA.

HDokasatenbctBo. Ilycty ey, e, ..., e,—cHCTeMa
U3 7 NHHeHHO HEe3aBHCHMBIX BEKTODOB - 3aJaHHOTO 71-MEPHOrO
npoctparcrBa K. Ecnu x —rekoropui#t BekTop npocrpaunctsa K,

TO COBOKYMHOCTb H3 72-+1 BeKTOPOB X, €, €, ..., €, JHHEH-
HO 3aBHCHMA; CYyUleCTBYeT COOTHOUIEHHE BHIA
QX +oney - ... +o,e, =0, (7)

npuyeM cpelH KO3DDHUUHEHTOB ¢, O, ..., O, HMEIOTCH OT-
AMYHBE OT Hyds. MOXHO yTBepxIaTh, 4YTO KO3dduuHEHT o
3aB€JOMO OTJMYEH OT HyJs: NeHCTBHUTEJBHO, B MPOTHBHOM CJy-
yae Mbl MOAY4YHAH Obl JHHEHHYIO 3aBHCHMOCTb MEXIYy BEKTO-
pamH e,, €, ..., €, KOTOpaf, Mo MPEeANo/OXEHHIO, HE HMeeT
MecTa. Ho B TakoM ciayyae OOHYHHIM NyTeM, T. €. DasJenus
ypaBsieHie Ha Qg M NEPeHecs BCe OCTANbHLE 4Y/eHH BIPaBO,
Mh NOJNYYHM, 4TO X JAHHeHHO BHIpaXaeTcsl uepe3 BeKTOPH
1, €3, « .., €,. [lockonbKy x — 060l BekTOp mpoctpancrea K,
MH JOKa3alH, 4TO BEeKTOPH e, e,, ..., €, 00pa3yloT 6asuc

n
B 3TOM MPOCTPAHCTBE, YTO H TPeGOBANOCH.

2.35. Cnenmyjouias TeopeMa siBAfeTcs o6paTHOR no OTHO-
IIeHHI0 K Teopeme 2.34. ‘

Teopema. Ecau & npocrpancrse K umeerca 6asuc, 70
PA3MEPHOCT 3ITO20 NPOCTPAHCTBA PABHA HUCAY GA3UCHOLX BEK=
TOPOS.

Hoxasartenbctpo. Ilycte BexTOpH €, €5, ..., €,
obpasyor Gasuc npoctpaictBa K. Ilo camomy ompenenenuio
6a3uca BEKTODH €y, €y, ..., €, JMHEeHHO He3aBHCHMH; CJeJo-
BaTeNbHO, y Hac ywxe HMEeTCHl 72 JHHEHHO He3aBHCHMHX BEKTO-

poB. Iloxaxem, 4TO Bcakne 741 BekTOpOB mpocrpancTBa K
JIHHeHHO 3aBHCHMHL.
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Ilycts B mpocTpanctBe K 3amanm 7141 BEKTOPOB
x=EPe+EPe, 4 ... +EPes,
=Ele Bttt ERe,

J— E(n+1)e _l_ E(n+1)e _l_ _l_ E(fl+1)e

BunucHBass B OTHeNbHHH CToNGel, KOOPAHHATH KaXAOTO H3
3THX BEKTOPOB, COCTAaBHM MATpHLy C 2 CTpoKamMu H n-1
CcTONOIaMH

g(ll) §§2) e §(1n+1)
A E(zl) 5(22) . §(2n+1)

(1) (2) E(fl+1)
n n tee =n

BasucHuf MuHOp (1.92) MaTpuun A uMeeT NOPANOK r < 7.
Ecnn r =0, To nuHeHHas 3aBHCHMOCTH oueBHAHA. Ilyctb 7 > 0.
[Tocne yxasanus r 6a3ucHHX CTOAGLOB Mul CMOXeEM HAHTH ele
no Medbilel mepe OOHH cTon6el;, He momaBLUMH B yHcAo 6a3Hc-
uoix. Ho Torza cornacHo Teopeme 0 G6GasMCHOM MHHOpE 3TOT
cronben sBasieTcsl NuHeHHON KoMmOHHal{Hel Ga3HCHBIX CTOJOLOB.
CooTBeTcTByOUHIt BekTOp mpocTpanctsa K siBasiercd nuHeH-
HOM KoMOuHanHeH JpPYyrHX BeKTOPOB (M3 uHMcla 3a4aHHBIX

X1, X9, ..y Xp.q). HO B TakoM cmyyae BeKTOPH X, X, ...
vy X,,q, COrMacHo 2,236, nuHe#HO 3aBHCHMH, 4TO H Tpebo-
BajoCh.

2.36. MTpumepn.

[MpocTpanctBo V3 TpexMe pHO, NOCKOABKY OHO 06712~
Iaer 6asucoM M3 Tpex Bekrtopos i, j, B (2.32a); cootBer-
CTBeHHO V), nByMepHo, V, oZHOMepHO.

6. [IpoctpanctBo K, n-mMepHo, MOCKOJABKY OHO o6nazaet
6asHcoM H3 11 BEeKTOPOB e, &y, ..., €, {2.326).

B. B npocrpancreax R{a,b) u C(a, b) umeeTcs CKOJb
yroaHo 6o/bLIOe YHCIO NHHERHO HEe3aBHCHMBIX BEKTOPOB (2.222),
H, C1edoBaTeNbHO, STH INpPOCTPaHCTBA OGeCKOHEYHOMEPHHI,
[TosTomy oHH He UMel T 6a3uca: Hanuyne Gasuca MpHBENO
OH K NPOTHBOPEYHIO C TeopeMoH 2.85.

r. Beaxoe komnnekcHoe nudefiHoe npoctpaicto C sBnsieTcs,
OYEBHIHO, H BELIECTBEHHHM, NMOCKONbKY O6JACTh KOMIIEKCHBIX
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uncen BKAWUAET B cebs 06nacTh BelecTBeHHHX yucea. Oxnako
pasMepHoCTh mpocTpancTaa C KaK KOMILIEKCHOrO MpOCTPaHCTBA
He coBmazaeT ¢ pa3MepHocThio Toro ke C Kak BewmecTBeHHOro
NIPOCTPAHCTRA: €CAH BEKTOPH €y, ..., €, JUHCHHO HEe3aBHCHMH
B C Kak B KOMMIeKcHOM mnpocTpancTe, TO B C KaKk BemecT-
BEHHOM TIpOCTPaHCTBe OyAyT JAUHEHHO HE3aBHCHMBI BEKTODH
ey, i€y, ..., €, i€, TAK 4TO Pa3MepPHOCThH C Kax BerileCTBeH-
HOFO TPOCTPAHCTBA (GC/AM OHAa KOHeuHa), BABOE GOblie, YeM
pasmeprocTh C K4K KOMIVIEKCHOTO NPOCTPAHCTBA.

Cwm. 3agauy 8.

§ 2.4. NMoanpocTpancTea

2.41, JonycTHM, 4TO HeKOTOpas COBOKYMHOCTh L 3nemes-
TOB auHeHHoro upoctpanctea K o6ianaer cienywowiMy CcBoi-
CTBaMH:

a) eciu x€L, yEL, To x -y €L;

6) ecan x €L, A—osaement noas K, to Ax€L.

Takum o6pa3om, HaM 3alaHa COBOKYNHOCTb 3JIEMEHTOB, H
B Heli onpenesens AuHeiiHnie onepanun. Tlokaxewm, 4To MH mo-
JywaeMm 31eChb Takke nuHelHoe mpocTpancTio. [l
3TOF0 HYXHO TMPOBEPUTH /IS COBOKYNHOCTH L. ¢ onepauusivu
a) —6) suinosHenue akcom 2./2--2.13. Akcnomnt 1), 2), 5)—8)
yIAOBJNETBOPAIOTCS, MOCKOABKY OHH YIOBJETBOPAIOTCS BooOuUIE
ans Bcex 3neMmenTtoB mpoctpanctBa K. OcTaercs npoBeputh
akcuoMul 3) u 4). Ilycts x— mo6o# anement uz L; Toraa no
yeaosuio Ax €L npu n1060M BeliecTBEHHOM A.

Bosbmem A = 0; Toraa, nockonbky no treopeme 2./48 0-x =0,
HY/Nb-BeKTOP MNpHHALNeAUT COBOKYMHOCTH L. TeM cambiM BH-
nonuena axcuoma 3). BosbMem Temepb A = -—1; NOCKOJbKY IO
teopeme 2./4e (—1)x ecTh 9/EMEHT, NPOTHBOMNONOKHHH 3Je-
MEHTY X, COBOKYNHOCTb L BMecTe ¢ KawaAsM 3/EMCHTOM X
COJNEPKUT M NMPOTHBOMOJIOXKHHIH 3neMeHT. Takum 00pasoM, BhI-
NI0/IHEHA H aKCHOMa 4), W Hallle y TBEPIKAEHHE HOJROC ThIO 10KAa3aHO.

[Nostomy Bcakas coBokynuwocTs LK, yaosnersopsiomas
ycaosusiM @) M 6), Ha3bIBAGTCH AUHEHHbIM 1nodnpocTpancTsoM
(nn npocto nodnpocTpancTeom) npoctpanctsa K.

242, TlpumepH.
a. Hyab-sextop npocrpanctea K o6pasyer, oueBuiHO,
HaMMeHbIllee BO3MOXKHOE TOANPOCTPAHCTBO TpocTpaHcTBa K.



a6 . 2. NMHERHHE RPOCTPAHCTBA [2:42

6. Bce npoctpatcTBa K-—mnanGonbilee BO3MOXHOE MOAMDPO-
cTparcTBo npoctpancTea K.

3Tr IBa NOAIRPOCTPAHCTBA— HY/Ib-BEKTOD B BCE MpPOCTpPaH-
¢TBO— HA3HBAIOT HMHOTIA TPUSUGAbHbtMY TOAMPOCTPIHCTBAMH; H-
TOFZa BCe OCTajdbHHE TOAMNPOCTPAHCTBA HA3HBAIT HETpUEUAb-
HOUMU.

B. Ilycts L; n L,—18a moAnpocTpancTBa OAHOTO H TOTO XKe
sunettnora npoctpanctea K. CoBoxynHocTh BCeX BEKTOPOB
x €K, npuHamiexalux oxHospemenno K L, # Ly, o6pasyeT
NMOANPOCTPAHCTBO, HAa3bIBAEMOE nepecederieM TOANPOCTDPAHCTE
L, u L,. CoBOKynHOCTb BCEX BEKTOPOB BHAA y +-2Z, TAC yeL,,
2 €L,, o6pa3yeT NOAMPOCTPAHCTBO, Ha3biBaeMOe CYMMOL MOA-
npoctpacts Ly u L. '

r. B npocrpanctBe V; Bce BeKTODH, MapajielbHbie KaKo#-
RGO MAOCKOCTH (unu Kaxo#-1uGo mpamoit), o0pa3yioT noampo-
cTpancTeo. Ecan roBoputh HE O BeKTOpax, a o Toukax (2.17),
TO TMOAMPOCTPAHCTBAMH NPOCTPAHCTBA V, ABAAIOTCA COBOKYMN-
HOCTH TOYEK, DACMOJIOKEHHBIX Ha M/OCKOCTH (WM npsamo#t),
npoxonsiuielf yepes Havan0 KOOPAHHAT. »

K. B mpoctpanctBe K, pDaccMOTpHM COROKYOHOCTB L Tex
sektopoB X =(&;, &5, ..., E,), KOODIMHATH KOTOPHX YyHOB-
AGTBOPAIOT CHCTEME JIHHEHHHX. ypaBHEHHH

@y %t @y + -+ 0%, =0,
Qg%+ QgeXa+ ... + A%, =0,

(8)

« s s s . s e e s v e e

Ap1 X1+ OpaXs+ oo F X, =0

¢ kosdduuuentamu w3 mnoas K u Co CBOGONHLIMH 4Y/ICHAMH,
parnmmu 0. Takast cucTeMa HasmBaeTcs 00HOpodHOU nHHEHHOH
cuctemolt. Onmopoxanast /uHeflHad CHCTeMa BCEraa COBMECTHA,
TaK KAK UMEeT OYCBHIHOE «HYNEBOE» PelleHHE Xy = Xy= ... ==
= X,= 0.

Mycts ¢, ¢, ..., ¢ u e, P, ..., ¢ —uBa peue-
HAA Tako# cucTeMu; ofpasyeMm uuciaa

— (D) €2) — (D (2) __ p 2;
Cl‘—cl +cl ) Cz—cz +cz ) R ] cn—‘cl('l)—{_cl('l)'

YrBepwaaeTcsi, UTO g, Cy, ..., C, CHOBQ 0BpA3ylOT peuienue
cucteMst (8). JieHcTBHTENbHO, TONCTaBASA 3TH YHCAA B i-e
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ypaBHeHHe STOH CUCTEMH, MH NOAYyYaeM

Al -Qpca+ .. a0, =
=a (P +e®) a4+ )+ . Fan (P +cP)=
= (@ - apct 4 - b agel’) +
+(anef® + ae® + .. Fae?) =0,

4YyTO ¥ TpeGOBanoCh.
AT0 peunlende MH O6yaeM HaswBaTh cymmol  peluenut

e et L., e ome®, e, ..., . AHanormyno, ecaH
€3, €9, .., C,—TIPON3BOABHOE PEILIEHHE CHCTEMH (B8), TO WHCAR
Acy, Acy, ..., Ac, npu dukcapoBarHoM A€ K 06pasyioT TaKuke

pewleHue cucTeMs (8); 3To pellenHe Mn OyAeM Ha3wWBaTh npo-
usgedeHuem DeULeHUR C;, Cyy +.., C, HA 4HCAO A.

Taxkum 06pa3oM, peuieHus 00HOPOOHOH CUCTEMbL C KO-~
entamu u3 noas K Mowwno ckaadwsars Opye ¢ Opy20M U Yymno-
Jare Ha 4ucaa u3 1020 xe noas K.

Tem cambiM COBOKYMHOCTH L eCTh TOANPOCTPAHCTBO 41po-
crpanctBa K, H, cnexoBaTeibHO, SBASETCH JHHEHHHM IIPOCTPAH-
c¢TBOM. Mu O6yldeM Ha3wBaTh €r0 nPOCTPAHCTEOM  pewlenudl
cuctems: (8). B 3.4/ mu BLYHCAHM pa3MepHOCTb 3TOroO Ipo-
CTPaHCTBa M TOCTPOMM £ro asuc. '

Cu. 3agauy 9.

2.43. OTMeTHM HEKOTOPHE CBOHCTBA MOAINPOCTPAHCTB, CBA-
3aHHHe ¢ onpelenedusmu §§ 2.2—2.3.

[Ipexne Bcero, BcgKoe JiMHelinGe COOTHOMI€HHE, CBA3LIBAIO-
Hiee BeKTOPH X, ¥, ..., 2 B ROANPOCTPAHCTBe L, copasentueo
H BO BCeM InpocTpancTBe K, M of6parHo; B 4HACTHOCTH, (akT
JHHEKHOK 3aBUCHMOCTH BEKTOPOB X, Y, ..., 2 €L punoangetca
OIHOBPEMEHHO B mnoampoctTpaucTBe L u B npocTpancree K.
Ecan, wmanpumep, B npoctpanctBe K Besikne n-+1 Bexrtopos
NHHEHHO 3aBHCHMH, TO 3TO YTBepMIEHHe H INOJABHO OyleT
BRIAOJHEHO B moanpocTpaucTse L. OTciAa BHTeKaeT, yrp pas-
MEPHOCTb 106020 nodnpocrpancrea L 8 n-meprom npocrpanctse K
He npesocxo0ur wucaa n. B atom caydae corsacHo teopeme 2.34
8 Kascdom nodnpocrparcree LK momuo nocrpours 6asuc
U3 TAKO20 HUCAQ BEKTOPOB, KAKOEA PAIMEPHOCTL NGORPOCTPAH=
crea L.
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Ecan B npoctpanctse K Bubpan Gasnuc e, €5, ..., €, TO
B ofiuem crnyyae, pasymeeTcs, HeNb3d BHOpaTh Ga3uCHble BEKTO-
pBl MOANPOCTPAHCTBa L NpAMO H3 YHCAa BEKTOPOB eq, €5, ..., €,

x0T Oh MOTOMy, UTO B TOANPOCTPaHCTBO L MOXET He
BXOAHTb HH OIHMH K3 HHX. Ho MOWHO yTBepwaaTh, 4TO ecau

eoibpan 6asuc fi, fo, ..., Jf, 8 nodnpocrpancree L (umerouem
O0as onpedesennoctTu pasmeprocte [ < n), TO 8ce2da MOMHO
donoanuteavno svibpate sexktopet f;.q, ..., [, 80 8cem npo-
crpanctee K tax, uro cucrema fy, fo, ..., fi, --., [, Oyder

6asucom 8o scem K.

Hnas nokxasatenancTBa Oynem paccyxiaaTh Tak. B npoctpaH-
cTee K cyuecTBylOT BEKTOpH, KOTOPHE JHHEHHO HE BHPANKAIOTCA
yepes fi, fo, ..., f;; HeHCTBHTENbHO, ec/aH OB TAKHX BEKTOPOB
He OHN0, TO BEKTOpHW fi, f3, ..., f;——I10 YCIOBHIO JHHEHHO
HE3aBHCHMblE — cOCTaBAANN Obl 6asuc npoctpadctsa K u mo
Teopeme 2.35 pasmepHocTh K 6nina 6w paBua /, a e n. O6o-
3HayMM 4epe3 f,,,; JI060H H3 BeKTOPOB, He BHIPAXKAIOLHUXCA
AUHEHHO 4ePes fi, fy ..., fi. CucTeMa fi, fo -\ fur fier
JHHEHHO HE3aBHCHMAa; B CaMOM Jede, eciAH OB CyLecTBOBAaso
COOTHOILIEHHE BHAA

af+fe+ o+ fi 1 f1=0,

TO NpH o;, ;=0 M noayuunu O, uYTO BeKTOp f,,, MOXHO
NUHeHHO BhHIpasuTb uepes fy, fy, ..., f;, a npn a;, ;=0 1o-
Jy4HaH OH, YTO BEKTOPH fi, fo, ..., f; NTHHeHHO 3aBHCHMH; 06a
9TH BHIBOJA NPOTHBOpEYAT MOCTPOeHHi0. Ecan Teneps Besiku# Bek-
TOp npocTpancTBa K nunelino Bupawaetcs uepes fy, fo, .- -, fo
Si41 TO cucteMma fy, fo, ..., fi, S, oOpasyer Gaauc B K
(v [+ 1=n), u nawe nocrpoenne 3akouueno. Ecan [+ 1 < n,
TO uMeeTcd BEKTOp f,.,, He Bhpawalouiuiics JHHeHHO Yepe3
Ju So oooy fi fii1- TakuM 06pazoM  MOXHO MpPOROMKHTD
MOCTPOEHHE; B KOHEYHOM cyeTe (yepe3 n—/ mwaros) Mu NOny-
4yuM 6asuc mpocTpaHcTra K.

CMm. 3apauy 10,

2.44. Bynaem roBopnTb, YTO BEKTOPH gy, ..., & AUHEdHO
He3asucumsl Hao nodnpocrpancreom LK, ecny H3 COOTHOLIEHHS
g+ g €L, ay, ..., o, €K,

cnenyer oy = ... = a,=0. Ecin L-—unyneroe noanpocTpanctso,
TO JHHEHHAs HE3aBUCHMOCTH Hal [. o3HayaeT OOLYHYIO JHHeH-
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HYIO He3aBHCHMOCTD. JIuHelHas 3aBHCHMOCTD BEKTOPOB £y, - - - , g
Hajl NOANMPOCTPaHCTBOM L 03Hauaer, 4TO CYWECTBYET JHHeHHad
KOMOGHHALHA - Oy 8y + . .. - gy, J€Walas B L, npuuem cpem
K03(pPUIHEHTOB &y, ..., O, MMEIOTCH OTAHYHBIE OT 0.

H an6onbiuee BO3MOKHOE 4HCAO BEKTOPOB mnpocTpanctsa K,
AHHEHHO He3aBUCHMBIX Haj noanpocTpaHcTBoM LK, HaswBaercd
pasmeproctero K #ad L. .

Ecin BeKTOPH &, ..., 8 AMHEAHO HE3aBHCHMH Haj Npo-
crpancteom LK, a fy, ..., f;—BEKTOpH, /INHEHHO HE3ABHCH-
Mble B IOANPOCTPaHcTBe L, TO BEKTOPH £, ..., L, S oo 1

nuHeBiHo He3aBucumu B npoctpaHcTBe K. JleHcTBHTENbHO, €CTH
66 MMeJNO MEeCTO pPaBEeHCTBO

afit oo Fafit gt 1 B8 =0,
TO, HamucaHHoe B (opme

Bgt ... +Prgr=— (0 f1+ ... +a,f) EL,

oHO mpuBeno 6H K 3akMouennio, 4to fy=...=P,=0 8 cunay
NpeAnoN0KeHHOH AHHEHHON HE3aBHCHMOCTH BEKTOPOB &1, ..., &k
nan L; orciona ¢, =...=0a;=0 B CHIy JHHeHHOH HE3aBUCH-
MOCTH BEKTOPOB fy, ..., fi.

Bektoper fi, 4, ---, [n» nocTpoennvie & 2.43, auneino
Hesasucumer Had nodnpocTpascreéom L: NeHCTBHTENbHO, €C/H
66 UMENO MECTO DABEHCTBO

ifii1t =i Sy,

MpHYEM CPEXH HHCET O,q, «.., &, OHAH 6H oTanuHbe oT O,
TO BeKTOpH fy, ..., f, OKasamucb OHW JHHEAHO 3aBHCHMBIMH
B NPOTHBODEUHH C TNMOCTPOeHHeM. PaamepHOCTb npoctpancta K
nax L, cnemoBatenbno, ne Menpwe, yem n—/[. C npyro# cTo-
POHH, OHa He MOXeT OHTb M Goabuie, YyeM n—I, TaK KaK ec/H

6 Hamaoch n—I[-+ 1 BexTOpOB, Hampumep, Ay, ..., B,_ ..y,
AMHeHHO He3aBHCHMbIX Hax L, To B mpocrpaHcTBe K 6Hay O
AvHeHHO He3aBHCHMM BeKTOpH My, ..., B, ;o0 Fr1o oo oo

YHCI0 KOTOpHX Gonbie, uem 7. Takum o6pasoM, pasmeprocTs K
Hax L B manHoM caydae paBHa n—I[.

2.45. lNpsamas cymma. [oBopar, uto npocTpanctso L
ABNSIeTCH npAMOl cymmoil CBOMX moanpoctpancTs Ly, ..., Lg,
eciu:
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a. las Bcakoro x €L cymiecTByeT pasnoweHue
X=x4+...+x, X €L, ..., x,€EL,.
6. 310 passokeHHe ENUHCTBEHHO: ecJIH
X=X+ ...+X, =Y+ TV

rae x;€L; y, €L, j=1’;"' Y M, TO X =Y, «ery Xp=Ym
BupouemM, cnpaBelsHBOCTbL MOCAERHEr0 YC/NOBHA C/AEAyeT H3
6ostee MpocTOro TpeGoBaHuA:
6’. Eciu uMeeTcsd pasnosmeHHe

O=2,+...42, rtae 2z €L, ..., 2,€L,,

TO 2;=...=2,=0.
HeHcTBUTENBHO, NYCTh BHIOJIHEHO YCIOBHE 6' H JAHO pa3e
Joxenne 6. BuuMraf, Haxomum

0= (xl_yl) + v + (xm_ym);

npuMenss 6', nonyuyaeM Xx;=y,, ..., X,=Yy,. O6parso, 6’
cnenyeTt M3 6, eCnH noaokuTh x =0, x, = ...=x,=0.

W3 6 cnenyert, 4To BCAKHe ABa U3 noanpoctpancts Ly, ..., L,
AMEIOT O6uWHM OZuH Jumb 3neMedT 0. JleHCTBUTENbHO,
ecau Ob Mbl HMenH 2€L, m zELj, TO M3 CpaBHeHHA HBYX
pasnoxenuit

z=2z+0, z€L, 0O€L,
2=0+2, O0€L;, 2€L,

M ycnoBus 6 BhiTeKano 6w, uto 2=0.

Tak, n-vepnoe npoctpanctBo K, ecTh mnpsmas cymma n
OJHOMEPHBIX MOANPOCTPAHCTB, ONpPEeeNeHHbIX TIO6LIMH 71 JTHHEHHO
He3aBHCHMBIMH BekTopamu. Kpome toro, nmpocTpancteo K, MoxHo
NpeACTaBHTh pasHHMH crnocofamu B opMe NPAMOH CYMME H
HEOJHOMEPHBIX NOJNPOCTPAHCTE.

2.46. IycTb B n-MeproM npocTtpancTBe K, ¢pukcupoBaro nox-
npoctpadcTtBo L. Tlokaxem, uto sceeda cywecrsyer nodnpo-
crparncteo McK,, xoropoe 6 npamod cymme ¢ L daer ace K,,.
Hng  nokasateabCTBa HCMOAb3yeM BEKTOPH [y 1, -+, fu,
nocTpoentnie B 2.43, nAuHeHHO He3aBHCHMBIE HajJ MNOANPOCTPaH-
ctBom L. Tlyctp M—noanpocTpancTBO, COCTaBNEHHOE M3 BCEX
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AUHEHHHX KOMOGUHAUMH BeKTOPOB fy,.q, ..., [, TOKaxem, 4UTO
OHO yAOBJAETBOpsieT HauieMy Tpe6oBanuio. JleAcTBHTENbHO,
MOCKONBKY BeKTOpH fy, ..., f, o6pasyior 6asuc B K, (2.43),
Kaxaui BekTOp X €L nmomyckaeT pasnomeHnue

Xx=0f1+ ... Fafit+ o frat . Fafi=y+2,

rae y=o.f1+ ...+ f €L, z=0 flqt . TS EM
Tlpn atom w3 x =0 cnenyer a;=0 (/=1, ..., n) B cuny
AuHeHHOH He3aBHCUMOCTH BeKTOpOB f;, ..., f,. CnemoBatenbHo,
ycnosust 2.45a,6’ BemonHens, W K, ecTh mpsmas cymma L u M,

2.47. a. Ecan pasmepHocTh mnpoctpanctsa L, pasuwa r,
(=1, ..., m) M B KaxuoM NpoCTPaHCTBE L, BHIeNEHH ry
NHHEHHO HE3aBHCHMBIX BEKTOPOB [y, ... fp,, TO KaXbH Bek-
Top X cymmo L=L;+4...4L, MOoxHO JAHHEHHO BHIPA3UTh
yepe3 Bce 3TH BekTopbl. CNenOBaTeNbHO, PASMEPHOCTS CYMMbL

npocrparcte Ly, ..., L, He Goavwe cymmor ux pasmeprocTed.
Ecaucymma L. ..~ L, npanas, 10 Bce BEKTOPH [y, .. ., fk’k
(k=1, ..., m) nuHe#HO HE3aBHUCHMEI, TaK YTO B ITOM ciryyae

PaZMEPHOCTS CYMMbL PABHA CYMMe pasmeprocTed,

6. B ofuwem caydyae pa3MepHOCTb CYMMH - OnpelensieTcd
yepes pAa3MEpPHOCTH cJaraeMux Gosee CHOXHBIM 006pPa3oM; MH
PacCMOTPHM TOJMBKO BOMPOC O Pa3MEPHOCTH CyMMH O8yx KoHed-
HOMepHHX moanpoctpacTB P u Q mpocTtpancTBa K.

Ilycth p u ¢ 0603Ha4aI0T PA3MEPHOCTH 2THX MOANPOCTPAHCTB,
O6oanauum uepe3 L mnepeceuenne noanpoctpancte P u Q u
yepe3 [ ero pasMepHocTh. Buifepem B L 6asuc ey, ey, ..., ¢
B, HCOOAb3ysl cooOpawenus 2.43, IOMONHHUM €rO BEKTOPaMH
firrs firer ---» fp O MONHOTO 6aauca moampocTpaHcTea P #
BEKTOPAMH gy,1, &4y --+, &g AO TOTHOTO Gasuca monmpo-
cTpancTea Q. Kasuami#t BekTop cymmn P+ Q no camomy ompe-
IeNeHNIo ecTh Cymma BekTopa M3 P u BekTopa H3 Q M mo3Tomy
MO¥eT OHTh AUHEHHO BHpaweH 4epe3 BEKTODH &y, €y, ..., €y
fistr +-+s for Bar --- 5 &g TloKakewm, uTO 3TU 6€KTOP6L
obpasyror 6asuc nodnpocrparcrea P-4 Q. s 3T0ro Ham ocra-
eTCsi MPOBEPHTH WX JHHEWHYIO He3aBUCHMOCTb. [omycTuM, uTO
CyHeCTBYeT JAuHe#iHOE COOTHOLIEHHE BHAA

et oo FoeHBrifia o Bf
+Vir18iaat e+ ¥8,=0, (9)
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npuyeM cpean KO3GOUUHEHTOB @y, ..., Y, HMEIOTCS OTIHYHHE
OoT Hyasi. MH MoxeM TOTIAa yTBEPXIaTh, UTO UMEIOTCH OT/AHY-
HBI€ OT HyAfl 4YHCAA B COBOKYMNHOCTH Yl+1’ ey ‘Yq’ TaK Kak
B NMPOTHBHOM Clyuae BEKTOPH &y, €5, ..., €5, fri1, -y fp
OKasanuch Ol NMHEHHO ' 3aBHCHMBIMH, YTO HEBO3MOXHO BBHAY
TOTO, UTO OHHM oOpa3yioT 6asuc moanpoctpanctea P. Cnenosa-
TeJbHO, BEKTOD

X=Y 1811t - T V8, F0, (10)

HHaYe BEKTOPH £;,y, ..., g, OKa3anuchb Obl THHEHHO 3aBHCH-
Mumu. Ho us (9) BoiTekaer, uto

—x=a1e1+..-+ﬁ};f‘gep’

B To Bpemsa kak (10) mokasmiBaer, uto x € Q. Takum ofpazom,
X npuHamexuT W P m Q H, cregoBaTenbHo, BXOAHT B NOJA-
npoctpaHctBo L. Ho toraa

X=%Y &1+ - +quq=)\’1e1+;\’2e2+ co Ay

[lockoabKy BeKTOPH ey, €5, ..., €, &1, -+, & JHHEHHO
HE3dBHCHMBI, V.= ...=7Y,=0. [loayyenHoe npoTusopeune
NOKA3hBACT, YTO BEKTOPH €4, €9y ..., €, fri1, «+-, f},,
£i410 -+, &g ACHCTBUTENBHO NHHEHHO HE33BHCHMBL

CornacHo teopeMe 2.35 pa3MepHOCTB noanpoctpancTsa P 4-Q
paBHa yuCAy Ga3HCHbIX BEKTOPOB €y, ..., €5, fr 1, «-., fp,
&i+1r -+ &4 HO 3TO uHCAO paBHo p+-g—I. Wrak, pasmep-
HOCTb CYymmol 08Yx nOONPOCTPAHCTE PABHA CYMMe UX DAIMEPHO-
cTell 3a 8bi4eTOM PA3MEDHOCTU nepecedenus.

B. CneacrBue. Ecau 8 n-meprom npocrpancreée R,
sbidesenbt 08a nOONPOCTPAHCTBA Rp u Rq, pasmepHoCcTU KOTO-
pHIX P U g 8 CYymMMe NpessbluaroT 4uUcA0 N, TO nepecederue RP
u R, umeer pasmeprocTe He menbiuyio, 4em p-q—n. )

2,48, dakTop-npocTpaHCTBa.

a. Ilyctp B nuHefiHoM mnpocTpancTBe K BeAeneHO mnoanpo-
ctpadcto L. HasoBem anemenT x € K cpasnumeim ¢ ssementom
Yy €K (tounee, cpasHumoim oTHocutessno L), ecnm x—y €L,
OueBHIHO, B 3TOM C/lyyde H y CPABHUM C X, TaK YTO OTHOMLIEHHE
CpaBHeHuss CHMMeTpuyHO. Bcesikn#t x € K cpaBuuM cam ¢ co6olo.
Hanee, ecnn x CpaBHMM C ¥, a y CpaBHHM C 2, TO M X cpaa-
HHM C 2, TaK Kak

Xx—z=(x—y)+ (y—=2)€L.
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6. CoBokymiocTb Bcex 3jeMeHTOR y € K, cpaBHuMHX C AaH-
HuHM 3saeMenToM x € K, HnasmBaeTcs kaaccom u obosHavaetcs
yepe3z X. B cuny ckazannoro knacc X CoACPWHT CaM 3JEMCHT X,
M BCAKHE JBa 3neMenTa y € X, 2 € X CpaBHMMB APYT C JIPYrOM.
Haxoneu, ecnm u @ X, TO 4 He CPaBHHM HH C OJHHM 3JIEMEHTOM
u3 kiaacca X. [losrtomy aBa knacca X 'Y uian He HMEIOT OOULHX
3/1EMEHTOB, WM TMOJHOCTBIO coBnanawT. OnHUM H3 "KJIaccoB
SIBJSleTCS BCE I[IOAMNPOCTPAHCTBO L; MOCKOABKY OHO COAEPKUT
HyJeBOH 3neMeHT mnpocTpaHcTBa K, 3ToT kijacc o6o3dadaercd

gyepe3 0.
B. Bce mnpoctpancteo K pa36uBaetcsi B COBOKYNHOCTb He-
nepecekamouiuxcs kaacco X, Y, ... 3Ty COBOKYNHOCTb KJjac-

coB Mb oGo3naunM yepe3 K/L. Beemem B mHoxectBe K/L /H-
HeiiHble onepauun cieayomwun o6pasoMm. [lyets X u Y —knacen,
o u P—oanemedTHl moas K; MBI KenaeM ONpele/uTbh Kiaacce
aX -+ BY. Hdus storo BuGepeM MPOH3BONBHO 3J1eMeHTH X €EX H
YEY un nafineMm knacce Z, KOTOPHIH COAEDKHT  SJIEMEHT
z=o0x-+ Py, ator xaacc u o6osnaunyn aX- BY. [lposepnwm,
4YTO OH onpeneseH oxHosHauHo. Ecau B knacce X MH BO3bMEM
3NEMEHT X;, a B Kjaacce Y — 3JeMeHT y,;, TO

(ax; -+ By) —(ax + By) =a (x;—x) L B (y;—y)

JeXHT B NOANMpocTpancTBe L BMecTe ¢ x;—X 1 y,—y; 3TO
03Hauaet, uUTO oxy -+ Py, NeRNT B TOM XKe Kaacce, 4To M ox -+ Py.

B yacTHOCTH, MH oOmnpenennnn craoxeHue kKaaccoB X, Y u
yMHOXeHHe HX Ha uHcaa a € K. [lokaxem, 4TO 3TH onepaunu
YAOBJIETBOPAIOT aKcHOMaM JuHeliHOro npoctpaHcTsa 2./2—2.13.
HeficTBHTENbRO, H3 cripaBeannBocTH 2./12 1)—2) u 2.13 5)—38)
IAs 31eMeHTOB npocTpaHcTBa K cieayer cpa3y Bho/HeHHE
3THX wWe cBodfcTB anasi knaccoB. Hysaem mnpocrtpancrea K/L
aBasieTca kaacc O (COCTOSILHA M3 BCEX 3JIEMEHTOB MpPOCTpPaH-
ctBa L). [IpoTuBononoxuuM K knaccy X siBngeTcs Kjaacc, cocTos-
i M3 3JEMEHTOB, MPOTHBOMOJOKHHX K 3jeMeHTaM Kijacca X.
Takum o6pa3oM, ISl COBOKYIHOCTH KJA4CCOB BHIIIOJHEHH H
akcHoMu 2.12 3)—4).

[TocTpoeHnoe 3aech AuHelnoe npocTpancTBo K/L naswBaeTcs
¢axTop-npocTpancreom mpoctpancTBa K no moxnpoctpanersy L.

2.49. Teopema. IIycre K=K, ecrv n-mepnoe auneiinoe
npocTparcrgo Had noaem K, L =L, =K ecro [-meproe nodnpo-



64 ra. 2. nUHEHABLIE TPOCTPAHCTBA [2.51

crpancreo 8 K. Tozda ¢arxrop-npocrpancrso K/ umeer pas-
MepHocTs n—|.
Hoxazatenscrso. Bufepem npoussoanto  6Hasuc

fi, ---, f, & nognpoctpancTtBe L u nononHum ero, kak B 2.43,
BekTOpaMu f;,q1, ..., f, A0 Gasuca Bcero K. Paccmorpum
knaceol X, 13 f1,1, ..., X,Df, ¥ DIOKaxeM, YTO OHH oOpa-

3ytor 6asuc B npocrpanctee K/L. Ins moboro x €K cymect-

ByeT npeAacraBJienune
: n

Al
X = 2 akfk’
NO3TOMY AAsd Kaacca XD X CyulecTByeT IpepcTaB/eHHe
n
2
E=1+1
TToxawem, uyto knaccnl X;,q, ..., X, ’uHefHO He3aBHCHMHL,
Ecan 6l MB WMeIH NP HEKOTOPHIX € .4, ..., O, H3 K
I i J—
OL,+1X,+1T v —l—anXH—OEK/L,
TO, B YaCTHOCTH, BHIOJIHANOCH Ol COOTHOLLEHHE
| ! .
@St TS EL
HO TaK KaK f;. 4, ..., f, 7udedHo uesasucumm Hax L (2.449),
TO Oy = ... =0,=0, 4To ¥ TtpeboBasock. Takum 06pasoM,

i+1s - .-, X, oBpasyror 6asuc B K/L; Ho Torma mx uucno
n—/! ectb pasmepnocTth mnpocrtpancrea K/L (2.35). Teopema
JOKa3aHa.

§ 2.5. Jluueiinbe o6og0uku

2.51. BawuhM €rnpocofoM NOCTROCHUS TOIZOPOCTPAHCTB SB-
ngeTcd ofpasoBanue JAHHeHHOH OGONO4MKM 3aZaHHOH CHCTEMMH
BEKTOPUB.

[lycts x, ¥, 2, ...—HEKOTOGPAa# CHCTEMA BEKTOPOB JHHEH-
Horo mpoctpanctBa K; .wuwednod obGoaouxord cucremp X, y,
2, ... Ha3blBaeTCH COBOKYIIHOCTH BCEX (KOHEYHbIX) JIMHEeHHbX
KomMOuHauui

ox +By+yz+ ... (1)

¢ xosddunnentavn a, B, y, ... u3 uoas K. JIerko npoBCpuTh,
4TO 74 3TOH COBOKYIHOCTH BHIIONHeHu yciosus 2.47 a, 6;
nosToMy auHefinas o6onouka CHCTEMW X, y, &, ... €CTb NOX
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NPOCTPaHCTBO mNpoCTpadcTBa K. ITO mMOANPOCTPAHCTBO, OUe-
BHAHO, COMEPXHT BEKTOpH X, ¥, 2, ... C apyro#t cropons,
BCSKOE MOANpPOCTPAHCTRO, COJEpKallee BEKTODH X, y, Z, .
COMePHHT M BCe ux auneiinpie xombunaunn (11); ciaenosaresbHo,
AUHEIHAA 050104KA BEKTOPO8 X, Y, Z, ... ecTb HauMmexsuiee
nodnpocrpancreo, codepxcaujee 3tu sexropel. Jluneinas o6omoy-
Kd BEKTOPOB X, ¥, 2, ... obo3uayaercs uyepes L (x,y, 2, .. ).

2.52. Tllpumepsl.

a. Jluueiinas o6onouka BEKTOPOB €y, €y, ..., €,, 00pasyio-
piux 6a3uc HEKOTOporo mpoctpaHcTBa K, o4eBniHO, COBIAaeT
co BceMm npocrtpaHcTeoM K.

6. JluHefiHay 060J0YKA Napbl (HEKOAJIHHEAPHBIX) BEKTOPOR
npocTpancTsa V, COCTOMT M3 BCEX BEKTOPOB, MapajinefbHbX
[IIOCKOCTH 3THX BEKTOPORB.

B. Jluneitnas o6onouka cuctembl QyHKUuE 1, ¢, % ., tF
npoctpanctBa K (a, b) (K ectb R nau C) copnanaer ¢ COBO-
KYNMHOCTBIO BCEX MHOTOY/IEHOB OT ¢ He Bhiue K-ii crenenu. Jin-
Heilnast 060.10uKka GeckoHedHOH cucTemn yukumit 1, £, #3,...
COCTOHT H3 BCEX MHOrouJeHoB (/11060H cTenmesn) OT mnepeMeH-
noro ¢ ¢ kosbduumentaMu u3 moas K.

2.53. OTMeTuM ABa NpOCTHX CBOHCTBA JunefiHpix ofonodyex,

a. lemma. Ecau sekroper x', y', ... npunadaexar K au-
HeliHold 060.1014Ke BEKTOPO8 X, Y, ., TO 8cs auHelnas 0060-
aouka L(x', y', ...) codepmurca 6 auneinod 000104Ke
Lix,y, ...).

JelicTBHTENbHO, TIOCKOABKY BekTOpH X', y', ... npuHai-
fnewat K moanpocrpadctsy L(x, y, ...), BCe mux auuedubc
KOMOHHAILIMH, COBOKYIHOCTE KOTOPHIX M COCTABASET JuUHEHHYIC
obonouky L (x’, y', ...), TaKKe NPHHAANEHKAT K NOANPOCTPaH-

ctBy L(x, y, ...)

6. lemma. Bcakui 8eKTop cucTemvt X, y, ..., AUHEUHC
3ABUCAWUL OT OCTQAbHbLX BEKTOPO8 STOU CuCTembl, MOJNCHO Ul
Hee UCKAoMUTy 0e3 usmeHrerus aunelnol 060404KU.

JeHcTBUTENBHO, €C/H, HAPHMEP, BEKTOP X JHHEHHO 3aBHCHI

OT BEKTOPOB ¥, 2, ..., TO 3TO 03Hauaet, 4o x €L (y, z,...).
Otciona u u3 JiemMsl @ BeTekaer, 4to L(x, y, 2, ...) C
< L(y, 2, ...). C apyro#t cropous, oueBnano, L(y, z, ...)C
cLx, y, 2z, ...). Ob6a Bko4yeHHsT BMECTE I10KA3BIBAIOT, YTO

Ly, z, ...)=L(x, y, 2, ...), uTo n TpebyeTcH.
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2.54. lloctaBum Boupoc o0 nocrpoesuu 6asuca AuxeriHod
obonouku u onpedenenuu ee pazmeprocru. [Ipu peleHuu 3TOro
BOIPOCA Mul GyJeM NpeianodaraTh, 4TO Y4CJA0 BEKTOPOB X, ¥, ...,
NOPOKAAWUMX NHHeAHYI0 o6onouky L(x, y, ...), KOHe4YHO
(XOTd HEKOTODHE M3 3aKAYeHHH H He OYAYT CYLIECTBEHHO
Tpe6oBaTbh TAKOIO INPeANOJONKEHHS),

Honyctum, 4To cpeau BEKTOPOB X, y, ..., MOPOMIAILIHX
AuHelinyio o60s04ky L (x, y, ...), Mbl cMOraM HaliTu r nuHeHHO
HE3aBHCHMBIX BEKTOPOB,— OG03HAYHM HX YePe3d X, Xz, ..., X, —
qyepe3 KOTOphe MOWeT OHTb JUHEHHO BhIpaxeH 1060l BeKTOp
H3 CHCTEMH X, y, ... B 3ToM cnydae MH MOxeM yTBEPHHAaTh,
4TO B8eKTOPbL Xy, X, ..., X, 00pa3yorT 6asuc RPOCTPAHCTEA
L(x,y, ...). HelictBurennro, Besxu#t Bexktop 2 < L (x, y, ...)
0 caMOMy onpeaeseHvio JAMHeHHOH OOGONOYKH JIMHEHHO BHIpa-
KAETCH MePe3 KOHEUHOE YHCIO BEKTOPOB M3 CHCTEMHl X, ¥, .. .;
HO KaXJIbA M3 BEKTODOB 3TOH CHCTEMH MO YCJOBHIO JHHEHHO
BhLIpAKAETCH Yepe3 Xy, Xy, ..., X,; IO3TOMY B KOHEUHOM cyeTe
H BEKTOp Z MOXeT OHTb JHHEHHO BHIPAMEH HENOCpPeACTBEHHO
yepe3 BEKTOPH X,, X,, ..., X,.. B coemuHenun c npenno.o-
WEHHOH JIMHEHHOH He3aBHCHMOCTBIO BEKTOPOB Xq, Xg, ..., X,
Mbl [OJy4aeM BHIIONHEHHe A HUX OOOHX YC/IOBMH, colepka-
uIHXCs B oupeneneHuu 6asuca (2.37), 4to M Tpe6OBaANOChH.

Cornacuo  Teopeme 2.35  pa3MepHOCTb  NpPOCTPaHCTBA
L(x,y, ...) paBna uucay r. [locKkonbKy B r-ME€pHOM IPOCTPAH-
CTBE HE MOXET CYLIeCTBOBATh Goslee yeM r NHHEHHO He3aBHCHMBIX
BEKTOPOB, Mbl MOMEM CIe1aThb OTHOCHTEJIbHO pa3MEpPHOCTH I

npocrpanctea L (x, y, ...) cremywouue BHBOAK;

a. Ecau wucao noposwdaroujux eextropos x, y, ... 0oabuie
HUCAQ r, TO B8eKTOpbL X, Y, ... JUHEUHO 3ABUCUMbL, eCAd UX
HUCAO PABHO HUCAY I, TO OHU AUHEUHO He3asUCUMbL.

6. Bcakue r--1 6exTopos u3 cuctemel X, y, ... AUHEUHO
3asucumet,

B. Pasmeprocte npocrpancrea L (x, y, ...) mowHo onpe-

GeauTs KaK MOAKCUMQAAbHOE HUCAO AUHEUHO He3aBUCUMbLX 8eK-
TOPOG 6 cucTeme X, y, ...

§ 2.6. TunepnaockocTu

2.61. Kax mn ywe Bugenu B 2.42e2, reomertpuyeckufi o6pas,
COOTBETCTBYIOWIHA TMOHSITHIO MOANPOCTPAHCTBA, HJA TPOCTpaH-
ctBa V3 B «TOUEHHOH» (a He «BEKTOPHOH») MHTEPNPETALHH eCTh
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MJIOCKOCTh (HAM MpPAMas), MPOXOAALLas Yepe3 HAuaJo KOOPAHHAT,
Ho nnockoctH n npsMble, He MPOXOIfliHE YEpe3 HA4Yan0 KOOp-
IMHAT, WeJaTeabHo OGLio Obl Takwe BKJAWOYHTh B KPYT HAIlHX
paccMoTpeHu#i. 3aMmeuasi, UTO TakKne IVIOCKOCTH W IPAMBIE MONY-
YalOTCH M3 IJIOCKOCTEH H NPAMBbIX, MPOXOJAIIMX dYepe3 Havanso
KOOpPJWHAT, MapajijesbHEM NMepeMellleHHeM B MPOCTPAHCTBE, T. €.
CIBHTOM, MH €CTECTBEHHO MPHXOAHM K CJACAYIOIIEMY oBuieMy
NOCTPOEHHIO.

[lycTb L— HekoTOpOE MOANpOCTPAHCTBO THHEHHOTO MPOCTpaH-
c¢tBa K n x,— ¢urcupoBanubifi BeKkTOp, BOOOLLE TOBOPH, HE IPH-
Haxnexamuil L. Pacemorpum coBokynnocth H Beex BekTOpOB X,
KOTOpble NoJaydalTcd no dopmyne

x=xo+}’,

Koraa BekTop y npoGeraer Bce moxanpocTparcTto L. Cosokymn-
HocTh H HaswiBaeTcs pesyasTarom cOsuea nodnpocrpancrsa L
80016 B8EKTOPA X, WIH 2unepniocKocTbio.

3aMeTHM, 4TO THIEPILVIOCKOCTh cama, BooOUle FOBOps, HE
o6pa3syeT MNOANPOCTPAHCTBA.

2.62. [Tpumepn.

a. B npoctpancTBe V; COBOKYMHOCTH BCE€X BEKTOPOB, BAIXO-
ASUIMX M3 Havyana KOOPAMHAT H KOHYAIOLIMXCS HA HEKOTOPOH
MJOCKOCTH Y, 00pasyeT THMepnaockocTh. JIerko mpoBepHTb, UTO
aTa THNEPIVIOCKOCTh ABJAETCH MOANPOCTPAHCTBOM B TOM H TOJNBKO
B TOM cJyuac, KOrJa IMJOCKOCTh 7§ MPOXOIHT depe3 Hauajlo Ko-
OpIHHAT.

6. B mnpocrpanctBe K, paccMOTPHM COBOKynHocTh F Tex
BekTopoB x = (&;, &,, ..., §,), KOODAHHATH KOTOpHIX YHOBJIET-
BOPAIOT COBMECTHOH cHCTeMe JHHEHHBIX ypaBHeHuft

@y Xy + QppXo+ .. Qg X, = by,

1 -
a21x1+azzx2T e +a2n’\n:b21 (12)
] | __
Qg Xy T QpaXy+ oo+ @y X, = by,
M COBOKYMHOCTb L TeX BEKTOPOB y = (1;, Ny, ..., T,), KOOP-

JMHATH KOTOPKIX YIOBJAETBOPSAIOT OJHOPOXHOH CHCTEMe JiHHEeHHBIX
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vpaBHeHHH ¢ Temu ke KO3 HUHEHTAMH:

@yt QYo 1 - - - + 21,9, =0,
‘221)’1+‘222}’2 T a2nyn 0, (13)

ak1y1+ ak2y2+ + (anyn

Kak Mol yxe 3HaeM, COBOKYIHOCTH L ecTb IOJNPOCTPAHCTBO
npoctpancta K. Ilyctb x,= (8, EP, ..., EY)—mnekoTopoe
pemtenne cucrtemusl (12). Ilokaxem, uro coBokynHoctTs H coBma-
J1aeT C COBOKYIHOCTELIO BCeX CyMM X, -y, rie y npoGeraer Bce
nojupoctTpancTBo L. JleficTBHTENBHO, eClu ¥ = (N, Mg, « -+« , N,)
€CTh HEeKOoTOpoe pemleHue cuctemul (13), To BekTop

X = xo+)’: (§(10)+7]11 §(20)+r|27 L ) E;O)_%_ nn)’

OUeBHJIHO, siBAsieTCs peineHueM cucteMsl (12), T. e. BXOJUT
B cosokynuoctb H. O6partHo, ecnn X — nio6ofi BEKTOpP COBOKyN-
HoctH H, TO PasHOCTD = X — X, YAOBICTBOPHET yKe CHCTeMe
(13), T. e. BEeKTOpP y BXOAMT B MNOANpPocTpaucTso L. B cuny
JAHHOTO HAMH BBl ONpe/eseHnsl COBOKYNHOCTh {1 ecTh rHiep-
TJIOCKOCTh, HMEHHO, PE3y/NbTAT CABHra NOANPOCTpaHcTBa L Ha
BEKTOD X,.

2.63. Kaxaoit rumeprutocKOCTH, XOTSi OHA W He NpejacTas-
asieT coO0OH 1OMNPOCTPAHCTBA, MOXHO TIPHIHCATD HEKOTOPYIO
pasmepuocts. Vimenno, pasMmepHocTb runeprnockoctH H 6ynem
CUMTATh paBHOM Pa3MEPHOCTH TOTO NMOANPOCTPAHCTBA L, caBurom
KOTOPOTO Oblla MOJydYeHa 3Ta THIEPHNOCKOCTD.

Yro6rl 3TO omnpeaeneHne ObIO KOPPEKTHHIM, HY#HO 110Ka3aTh,
4yTO HdadHasi runepriaockocts H MoxeT 6bITH TMOMyYeHa CIBHIOM
TOJbKO OIHOTO MmoJIpocTpaHcTa. asg AokasatenbcTBa 3TOTO
yTBEpKAeHHs AOMYCTHM, 4TO THnepmiockocTb H ects pesyabrat
cnBHra MOAIIPOCTpPaHcTBA L Ha BeKTOp X, H B TO K€ BpeMms
pesynbTaT CABMra moampoctpaHcTBa L' Ha BexkTOp X4.

Torana ana moboro z €H umeem z=x,-4y, rae y€EL, u B
TO We Bpemsd Z=x,-+y’, tae y' €L’. Orcioma ciedyer, 410
L’ ecTh COBOKYIHOCTb BeKTOPOB, onpenenseMbx ¢opmynoi
y = (xy—x,)-+y, rae y—npoussonbumit Bexktop H3 L, T.e.
4yTO moanpocTpancTBo L’ ecTh pesynbrar CABHra nOANpPOCTpAH-
ctRa L Ha BexkTOp X;=X,— X, [lokaxeMm, 4YTO BeKTOp X,
BxoauT B mnoampoctpancTso L. Hyne-ekTop, Kak W Beaxuft
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9JEMEHT MOANPOCTPaHCTBA L', MOXHO npeacTaBuTh B BHIE
X1+Yy;, rae y, €L (nockoabky L’ ecTh cIOBMT moampocTpas-
crBa L Ha BexTop x,); oTcioma cremyer, uto Xy= —y; "
IO3TOMY X, BXOZMT B L, 4To Mbl M yTBepxaasu. Ho B Takom
ciyyae  BeskuH BekTop y' € L' BXoaMT B moampocTpasctso L,
TaK Kak NpeicTaBisieTcsi CymMMo# BekTOpa X, €L u HekoTOporo
BekTopa y € L. CnegoBatensHo, uMeeT MecTo BKAlouenue L' —L.
B cuay nonHo#l CHMMETPHH yCJAOBHSL aHAJOTHYHO MOXHO HOKA-
3aTh, 410 L L', oTkyna BuTekaer, yto L=L’', yro yTBE K-
JLa70Ch,

B nanpnefimem runepniockoctu pasmepHocTn 1 Gyaem Hasb-
BaTh APAMbIMU AUHUAMU, THIEPIIOCKOCTH pPAa3MEPHOCTH 2 —
RAOCKOCTAMU.,

Cu. 3agaun 11—14.

§ 2.7. Mopduamer JuHeliHpIX MpocTpaHCTB

2.71. Tlyctp kaxzomy BekTopy x' JumeiiHoro npocTpan-
ctBa K' no wekotopomy npaBuny o mocTaBaeH B COOTBETCTRHE
BeKTOp X" yuHeHoro npoctparctBa K”. TIpasuio o HasmiBacres
MOpuaMOM (WM AUHEUHBLM ONepaTopoM), eCliM BHIIOMHAIOTCS
CReNYIOLIHE COOTHOUIEHHUS:

a) o(x'+y)=0(x)+o(y) g mobux x', y" u3 K';

6) w(ax')=aw(x’) aas mo6ux x' €K' n mo6oro %€ K.
Ecan mopdusm @ otoGpawaer mpocrpanctso K’ Ha Bce npocT-
pauctBo K”, on nasbiBaeTcs snumopgusmom. Ecmm MopduaM ©
oroBpaxaer mpocTpaHcTBo K’ x0T 6H M He Ha Bee K”, Ho
B3aHMHO OIHO3HAYHO (TaK 4YTO M3 X' £y’ caexyeT o (x')s&
= (y’)), on HasmBaeTcas Moomopduamom. Ecmm Mopdu3M ©
oroGpaxaet mpoctpanctso K’ B3amMeO 0aHO3HAuHO HA BCe mpo-
cTpancTBO K”, T.e. ABAseTcH OMHOBpEMEHHO MOHO- W 3MUMOP-
(H3VMOM, OH HA3BIBAETCH UBOMOPPUIMOM, A CAMH IPOCTPAHCTRA
K" u K” HaswiBatoTcs n30MophHbMHU (Tounee, K-uzomopproimu).

Obwenpuusitoe o6osnaucHne Mopduama:

o: K/ — K”.
2.72. llpumepmu.
a. [lycte L ecth momnpocrtpanctro npoctpanctea K. Orto-

GpaxceHne ®, KOTOpOe KakI0My BEKTOpPY X €L craBuT B cooT-
BETCTBHE ITOT Ke BEKTOp X B npocTpaHctBe K, ecTh mopduam
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L B K, n uMentHo Moxomopduam (mpuieM, ecid L %K, He smu-
Mopduam). 10T MOpPH3M ( HA3BIBAETCH gaosenuem L B K,

6. Mycte L ecTh 10oANPOCTPAHCTBO npocTpaHcTBa K
K /L — ¢pakTOp-npoCTPaHCTBO MPOCTPAHCTEA K mno noanpoctpaH-
crBy L (2.48). OroGpaxenne @, KOTOPOE€ KaWJOMy BEKTOpY
X €K craBHT B COOTBETCTBHE KJa4CC XcK/L, conepwaniuit
snement X, ectb mopduam K B K/L, n umeHHO 3nUMo ppu3M
(npuuen, ecnn L =0, He moHomopduam). 10T MOpdU3M © Ha-
SHBAETCH KanonudecKum orobpasxcenuem K Ha K/L.

2.73. a. llycTb npoOCTPaHCTBO K’ n-vepio u oOnanaer
Ga3ucoM e;, ..., e,. B npocTpaHcTBe K” BiGepeM MPOH3BOIBHO

BCKTOPH €}, ..., €n. 110CTABUM B COOTBETCTBHE 11060My BEK-
n

Topy X’ :;lgke; €K’ BekTOp

3

ox)=x" :k 11§ke7z

¢ temn ke Koshbuuuentamu Ly (=1, ..., n).

[Toxawey, UTO oTobBpaxerue ® (x') == x" ecro mopuam npo-
crparcréa K' 8 npocTpancreo K".

Mycrs B npocTpanctae K’ sribpatbl A8a BEKTOPA

n
=2Eke, 1 Yy :kz_llnke;z;
torna no 2.33

R
¥y = 2 (5t M) €k
COr/1acHO OTpE/e/eHHI0 OTOGPAaXEHHS ©
! ’11 L n
v ,
o (x )'—"kzlikek, @ (y) == X Mgl
Hanee,

05’ +y) = B 6t 10 e = S ek + ek =00 ")
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TaK 4TO yc/aoBHe 2.7/a) BHIOJHEHO. AHANOTHYHO [IPH To0oM
a €N

n n
oox)=w <a2 Eke;> = < Ea‘;kea =
= =
n ., n "
:kzlagkek = a;lgkek =aw(x’),

14K 4TO BHOOAHEHO H ycaoBHe 2.7 16). Cien0BaTelnbHO, © (x) = x"

ectb mopduam K’ 8 K", uto H yTBEpxAan0Ch.

6. BuificHAM, TpH KAaKOM yC/JOBHH MOP(H3M @, OMHCAHHLIA B
a, BASETCS INUMOPHUIMOM. QOueBHAHO, HEODXOAUMBIM H 10CTA-
TOUHBIM YCAOBHEM AMS 3TOrO ABAAETCS BOSMOKHOCTDH npeiacTas-

n
nennst 8 dopme X Epep 060ro BEKTOPA x" €K", uHbiMH CJI0-
k=1

gawu, ToT (akt, uto K” cosnadaer c auretinoil 060104kl
BEKTOPOB . €, .., €n.

B. BhiSiCHHM, 1P KaKOM YCJOBUH MOPPH3M @, OIUC aHHbIR
B @, ABASETCH MOHOsMOppu3mom. [lns STOFO HEOOXOLHMO H 10-
CT4TOYHO, 4TOGH BEKTOPH 2 Epes, 3 nger, pasamyatompecs
xOT# Ghl MO OAHOH nape KOOpIMHAT (T. €. TaKue, 4T0 B =M
X0Tsi 6bl IPH OJHOM 3HAaYeHHH k), ObIH Obl PA3MHUHLIMU BEKTO-
pasu upoctpanctea K. Ho 310 paBHOCHAbHO NHHeHHOH He3a-
BHCHMOCTH BEKTOPOB €y, ..., €5, CJEI0BaTeIbHO, mopHusm ©
T020a U TOALKO T020a ABAAETCA MOHOMOPPUIMOM, Koz0a 8ek-
TOpOL €7, ..., €y AUHEUHO HE3ABUCUMOL.

r. Kak caeactsue nonydaem: mMopgusm o, ONHCAaHHHIA B @,
9BA9eTCSH M30MOP(H3MOM TOrAA W TONLKO TOFAd, KOTA BEKTOPH!
€], ..., €y JIHEAHO HE3aBHCHME M HX AuHednaa o6onouka
cosnazaeT co Bcem npoctpadcTsod K”. Vnaue rosopd, mopduaM
W ABAAETCA U30MOPPUIMOM TO20Q U TOALKO 10200, K020Q BEK-
TopbL €}, ..., €, 06pasylT 06a3uc npocTparcTea K".

2.74. Teopewma. Jwboe dsa n-mepHolx npoctpancréa K’
u K" (Had o0HumM u Tem e noiem K) K-uzomopgrot.

NokazateabctBo. Ilycrts ey, ..., en—0asuc B 1po-
crpanctse K’ u e, ..., €,—0a3uc B MPOCTPAHCTBE K". C no-
MOLLpIO STHX CHCTEM BEKTOPOB MOCTPOHM MOPHH3M @, KaK yKa-
3an0 8 2.73a. B cuny 2.732 oH ABadeTCd H30MOPHU3MOM, HTO
n TpebyeTcH.
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2.75. Cnexncrtaue. Beakoe n-mepuoe nunednoe mpocTpa-
ctBo Han nonem K K-usomopduo npoctpauctey K, (2.156).
B uacTHOCTH, BCAKOE 7/-MEpPHOE KOMILIEKCHOE MPOCTPAHCTBO
C-u3omopdHo npoctpancTBy C,; BCAKOE /I-MEPHOE BellecTBEHHOE
npoctpaHcTBO R-usoMmopdHO NMpocTpaHcTBy R,

2.76. NanpHefiuiue cROMCTBA MOHO- M1 S3TUMODP-
du3moB.

a. [Tyctb umeercs Moppuam w: K’ —» K”. PaccmoTpum coBo-
KynHocTb Bcex BekTopoB @ (x') €K”, xoraa x” npoGeraetr Bce
K’. Dra COBOKYIHOCTb €CTb, OYEBHAHO, [OLIIPOCTPAHCTBO
L"cK”. Ono uasmBaeTCs 064acTero 3Hadexnuidl MopduiMa ®.
SlcHo, uto oToGpaxennme ® npoctpanctsa K’ B L” asnsercs
snumopduamom. Ecau mopdpusm o: K'— K” 6un MonoMOpgu3-
MoM, TO Mopdmuam ®: K’'— L” ecrb uaomopdpuam,

6. Ilyctb umeercst Mopduam @: K'— K". Pacecmorpum coso-
kynocTh L’ Bcex BekTopoB x' €K', ans xotopex o (x')=0.
CoBOKYmHOCTb L’ eCTb, OUYEBHAHO, NOANPOCTPAHCTBO B MPOCT-
panctBe K’; OHO Ha3nBaeTcs A0pOM, WM HYAb-MHOZ000pa3uem
Mopdusma .

[Toctpoum ¢aktop-npocrparcTo K'/L' (2.48). Bee anementsl
x’, nexauue B oxHom M Tom xe knacce X' € K'/L’ nepesoasartcs
MOpH3MOM ® B OZMH M TOT ke ssemenT npocrpanctsa K';
ICHCTBHTENbHO, AAS ABYX TaKHX 9/EMEHTOB X' M Y’ Mhl HMEeM
x'—y =2 €L, otkyna o (x)—o (y)=0(2)=0, o (x)=
= (y'). [locraBum B cooTeTCTBHE KauaoMy knaccy X' € K'/L'
snement X" = (x’) EK", rae x' €X' —nio60f 3JEMEHT; Mbl
TOJABKO YTO BHAEIM, YTO X" OnpejiesneH NMpH 3TOM OIHO3HAYHO.
IMonowun x"=Q (X’). Oro6paxenne £, KaK JErKko0 BUAETH,
ecTb Mopduam npocrpancrsa K'/L' B K", on sBagercs MOHO-
mopdusmom, Tak kak usz X' ==Y, x' €X', y €Y' caenyer

’

QX)—QY) =0 )—o(y)=0(x"—y')+*0.

Takum o6pasom, aio6oit Mopdusm ®: K’ — K” nopoxaaer MoHo-
mopuan Q: K'/L’—K”. Ecnn Mopduam @ Ohla 30HMOPPHIMOM,
TO, OueBHIHO, M MoHoMOpdH3M Q saBaseTcs 3INHMOPGUIMOM,
rak yto snumopduam ©: K’'—K” r1opoxnaer u3OMOPGHU3M
€ K'/L'—K".

Mu npoxo/KkuM u3yveune Mopdusmos B Ii1. 4.
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3AJAYH

1. OGpasyeT /MM COBOKYNMHOCTb BEKTOPOB HA IJIOCKOCTH, Hayasa KOTO-
pLIX HAxXOmsITCA B Hayale KOODKMHAT, a KOHUBI—B Ipejesax NepBOH
yeTBEpTH, JIHHEHHOE MPOCTPAHCTBO (C OOBIYHBIMH ONEpPaLHAMHU)?

2. O6pasyet JiK JuHeiiHOe NPOCTPAHCTBO COBOKYMHOCTh BCEX BEKTOPOB
Ha IJIOCKOCTH C HCKJIIOYEHHeM BEKTODPOB, NAapasiJieJibHLIX HEeKOTOpOH
3afaHHoOfl MpAMOH?

3. PaccMOTPHM COBOKYMHOCTb P OJHHX NOJOXHTeJbHBI X Be-
IeCTBEHHHX 4HCe/. BBeieM oOIepauHH MO CJeAYIOUHM TpaBUJIaM: IOA
«CTIOKEHHeM» JABYX uucen OyJeM INOHHMaTh HX (0ObIYHOE) yMHOXKeHHe,
a TOJ TpOoM3BeleHHeM 3JeMeHTa r € P Ha BelleCTBEHHOE YHCIO A GyaeMm
noHHMaTth (OGEIYHOE) BO3BelleHHe YHC/Ia r B CTeneHb A. SIBagerca Jaum P
¢ YKa3aHHBIMH ONepanHsMH JHHEHHBIM IPOCTPAHCTBOM?

4. Tlokas3aTh, 4TO B CJyyae 7 3aRaHHBIX BEKTOPOB B MPOCTPAHCTBE
K, KpHUTEpHeM JIHHeHHOH HE3ABHCHMOCTH HX CJIyXKHT HEPABEHCTBO HYJIO
ONpefie/IUTeNsA, COCTABJGHHOTO H3 KOOPLHHAT STHX BEKTOPOB.

5. [Tokasatb, uTo B npoctpanctBe R (a, b), rae 0 < a < b, QyHKIHH

(%, %2, ..., t**% JHHeHHO HE3aBHCHMEI, €CJH Oy, Oy, ..., Olp— Pa3JHi-
Hble BelleCTBeHHble UYHCJA.
6. OTHOCHTENIbHO CHCTEMBl BEKTOPOB €1, €y, ..., €, JHHEHHOTO TMpO-

crpanctBa K H3BecTHO clienyromiee:
a) Kaxnelii Bexktop x € K nomyckaer pasnoxeHue

x=Ee+ 5t ... +Epep.

6) Jlna HeKoTOpOro (MKCHpOBaHHOTO BekTopa x, € K 3T0 pasmoxe-
HHe € 1HHCTBEHHO.

JlokasaTth, 4TO CHCTeMa ey, ..., €, obpa3yer Gasuc mpoctpanctsa K,

7. CywectByeT /i 6a3uc y mpocTpancTBa P (3ajaua 3)?

8. Kakopa pa3MepHOCTb TpoctpaHcTBa P (3ajaua 3)?

9. B npocrpanctBe V3 B3fiThl ABa pPa3JIMYHBIX JABYMEPHHIX NOANpO-
crpanctea L, u L, (1Be pasanuHble NIOCKOCTH, NMPOXOLSILIKE Uepe3 HauaJo
KoopAHHaT). UTO cOGOH npeACTaBAAT HX MNepecedeHHe H CymMMma?

10. Moka3aTh TeopeMy: eClH pa3MepHOCTb mnopmpocTpaHcTBa L < K
cosmnajaeT ¢ pasmepHocThio mpoctpaHctBa K, 70 L =K.

11. OmnpemeseH JH OJHO3HAYHO CAMOH THNEPIVIOCKOCTbIO BEKTOP
CABHTA X;, (PUIYPHPYIOWHA B ee MOCTPOGHHUH?

12. Tlokasath, uTo BcAKas runepmiockocte H < K obnagaer cue-
aytomnM cBoficteoM: ecan x € H, y € H, 1o ax4(1—a)y € H npu
Jo6oM BellecTBeHHoM o, O6paTHO, eciH HeKOTOpoe MOAMHOX eCTBO
H < K o6aagaetr cgopMyJHPOBaHHBIM CBOHCTBOM, To H ects rumep-
1J0CKOCTh., Kakas reoMeTpHuecKasi XapaKTePHCTHKAa THIePIJIOCKOCTH
COjePKHTCS B 3TOM CBOHCTBe?

13. Tunepoyiockoctd H, u Hy HMeOT pa3sMepHOCTH COOTBETCTBEHHO
p u g. Kagoil (nauMeHbulefl) pa3vMepHOCTH HYAHO B3ATh THIEPIJIOCKOCTD
H,, uTo6bl OHa, GYAyYH AOMKHBIM 06pa3oM pacrosioXkKeHa B NPOCTPAHCTBE,
cogepxana B cebe u H; v Hy?

14. Ananornusas 3azaua Aas Tpex rumepmiockocreii Hy, H,y, Hj
C pa3MepHOCTAMH p, § H r.

15. CornacHo Teopeme 2.74 opHoMepHBle mpocTpaHcTBa R, u P
(3anaua 3) u3oMopdHbl. Kak MOXKHO OCYLIECTBHTH 3TOT H30MOp(hH3M?
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CHCTEMbl JIMHEHHDbIX YPABHEHHH

§ 3.1. Eme o padre maTpuusl

3.11. Mu ywe HeECKX0JbKO pa3 BCTPEYaNHCh C MATPHUAMH
B HallleM H3noxenud., B aTom maparpade Mb OcTaHOBHMcS 6onee
deTanbHO HAa TeX CBOHCTBaX MaTpPHIH, KOTOpbE CES3aHBI C MO-
uaTHeM panra (/.92). 3To no3BOAUT HaM HaTh obwiee peiie-
HHe 34aJa4H O CHCTeMax NUHeHHBIX ypaBHeHHH, copMynHpoBaH-
HOMt B § 1.2,

Hanomnum ocHoBHme ompenenexus u3 § 1.9.

IMycTh nana martpula ¢ 72 CTPOKaMH W kR cTonbuamu, 3a-

MOJIHEHHBIMH  YHCIAMH @ ({ —uHAEKC CTPOKH, f— HHIEKC

ij

cronbua, i=1, 2, ., on, j=1, 2, ..., k) n3 nona K:
V a1 Q9 A1k
A:i g1 Qg Aap | (1)
” an1 an2 ank l

Ecad B 3TOM MaTpHile BHOPATH NPOM3BOJABHHIM 06pasoM
CTPOK H m CTOJOLOB, TO 3MEMEHTHI, CTOSLIHE HA MepeceyeHHsX
9TUX CTPOK H CTOAOLOB, 00pa3yioT KBaJApaTHYId> MaTpHIY mo-
paakKa m.

Onpenenntensb 3TOH MAaTPHLBL HA3LIBAETCH MUHOPOM M-20
nopadka marpuyst A, HatypanbHoe uuc/l0 7 Ha3biBaeTCs paxnzom
MaTpHIbi A, €ClH y Hee HMeeTCsl MHHOP MOpPSiAKA r, OTIHYHHIH
OT Hynd, a BCe MMEIOLIHeCcs MHHOPH Mopsaka r -1 H Bbiule
paBunl Hynwo. Ecan matpuna A umeer padr r >0, TO Besxult
ee MHHOp r-ro mnopsiakKa, OTJMUHBIN OT HYyJsl, HaswBaercs 6Ga-
sucubim munopom. CTONOLB H CTPOKH MATPHLKI, HA mepeceye-
HHAX KOTOPHIX HAXOMSITCSl 3JEMEHTH 6a3ucHOrO MHHOpA, Ha3bl-
BAIOTCH BA3UCHbIMU CTOAGYAMU U CTPOKAMU.

Hawu nanpHediune paccMoTpenus OyayT OCHOBaHn Ha
BO3MOXHOCTH MPUAATh JAOGOMYy CTOAOLY M3 7 UHCEed reoMmer-
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pHUueCKHHl CMBIC/I BEKTOpa B 7-MepHOM mpocTpanctse K, (2.156).
Cama maTpuua A B 3TOH reOMeTpHYECKOM TPAKTOBKE OTBevaer
onpeleNeHHOM COBOKYMHOCTH £ BeKTOpoB mpocTpancta K
0603HaYMM 4Yepes X, BEKTOP, COOTBETCTBYIOULHH J-My cToa6uy
matpuust A (j=1, 2, ..., k). JlioGoe nuneHiHoe COOTHOLIEHHE
MeWay CTONOUAMH MATPHLUB Ml MOXEM HCTOJKOBAaTb KAk Takoe
ke JHHEHHOE COOTHOLIeHHE MeXJy COOTBETCTBYIOUIMMH BEKTO-
pamu (2.220).

O6pasyem B mpoctpancTBe K, nuHeHiHYI0 060JOYKY BeXTO-
POB Xy, Xg, ..., X, (2.51). TlokaweM, UTO BeKTOpbL, OTGeUd-
rouue 6asucnbim  cTOABYaM marpuyst A,-—0ycTb IS onpeje-
JIeHHOCTH NepBsie r ee CTOJAGUOB SIBASIOTCH Ga3HCHHMH — 06pa3y 0T
6a3uc 3rot aunetnoti o6osouxu. Jns 3TOro AOCTATOYHO MOKa-
3aTb, BO-NIEPBHIX, 4YTO BEKTOPH X;, Xy, ..., X, NHHEHHO He-
34BUCHMH H, BO-BTOPHIX, YTO 4Yepe3 HHX MOXeT OuTh 1uHeHHO
BHpaXKeH N1060H H3 OCTABLIMXCH BEKTOPOB X, 1, ..., X, (2.54).
[lpoBepHM CcHauyana mnepBoe H3 3THX yTBepwAeHHH. JlnHefiHas
3aBHCHMOCTh BEKTOPOB X;, X4, ... s X, Obia Obl PaBHOCH/IbHA
AMHeHHOH 3aBHCHMOCTH r NepBhIX cTOA6UHOB MaTpHusl A. Ho Toraa
B cuay TeopeMmn /.96 no60f ompeleauTesNb r-ro nopsika, mo-
CTPOEHHHH Ha ITHX CTONONAX M KAKHX-HHOYyAb Fr CTDOKax Mart-
putt A, Own Gbl paBeH Hymo. B uyacTHocTH, Onul OBl paBeH
HY/I0 Ga3HCHBIK MHHOP MaTpHULI A, 4TO MPOTHBODPEUHUT €ro ompe-
nenenuio. Takum 06pa3oM, nepBOE yTBE P AeHHE JOKa3aHo. Bropoe
yTBepkacHue M GaKTHUECKH A0Ka3anu B 1.93; chopmyTHPOBaH-
HOEe TaM A% CTOAGUOB MAaTPHULl A, OHO COCTaBHJIO COAEpXaHHE
«TeopeMn 0 6asucHOM MHHOpe». TeM caMmbiM MHl [IOJHOCTBIO J10O-
Ka3aJH, 4TO BEKTOPH Xy, X4, ..., X, 06pa3yioT 6a3Hc NPOCTPAHCT-
Ba L(x;, X3 ..., X;). B cuny Teopemp 2.35 pa3MepHOCTb
5TOr0 MPOCTPAHCTBA pAaBHA YHCAy r, T. €. paBHa paHry mar-
puusl A. Mpl NOAYYMAH clelywLHH BaxXHbi pe3y/bTar:

T eopewma. PasmeprocTe aunelnoti 060104 Ku 8eKTOpO8, onpe-
Oenennblx CcTOABYamu maTpuyst A, pasna panay 3TOL MaTpPUybL.
Bexrtopei, oreedaiowjue basucnsim croabyam marpuyst A, obpa-
3yrT Gasuc auneldrod 060i0HKU.

3.12. JanbHeliine OpennokeHHs NpeNCTaBAIOT coBoit oye-
BUAHLIE cneiacTBus U3 2.54a —a.

a. Teopema. Ecau pane marpuyst A mensuie, 4eM 4UCAO ee
croabyos (r < k), 1O cTOAOUbL MATpUYbL A AUHEUHO 3ABUCUMbL.
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Ecau pane marpuysr A pagen wucay croabyos (r =R), 10 cT064bt
marpuybt A AuHelHo He3asucuMbL.

6. Teopewma. Beakuer -+ 1 croabyos marpuyst A patea r
AUHEUHO 3a8UCUMbL.

B. Teopema. Pane mo6oil maTpuysl pasex MOKCUMANbHOMY
HYUCAY ee AUHEUHO He3a8UCUMbLX CTO0ABYOS.

D70 nocneaHee npeAnoKeHHE HMEET 60bLI0E IIPHHIHUIHATBHOE
3HaYeHHE, TaK KaK OHO codepxkHT B cebe H0B80oe onpedesenue
parea marpuyst.

3.13. Ecam rtpancnonnpoBats MaTpuiy A, T. e. nepeiTH
OT MaTpHUW A Kk MaTpule A’, CTPOKH KOTOpPOM ABJSIOTCH CTO6-
UaMH MATpHLL A, TO pAHr TPAHCOOHHPOBaHHOK MaTpuun A’
OyneT, OYEeBHIHO, TAaKHM e, KakoB Owin paHr maTpuusm A. Ho
cornacHo Tteopeme J./2¢ paHr MaTpulsl A paBeH MaKCHMAa/JdbHOMY
KO/HYECTBY €€ JIHHeHHO HEe3aBHCHMHX CTONOLOB, H/AH, YTO TO
He camoe, CTPOK MaTpuunl A’. Mbl NOPUXOAUM K HECKOJBKO
HEOXHIAHHOMY 3aKAI0YEHHIO:

Teopema. Makcumarbroe K0AULECTBO AUHCLEHO HE3ABUCUMBLY
CTPOK 41060 marpuysl co8nadaer ¢ MAKCUMANbHOIM KOAULECTEOM
ee AUHEeUHO He3a8UCUMbLX CTOABHOS.

3aMeTHM, YTO 3Ta TeopeMa HETPHBHA/AbHA; /I060e NpAMOe
€e JI0K43aTeNbCTBO MOTpeboBano 6b Lenu pacCcyxaeHHH, 3KBHBa-
JIEHTHOH moKasaTenbcTBy TeopeM [.93 u 3.11.

3.14. OTMeruM eute cledyOUHH PE3yAbTAT, KOTOPHH BHTE-
KaeT u3 Teopemun 3./1 u nemmu 2.536:

Teopewma. Ecauolun us ctoabyos marpuyst A A841eTCA A=
Helnod kombunayuel Opyeux ee CTOABYO8, TO €20 MONHO Bbl=
YePKHYTb U3 3TOU MATPUYbL, HE MeHAA ee panadq.

CM. sagaud 1—2,
§ 3.2. HetpuBuaibHas COBMECTHOCTh OJHOPOAHOM
JUHEHRHOH cHCTEMb

3.21. Ilycrs naHa oaHopoaHasi nuHeHHas cucTeMa
A Xy -+ QX+ .. Fay,x, =0,
Qg1 ¥y oKy ... A=y, %, =0, )

| —
QpiXy T Qpo Xy 1 oo Ay, =0.
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Kak Mo yme smaem, sTa cuctema Bcerma coBMmecTHa, Tax
Kak 06.1a112€T HyJIEBHIM DeLIEHHEM Xy = Xy = . .=xX,=0. OcHop-
Hasi 3anada, ¢ KOTOPOH NMPHXOAMTCH BCTPEYATHCS TIPH H3YYEHHH
OIDHOPOIHKIX THHEHHBIX CHCTEM, CENYIOLIAs: NpU KAKUX YCAOBUAX
00HOPOOKAA CUCTEMQ (HETPUBUAABHO COBMECTHA, T. .. UmeerT,
kpome rysresoeo, euje Opyeue peuwenus? Pesyaprathi § 3.1
NO3BOJSIIOT Cpa3dy pellHTh 3Ty 3anavy. HedcTBuTenbHo, cyule-
CTBOB4HHE HEHYJIEBOIO pEIIEHHd CHCTeMH (2), KaK Mol BHIe-
A B 2.220, PaBHOCH/IbHO JHMHEHHOH 34BHCHMOCTH CTOAGLOB
MaTpPHLR!

A1y Qug < od Qqp

A= T2 G2z -o0 Qg

Qp1 Qg o0 Qpy

a no TeopeMe J./2a 3Ta JNuHeHHAs 34BHCHMOCTb HMEET MecTo
TOraa ¥ TOJNBKO TOIZRA, KOIrAd PAaHT MATPHUL A MeHplile 4Hc/a
cToa6L0B, MTak, MH MoayyaeMm ciexywoulyio Teopemy:

Teopewma. Ecaupane marpuye A pasen wucay n, cucrema 2)
He UMeeT Heryaesoblx peulenul; ecau e paHe marpuyst A meno-
ue n, Henyiesole pewieHus cuctemot (2) 308e00M0 cyuecT8yOT:
8 3TOM U TOAbKO 8 3TOM CAYHQE HAWLA CUCTEMA HeTPUBLAAbHO
CcOBMECTHA,

3.22. B uacTHocTH, ecam 4YMCAO ypaBHEHHH B CHCTeMe (2)
MEHBLIEC YHC/A HEH3BECTHMX (R < 71), TO paHr maTpuum A 3aBe-
ZOMO MCHBIIE 71 H HEHYJ/EBHE peIleHHs BCErAa CyullecTBYIOT.
Ecan k=n, 1o pemenne sonpoca o cyuiecTsoBaHuu HeHYJIeBHX
pelleHuit 3aBHCHT OT BeauumHpl det A: ecan det A=40, neny-
JeBLIX peulenu#t wer (r=n), ecnn det A =0, nenyneswe peure-
Hust ecTb (r < 7). Ilpu £ > n HyXHO pacCMOTpeTh BCe BO3MOXK-
HHIE ONPENENHTRIH 7-TO TOPAAKA, KOTOpPHIE TNOMYYaloTCs TIPH
BHOOPE 72 TIPOH3BOJIBHBIX CTPOK MaTpHUb A; ¢C/lH BCE 3TH onpene-
JHTENH paBHBl HYJO, TO 7 < 7z M UMEIOTCSl HEHYJ/eBbie pelleHHs;
€CJIHKE CpelH BTUX onpenenuTenetl ecTh XOTH Obl OJHH OTJIHYHKH
OT HyJisl, TO r==71 H HMEETCHd TOJbKO HYJEBOE peLIeHHE,

Cwm. 3ajauy 3.
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§ 3.3. YcioBue coBMeCTHOCTH 0ObumIeH AuHeiinoli cHCTeMbl

8.31. IlycTtbh mana ofmias nuHednas cucrema ypaBHeHHH

allxl _ll_ alZXZ _ll_ et _ll_ alnxn = bp
@gy Xy GgpXy T oo A g, X, =0y, 3)
Xy T QpoXo 1 o oo - QX = by-

C sTolt cHCTeMOH Mbl COMOCTABMM JBE MaTpHlul MATpHUy

{‘an Qg - - ‘qu

Aoy Aoy --- Q

21 @ao 2

e A |
| Gp1 Bz oo “

HA3BIBAEMYIO OCHOBHOIL MaTpuyed cucrembl (3), u maTpuuy

! ay @y --- Gy, 1y

A — | @y Qgp -+ Qyy by
1“4 - . - . - . - - ’

Qgq Qpg -« Apy bk

HA3HIBAEMYIO pacuiupennoil marpuyei cucteme (3). Bakuas teo-
peMa O COBMECTHOCTH CHCTeMH (3) raacuT:

Teopema (Kpéuekep u Kanénnn). Cucrena (3) cos-
MecTHa To2da U Toabko Toe2da, Koeda paue PACULUPEHHOL MaT-
puybL 3TOL CUCTeMbl pABeH paney OCHOGHOL Marputol.

NokasarteabcTBo. JonycTuM cuayana, 4to cucrema (3)

COBMECTHA, €C/H €y, Cy, ..., C,— HEKOTOPOE €€ pEelleHue, TO
HMEIOT MECTO paBEHCTBA

1 J—

@110+ @yaCe - o -y, = by,
| . —

@gyCq - QgeCyt + o~ AguCyy == by,

ApyCy -+ QpoCot o oo - ppC, = by

Ho sTH paBencTBa 03HauawT, 4TO mocaexuufl cronbeu Marpu-
UM A; ecTb /unefHas KOMOMHaLNs OCTa/AbHBIX CTO/IGLOB STOH
MaTpHLH (¢ KOS(QOHUUHEHTAMH Cq, Cy, ..., C,). B cuny rteopemul
8.14 mocnegHui cTonGen MaTpulinl A; MOXHO BBIYEPKHYTL 0e3
uaMeHeHus ee panra. Ho npyu BeYepKHBaHWUH NOC/IEHEr0 CTO/ONA
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matpuia A, nepexomuT Kak pa3 B maTtpuny A. CnenoBaTenbHo,
ecnn cucrema (3) coBmecTHa, matpuubl A 1 A; uMeOT oJMHAKO-
Bblfi paHr.

HonycTuM Tenepp, uTo MaTpuibl A H A; HMEIOT OJUHAKOBHH
paHr, M mokaxeM, 4To cuctema (3) coBmectHa. flycTs 7 — paur
MaTpuunl A (cnedosaTenbHo, u MaTpuusl A;). PaccMoTpuy r 6a-
3UCHBIX CTONOLOB MaTPULH A; OHH 6YAyT Ga3HCHBIMH CTONGUAMH
u matpuun A;. [lo Teopeme /.93 mocnemnufi croiabel, matpu-
uel A; ecTh AHHeHHas KoMmOHHauus OasHCHHX CTONOLOB, a ciae-
J0BaTeNbHO, H JHHEeHHaA KOMOHHALUA BCeX CTONGLOB MATPHIH A,
Ecnu Mbl ko3pduunenTH 3TOH nocnennelt nuHedHo# KoMGHHAIIHH

0603HaUHM 4Yepe3d ¢y, Cy, ..., C, TO MOJIYYUM, HYTO BHIIOJHS-
I0TCS paBeHCTBA

@116yt Ayt o .« Fay,c, = by,

Q9101+ AgpCo+ . o o =+ @g,C, = by, (4)

QpiCrF Qpolo+ . . +ap,c,=b,.
Takum o6pasom, cucTema (4) yZ0OBNEeTBOPAETCH 3HAYECHHUAMH

X1=C1y Xg==Cy, ..., X, =¢C,

H, cieaoBaTenbHO, COBMECTHA. Teopema JOKa3aHa.

§ 3.4. O6mee pemenne guHeliHON cHCTeMn

3.41. Teopema Kponexepa — Kamenau, ycranasnupas obuiee
yCIOBHE COBMECTHOCTH JHHEHHON CHCTeMH, He gaeT crocoba
nonyuenus pemrenniéi 3TOH cuctemsl, B 9ToM naparpage Mo BH-
pegeM (opmyny, 3akaioyaioulylo B ceGe ofuiee pelleHHe JH-
HEHHOH CHCTEMH.

O6ujum pewieruem cucTemsr (3) Ha3LBAETCH COBOKYMHOCTD
BHIpa:KeHHH BHIa

X;j=f i@, Qray «vy Crpybyy ooy by Gy oo, Gy)
U=1 ..., n),

TI€ B PaBbIX YaCTAX CTOAT QYHKUHH, 3aBHCALIHE OT Koadduuuen-
TOB @;; CHCTeMbI (3), ee cBOGOAHKIX 4/eHOB bj H HeompeaeneHHBX
napameTpoB ¢y, ..., ¢, TaKHe, YTO MNPH MPOH3BONBHO HHKCHDO-
BaHHBIX 3HAYERMSX MApaMeTpoB ¢; (M3 nonst K) noayuamouguecs

BeJMYHHB X ;= C; (j=1, ..., n) 06pasyioT peietne cucTems (3),
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fnpuueM AI060C peiieHHe CHCTeMbl (3) noaydaercs 3THM MyTeMm
TIpH HEKOTOPOM BHGOpe 3HaueHuH MapaMeTpoB ¢y, ..., g U3 K.
B 2.626 Mbl BHAeNH, YTO COBOKYIHOCTb BCeX CyMM BHIA X, T Y,
e X, — KaKoe-n1n60 4aCTHOE pellenne 3ToH CHCTeMbl, a y npoGe-
raeT COBOKYMHOCTH BCeX petlieHHil COOTBeTCTByIomeH 0LHOPOXHOMH
CHCTEMHb, eCTh COBOKYMHOCTb BCeX PElieHui cHCTeMbl (3). Teneps
5TOT (aKT MOKHO BHIDA3nTh CelymLHM 06pasonm: obuee pe-
wenue HeodHopodroil cucTembl (3) ecTo cCymMMa KaKo20-aubo 4acTHO-
20 peuienus 370l de cucremol u obujeco peuieHus cOOTEETCT8Y=
roujeil 0GHOPOOHOU cucTembl.

IIycTp mana coBMecTHast JMHeliHas cHUcTeMa (3) ¢ ocnosHoli
matpuuet A= |la;;|| panra r. MOXHO MPEANONOKHT, HTO Basuc-
HElH MHHOP M MaTpHIsl A PacMOJIOKEH B €€ JIEBOM BEPXHEM yIay;
ecau 6m 3TO GBUIO He TaK, Mbl CMOIJH Obl AOCTHYb KENAEMOTO
PACIONOKEHHS. HEKOTOPOH MepecTaHOBKOH CTPOK M CTONOILOB
MaTpPHIL A, 4TO PaBHOCHABHO HEKOTODOH mepecTanoBKe ypanHe-
HiH M HemaBecTHHIX B cucteme (3). PaccmoTpum mnepBeie r ypae-
HeHuH cHCTeMw (3), MPHYEM MepemuiIeM HX CACAYIOIHAM 06pasoM:

@y, Fapxet .o Fa Xy = —ay prXr i A1k,

Aoy X1 GogXo+ . oo a0 Xp =bo—0Qy ry1¥pp1— -+ —02p%p, ®)

Ayt patot .o A0y =bp—0p pr1Xrii— .- —QrpXy
TIpHAAIUM HEH3BECTHHM X, 1, - . . , X, COBEPIICHHO IPOH3BOJIbHbIE
3HAYEHHS C,,q, -+ ., C,. 1OrJA CHCTEMA (5) mpespauiaeTcst B CHC-
TeMy 7 ypaBHEHHH A/ 7' HEM3BECTHBIX X, Xy, ..., X, C onpe-

neaupreneM M, oTnMYHBIM OT HynAst (6a3uCHBIM MHHODOM MaTpH-
b A). DTy cHCTeMy MOXKHO Pa3pellHTh [0 NPABHAY Kpamepa 1.73;
CYUIeCTBYIOT, C/1€J0BAaTENbHO, YHCAA C€q, Cgy .+ .., €, KOTOPHIE
npu MOJACTAHOBKE HX B CHCTEMY (D) Ha MeCTO HEM3BECTHHIX
Xy, Xy, ..., X, 06palIalOT BCE YPABHEHHT ITOH CHCTEMBI B TOX-
pecTtpa. [JoKaxeM, uTO 3TH 3HAYCHHH Cq, Cy, ..., C, YAOBICTBO-
PAIOT H BCEM NIPOYMM YPABHCHHAM CHCTEMH (3).

TlepBuie 7 CTPOK DACIIMPEHHOH MaTpHLEI A, cucremn (3)
ABNSIOTCSA Oa3UCHLIMH CTPOKAaMH 3TOH MaTpullbl, TaK KaK paHr
paciMpeHHOR MAaTPHUbL B CHJIY YC/IOBHSL COBMECTHOCTH DABeH I H
B MEPBHIX / CTPOKAX MATPHUb Ay COACPKHTCS OTIUTHHIH OT HyIst
muHop M. B cuny Teopembt /.93 (B npHMEHEHHH K CTpOKaM)
Kamaas M3 TOCAGNyIOUIMX CTPOK MaTpulbl A; ecTb nHHeHHas
KOMOHHAIMS ee mepBeix r CTpoK. [l cuctessr (3) 9T0 03HauaeT,
yTO KakJoe ypaBHeHue cHcTemdl (3), naumuas ¢ (r--1)-ro, ectb
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Aunefinas KOMOHHALMS MepBHIX r ypaBHeHH#t 3ToH cucremn. Cie-
ZOBATENbHO, €C/M MepBHe r ypaBHeHHH cucTems (3) yAOBJeTBO-
pAIOTCA 3HAYEHHAMH X;=Cy, ..., X,=C, TO BCE OCTaJbHbE
ee yp4aBHEHHs] TaKxe YyIOBJETBOPAIOTCS 3THMH 3HAYEHHAMH.

3.42. YTo6H 3amHcaTh MOCTPOEHHOE pelleHHe cHcTeMbl (3)
B BHIE HeKOTOpo# opmyin, oGosnaunm uepe3d AM;(e;) onpe-
IeJHTeNb, Modyudaiowniics H3 0a3uCHOrO0 MHHOpA M detljal|
(¢, j=1, 2, ..., r) 3avenoit ero j-ro cronbua Ha cronbeu
M3 BEJHMYHH O, O, - .., Oy «..,0,. [OFAQ, 3AMHCHBAA PEUICHAL
cuctems {9) ¢ momoupio dopmyn Kpamepa, Msl mojiyduM

x]:—M (b t,r+lcr+1 "’amcn)
L_'_7\/T[/V[j(bi)_cr-kl/wj (ai,r+1)_'- "—CnMj(ain)] (6)
(J=1, ..., 1)

xj=c;(J i=r-+1, ..., n).

OTH  (GOpMyNb BHIPAWAIOT 3HAYEHHS HEHU3BECTHBIX X;==C;
(j=1, 2, ..., r) uepe3 xoappuuuenTr CHCTEMB, CBOGOIHBIE
YJleHb! H IIPOU3BOIbHBIE BEIHUHHbI (MAPAMETPH) €, g, Cpigy -« v 5 Cpe

TMokaxem, uto B dopmynax (6) coxepxurcsa A1060e peureHue
cucteMsl (3). de#cTBHTEABHO, MYCTh €Y, €3, ..., CPpyy -+, Co—

nmpou3BoabHOE pelenne cucTeMul (3). OueBHIHO, OHO sBaseTCH
Takke pemennem cucremel (5). Ho mo mpasmny Kpamepa us
cucteMbl (5) BeawuHHH ¢, ¢3, ..., ¢} OnpexensioTcs yepe3 Be-
AHYHAB €%, ..., €% OAHO3HAYHO M HMeHHO 1O dopuynam (6).
Takum 06pa3oM, mpH €, 1= Cly, ..., C,=C% Gopmyin (6)
ZAI0T HAM KaK pa3 B3ATOe pEIIeHHE ¢y, €3, ..., Cp, YTO H Tpe-
Gopanoch. Takum o6pasoM, ¢opmyns (6) mator oGuree pe-
meHHe cHCTeMH (3).

CM. 3anaun 4—7.

§ 3.5. FeomMeTpUueCKHe CBOHCTBAa COBOKYNHOCTH pemerui
JHHEeHHOH CHCTeMsl

3.51. Paccmorpum cHavana cayyadh OZHOPOAHOH JHHEHHOH
cHCTeMH (2); MB yXe 3HaeM, 4TO COBOKYIHOCTh BCEX pelIeHHH
Takofl cHcTeMbl O6pa3yerT JauHeliHoe npocTpaHcTBO (2.420).
O6o3Hauasi 3TO NPOCTPAHCTBO vepe3 L, BHLIYHC/IAHM ero pasmep-
HOCTb M TNOCTPOMM ero. 6asuc.
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dopmyns (6) B maHHOM cjyyae NpHOOpeTAaldT BHL

- MCJ': Cr+1Mj (@) Foee Can (@n)

(=12, ...,n, (7)

Tak Kak Mj(hl-):Mj(O)-——O.
KawaoMy petnenuio (¢4, €, + .., ¢y €ppqy --., €,) CHCTEMBL
(2) nocTaBuM B COOTBETCTBHE BEKTOP (€, .4, ..., C,) NPOCTPaH-

ctBa K,_,. Tak kak uucna c¢,.q, ..., €, MOIYT OHITb B3ATH
MPOH3BOJIBHO H OJHO3HAYHO ONPEIENAIOT PeLleHHe CHCTEeMbl (2),
TO COOTBETCTBHE MEXAY MPOCTPAHCTBOM pelieHHd cHcTeMbl (2)
M TpocTpaHcTBOM K, _, nNOJyYaeTcsl B3aUMHO OJHO3HAYHBIM.
[TockonbKy TMpH 3TOM COOTBETCTBUHM, KaK JETKO NMPOBEPHTH, CO-
XpaHAIOTCS JHHEeHHble OnepaliH, 3ITO COOTBETCTBHE SIBASETCH
uzoMopduuM. HITak, npocrpancrso L pewerui o0nopoduod cuc-
TeMbl AUHELHbLX YPABHEHUL C 1 HeU3BeCTHLIMU U C PAHEOM T MaT-
puybl Ko3(ppuyuentos usomoppro npocrpancrey K, .. B uact-
HOCTH, Pa3MepHOCTb NMpOCTpaHcTBa L paBHa yHcAy n—r.

3.52. Jliobas cucTema U3 71— r NMHeHHO HE3aBUCUMBIX pelleHHH
OZHOPOZHOH NHHEHHOH CHCTEeMbl ypaBHEHHH, SIBAAIOILAACHA BCIAEI-
cTBHe Teopembl 2.34 6Ga3ucOM B NPOCTPAHCTBE BCEX pelleHHI,
Ha3wBaeTcst gyndamenrarvrol cucremold pewenud. Insi noctpoe-
HUsl (yHIaMeHTaJbHOH CHCTeMBb pelleHHH Mbl MOXeM BOCHO/b30-
BaThCA M0OmM 6asucom npoctpancTBa K,,_,; B CH.1y H30OMODGH3-
Ma COOTBETCTBYIOILHE peIIeHHs CHCTeMbl (2) OyayT o6pa3oBHBATH
f6a3uc ¥ B NMPOCTPAHCTBE BCeX pellieHHiH 3Tofl CHCTEMHI.

[Tpocredimuit 6asuc npoctpanctea K,_, o6pasyeTcsl BeKTO-
pamue; = (1,0, ..., 0), e,=(0,1, ..., 0), ..., e, ,=
=:(0, 0,..., 1) (2.326). HTo6bl NOAY4UTH pelieHUe CHCTEMbI (2),
COOTBETCTBYIOMIEE, HAINPDHMEP, BEKTOPY e,, HYWHO B opiy-
nax (7) moxcTaBuTh ¢, =1, ¢, 9= ...=c,=0 u onpesenurs
COOTBETCTBYIOILIHE 3HAYEHHSI

c;=cV (i=1,2, ..., n).

AHanoruuHo cTpOUTCH pelneHne, COOTBETCTRYOLLEE NHOGOMY Ipy-
TOMy BeKTOpY e, (j==2, ..., n—r).

[TocTpoeHHas Tak COBOKYNMHOCTb peLUeHHH cHCTeMH (2) Ha-
3bIBAETCS HOPMAALHOU (YHOAMEHTANbHOL cucTemoll petiierul,
Ecan 0603H3a4nTh 3TH pewenns yepes XV, x® .. x"71 0 1o
no onpejenenuio 6a3uca ans nO60ro pewieHHd X Mol Oyaem
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HMETb PAaBECHCTBO
x =0 xV fox® 4 .. o, x"70, (8)

[Tockonbky B Qopmyne (8) saknioyeHo nio6oe peureHHe CHCTe-
M (2), 9Ta dopmyna naet obujee peutenue cuctemor (2).

Cum. 3apauy 8.

3.53. TlepexoauM Temepb K pacCMOTPEHHI0 HEOIHOPOIHOH
cuctems (3) B obwem cayuae. Kak 6hino nokasano B 2.626,
reomeTpHueckuit o6pas H, oTBeyalouni COBOKYMHOCTH BCEX pe-
ureHH# HeOZHOPOXHON CHCTEMH, €CTh HIEPNAOCKOCTD B /I-MEPHON
npoctpancTse K,, NONyyeHHass CIBHFOM MOANPOCTpaHcTBa L
peuleHnH COOTBETCTBYIONLEH OJHOPONHOH CHCTEMB ([0 IOKa3aHHO-
MY H30MOP(HOTO NPOCTPaHCTBY R, _,) Ha HEKOTODLIH BEKTOP X, 4B~
ASIOIMHACA MPOM3BOJIBHEM YaCTHHM DelleHHEM HEOIXHOPOXHOH CH-
creMbl. Y13 3TOro Mb BHBOIHM IIPEXJE BCETrO, YTO pA3MEPHOCTL 2U-
nepnaockocru H coenadaer ¢ pasmeproctoro nodnpocrpancrea L.

Ilanee, ecnM r—paHr OCHOBHOH MATPHUH CHCTeMH (3), TO
M0G0 BEKTOP y MOANPOCTPaHCTBA L MOWHO NPEACTaBUTE B BHIE
CYMMBI

y:aly(l)+a2y(2)+ .. —l—an_,y‘""’,

rae y®, y? .. y*~D _—GasucHble BEKTOPH TOANPOCTPAHCT=
Ba L ((pynmamentanbHas cucteMa peurenndt). CrexoBaTenbHo,
1060l BEKTOpP X THMEPINIOCKOCTH f1 MOXHO IPEACTaBHTH B BH-
Ie CyMMbI ‘

x=xgFy=x,+o yV+oy®+ ... fa,_,yrn.

dror pesyabTaT Ha su3eke penteHud cucTem (3) 4 (2) corna-
cyercs ¢ IPHHIMIIOM, YCTAaHOBNEHHHM B 3.41: Obujee peuierue
HEoOHOPOOHOU cucTembi (3) pasHo cymme A00020 4ACTHOZO pe-
ulenus aTol cucTemol u 00Ufe20 peuleHus cooreercTsyrouel 00Ho-
podnoi cuctemsr (2).

Cm. 3apauy 9.

§ 3.6. MeToanl BbI9HCJIeHHS] PAHra MaTPHLLI

3.61. [ng npakTHYeCKOTO HCMOJb30BAHHUS Pa3BHUTHX B Ipe-
IBAyIHX naparpadax METONOB pelleHHs CHCTeM JuHeHHHX ypas-
HeHHH HeoGXOJIMMO YMETb BHUMCASTH PAHT MAaTPHUH H HAXOIUTb
ee GasucHuM MuHOD. OueBHIHO, YTO ONpeNeNeHNe PAHra MATPHLHI,
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JaHHoe B .92 caMo mo ce6e HE MOXET CAYXKHTB DAa3yMHHIM
¢rnoco6oM NMPaKTHYECKOTO BHYHCAEHHS paHra; Hanpumep, B KBaj-
PAaTHOH MAaTPHLE 5-TO MOPAAKA MOMXHO BBIIEJHTh OIHH MHHOD
5-ro mopsiaxa, 25 MHHOpOB 4-ro nopsiaka, 100 MHHOPOB 3-ro0
nopanka u 100 MHHOPOB 2-ro MOpPAAKA; TOHATHO, YTO ec/H Ol
MHl TOX€NaAH HAWTH PAaHr 3TOH MaTpHIBl ¢ NOMOWLIO NPAMOIO
BLIYMCJIEHHS BE/IHYHHBI BCEX ee MHHOPOB, 3TO Obina Ob BechMa
TpynroemKas 3ajzaya. B 3tom nyHxTe OyIyT daHH MPOCTHIE CIIO-
co0H MOACYeTa PaHTa MATPHIB H ONpeiencHus ee OGa3uCHOrO
MHHOPA. DTH cHoCOObl OCHOBAHH HA M3YYEHHH HEKOTOPLIX Ore-
pauuii co cTonbLaMHM M CTPOKAMH MAaTpPHIK, KOTOPHE He H3Me-
HAIOT €e paHra; Mu 6yneM HAa3HBATh 3TH ONEPALHH 3IAEMEHTAp-
noimu onepayusamu. IlocKonbKy paHr MaTpHUB, KaK MH yike
yKa3wBanu, He MeHdeTcsl NPH TPAHCNIOHHPOBAHHMH, Mh OyneM
onpenensiTh 9TH ONEPAUHH TOJABKO JJs CTOAGIOB MaTpHIHL.
B cBA3H ¢ 3THM npu QoKa3aTenbCTBAX MW OyIeM HCIOJNB30BATh
reOMeTPHYECKYI0O HHTEepnpeTauHid MaTpPHUH ¢ 72 CTPOKAMH H
k cTOn6uaMM KaK MATPHUB H3 KOOPAMHAT HEKOTOPOH CcHCTeMHl
R BEKTOPOB X, X,, ..., X, N-MEPHOTO NPOCTpaHcTBa R, u Teo-
pemy 3.11, cornacHo KOTOpoH paHr 3TOH MaTpHUM PaBeH pas-
MEPHOCTH JiiHeHHOH 060NOYKH BEKTOPOB X;, Xg, ..., Xg.

a. [Tepecranoska cron6uos. I[lycte B Matpuie A
NPOH3BONBHO MepecTaBieHH ee CcTOAOLH; MOKaxeM, UYTO 3Td
Ornepauus He u3MeHAeT ee paHra. JeHcTBHTeNbHO, PasMEPHOCTD
NHHEHHON 06O0NOYKH BEKTOPOB X;, Xg, ..., Xg HE 3aBHCHT OT
TOro, B KaKOM INOpPsJKe OHH 3alHCaHbl; CIeJOBATE/IBHO, H PAHT
MATPHLUKL HEe 34BHCHT OT NOpaika ee CToaAOLOB.

6. Or6pacHBaHue HeHyJdeBOro o6wWero MHO-
HHUTeNS 3JEeMEeHTOB ZaHHOTO cToxabua. JHonycrum,
4TO peyb HAeT 00 O0TGpacHBaHHH OOUIEr0 MHOWHTENns A =0
y 37eMeHTOB nepBoro cToiabua matpuiik A. Jrta onepauus paBHO-
CHJIBHA 33aMEHE CHCTEMB BEKTOPOB AX;, Xy, ..., X Ha CHCTEMY
Xy, X3, ..., X3 HO OYEBHIHO, UYTO DPAa3MEPHOCTH JIHHEHHBIX
000/I04eK 3THX CHUCTEM OJMHAKOBH (TaK KaK caMM JHMHEHHHE
o6onoukn conanamt). I[lostomy panr matpuus A He MeHseTcd
B pe3yinbTaTe 3TOH 3JeMeHTAapHOH onepauud.

B. [Ipub6aBnenne Kk ogHOMYy cTtonbUy ApPyroro
cTonbua ¢ MpPOH3BOABbHHM MHOowuTeneM Ilycrs K
J-My cronbuy wmatpuun A mnpubasneH m-# cTonben 3TOH Ke
MaTpHLbl, YMHOMXEHHHI Ha YHC/A0 A. DTO 03HAYAET, YTO CHCTEMA

BEKTOPOB X, ..., X X X, 3aMEHEHa Ha CHCTe-

Jr ot my
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MY Xp, ooy X AKXy, oo, X, ..., X, Tlokaxem, uTO
aunednbie 060404k L; M L, o6eHx 3THX CHCTEM COBIAJAlOT.
HeftcTBUTENBHO, BCe BEKTOPH BTOPOH CHCTEMM BXOAAT B JIHHEH-
HYI0 000JIOYKY BEKTOPOB IIEPBOM CHCTEMH; NOITOMy B CHJIY
aemmbl 2.63a Ly L. C apyro#t CTOPOHH, DABEHCTBO

x;=(x;+hx,)—Ax,

NOKA3HIBAET, YTO BEKTOD X; BXOJMT B JIHHEHHYI0 000104YKy BeK-
TOPOB BTOPOH CHCTEMbl; TAK KdK BCE OCTalbHBIE BEKTOPH NepBoi
CHCTEMH, OYEBHIHO, TaKke BXOJAAT B 3Ty JHHeHnYI0 060/0uKy,
T0 Ly L, Orciona Burtekaer, urto L;=1L, Tlostomy paur
MaTpuub A He MeHSieTCH B pe3ynbTaTe pacCMaTPHBAEMON 3ie-
MEHTApHOH onepamuH.

r. 3ayepkuBaHue cTon6Ua, COCTOAUErO U3 O I-
HEX AHyaef. Cronben u3 ONHHX HyJeH OTBEYAET HY/IEBOMY
BEKTOPY npocTpancTa R,. OueBHAHO, YTO OT 3a4YePKHBaHHs
HY/IEBOTO BEKTOPa B CHCTEME Xy, Xy, ..., X, JHHeHHas 06o0-
nouka L (xy, Xy, ..., X,) HE MOXET H3MEHHThCS; BMECTE C HEW
HE MOXET H3MEHHThCH W paHr MaTpuuu A.

A. BauepkuBaHHe cToabla, aBasoU erocs Ju-
HeHHOH KomOuHanuweldh aApyrux cTtonab6uoB. 3daKOH-
HOCTh 3TOH 3JeMeHTapHOH olepauun Owia jgokaszaHa B 3.7/4.

Tlonuepknem ewre pas, 4TO BCE NpeIONKEHHS, AOKA3AHHHIE
B a—0 a8 CTONOLOB MaTpHUH A, CnpaBemuBH TaKKe H /A
ee CTPOK. '

3.62, Moncyer paHraMaTpUUH HOTHCKaHHNE 6 a-
3HCHOTO MHHOD a. [TokaweM, Kak MOXHO NOIZCYHTATH PAaHT
3a14HHOM MAaTpHUM A ¥ HaliTH ee Ga3HCHHH MHHOD, UCIONb3YH
onepauuu, nepeunciaensole B a—d. Ecnn Matpuua A cocrour
U3 OJIHHX HYyJed, TO ee paHr, OueBHIHO, paBeH Hymwo. JlonycTum,
YTO B MaTpuue A HMeeTcd 3NeMeHT, OTNHYHHH 0T HyJs; TOrla,
NEePecTaB/asd CTPOKH H CTONGIB, MOXHO NEPEBECTH 3TOT JIEMEHT
B JIeBbif BepXHHH Yroa MaTpHLb. 3aTeM, BHYHTAf M3 KawAOro
cTonbua nepsuifi cTONGEI ¢ HEKOTOPHIM KOIMGMUUHEHTOM, MOXKHO
00paTHTb B HyNb BCE OCTalbHEIE 3/EMEHTHl MEPBOH CTPOKH.
Boapmie mMp He GyneM MeHSITh 3J€MEHTH NEpPBOH CTPOKM M mep-
Boro crtonéua*). Ecau cpeau ocTanbHeX 3/1€MEHTOB (T. €. He
NPHHANIeNALHX K NePBOA CTPOKE WAM K NepBOMYy CTOAOLY) HET

*) Ho, Moxer GbiTh, GyAeM IiepecTaBAATL HX.
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3/1EMEHTOB, OTJHYHHX OT HYyJf, TO PAHr MAaTPHUH A, OUEBHIHO,
paBen 1. Ecnn cpean nHX HMeeTcs 3jeMeHT, OT/IHUHHME OT HyJd,
TO, NMePeCTaBNAd CTPOKH H CTOJOIE, MOXHO NEPEeBECTH €ro Ha
nepeéceyeHHe BTOPOH CTPOKH H BTOPOTO CTOAGLA H, TaK e Kak
H paHblie, OOPAaTHTb B HY/Jb BCE CJASIAYIOUIHE 34 HHM 3JEMEHTH
BTOPOH CTPOKH; GTMETHM, YTO YKa3aHHbe ONMEPaliMH He 3aTparu-
BAlOT MEPBO CTPOKH U MepBoro croabua. [Tocne sToro BTOPYIO
CTPOKY W BTOpPOH cTONGel, Mbl ocTaBaseM B nokoe. [Ipogomxkas
TaKkuM 0GpasoM jpanee, Mbl NpHBEIEM MaTpHLy A K ONHOMY H3
CIeNyIOUIHX JABYX BHJAOB (CYMTasl, YTO KOJHYECTBO CTOJAGLOB
MaTpuun A He 60/blIe KOMHYECTBA €€ CTPOK, YETO BCErAA MOWHO
NOGHTBCS TPAaHCMOHHPOBAHHEM):

o, 0 0 ... 0 0 0
Caq oty 0 ... 0 0 0
Cgy Cag Oty ... 0 0 0
Al . . e . .
1 Cpy Cho Crs c. Ol 0 0
Ch+1,1 Che1,2 Che1,8 «+ Cpe1,2 0 oo O
Cm Cpo Cog eor Cpp 0...0
HIHN
o, 0 0 ... 0
€y % 0 ... 0
€3y €39 Og ... O
A2—_ * ’
le sz Cm3 e am
Cnl Cn2 Cna P Cum
NpHYeM YHcaa @, Oy, ... OTAHYHB OT HyaAd. B nmepBom cayuae

paur maTpuubl A4; paBed k u Gasucunft MuHOp (B nmpeo6Gpa3oBaH-
HOH MaTpHlie) CTOMT B JIEBOM BEPXHEM Yriy; BO BTOPOM cayyae
paur matpuusl A, paBeH m (UHCAy CTOJOGLOB) W 6Ga3HCHHH MHHOP
(B mpeo6pa3oBaHHOM MaTpHIle) CTOMT B NEPBHIX m CTpoKax. Panr
Matpuun A, Takum 06pa3oM, ONpeeseH; MoJioxeHHe 6a3ncHOro
MHHOPA MOXHO BOCCTaHOBHTb, €CJIH MPOCAEAHTH B 06paTHOM Mo-
psilKe 3a BCeMH OnepalMsiMH, KOTOpbIE MPOH3BOAMIHCH C MAT-
puueit A.



3.62] § 3.6. METONH BHIYHCJAEHHS PAHTA MATPHIH 87

Hns npuMepa paccMOTPHM CJeAYIOULYI0 MAaTPHUY € AT CTOMOUAMH
M lIeCTbI0 CTPOKaMH:

1 2 6—2—1I

21 0—5—I

3 1—1 8 1

A= ' 0 2—4—1
s

-1 -2 -7 3 2
—2 -2 -5 —1 1

Bo Bropofi cTpoke MaTpHiibl A MMeeTcsl OQHH HYJb; HCNOJB3YS OOUIHH
METO, Mbl MOMEM TOJYYHTb B Hel eune TPH Hyas. [as ygo6cra BHauase
NepecTaBHM BTOPYIO CTPOKY C TepBOH, a 3aTeM IepBbIil cTOJGEU CO BTOPHIM
(uTo6B! B JeBOM BepXHeM YIJY OKas3ajci HaWMeHbIIHHA mo abCoJIOTHOM
BeJHunHe 3JeMeHT —1). Mbl nosyuaem *):

—2—1 0—5—1 —1—2 0—5—I
12 6—2—1 2 1 6—2—1
3 1—1 8 I 1 3 —1 8 1
A~ 1 0 2—4—1]~ | 0—1 2—4—]
|—1—2_7 3 2 |2 -1 —7 3 2
2 9251 1 —2 -2 —5—1 |

Tenepb s monyuyeHust TPeX HOBBIX HYJeHl B NEPBOH CTPOKE BbIUTEM
M3 BTOPOro, YETBEPTOrO M MSATOrO CTOJNGUOB TEPBBIH CTOJIGEL C MHOXH-
TeAsaMH 2, 5 u 1:

2 —3 6 —I2 —3
I 1 —1 3 0
A~ o —1 2 —4_1
2 3 —7 13 4
2 2 -5 9 3

1——1 0 0 0 0

Hanee npoue Bcero a06HBaTBCS HOBLIX HyJefl B TpeTbeH CTPOKe;
Mbl BHAualle [epecTaBHM ee CO BTOPOH CTPOKOM, 3aTeM mpHOaBHM K TPeTb-
€My M YeTB2PTOMY CTOJ6LAM BTOpOfi CO MHOXuTeadaMH 1 H —3:

—1 0 0 0 0 =1 0 0 0 0
11— 3 o 1 1 0 0 0
5 3 6 —I2 29 -3 3-3 —3

A~ o 1 2 —4 —1‘ 0—1 1 —1 —1 =4
—2 3 —7 13 4 34 4 4
—2 2 —5 9 23 3 3

*) 3nak ~ MeXJy AByMs MaTpHllaMH O3HavyaeT B JaHHOM cJjiyyae pa-
BEHCTBO HX pPaHros.
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UeTBepThlif M NATHI CTONGUB NOMYYeHHON MaTpuubl A; IPOIOPIHO-
HaJlbHB! TPETbeMY, H HX MOXKHO 3auepKHYTb. OCTaBLIasics MaTp#ila HMeET,
OYeBHJHO, PaHT 3; BMecTe ¢ Hell MMeeT paHr 3 M HCXoZHas Martpuua A.

BasucHbli MHHOp MaTpHIB A; PacnoJoXKeH B ee MepBbiX TPeX CTPOKaxX
H TepBHIX Tpex crojbuax. Bo3sBpamascs 1o uenouyke rnpeoGpa3oBaHHbIX
MaTpHI K HCXOJZHOH MaTpHile, MBI JIETKO MOMeM IIPOBEPHTb, YTO BCe
NpOH3BeJleHHble MpPeo6pa30BaHHsT He BJHSAIOT Ha abCOMIOTHYIO BeJHYUHY
sToro MHHopa. CilefoBaTe/NbHO, H B HCXOJHOH MaTpHIle MHHOp, CTOAIAN
B IIePBBIX TPeX CTPOKax H MEePBhIX TpeX CToJa6Uax, SBJSETCS Oa3HCHBIM.

Cum. 3amauy 10 *).

3AIAYH

1. JlokasaTp Teopemy: AJist TOro 4TOGH MaTpHUa m-ro nopsaka || a; | f
UMesna pafit r << I, Heo6XOAHMO H JOCTaTOYHO, YTOGH CYLIECTBOBAIH YHCaA

ay, ..., Qp M by, by, ..., by Taxue, uto a;;=ab; (i, j=1, 2, ..., m),
2. B n-Meprom mnpoctpanctBe K, B3siThl & MIHHEHHO HE3aBHCUMEIX
BEKTOPOB X1, Xy, ..., X;. [lokasatb, 4YTO JuHeHHass oGojouka L=
=L (%, X3, ..., Xz) OonpefesieHa OJHO3HAYHO, €CJM H3BECTHH 3HAYEHUS
BCeX MMHODOB R-T0 TIOPSIAKA MATPHIBL A:Ha}”” H3 KOODAMHAT BeK-
TOPOB Xy, X3, ..., Xz B HEKOTOPOM 0asHce e, ey, ..., €,.
3. Ilokasatb, u4TO cHCTeMa (2) NMpu k==n HMeeT peIUEHHE
a=Ap, =Ap, ..., c,=4;, (I<<i<n),

rae A;z—anre6panueckoe AKONOJHEHHE 3JeMeHTa @, (i (UKCHPOBaHO),
_ ecqH paHr maTpuubi A MeHblue r,
Ilpumedaune. 3ro 06CTOATENLCTBO MO3BOJSIET JErKO CTPOHTD

HeHyJleBble PeIIEHHS] CHCTeMb! (2) B CJyuae, KOTAA paHr MATPHLBE CHCTEMH
paBen n—1.

4. PemHTb cHCTEMY ypaBHeHHH
X1+ X+ xg+ x4 k= 7,
x4+ 2%+ X3+ x,—3x5=— 2,
Xo+2x3+2x,+6x;= 23,
Bxy+ 4x,+3x3+3x,— x;= 12,

5. HccaenoBath pelleHnsi CHCTEMBI

A+t g+ 2=1,
x+hy+ z=4,
x4+ y+Arz=Az

B 3aBUCHMOCTH OT 3HAYeHHS A.

6. Llpn KakoM YCIOBHH TpH npsimble @yx-+byy-4c;=0, ayx-boy-+
+c5,=0, agx+bzy-c;=0 npoxonaT uepes ogHy TOUKY?

7. Tlpu KaKkoM YCHOBHH n npaMbiXx ax-+biy—c; =0, ax-byy+
+6=0, ..., a,x+b,y-+c,=0 npoXoAAT uepes OZHY TOUKY?

*) Ilanee B KHHI€ YyKa3aHHsI Ha OTHOCAILLHEC HEeIOCPEeACTBEHHO
K TEeKCTY 3ajaul yxke He JealoTcs.
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8. Hanucarb HOpMalbHYIO (yHIAMeHTANBHYIO CHCTEMY PEIIEMHH QAL
CHCTEMH YpaBHeHH{l -
X+ X+ X3 X+ x5=0,
3xy -+ 2%+ X3+ x3—3x;=0,
X+ 2x3 4+ 2%, -+ 6x; =0,
5xy +4x5+ 3x3+3xy— x;=0.

9. HanucaTb ofwee peurende cucreMbl 3ajaud 4, HCIOMbL3ysl HOP-
MallbHYI0 (yHIAMEHTaJbHYI0 CHCTEMY pelleHMH COOTBETCTByWoL(eli OJHO-
POJHOH CHCTeMBl, HalileHHyI0 B 3ajaue 8.

10. OnpegenuTs paHr ¥ 6a3HCHBHIA MHHOD CJEIVIOLLHX MATPHIL:

1 -2 3 —1—1 -2 101090

2—1 1 0-—2—2 11000'
A= —2-5 8—-4 311, A=[01100
6 0—-1 2-—-7-5 00110

-1 =1 1—-1 2 1 01011

11, Ilycte B Marpuue A umeercd MUHOp M r-ro mopsiika, OT/HYHBIH
OT HyJs; a BCAKHH MHHOD (r - 1)-ro nopsinka, BK/IQUALWIUHA BCE 3J1EMEHTH
muHopa M, pasen mymio. [lokasaTb, 4TO TOrga panr MaTpunbl A paBeH
YHCHY 7. ‘
12. TlocTpouTs MaTpHLy

11 Q12 Qg3
A=

Qo) Qo Qog

C 3aJaHHBIMH 3HAYE€HUSAMH MHHOPOB

11 12 =P, A1 g _ A2 M3 =R,
Qo1 Qg Qg1 Qg3 22 dgg
13. Jnd xBagpaTHOH cHCTeMHl ypaBHeHHI
n
kzl apip=b; (j=1, ..., n) 9)

f0Ka3aTb «anpTepHaTuBy PpearosibMar: HJIu cHcTeMa (9) HMeeT peiveHue,
OPUTOM eJHHCTBeHHOe, AJd JbHX by, ..., b,, HJI4 OJHODOJHAA CHCTEMA

n
D appxp=0  (j=1,...,n)
k=1

HMeeT HeHyJeBoe pelleHHe.
14, Iloxasath, 4UTO cHcreMa ypaBHEHHI
apXy+ ... +alnxn =by,
auxr+ .. a,x, =b,,
Ay+1, 1x1+--'+an+l,nxn =b, 41
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NInpH yCJIOBHH
ay ... ay, ,
N A #F0

A .. Ann

paspeluxdMma TOrja 4 TOJBKO TOrja, Korja

(2281 ver Qyp bl
am vee Qpp bn

an+1, 1+ an+1, n bn+1
15. (3anaya 06 wuckaoueHHH HeuaBecTHoX.) [okasaTe, 4To cofepxa-

mas napaMeTpel 4y, ..., Y, CHCTeMa
Ay X+ ... Ay Xy = b+ ...+ big yp-c1

a1 X1 ":‘" e + AppXy = bnlyl + e + brtla Y +Cll’
ey 1 X1+ ... +an+1, n Xn:'bnﬂ, 1 it “i‘bn+1, E YrTChia
IpH YCAOBHH
an ... G,

. 1#0
1 - arm!
paspeluuMa TOLAA M TOMLKO TOPA, KOTAA NAPaMeTPHl 4y, ..., g YAOB-
JIETBOPAIOT YPaBHEHHIO
a1y cee i b1y { (511 cee iy bz
h au cee Qpy bnl Yr An1 ces Qpp bnk +
Apt1,1 00 Ap41,n bn+1, 1 Qpt1,1 -+ An+1,n bn+1, k
a1y e Qyy, [ l
. P L
=0.
Ay e Apy, c,

an+1,1 an+1,n Cnt1



I'JIABA 4

JHHEUHBIE ®YHKLIHY BEKTOPHOIO APFYMEHTA-

B ofuiem Kypce MaTeMaTHyeCKOTO aHanu3a M3yyaloTcsl PyHK-
1{HH OJHOTO /K HECKOJbKHX BEeUleCTBEeHHbX MepeMeHHHX. B cay-
yae QYHKUHH, HANDUMED, TPeX BeUleCTBEHHLIX M€ PEMEHHHX MOXKHO
FOBOPHTb O (YHKUHH, apryMeHTOM KOTOPOH fBASeTCH BEKTOp
npoctpadctea V3. Mul Gyaem 3iaech udyyaTh (pyHKuuu, apry-
MEHTOM KOTOpPHX GyleT BEeKTOP NPOH3IBOAbHOT O JHHEHHOTO
npocrpancTBa. [Ipy 9TOM MB OrpaHHYHMCS MOKa HPOCTeHIIMMH
TUHAMH TaKuX yHKUuH, a HMeHHO, JuHeHHBIMH GYHKUHSAMH, MBI
Oynem paccMaTpuBaTh JiHHEeHHBle 4uc08bie GYHKUHH BEKTOPHOTO
aprymedTa, T. e. ¢yHKUHH, 3HayeHus KOTOPHIX CyTh 4YuCIa, H
JAuHEHHBE 8eKTOpHble QYHKLHH BEKTOPHOTO apryMeHTa, 3HAYCHHS
KOTOPBIX CYTh BEKTOPH.

BexTopHeie nnHefiHnie GYHKUMH, HA3HBACMble HHAYeE AuHel-
HbOIMU Oneparopamu, WMEIOT BaXHOE 3HayeHHe B JMHeHHOH an-
re6pe W ee NMpPHIOKEHHEX,

§ 4.1. Jluneiinsie dopmp

4.11. Yncnosas ¢ynkuns L (X) BeKTOpHOro aprymenta. X,
onpeaeneHHas Ha JauHeHHom npocTpaHcTBe K nHaa uncaoBseM
nonem K, nasmBaeTcs Auxednoii opmod, ecnM OHa yROBNETBO-
pseT CneayIouHM YCIOBHSM:

a) L(x+y)=L(x)+L(y) daa mobox x, y €K;

6) L(ax)=al (x) das aoboco x €K u amobozo o€ K.

HMuave rosops, nunefinas copma L (x) ecTb MopdH3M nH-
HeHinoro mpoctpanctBa K B omHomepHoe mpoctpancTso K= K.
(2.71).

M3 ycnosuit a)—6) no unayKuMM Nerko noayuuTh dopmyny

L(oyx;tapx,+ ... Fa,x,) =
=0 L(x) o L(x)+ ... o L(xg), (1)
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CIpaBeNNBYIO MIS MOOHIX Xy, Xgy ..., X, €K # /I06HX yHces
Oy, Oy, ..., 0 U3 K.

4.12. Tipumeph.

a. [lycte B n-mepHom npoctpaHcTBe K BHGpaH 6asuc, Tak
4TO KawIn# BexTop x € K MoxeT OBITh 3a71aH CBOHMH KOOp/IH-
Hatamu E,, &,, ..., E,. Torna L (x)=E§; (nepBas Koopauuata)
€CTh, OYeBHIHO, JuHeHHass ¢opmMa OT X.

6. Dosee obuieli nnnelinoli ¢opMOH B TOM ke MPOCTpaHCTBE
AIBJIleTCS BHIpAXeEHHe

- S

C TMPOH3BOJIBHO DHKCHPOBAHHKMHA KO3 dHUMeHTaMH [, [,, ..., L.
B. B npoctpanctee K(a, b) (rme K ects R niu C) mnpu-
MepoMm JinHeHHON ¢OpMB ABASETCS BHpaXeHHe

L(x)=x(ty),

rae f,— UKCHPOBAHHAA TOYKA OTpeska a < f<b.
r. B -TOM ke NpocTpancTBE MOXKHO PAacCMATPHBATH JHHEHHYIO
¢opmy BHIa

b
Lxy={1txwma,

rae [ (f)— dukcupoBaHnas HerpepusHas QyHKIHS.

A. B npoctpancTtBe V), ckanspHoe mupousseneHHe (X, Xx,)
BEKTOpa X C (PHKCHPOBAHHHIM BEKTOPOM X, € V; ecTh AuHelHast
¢opma ot x.

Jlunefineie ¢GopMbl, 3anaHHble B GECKOHEYHOMEPHHX MPOCT-
paHcTBax, OOBIYHO HAB3BIBAIOT AUHELHLIMU (DYHKYUOHAAAMU.

4.13. Haiinem oOuni Bua aunediHo#t ¢opmsl L (x) B n-mep-
nom aumelinom npoctpanctse K,. Ilycte ey, e,, ..., e,—1po-
H3BOIbHBIA Gasuc mpoctpanctea K. OGosnaunm uucno L (e,)

n
yepes [, (R=1, 2, ..., n). Torna nns mo6oro x = 2 Epep B CHAY
k=1

dopmyns (1)
J(x) :f< J gkek\/: 2 B S (e) = 2 Lk,
k / k=1 k=1

1
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T. €. 3Hadenus Aurelnol dopmer f(x) AuHeldHO sbipamcarorTcs
yepe3 KOOPOUHATbHL BEKTOPA X € (PUKCUPOBAHHbIMU KO3 PuLeH-
ramu Iy, Ly, ..., 1L,

Takum o6pasom, B npumepe 4.126 Mbl umenu camufi o6uMi
BUI NuHelinof (bOPMBI B 7-MEPHOM MpPOCTPAHCTBe,

4.14, B xomniekcHom annefinom npoctpanctee C paccmart-
PHBAIOT elle OZHH BHA AHHEHHOH (OpMbI, Ha3bIBaeMHH AuxeldHOd
¢opmoit 2-e0 poda. Jlunehnas c¢opma, onpenenennas B 4.11,
Ha3bLBaeTCsd B 3TOM cayuae gopmoid 1-z20 poda. HucnoBas $yHk-
unst L (x) aprymeHta x, ONpeneJeHHOTO Ha KOMILJIEKCHOM JHHEH-
Hom mpoctpancTBe C, nasmBaeTcss AuHeHHOH dopmoit 2-ro pona,
€C/IH OHAa YIOBJETBOPSIET CAELYIOUIHM YCJOBHSIM:

ay L(x+y)=L(x)+L(y) ana mobux x,y€C;

6) L(ax)=al (x) ans nob6oro x € C u n060ro KOMIIEKC-
HOTO HYHCIA O =04 | (0, YHCAO O =0t — i0, €CThb 3Iech KOM-
NIEKCHO COMpPSIKEHHOE K YHCAY O

dopmyaa, ananoruunas (1), B cayvae dopmsl 2-ro poza
HUMeeT BHJI

Lioyx, 4 ... foxpy =, L{x)+ ...+, L(x,) (2

Anst MOBHX Xy, ..., X u3 C 1 JIOGBIX KOMIVIEKCHBIX Q. . ., Olge

4.15. Ilpumepom nuneiiHoft Qopmul 2-r0 pona B 7-MepHOM
KomiviekcHoM mnpoctpancTtre C, ¢ 6a3nHcOM ey, ..., €, CAYKHT
dynxuua

L (x) :Ei Ly Eg

rae ly, ..., [, —TIPOU3BONBHO (PHKCHPOBAHHLIE KOMIIEKCHHE YH-
cna, a §y, ..., §,—KOOpPIMHATH BEKTOpa X B Gasuce e, ..., e,.
ITokaxem, 4T0 3Ta Qopmyna maer OOGLHHA BHI THHEHHOH OpMBI
2-ro pona na mpoctpanctee C,. Ilyctb L (X)—npousBonnbnas
nuneHHas Gopma 2-ro pona; nonoxum Iy =L (ey), ..., [, =L (e,).
Torna ans mo6oro x €C, no dopuyae (2)

Lx)=L (21‘1 §k9k>:§€kL (ex) :Zlk &

4yTO M TpebyerTci,
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§ 4.2. Jluneiispie omepaTopnl H MX MaTpHYHAs- 3alHCh

4.21, Jlunettnas ¢opma L (x), onpejeneHHas B NHHEHHOM
npocTpancTBe K, Kak Mbl yKa3wBaiu, SIBASETCS MOPPHIMOM
npocTpancTBa K B onHOMepHOe mpocTpancTBo Kj.

PaccmoTpuM Tenepb mopgusm A=A (x) nunefiHoro mnpocr-
pancTBa X B Js060€ /HHeHHOE MPOCTPAHCTBO Y HAJL TeM Xe Ca-
MpiM mosieM K. Byaem mucaTh muoraa kopoue: Ax Bmecto A (x).
Cornacho onpeznenenuto, GyHxuust A (X) y10BaAeTBOPSAET Y C/IOBHAM:

a) A(x+y)=Ax+ Ay ana mobuix x uy u3 X;

6) A(ax)=alAx ana nwboro x €X u moforo uucna o.

Kak n nna junedinuix ¢opm, u3 ycaosuft a), 6) caenyer
G6onee obuas dopmyna

B) A (0%, 4 ... Fapxy) =aAx; 4 ... F-aAx, ana qo-
6HX X, ..., X, 13 X H JOGHIX Gy, ..., 0y U3 K.

Mopduam A HasuBalOT TdKkKe, KaK OTMEYeHO B 2.7/, Aus
Helineim oneparopom, pebicTByomum u3 X B Y.

4.22. Mpumeps.

a. Onepatop, KOTOpbIfl Kaw/I0My BEKTOPY X MPOCTPAHCTBA
X CTaBHUT B COOTBETCTBHME HYJAb-BEKTOp mpocTpaHcTBa Y, fB-
nsieTcs, OueBHAHO, JMHEHHHM omnepatopoM. OH Ha3pBaeTCH HYy-
Ae8bIM ONepaTopom.

6. IlycTh uMeercs HEKOTOpHIH JHHEHHHIH onepaTop A, net-
cTBylowuit u3 npoctpanctea X B npoctpanctBo Y. [losoxum
no onpenenenuo Bx =—Ax. Tlonyuennuii- onepatop B, kak
Jerko BHIAETh, TaKke SBASeTCSl JHHEHHBIM onepaTopoM, mepe-
poasuM X B Y; OH Ha3blBaeTCH ONEPAaTOPOM, APOTUBCHOAONCHbIM
onepatopy A.

B. Ilycth BekTOpam 6asuca eq, ..., e, npoctpancTBa X
NMPOM3BOJBHO TOCTABIEHH B COOTBETCTBHE BEKTOPH fi, ..., [,
npoctpancta Y. Tozda cyujecreyer u eOunCTBeH AunelHbid
oneparop A, nepesodawuii X 8 Y u npu 3rom Kaxosil 8eKTOp €,
nepesodawul 8 cooTgercreyrowuli sextop fr{k=1, ..., n).

JleificTBHTENbHO, €CH MCKOMBI OonepaTop A CymecTByer, TO

n
aas nbdoro BEKTOpa X = 2 Ekek € X BHINOJHSIETCSA PaBEHCTBO
k=1

JE]

Ax=A (El Ekek> = 2 B he,= k§1 39

k=1
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YeM Jl0Ka3ana eIMHCTBeHHOCTb omepatopa A. C apyro#i cTo-
n

ponst, aasg awboro x_——kzI Erep, €X MBl MOKEM 1IOJOKHTDL 110

olipeneeHHIo

n
Ax:kZI Ekfk'

HNonyvaowntics npu stom onepatop A, kak Jerko npose-
PHTb, #BJASIETCH JUHEHHLIM ouepaTopoM, nepeoaswud X B Y u
NpH 3TOM MeEpPeBOAALIUM Kaw bl BEKTOP ¢, B COOTBETCTBYIOLIMH
BEKTOp f,(kR=1, ..., n), 4TO Ham u TpebyeTcs.

r. [loctaBuM B COOTBETCTBHC KaKAOMy BEKTOPY X IPOCT-
paHcTBa X 3TOT Ke BeKTOp X. Msl nonyunm nunelinniii onepa-
Top E, neficteylomnit u3 X B X. 3Tor onepaTop HasmBaeTcs
TOXOECTEERHbLM, HIH eOUHUYHbIM, OlEPATOPOM.

4.23. Matpuynasg 3anmch AHHEHHWX omeparto-
pos. Ilycts A ectb suselHwil omeparop, JeHCTBYIOIUH U3
MpoCTpancTBa X pasMepHOCTH 72 B NPOCTPAaHCTBO Y pasMepHo-
¢TH . Puxcupyem B npoctpaHcTRe X 6asuc €y +o.y €, H
B npocrpancree Y Gasuc fy, ..., [,. ‘

Bekrop e, nmepeBomuTcs omepaTopoM A B HEKOTOpHH Bek-
Top Ae; upoctpaHctBa Y, KOTOpHIH, Kak BCHKHH BEKTOP
9TOrU MPOCTPAHCTBA, Mhl MOXEM Das3JioKHTb IO OasHCHBIM
BEKTOpaM:

.y n

Aey=a{f, +-afy + ... +alf,

Ananoruyno omepatop A geHcTByeT Ha OCTaibHbe Ga3HCHbHIE
BEKTOPH:

Rey=a®Pf, +aPfyt ... +a®f,,

— U | ) i | o)
Ae,=a"fi+-alf,+ ... +a§

-
AT dopMyIEl MUKHO 3aIMCATL KOpoye:
m
|l H .
Ae;= 3 alff, J=1,2, ..., n). (3)

i=1

Kosdduuuentsl af® (i=1, ..., m, j=1, ..., n) onpexensior
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METPHLI.Y H3 m CTPOK H I cTONOLOB HIH, KOPOYE, m X n-MaTpuiy

a® a® ... a{"

A=A al af® ... af’
= A, ™ ,

al® aly ... ap

KoTOpas HasbIBaeTCs marpuyeii oneparopa A 6 Gasucax {e}=

={ey, .- €nf H {f}=4Afn - ., fm}. CTONGUANMK 3TOH MATPHUEL
C1y)aT KOOPAMHATH gexTopos Aeq, Ae,, ..., Ae, OTHOCHTEILHO
Gaznca fi, -« s S

n
3
[lycth Temepb x:::];1 E,jej-—rIpOHISBOJlebIﬁ BEKTOP H Y=

n
= Ax = S .f;; BHSICHHM, KaK BHIpaKalOTCH KOOPAHHATH
= R l”h i ’ Y pa D) 7],'
1=

BeKTOpa yepe3 KoopAuHaThH k. BekTOopa X. MBI nmeeM
! 5

n

y= igl nifi:Ax =A <]§1 Ejej.> == Z E].Aej=

j=1
n m m n
— Ve (
= Z g Z aff;= 2 <Z ai”E,~>ff-
i=1 i=1 i=1 \7=!
CpagnuBas k03QUIHEHTH NIPH BEKTOPE /i, Haxoomm
n
n= 21 ai'g; (i=1,2, ..., mh (4)
J:

B pacKpHITOM BHIE

Th: a(II)EI—Jl‘ a(l‘Z)E‘Z"_ .. “1‘ a(].n)gn’
N = aPE A aPEy +aPE,,
(3)
Nm = an(ll)gl _\_ a;r%)g2+ et a:rrl” n

CnegoBaTebHO, 3HA% MaTpully —OnepaTopa A B 6asuce
) puny
€1, €3, + -+ €ny MOWKHO ONIPEAC/UTE peayJpTaT PHMEHEHHS onepa-
n
Topa K nGOMY BEKTOPY X = Z E.e, TPOCTPAHCTBA X: koop-
’ k=1

dunarel gekTopa y=Ax AUHEUHO BblpaXatoTCA Hepes KoopOu-
naTol gekropa x 10 opmynam (5). 3amerum, uTO MATPUUA
KoapPuyuentos 8 Popmyiax (3) cosnadaer ¢ marpuyeld Ay, pe
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I'Iy ¢tb teneps || al || *) — npouseonsras m X n- ManHua Ecan

x = 2 §j€;, MB MOXEM NOCTPOHTb BEKTOp y == 2 1,f; o dop-

MynaM (5).
Jlerko mpoBepuTh, uTO omepatop A, 3analomui 3TOT nepe-
X0 OT BEKTOPa X K BEKTOPY ¥, ABASCTCS JIMHEHHHM OMEpPaTOPOM.

TMocTpoum mMaTpuny onepatopa A B -6a3uce ey, e, ...; &,
BexTop €, MMeeT KOOPAMHATH E,=1,8=...=8,=0; Bcuny
¢dopmyn (5) KkoOpAMHATaMH BekTopa f;= Ae1 6yayT uuciaa
(1) 1y 1)

al’, a, ..., af?, Tak 4ro

fi=Aey=aVe; +aPey ... +afle,.
AnanornuHo
fi=~Ae;=ai’e;+-afle,+ ... +aie, (j=1, 2, ..., m.

CaenoBaTenbHO, MaTpHHA onepaTopa A cOBmaxaeT ¢ HCXOZ-
Ho# marpuueit || ai ||

Hrak, kaxodas mxn-marpuqa AGAAeTCA maTpuyed HeKoTo-
pozo -auneiinozo oneparopa A, OJdeiicTeyioujezo u3 n-meprozo
npocrpancrea X 8 m-Meproé npocrpaucreo Y, ¢ PuKcuposan-
HbiMu Odasucamu e,, ..., e, 6 npocrpancree X u fy, ..., fp
8 npocrpancrge Y.

TeM caMbiM Mexay JHHeHHHMH OnepaTopaMH, AeHCTBYIOUHMH
13 npocTpanctBa X (¢ GHKCHPOBAaHHHM 06asHcoM €y, ..., &)
B npocTpaHcTBO Y (¢ (puKCHpOBanHHM Gasucom fy, ..., f,), H
m X n-MaTpHUAMH, 3armOJHEHHHMH YHcIaMH W3 noast K, ycTaHas-
JIMBAETCH G83QUMHO OOHO3HAYHOE COOT8ETCTBUE, oeylecTRIgEMOe
¢ nmomouipio dopmys (3) wiAH, 4TO TO HKe, (4).

3ameTHM, 4TO OMepaTop A MOXHO 6uno 6H BOCCTAHOBHTH
no Matpuue A=| af’ | (4 NpuTOM OLHO3HAYHO), HCXOLA Hemo-
cpencTBeHHo u3 dopmysa (5). B atux dopmyiax j-# cronbeif
MaTpHil A npencTaBnfeT co6oft HaGOp KOOPAMHAT BEKTOpa
f,=Ae;.

4.24. TlpumepH. _

a. Marpuiia nynesoro omepatopa (4.224) B nioGom Gasuce
npocTpancTBa X H N060M 6Gasuce INPOCTPAHCTBA Y, OYEBHAHO,
COCTOHT M3 OIHHX HYyJeH,

*) Bepxnuii HHJexc— HOMep CTO/16Ha, HHXKHHA — HOMEP CTPOKH.
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6. Ecan }|a$ || ects maTpuua onepatopa A, 10 MatpuueHt
NPOTHRONO/NOKHOTO onepaTopa (4.226) saBafieTCcH, OYeBHIHO,
matpuua ||[—af ||.

B. Ilycts m>=n u onepatop A nepeBoauT BeKTOPH Gasuca
e, ..., €, npocTpancTBa X B /HHeHHO HEe3aBUCHMHE BEKTOPH
f1r -y fn NpocTpaucTBa Y. JIONOAHHM BEKTOPH fy, ..., [, AO
nosHoro Gasuca npocTpaucTBa Y BekTOpaMu f, .4, ..., f,. Torna
MaTpuua onepatopa A B Gasucax ey, ..., e, H fy, ..., In
NPHMET, OYEBHJHO, CNelyIOLHA BHI:

n

e e,
10 ... 0
01 0
n [ ..
m 00 1 4.
‘1o 0 0
00 ... 0
r. B yacTHOCTH, MaTpHU2 TOIEeCTBEHHOrO onepaTopa {4.222)
B Ga3uce ey, ...,e, NpocTpancTea X, kak obaactd onpenene-
HH, H B TOM ke Oaauce e, ..., e, NpocTpaHcTBa X, KaK
obnacTH 3HavyeHAM, uMeeT BHI
10 ... 0 [.
01 ... 0 ,
A & ()
oo |

Martpuua E suga (5') HasmBaeTca ToxOecTeennod WIH edu-
Husrod nX n-MaTpHLe.

§ 4.8. Deficteun Haj JuHefiHBIMEH OnmepaTopaMmd

Mun paccMoTpuM 3mech AefCTBHS C/IOXKEHHMS ONepaTOpPOR,
yMHOXEHHS OllepaToOpa Ha YHCJAO M YMHOXEHHS OIepaTopos
Apyr Ha xpyra. llsa onepatepa A u B, neficTBylOLIHX H3 MpPOCT-
paHcTBa X B mpocTpaHcTeo Y, 6ylneM CYHTaTh pasHoimu (M MNH-
catb A=B), ecik Ax=Bx anga kaxmoro x € X.

4.31. Cnoxenne onepartopoB. IlycTs nand 1Ba
NMHe#iHWX onepaTopa A M B, oTo6paxaioutnx mnpocTpaHcTeo X
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B mpoctpanctso Y. Onepatop C=A B onpesenserca rmo
dopmyne
Cx=(A+B)x=Ax-Bux. (6)

Ouesunno, yto C Takxe oTto6paxaer mpocTpaHcTBo X B mpo-
crpanctBo Y. IToraxem uyro C—cuHoBa nuHeHHHH omepatop.
Mycte x =0 x; 0 X,; TOrDA ' ) ,
C (o Xy +aoX,) = A (&t,x; + AyX,) + B (%, + 5.%,) =

= oy Axy G Ax, + 0, Bx; +oyBr, =

=a, (Ax; -+ Bx;) 4@, (Ax, + Bx,) = o,Cx; + 2,Cx,.

Takum o6pasom, o6a ycnosus 4.21 a)—6) BHMOMHEHH.
Juuettnuft onepatop C, onpenenenuuft paBeHcTBoM (6), Ha-
3nBaeTcH cymmoid oneparopos A u B.
Jlerko npoBepuTh CNERYIOLIHE PaBeHCTBA:

A+B=B+A,
(A+B)+C=A+4(B+0Q),

A+0=A, (7)
A+ (— A)=0.

3zecs A, B, C—npousBoibHue NxHefinbie onepaTope, 0—Hy-
nesoft oneparop (4.22a),— A—onepatop, NPOTHBOMOJOKHHH
K onepatopy A, T. e. mepeBoxsiluit xaxam#t Bextop X € X
B BeKkTOp —AXx (4.22 6).

432. YMmuoxeHneonepatopaHayuncno Ecom A—
nuneHnnit oneparop, xeftctBylown#t 3 mpoctpancTsa X B mpo-
crpaictBo Y, u A—uncno u3 nona K, to onepatop B=AA,
HasmBaeMul npoussedenuem oneparopa A Ha wucao A, onpe-
nengetcs dopmynoH

Bx = (M) x = A (Ax).
Jlerxko mpoBepuTh, TaK xe Kak 8 4.3/, 4TO MOCTPOEHHHH ome-
paTop sBnsieTcst AuHeHHuM. [1pH 9TOM HMEIOT MECTO COOTHOIIEHHS
7"1 (sz) = (117"2) A,
1-A=A,
(A -+ Ag) A=A A +1A,
A (A 4 B)=AMA-AB,

(7")
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Cootnoutenust (7) —(7’) NOKa3HBAIOT, YTO COBGKYNHOCTG BCex
AlHETHbIX ONneparopoe, OelcT8Y WX U3 AUHCLHOZ0 NPOCTPARCTER
X @ aunednoe npocrpancTso Y, ob6pasyer HO80e aunelinoe npo-
CTPAHCTEO.

433. YMHoxeuue omnepatopos. Ecan A-—junei-
HHE onepaTtop, HecTBylouiM#t u3 npocrpanctBa X B mpocTpaH-
¢tBo Y, a B—nunefinufi omepatop, meHcTBylomm#t u3 npoer-
panctBa Y B mpoCTPaHCTBO Z (BCe MNPOCTPAHCTBA HAX OJAHHM
H TeM- ¥e YHCAOBHM. moneMm - K), TO MH OnpexensieM ofepaTop
P=BA, HasHBaeMult npoussedesuen onepatopa B ma omepatop
A, xak oreparop, nefiCTRylomn# 3 npocTpascTBa X B Npo-
érpancTBo Z mo dopmyne

Px=(BA)x=B (Ax)

(T. e. cHayana Ha BeKTOp X neHicTByeT omepatop A, a 3aTeM
Ha pe3ynmbTaT, Aexaumu# B mpocrpaHcte Y, mefictByer onepa-
top B). TlocTpoennni#t onepatop P aBasieTcst cuoBa AuneiHbM,
TaK Kak

P (a0 + ey %5) = B[A (@ %, + 0p%5)] = B (@, Ax, 0, Ax,) =
=o;BAx, 4 a,BAx, =, Px, - a,Px,.

4.34. Jlerko mpoBepAOTCH CAENYIOIUHE COOTHOLIEHHS:
_a) A(BA)=(AB) A mns a06ux onepatopoB A u B ¢ yka3an-
HEMH cBOHcTBaMH. H mw06oro A€ K;

6) (A+B)C=AC+BC an MOBHX onepatopoe A u B,
ﬂeﬂCTByIOUJ.HX U3 NPOCTPaHcTBA Y B MPOCTPAHCTBO Z, H A1060T0
C, meticteylouero u3 X B Y;

B) A(B+C)=AB--AC xn1s nmobux omepatopos B u C,
neficteyromux u3 X B Y, u nioGore A, ne#ieTByromero us Y B Z;

T). (AB)C=A (BC) a1z moGuix onepatopos:. C—u3 npo-
CTpchrBa 'X'8 npoctpanctso Y, B—n3 NPOCTPaHCTBA Y B Mpo-
cTpanctBo Z, A—us3 npoc-rpaHC'rBa Z B npoctpaHctBo W. -

ﬂpoaegnm HanpHMep, paBeHCTBO r). B coOTBETCTBHH ¢ mpH-
HATHM HAMH OIpEHNe/NeHHeM PaBEHCTBA ONMEPATOPOB MH JOMKHH
ang no6oro BekTopa X € X I0KasaTh PaBeHCTBO

[A (BC)] x =[(AB)C] .
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Ho no camomy oOnpeleNeHuio NPOH3IBEXEHHS ONepaTopoB
[A (BC)] x = A[(BC) x]=A[B(Cx)],
[(AB) C] x = (AB) (Cx),

OTKyIa ¥ BHITEKAET Tpe6yemoe PaBeHCTBO.
CHPRBE,’IJ‘IHBOCTI: BCEX OCTaJbHHLX PpaBeHCTB TIpOBEpAETCH
aHaJOTHYHO.

§ 4.4. CooTpeTcTBYIOMHAE AeHCTBAS HA) M3TPHUAMH

BHiSiCHEM, KaK OTpamaloTcsd nefcCTBHA HaX oOnepaTopaMm,
onucakHHie B § 4.3, HA MaTpPHLAX STHX OMEPaTOPOB.

441, Cnoxenne onepatopoB. Ilycth Jnaum xBa
nuHednux onepatopa A n B, orto6pakaiwux mpoctpanctso X
¢ 6a3uCOM e€,, ..., €, B IPOCTPaHCTBO Y € 6a3HCOM fy, ..., fpe
Mycte, nanee, onepaTopy A B 9THX 6a3ucax COOTBETCTBYeT
MaTpuua A= llafP]l, a onepatopy B-—wmaTpuua B= (1652115
CnefloBaTeNbHO,

m

Ae; =S s, Be,= R bPf (=1, 2,...,m).

i=1 i=1

B TakoM caydae
"

(A+B)e,=Ae;+Be,= 2 (a” +6) /s
i=
OTKyZAa ClexyeT, YTO ONepaTopy A + B cooTBeTCTByeT MAaTPHUA
llah 4 b57||. Taxas maTpuua HaswBaercs cymmod marpuy ||af|
u ||b?|. Takum o6pa3om, cymma A---B onpenenena Ajs BCAKHX
JBYX MaTpuu A W B ¢ ONMHAKOBHIM 4HCJIOM CTPOK H C onHHa-
KOBHIM YHC/IOM CTOAOGLOB.

4.42. YmuoxeHnue onepatopa Ha uyHcno. Ilpn
TeX ¥Xe YCJ/IOBHAX

(M) e; =M (Ae) = i Aad f.

CnenoBaTe/lbHO, ONepaTopy AA COOTBETCTBYeT MaTpHua |Aal,
NONYYAIoUIAsACH YMHOXEHHEM BCEX 3JIEMEHTOB MaTpHUH Ha il



102 ra. 4. AMHERHWE OYHKIMM BEKTOPHOTO APTYMEHTA [4.43

Ha yucao A. Takasg MaTpHIla HAa3WBAETCH npoussedenues MarTpuybt
lla§?l] na aucao M.

TIoCKOABKY m X N-MaTPHIE H JHHEHHHE OnepaTopH, AeHCT-
ByIOUIHE M3 JI-MEPHOTO TNPOCTPAHCTBA B m-MepHOE, COOTBETCT-
BYIOT IpYyr Apyry B3aUMHO OIHO3HAYHO (4.23), ne#icTeug c one-
paTopaMu COOTBETCTBYIOT OAHOHMEHHHM NEHCTBHSAM C MATpHUAMH
¥ ZefcTBMA ¢ onepaTopaMu MNOXYHHAIOTCHA npasuiam (6)—(7),
Mbl MOXKEM CIe/laTh BHBOX, YTO NEHCTBHA ¢ MATPHLAMH TaKXe
noauunsIOTCA npaBunam (6)—(7), uTO, BNpoyYeM, Jerko Gu/o Gu
npoBepHTh ¥ HeriocpeacTBenHo. TeM caMbM MH nOsy4aem, 4TO
COB0KYNHOCTG BCex m X n-marpuy obpasyer MiHelinoe npocrpat-
cr80. TIo CaMOMy MOCTPOEHHIO OHO H3OMOPGHO MMHERHOMY mpo-
CTPaHCTBY BCEX NHHeHHHX OrepaTopoB, AeHCTBYIOLLMX U3 71-Mep-
Horo npocrpatctsa X B m-MEpHOe NPOCTPAHCTBO Y. '

4.43. YMuoxeHHe omnepatopoB. Bubepem B mpo-
ctpanctBax X, Y, Z 6a3ucnl: B 1poCTPaHCTBE X —06a3ucey, ..., 8,
Brnpoctpanctse Y —6asuc fy, . .. , frp, BIPOCTPAHCTER Z —06a3uc
& - - - » & TlycTh omepaTop B, neitcteyiomuit u3 X B Y, umeet
m X n-matpuny ||b{’||, Tak uyrto

m
Bej=i§b}f’fi (j=1,...,n),
a onepatop A, nefictBylomn#i u3 Y B Z, nMeer ¢ Xm-MaTpHLy
fleg’ll, Tak uTo
Af,-=ia;j’g,t (=1, ..., m).
Jns npouspesenus P = AB Mu nonyuyaeM

m
(AB)e;= A (Be;) = A ,--21 b f, =
m . m . q . q m » .
= Sunri- 3o 3 apa=3(F o0 o)
= = = = =

CrezoBatenbho, aneMenT py’ matpuuw P omepatopa P=AB
HMEIOT BHI

m
=2 aPe (=1 2..mk=10. (8)
=
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3T0 # ecTb MHTepecytomud Hac pesynbrar. Ero MoxHO BHpa-
3UTh TAaK. JAeMEHT maTpuysi P, crosuyuill Ha nepecedenuu ee
k-ii cTpoku u j-eo cTOoAGYa, paseH cymme npouseedenutl scex
aaemenTo8 k-ii cTpoku marpuybt A Ha cOOT@eTcTeyloujue 3ae-
MeHTbL j-20 cTOAOYA MaTpuyst B.

MaTpuua P=||p{|l, xotopas mony4aercs W3 MaTpuu [lal|
u |16} mo dopmyne (8), Ha3uBaeTcH npoussedenuem nepgod
U3 3TUX MATPUY Ha B8TOPYI.

3aMeTHM, YTO WYHCIO CTONGLOB NEPBOH MaTPHIBE ZOMKHO
6HTh PaBHO YHCAY CTPOK BTOPOH MaTpHILH, HHAYE NPOU3BEACHHE
MaTpHIL He OyAeT MMeTh cMucaa. [Ipi BHMONHEHMH STOTO yC/0-
BUS MATPHLA-IPOM3BENEHHE HMEET CTOJbKO CTPOK,’ CKOJIBKO HX
uMeeTCH y MepBoH MaTpHIM, M CTOJAbKO CTOJGUOB, CKONBKO HX
uMeeTcs y BTOPOR MaTpHIH.

BoJee BHpPAa3HTeNbHA m X N-3aMHCh: MPOM3BENEHHE ¢ X [-MaT-
pule A Ha mXn-MaTpuuy B ompeneneHo, eca I=m,u B 5TOM
cnyyae npousBenenne AB ecTb ¢ X n-MaTpuUa. O6a mpoussene-
uus AB u BA onpenenest, ecau [=m, g=n; B 3TOM clyuae
AB ecTb KBagpaTHas nXn-MaTpuua, a BA ectb Takke KBanu-
patHas m X m-maTpuua. Ecmu, Hakoneu, n=m=p=gq, T. €.
o6e MaTpuunl A M B cyTb KBaIpaTHbie 71X 7-MaTpHUM, TO AB
u BA—rtaxke KBaapaTHee 7 X n-mMaTpuusl. OmHaKo onn He 00s-

\1 0 01

3aHbH O6LITh paBHhiMH. Hanpumep,
01
ooflt1of loo}

foi1jy1 o 00

‘l ofjoo0 10
Takum 06DPa30M, YMHOXEHHE KBAAPATHBIX MaTpull, BooGuie rosops,
HeKOMMyTaTHBHO. UTO KacaeTcsi cOYeTaTe/]bHOTO M pacmpenc/u-
TeNbHOTO 33aKOHOB, TO 3[ech nonoxenue Gosee Graromnony4yHoe:
YMHOMKEHHE ONepaTopoB, KaK Mbl BHIEIH B 4.34, nopuungeTcs
COYeTaTeNbHOMY H paclpefe/UTe/bHbM 33KOHAM; MOCKOJbKY
MaTpuUE W OMEpaTOpPH HaxXONATCH BO B3aUMHO OLHO3HAYHOM
COOTBETCTBHH H YMHOXKEHHE MATDHIL COOTBETCTBYET YMHOXEHHIO
OnepaTopoB, MBI MOXEM CHejaTh BHIBOL, 4YTO covyeTaTeNbHbIH
H paclpeneNuTe/bHble 3aKOHH YIOBIETBOPATCA TaKke H I
YMHOXEHHSI MaTpHLL.

y

4.44. Mpumepsn.

B cnenymouiux. npUMepax HHAEKCH 3JeMeHTOB MaTpHLl MH-
WyTcs BHH3Y, TaK YTO SJIEMEHT @;, MaTpHULI A= |layll crout
Ha lcpeceuchnd ee j-fi CTpokM M k-ro cronbua. ®opmyna
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ymuoxenus P=AB [cm. 4.43 (8)] B 9THX 0603HAaYeHUAX MPUHH-
MaeT BHI

m
Py =Dowby  U=1,..,m k=19

a. Ymuoxum m X n-matpuny A= ||la|| cneBa Ha mXm-mat-
puny B, =||b,|l, B KOTOpO# Bce 3/eMeHTH b, pasun 0, kpome
oxHoro 3snementa b,,, pasuoro 1. [To obuwiemy npapuny (8) M
MOMYYHM 7 X 71-MaTPHIY

(s)

Qyy Ay ay, 0 0...0
. Qg Qg Qg e e

B A=wu|... 1 ..l . . . .. J=0]aga, ...a4l,
. (2 SN 0 0...0

TaKk uTO B r-# cTpoke marpuubnl B, A cTOST 3JeMEHTH s-§
CTPOKH MaTpuisl A, a OCTaibHple 3JeMeHTH MaTpuita B, A
paBunl 0.

6. YMuowuM m X n-matpuny A=||a;|| copaBa Ha nXn-mar-
pany Cgp=||csll, B KOTOPOH BCe 3JIeMEHTH C;, PaBHH 0, kpome
OBHOTO 3/eMeHTa C,y, pasHoro 1. [To ofwemy npasuny (8) MH

[IOYYHM m X n-MaTpuuy

() )

Ayp - Qg - o - Gy 0...a...0
Qg o - Qgg « o Qgy . 0...0a5...0
AC =\ . . . . . . @] hoad=te o e e
Apy <+ s Qpg -+ - Ay . 0...8p ---0

TaKk uto B ¢-M cronbue matpuunl AC, CTOAT 3/EMEHTH g-TO
cron6ua Mmatpuusl A, a ocTanbHbie 3jeMeHTs MaTpuus ACg,
pasub O,
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B. [lpu Tex xe B

s A, Cgp moNyuaeM

()

B, AC, =10 ... a

0... 0 ..0

TaK 4rto omepauust B, AC, npusomuT K mX n-Matpule, B KO-
TOpOH BCe 3JeMeHTH PpAaBHH HYJII0, KPOMe CTOSILEro Ha mepe-
CeYeHHH r-# CTPOKW H {-T0 CTONOLA, KOTOPHH paBeH ag,.

r. Ha xakywo mXm-Matpuny D HyXHO YMHOXHTb ClieBa
mX n-Matpuily A, 4urobu marpuiia DA coBnana ¢ matpuueh A,
B KOTODOH mNepecTaB/ieHH MeCTaMH r-i H S- CTPOKH?

[IpuMep @ mokaseiBaeT, KaKk MOJYYHTh MAaTpuily, B KOTODPOU
r-si CTPOKa eCTh S- CTpPOKAa MaTpuln A,— yMHO#XEHHeM cJeBa
Ha mX m-matpuuy B,,. Ho ocranbhubie CTpPOKH B pesy/bTaTte
pasunl 0. Temepb ficHO: 4TOOH MOJY4YHTh TpeGyemylo MaTpuily,
HYXHO MaTpHly A YMHOXHTG C/1€Ba Ha m X m-MaTpHUY

) (s)

1
B
) ...0 .01
1
D:Brs“}’Bsr“}’.z Bjjz sl :
].;b/ . . . .
iss . .
1
(s) o .. 1 P 0
1
. . 1
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n. Ha xakyio nXn-matpuuy G HYKHO YMHOXHTb CnpaBa
mX n-vatpuuy A, uto6n matpuua AG cosnana ¢ maTpHielt A,
B KOTOPOR mepecTaB/ieHH MeCTaMH g-# u t-i cTONGUN?

AHanoru4yHo & MH TOJYyYaeM

G=Cp+Cyy+ 2 Cupe
k=q
k=t

e. Ha kaxyio mXm-marpuuy F HYXHO YMHOXHTbH cieBa
m X n-Matpuily A, 4TOGH MONYYHBIIASCH MATPHIlA COBMaa ¢ MaT-
puuelt A, B KoTOpOoW K r-K CTpOKe npubasieHa §-s1 CTPOKa
¢ KosdduunedToM A? :

TMocne ckasanHoro B @ otser ouesmpen: F=E -+ AB,,.

w. Ha xakywo nXn-maTpuuy F HYWHO YMHOXHTb CrpaBa
mXn-matpuuy A, 4ToOH TONyYMBIIASCA MAaTpHLa COBNaja
¢ matpuueit A, y xortopo#h K {-My cTonbuy npubasnen g-# cron-
6en ¢ xospbHLHEHTOM K?

Orer ouesnpen: H=E 4+ pCy.

§ 4.5. anbHe#lliMe CBOHCTBA YMHOMEHHS MATpHN

4.51. YMHOoxeHue MaTpHul, paa6urtux Ha GNOKH.
B HEKOTOPHX cnyuasx ObBaeT yaoOHO pasbuBaTh TepeMHo®kae-
Mble MaTpullhl Ha 670KH M jaeficTBOBaTh Aajee C 6J0KaMu.

[IpeanosoxuM, YTO HAM AaHa m X 7-MaTpHLA A H nXp-mat-
puua B, xotopee paséuth Ha GOKH:

n P
An ‘Alz ‘ By le
A21 ‘ A22 B21 ‘ B22
A=m) _ , B=(m .

INpenmnonoxuM, YyTo B KaxIo# GMOK-CTPOKE MATpHlH A CTONbKO
#e GJOKOB, CKOMBbKO B G/OK-CTONOLAX MaTPHUH B, W npu 5TOM
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wupHaa mo6oro Gnoka Ay, MaTpuus A coBnapaer ¢ BHCOTOH
mo6oro 6noka By Matpuun B. Torna sce nponssenenns A ;B
HMEIOT CMBICJT; 3TO~— MPAMOYTOJbHLE MATPHIL, Pa3Mephl KOTOPHX
3aBHCAT OT HMHIEKCOB j H §, HO He 3aBHCAT OT HHIEKca K.
HHTepecylolee Hac TpaBUNO YMHOXEHHS MAaTpPHU COCTOHT
B cheayioweM: marpuyy AB mookHo cocrasute u3 640k08, no-
cTpoennbix u3 6a0k08 marpuy A u B Tax e, xak 3aemenTbi
marpuysi AB cocrasasworca us 3sementos marpuy A u B:

Ap By +Ap By + .. | Ay B+ .

Ay B+ ...

HeficTBHTENBHO, NyCTb {—HOMEP GJIO0K-CTPOKH MaTpPHUH A,
copepxauiet k-0 cTpoky camo#t Mmatpuun A, M j—HoMep
6no0k-cTonbia MatTpuus B, coaepxauiero g¢-# crtonbeu matpu-
us B. Tlo oButemy npasuny 4.43 3neMeHTH MaTphuu P=AB
HMEIOT BHI

Prg= aklblq + oo+ aknbnq =

=(aklblq+ S +akpbpq)+ o e +(ak,brq+ oo +aknbnq)’

rie CKOOKH pacCTaBieHH B COOTBETCTBHH C LIMPHHOH 6/I0KOR
MaTpuus A (M BHCOTOH 6J0KOB MaTpuus B). Byaem nymeporath
CTPOKH H CTONOLUH 6JOKOB TeMH Xe HOMEepaMu, YTO H B caMo#t
matpuue A. B nepBo#t ckobke CTOHMT 3/eMeHT, CTOALHA HA nepe-
ceyeHuH k- CTPOKH M ¢-ro crtonbua Gnoka A;B;; Bo BTOpOH
CKOOKe — 3/IEMEHT, CTOALHA Ha TepeceyeHuH k-H CTPOKH H ¢-TO
cronbua 6moka A,2B2, H T.. X.; B pe3yabTarte MNOJyYaeTcs
SJEMEHT, CTOfLIHH HAa mepecedeHHH k-H CTPOKH M ¢-TO cTosa6UA
6n10Ka A;131,+ v+ +A;B,;, 4TO H yTBEpxkaaNOCH,

462, YMHOXeHHEe KBa3MIHATOHAJNbBHHX MarT-
puu. MaTpHua HasbBaeTcs K8a3uOua2OHAABHOL, €CIH  OHa
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HMEET BHUL

All

npuyeM neoGoanauenHue GNOKH COCTOST u3 Hynef. [peamnono-
®uM, uTO OnOK A,, nNpeacTtasiser Cco6of my X/,-MaTpPHIy
(=1, ..., 9).

PaccMOTpUM KBa3HAMATOHANBHYIO MATPHIY

Bll

22

y kortopo# Gnox By, mpeacraBnfer coGoRt 71, X pp-MaTPHIY
(t=1, ..., s). Marpuua A # B MOXHO HEPEeMHOXHTb HO
npasuay 4.5/, KOTopoe B NaHHOM Cly4ae HEMENIEHHO TIPUBOLHT
K peayabTary

AllBll

AgsBas
AB = ’ . (9)

A B

$8°7° 88
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Takum o6pasoM, B HaHHOM cJjyuae marpuua AB cHOBa €CThb KBa-
3WaMaroHanbHas MaTpuua, nprueMm 6aoxk Ay B, uMeeT my
CTPOK H p; CTOJAOLOB.

4.63. [ponssenerHne TPAHCIOHUPOBAHHKX MaT-
puu. Iycrs nawa mXn-vatpuna A=| a;||. Tparcnonuposan-
Hod no oTxouienwro K A nasmBaeTcs nX m-matpuua A =|| ap, ||,
o KOTOpo#

Qpg= Qg p=1, ..., n g=1, ..., m).

Mycts A ectb mXn-Matpuua u B ects nXp-maTpuua, Tak
4TO npousBenenne P = AB onpeaenieHo H ABJASETCH 7 X p-MaT-
punelt, OnpezeseHo W NPOH3BEREHHE TPAHCIOHHPOBAHHHX MaT-
pun B’A’, xortopoe npencrtasaser cob6olt p X m-marpuuy. Ilo-
KaxeM, 4TO crpaBeniuBa ¢opmyia

B’A’ =(AB)'. (10)

Ilas nokasaTenbcTBa 0603HAYHM /AeMeHTH MaTpull A, B, P =
= AB, A", B, P COOTBETCTBEHHO 4Yepe3 &, bij» Pijy G =
=a;, b;=by, p;j=p; Pasenctso (8), onpeneasiouiee
S/IEMEHTH P;,, Mbl MOXeM NepenucaTh B BHAE

n n n
’ g N 1.7 ’
Pip =P = 21 ai/b/k = 21 ajbyj= 2{ briajs.
i= i= i=

CyMMHpPOBaHHE NPOBOAHTCH MO HHAEKCY j NpH (PHKCHPOBAHHBIX
uugexcax [ u k. ®dukcupoBaHHHe HHIAEKCH YKa3HBalT, 4YTO
Anst 00pa3oBanusi 3/neMeHTa py; B MaTpuue B’ ucnosnmsayercs
k- cTpoka, a B Marpuue A’ —i-# croAben. B pesyabTare
06pa30BaHHA CyMMH MPOM3BENEHHA COOTBETCTBYIOIWHX 3IEMeH-
TOB NOJy4YaeTcs 3JEMEHT py;, Jexaluit- Ha mnepeceuennn R-H
CTPOKE H [-To croa6ua Martpuus P’. Ho no onpenenennio
NpOM3BENEeHHs MaTPHIL 3TO M O3HauaeT, 4TO MaTpHua P’ ecTb
npoussenesve Matpuus B’ Ha MaTtpuuy A’. Tem cammid pa-
BencTBO (10) zokasaHo.

4.54. Muunopo npou3dBemeHus ABYX MAaTpHIL
Mycts nans  mXn-Matpuna  A=|ay|| #n nXp-vatpuua
B=||b;,||; nocrponm mx p-matpuuy P=AB=|p;|. Puxcu-
pyeM B MaTpHue P CTPOKM C HOMEDaMH O < . .. <L O M CTOACUH
¢ Homepamu B, < ... <P, (BR<<m; k< p) u nocraBuM ceGe
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11e/1bI0 BHUYHGAHTbD MHHOP M=M§,‘ jjj%’,: (AB), nocTpoeHunit Ha
$HKCHPOBAHHHX CTPOKax M CTONGHAX:

Mgy 1l B (AB) =
8, lblﬂn + M +aa1"bnﬁt «e. Qq, lblﬁk + e +aa1" b"ﬂh
aanlblﬂt “+ ... +aa,,,b,,,3l e aa.lblﬂk + ... +agnb,p,

.(11)

e s e e 4 s e e a2 e e 4 e s e s

Qayibip, + - -+ Qaynbnp, - - . Goabip, + - o+ Goynbng,

Iins BHuuCcleHus MCHONb3yeM fuHeHHOe CBOHCTBO ompexe-
aurens (1.44). Cronbeu muHopa M c HOMepoM v sBiadeTCs
CyMMOH Kk «3/MeMeHTapHHX» CTO/NGLOB C 3/JeMEeHTaMH BHIA
aaj,-b,-ﬂv(rne HHOeKCH cronbua { W v (UKCHPOBAHH, HHAEKC

cTpokn j usMensercs ot 1 go k). Iloatomy Bech munop M
paBeH cyMMe k* «3neMenTapHmiX» onpeaenuteneH, COCTaBIeH-
HHX TOQJAbKO H3 «3/IeMEHTAPHHX» CTONOHOB, B KakaoM H3
S/IEMEHTaPHLIX CTOJNOLOB MHOXHTENb bjﬁv BIOMb CTONGHA He

MEHAEeTCA M €ro MOXHO BHBECTH 3a 3HAK «3JIeMEHTapHOro»
onpepenutens. [locae 3TOro KawAWR M3 «37MeMeHTaPHHX»
onpenenuTeNed NPHHAMaeT clenytowH} BuA:

aali‘ Qaig « o o aali,‘
Qogi, Qagiy + - - Qayig
bi.B.bi.ﬂ,' ° ‘bikﬁk v ’ ’ (12)
aak[‘ aak[, « . aak[k
rae iy, ..., ip—Hexkoropwe uucaa or 1 mo n. Ecam cpenn

3THX 4YHCeN ecTh OAHHAKOBHE, TO COOTBETCTBYIOUIHHR 3seMmeH-
tTapiu#t onpemenutens pasen 0. Mexay npouuM, Tak Bcerzaa
6yner, ecau n < k. Tlostomy ecau s marpuye AB ecrv soobuje
MUHOpsL nopadka kR > n, 1o ace oxu pasust 0,

BosBpaujafce Kk cayyaw R<Cn, MH BHIHM, UTO CJeLyeT
pacCMaTpHBAaTh JHILL TaKHe SJEeMEHTAPHHE ONpelesHTeNH, Af

KOTOPHX BC€ MHAEKCH iy, ..., i, pa3nuyHH. B 3TOM cnyyae
onpeneaHTeNb
Qo,i, Qoyiy + - - Qayiy
MO e s O Qa,i, Qogiy » -+« Qoyig

Ige eee s in™

aakil aak[. oo aakl'k
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C TOYHOCTHIO 10 3HAKA COBMANAET C MHHOPOM M‘,"“,"’j’.”jjj:‘}’; ,
rae ji<<jp<<... < J CYTb MHIEKCH iy, ..., [,, nepecrasien-
HHe B TOpSAKE BO3PAacTaHMA. BHACHHM, KakoH HMEHHO 3Hak
HYXHO TOCTaBHTb llepel MHHOPOM M’,"“j % uTo6H  mo-
AyunTh B TOYHOCTH MHuop MF ' ' ' %% Ilng storo Gymem mo-
CleNOBAaTE/bHO MEPecTaBAATh B MHHOpe M % T cocen-

HHe CTOJ6UH ¢ TeM, YTOOW B pE3y/NbTaTe MNOJAYYHTH HX HOP-
MaJbHOE pacroNoKenne (T. e. COBMalaioliee ¢ PacroNO¥EeHHeM'

cTon6uos B camok matpuue A). [lpn kaxzoll- mepectanoske
@y, 11,, ceey Og

ABYX COCERHHX CTONOUOB MHHOp MY 5% ''' '™ yu3MeHHT 3HaK;
C ZApyroH CTOPOHH, NpH 3TOM YHC/AO «GecropsaakoB» B mepe-
CTAHOBKE MHIEKCOB &y, iy, ..., {, H3MEHHTCA HA enuHHmLYy.
Tak kaKk B OKOHYATE/NbHOM pACHOJO0KEHHH CTOJGLOB HHNKHHE
MHIEKCH MAYT B HATYPanbHOM nopsake, 6e3 «GecnopaakoB»,
TO HUCAO NOCAeGOBATENLHOLX NepeMer 3HAKA pPABHO  4ucCAY
«becnopadkos» 8 nepectanoske undexcos iy, I, ..., i, *).
O6oznayum 310 uucao uyepes N (i). Torma BHpawenne (12)
nprobpeTaeT caeaywoWHi BHL:

C (=DNDb g b, - b MiE T (A). (13)
L]TOGH HOﬂquTb Be-"lHqHHy M, MH JOJMXHH CJO0¥XHTb BCE BH-

paxenns BHma (13).
Bynem ¢nawana cknaanBaTh BHPAXKEHHT C OXHHM H TeM Ke

HaBopoM iy < ... <ip, TaK 4TO wHeAA Iy, ..., i, npencras-

JAOT HEKOTOPYID NEPecTaHoBKy B 3ToM Habope. [lpn 3ToM.
s eee s &

obuuit MHOXHTEAL MY iv (A) MOXHO BHHECTH 3a CKOGKH.

B cko6kax octaeTcs BeJHYHHA
2 (—1)N (i)bixﬁlbi:ﬁz e bfkﬂk )

KOTOpas, OYeBMIHO, eCTb MHHOp M) ' :° g (B). OkonuatenbHo

Mul nonydaeM dopmyny
MR L BE(AB)=ZMEY B AME, L (B). (14)

CyMMHpOBaHHe NMPOM3BONUTCSA 3JeCb NO BCeM HaGopaM HOMepOB
iy <iy<...<liy, NPHYEM CAMH 3TH YHCTA MOTYT H3MEHATHCH

l") l’]pennonarae‘rcn 4YTO NMPH KaxAoi nepecrtaHoBKe HHJIEKCOB MeHb-
WHKHA HHAEKC CTAHOBHTCA BIiepeH 60oJIbIIEr0 H TEM CaMbIM YHCJIO 66(11'10'
PAIKOB yMeHbllI2eTCsi POBHO Ha CJIHHHLY.
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or 1 g0 »#n. O6uiee uyucnO cnaraeMox B 3TOH CyMMe DaBHO
Ckz_i’___
"R (n—R)!

CdopMynupyeM pesyabTaT B BHIAE TEOPEMH.

Teopema. Kawdoeul munop k-z0 nopadka marpuys. AB
MoxceT GbiTb BbLpANCEH 4epe3 MUHOPbL TO20 e NOPAdKa Mar-
puy A u B no gopmysre (14).

§ 4.6. O6nacTb 3Havennit M HyJb-MHOrooGpasue
AuHEHHOrO onmepaTtopa

4.61. Tlycte nan nunefinm#t omepatop A, nelicTByrowuH
H3 JuHefioro npoctpaHcTBa X B JHHeliHOe mpocTpaHCTBO Y.
Mu ucnone3syem 3aech obosnauenne 2.7/ A: X — Y,

MycTh n— pa3MepHocTh mnpocTpancTBa X, a m— pasmep-
HocTh  mpoctpanctBa Y. BubepeM  mpou3BoabHO 6a3uc
ey, ..., e, B mpocrpauctse X u Gasuc fy, ..., f, B npo-
ctpanctBe Y. Toraa omepatopy A MOXHO NOCTaBHTh B COOT-
BeTcTBHe 1o npasuny 4.28 mXn-matpuyy A=|a|, i=
=1, ..., m j=1, ..., n. O6osnaunm uepe3 T (A) o6aactp
3HayeHuit onepatopa A, T. €. COBOKYMHOCTb BCEX BEKTOPOB
y=Ax, x€X. TlocTaBumM 3anauy: BHYHCAUTb N0 MaTpuue A
pasmepHocTh noanpoctpanctBa T (A). Tlonaras

n
X = 2 Exers
k=1

MH TIOJIy4YaeM
n
y=hx= 3 Ehey

cneloBaTeNbHO, 06n1acTh 3HavyeHMH onepatopa A coBmazaeT
¢ nuHeBHoR o6onoukolt BekTOpoB. Aey, Ae,, ..., Ae,. Pas-
MepHOCTb MuHelHo#t o6onoukn L (Aey, Ae,, ..., Ae,) cornacho
2.548 paBHAa MaKCHMaJbHOMY KOJHYECTBY /HHEHHO HE3aBHCHMHIX
BEeKTOPOB B cHcTeMe Aey, Ae,, ..., Ae,. M 3Haem, uTo
B cTON6LAX MaTpHLB oOnepatopa A BHIHCAHH KOOPIHHATH
BeKTOpoB Ae; OTHOCHTenbHo Gasuca {f}; Takum o6pasom,
BOIPOC O MaKCHMajJbHOM KOJHYECTBE JHHEHHO HE3aBHCHMHIX
BekTOpOB B cuctTeme Ae; (j=1, 2, ..., n) HeMelJeHHO CBO-
ONTCS K BONpPOCY O MAaKCHManbHOM KOJHYecTBEe JHHeHHO Hesa-
BHCHMHX CTON6HOB y MaTpuusl omepatopa A, Ho 9to nocnes:
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nee B cuny 3./2eé paBHO paHry MaTpuus onepatopa A. Wrak,
pasmepHocTs  06AGCTU  3Hadenud aunednoeo onepatopa A,
delicTayou4ez0 U3 N-MepHO20 NPOCTPancTea X 8 m-mepHoe npo-
crpancreo Y, pasda paxey MATpUYb. Oneparopa A 8 aobom
6asuce {e} npocrpancrea X u aobom Gasuce {f} npocrpan-
crea Y. : .

3aMeTHM, YTO BHOOp 6a3ucoB B NaHHOM chiyyae Oe3pas-
JHYEH! CJeIOBATeNbHO, paxe Marpuys. oneparopa A xe 3asu-
cur or subopa 6a3ucos, T. e. 3ABUCUT TOALKO OT CAMO20
oneparopa A. B janbHefimem Mg -OyleM DaHr MaTpullH ome-
patopa A (B moOwx 6a3ucax) HA3uBaTh MPOCTO panzoMm one-
paropa A u o6o3na4aTt depe3 ra.

4.62. Tenepb o6o3uauum uvepe3 N (A) Hynb-mMueroo6pasue
onepatopa A, T. e. COBOKYNHOCTb- BCeX TeX BeKTOpoB X €X,
a5 koTopux Ax = 0. TloctaBum 3anauy: no matpune A=|| af” ||
onepatopa A BHYHC/AHTb pa3veprocTh moanpoctpancTBa N (A),

n

ﬂycTL x= >, t;e;EN(A). Torma cuctema (5) npHuy-
i=1

MaeT BHA

ot +aPE+ e, =0,

e’ +aP b+ .. + a8, =0, (15)

aVE, +aPt, + ... +aRE, =0.

OueBHIHO, UTO H OGPaTHO, BCAKHA BeKTOp X € X, KOODAHHATH
KOTOPOTO YAOBNETBOPHIOT cHCTeMe (15), BXOXMT B Hy/b-MHO-
roo6pasue onepatopa A. Takum o6pa3oM, BOmpoc 0 pasmep-
HOCTH HyAb-MHOrooGpasus omepaTopa A paBHO3HaYeH BOMPOCY
0 Pa3MepHOCTH MOANPOCTPAHCTBA pemienuit cuctemMu (15). B cuny
3.51 paaMepHOCTb n5 3TOr0 MOAAPOCTPAHCTBA PaBHA 4HCY
n—r, THe r—paHr MaTpHUe H3 KO3 HUIHEHTOB CHCTEMH,
WM, 4TO TO e camoe, panr omepatopa A; TakuM 06pa3oM,
ny=n—rja. '

WTak, pasmeproCTt HYyAb-MHO20006pa3us onepatopa A pasxa
donoanenuwro panza oneparopa A do pasmeprocTu npoCTpaH-
crea X, u3 xoropoeo Oedcreyer oneparop A.

4.63. B uactHocTH, ecau Mopdusam A: X— Y ecTep anm-
mopguam, To T (A)=Y wu, cnenosarenpno, rp=m. Ecan
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moppusm A: X — Y ectb moHoMopduaM, To N (A) =0 u, caexo-
BaTe/bHO, Fa =7t. Bepun H o6paTHhe yTBepkiaeHns. MmeHHo,
eC/IH paHr MaTpHun A paBeH YHCIYy m ee CTPOK, TO pasmep-
HocTh T (A) coBnamaeT ¢ pasaMepHOCTblo Bcero Y, OTKyad
cnenyet, 4to T (A) =Y. [NoatoMy mopusm A ecto snumopdusm
1020a U TOAbKO TO20a, Koeda rx-=m. Ecau padr marpuuu
A pageH uHcny 7 ee CTONGLOB, TO BEeKTOPH f; = Aey,

., Jn.=Ae, sBnsorcs MHeHHO HE3aBUCHMBIMH H, C/leXOBa-
TeJlbHO, onepatop A sBaserca MoHoMmopdusmom (2.73s8). [flo-
3TOMy moppusm A ect6 moHomopusm T020a u ToAbko TO20Q,
Koeda ra =n.

4.64. Cneaywwee mnpeanoxesne ecTb o6pauieHHe pesynb-
tatoB 4.61—4.62:

Teopema. ITycte X ecto n-mepuoe npocrpancrso, Y —
npou3soasroe npocTpanctso. Kaxoser 6ot Hu 6Gbiau  nodnpo-
crpanctea Nc X u T< Y, cymma pasmeprocted KoOTOpOBIX
pasia n, cywecrsyer -aurelduoui oneparop A: X —Y, Odaa
koropoeo N (A)=N, T (A)=T.

HoxasartenbctBo. O603HaYNM pa3MePHOCTH MNOAMNPO-
ctpaictB N u T coorBercTBeHHO uepe3 B u m=n—=k. B nox-
npoctpaHcTBe T BhOepem m nuHeHO He3aBHCHMBIX BEKTOPOB
Ji. fa» ., fn- Bubepem, nanee, mnpou3BoibHHH 6asuc
ey, €y, ..., €, B npocTpaictee X Tak, 4TOOH NMepBHEe B BEKTO-
poB 6a3uca nexanu B noanpocrtpanctee N (2.43).

Onpenennm onepatop A yC/IOBHAMH

A
) } (16)

TMokaxem, 4TOo onepatop A yZOBJAETBOPHET NOCTaBJICHHHM
tpe6oBanusaM. [lpewne Bcero, oueBnano, uro T (A) ecTb Jau-
Hefinasg ofonouxka BeKTOpoB f;(i=1, 2, ..., m) u, caeno-
BaTe/NbHO, coBmazaeT ¢ noanpoctpaHcTBoM T. 3atem Bcakuit
BeKTOp noanpoctpancTBa N no yciaoBHIO npuHaniexut Kk N (A);
HaM ocTaeTcsd MOKd3aTb, 4YTO /M06OH BEKTOP MNPOCTPAHCTBA
N(A) Bxomut B N. HomycTum, 4To A48 HEKOTOPOTo

Ae;, =0 (i=1,
1

Aei+szi' (i= s

n
X = 2 §.e;
i=1
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6yner Ax =0. Hcnoabays ycnosusa (16), M noayuyaem
O=Ax=AE+...+Ee) =5t +Efm

IMockoavky fy, fa, ..., fp AHHEHHO HE32aBHCHMH, MH HMeeM
Erir=...=E,=0. Ho Torna X = §1e1—|— +§,,e,,EN YTO
H YyTBEPKAANoCh,

4.65. Cnenylomas TeopeMa O paHre TNPOHM3BeNEHHA IBYX
MaTpHl|, BHTEKaeT U3 CBOUCTB TOJBKO 4TO BBEZEHHWX TeOMETPH-
YeCKHX XapaKTepHCTHK.

Teopema. Paune npoussedenus AB marpuyy A u B ne
npeeocxodur panea Kax0020 u3 comHomcureiell.

HokazartenbctBo. EcrecTseHHo, Mu npeanonaraem,
4TO HHCAO0 CTONGUOB MaTPHUW A COBMAZaeT ¢ YHCJAOM CTPOK
MaTpuun B, HHaue uX Henb3f OG0 6H NepeMHOXHTH. IlycTb
A ectb mXn-matpuua, a B ectp nxXp-matpuua. Bsenem
B paccMoTpenHe nHHeHHne mpocTpaHcTBa X, Y, Z ¢ pa3MepHo-
CTAMH, COOTBETCTBEHHO, /1, m H p. B mpocTpancTee X BuGepeM
Gasuc ey, ..., e, B npoctpanctee Y—o6asuc f, ..., fn
B mpocTpaHcTBe Z—6a3uc £, ..., £,. Hcnoavsys ux, moxuo
MaTpHue A NOCTaBHTh B cooTBeTCTAME nnHeHHMA onepatop
A: X—Y, a marpuue B-—nnneHuut onepatop B: Z—X,
ﬂpouaaeneﬂmo AB matpuu A H B oTBeuaet nuHeHHWA omepaTtop
AB: Z— Y. O6nactp 3HaueHn# onepatopa AB B cuay camoro
ero onpeieeHns COAEPKHTCA B 06nacTH 3HaueHHH onepatopa A.
[lockonbxy cornacHo 4.6/ pa3mepHOCTb 061aCTH  3Ha4YeHHH
J060ro onepatopa paBHa paHry COOTBETCTBYIOMIEH MaTPHUH,
MB TIONy4yaeM, 4TO pane npoussefenus 0Jsyx marpuy He npe-
80cx00uT paza nepsozo MHoscureas. YToOH IOKa3aTh, YTO OH
HE MPEeBOCXOANT TaKke M PaHra BTOPOTO MHOXHTeNl, nepelmeM
K TPaHCMNOHHPOBAHHHM MATPHLAM; HCNOAB3YH 4.53, MH MOMy4YHM
panr AB=paury (AB) =paury B’A’ < paura B’ = panry B,
41O H TpebyeTcH.

4.66. Panr npoussemenns IByX MaTpHIl MOXKET OHTbL H
MeHbIlle, 4eM PpaHr Kawaoro u3 coMHowutenef. Hanpuwmep,

MaTpHUH
a=loa) 2=]0 0]
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o6e HMEIT PAHr, paBHHH elUHHUE, & HX NPOH3BEAEHHE
00

00

HMeeT Hynesoft paHr. TToaToMy mpeAcTaBisieT HHTepec ClIenyro-
1as Téopema, AiOU1as OLEHKY PaHra MpOH3BEJEHHA IBYX MaTt-
DMLl He CBEpXy, a CHH3Y. '

Teopema. Mycre A ecte mXn-marpuya panea ry u B
ecTo nXp-marpuya panea rg. Tozda panz mXp-marpuys. AB
He MmeHblue

AB=

ra4-rg—n.

Hokasareabcrro. [Tokaxem cHavana, 4To M0GOR ome-
patop A: X — Y paHra r mnepeBOAMT BCSIKOE K-MepHOE MOIMNpPO-
crpancTBo X' X B MOANMPOCTPAHCTBO Y' <Y, pasMmepHOCTh
KOTOpOro He Hmie r—(n—k). BuGepem 6azuc e, e,, ..., e,
B npocTpaHcTBe X Tak, 4ToOH mnepsue £ BEKTOPOB Gasuca Je-
wanu B mnoanpoctpancree X' (2.43). KoopnuHaTu BEKTOPOB
Ae,, Aey, ..., Ae,, NOPOKIAIOUHX NOANPOCTPAHCTBO Y’, B mat-
puie onepaTopa A sanumaiot k£ neppux cToa6u08. ITo ycnoemo B
MaTpuLe onepatopa A uMmeercsr nuHeHHO HEe3aBUCHMHX CTO/GUOB.,
O1u cronbusl pa3obbeM Ha JABE TFPYNNH: B TEPBYI0 Fpynmy
OTHeceM Te, KOTOpHE MMEIOT HOMepa OT 1 10 k, a BO BTOPYIO
rpynny —Te, KOTOPHE HMEIOT HOMEpa OT k+1 1o n. Yucnes-
HOCTh BTOpPoH rpynubnl He Gonmblue 71—R; CNEROBATENbBHO, YHC-
NEHHOCTH MePBOK IpyNIs He Menbile r — (n— k). Takum 06pasom,
NoANpocTpaHcTBO Y’ uMeeT He MeHee r——(n—K) NHHERHO He-
34BHCHMHIX BEKTOPOB, YTO ¥ YTBEPkJanoch.

Mycts Teneps A: X — Y n B: Z — X—uuefiune oneparto-
PH, COOTBETCTBYWOLlME NepeMHOXaeMbM maTpullaM. OueHka pad-
ra matpuun oneparopa AB cornacio 4.61 ectp oueHka pas-
MepHocTH obnacTu 3uayenudt 3rtoro omepatopa. Onepatop B
nepesoaut Bce mpoctpancteo Z B moampocrpancto T (B)eX
pasmepHoCTH rg. Tlo mOKasaHHOMY onepaTop A MepeBOXHT MOA-
npoctpanctso T (B) B noanpocTpaHcTBO, pa3MEPHOCTbL KOTOPOro
He Huxe ry—(n—rg)=r,+ryz—n. Takum o6pasom, o6nacThb
anauennfl onepatopa AB, a c¢ Hell M panr maTpuun AB, nMme-
10T BEAUYHHY He HHXe 7, -|-rp—7, YTO H TPeSOBaNOChH.

4,67. CnenctBue. Ecau o0na us nepemuoxcaemolx maTpuy,
T. e. mXn-matpuya A usu n X p-watpuya B, umeer pane, pasnoid
n, T0 pase npoudeedeHus pase” paucy BTOPOL MATPUYbL.
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HeficTBuTENbHO, B 3TOM C/yyae OLEHKH PaHra npouasene-
HHf CBepXy W CHH3y, noJy4yenHne B Teopemax 4.64 u 4.65,
Aal0T OAMHAKOBWH pe3ysnbTaT, paBHWM paHry BTOPOH MaTpHUM.

4.68. Tlyctb nad nuseRHw# onepatop A, nepesolsuguft
audefiHoe npoctpaHcTeo X B AudefiHoe mnpoctpakctBo Y. Jlu-
HefiHuf onepatop B, uepesoasuiuft nuHefinoe npocrtpanctso Y
B AnHeRHOe npocTPaHCcTBO X, HA3WBAETCA 4esoiM obparnoim K
onepatopy A, ecnau

BA=E

ecTb elMHHYHHft onepatop B mpocTpaHcTBe X. Onepatop A B
3TOM c/Jyyae Ha3bBaeTCHd npassism o6parHeim K omepatopy B.
B kakom cayuyae onepatop A (B) umeer neswmfi (npasuft) 06-
patHufi? Ha stor Bonpoc oTBeyaeT Teopema:

Teopewsa. Oneparop A: X —Y umeer sesoui 06parnoii
T020a 4 TOAbKO TO20a, Ko2da A ectv monomopgpusm. Oneparop
B: Y— X umeer npasoui obpatneui To2da u ToabkO To2da,
xoeda B ects snumopdusm.

HoxazateapctBo. Ilyctb A ecTb MoHOMOpH3IM M
T (A)cY—ero o6nacTb 3navennti. Kaxkaomy y € T (A) oTBevaet
x €X, nns kotoporo Ax =y, npuieM X onpeaensercs OAHO-
3HaYyHO N0 y B CHAY npearnonoxeHHoft moHoMopdHocTr A. TTycTs
QcY ecTh noanpocTpancTBO, Aaioutee B npsMoft cymMe ¢ T (A)
Bce mpocTpaHcTBo Y (2.46). Onpenenum onepatop B: Y—X
no cneaytowemy npasuny. [ns y €T (A) nonoxum By papnuM
"TOMY (EAMHCTBEHIIOMY) X, Aif KOTOpPOro Ax=y; ana y€Q
nonoxuM By=0; ans y=y, +y, rae y, €T(A), y,€Q, no-
noxuM By = By,. Ouepatop B, kak nerko Buaertb, NuHeRHuH,
H ang kKaxporo x € X Mu HMmeem BAx=x, tak uto B ectp
neewf obGpatun# ans A, Ecam A He ecTb moHoMopdmaM, TO
cywecTsyeT BeKTOp X € X, oTanyHuft oT 0 u Takoff, yto Ax =0,
Torna ang nw6oro B: Y — X mu nveem (BA) x=B(Ax)=B(0)=0,
TaK YTO JIEBOrO OOGPATHOTO I ONepaTopa A 3aBenoMO He Cy-
WeCTBYeT.

IMycte B: Y — X ects anumopduam u nycts N (B)cY ecth
HyAb-MHOTOOGpa3ne onepatopa B, a QcY B npamoft cymme ¢
N(B) naet Bce npoctpanctBo Y. Tak kak X=B(Y)=B(N(B)+Q)=
=B(Q), To oTo6paxenne B: Q — X ectb Takxke snuMOpdH3IM
H, 6onee TOro, H30MOPH3M, Tak Kak HHKAKOH sneMeHT y € Q,
OTMMYHHA OoT 0, He MepexODHT NMpH Bo3deHcTBHH onepaTopa B
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8 Hyab. Omnpenennm onepatop A: X—Y no caeayouemy
npasuny: Aas aio6oro x € X BexTop AX €cThb TOT (EAHHCTBEH-
Hu#) BekTop yE€Q, ans kotoporo By=x. Onepatop A, oue-
BHIHO, JIHHEeeH, H MJf Kawaoro x € X M nmeeM BAx =x, Tax
yto A ecTh mnpaBwi o6paThmit mis B. Ecaun B: Y — X ne
€CTh 3nHMOpdH3M, TO ANd BeKTOpa X € X, HE BXOAfLLEro B
T (B), u mio6oro onepatopa A: X —Y Mn Hmeem BAx = x,
Tak 4To B He mMeerT mpaBoro o6paTHoro. TeopeMa noOka3aHa,

4.69a.. Mu 3Haem (4.43), 4TO pe3ynbTATOM YMHOXEHHS
nXm-MaTpuun P Ha mXn-matpHuy A ABAfeTCH KBanppaTHas
n X n-mMatpuna

S = PA.

Ecan S —enunnynas nXn-Matpuua (4.242), To Matpuua P
Ha3HBaeTca .egoii obparnoii daa marpuys: A. AHanorHYHO pe-
3yNAbTaTOM yMHOMWEHHS m X n-MaTpHUl A Ha nXm-Matpuuy Q
ABNiIeTCA KBanpaTHas m X m-MaTpHla

T=AQ,

H ecau T—eaudnuHas m X m-maTpuua, To Q HasHBaercs npa-
8oli ob6parnol Oan marpuyv A.

6. HMcnoabsys pesyiabtate 4.63, MOXHO cOpMyNHPOBATH
Teopemy 4.68 B TepMHHAX paHra MaTpHIK.

Teopema, Tozda u Toabko TO20Q KEKOTOPAR M X N-MATPU-
ya A umeer sesyio obpaTnyro, Koz0a ee panz pasen Hucay n;
10204 U TOALKO TO20Q OHA uMeeT npasyio ob6paTryro, kozda ee
pawe pasex wucay m.

§ 4.7. Jlnnefinpie omepaTopbl, MepeBOAANMHE
npoctpancTeo K, B ceba

4.71. PaccmorpuM  simHelHw#  onepatop A, nepesoaswuft
npoctpaicTeo X B cebs (Tak 4to B 4.2/ cnemyeT MONOXKHTb
Y =X). byaem Ha3uBaThb Taxkoff omepaTop A deicTsywoujum 8
npoctpancree X.

[Tycts omepatop A nelcTByeT B 71-MEpPHOM MPOCTPAHCTBE
X =K,. Bubepem B mpocTpancTse X 6a3uc e, ..., e, 1 3TOT
e Gazuc 8 X ucnoav3yem 0af nOCTPOEHUR MATPUKbL oneparo-
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pa A. B cootBercTBun ¢ 4.22, marpuna A onepartopa A ctpo-
utTca no dopmynam

Za(/) (17)

i=1

Tak 4To Ko3pduuventH a¥) 06pasyloT Ha STOT pa3 KBaapart-
HYI0 71X n-MaTphLy; OHAa HasuBaeTcd Marpuyed oneparopa A a8
6asuce {e} ={e;, ..., e,}. Mu Gynem ee unorza 0603Ha4aTh
yepe3 A (e). COOTBeTCTByIOLuaH dopmyna ans KOOpAMHAT BeK-

Topa y = Ax,y = ane], x= 2&, ;» MMeeT Bun (4.23):

n
Pt ‘a(’:) .
=278 (18)
[lpu  ¢uxcupopannom Gasuce (ey, ..., e,)={e} nonyyaercs

B3aUMHO OJHO3HAYHOE COOTBETCTBHE MEXIy BCEMH JiHHEHHHIMH
onepatopamu, HefCTByIOWUMH B MpocTpancTBe K, H Bcemu
KBAAPATHHIMH 71 X -MATPHUAMH, 3aroJHEHAWMH 3/eMEHTAMH W3
nons K.

4,72, lTpumepn.

a. Onepatop, KOTOpPHIt KAXIOMYy BeKTOpy mpocTpancTea X
CTaBHUT B COOTBETCTBHE HYJb-BEKTODP, OYEBHIHO, SIBASETCH JH-
He#HbiM. OH HaswlBaeTcs Hyaesvim oneparopom (cp. 4.22a).

MarTpuia uysaesoro oneparopa B JMoGoMm 6asuce, OYEBHIHO,
COCTOHT H3 OXHHX HyseH.

6. Ennnnyanift uin toxaectBeHHm# oneparop E, crassawmit
B COOTBETCTBHE KaXAOMy BeKTOopy X € X caM BeKTOp X, Mul
paccmotpenu B 4.22e.

MaTpuua eXMHHYHOrO onepatopa umeeT B (4.24¢e)

100 ...0
010...0
E=|001 0f-
000 ...1

Takas maTpuua HaswBaeTcs eduruunod,
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B. OnepaTop A, KOTOpHil NepeBOAHT KawIuli BeKTOp X B
Ax, rae A—¢HKCHPOBaHHO® YHCIO M3 mons K, OYEBHIHO, JH-
HeeH; OH HA3HBaeTCs oneparopom nodobus (¢ Ko dHLHEeHTOM
nono6ust A).

AHaNOTHYHO MpelbHAyLleMy MaTpHLA OnepaTopa nonoGus B
ap6om Ga3uce MMEET BHA

AO ... 0
0M ... 0
00 ... A

r. Ha esxannoBo#i maockocTH V, BEKTOPH MOXHO Olpene-
AATh TONSPHHIMH KOODAHHATAMH: x={g, p}. Onepatop A, me-
peBopauuit Bektop X ={@, p} B Ax = {9+ Py p} (py— ux-
CHPOBAHHHH yron), fIBASETCS, KAK /IETKO NMPOBEPHUTH C MOMOLIBIO
yepTewa, JAMHEHHHM. DTOT ONepaTop HA3BIBAETCH OnEpaTopom
nosopoTa Ha Y2oa §g. '

Jns mocTpoeHnss MaTpHllbl ONEpaTopa NOBOPOTA BoiOepeM B
MI0CKOCTH V, 6a3uc M3 ABYX EXMHHYHHX B3aHMHO OPTOrOHAJb-
HBHIX BEKTOPOB €;, 5. [lOCTDOHB YEPTEX, JErKO NpoBepHM, UYTO
BEKTOp e, Mocjie TOBOPOTa HA Yrod Qg nepefiieT B BEKTOP
COS Qg €, -Sin Qg €5, 3 BEKTOD €,— B BEKTOP — sin @g e, Cos@q €,.
CnegoBaTenbHO, MaTpulla omepaTopa TMOBOpOTa B n060M M3
yKa3aHHBX GasHCOB HMeET BHJ

€os ¢, —sin Qg
sing, €OSQq [

A. Tlycts ey, €5, ..., €,—HEKOTOPHH Ga3uC B 7-MEDHOM
n

npoctpanctie K. TlocTaBuM B COOTBETCTBHE BEKTOPY X = ngek
K=1

m
BekTOp Px = zgkek, e m< n. Onepatop P— nnneinbift
' k=1

omepaTop; OH Ha3LIBAETCH ONeparopoM NpoeKTUPOsaHUA HA NOL-
npocTpancTBO K, MOPOXAEHHOE BEKTOPAMH €5, €y - .-, Ep
Inst mocTpOeHMss MATPHIL ONepaTopa MNPOEKTHPOBAHHA 3d-
METHM, 4YTO TNOJ €ro BO3XeHCTBHEM BEKTODH €1, €y, .-, €p
nepexonaT B ceGs, a BEKTOPH €,.5, ..., €, —B Hylb. IToaTo-

My MaTpHla OnepaTopa MpOEeKTHPORAHHUS B BAa3uCe €4, Loy ++ -y €y
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HMeeT BUX
10...00...0
01 00...0
m-si CTpOKa OO L 1 O L O
00 00 0
00...00...0
e. Tlycto ey, e,, ..., e,—0a3uc B 7-MEPHOM NPOCTPAHCTBE
K, 1 Rmanel 7 pucupoBaHHbX uucen A;, Ay, ..., A,. Onpene-
nMM omepaTtop A ans BEKTOPOB 6Gasuca ycnoBuaMu Ae, = Ae,,
Aey=DAgey, ..., Ae,=Mh,e, ¥ 11 MOGOTO IPYTOro BeKTOpa
n n

X = Y &6y, ECTECTBEHHO, IO iHHEHHOCTH yenoBHeM Ax =P 4B e,.
k=1 k=1

Tonyuennnit omepaTop HaswBaeTcsl OUAZONAALHGIM OTHOCUTE/b-

HO 0a3uca ey, ..., e, HWIH OuG20KAAU3UDYEMbIM OTIEPATODPOM,
MaTpuua IMAaroHaNbHOTO OTHOCHTENbHO 6asuca ey, ..., e,
OTMepaTopa B STOM XKe CaMoM Oasuce ey, €,, ..., €, HMEET BU]
ALO ... 0
0 2 ... 0 .
00 ...

n

DNeMeHTHl, OTAHYHEIE OT HY/sl, MOTYT HaXOJHTbCS B STOH
MAaTpuIle TOJAbKO HAa INaBHOH muaroHanu. Takas MaTpula HA3bl-
BaeTCA OuazoHaAbHOL; OTCIOAA M HA3BaHUE ONepaTopa. 3aMe-
THM, 4TO B Jpyrom Oasuce fy, ..., f, Marpuua omeparopa,
ANaroHaNbHOTO OTHOCHTENbHO Gasuca e;, ..., e,, yxe He Oy-
neT, BooOuie TOBOPs, AHATOHAJbHOH.

4.73a. Jluuelinne onepaTopsl, XeHCTBYyIOU(ME B TPOCTpaH-
cTBe X, MOXHO N0 06uuM mpapunam 4.3/ —4.832 cknagumBaTh
Jpyr ¢ JIpYTOM H YMHOXATb Ha 4YHC/A, NPHYEM CHOBA MHOJMy4Ya-
I0TCA NMHEHHBIE OomepaTophl, deHcTBywue B X.

PasenctBa (7) ¥ (7') NOKA3HBAWT, 4TO NPH BBEJEHHHX TaM
ONepaluax CJOXKEHHS] H YMHOXEHHS HAa YHCA4 COBOKYIHOCTh
BCeX JIHHEHHHX ONepaTopoB, AECHCTBYIOUIHX B NpocTpaHcTBe X,
CaMa CTA4HOBHTCH JIMHEHHBIM NPOCTPAHCTBOM Hal TeM Ke TNOJeM
K. Kpome Toro, nans onmepaTopoB, HeHCTBYIOLMX B MPOCTPaH-
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ctee X, BCeria ompeleineHa W onepauus ymuOwenns 4.33, B
peayabTaTe KOTOPOH TakKie mnoayuaercs onepatop, AeHCTBYIO-
muit B mpoctpancTBe X. B 4acTHOCTH, eCad B — nw6oli omne-
paTtop, TO

(BE)x =B (Ex)=Bx= E (Bx),

TaK 4To
BE=EB=B.
OnpelennM cTenenu IAHHOTO ONeEpaTopa A 10 mpasuiaMm
Al =A,
A? = AA,

A% = A2A = (AA) A= A (AA) = AA?,
A"._—_.A;“‘iA.z'A;l\".‘lz C e e e e
Tpu stom uMeeT MecTO (opmyna

Amtn.— AmAT (m, n=1,2, ...), (19

KOTOPYIO JI€rKO NOKAa3aTh MO HHAYKLHH.
Eume noaoxuM no onpeneaeHuIo

A°=E (TOXneCTBEHHHHA OMepaTop).

Ouesuano dopmyna (19) ocraercs CrpaBelJuBOH M B TOM Cay-
yae, KOrZa OZMH W3 MoKasaTened oGpallaercs B HyJb.

6. Tlycts npoctpancTBO X KOHEYHOMEPHO, X =K,. Puxcu-
pyem B MPOCTPaHCTBE X npou3BOAbHO §a3uc ey, ..., €, Torna
KawJA0My JHHEHHOMY OnepaTtopy A, neficTBylouleMy B NpOCTpaH-
cTBe X, MONHO NMOCTaBHTH B COOTBETCTBHE MAaTpuiy oneparopa
A B sToM 6asuce. B cOOTBETCTBHH C MNpaBHJaMH 4.41—4.43
BMECTE C ONepaTopaMH CKJaAbBaIOTCH, yMHOXAIOTCS ¥ BO3BO-
ASTca B CTENeHH H COOTBETCTBYIOLIHE HM MATpHUM. B stom
clyyae JIerKO MOWKHO HaWTH DPa3MEPHOCTD JIRHEHHOTO MPOCTPaH-
¢TBa BCEX MATpHIl 7-TO mopsiaxa. VIMEeHHO, MaTpHUHI E,, umeio-
LIHE OJMH-€AHHCTBEHHHH 3/eMeHT, OTJHYHHA OT Hynd, AN
onpejeseHHOCTH 1, Ha mepeceyeHHH J-# cTpoxkn H k-ro cTONG-
1a, OYeBHIAHO, JHHEHHO HE3aBHCHMH; C Apyro# CTOPOHH, Kaxa1ad
MaTpHUA 7-TO TOPALKA €CTb JHHeHHasd KOMOGHHALUS YKa3aHHBIX
matpuu Ej,. Takum obpasoM, marpuis E; 06pasyioT 6asuc
B NPOCTPAHCTBE BCEX MATPHI 71-TO MOPAIKA. [TockonbKy YHC10
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marpuu E;, paBHo 7%, 3TO uncio 7% H eCTb Pa3MepHOCTb MNpo-
CTpaHCTBA BCEX MATPHIl 7-TO nopaaka (2.35).

Ty ®e pasMepHoOCTh 712 HMeeT, OYEBHIHO, H IPOCTPAHCTBO
BCeX AHHeHHHX onepaTopoB, AeHCTByloWHX B npocTpancTee K.

4.74. TlpumepHn.

a. YMHOXKeHHe HAa KOMMIeKcHoe uncao o =o -+ if ects am-
HeftHoe npeoipa3oBanye Ha INOCKOCTH 2 = X -+ iy, KOTOPOE MOXHO
3amucaTh C TMOMOILLBIO BelleCTBEeHHOM ManHuH 2-ro nopsaaka.
M3 dopmyan yMHOKEHHS ( a—|—tﬂ ) (x+iy) =(ax—By)+i (Bx+ay)
cnenyet, ytTo B 6Gasuce 1, i COOTBETCTBYloWadA MaTpHUA HMeeT

BHI

a —p

B ai
TaxkuMm 06pasoM, KOMIVIEKCHHM uucaam o =o -+ i B3anmwo on-

HO3HAUHO CTaBATCS B COOTBETCTBHE BEIECTBEHHHIE MAaTPHUH ®
2-T0 TOPSAKA; HeTPYAHO BHIETh, YTO MPH 3TOM CyMMe W mpo-
H3BEICHHIO YHCEJ] OTBEYAIOT CyMMa M NpPOH3BEJeHHe COOTBETCT-
ByIOUMX MaTpHil. [OBOPAT, UTO BellECTBEHHHE MATPHUH ® 06-
pasyloT TouxOe npedcTasienue NnOAL KOMRACKCHbLX HUCEA.

6. O6o3nauum uyepe3 B, (k=>0) onepatop «cmBura Ha k
I1aroB MO HHAEKCY»;, MO ONpENeNeHHI0, OH MEepeBOMNT Kawauf
6a3uCHBH BEKTOp ¢, B Ga3uCHHM BEKTOp €, ., eciu m—k >0,
u B0, ectn m— k < 0. Ouesnano, By=E, B,-B,=B,,,; B
yactHocTH, Bf= B,. Manuua onepatopa B; umeer BHE

W =

010...0]
001 ...0
000 ...1
000...0

Marpuua oneparopa B, umeer Bun (k< n)

il .00 ... 1]
0...0 )
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4,76. Onpenenurenb NMPOH3BEACHUHA ABYX MAT-
puu. Mycts A=|ay|, B=|b|—xase npoussonrine 7nXn-
MaTpuus, C = AB—ux npoussexenue. B cuny Teopemu 4.54,
npuMeHeHHOR K MuHopy M} vy (AB), T. e. K caMomy ompefe-

JAUTENI0 MaTpuun AB, Mbl MOJYYHM
det AB==det A-det B.

Taxum o6pa3oM, cnpaBeinMBa TeopeMa:

TeopeMa. Onpedeautens npoussedenus deyx nX n-marpuy
pasen npousgedenuto onpedeurereil ITUX MATPUY.

CyuiectBylor H TpsMble (T. e, He OMNHpaioliHecs Ha TMPELJOXKEHHA

Tuna 4.54) gOKasaTenncTBa 3TOll TeopeMsl. BOT oAHO H3 HHX. PaccMOTpHM
onpegeJuTe]b NOpfAAKa 2n

big vee byy —~1 0 ... O

bpp +ev byy 0 —1 ... O
b Buy oo buy O 0 .. —1
-10 ... 0 0y Q13 ... Qi
o ...0 Oy Qgp ... Qo

o ... 0 Qn Qpg -+ Gnn

B cuny 1.82 onpelenurens [0 paBeH NDOM3BEJEHHIO ONpelenuTeselt
MAaTpHL
a1y ... Qyp 11 e e bln

H =

Quy «vv Qup byr -++ bun
Ho MOXHO H APYTHM IyTeM MOJYYHTb BEJHUHHY onpejeiurens D.
Hcnonbsys uucna —I, crosiiiue B NEPBEIX f CTPOKaX H B MNMOCJEAHHX 7
cToi6nax omnpejenureast D, MOXHO 06paTHTb B HYJb BCe 3JIEMEHTH, Je-
JKalue B TOCJAEJHHX n CTPOKAX W B NMOCJAGIHHX n CTOAGLAX ONpeeHTelst
D. Jlna 310r0 HYXHO K (n--1)-#i CTpoKe onmpepenntenst D npHGaBuTh
TNepBYlo, YMHOMEHHYIO Ha @yy; 3aTeM BTOpYld, YMHOKEHHYIO HA Oy,; ...
.; n-10, YMHOMKEHHYIO HA dy,, Aanee K (1 -}-2)-# cTpoKe nNpHOaBHThL Tiep-
BYIO, YMHOMKEHHYIO Ha @y, BTOPYIO, YMHOKEHHYIO H3 dgg; ...} 2n-10,
 YMHOXKEHHYIO Ha gy H T. A., TIOKa He nofileM mo nochefHe#, 2n-#,
cTpokd. B pesy/nbTaTe Ml NOY4HM

bu ver bin —1 0... 0

by eor by —1 ... 0

p—|bm evo bun 0 0...—1
- blxall'}'bz].alz + ... +b,,1a1,, s bl,,au+ e +b,,,,a1,, 0 0... 0f>

b118a1+boy@an * oo FOpylan .. biplayt .. Fbpnlan 0 0... 0

b1 Fbp8nat . by oo byt +byn0nn 0 0 ... O
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OTKyJa no Teopeme Jlamiaca /.8/, pa3narag omnpegeauress D mo noc-
JIEIHHM n CTPOKaM, Mhl 6yIlEM HMETH

-1 0... 0 b11a11+...+bnlam cee bl,,au"'..."‘b,,,,al,,

O~1... O|{byyan+... by ... bypllgy+...tbypa
D=(=ltttm) S R e

0 0..—1 bua,,l"'...+b,,la,m...bl,,a,,l+...+b,,,,a,,,,

byt ..ot aubny oo bt ..ot aipban
anbu—l—...—l—a,,, 1 e azlb1n+'--+azn nn | =det (A, B).

an1b11+ +ann 1 e an1b1n+ +arm nn

CpaBrHBas 3TOT pPe3yMLTAaT C NOJYUYEHHHIM BHlle 3HAUEHHEM OTpes
nenmenﬂ D, y6exxpaeMest B CHpPaBeLJIHBOCTH TEOPEMHL,

[ =

B uacTHOCTH, OTMeTHM, YTO eciH 06e MepeMHOXaeMble MaT-
puniet A n B ueBnpoxaedw (T. e. detAs£0, det B=%£0), 10
u Matpuua AB HeBHpOXJEeHa; ecAH XOTd GW OHA M3 MAaTpHI,
Hanpumep A, BupownaeHa, detA=0, To u det AB=0. Bnpo-
YeM, 3TO YTBED¥IEHHE MOXKHO BHBECTH H u3 4.67.

4.76. O6paTumit omepaTtop. B cooTsercTBHM ¢ ompe-
IenenueM 4.68 onepatop B, meficteylomuft B npocrpancree X,
Ha3HBAETCH /egbiM 00parHbim K onepatopy A, nefcTByolieMy
B TOM e' npocTpancTee X, ec/u

BA=E.

Onepatop A B STOM c/yuyae Ha3HBAETCH nNPaA6LIM OGPATHOIM
k B.

BoamoxHo, YTO omepaTop A HMeeT MHOrO JieBHX 06part-
HHX ¥ HHM OAHOTO NPaBOro, WIH HAao6OPOT, MHOTO TpaBhIX 06-
paTHHX W HH OAHOTO JeBOro (cM. 3amauy 25). HomycTuM, uTo
oneparop A o6nanaer /JeBwM 0OGPaTHHM P H NPaBbIM 06DaTHHM
Q; Torza cnpaBeAnMBO PABEHCTBO

P=PE=P (AQ) = (PA)Q=EQ=Q. (20)

duxcnpyem Q; MH BHAMM, YTO /M10GOH NeBwH o6paTHHH
onepatop P copmamaer ¢ Q ® TeM caMnIM onpeaeneH eAHMHCTBEH-
HHM 06pasoM. TOYHO Tak e B pPaccMaTpPUBAEMOM cCiayyae Tmpa-
BhA 06paTHHH Q Taxxe onpesne/ieH €IMHCTBEHHBIM O6Gpa3oM,
A1oT onepatop P=Q, onpexne/ieHHHA eXHHCTBEHHHM O06pPA30OM
H ONHOBPEMEHHO M mpaBhiH, u JeBHH 06paTHHH X onepatopy A,
HAa3WBAETCH OOPATHLIM ONEparopom K oneparopy A w 0603Ha-
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yaercss yepes A~1. Cam onepatop A, obnanaiomuft o6paTHHM,
Ha3WBaeTCsl 06paATUMBIM 0Nneparopom.

6. PaccmorpuM caysaH omepatopa A B /-MepPHOM TPOCT-
panctBe X =zK,. TlycTh A—wmaTpuua omepatopa A B HEKOTO-
poM ¢uKcuposaHsoM Gasuce ey, ..., e,. BosMoxHO omHO H3
nByx: uau det A==0, unn det A=0. B nepBom cayyae paur
matpuun A paBed 2 u mo 4.696 maTpuua A obnanaet H /eBoH
obpaTHol maTpulell, H npaBol o6paTHOA MaTpHueH. CooTtser-
CTBEHHO H onepatop A o6nagaer H JieBbM OOPAaTHHM, H NPaBHM
ob6paThwiM. T10 @ onepartop A sBisercs 0GpaTHMHIM ONepaToOpoOM.

Ecan xe det A=0, To mno tomy we 4.696 marpuua A He
uMeeT HM J/eBOH, Hu mnpaBol o6paTHOH; TaK We M COOTBETCT:
Bylowu#t onepatop A, neficTBywownfl B MpoOCTPaHCTBE K,, ne
BMeeT HHM J1eBOro, HM npaBoro o6paTHoOro.

4.77. MaTtpuua o6pathoro onepatopa. Ilycts
A — ofpaTuMumil onepaTop B 7-MepHOM TpocTpaHcTBe X H
B=A"1-—ero o6patHull onepaTop. BuGepem G6asuc e, ..., €,
n obosnaunm uepe3 |a‘?| u |b? | marpuun omepatopos A u
B B 3TOM 6a3snce.
Haftnem sBHOe Buipaxenue 3zneMeHTOB bY) dyepes 37eMeHTHl
. g . 4
a!f’. dukcupys Homep CTPOKH {, NMOCNENOBATENbHO BHMHCHIBAEM
BHpaX(eHHs 31eMeHToB i-# CcTpoku Matpuun E=AB no dop-
MynaM (8):
b(})a(}) + b(‘%)a(%) + V. + b(r‘})a(rll) — 0,
b(})a(i) +b(;§)a(fz) _l,_ . + b(fil)a(rtl) —_ 1,
b(i_)a(fll)_i__ b(?)a(g)_i__ R + b(l;,l)a(’f'l) — 0.
HeuspecThme 6V, ..., 0'P ompelensioTcs H3 3TOH cHCTeMH
ypaBnenn#t no npasuny Kpamepa .73, T4k KaK N0 yCJIOBHIO
det As=0. Paanaras onpeaeauTenb B YHCAHTENE N0 j-MY
cronbly, noayyaem
3 A(l_:)
0 r_, 21
b = Tt 4 @1
rae A —anre6panyeckoe INOMO/NHEHHE 3eMEHTa a¥ B mat-
puue A. Urak, ssemenr b'> obpatnod marpuybl pasex OTHO:
wenuo aireebpauteckozo O00ONOAHeHUR 3iementa a'f ucxodHod
Marpuyst K ee onpedeiurenro.
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Mul nonyuyaem Teopemy: .
Teopema. Jaa scakod nesvpondennoi marpuyst A == [|la‘P||
cywecreyer u eduncrsenna obparnas marpuya B=|bP||, d1a
Koropod
AB=BA=E.

Srementor matpuys. B eviucasorca no gopmysam (21),

4.78. OnepaTtop, o6paTHb# Kk onepatopy A, MH 0603HaYHIH
uepes A”1 [lanee, (A"Y)* o6o3nauaercs uepes A~k Jlerko
AokasaTb no wuHAykuu, 4rto dopmyna (19) pacnpocrpansercs
TaKKe M Ha BCe OTpHNaTe/NbHble MOKa3aTelH.

Ananornunple 0603HaYEHHS NPHMEHFIOTCH WIS CTemeHel 06-
paTHOR MaTpuun. Pacnpocrpanenne dopmyas (19) Ha oTpHIaTeNb-
HLE T1OKa3aTeiu A1s MaTpPHIL BHTEKdeT HenoCpeacTBEHHO H3
CNpaBel/IHBOCTH STOrO PaCNpOCTPaHEeHHS AJA ONepaTopos,

§ 4.8. HesapHaBTHHIE HMOANpPOCTPaHCTBA

4.81. Ilyctb B auHefiHom mpoctpanctBe K 3amaM NnHeHHmM
onepatop A. BseaeM crenylouee onpesenenne. [loanpoct-
pauctBo K’ npocTpanctsa K Ha3mBaeTcs uwsapuanTHsim OTHO-
CHTeNbHO omepaTtopa A, ecan u3 x €K’ caeayer Ax€K’.

B 4acTHOCTH, TpHBHanbHWE MNOANPOCTpaHCTBA — HyJeBOE H
BCe NPOCTPAHCTBO — ABJAIOTCH MHBAPHAHTHLIMH /il BCSKOrO JH-
HeAHOro omepaTopa; Hac 6yIyT HHTepecoBaTh, eCTECTBEHHO,
HeTPHBHA/IbHHE HHBAPHAHTHHE MNOLNPOCTPAHCTBA.

4.82. PaccmoTpuM ¢ 3To#t TOYKH 3peHHs npHMepH NHHeM-
HHX ONepaTopoB, YKa3aHHwe B 4.72.

a—s8. Jlas omepatopor B npumepax 4.7%2a—s (Hy neBoit
onepartop, TOWAECTBEHHHHA OnepaTop H onepatop nosoGHa) xask-
doe nodnpocTPaHCTBO ABAAETCA UHBAPUAHTHLIM. ,

r. Onepatop noeopoTa (4.722) Ha yron Py5=mm, m ue-
710€ — He UMEEeT HeTPUBUAAbHLLY UWBAPUAHTHLLX NOONPOCTPAHCTS,

k. Onepatop MNPOEKTHPOBAHHA (4.720) wumeer, Hanpumep,
Cleayiouse MHBAPHAHTHLHIE MOANPOCTPAHCTBA: MOANPOCTPAHCTBO

m

K’ u3 BexTopos x= Y E.e,, KoTopwe He H3MEHSIOTCH, H
i k=1
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n
noanpocTpancTso K’ M3 BeKTOpOB y= D, &ep xOTOpHE
k=m+1
nepexoidaT B HyJb.
e. Kaxnoe mOANpOCTPaHCTBO, MOPOXKAEHHOE HEKOTOPHMH H3
Ga3uCHHX BEKTOPOB €q, €y, +.. , €, SHBIAETCH HHBAPHAHTHHLIM
Ins AmaroHanbeore omeparopa (4.72e).

~ 4.83. Ilycrp omepatop A uMeeT B /-MepHOM INPOCTPAHCTBE
K, nHBapuantHOE m-MEPHOE MOAMPOCTPAHCTBO K, BeibepeM Ga-
3UC €4, ..., €, TpocTpancTsa K, Tak, 4ToGH ero mepsoe m
BEKTOPOB €5, +.. , € AEKAMH B NOANPOCTPAHCTBE K,. Toraa
Mbl GyneM HMETHb

Ae, =aPe;+ ... +aTPey,

..+ a'Pe,,

— g
Ae, =a'je, + .
W, CIenOBaTelnbHO, MaTPulla ornepaTopa A B ykasaHHoM Oa3uce
GyneT HMETH BHI

1) (¢4 1) (95

a'y ... @y Qpuiy - a'n
m) my M (i

A a'y ... Ay App PR / A

(m+1) (m+1) *

0 ... 0 a'%y ... ay
m, [¢0)

o ... 0 AQmyi -+ 8n

B mepswx m CcTOAGUAX MATPHIN BCE SJ/EMEHTH (m--1)-# n
cexyomux cTpok pashn 0. O6paTHO, ecu MaTpulla OnepaTopa
A umeeT Takofi BHJA, TO NMOAMPOCTPAHCTBO, ONpEAEnseMOe BEK-
TOPaMH ey, ..., €, ABASAETCH HHBAPHAHTHHIM JJIH onepatopa A.

4.84. Tlpexnonoxum, 4TO mnpocTpascTeo K, MOXHO mpel-
CTABHTH B BHAE MPAMOH CyMMB MHBAPHAHTHHX MOAMPOCTPAHCTE
E, F, ..., H (2.45). BuGepem G6asuc npoCTpaHCTBA K, TaK,
yTo6h BEKTODH

€y, ..., € JieWanum B E,

S oo fsoo0? » F,

hy, «ooy By > » H.
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Torga Matpuua omepaTopa A npuMeT KBa3HAMaroHaJbHbIR BHA

A

e

o

IuaroHanbHBle KBAaAPATH MaTpHus A 3aNONHAIOTCH 9JIEMEHTAMH
a, bP, ..., ¢ B coorercTBuu ¢ opmynamu
r .
— (¢}
Ae;= D afey,
k=1
L) r
— )
Afj"‘kz1 aP fes

SRR
—_ N iy .
Ahj_kz1a Dhy;

BHe. IMarOHA/NbHHIX KBAaJpaTOB B MaTpuue A BCIOAY CTOAT HYJH.
OGpaTHo, eCInM maTpuua onepatopa A B HeKkOTOpom OGasHce
UMeeT KBa3WAMArOHA/IbHYI CTPYKTYpy, To mpocTpancTso K,
pasjnaraercs B MpPAMYKO CYMMY MOANPOCTPAHCTB, MOPOXKAEHHHIX
COOTBETCTBYIOWHUMH IpynnamMy GasHCHHX S/EMEHTOB.

§ 4.9. Co6cTBennble BEeKTOpH M coGCTBeHHble 3HAdeHHd

4.91. Oco6yl0 ponb UrpaloT OJHOMEpHHIE MHBADHAHTHBIE MOX-
NpPOCTPaHCTBA ONepaTopa A; OHH Ha3hIBAKOTCH HHAYe HHBADHAHT-
HLIMH, HAH COGCTBEHHBMH, HampapJeHHAMH. Bcskuit (HeHyneBo#)
BEKTOp, MpHHaZ/lewawnf K OJHOMEPHOMY HHBAapHAHTHOMY Ha-
NpaB/jeHHIo oneparopa A, HA3WBAETCH COOCTBEHHHIM BEKTOPOM
onepatopa A; uHaue roBops, BeKTOp X =~=0 Ha3uBaeTCs co6CcT8eH-
HbIM BeKTOpoMm olepaTopa A, ecay omepatop A MepeBOAHT Bek-
TOP X B KOJUIMHeapHH eMy BeKTOp:

Ax=Ax. (22)
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Yucno A, ¢urypupyloumiee B 3TOM paBeHCTBe, Ha3biBaeTcd cobCT-
BeHHbIM 3HQUeHueMm (COBCTBeHHbIM 4UCAOM) onepaTopa A, coor-
8eTCTBYOWUM COBCTBEHHOMY BEKTOPY X.

4.92. O6patumca onsTh Kk npumepam 4.72.

a—B. B npumepax 4.72a—e6 KakAWH HEHY/EBOH BEKTOD
NPOCTPAHCTBA €CTb COOGCTBEHHBI BEKTOp COOTBETCTBYIOLIETO
omepaTopa ¢ co6cTBEHHHMH 3HaueHHAMH cooTBeTcTBeHHO 0, 1, A.

r. Onepatop mnosopora (4.722) Ha yroa, He paBHe ma ¢
IeJLM m, He UMeeT COOCTBEHHBIX BEKTOPOB.

I. Onepatop npoekTupoBaHus (4.720) uMeer co6GCTBEHHBIE

m n

BeKTOpH BHaa x== X E.e, 0 y= Y §Epe, ¢ COOCTBEHHLIMH
k=1 k=m+1
3HAYEHUSIMHE COOTBeTcTBeHHO 1 ¥ 0. MOWHO MpOBEPHTH, HUTO

HHBIX COGCTBEHHHIX BEKTOPOB Yy ONepaTopa NPOEKTHPOBAHHS HET.
e. uaroHanbHuft onepatop (4.72e) no caMoMy OnpeneseHnio
uMeeT COGCTBEHHHE BEKTOPH €4, €5, ..., €, C COOCTBEHHBIMH

3HAYEHUSIMH COOTBETCTBEHHO Ay, Ay, ..., A

4.93. YkaxeM ABa MPOCTHX CBOHCTBA COOGCTBEHHHLIX BeEK-

TODOB.

a. Jlemma. Cobcrgennbie 8eKTOPbL Xy, Xgy, .. , X, One-
paropa A ¢ nonaprHo pasAu4HeILMU CODCTEEHHbIMU 3HAYEHUAMU
Ay Aoy o .., A, auHelHO He3asUCUMOL.

DTO yTBepwkaeHHe Mbl JIOKaXeM HHIAYKUMEH 1o uHcay m.
OueBnano, uto aas m=1 jemMma BepHa. JomycTHuM, UTO JeM-
Ma BepHa AJs BCSKHX m— 1 coBCTBEHHEIX BEKTOPOB OnepaTopa
A; nokaxem, 4TO OHa MPOAO/JKAET OCTABAaThCsi BepHOH M 1Jf
BCAKHMX m COGCTBEHHHIX BeKkTOpoB omepatopa A. Ilpeanonaras
NPOTHBHOE, AOMYCTHM, YTO Mexay m COOCTBEHHBIMH BeKTOPaMH
onepatopa A uMeeTcs sauHelHas 3aBHCHMOCTH

Xy +QoXe+ o Ho,x, =0,
rae, nampumep, o,==0. [Ipumensa x STOMy paBeHCTBY oOnepa-
Top A, moayuaem
Ay Xy ko Xy + .o F o x, =0,

YMHOWHM I1epBOe pPAaBEHCTBO Ha A, H BLIYTEM H3 BTOPOrO; MHI
IOy UM
oy (Ay—A,) Xy oy (Ag—A,) x5 ..

cei 0y Ay — A Xy =0,
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OTKYJa MO HHAYKTHBHOMY MNpEANOJIOXEHHI0 BCe KO3hPpuUHEHTH
LOMKHE OLiTh PaBHHl HyAl0. B wactHocTH, o (A, —A,)=0, 4TO
MpPOTHBOPEUHT ycnoBuaM o, %0, A; A . CnenoBareinbHo, Hame
NPEANONOKEHHEe HEBEPHO H BEKTOPH Xq, X,, ., X, 7AuHefHO
HE3aBHCHMSI.

B uvacTHOCTH, B Z-MEPHOM NpOCTpAHCT8e AuHelnslll one-
parop A He moscer umeTs Gosee n cOBCTEEHHbLX - BEKTOPOS C
PA3AULHBIML COBCTBEHHOIMY 3HAYCHUAMU.

6. Jlemma. Bce cobcTeennsie 8exTOpbl AUHEH020 oneparo-
pa A, orsewaroujue 6auuomy cOBCTBeHHOMY 3HA4enuo A, 06pasy-
o noanpocrpaucmo K®»<K.

B camom gene, ecan Ax;=Ax; u Ax,=Ax,, TO

A(ax;+Bxy) = aAx; + PAx,=ahx, + Phx, =X (ax, + Px,),

yeM yTBepXAEHHE JieMMbl AOKa3aHo.
Hoanpoctpancteo K™ HaswBaetcs cobeTsennoim nodnpocr-
pancteom oneparopa A, oreedarouyum cobcTeennoMy 3nauenu0 A,

4,94, Mpl ykakeM 3/eCh, KAK MOXHO BBIYHC/IHTL KOODAHHATHI
co6CTBeHHHX BEKTOPOB ornepatopa A, 3anansoro csoeft maTpuuedt
B HEKOTOpoM 6asuce e;, ..., e, mpocTpanctsa K, . Jlomycrtum,

n

4TO BEKTOp X = ) E,e, eCTh COBCTBEHHBIH BEKTOp onepaTopa A,
k=1

Tak uTo Ax = Ax ¢ HekoTopeiM A. Vicnosibayst opmynn 4.23 (3),
MBI MOXEM 3TO PAaBEHCTBO Mepenucath B KOOPAMHATHOH dopme:

My =a’y + Pl + . afk,,
M=ol faPht bl

g — afll)gl_‘_ a(2)§2_‘_ . +a<n) s

HIH
@ —N&L+ aPE ...+ a’E, =0,
ot @ —NE+ .+ e =0, | g3

aPt,  + a®E, 4+ ... +(eP—MNE,=0.

DTa oJHOpPOAHAst CHCTEMa ypaBHeHHM OTHOCHTE/NBHO BENUYHH
€, Egy ..., &, DONMYCKAaGT HEHYyJeBOEe DelleHHe B TOM M TOJDbKO
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B TOM CJyyae, KOTZa ee ompexenuTenb paseH Hymwo (3.21):

a®»—k  a® ... a®
It @) )
AM=| @ a—h... a¥ |_o  (24)
a;ll) a:LZ) . a;n)__ yy

Muorounen n-i cTeneHu OTHOCHTENbHO A, CTOSILME B JeBoH
Y3aCTH STOrO YDABHEHHS, HA3LIBACTCH XAPAKTEPUCTUHECKUM MHO-
2ouaenom matpuusl A, Beskomy ero kopHio A, € K oTBeuyaer
COGCTBEHHRIE BEKTOp, KOTOpHIH oOmNpenenseTcs mocie MOACTA-
HOBKH B (23) BMeCTO A BeNHYMHW A, MyTeM PEIIEHHS MOJIYYHB-

mrefics COBMECTHOH CHCTEMB OTHOCHTENbHO BenuuuH £;, &8, ... & .
[Monyyennbif pe3ynbTaT NOKa3bBAET, MEXIY NPOUYHM, UTO
XOTH MaTpuua onepatopa A 3aBHcHT OT BuSopa 6a3uca ey, ..., €,

HO KOPHH XapaKTepPHCTHYECKOrO MHOTOY/IEHAa 3TOH MaTpHUH YXKe
He 3aBHCAT OT BeiGOpa 6a3nca. Mp ellle BepHemcs K 3TOMY
Bonpocy B 5.53.

4.95. PasbepeM HEKOTOPHE BO3MOXHOCTH, KOTOpPhie MOTYT
NPeACTABHTBLCT TNPH pEIIeHHH XapaKTepPUCTHYECKOro ypaBHe-
HAs (24).

a. Cnyua#t orcytcTBusd KopHeit B none K. Ecau
ypaBuenne A (A) B mone K BoBce He uMeeT KOpHeH, To nuHeH-
HEff omepatop A He umeeT B mpocTpaHcTBe K, coGcTBeHHBIX
BEKTOPOB.

Hanpumep, onepatop noBopota Ha yron g == mm (m =20,
=41, 42, ...) Ha mnockocTH V,, KaK Mbl yXe OTMeTHIH, He
HMeeT COGCTBEHHHX BEKTOPOB. 3ITOT (PaKT, reoMeTpPHUECKH
O4YeBHIHHIM, JNerko ycTaHaBaAuBaeTcs . anrebpandyeckn. B camom
nene, ypaBHenue (24) nas onepaTtopa MOBOPOTA HMEET BHJ

cos ,—A —sin @, —0
sin @, €OS Qy—A|
WIH TOC/Te PACKpPHITHS OmpelesunTels
1—2A cos o+ A2=0,

H ecmn Qgz=mn(m=0, 41, 42, ...}, To 3TO ypaBHeHHe
He WMeeT BELIECTBEHHHX KOpHel.

6. Ecim K=C ecTh noje KOMIUVIEKCHBIX YHCEN, TO B CHAY
OCHOBHOM Teopemhl anre6ph ypasnenne (24) gcezda nmeeT KOpeHb
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Ay € K. Taknm o6pasoM, e npoctpanctee C, ecakud iunedinoul
oneparop umeer (xora 6ol O0UH) COGCTBeHHbLE B8eKTOp.

B. Cnyvali Hanuuus 7 pasnuynbx xopuei. Ecan
Bce 7 KopHeH A,, A, ..., A, ypaBHenus A(A)=0 nexar
B none K W pasiMyHB, TO MBI CMOXeM B mpocrpanctse K,
HalTH 71 PasnUYHBIX .COGCTBEHHHIX BEKTOPOB onepatopa A, pemas
cucremy (23) mocnenoBatenbHo NpH A=Ay, Ay, ..., A,. B cuny
neMMbli 4.93a  coGCTBeHHHE BeKTOPH fy, fo, ..., f, OYRYyT
JuHedHo HesaBucuMbl. [lpumeM MX 3a HOBHH 6a3HC M HMOCTPOHM
MaTpuily omepatopa A B 3ToM HoBoM Gasuce. Ilockonbky

Afl = 7\'1f11
Afy = xzfz,
M= e
MaTpuua A, nmeer Bux
lA, 0 ... 0
0 A ... 0 (25)
00 .. %

n i

Wcnonnsys onpenenenne auaroHanuMsupyemoro onepartopa
(4.72e), mH MoxeM chOPMYTUPOBATH TOAYYEHHHH peayabTat
cnenywomum obpasom: 6 npocrpancree K, ecaxuid aunedwoud
oneparop, XxapaxkTepucTuieckull MHO204AeH MATPUYbL KOTOPO2O
(6 Kaxom-aubo 6asuce) umeer n paszauinsix xopued 6 nose K,
A618eTCA QUAZOHAAUBUPYeMbIM; MATPUYA 3TO20 ONEpaTropa, no-
CTDOEHHASA 8 6a3uce u3 e2o CO6CTEEHHLIX 8eKTOPOB, OUA2OHAbHA,
U ee OuazoHANbHbIE INEMEHTbL CYTb COBCTBEHHbIE 3HAYEHUS One-
paropa. .

r. C apyro#t cropons, ecin omepatop A B HEKOTOpOM Ga-
suce fy, ..., f, mpocTpancTBa K, umeer nuaronanbmyio mart-
puity (25) ¢ IPOH3BONBHBIMK, HEOOSI3ATENBHO PAAHUHBIMU YU CAaMH
Ay, ..., A, Ha 1UMArOHanNH, TO BEKTOPH Sir « -y fu—CcOBCTBEH-
fhie, a 4ucna Ay, ..., A,— COOTBETCTBYIOUIHE COGCTBEHHBE
BHAUCHAS,

Hokawem, uTo y omepaTopa A'B 3TOM c/yyae HeT MHHIX
cobcrBenHnlx 3HaYeHuH (OTAMYHBIX OT wumcea Ay, ..., A,). Jeki-
CTBUTEIbHO, €CMM A —cOGCTBEHHOE 3HauYeHHE, OTBEYaloULee
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n
COGCTBEHHOMY BEKTOpY f= Z [.’)jfj., TO, BhIJIENAS B PAaBEHCTBE
i=1

rr=n () =Bom,=30p =

Z?"f:xlzt}jfj:27"ﬁjfj

cjaraemMoe Mo BeKTOpy fj, MBI MOJiyyaeMm
AB, =28, (j=1, ..., n). (26)

Cpean uucen Py, ..., P, ectp xora 6B OIHO OTJHYHOE OT
nyas; nyctb, Hanpmmep, P;=~=0. Torma pasenctBo (26) npu
j=1 naer A=2X\,;, uto n TpebyeTcH.

p. Cayua#h xkpatnoro kopHs. [lyerh A=Aj—nexo-
Tophii KopeHb ypaBHenus (24) kpatHoctH r=>1. BosHukaer
cAenyoLUi BONPOC: KAaKoBa PasMEPHOCTh COOTBETCTBYIOULETO
cO6CTBEHHOTO NOANPOCTPAHCTBA K™, unu, HHHIMH cJOBaMH,
CKOJIbKO /JHMHEHHO HE3aBHCHMHX pelleHHH 10myckaeT CHCTeMa
(28) npu A= A,? 3Has paHr MaTpHLULl CHCTEMb, Mb OBl MOIJH
TOYHO OTBETHTL Ha 3TOT Bompoc (J.51). Ho mm xenaeM cBs-
3aTh 3TOT OTBET TOJbKO € KDPATHOCTBIO I KOPHS Ag.

B npumepax 4.72a—s8 u e, KaK JAerko yGemnuThcs, pasmep-
HOCTb KaXIOro co6cTBeHHoro noampoctpanctsa K% coBmamaer
¢ KpaTHOCTBIO COOTBETCTBYIOLLEr0 COGCTBEHHOTO 3HauYeHHs A,
KaK KOpHS XapaKTEepPHCTHUECKOro MHOTOuleHa onepaTtopa A.
Onsako B ofuieM ciaydyae 3To He Tak. PaccMoTpum omepartop
A B R,, 3anaHHbifi maTpuuei

Ay O
[V
C TMPOH3BOBHHM L 5% 0. XapakTepucTHUECKHH MHOTOUIEH HMEeT
Bux (Ao—A)%; oH mmeeT xBoHHOH KopeHb A =A,. Cucrema (23)
B IAHHOM Cjyyae TNPHHHMAeT BHJ

0-8,+0-E=0,

p-E140-8,=0
U HMeeT eIHHCTBEHHOE (C TOYHOCTBIO IO YHCIOBOLO MHOWKHTES)
peurenye

A=

EIZO, E2:1
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Taxum 06pa3oM, coGCTBEHHOE MNOANPOCTPAHCTBO omepartopa A,
COOTBETCTBYIOLlee COOCTBEHHOMY 3Ha4eHHIO A = A,, HMeeT pas-
MEpPHOCTH 1, MeHbINyIo, uYeM KpaTHOCTb KOPHS A,. MoxkHO
A0Ka3aTh, UTO B oémem cnyyae pasMepHOCTb COGCTBEHHOTO
noanpoctpaHcTea K®o' ne mpeBmiaeT KpaTHOCTH KOPHSA A,
(cm. samauy 11 k ra. 5) [Toauet oTBET Ha BONPOC O pa3Mep-
gocTd npoctpancTea K anst cayuas K=C Mbl ZaauMm B T/ 6
B pe3y/ibTaTe OmpeneNeHus KaHOHUYeCKO# ¢OpMH MaTpPHUE
onepartopa A.

3AJAYH

1. OnpegeniHB eCTeCTBEHHBIM 00pa3oM CJOKEHHe JHHeHHBIX (opM
H YMHOXeHHe JIMHeHHOH ¢opMBI Ha BelleCTBEHHOE YHCJO, TIOCTPOHUTbL M3
JMHeAHBIX dOpM, ompeleNeHHHIX Ha JuHefiHOM mpocTpaHcTBe K, HoBoe
auHeinoe npoctpanctso K*, Kakosa pasmepHocTh mpocTpancta K*, ecan
pa3MepHOCTb TmpocTpaHcTBa K paBHa n?

2. BuificHHTB, KaKHe M3 CJeJYIOUMX BEKTOPHBIX (YHKUHEH B Ipo-
crpaHcTBe V3 ABJIAIOTCS JIHHEHHLIMH ONEpaTopaMu:

a) Ax=x-4a (a —bUKCHPOBAHHBIH HeHYJeBOH BEKTOD);

6) Ax=aq;

B) Ax=(a, x)a*);

r) Ax=(a, x)x*);

1) Ax——-(El, B85 E) rae x= (&, &, E3)s

e) Ax=(sing,, cos EZ, 0);

K) Ax=(28; —Ey & +Es Eo)-

3. Byayr i nHHeHHBIMM OnepaTopaMH B NPOCTDAHCTBE BCeX MHOTO-
Y4JIEHOB OT £

a) YMHOXeHHe Ha f,

6) yMHOXKeHHe Ha 12,

B) IHddepeHUNpOBaHHE?

4. CocraBuTb MaTpuuy omepatopa A B V5, MepeBOmsLIEro BEKTOPHI

x1==(0, 0, 1) B y;=(2, 3, 5),
%=0(0,1, 1) B go=(1, 0 0),
x3‘( ) 1 1) B ya—( _1)
B 6a3uce
a) e;=(1, 0, 0), ea=(0, 1, 0), e3=(0, 0, 1);
6) X1, X, X3.
5. B TpexmepHoM mpocTpaHCTBe 0603H3uHM uepe3 A omepaTop NOBO-

pota Ha 90° Boxpyr ocu OX (ot OY x OZ), uepes B—omepartop moso-
pora na 90° Bokpyr ocu OY (or OZ kK 0X), uepes C—na 90° Bokpyr

*) 3nech (@, x) 03HauyaeT OOBIYHLIE CKaJsipHbie TIPOH3BENEHHS BEKTO-
POB @ u x, T. e. 4HCJO, DaBHOE INPOH3BENCHHIO HX JJHH H KOCHHYCa
yraa Mexkxy HHMH,
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oct 0Z (or OX x 0Y). Tlokasatb, uTo At=B4=Ci=E, AB # BA,
A2?B2=—B2A2, Kmeer au MecTo paseHcTBo ABAB = AZB??

6. B npocTpaHCTBe BCeX MHOrOu/eHoB OT ¢ oGo3HaunM uepes A
onepatop nuddepeHuHpoBaHHsA, a uepes B-—omepaTop YMHOKeHHA Ha
He3aBHCHMOE IlepeMeHHOe:

AP (H)=P’'(#), BP({)=tP (%)
UmeeT au Mecto pasenctso AB = BA? Haiitu onepatop AB —BA,
7. B npegnonoxenun, uto AB=BA, noxasatb ¢dopmyJIsl
(A4 B)2= A2+ 2AB 4 B¢?,
(A-+ B)*=A3-+3A2B - 3AB2 B3,
Kak celyeT W3MeHWTh 5TH QopmyJel, Korga AB # BA?
8. B npexnonoxenuu, uto AB —BA=E, nokasars tdopmyay
A™B—BA”=mA""1 (m=1, 2, ...).
9. HaiiTh pasmepHOCTb JIHHEHHOrO MPOCTPaHCTBA L (K, K,) sBcex
AWHEHHBIX ONEpaTopoB, NEHCTBYIOUMIHX W3 M-MEPHOFO NIPOCTPAHCTBA K,

B M-MepHOe I POCTPAHCTBO K, H IOCTPOHTH GasHc POCTPAHCTEA L (K Ka)
10. Haiith npomssefenne MaTpulbl A Ha MaTpHUY B:

i123 ' —1 -2 —4
A=|2 4 6|, B=|—1 —2 —4|.
369 ] 1 2 4
"11. BHINOJHHTb feHCTBHE BO3BEJEHHA B M-10 CTENEHb MATPHI
A 11 W B c?sq)~sin(p'\.
01 lsing  cos !
12. Haiitn Bce MaTpHibl A 2-r0 NOpsIKa, YAOBJETBOPAIOWKE yCIOBHIO
#-[83]
13. Buuncants AB —BA, rae
12 2] 41 1]
a) A:l?lﬂl, B=|—4 2 0},
TR | 121
1 21 0{ \ 3 1 2
6) A= 112}, B:13—2 4.
[—1 2 1\ |—3 5 —I

14. CymMMa JuMaroHalbHBIX  3JIEMEHTOB a1+ ...+ 03y, MaTpPHLM
A=|a;p| HasbiBaeTCs €2€00M MATPHLE! A u o6osnauaercst sp A. ITpose-
putb dopmyast sp (A+B)=sp A+sp B, sp (AB)=sp (BA).

15. Mcnoapays 3amauy 14, AOKasaTb, 4YTO Il Oleparopos A u B,
ZeficTBylouux B npoctpanctse K,, paBeHCTBO AB —BA =E HeBO3MOXHO.
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MTpumeuanne. PeayapTar sajauu 6 MOKasbiBaeT, 4TO B paccMaT-
PHBaEMOM Clyuae NpPeANlOJOKEHHe O KOHEWHOMEpHOCTH npocTpancTaa K,
CYHIECTBEHHO.

16. s jaunoii xsajpaTHoii Matpuusl C 2-ro mopamka ¢ sp C=0
(cM. samauy 14) HaliTH mpeicTaBienHe B GopMme

C=AB—BA,

rie A # B—(Hen3BecTHHE) MatTpHubl 2-r0 MOpSAKa.
17. TlycThb B n-MEPHOM NPOCTPAHCTBE JaHBl /1 JIAHEHHO HE3AaBUCHMEIX
BEKTODOB

n I
xl'zzgzg)ei =12 ..., m
i=1

u omepatop A JeficTByeT B JHHeiiHo# ofonouke L (%, ..., Xp) no ¢op-
MyJaMm :

m I}
y;=Axj= 21 alx,  (=1,2, ..., m).
k=

TMokasath, 4TO KaXAbi MHHOpD M-TO TOPAIKA B MAaTpHUE M3 KOOPXMHAT
BEKTOPOB y,; (OTHOCHTENBHO Ga3sHCa ey, €y - - - €,) paBeH TPOH3BEACHHUIO
COOTBETCTBYIOILEr0 MHHOpPa B MaTPHILE W3 KOODJHMHAT BEKTOPOB X; Ha
det | af” .

18. Jlokasath, uTo ecan B maTpuue A paHra r 6asucHBIE MHHOD
pacriONio’KeH B JIEBOM BepXHeM YLy, TO OTHOLIEHHe JioGoro MHHOpa M
r-TO MOPHAKA K MHHODY, HAXO[AMIEMYCS B TeX XKe CTOAGLAX, YTO H MH-
HOp M, HO B TepBHX s CTpOKaX, 3aBHCHT TOJNbKO OT HOMEPOB CTOJGLOB
MHHOpa M.

19. Ilokasath, 4TO ecaH A-——MaTpuua paHra r, To JMo6o# oNpese/H-
Telb 2-rO Mopsjka, COCTaBIeHHBII H3 MHHODOB /-T'0 MOPAAKA MATPULb A,
BHJa

T T P P |
M My R R,
ke, Ry oo, R Ry, Ryy s R
Pt MRy Uk
paBeH HYJO.

20. JlokasaTh, UTO KaXKJIbiii MHHOp R-TO MOpsAiZKa MATPHIB! ABC
paBeH CyMMe NpOH3BeicHHA HEKOTOPHIX MHHODOB R-ro MOPsIKa MaTpHI
A, BuC.

21. nsa matpun

19 12 -3
S
00 1

1/2 1/2 1/2 ]/Z

1/2 l/2 __—1/2 -1/2

HAHTH O6paTHble MaTPHIE,
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22, Jis Mo6o¥ HEBHIPOMCEHHHOM MaTpHUbl A ZOKas3aTh PaBEeHCTBO
(AH-1=(A-1.

23. Hafitu Bce pemenusi ypapuenuss XA=0, rie A — panHas ma-
TpHUa 2-ro nopsiika, X — HMCKOMasi MaTpuua 2-ro nopsiika, 0 — nynesas
MaTpuua (MaTpHua, BCe 3/eMeHTHl KOTODOH PaBHBI HYJIO).

24. Tlycrb A:H.a}’)”—.n}o6a s KBajparuag MaTpuua n-ro nopsju-

ka u AY’ —anre6panuecKoe AOTONHEHHE 3JEMeHTa a” B onpenenuresne

Mmatpuubn A. Matpuua A=] A}”Il HAa3LIBaeTCs NPUCOeOUHERHOH AJil MaT-

puusl A. TTokasats, urto AA = AA=(det A)-E.
25. Tlycte P—nuHefiHOE IPOCTPAHCTBO B C € X MHOFOUJIEHOB OT apry-
menta {. Paccmotpum omepatopet A u B, onpenenennbie ycJOBHSMH

Alggtat+ ... tattl=a+at+ ... +ath-Y,
Blag+at+... tattl=a+ a2+ ... Fa,tn+L

Ilokasath, uto A U B—sHHeliHble onepaTtopsl H 4YTO

AB=E,
BA #E.

Q6aagaer au oneparop A oGparHbiM?

26. [Nokasarb, uto oneparop B B 3ajaue 25 umeeT GeckoHEUHOe UHCIO
JIeBblX OOpATHBIX.

27. Ecan A —HEeBBIPOXKJAEHHBI JIMHEHHBLIH oONepaTtop B n-MepHOM
JHeHHOM NPOCTPAHCTBE, TO BCAKOE NOANPOCTPAHCTBO, WHBAPHAHTHOE OT-
HOCHTEJIbHO A, GyJeT MHBAPHAHTHBIM H OTHOCHTeNbHO A-—1,

28. Ecau JHHeliHnle onepatopel A M B nepecraHoBounnt (T. e.
AB =BA), 10 Bcsikoe cOGCTBEHHOE IOATPOCTPAHCTBO oNepatopa B ssasercs
MHBapHAHTHBLIM NONIPOCTPAHCTBOM JJifi omepaTopa A

29, Ecau npsiMasi cymMa (2.45) coGeTBEHHBIX MOANMPOCTPAHCTB onepa-
Topa A coBmagaer co BceM MNpocTpaHcTBOM K M Kaxjoe coGeTBeHHOe
MOANPOCTPAHCTBO oNeparopa A siBJsieTcs HHBADHAHTHEIM AJs onepartopa B,
T0 A 1 B mepecTaHOBOYHHL.

30. Ecin x M y—coBCTBeHHble BEKTODLL orepatopa A ¢ pasamnu-
HbIMH COGCTBEHHHIMH 3HaueHMAMH, To ax-PBy (@ #0, P # 0) 3aBegomo
He siBJsieTcsl COGCTBEHHLIM BEKTOpOM omepatopa A.

31. Ecau gamppi BekTOp mnpocTpaHcTBa K sBasieTcss cOOGCTBEHHHIM
BeKTOpoM IJas onepatopa A, to A=AE (LEK).

32. Ecau nuHelHuH onepatop A mepectaHoBOYEH CO BCEMH JIHHeH-
HBIMH OTlepaTOpaMH, HEHCTBYIOI[HMH B J4aHHOM NpocTpaHcTBe, To A=AE.

33. Ecnu JuHedHBIA omepaTop A uMeeT COGCTBEHHBIH BEKTOD €,
¢ COOGCTBEHHBIM 3HaueHueM Ag, TO A1 omepatopa A? BEKTOp e, Takxe

SABJISETCS COGCTBEHHEIM ¢ COGCTBEHHBIM 3HAUCHHeM, DABHBIM Ag.

34. Ecnu JjuHeliHblft omepaTop A He uMeeT COGCTBEHHBIX BEKTOPOB,
To omepatop A2 MOXKeT HMX HMeTb (NIpuMep: omepaTop moeopora Ha 90°
B mJockoctH). IlokaszaTe, uTO ecau onepatop A? B mnpocTpaHcTee R,
MMeeT COGCTBEHHbIA BEKTOP C HEOTPH L aTeJ b Hbl M COOCTBEHHBIM 3Ha-
ueHueM A =2, To omepatop A TaKke MMeET COGCTBEHHBIH BEKTOD.
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35. Haiitu cofcTeennbie 3HaueHHS U cOGCTBEHHBIE BEKTOPbI OmepaTo-
POB, 3afaHHBIX CJEJYIOUMMH MaTPHIAMH!

2 —1 —1 —1 22
a) o —1. 0); 6] o 10];
0 2 1 0 01
001 —1

-t 0_ —101—1
B)g i—; Dl 000 o
000 1

36. [IpoBepuTh BHINOJNHEHHE CJeAYIOIHX (aKTOB:
a) coornouienne N (A) D T (A) Heo6xo1uMO u JOCTATOUHO IS TOrO,
4TOGE HMEJO0 MECTO paBeHCTBO AZ?=0;
6) ans aoboro onepatopa A mmeem N (A) N (AW N (A% ...
B) nas moboro onepatopa A nMeem T(A)DT(A2)DT(A%)D...;
r) ectu T (A®) < N (A™), 10
T(A) = N (A™+k-1) T (Am+k=-1) = N (A).

37. TlokasaTb, Y4TO Kax[blfi JuHEHHBIH omeparop A paHra r MOXeT
GHITE TpeACTaBJeH B BHJAE CYMMBI r JIHHeHHBIX OmepaTopoB panra l.

38. Haiitu Bce HWHBapHaHTHbIE MOAMNPOCTPAHCTBA JHArOHaJbLHOTO
omeparopa ¢ pasJHYHBIMH JHATOHAJbHBIMH 3JIEMEHTAMM H A0Ka3aTb, 4TO
HX 4YHCJO paBHO 27,
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MPEOBPA30BAHUS KOOPAWHAT

UsBecTHO, Kakyio GOJbHIYIO POJb NMPH pelleHHH reOMeTPHYECKHX 3a-
Hay CPejCTBAMH AHAJHTHUECKOA IeOMeTPHH HIpaer NPaBHJLHbIHA BHIGOD
cHcTeMBbl KoopAuHaT, B 3naunTenpHo 6oJiee OBLIHPHOM Kpyre BOIPOCOB,
KOTOpHe OTKPHIBAIOTCA B CBA3H C reoMeTpHed A-MEpPHOro JHHEHHOro
IpOCTPAHCTBA, POJb NPAaBHJIBLHONO BBISOPA CHCTEMBI KOOPJHHAT 6yaer
Take BecbMa BeJiMKa. Jra rJaBa MOCBSAILEHA NpaBHJaM, 110 KOTOPHIM
coBepliaeTcss Npeo6pasoBaHhe KOOPXWHAT B A-MEPHOM JHMHEHHOM MPOCT-
panctBe. PeayJibrathi, OJyYeHHble 31€Chb, NOCHY:KaT, B YAaCTHOCTH, OCHO-
BOH ANA KJaccHOHKALHH KBafpPaTHYHEIX GOpM, KoTOpas CyAeT mpoBeieHa
B CeIbMOH rJjaBe.

§ 5.1. dopmyas mepexoia K HOBOMY 6asucy

5.11. Tlycro {e}=/{e,, €, ..., e,} —HekoTOpuHl Ga3nc
g n-mepuom npoctpanctee K, u {f}={fy, for ..., fn}—Hexo-
TOphl ApYTOH Ga3nc B TOM Me NPOCTPAHCTBE. BEeKTOpH CHCTEMH
{f} onHO3HauHO ONpeAEnsOTCS CBOMMH Da3NOWEHHSMH MO BEK-
TOpaM ucxoaHoro Gasuca:

fl :p(ll)e1+ p(12)e2 + LR +p(711)env
fo=pPe,+pTe, + ... +pPe,,

(1)
fo=pPPer+pPet ... +p7e,
HIH, KOpOue,
n ., .
= Zpbe =1,2, ..., ). @)
1=

B qopmynax (1) win (2) xospduunentn pP (i, j=1, 2, ..., n)
ONpeeNsioT MaTpHILy

p(ll) p(12) A p(fll)

. M p@

p=pp=|"* PP

P

Lo (2
lpfl n °*

)
n
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KoTOpasi HaswBaetcl maTpuyed nepexola or 6asuca {e} K
6asucy {f}. Kax u paHee B ananormunex cayuasx (§ 4.2 u
ranee), M BRIHCHBAEM KOOPAHHATH BEKTOPOB f; (OTHOCHTENLHO
Gasuca {e}) B cronbuax marpuun P.

Onpeneantenr D MatpHuel P OT/AHYEH OT HYAd; HeRt-
CTBUTE/]BHO, B MPOTHBHOM Clyuyae €e CTOAOLE, a C HHMH H
BEKTOPH fy, fo, ««., f, Obliu OBl JHHEHHO 3aBUCHMEMH (3.12a).
Matpully ¢ ODpeIenHTesNeM, OTJIHYHBIM OT HyJd, MH YkKe Ha-
3Banu panee HeBHpowaeHHoH. Takum obpasom, nepexod or od-
Ho20 Oasuca n-mepHo2o npoctparcrea K, & Odpyecomy 6Ga3sucy
gceeda OCYU4ecT8ARCTCA € NOMOWLIO HEKOTOPOU HesbipONOeHHOL
MAT PULbL.

dopmyan (1) Bvecre ¢ Marpuue# P 3a1ai0T M COOTBETCT-
Bylouuit suHelinpiit onepartop P, onpexensemMmii M3 cooTHoue-
Ut f;=Pe;(i=1, 2, ..., n). On TaKkke naswBaeTCcd onepaq-
Topom nepexoda or Gasuca {e} k 6asucy {f}.

5.12. O6paruo, nyctb {e}=/{e,, €, ..., €,}—3ananuuit
fasuc n-MepHoro mpoctpaHcTBa K, 0 P= p(f) | — HeBHPOWK AEH-
Hasi MaTpuua nopsaka rn. [Toctpoum no dopmynam (1) cucremy
BEKTOPOB fy, fo, ..., [y OUEBHIHO, YTO 3TH BEKTOPH JHHEHHO
HE3aBHCHMEI, MOCKOJBKY CTOJOLB BCAKOM HEBHPOXAEHHOH Mart-
pHun JHHeHHO HesaBHCHMH (3./2a). CnemoBaTenbHO, BEKTODH
Si, fas - s f, OOpa3ylor HoBui#i 6asnc mpoctpanctBa K. Hrak,
acakan Hesuipoxcdennas marpuya P=| p'?| onpedesser no gop-
nysram (1) nepexod or o0Ho20 basuca n-mepHoz0 NPOCTPAHCTEA

K, x dpyeomy 6asucy.

5.13. OTmeTnM oxHH uyacTHHH cayuyalt mepexoma K HOBOMY
6a3ucy: HMEHHO, TOT, KOrJa KawJe# H3 BEKTODOB fj COBHA-
I3aeT ¢ COOTBETCTBYIOULHM BEKTOPOM e, YMHOKEHHBLIM Ha HeKo-

Topoe uncno Ay%=0 (=1, 2, ..., n). Popmynn (1) npunu-
MaiOT BHI

Ji=Mey,

fo= Aoty
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n Matpuua P umeer amaronanbHyio dopmy

M
Ay
P= .
A
B uacThHocTH, TpH Ay=h,=...=2»A,=1 moayyaeM MaTpully
ToxcOecTéenn020 npeolpasosanis — eNMHHYHYI0 MaTpHUY
1
1
E= ; (8)

NpH TOWIECTBEHHOM NpPe06pa3oBaHHH HCXOLHHIA Ga3uc He H3Me-
HAETCA.

§ 5.2. MocaenosaTenpHbie NpeodpasoBaHus

5.21. Ilyerp P=Hp‘,’~" [—marpuua nepexoma oT 6asuca
{e}:{elv e2v MRS ] en} K 6331/[(‘.}’ {f}:{flv f2v RS fn} H
Q= g% |—marpuua nepexona ot Gasuca {f} k Gasucy {g}=
={ g1, & -+, & }. OUpeneTuM MaTPHily mepexona ot Gasuca
{e} muenocpenctsenno k Gasucy {g}. Popmyra mepexoxa OT
Gasuca {e} k Gasucy {f} umeer pun (2)

n .
f]._—_ Elp([”ei Jj=1,2, ..., n 4)
=
m oT Gasuca {f} Kk Gasucy {g£} COOTBETCTBEHHO
n
gkzl_; g®f,  (k=1,2, ..., n). (5)

Toncrasnas (4) B (5), nony4aem

n n . n n .
= g% 3 pPe;= | X rPq? )ei (6)
j=1 i=1 =1

i=

1 i
(k=1, 2, ..., n).
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C apyro#t ctopoHul, eciu T =% | o3snauaer HcKoMyl0 MaTpHiy
nepexona ot Oasuca {e} k Gasucy {g}, TO MBI MONEM
HanHcaTh

n
go= 3 the,  (k=1,2, ..., n), (7)
i=1

CpasuuBas (6) u (7), Mb moayuaem

n .
th= SpPg® (i, k=1,2, ..., n). (8)
i=1

loayuennas ¢opmyna (8) Tonbko OGO3HAYEHHAMH HHIEKCOB
(n0 He Hx ponbio) ornnuaercs oT dopmyan 4.43 (8). Caeno-
BaTenbHo, uckoman marpuya T ecrs npoussederue marpuybt P
na marpuyy Q.

5.22. Paccmotpum caeayiomwu#i yacTHuH cayvyall nocieno-
BaTenbHBIX npeobpasoBanuii. Cuctemy ypastennii (1), nockonbky
maTpuua £ He BHIPOKIEHA, MOXHO Pa3pelIHTb OTHOCHTENIbHO
BEKTOPOB €, ..., €, TOJyyalowascs TNPH 3ITOM CHCTeMa
paBeHCTB BHIA

ey =qf1+ g fot . 4P f
ez—q(12)f1+q 2)f2+ +l](2) ns

9)
e —q‘”’f1+q"” 2+ +q‘”’

onpejeaseT, OYEBHAHO, Mepexox oT Gasuca {f} x Gasucy {e}.
[ocnenoBatenbhbift nepexon ot Gasuca {e} k 6asucy {f} ¢ no-
Moutblo MaTpuub P u 3atem ot 6a3uca {f} k 6asucy {e} ¢ nomo-
w0 Matpuue Q= || ¢§ || ects nepexox ot Gasuca {e} xk uemy
e CaMOMy, T. €. B KOHEYHOM CYeTe TOXIECTBEHHOE mpeobpa-
30BaHHE ¢ €IHHHYHOH MaTpHuel; mosToMy 3aech PQ=E.

§ 5.3. MIpeoGpa3oBanue KOOPAHHAT BeKTOpPA
npH H3MeHeHHH "0a3Hca

5.31. Tlyctp {e} ={ey, €5, ..., e} u {f}={f1, for -+ o+ Fu}—

aa 6asnca B n-mMepHoM JuHeHHoM mpoctpancree K. [as Jo-
6oro Bektopa x € K, HMEIOT MecTO pasnomenus

=8+ 8+ ... +E e, =1+ oSt - NS, (10)
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roe &;, B, ..., §,—KOOpIMHATH BEKTOpa X OTHOCHTEJIBHO
Gasuca {e} # My, My, - - Np— ETO KOOPIMHATE OTHOCHTEILHO
6asuca {f}. TlocTaBum 3agayy BHMHCIHTL KOODAHBATH BEK-
TOpa X OTHOCHTeNbHO 6asuca {f} mo wu3BecTHHIM €ro KOOpAH-
HaTaM OTHOCHTenbHO ©Oasuca {e}. TlycTb Ham JaHa MAaTpHLA
P=|p{’ || nepexona ot Gasuca {e} x 6asucy {f}. Torma Bex-
TOpH {e} BHpaKaOTCH uepes BEKTOPH {f} mo ¢opmynam (9)
HIH, KOpoue,

n
o= alfe  U=1 2 o), ()
=1
rae Q= | gy || —MaTpnua, obpatsas k matpuue P. Tloacras-

asa dopmyan (11) B pasnoxenne (10), mB monmyuaeM
n n
X = ]_Zl Ejej: kZI NeSr=

= Z Ej <k§1 qg’fk> = Z < 1q<kj)§j>fk’

=1 k=1 \j=

OTKyZa B CWly eIMHCTBEHHOCTH DPa3lOWEHUS BEKTOpa X MO
Gasucy {f}

n
mo=2aE (k=12 ). (12)
]:
B PacKpHTOM BHAE TONy4YaeTcsd CHCTEMA paBEHCTB
M= qP8 + g8+ - PR,
Mo =gPE +g"8+ - . + ¢ 8

M, =908 +aPE+ . LgmE, .

Takum 06pa3oM, KOOPOUHATbL 8EKTOPA X OTHOCUTEAbHO 6a-
suca {f} auneilno 8bipaxcaroTcs 4epes KoopOuHaTe, 8eKTOPA X
oTHOCuTeabHo 6asuca {e); KoappuyuenTor ITUX AUHedHbIX 8bIPA-
ocenuli 06pasyloT MATPUYY, TPAHCNOHUPOBARKYIO NO OTHOULEHUIO
k marpuye nepexoda or 6asuca {f} k Gasucy {e} (1. e. Tpanc-
NOHUPOBAHKHYIO NO OTHOWEHUIO K Marpuye, obpatnol & mar-
puye P).

Ucnonb3ys o6o3nauenne oOpaTHOR MaTpHILbI P~! u TpaHc-
ORHPOBaHHO/ P’, MOXHO 3aNHCaTb MATPHIY S, onpenenseMyio
cooTHomenusME (12), gopmynoit S=(P71)".
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5.32. HMmeer MecTo M obpaTHas Teopema:

Hycte &, &y, ..., §,—kKoOpOunare. npou3goibroz0 eex-
Topa x oTHocuTeasno 6asuca {e}={e,, e, ..., e,} n-meprozo
npocrparcrea K, u eeauuurst My, g, ., M, onpedeiens
nocpeodcT8oM pagencTs

Ny =959181F 81282+ - - - + 51,8,
My = S9181 + Sa2Ba+ - -« + 52,805

'nn:S 1§1+Sn2§2+ v +Srm§m

2de det| sy ||~0. Tozda e npocrparcree K, moxno nsailru
noewd 6asuc {fy={f1, fo .-+, fa} TaKUM 0Opasom, 4T0GbL
4UCAG My, Mg, -+, M, CTAAU KOOPOUHATAMU 8€KTOPA X. OTHO-
cureasto Gasuca {f}.

NokaszaTtenbcTBo. Beenem matpuuy S=||s;| u mar-
puity P=(S')71, aneMeHTH KOTOpOA 0GO3HauyHM uepes PP,
C moMouibio MaTpHIb P TOCTPOMM HOBHH 6a3zuc no ¢opmy-
nam (1). YTBepknaaercs, YTO 3TOT 0asuCc M eCTb HCKOMBIH.
IeftcTBuTenbHO, cocTaBuM ¢opmyns nepexoxa (12) x koop-
JMHAaTaM BEKTOpa X OTHOCHTENbHO HOBOro OGasuca. Kak wmul
puaead, 3TH OPMYJIH 3aMHCHIBAIOTCH C TOMOMBIO MATPHUM
(P~1)’. B manHoM caydyae 3Ta MaTpHla coBmaaaer ¢ MaTpHLel
S, Tak Kak

(P~Y =([(SH ] =(§) =S.

CnenoBaTenbHO, BEIHIHHH )y, Mg, ..., T, Y KOOPIHHATH BeK-
TOpa X OTHOCHTENbHO Gasuca {f}—OAHH W Te e A1d Mo6oro
BeKTOpa X, 4TO U TpeBoBanoCh.

5.33. AHajnoruyno 5.2/ MOXKHO TOCTPOMTH MaTpuUy nocne-
J0BATENbHOTO MpeoGpasopanus koopanuat. Ilyctnb &y, &y, - . &,
— KOODAMHATH BEKTOPa X OTHOCHTENbHO Gasmuca {e} n Bemu-
YHHEL Mg, Mgy +++» N M Ty, Tay -+, Ty, OMPENE/ICHH NOCPENCTBOM
PaBEHCTB

n
njz.zlpﬂ'gi (j=1,2, ..., n),
Tkzz

{=!

My (k=1,2, ..., n),
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COOTBETCTBEHHO C HEBHPOXAeHHHMH Matpuuamu P=|p;|
Q:ﬁqk/« |- Torma MoxHO BEIDA3HTh BeAMUHHH {T} HerocpeacT-
Benno vepes seanunubl {E} mo dopmyaam

n n n
=2 N aupnibi= 2 ks k=12, ..., n),
i=1j=1 i=1
rie seawuunsl f,; (i, k=1, 2, ..., n) 06pasyloT MaTpHUy T,

paBHYI0 MPOM3BEJEHHIO MATpulbl Q Ha MaTpuuy 2.

§ 5.4. NpeoGpasoBanue KO3(PPULHEHTOB
JyHeiHO#N (HOopMbl

[yctb B npoctpanctee K, 3anmana nuuedinas ¢opma L (x).
Kak Me Buzean B 4.13, koraa B mnpocrpaHcTBe K, BhOpan
6asnc {e}={e;, ey, ..., e,}, suauenus ¢opmu L (X) MOXHO
BHIYHCASTE MO dopmyne

L(x)= kg &,

rne E,(k=1, 2, ..., n)—KOOpIHHATH BEKTOpa X OTHOCH-
Teapno 6Gasuca {e}, a [,=1L(e,) (n=1, 2, ..., n). Koaddu-
IHeHTH [, OYEBHIHO, 3aBHCAT OT BhHOOpA Gasuca {e}. Mul
BhiBEJEM 31€Ch MPAaBH/IO, MO KOTOPOMY coBepuiaercs npeobpa-
soBanne KO3(ULHEHTOB NHHEHHOH (OPMBI MPH NEPEXoae K HO-
BOMy ©6asucy.

JdonycTtum, 410 GHOpMY/H

n
fr= 2 per (=12 .. ) (13)
1=
onpenensioT Tepexona oT 6asuca {e} K HoBOMYy OGasucy {f}.
Haitnem kosdduuments nunefinod dopme L (x) B Gasuce {7}
Ot kosadduuMenTH CcyTh uucaa A;=L(f;); BHUHCAAA STH
ypcna ¢ nomoupio Qopmynp (13), Haxonum

n .}
r=L(f)= 2 piPL ()= 2 PPl

TakuM 06pa3oM, KosPpuyuents Aunedrol popmbl npeobpa-
3yl0TCA TAK %ce, KAK npeolbpasytoTca 6asucHbie 8eKTOPLL.
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§ 5.5. MpeoGpasoBanne MaTpHIBI JuHeliHoro

oneparopa

5.51. TlycTp maH. nuHeiinfl onepatop A B 71-MEPHOM 1pO-
crpanctee K,. O6Go3naunm uepes A, =|| a{”|| matpuny onepa-
Topa A oThHOCuTenbHO Gasuca {e}={ey, €,, ..., €,} H 4epes
Ap=|le’|| ero matpuuy oTHocuTenbHO ~ Gasuca {f}=
={f., for ---» [fn}- Tlpenmonoxum, nanee, uTo GOpMyNHl

nepexoma ot Gasuca {e} k Gasucy {f} mmeior BuI

fk:].§ p{Pe; k=1, 2, ..., n). (14)

Matpuny mnepexoma ||p'® || oGossauum vuepes P. YcTaHOBHM
cBsizp Mexcry Matpuuamu A, A, n P. Marpuua 4., =] af’ ||
onpenensieTcs U3 CHCTEMH DABEHCTB

n
Aey= B afe;  (j=1,2, ..., ), (15)
i=
a matpuna A, = | af? || — u3 cucTemp paBeHCTB
n
Af,,,:kgla;:” . (m=1,2, ..., n).

3aMeHuM B moclennedi ¢opmyne BeKTOPH f, HX BHDaweHHAMH
yepe3 BEKTOPH ¢€; 10 Gopuynam (14), #3MeHHB HMHAEGKC CYMMH-
poBauusl j Ha i:

n n n n 4
Afp= 2 o™ _21 pPe;= < Pf-k)a;em’/ e
i=

k=1 i=1 \k=1

Tenepb npUMeHHM omepaTop A K oGenM uacTaM dopuyasl (14)
M HCIOMb3yeM BepaxeHHe BeKTOpoB Ae; 3 (15):

n n n n

3 .

Afp=A X pimey= 2 pimhe;= X p" X aile; =
j=1 j=1 j=1 i=1

n n

= 3 (3w

=1 \j=1

i
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CpanuBas k03¢pGHUMEHTH NpPH e; B ABYX MOCAENHMX DPasfoxe-
HUAX, HAXOUHM

n n
EBmpim - N S (hpytm
kﬂlpi O™ = 21 a;'pj
= 1=

HAH B MaTpuuHOH dopme
PA = AP (16)

DTo ¥ ecTb HCKOMasi CB3b Mexay MarputiaMu A, Ay n P.
VMHO)ad o6e uyacTH cieBa Ha MaTpuuy P!, monyuaem Bbipa-
KeHHe MaTpuub A,

A(f) = p— IA(E)P.

5.52. Vcrnonb3ys Teopemy O NPOM3BENEHHH Onpeaenntenel
(4.75), nonyuaem u3 (16) crenylomee COOTHOUIEHHE!

det Pdet A, = det A, det P

unu, Taxk xak det P =0,
det A, = det A,

Wtak, onpedeauTesb MaTpuyb. onepatTopa we 3agucur oT 86.60pa
6asuca 6 npocTparcrse. [lo3TOMy MH MOXEeM TOBOPHTL 00
onpeleuTeNe onMepaTopa, NoApasymeBas MoJA HHM ONpeleTuTelb
MaTpHIH 3TOrO OMepaTopa B MPOM3BOJIbHOM Oasnuce.

5.53. Kpome onpemenutens, CyWiecTBYIOT M Apyrue OyHk-
HMH OT 3/JEMEHTOB MaTpUIH OINepaTopa, OCTAWILHECS HEHU3MEH-
HHIMH TIpH Nepexole K HoBoMy G6asucy. YTOOb MOCTPOHTH Ta-
kie yHkuuu, paccmoTpum onepatop A—AE, rae A-—napa-
MeTp, B3ATH# u3 nons K. Marpuuekt sToro onepatopa 8 Gasuce
{e} sBnsercsi, oueBunno, matpuua A,,—AE, a B Gasuce {f}—
MaTpuna A(h———lE. ITo nokasanHoMy, mpu oM A

det (A, — AE) = det (A, — AE).

CnpaBa W cneBa CTOAT MHOrouneHs 7-# cremenn ot A. Tak
KaK 3TH MHOTOYNEHH COBNAJAl0T TOXAECTBEHHO, TO y HHX
ko3 uunenTH npu A6OR cTemeHH A MOMKHH OHTb OIHHAKO-
BLIMH. DTH KOID(HIMEHTH CYyTh HeKOTOpole (YHKUHH OT 37e-
MEHTOB MaTpullH OMepaTopa, KOTOpHE, CneloBaTenbHO, OCTa-
I0TCA HEM3MEHHHIMH TpPH H3MeHeHUH Gasuca. BuficHHM BHA STHX
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dyukuu#. Onpenenntens Matpuun A,,—AE umeeT BHI

a{® —>A af? co.oal?®
a a®—MA ... af
1) (2) n)
al a$ oo adP—A

=(—1)An - AAMT L LA A A,

Kosdduunent A; mpn A"}, kak nerko BHBECTH H3 oOlpe-
IeNEHUs onpenenuTens, pased (co 3Hakom (—1)*71) cymme
JIMATOHAJbHLIX 3JeMeHToB ai’--a@® - ... -+ af; 310 uucio
HasbiBaercsi caedom ouepatopa A. Koapduumest A, npm A"~2
eCTh CyMMa BCEX JHATOHAJbHLIX MHHOPOB 2-ro mopsaka*),
B3ATas co 3HakoM (-—1)772; ananornyxo kosdduument A, npu
A"~k ecTh cymma BCeX IMArOHaAbLHHX MHHODOB K-ro nopsaka,
B3fiTas CO 3HaKoM (—-1)""F  Haxkoneu, kosdpduunest A, npu
A% — cBOGOIHKH yseH — paBeH, OYEBHIHO, CAMOMY OIpeIEUTENI0
onepatopa. Muorounen det (4,,-—AE), koropulf, Kak MH JOKa-
3a7M, He 3aBUCHT OT BmOopa 6asnuca B NPOCTPAHCTBE, HAa3H-
BAETCH XQPAKTEPUCTUYECKUM MHO204AEHOM Oneparopa A.

§ 5.6%, Teusopm

5.61. KoopannaTu BexTopa, K03duuHeHTH AnHeHknoH Popuer,
3/MeMEHTH MAaTPHUH JuHEHHOrO OnepaTopa fBAAITCH IPHMEPaMH
reoMeTPHYECKHX BE/MYHMH, HA3LIBAEMLIX TeH30paMmu.

[lpexje yeM mepefiTH K COOTBETCTBYIOILEMY OIPEIENEHHIO,
HECKOJIBKO pAallMOHANU3HPYyeM Haully CHCTeMy 0603HayeHuH.

Bextopw 6asuca n-mepHoro npoctpaHcTBa K, 6yaem o6o-

3HayaTb, KaK H paHbllle, CHMBOJMAMH €, €5, ..., €, (C HHIEK-
CaMH BHH3Y).

KoopannaTu BexTOpOB X, y, ... 6yneM 0603HayaTh COOTBET-
cTBenno cumBonamu B, B2 ... Emoql, mE ..., omt, L.,
(c MHIeKcaMH BBepxy). ‘

Koadduuuentn nunefnoi dopuur L (x) o6osnaunm ly, ly, ..., 1,

(¢ MHmekcamu BHu3Y).
_ OneMeHTH MaTpHLH JuHeHHOrO omepatopa 0003HAaUHM yepes
al; npu 3TOM BepXHHH HMHEEKC 0603HAYaeT HOMEpP CTPOKH,

*) Munop M]:; } - -» [k nagpisaercs OuaconaivholM, ecin iy=jy,

Iy=Jg, «.., ip=1]g.
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HukHRE—HOMep cTon6Gma (B OTIHUHE OT o6o3HaueHnlt,
npuHATHX B 4.23).

Llesecoo6pasHOCTh TaKOTO PACTONOKEHHS MHAEKCOB Ompene-
AfeTcs CAeAYIOUMM COTIAEHHeM O CYMMHPOBAHUK: €C/IH HMEETCA
CyMMa 71 ONHOUWIEHHHIX BHPAWeHHH, MPHYEM HMHIEKC CyMMHPOBA-
HUs [ BCTpevaeTcss B ofuieM 4/leHe CyMMBl JBa pas3a—OIHMH
pas HaBepxy, APyro# pa3 BHM3y,— 3HaK CYMMH MH 6ynem
ONycKarTh.

HanpuMep, pas/ioikeHne BEKTOpa x 1o 6asucy {eg, €ay - - +) €4}
[oc/le HAaIlero COrJaureHns npuobperaeT BHI

X = E,iel-

(3HaK CyMMHpPOBaHMS TO i OMNYLIEH, HO noxpadymeBaercs). Bhl-
paxenne JuHeHHOH opmb f(x) 4epe3 KOOPAMHATEL BeKTOpa H
KO3(pdHUIHEHTE (POPMEI NPHHAMAET TAKOH BHA:

fx)=1E"

PesynbTaT npuMeHeHus omepatopa A K 6a3MCHOMY BEKTODY é;
NPHHUMAET CJeNyIOuHi BHA:

—al
Ae; = ale;
(nonpasymeBaeTcs CyMMHMDOBAaHHE TO HHIEKCY J). Koopamnarn
v/ BexkTopa AX BhIpaXaOTCS Uepe3 KOOPAMHATH BEKTOpa X
caenyilowuM o6pasoM:

W = alt’

(monpasymeBaeTcsl CYMMHDOBAHHE MO MHIAEKCY i).

BenuuyHel, OTHOCSILHECS K HOBOH cucTeMe KOOPIHHAT, Mbl
Gymem 0603HayaTh TEMH JKe CHMBOJAMH, HO CO IITPHXaMH
npu unaexcax. Tak, HoBble Ga3ucHbie BEKTODHI MbI 6ynem 060-
3HayaTh yepe3 ey, €y, ..., €y, HOBHE KOODIHHATH BEKTOPA
x—uyepe3 £V, E¥, ..., E¥ n 1. I : '

DneMeHTH MaTpHIBl Tiepexoja OT Gasuca e; k Gasucy ey
06o3HauuM uepe3 ph, TaK 4ToO

e, =phe; (17)
(CyMMHpOBaHHE TIO WHIEKCY i).
KosduunenTsl MaTpHLLEL ofpaTHOro mnepexona 0603HAYMM
yepes ¢4
e;=q;er (18)
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cymMupoBatime no £’). Marpuna ¢f o6patHa k MaTpHue pi.
y p p P V4

YyTO MOXHO 3aMHcaTh B BHIE paBeHCTBA ,
o 0 npu i,
Lt —
plq] { 1 an l:_] (19)

HJH paBeHCTBa
o
0 mpu i'5£J',

1 opn i’ =", (20)

piq; ={
Jlnsi coKpallleHHsl 3amMHCH BeJHYHHY, 3aBUCSHILYIO OT MHIEKCOB [
B j TaKk, 4TO OHa paBHA HYJIO NMPH Pa3JHYHBHIX 3HAYEHHAX HH-
IeKCOB H €IHHHLe TNpPH COBMAJaoWUX 3HAYEHHUSX HHIEKCOB,
o6o3unayalor 8% Takum o6pasom, paBencTBO (19) MOxHO 3amu-
caTh B BHJE

pig; =95}, (21)
a paBeHcTBO (20)—B BHIE
pigl =0l (22)

5.62. Yro6n nokaszaTh NPeHMYILECTBA MOJb30BAHUA HOBBHIMH
0603HaueHHsaMH, BHBeJIeM 33aHOBO opMyasl mnpeoOpa3oBaHud
KOOpAMHAT BekTopa, ko3gduuveHToB auHeHHoH dopMbl H 3ne-
MEHTOB MaTpHIbi ONEpaTopa MpH Mepexojne K HoBoMy Gasucy.

Mycts x=_E&%;=E"¢,. [loactaBnss BMeCTO BeJHYHH e,
paBHble UM BeauuuHsl ¢%e; (18), monyuaem

x==tigle, =E"e;.
[Tockonbky e; —6asuc,
§=gq{E". (23)

dro u ectb ¢opmyna npeobpa3oBaHHd KOOPJAMHAT BEKTOPA.
[lyctp nana amneHnas dopma L (x). Yncaa ;. onpenens-
10TCsl, Kak ofbyHo, paBeHcTBamu [, = L (e;). Iloacrasnss
BMECTO e, Bhlpaxcenue phe; (17), monyuaem
l"/ = L (])f,ei) :1);:!14 (el) :p;:rl“.
Urak,
L =phly (24)

3TO M eCTh HHTepecylowias Hac dopmyna.
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Hakouen, nycts &aw omepatop A. JjeMedTH €ro MaTpULbL
B HOBOM 6asHce ONpENeNsIOTCH H3 PaBEHCTB

—al’
Ae, =ale;.

TloncraBue ciona BMECTO e (e;) pPaBHblE HM BEHYHHH
phe; (Ple) (17), moayunm

phAe;=alple,.
Ho Ae;=ale, rtak uto B pesynbrate
pl.ale;= alple;.
TTockonbky e;—O0asucHLEe BEKTODHI,
pial= akph.

YTo6H MONYuHTh OTCIOAA @k, yMHOKHM 06€ 4acTH paBeH-
cTBa HA ¢§ M N0 MHEEKCY j mpOu3BexeM CYMMHpOBAHME.
B cuny dopmyasn (22) mMel 1monydnm

Lol — o' pl gk’ — aI’8 %
phalgy = alplqf = al.d%.

Cornacho onpenenenuio Beauuunst OF) mpH  cymMupoBaHHM
no j HYXHO YYeCcTb TOJBKO OJHO CJaraemoe, OTBeyaloLlee
anauenmo j =£k’. Tlpu atom 6§ =1 u, crenoBaTenbHo,

af. = plqf af. (25)
Ato u ecTh uckoMasa dopmyna.

HeTpyano npoBepuTh, YTO BCE TPH MOJYYEHHBE HAMH Te-
nepb ¢opmyian npeo6pa3oBaHus CcOBnazalT ¢ Qopmynam,
NONy4eHHBIMH HaMu paHee oObuHEM nyTem (§§ 5.3, 5.4, 5.9).
dopmynn (23,) (24) n (25) umeior MmHoro obuiero. [lpexne
Bcero, 3TH (OpMyubl JMHEHHR OTHOCHTE/BHO TNpPeoBpasyeMuX.
Beanuud. Janee, kospduuHeHTaMH DTHX QOPMYyN CAYKAT HIH
3/JEeMEHTH MAaTPHIKl [epexola OT CTaporo 6asHCa K HOBOMY,
HIH 3JEMEHTHW MaTpHIB OOpaTHOrO Mepexona, W/H, HAKOHel,
H Te u IpyTHe.

5.63. Temepp MOwHO mnepe#TH K ONpEeENCHHIO TEH30pa.
TensopH Ppa3neasilOTC HA  KOBAPUAHTHbIE, KOHTPABUPUAHTHbLIE
u cmewannsie, Kpome TOro, KamiawH TeH30p HMeeT OmpexeseH-
HBH paxe.

Haunem ¢ ompexenendss KOBADHAHTHOrO TeH30pa, MId ompe-
JI€JeHHOCTH, TPEThEro paHra.



5.68] § 5.6. TEn3oPH 153

TlycTh WMeeTCsl MPaBHIO, MO3BOMAIOULEE B KaWAOH CHcTeMe
KOOPAMHAT 7-MepHOTo mnpocTpancrtsa K, mocrpontb n® uncen
Ty (cocTaBifIOLINX), KaXA0€ H3 KOTOPHX OnNpeaeisercd IpH
NpUIAHHM HMHAEKCAM {, j, R OmNpene/eHHHX 3HayeHud OT 1
no n. dtu uucina T, 06pasyloT 10 ONPENENEHHIO KOo8apU-
QHTHBLE TEH30p TpeTsbe20 pasea, ecu TpeoOpa3oBaHde BeNHYHH
Tjx TPH TEpexone K HOBOMY Gasucy npousBoduTCa mo Gopmyne

JUPIY Sy -
Tyjer = piDjPs T g

AHa/IOTHYHO ONpene/seTcss KOBapHaHTHHH TeH3op /o6oro
APYTOFO paHra: TEH30p m-TO PaHra umeeT He n°, a n™ COCTaB-
JSIOWMX, W B opMyse npeoGpa3oBaHHS CTOMT HE TPH MHOXH-
Tend BMIa ph, a m TakuX MHOXHTeNeH.

Koadduunents aunedinol ¢opMbl, KOTOpHIE npeo6pasyloTcd,
Kak MH Bumean, no ¢opmyie (24), malOT OpPHMEP KOBAPHAHT-
HOTO TeH30pa MEPBOTO PAaHra.

OnpeneluM Tenepb KOHTPABAPUAHTHbIL TEH30p TPETHETO
panra. N

TlycTh MMeeTCs NpaBHJO, MO3BOJSIOULEe B KawIAOH cHCTeMe
KOOPAMHAT MOCTPOMTh 7 uncen Tk, Kkaxaoe H3 KOTOPHX
onpenensieTcsl TPH TPHIAHHH MHAEKCaM i, [, k YHCJIOBHX 3Ha-
yeuuH ot 1 mo 7. OTH uncna T¥* o6pa3yloT no onpenesneHuio
KONTPABAPUAHTHYIE TeH30p TpeTbe20 paxea, eciu mnpeo6pas3osa-
uie Benuuns T/% npu nepexone k¥ HoBoMy 6asucy IpPOM3BO-
aurca no Qopmyne

TR = gl gl gk TUX,

AHaJIOTHYHO OrpeaensieTcss KOHTPABAPHAHTHHIH TeH30p . JIO-
Goro JApyroro paHra. B uacTHOCTH, KOOPAMHATH BEKTOpAa X
06pa3yloT KOHTPaBAaPHAHTHGLI TEH30p MEpBOrO paHra.

BeeneHHble HAMH TEPMHHH «KOBAaPHAHTHHH» H «KOHTpaBa-
PHAHTHHH» OGDBACHAIOTCSH OYEHb MPOCTHM 0GPa3OM. «KoBapuanTt-
Hufl» 03HaYaeT «H3MEHMIOWHHACA TaK Xe», KaK H3MEeHAITCHd
Ga3uCHEe BEKTOPH, T. €. C WCIO0/b30BaHHEM KO3(GHUHEHTOB
plr. «KoHTpaBapHaHTHBIA» O3Hauaer «u3Mensouuiics B obpar-
HOM HAIIPaBJIEHHH», T. €. ¢ HCIOAb30BaHHEM KOIPQHUHEHTOB g .

CywecTByIOT elle H CMellaHHHe Ten3opu. Hampumep, n?
yHcen T,‘?,-, 3ajaHHble B KawIoM cucTeme KoopauHaTt, o6pasyioT
cMewlannbil TeHsop TpeTve2o pauea, 08a pasa Ko8apuantHoul
u O0uH pa3 KOHTPABAPUAHTHbIE, ecau mpeoGpa3oBaHHe 3ITHX
BEJIMYMH TpPH TNEpexoie K HOBOMY 0asucy MpPOH3BOAMTCSA 1O
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dopmyne
Tz’ ’ —pl’p]'qk Tk

Ananoruuno onpenensietrcs cMemansHnft Tew3op, / pa3 kosa-
PHAHTHHI H 7 Pa3 KOHTPaBapHAHTHBIA.

Hanpumep, snemMedTHl MaTpulll JHHeliHOTO omnepaTtopa oGpa-
3YIOT CMEII4HHBII TEH30p BTOPOTO paHra, OLMH Pa3 KOBAPHAHT-
HEM K oAuH pa3 KouTpaBapuaHTHHM. OTMeTHM, 4TO Leecoo0-
pasHas pacCTaHOBKA HHIEKCOB MpelHasHaueHa MPAMO yKa3nBaThb
XapaKTep TOr0 HJAH HHOTO TEeH30pa.

5.64. JeitcTBusa ¢ TeH30paMHu MOXHO onpenenuTsb
OMepalHtio CAOXHeHUws JBYX TEeH30DOB OIHHAKOBOTO - CTPOEHHS,
HanpuMep 1ByXx TensopoB T% u S¥ (1Ba pasa KOBapHaHTHbIX
M ONMH pa3 KOHTPABaPHAHTHBLIX). E)To Oynet TeH30p TOrO
e CTPOEHHs; B KawIOH cHCTeMeé KOOPAHHAT IpH (.’pHKCHpOBaH-
HHX i, J, B ero cocrasisdmouias 1o ONpPENE/EHHIO DABHA CYyMMe
COOTBETCTBYIOLIUX COCTABAAIOLMIHX claraemuix. To, 4TO BeaH4H-
Hh QF; neHcTBHTENbHO 0GPA3YIOT TEH30D, MPUTOM TOTO XKe CTpoe-
HHSl, YTO M y CJAaraeMuX, BHITEKAeT H3 C/IENYIOUIHX DPABEHCTB:

¥ip =Ty + SEj = php gk Tl + pipjgk St =

= phplgk (Th+ SE) = phplqk QF.

Onepauus YMHOJMceHus TNPHMEHHMAa K TeH30paMm Jio60ro
ctpoenns. Hanpumep, yMmHOMHM TeH3op T;; Ha TeHsop Sk, 910
6yleT TeH30p YETBEPTOrO paHra Qs B Kaxmoﬂ cCHCTEME KOOp-
nuHaT npu QuKcHpoBaHHHX i, j, B, | ero cocTapasouias no
Olpeje/ieHHI0 PaBHA npousaeueﬂmo COOTBETCTBYIOLIHX COCTAB-
Asounx Muoxutenedt. Tensopunit xapakrep Q. mpopepsercs
crelyoluM 06pa3om:

Qb =T; ']'Sk' = Pi'P, ;,Pk'Qz 'Si=
= piphphal Ty ;SE=ph.pi.pf.ql Q.

PaccmoTpum emie onepaunio ceeproisanus. OHa NpUMeHsieTcs
K TeH30paM, Yy KOTOPHLIX HMeeTcsl [0 MEHbLIEH Mepe OAMH
KOBAPHAHTHBIA M  OIHUH KOHTpaBapnaHTHbm ungekc. Ilycth,
HanpuMep, AaH TEH30D T,, CBepHyTh ero MmO NEPBOMY HHX-
HeMy H BepXHeMy MHJeKcaM O3HayaeT B KawIOH cHcTeMe KOop-
JHHAT COCTABHTb BEJHYHHH
T%,.
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37ech MO HHAEKCY [ MOApasyMeBaeTcs CyMMHpDOBAaHHMe; B HTOre
BeJHYHHBI Tj:Tfij 3aBHCSAT TOJABKO OT HHOeKca j. B pesyis-
TaTe CBEPTHIBANUR CHOBQ NOAYHAETCA TEH30p, paxe KOTOpO20 Ha
dse edunuybl menswe ucxodrnozo. IIpoBepum 3TO HAa paccMoT-
peHHoM mnpumepe. Ml umeem

Ty= Tip = piop}gh Ty = (Pl P T = 8] Thy.

3pech MPH CYMMHPOBAHHH NO HWHAEKCY K AOCTATOYHO OTpaHH-
4uTbC TOABKO 3HaueHHeM kB =i; 1ockoibky Oi=1, Me mo-
ayvaem

Tpo = ph T =ph Ty,

uTo U Tpe6oBanoCh.

YTO MONYYHTCH, €CNH CBEPHYTH CMEIIaHHKH TEeH30p BTOPOro
panra 7! no ero msym nuzekcam? Beawunna T =T/ yxke He
HMEeT HM OJHOTO MHAEKca, T. €. B Kawjaofl cucTeMe KOOpAHHAT
oHa oB6pasyeT TOJbKO OZHO UYHCJIO. JTO YHCIO—OIHO H TO XKe
B Ni0BOH CcHCTEME KOOpAHHAT; NeHCTBHTEJNBHO,

T =Th=phgi Ti=8T=T;=T.

Takast YMCNOBAs BeNMYHHA, He 3aBHCAWlAA OT CHCTEMH KOOp-
nuHaT, HaswBaercs uxeapuantom. CledOBATENBHO, ONeEpalus
CBepPTHBAHUSA 1aeT BO3MOXHOCTb NONyYaTh HHBAPHAHTH TEH30POB.

Hanpumep,. ecnn Teusop al, cooTBeTcTBYIOmUA JAHHEHHOMY
omepatopy A, CBEpPHYTb MO €ro HHIEKCaM, TO MOJNYYeHHHIH HHBa-
pHaHT a} OyJer CJeIOM-—CyMMOH [HaroHalbHBIX S/NEMEHTOB
MaTpHuL onmepatopa A. MHBapHaHTHOCTh STOH BeJHYHHBI 6nlna
yie J0Ka3aHa HaMH JAPYTHM CNOCOGOM (5.53). Ewe npumep:
MaTpuua cl MpoM3BEAEHHS JBYX ONEPATOPOB C MATPHLAMH COOT-
BeTCTBEHHO af M b} ecTh CMellaHHHA TeH30p BTOPOrO panra,
KOTOPHH MONyYaeTcs MPH CBEPTHBAHHM TEH30pa HYETBEPTOro
panra afbj mo mnmekcam k u /.

3AJAYH .
1. Bektop x € K, uMeeT OTHOCHTENBHO $asuca ey, €, ..., €, KOOD-
AuHATH %y, Esy ..., &, Kak TOCTPOMTL Gasuc B K, uTOGB KOOPAMHATEI

BEKTOPa « OTHOCHTCJIBHO 3TOTO HOBOro 6asuca CTaju paBHBIMH 1, 0,0, ...
?

., 07

2. B n-mepHoM npocrpanctse K, BhiGpan Gasuc ey, €, ..., €, Jo-
KasaTh, UTO Kaw/Joe moampoctpaHctBo K’ < K, Moxker ObITb 3aaHO Kak
COBOKYIIHOCTh BCeX BeKTOpoB x € K,, KOOpAMHaThi KOTOPHIX (OTHOCH-
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TesIbHO Gasuca ey, €y, ..., €,) YIOBJETBOPSIOT CHCTeMe ypaBHeHHH BHJIa
n
D) a4t =0 (i=1,2, ..., k).
~

3. (TIponomxenne.) Hokasate, yto Kaxiad runepniockocTs H < K,
MOXKeT GHITh 3aJaHa KaK COBOKYMHOCTb BCeX BekTopoB x € K,, koopamu-
HaTel KOTOPhIX (OTHOCHTeNIbHO 6a3uca ey, €3, ..., €,) YHAOBJETBOPSAIOT
CHCTeMe ypaBHeHUIl BHAA

n

> ait=b; (i=1,2, ..., k).
j=1

4. Ha nhockoctd BbiSpaHo TpH Gas3uca; KOOPAHHATH BEKTOPA X OTHO-
CHUTe/IbHO KaxKJOrO H3 HHX DaBHEl COOTBETCTBEeHHO &y, §a; My, WMas Tpr Ta
Jauno

My =ayl +abs;  Tr=bpli+biska;
o=y k) + Aofe;  To=baE; 4 basbos
A=lla;|l, B=| byl

BrIpa3HTh KOODAMHATHL Ty, Ty Uepe3 KOOPIHHATHI 1)y, T)s-
5. Jas paHHOf JuHeiiHo# dopmul f(x) 0 » npocTpanctee K,
BHl6path Gasuc g, Lo, ..., &n TAK, UTOOH Jis BCAKOTO BeKTOpa
n

X= 2 Nr8x UMEJI0 MECTO paBeHCTBO
k=1
f(x):'rh.

6. Tycts omepatop A, AeficTBylomuii B n-MepHOM mnpocTpaHcTse R,
uMeeT k-Mepioe MHBapHaHTHoe mognpocrpancteo R’. Toraa, cuuras spe-
MEHHO, 4TO orlepaTop A ompejesieH TOJNBKO B TOANPOCTpaHCTBE R’, Mbl
MOJKeM MOCTPOHMTH A/ HEro XapakTePHCTHUECKHH MHOTOUEH k-# CTeleHH.
[okasaTb, YTO 3TOT MHOTOUJIEH SIBASETCHA AEJHTE/]EM XapaKTepHCTHUECKOro
MHOTOUJIeHa omepaTopa A, AefCTBYIOLLEro BO BCeM mpocTpaHcTse R.

7. TIycTh A == A, eCTb r-KpaTHbiil Kopenb ypabredus det|| A, —AE|=0.
IMoka3aTh, 4TO PasMepHOCTb.m COGCTBEHHOTO MOANPOCTPAHCTBA R™) ope-
paTopa A, OTBEUAIOLIEr0 KODHK Ay, HE TpeBbILAeT r.

8. TMokasaTb, uTO BeJHuMHBLI O} 06PasylOT TeH30p BTOPOrO paHra,
OMH pa3s KOBAapHAHTHBIH M ONWH pa3 KOHTPaBapHAHTHBLIA.

9. Cucrema BenuuuH S;; onpeiessercss B KaxkAoH CHCTeME KOOPAUHAT
NyTeM pellleHHs CHCTeMbl ypaBHeEHHI

TitS=8F,

rae Tik—xopapuauTubiii Tensop BTOporo pawra, mpuuem det || 7% ]| 5 0,
ITokasaTh, 4T0 S;;— KOBAPHAHTHBI TEH30D BTOPOTO paHTa.
10. Ecau [; B {' MMeioT TOT e CMBICA, YTO W B TEKCTe, KakoH
reoMeTpUuecKHUil CMbIC] WMeeT CBEPTKA TeH20pa
1o
no o6ouM ero MHIeKcam?



r1ABA 6

KAHOHHYECKAS ®OPMA MATPHLbBI
JJMHEAHOI'O OIIEPATOPA

Jlpa omepatopa A u B, neficTByiolHe B 7-MEPHOM MPOCTPaH-
ctBe K,, Ha3LIBAIOTCH 3IKBUBAAEHTHbIMU, €CJM CYUIECTBYIOT Ta-
kne nBa 6Gasuca B K,, yto maTpuna onepatopa A B mnepBoM
6a3uce coBmajaeT ¢ MaTpuleH onepatopa B Bo BTOpOM Gasuce.
OueBHAHO, YTO IKBHBANEHTHHE ONEPATOPH ONpPEIENAT B MpO-
ctpaictBe K, omunakoBble Nmo CBOMM cBoHcTBaM JiHHeHHbIe
npeo6pasopanns. Ho kak y3waTp no MaTpuuam otepatopos A
1 B B oxHoM u ToM xe O6a3uce, SABASIOTCS JH OHM SKBUBa-
JeHTHBIMHU?

B arto#t rnaee ans manHoro amHeHnoro omepartopa A B 71-Mep-
HOM TIPOCTPAHCTBE (KOMM/JIEKCHOM H/H BELLECTBEHHOM) MBI yKaXceMm
6a3nc, B KOTOpOM MaTpuua A onepatopa A npuUMeT «KaHOHH-
yeckuily BHI—B HEKOTOPOM CMBICJE Hanbonee NpocTOH U3 Bcex
BO3MOMHBIX.

IIpn 3ToM KaHOHMYeCKHH BRI MOXeT OHITb MOJYy4YeH Heno-
CPeACTBEHHO IO 3JeMeHTaM MaTpHLUH omepaTopa A B MNpoH3-
BOJIBHOM O6asuce. M okasmnBaeTcs, uto ecau omepatopn A u B
IKBHMBAJIEHTHH, TO KAHOHHYECKHMH BHI MX MAaTpHIL COBHajaer.
Takum o6pasoM, HeOGXOAMMBIM M JOCTAaTOYHHIM yCJOBHEM SKBH-
BaJIEHTHOCTH ONEPATOPOB fABJAETCHA COBMALEHHE UX KAHOHHYECKHX-
MaTpHIL.

Mrnl HauMHaeM MOCTPOEHHE ¢ OXHOrO YaCTHOTO KJjacca ome-
patopoe (§ 6.1); obuwuit cayvalt Gynmer paccmoTpen B § 6.3,

§ 6.1. Kanonnueckasn dopmMa MaTpHibl
HUJILHOTEHTHOTO ONepaTopa

6.11. Jlunefinoit onepatop B, neficTyiouwmmit B rn-MepHOM
npocTpaHcTBe K, Ha3bIBaeTCH HUABAOTEHTHbIM, €CN TIPH HEKO-
TOPOM HATypajJbHOM r BHINOJAHAeTCST paBeHcTBO B™ =0, nHave
roBops, ecin B'x =0 npu mobom x €K,. Ilpegnonoxum, uro
B — mnunpnoTenTHn#t onepatop u B7=0; 6yaeMm cynTaTh npH
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sToM, 4To B77l1=£0, T. e. MMEIOTCS BEKTODPHI x €K,, ana ko-
Toprx BF~lx £ 0. Hasosem seicorod BeKTOpa x €K, HanMeHb-
mee w3 umcen m, npu KoTophix B”x =0. Bce BekTOpH x €K,
[0 HalleMy TPENNOJIOKEHHIO, HMEIT BHCOTY < r, rnpuuem
UMEIOTCS BEKTOpHl C BHLICOTOH, DaBHOH r. Ins mo6oro k<{r
0603HauuM uepe3 H, COBOKYMHOCTb BCEX BEKTOPOB BHICOTHI < k.
Quepugno, H, ecTb 10ANpOCTPaHCTBO B K, ecmm x€H, u
y €H,, To Bfx =0, Bty =0, oTkyna npu n00ux o € Ku PEK
takwe Bf(ax - Py)=0, Tak 4TO BHCOTa BEKTOPA ax -+ Py ne
npesocxomut & u ox -+ Py €H,. Ouesnauso, nanee, 9T0 H,=K,
n 0=H,eH,=...eH,_;cH= K,. Paameproctn 3THX
NpPOCTPaHcTB 0GO3HAYHM  COOTBETCTBEHHO  HEDE3 my=0<
<m<...<m,=n. Bynem cTpouTH Gaanc B npocTpancTee K,
caenyoumM o6pasom.

Kak mb Bumenu, H,_, He coBnanaer cO BCEM K,=H,. Tlo-

STOMy MOWHO HaHTH BEKTOPH fi, .- -, fp,, newamme B H,
n nuHedino nesaBucumpe Han H,_; (2.44) (pr=m,—m,_1)-
Bexktopm Bfy, ..., Bfp, nexar B H,_; u nuHeHHO HE3aBHCHMH

wan H,_, HefflcTBUTENbHO, eciu Obl MHl HMEIH
¢Bfy A+ +¢pBfp,=8E€H, 4,
10, npuMensis B7 T2, Mbi monyunan GO, uTO
B+ CplB’_lfpl::O,
WM, 4TO TO XKe,
e fit ot enrt,

yTo Mo nocrTpoenmio He umMeeT mecta. OTCiONA BHAHO, YTO pas-
MepHOCTb /M, _y-—M,_, TMPOCTPAHCTEA H,_, wan H,_, paBna
uny 6oblIe Pa3MepPHOCTH M, — M, _y NPOCTPAHCTBA H, nan H,_;.
Tonoanum BekTops Bfy, ..., Bfp, BekTOpamu fp 41, - -, o
B H,_; 10 MakCHManbHOH CHCTEMHI, THHEeHHO He3aBHCHMOH Hal
H,_,(py=m,_y—m,_ ). Tlpuvenss Ko BCeM STHM BeKTOpaM
omepatop B, monyuaem sextopsi B H, ,

B2f1, sy B2fp17 prrl-la ey pr“

nuHeliHo He3apucumbie Han H,_j, 4TO M0Ka3HIBAETCS aHAMOTHYHO
npenpayuiemy. OTCIONA My _o— My, _g 2= Myp_y = Mp_g, 1 MOKHO
nocrponth B mpoctpanctse H,_, BEKTOpH Foatts = s Fpa
o6pa3yiouiue BMeCTe ¢ NMpebIYLIHMU TOIHYI0 CHCTEMY, nuHekno
nesapucumyio Han H,_s.
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Tlepexoxs Takum we o6pasom B moampocTpaHcta H,_g, ...
..., Hy=(0), Ml ¥ mnonyisaeM, B KOHILE KOHIIOB, MOJHYIO
CHCTEMY 7z JTHHEHHO HEe3aRHCHMBLIX BEKTODOB.

6.12. Tlony4yeHHYI0 CHCTEMY BEKTODOB MOXHO 3alucaTh B
Tabauny

f11 "'7fﬂn
Bfl,"';B fpn fp1+‘1,"'7 fp,!

By, L B Bt e B
progstr o2 Fope

BekrTopnl, cTodue B mepBoit cTpoKe TaGHILI, HMEIOT BHCOTY F,
BEKTODH C/Aeaylouled CTPOKH-—BBICOTY r— 1 W T. A.; BEKTOpH
nocaerned cTpoKH uMe0T BHCOTY 1, T. e. omepaTopom B nepeso-
aarca B 0. Kaxcani crondern Tabauuu onpexensieT HHBAPHAHTHOE
[OANPOCTPAHCTBO omepaTopa B; mepBble p; HHBAapHAHTHHX MOI-
NPOCTPAHCTB HMEIOT Pa3MEPHOCTh 7 (KAWK1oe), C/AelyloulHe
Pa—p; MORMPOCTPAHCTB~— pa3MepHOCTh r—1 (kawzoe) u T. I.
Hocnenune (omno3NeMeHTHbIE) CTOIGLLI ONPERENAIOT OJHOMEPHEIE
MHBapHAaHTHHE MOANPOCTPAHCTBA.

Bce mpoctpancTo K, ecTh npsmas cymma p, ykasaHHhX
TOANPOCTPAHCTB,

6.13. Hanumem matpuny omepatopa B B moanpocTpancTse,
OnpenensieMoM BEKTOPAMH mepBoro croiabua. B xauecTre Gasuca
BO3bMeM BekTOpw BrTLf, BrTf ... Bf,, f;; B Takom no-
pslKe OHH pacnojaraiTCcs Mo BO3PACTAHHI0 BHICOTH, B aTol
3anHcu nepewii BekTOp Gasmca omepatopoM B mepesoautcs B O,
BTOPOH — B NnepBhHi, , r-#i nepesoxuTCcd B (r— 1)-#: nostomy
MaTpHlla onepartopa B corinacHo 4.23 COZEPKHUT MO r CTPOK
H CTONOLOB U HMEET BHUJR

010...00
001...00

(1)
000 ...01

600 ...00
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¢ OT/IHYHbIMH OT -HyJd 3JeMeHTaMu, HMeHHO, paBHEMH 1, Hal
rnagHol IHAroHanpio.

AnanoryuHhfi BUI uMeeT MaTpHia onepatopa B B ocTanab-
HHX HHBapHaHTHBIX NOANpPOCTPAHCTBAX, COOTBETCTBYIOUIHX
ocTanbHBM cTON6AM TaOMHIK] oTAHYHE OT MAaTPHIH (1) MOWET
COCTOATH NHIllb B YHC/IE CTPOK H cT0.610B.

6.14. Martpuna oneparopa B o Bcem mnpoctpancTse K,
6ynet kpasuauaronansrolk (4.562) ¢ yKasaHHeiMM GOKaMH Ha
JHaroHanu:

010 ...00

001 ...00

000 ...01

000 ...00
010...00
001...00
000...01
000 ...00

(2)

—

° |

Yucno 670KOB pasmepa I DaBHO Pi, yucao O6nOKOB pa3Mepa
r—1 paBHO py—py, .-, THCAO GnokoB pasmepa 2 PaBHO
Pyo1—Pr—g, YHCIO GnokoB pasmepa 1 paBHO pr——Pr_1: Pasy-
MeeTcs, €CAH IAs HeKoTOporo ] Ml HMEEM P,_ji1=Pr—jp TO
B Matpuue (2) GnoxoB pasmepa j He GyxeT BOBCE.
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§ 6.2. Auarebpm; anre6pa MHOTOWIEHOB OT OJHOrO
nepeMeHHOro

6.21. IlpHBeneM HeKOTOpHE ONpeieneHHS U3 TEOPHH anre6p.
Jlune#noe npoctpanctBo K Han unca0BHM nosieM K Ha3nBaeTcs
aacebpod (Toynee, anrebpoi#i uan K), ecanm B K ycranomnena
onepallua YyMHONeHus, MPHBOJAAILAS B COOTBETCTBHE KAMIAOH
nape snementoB x, y u3 K snement z €K (06o3HavaeMuli x-y
WIH Xy) M YAOBIETBOPAWOILAA CHEAVIOLIHM YCJIOBHAM!

1) a(xy)=(ax)y=x(ay) ana nobex x u y w3 K
H €K,

2) (xy)z=x(yz) ana mobux x, y, 2z u3 K (acco-
LHAaTHBHHHA 3aKOH);

3y (x+y)z=xz+yz nna mobex x, y, z H3 K
(nMcTpubyTHBHHHK 3aKOH).

Boo6iute roscpsi, ymuHoxenne MOXKeT He OHTh KOMMYTATHB-
HbIM, TaK 4TO Xy == yX. Ecin ymMHOXeHHE KOMMYyTAaTHBHO, T. €,
BLINOJIHEHO YC/0BHE

4) xy=yx anq nobux x u y u3 K,

10 aare6pa K HasmniBaeTcsi xommyrarusHoil.
[lycte 0 ects Hynb-BekTOp mnpoctpanctBa K. Toraa ans
moboro x €K
0-x=(04+0)x=0-x+0-x,

oTKyada caenyert, uto 0-x=0.

Dnement e €K naswiBaerca aesoid eduuuyed, ecnu ex =—x
ana awdoro x €K; npasoid edunuyedi, ecnu xe = x ana mo6oro
x €K; mBycroponnel exunuue#t, uanm npocto edunuyed B K,
ecI ex=xe=x aaa moboro x €K.

AneMenT x € K uasuiBaeTca aegbim 06parHbIM K 3AEMEHTY
Y€K, ecnu xy ectb eamnnna aare6put K; B 3TOM cayuae y
Ha3bBaeTcqd npastim obparveim X x. Ecan snement 2z obnajgaer
H J€BHM H mnpaBbiM OOGPAaTHBIMH, TO OHH MOryT OHITH JHHIB
€IHHCTBEHHBIMH H COBNAZAIOT APYr ¢ apyroM (cp. 4.76a). dne-
MEHT 2 Ha3mBaeTCd B 3TOM ciayyae obparumeim, eMy o6paTHbIl
o6o3nayaercst yepes 271,

[lpousBenenue zu 06paTHMOro 3JeMeHTa 2 H OGPAaTHMOro
37eMeHTa 4 ecTb OoOpaTHMhIl ajeMenT ¢ oOpaTHHM 4~ 1271
Ecnn anemenT u o6paTuM, TO ypaBHEHHe 4X =T HMeeT pelle-
HHE X = 4~ lU; N0CKONbKY OHO MONy4aeTCs H3 CaMOTO yPaBHEHHf
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YMHOXEHHEM Ha u‘l, OHO eAHHCTBeHHO. B KOMMYTAaTHUBHOM
U
ciay4ae yﬂOTPEGHﬂ}OT 3aMHUCh x:—; UIH X =P:U; 3TOT 3Je-

MEHT HA3bBAIOT 4ACTHsIM 3/IeMEHTOB ¥ M u. Jns uacTHHX cnpa-
BeHBE OOWutbie apudMeTHUECKHe mpaBuaa AeHCTBHHA:

v T, v U - U0
Y1 Ul oeny gy owou, o6paTHME);
Uy Uy Uqly

v 1) U

L. 2 =L (ecqu u; M Uy OOpaTHMBI);

Uy Uy Uyl

14 U3 V1 U:

L. 2 LE 0 (ecau Uy, Uy, U, OOpaTHMH),
1, Uy Ul

MOKA3aTeNbCTBA KOTOPHIX Mbl MPEJOCTARAAEM YHTATENO.

Anre6bpa K no onpexenenuio umeer pasmeprocTé n, €CIH
3Ty DasMEpPHOCTb 71 HMEeT COOTBETCTByIOlLee JHHeHHOoe npo-
crpavctBo K.

6.22. [Ipumepn.

a. B mo6oym nuneitnom npocTpanctae K nonowum x-y=0
nns aobux x €K, y € K. Mo noayunm anreépy. Takas anre6pa
HAa3MBAETCH TPUBUAAbHOU.

6. [lpnMepoM HEeTPHBHAJIBHOM KOMMYTAaTHBHOH anreGpn HaX
nonem K ssasercs cosoxynnoctb II Bcex muorounenos

P (A —= goakxk

¢ ko3pduienTadu u3 K, ¢ OOBYHWMH OfepaluiMH CJOKEHHT
H ymHoxewusi. B 3To#i anre6pe eCTb eAHHHILA, HMEHHO, MHOrO-
ynen e{}), y KOTOPOro a@y==1, a oCTanbune KO3PhULHERTH
paBHn 0.

B. Jlune#inoe npocrpancteo L (K,) u3 Bcex martpuu n-ro
nopsaka ¢ 3nemedTaMH H3 K ¢ OGLIYHHIM MATPHYHHIM YMHOXE-
HHEM HaeT [pHMEp KOHEYHOMEePHOH HeKOMMYTaTHBHOH anre6pn
paamepHocTH n® (4.736). I71a anrebpa obnagaer enunuledt, KoTo-
pOH SBASIETCH eAMHHYHAR MaTpuua E.

r. Donec ob6uiuM 1puMepoM HEKOMMyTaTHBHOH anre6pu
¢ equnullell apaseTca aunetinoe npocrpancreo B (K) Bcex nuneh-
HHX ONMepaTopoB, AeHCTBYIOWMX B nHHehnom npoctpadcTse K,
¢ OOLIUHKM 1As onepaTopoB meHcTBHeM ymHowxenus (4.33).

6.23a. [Ipoctpancteo L < K HaswBaerca nodaseebpod
anre6pn K, ecnu w3 x€L, y€L caenyer xy€L. Tloanpo-
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crpanctBo L = K waseiBaetcs npasom udeasom 6 K, ecan u3
x €L, y€EK caenyer xy €L, u zeeoin udearom B K, ecau us
x €L, y€K caenyer yx €L. WMnean, onxoBpemeHHo /eBbift H
1paBblif, Ha3hIBAETCS 08YCTOPOHHUM udeasrom. B KoMmyTaTHBHOH
aare6pe HeT Pa3IHYHA MEXIY JIEBbIMH, NPaBHiMH H JBYCTOPOH-
HuUMM uaeanamu. Bo mcsaxoii anre6pe K uMe0TCH NBa 0YEBUAHKIX
ABYCTOPOHHHX Hjieana: oauH, obo3nauaemuift (0),— cocrosmni
H3 eAMHCTBEHHOTO 3jemexTa O, BTOPOH — COCTOAWHUA H3 BCex
snesMeHToB x €EK. Bce ocTanbupie wuieann, 0OQHOCTOPOHHHE U
ABYCTOPOHHHE, HA3HLBAIOTCH COOCT8eHHbLMU nAeanamu. Besaiu#
Hnead ecTh Toxainre6pa; obpaTHoe, BooOlLe TrOBOPHA, HeCnpa-
geniueo. Tak, COBOKYIHOCTb BCeX MHOrounenos P (A), ynosne-
TBOpAIOLLHX yca0BHIO P (0) = P (1), ecTb nonanredpa aire6pu II,
ne sapasnomasca uiaeanoMm. COBOKYMHOCTb BC€X MHOTOY/IEHOB
P (M), yaosaerBopsiiomnx ycaosuio P (0)=0, ectb coGCTBEH-
HRH ugean B aare6pe 1L

6. Ilyctb L < K ecrp moanpoctpauctBo B aare6pe K.
PaccsmoTpum gaktop-npoctpancteo K/L (2.48), T. e. auneitnoe
poCTPaHcTBO M3 Kaaccor X 3anmementos x €K, Baammuo cpas-
HUMBIX OTHOCHTeJNbHO noanpoctparctia L. Ecanm L—naBycTo-
pounnii uneaa 8 K, 1o aan xnacco X € K/L, kpome AHHeHAHHX
onepauuit, MOXHO BBECTH onepauuio ymuoxenus. Mvenno, nmes
knacel X u Y, BhbepeM MPOM3BOJIBHO 3eMeHTH X €X, y €Y
1 noa rnpoussesenuem X-Y Gynem noHuMaThb Kjaacc, coaepxa-
wHii npoussererne Xxy. IIpoBepuM OJHO3HAYHOCTBH 3TOrO oOnpe-
nenennd. Ecan B kaacce X Mbl BO3bMeM 3JeMeHT X', a B kaacce Y
sneMeHT y’, TO Mn Oyaem HMeTb

X'y —xy=x"(y'—y)+(x'—Xx)y;

3TOT 3JeMEHT JeWHT B uieane L smecre ¢ y'—y n x'—x.
W3 ycnosuit 6.21, 1)—3), Bunonnennnix B anre6pe K, vemex-
JeHHO CJedyeT BIIOJHEHHe aHAMOTHYHBIX YCJIOBHH Jas KaaccoB
X €K/L; nostomy ¢axrop-npoctpancteo K/L ¢ BBereHHHIM
B HEM YMHOXEHHEM sBiAsieTcs Takwe anreGpoit. Aaredpa K/L
Ha3WBAETCH axTop-aszebpoii anzebpor K no 0dsycroponHemy
udeasy L. OueBHIHO, OHd KOMMYTATHBHA, €CJIM KOMMYTATHBHA
anre6pa K.

6.24. TIyctb nmerotcs ase aare6pel K u K" naa nonem K.
Mopousm @ auneftnoro npoctpancta K’ B npoctpanctso K”
(2.71) nasmBaeTcs mopduamon azrzebpor K' 8 arze6py K, ecan
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HapAAy C YC/A0BHAMH MOPdH3Ma NMPOCTPAHCTB (2.71)

a) @(x 4y)=0a(x")4 o (y’) A 1o6bix %', y €K,
6) o (ax’')=o0awm(x) a1a mo6oro x' €K’ u nw6oro
a€EK

BHIIONHAETCH TaKike yc/a0BHe

B) o(x -y )=0(x')-0(y) ana nobHX x', yeK’.
Ecau MOpPQH3M @ eCThb SMHMOPPH3IM HIM MoHOMOPdM3M, HIH
naomopduaM mpoctpancTBa K’ B MPOCTPaHCTBO K" (2.71), 10
[pH BHIOJHEHHH YC/IOBHA B) OH COOTBETCTBEHHO HA3LIBALTCH
SMUMOPPUSMOM, MOHOMOPPUIMOM, U3OMOPHUIMOM arzebpor K’
8 aazebpy K’.

6.25. [Tpume pH.

a. Ilycth L—mnonanre6pa anrebpu K. OtoGpaxenue o,
KOTOpOe KaXaoMy BeKTopy X €L cTaBHT B COOTBETCTBHE STOT
we BekTOp X B aare6pe K, ectb MopdusM anreGpu L B an-
re6py K, u uMenHo monomopduam. Kak M B ananoruuuom ciy-
yae B 2.72, 3TOT MOHOMOPGH3M HA3HBAETCS BA0JCEHUEM L B K.

6. Mycts L—aByctopounuit uaean anre6pet K u K/L —
cooTBeTcTByloWwas (akTop-aare6pa (6.236). Orobpaxenne @,
KOTOpOe KawaoMmy BekTopy x € K cTaBHT B COOTBETCTBHE Kaace
X €K/L, comepxaiuii 31eMeHT X, €CTb Mopdusm anre6po K
B anre6py K/L, n umenno smumopdusm. Kax u B aHaioruyHoM
cnydae B 2.726, 3TOT SMMMOPGH3M HASHBACTCS KAHORUUECKUM
oro6paxenueM K na K/L.

B. [TycTb uMeeTcst MOHOMOPGH3M @ anreGpol K’ B anre6py K’.
CoBokynHocTh Bcex BekTopoB @ (x') €K” ectp monanrebpa
L"cK", u MoHoMOpPdH3M ® ecTb H30MOPQH3M anreGpui K’ B
anre6py L”.

r. Mycte umeercs MopduaM @ anreGpH K’ B anre6py K.
FlokaxeM, 4TO COBOKynmHOocTh L’ Bcex Bekrtopos x’ €K', i
KoTOpuX ® (x')=0, ecTb IBYCTOPOHHMH HIean anre6pu K'.
TeficTBuTenbHo, L’ ecTh mMOANPOCTPAHCTBO B K’ (2.766); nanee,
ecu X' €L, y €K', 10 0(x'y)=0(x)0(y)=0 TaK
wro x'-y’ €L’ u ananornuno y’'-x’ €L’, uro u TpeboBaNOChH.
Tlanee, monomopduam Q npoctpancrsa K'/L’ B npocTpancTso K",
crapsimi B coorBeTcTsHe Kawamomy knaccy X' €K'/L snement
o(x’), x' €X' (2.766), B nanHoM cayyae ecCThb MOoHOMOPdHU3M
aare6pu K'/L’ B anre6py K”. JleficTBUTEABHO, BEIGH s x' €X',
3" €Y, mu umeem x'y’ €X'Y' u QXY)=0(xy)=0(x")X
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xo(y)=Q X"y Q(Y'). B yacTHocTH, ecin MOpdHIM @ ecTb
snumopgusm anre6pu K’ B anretpy K , To Mopduam Q ecTh
u3omopguam anre6pw K’/L' ¢ anre6poft K”.

. Ilyctb A—nnnelinbft onepartop, AeHCTBYIOWHH B npo-
crpanctBe K. Tak kak 148 JHHEHHHX ONEpaTopoB B TpPOCT-
panctBe K omnpeznesensl onepaluH CHAOMEHHS H YMEOXEHHS, TO

m

xakaoMy Muorouneny P(A)= Y a A" €Il mbl moxenm nocTaBuTh
£=0

B COOTBETCTBHE OMNEPaTOp

m
P(A)=3 a,A,
k=0

neficTByomuit B Tom ke mnpoctpanctse K. Ilpm stom cootsert-
CTBHH CJIOKEHHIO H YMHOXEHWI0 MHOTOY/IEHOB OTBEYAeT CJIOXEHHe
H YMHOXEHHEe COOTBETCTBYIOLIHX OnepaTopoB B cMuicne § 4.3.
B camom pene, mycTh

P =Py (M) +Py(A) = 3 ahr+ 2 bME = 2 (a5 by) A

k=0
TOTIha

P(A)=

/3

(a5 +by) A % (Ab+ ST b ARy (A)+Py(A).
E=0 k=0

k=0

AnanoruyHo mycThb
m m . m m
Q(A’):Pl (A:) P2 (A:)= 2 akhk 2 bjhjz 2 2 akbjhk-*—/;
E=0 j=0 k=0 j=0
TOrZA 10 paclipele/uTeNbHOMY 3aKOHY s orepatopos (4.35)

m m m m
QA =31 3 b AR = 3 a At 3 b,AT= Py () P, (A).
k=0 j=0 k=0 j=0

B yacTtHOcTH, onepatops P(A) u Q(A) Bcerza KOMMYTaTHBHH,
KaKOBH Onl HU Owsnu MHOTOWIEHH P (A) u Q(A).

Mu rionyyunu mopdusm anre6pu muorounenos II (6.226)
B anre6Gpy JuHeHHux onepatopoB B (K) (6.222). BooGue rosops,
3TOT MopdHu3M He ecThb 3MUMOpPPHU3M (XOTHA Ok IIOTOMY, YTO Ome-
paTops BHIa P (A) KOMMYTHPYIOT ApYyr ¢ Apyrowm, a Bcd asirebpa
B (K), 3a wuckmoueHueM TpuBHanbHoro ciydas K=K;, nekom-
My TATHBHA),
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e. CyuiectByeT H30MOPDH3M Mexay anreSpo# B(K,) Bcex
JHHeBHLIX ONepaTopoB, NefcTBYlOUMX B npocTpanctse K, #
anre6poit L (K,) Bcex MaTpuiL 71-TO NOPHAKA C 3/1EMEHTAMH U3
nonst K; Mbl ocymntecTBaseM ero, Qukcupysi B MpoCTPaHCTBE K,
Gasuc ey, ..., €, H CTaBs B COOTBETCTBUE KAKIOMY ONepaTopy
A€B(K,) ero martpuily B 3TOM OGasuce. O6e 3TH anre6pu
HMEIOT OJMHAKOBYIO Pa3sMepHOCTb 72,

6.26. B xommyraTtnsHoi anreSpe II Bcex MHOTOUNEHOB P\
¢ koabduunentamn u3 nos K (6.226) COBOKYNHOCTb BCEX MHO-
rounenos suaa P (M) Q, (M), rae Qg (M) —duxcnpoanuni
muorowten, a P (A)—1000f MHOTQU/EH, OYEBHAHO, SABJIAETCS
HaealoM.

Mi nokaxeM, uto kaxdeul udeas [0 aneebper 11 umeer
TaKym CTPYKTYpy, T. €. NONYYaeTcsi H3 HEKOTOPOrO MHOTOUJeHA
Q, (M) ymHOXenuem Ha 10GO# MHOFOU/IEH P (\). dns nokasa-
reabcTBa Hafizem B uzeane / oTauunnit oT 0 MHOrowleH Hau-
MeHbIIeH BO3MOWHOM CTeneHH, nampumep g, H 0003HAUHM €TO
yepes Qg (A). Mn yTBepkiaem Tenepb, 4TO Mo60%  MHOrO-
unen Q (M) €1 umeer Bun P (M) Qq (A), rue P(R) €I1. Ieitcran-
TenbHO, 10 [paBu1y JAeHCTBHH ¢ MHOTOY/IEHAMH *)  MOXHO
HanmucaTh

QM =PMQy (M) +R(M), 3)

rae P(h)—uacthoe ot aenenus Q(A) wa Q, (M), a R(A)—
0CTaTOK, HMEWUIMH CTeneHb, MEHbUIYl CTENEHH IAeTUTe]d,
T. €. MEHBILIYIO, 4€M YHCI0 ¢. MHOrou/IeHsl Q (M u Qg (N) npn-
nagnexat uaeany /. Ho Toraa, Kak BHAHO H3 PABEHCTBA (3),
u Muorounen R (A) npunamnexut umeany {. Tak kak crenenb
R (A) meHbuie g, a MHOTOUMEH Q, (M) B H1eane WMEET HAUMEHb-
Wy BO3MOKHYI CTeNeHb ¢ CPeaH MHOFOUJEHOB, OT/IHYHBIX
or 0, 10 R(A) =0, uTO # yTBEPKIAAOCDH.
Muorouied Qg (A) naspiBaeTcs nopoxcdarouyun udean 1.

6.27. Mnozousen Q, (M) onpedeaserca udearom 1 eduHcr-
sennbim 06pa3oM ¢ TOYHOCTbIO 00 4UCAOBO20 MHONUTEAR. Ieiict-
BHTENbHO, ecan Ob napsany ¢ Qg (A) Tem ke CBOHCTBOM

*) Cm., nanpumep, A. I'. Kypouw, Kypc blcieit anre6psl, «Hayka,
1965, ra. 5.
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obianan MHorounen @, (A), To, N0 DOKa3aHHOMY, Mbl HMeJiH OH

Q1 (}") = Pl (7") Qo (}")y
Qo (}") = Po (}") Ql (}")
M3 3Tux paBeHCTB BHTEKJET, UTO CTefeHH MHOrounenos Q; (A)

1 Qp (A) omunakoBu u uto P (A) u P, (A) ne comepwat A, T. e.
SIBJIIIOTCS YMCAaMH; 3TO M YTBEPHKAAIOCh. ’

6.28. [lyctp wumeiorca muorounenn @, (A), ..., @, (A), ne
Bce paBHnie O u He uMelonie o6uero AenuTend cremneHn =1,
[TokaweMm, 4TO CyLLecTBYIOT Takue MHorounenn P{(A), ...
covy PR, uTO

PIMQ, (M + ... +PL(MQ, (A)=1. (4)
He#lcTBHTENBHO, NYCcTh /— COROKYNHOCTb BCEX MHOTOU/IEHORB BHAA
PiMQ M)+ P (AM)Q, (A)

npi mobeix P (A), ..., P, (A) us II. Oueenano, coBokynuocts /
ectb Haean B II. Tlo 6.26 wunpean [ nopoxieH OLHHM MHOrCO-
YJNeHOM

Q)= 3 PL(A)Q, (A). (5)
k

=1

Ilpy 3TOM, B 4acCTHOCTH,

QM)=8 (M) Q(A), ...,Q, (M) =S5, (A Q(A),

rae S; (M), ..., S, (A)—mHekoTophie MHOTOU/IEHH. DTH PaBeHCTBA
nokaseBalOT, uT0 Q,(A) ecTb o6WME e UTeNb MHOTOYNEHOB
Q(A), ..., Q,(A). Ho rorma wu3 npeanoioxenus caenyer,

UTO CcTenenb MHOTounena Q, (A) pasna 0, T. e. uto Q, (M) ecTh
noctoannas a,. Ilpu atom ay==0, Tak kak unaue [==0. YMno-
wast (5) na l/a,, noayyaem (4), uto u Tpebyercs,

§ 6.3. KaHounueckas ¢opma maTpuusi
IpPOH3BOJILHOTO OIlepaTopa

6.31. PaccMoTpum smuHennift omepatop A B 7z-MepHOM npo-
cTpancTee K, .

Ykaszannoe B 6.259 otoGpaxenue o (P (A)) = P (A) ecTb amu-
mopduam (6.28) anrebpm II Bcex muorounenoB ¢ koadduinen-
Tamu u3 noas K B anre6py Il saunellHnx onepaTopoB BHIA
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P (A) B npoctpanctse K,,. B cuny 6.25 2 anre6pa Il u3omopdra
daxrop-anre6pe II//, rae [—muaean, COCTOALIHA H3 BCEX MHO-
rounenos P (A), 1as koTopux o (P (M) = P (A)=0. Mui BHACHHM
ceffuac CTpPyKTYpy 9TOro Hieaja.

6.32. B 6.22 M BuIeJH, YTO COBOKYMHOCTb BCeX JIMHEHHBIX
onepaTopoB, AeHCTBYIOLWMX B mpocTpancTBe K, mpeacTaBiser
cobofi cHoBa anreGpy Ham Tem e noiem K, pasMepHoCTH n.
dukcupya omepatop A, pacCMOTPHM MNOC/IEAOBATENBHOCTH Orme-
paTopoB

A°—E, A, A%, ..., A®, ...

B sTo#f nocnemoBaTenbHOCTH nepeue n?--1 uneHoB anHedHO
3aBHCHMH. IlycTb, HampHMep,

m
3 opAr=0  (m<nd).
k=0

STo 03HAu4eT, YTO B YCTAHOBJEHHOM BHIle COOTBETCTBHH (6.31)

m
MHorouseny Q (A) = 2 c,M* cooTBeTCTBYeT HyJeBOH omepatop.
k=0
Besiku#t muorounen Q(A), mns xotoporo omepatop Q(A)
ecTh HyneBoH onepartop, 6yleM Ha3hBATh QHRYAUPYIOUUM MHO-
20unenom oneparopa A. MH 1oKkasaiH, 4TO Y 6CAK020 onepa-
TOpa A ecTv QHHYAUpYOUUL MHO204AEH CTeneHu < n.

6.33. CoBOKYNHOCTH BCEX aHHY/THPYIOLIHX MHOTOYJIEHOB Orne-
patopa A ectb umean B anreGpe II. B cuiy 6.26 nmeercs
MHorounen @, (A), onpejeneHsnii ¢ TOYHOCTBIO L0 MHOWUTE/H,
TakoH, UTO BCE aHHYJHPYIOILHE MHOTOYJERH HMEIT BHI
P (M) Qg (M), rae P(A)—ni06oi MHOTOUIEH H3 II. B yacTHOCTH,
Q, () caM siBnAeTCH AHHYIHPYIOIIUM MHOTOYJIEHOM. Cpenn Bcex
aHHYJIHPYIOLMX MHOTOY/IEHOB OH HMMEET HaHMeHbIyIo CTeneHb
W TOSTOMY HA3LIBAETCH MUHUMAAbHbIM QHRYAULDYIOUWUM MHOZO-
yaenom 1Aa oneparopa A.

6.34. Teopema. ITycrse aHHYAUPYIOUYUIL MHO204ACH Q)
oneparopa A pasaoxcen 8 npoussederue 08YX 63AUMHO NPOCTHLY
MHOXMCUTEACL:

QAN =0Q; (M) Qs (M.
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Tozda - npocrpancreo K, MONHO pasromute 8 npamyio cymmy
dayx nodnpocrpancrs,

Kn :‘Tl + T2’

UHBAPUAHTHBLX OTHOCUTeAbHO onepatopa A (rax uro AT,cT,,
AT,cT,), npuuen 028 rioboix x, €T, %, €T,

Qi (A)x,=0, Q(A)x,=0,

rak uto Q; (M) [Qy(A)] ecre amnyaupyrowud muozousen dasn
oneparopa A, deiicteyiowezo 8 nodnpocrpancrse T 1 [Tl

lloxaaareanTBo B cuny 6.28 Cyu.[ECTBYIOT TaKHe
Maorounens P, (M) u P, (ML), uto

PLMQMN+P, () QM) =1.

Henonpsys mopdusm 6.259, naxonum
Py (A)Q (A)+ P, (A)Q, (A)=E.

OGosnauum uepes T, (k=1,2) obnacTb 3HaueHu#t omepaTopa
Q. (A), 1. e. coBoKynHOCTb BeKTOPOB BHIa Q, (A) X, x €K, (4.61).
Ovuesunno, u3 y=Q,(A) x €T, cnenyer Ay=Q,(A)Ax€T,,
TaK 4TO MOAMPOCTPaHCTBO T, HHBAPHAHTHO OTHOCHTENbHO OME-
patopa A.

Mu umeem ans mwo6oro x, €T, u nexortoporo y €K,

QA) %, =0y (A)Q(A)y=Q(A)y=
M aHanoruyHo ans mo6oro x, € T, u Hexoroporo z €K,
Q,(A) x,=Q, (A)Q, (A) z=Q(A) z=0.
Ianee, nas mo6oro x €K, uMeeT MeCTO paBeHCTBO
x=Q(A) P (A) x+ Q (A) Py (A) x = x, + x,,

rae x,=Q,(A)P,(A) x €T, (k=1,2), oHO TOKaswBaeT, yTo
noanpoctpanctda T, u T, B cymme naior Bce K.

[ycts x, €T,NT, Torma Q (A)x Qa( ) Xq=0 n,
cnenoBaTeano

xo=P, (A) Q;(A)xo+Pz(A) Qz(A)xq—“—Oe
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Takum obpasom, TyNT,=0 u cymma K, =T, Ty—npamasd.
PasymeeTcsi, He MCKAIOUEHA BO3MOKHOCTDH, HTO OLHO U3 [OApO-
ctpancts Ty, Ty COCTOHT TOIBKO M3 OLHOTO HYJEBOTO BEKTOPA.

6.35. 3ameuanune. [lo nocTpoeHuto onepaTop Q, (A) an-
HYAHpyeT MOANPOCTPAHCTBO T,, a omepaTtop Q, {A) anmHyaupyer
nozupoctpanctso Ty. [lokawen, U0 gCAKULl 8eKTOp X, QHHYAU-
pyembiii Oneparopom Q, (A), seamur 6 T, u 6cakuii 8eKTOp X,
axHy aupyemoul onepaTopom Q, (A), sredxcut 8T, Tyctb Q, (A) x=0.
Mbi HMeeM X = X, + X, Tae X, € Ty, %, € T,. Tax kak Q (A) x;=0,
o u Q; (A)x;=C (A) x—Qy (A) X, = 0. Ho n Q,(A)x;=0,
mockonpky x; €Ty CnenoBaTeNbho, X, = P, (AYQy (A) x4 +
4Py (A)Qy (A) x;=0,x =% €T,. Ananornuno u3 Q, (Ayx=0
cnenyetr x €Ty, 4TO W yTBEPHKAATOCLH.

6.36. Paznarasn mporounens Q; (M) 1 Q, (M) manee Ha B3AaHMHO
IpOCTHE MHOKHTENH, TNOMydaeM BO3MOXNCHOCTH pa3busath npo-
crpatcto K, na Gonee Meakue MHBAPHAHTHbIE OTHOCHTENBHO
onepaTopa A NOANPOCTPanCTBa, anHyJHpyeMble COOTBETCTBYIO-
LLIMMH MHOWHTEISMH MHOrOUIEHOB Q, (M) u Qy (M.

[lycth MHOTOUMEH P (M) nonycxaer B noje K pasnoxenne
BHAd

m
Py =T] A=) (6)

f=1
rae 7\,1-—BC€ (pasnuuHbie) KOPHH MHOrou1end, a r;—Hx Kpar-
nocti. Takoe pasioxeHHe BCeria BO3MOXHO, B 4acTHOCTH, B
none C KOMIUIEKCHHIX uncen. Pasnoxenne (6) ecTh pasnokenue
Ha m TONapHO B3aMMHO NPOCTHIX ‘muowuTened (A—A~;)7. Mpu-
mensis peayabTar 6.34, mnoiydaem cieayiollee yTBEPKAEHHE:
Teopema. Ecau aHKyAUpYlOwull MHOZOUAEH Oneparopa A
umeer 6ud (6), TO NPOCTPAHCTEO K, pasiaeaerca 6 NpAmyro
cymmy m noonpocTPancTe Ty «-vy Ty UHBAPUAHTHOLX OTHO-

m?
cureabno oneparopa A, npuden nodnpoctpancréo T, annyau-

pyeTca onepaTopom B, ade
B, = A—h,E.

6.37. B kaxI0M HeHY/EeBOM NPOCTPaHCTBE T,, cornacho 6.14,
MOKHO BHOpaTh 6aanc, B KOTOPOM MaTpuiia oneparopa B,
(MO TMOCTPOEHHIO HWIBIIOTEHTHOrO B NPOCTPAHCTBE T,) npumer
Kanornueckuit s (2). B oroM xe Gasuce MaTpuua oneparopa
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A=B,-}-A\,E npumer Bux

A1 0...0 0
0A 1 ...00

000 .. Mt
000...0 A
A1 0...0 0
OA, 1 ...00 )
00 0. . At
000...0 M,

M

Marpuua onepatopa A so scemnpoctpancree K, =T, + ... +T,
B 0asuce, KOTOpHIl TonyyaeTcsi OODbeAHHEHHEM BCEX KaHOHH-

yeckux G6a3ucoB, nocTpoenHnx B npocrpadctdax Ty, ... T,
npuobpeTaeT OKOHYaTeNapHYIO (opMmy
M1...0
0hy... 0
00...1
00...4
AM1...0
Ohy ... 0
oo
00... 4
J(A)= " . (8)
M
Ayl ...0
Ap...0
00 ... 1
00 ...4,
[e]
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PopMyIHpyeM OKOHYAaTeNbHuH pe3ynbTat:

Teopema. [as abozo oneparopa A 8 n-meprom npo-
crpancrge K, umerouyezo AHHYAUpYIOWul MHOZ04AEH suda (6)
(8 uactrocTu, 0an at060z0 oneparopa A 8 n-mepHoOM Komniex-
crom npocrpancrse C,), cyujecTsyer 6asuc, 8 KOTOPOM MATPUKA
oneparopa A 3anuceigaerca 8 ¢opme (8). Marpuya (8) nasbi-
gaercsa HopmaasHoi popmold )Kopdara oneparopa A, a coorger-
creyrowud 6asuc — basucom JKopdana.

B cayuae K,=C, KOMNIEKCHHE 4ucaa M, -o-y Mgy MOXKHO
yNOPSAAOYHTH N0 KaKOMy-Tu60 NPaBuAy: HaNpuMep, B NOPAAKE BO3-
pactanug moxyneft, a Ipu paBHHX MOAyJiX—B nopsake Bospac-
Tanusi aprymenta 0, MEHSIOULErocs B NMPOMENYTKE 0<CO < 2m.

Ias onepatopa A, nedcTBYIOIEro B NpOCTPaHCTBE K,#C,,
npexctasnesue (8) BO3MOXHO HE scerga. Mul pacCMOTDHM
B § 6.6 xaHOHWuecKylo GOpMy MATPHLH onepatopa A, neHcr-
ByIOULETO B NMPOCTPAHCTBE K,=R,.

§ 6.4. dnemeHTapHble NEIHTENH

6.41. MaTpuuy (8) MOxHO 3amaTth tabanielt

Ay nM, .. nﬁll)
Mp n®, e ) (b a® > 2a®), ()
7»’.”; . n.(lm)., . ., .n(r;":.)
B KOTOpOH AAsl KaKJIOTO JHATOHATABHOTO HHC/A A, yKasaHH
pasmepu n®, ..., n(r’f‘) COOTBETCTBYIOLIHX  «3/NEMEHTapHBIX
JKOPAAHOBHX KNETOK» BHAA
A1 0 ...0
0hg1 ... 0
. .« e e . ng.k) CTPOR y (10)

000 ...1

000 ... M
BCTpPEUAIOMHXCS B MATpHLE (8). Mn XOTMM BHISICHHTb, KaK
NOCTPOHTD tabauuy (9) B TeM caMbiM BOCCTAHOBHTbL BHJ MaT-

puus J (A) omnepatopa A no wu3pecTHOH ero maTpuue A B
kaKoM-1H60 Gasuce mpoctpancTBa K.
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6.42. Kax mu 3naeM (5.53), xapaKTepHCTHYeCKHH MHOTOY/eH
onepaTopa A He 3aBHCHT OT BHOopa 6asuca. CocTaBuM ero ans
»opraHoBa 0a3sMca; TaK KaK MOJ TIJaBHOH DHArOHAJBIO CTOAT
HY/H, MB NOJyYaeMm .

det (A—AE) =det|| J (A)—AE|| =
=ImI( A" by +,,() , (11)
k=1

Mu BHIMM, YTO 4YHCAA A, CYThb KOPHH XapaKTEPHCTHYECKOrO

MHOTOYJIEHA, & CYMMH rk—_—n(lk)—l—...—{—n(rf)—-—nx KPaTHOCTH.
s

Taxkum 06pa3oM, BHYHC/ASS XapaKTEPHCTHYECKHH MHOTOUNEH (YTO

MOXHO clIelaTh MO MaTpuue A) M HAXOAS €ro KOPHH, Mu TO-

nyyaeM BENMYHHB! Ay H rp=n 4 ... +n£ﬁ> rabnauus (9).

- 6.43. lanee (3mech n B 6.44) Mut ykameM, Kak [0 MaTpHLe
A onepatopa A B MCX0IHOM 6asHce BHUYHC/IAMTb CaMHM YMC/a n‘k’
[Mockonpky J(A) H A—MaTpuun ONHOTO H TOT0 Xe onepa-
TOpa A, B3fITOro B pa3HHX Ga3ncax, corsaacko 5.5/ cnpaBeinuBo
PaBeHCTBO

J(A)=T™14T,
rae T-——HEBHPO)K,ZIQHHaH matpuua. Ilostomy n
J(A)—AE=T"1(A—AE)T

MuHOpH GHUKCHPOBAHHOrO, HampuMep p-TO, MODPAAKA MATPHIH
A—ME npexctaBasioT coGol HEKOTOphie MHOTOY/JEHH OT A CTe-
nenH < p. OGo3HayuM uyepes 1, (A) unean s anre6pe II, mo-
POXCIEHHHH BCEMH 3THMH Muﬂopamu AHaNOTHYHLIH CMBCT HMEET
unean 1 (J(A)). Tlokawem, 4TO 3Tu Hueanw cosnazaioT. [ei-
CTBHTeanO Kawau# MHHOp p-ro nopsaka matpuuu J (A)—AE
COIIacHO 4 54 saBnsieTcs cymMMoH mnpousBeseHHH MHHOPOB p-TO
nopsiaka Matpuu A—MAE, T-' u T. Ho snementn Matpuu T
n T~! cyTh unCna; Takum 06pasoM, BCSKMH MHHOD p-TO MOpsiaka
matpuun J(A)— ME eCTh NpPOCTO JHHEHHAad KOMOHHAILHS MHHO-
pos p-ro mnopsaaka MaTpuud A—AE M TeM caMbM BXOXHT
B unean [,(A). Tlo cummerpun kauIu#f MuHOp p-ro mnopsaka
MaTpHLKI AAE BxoxuT 8 Huean [, (J(A)). Tem caMmbiM I, (A)=
= I, {J(A)), uto u yTBep)KlIaJIOCb - ‘

Hycrb D, (A) —nopoxnaioumuil MHOrouneH STOro HIeana;
OH MOXET GHTb onpenener kak o6 HA HauGOAbLWIHA IenHTenb
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MHOTOY/IEHOB, MOPOKAAMOUIUX HAeal Ip (A) (6.26). Takum obpa-
30M, HaubGoAbWMA OOLIHH AenuTe]lb MHHODPOB p-ro MNopsika
y matpuil J (A)-—AE TOT we, 4TO M y MHHOPOB p-TO MOpPHAAKA
MaTpuilll A—AE, H [103TOMY MOXKET CUHTaThCA HSBECTHMIM,
BuUHCANM HEMOCPEeACTREHHO HauGoNbIIHHA OOUHHA AenHTenb MH-
HOpOB p-ro nopsaka matpuns J(A)-—AE. Ousfitb-Taku BMECTO
maTprilel J (A)—AE mpu 3TOM MOWHO paccMaTpUBaTh MATPHILY
Buaa P (J(A)—AE)Q, rae P u Q-—oOpaTHMbie YHCJIOBHE
MaTpuus (He coaepwaue A). Onepalun 1epecTaHOBOK CTPOK,
cTonb10B, 1puOaBAEHHS K OXHOMY CTOJOWYy IAPYTOro ¢ Mpou3-
BOJbLHLIM MHOHUTedeM B MaTpuue J (A)—AE mnpuBOAAT Kak pa3s
K Takoro poga maTtpuuam (4.44). Mu yTBepikaaem, UTO 3je-
MEHTapHYI0 KJeTKy

A—A 1 0 ... 0
0 Ag—A 1 0

0 0 0 ... 1 I
0 0 0... xk_xl'
YKa3aHHHMH oONepaunsiMu MOXKHO npeoépaaoaaTb K BHIOY

1 !

1 1
: 12
Jary— (12)

(G

(hg—A) i |

A HMenHO, ANS MoAyueHHs TPeGyeMmMoro pesyinTata cieayeT
BHAYA/Je H3 BTOPOH CTPOKH BHUYECTH MEPBYIO, YMHOXEHHYIO Ha
Ay—A, U3 TpeTbel —BTOPYIO, YMHOXEHHYIO HA Ay—A, H T. I}
MH TOAYYMM MaTpuiy (p = 7n®)
A,—A

10...0]
—(—M? 01

. 0/
(—1)P=2 (A,—A)P"L 00 ... 1
(—F1(A,—AP 00 ... 0

Ecan Teneps M3 mepsoro cTon6Ia BHYECTh BTOPOH, yMHOXKEHHbIR

Ha A,—A, 3aTeM TpeTHH, YMHOWeHHHH Ha—(A,—R)?
«.., (p—1)-#, ymuOxenun#i na (— 1)~ 2 (A, —A)P71, Ml nony4nm
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MATpHLY
1 0 10...0
0 01...0
(13)
0 00 1

(— 1P 1 (Ay—A)P 00 ... 0

H3 KoTopoii MaTpuua (12) monyyaercs nepecTaHoBKOK cTOAGLOB.

Tenepp noacuntaeM obuud HaubonbWHH neAUTENb MHHODOB
p-TO 1OPSAKa y MaTpPHUH :1(7») ¢ kaerkamu Buaa (12) na rnas-
no#t nauaronanu. Tax kakK y 3TOH MaTpHLM BHE TJaBHOH AHAaro-
HaAW CTOSIT HYJH, TO OTJHYHBIMH OT HYJNR MOTYT OWTb JHIb
MHHOPBl ¢ ONHHAKOBHIM HaBOPOM HOMEPOB CTPOK H CTO/IOLOB;
TAKOH MHHOD paBeH MpPOH3BENEHHIO CBOMX JHArOHA/bHHIX 3Jle-
MEHTOB.

B marpuue J(A) cpean 3/aeMeHTOB Ha IJaBHOH JaHaroHann
HMeeTcsl HEeKOTOpoe uYucjao, nojsowuMm N, OHHOMOB  BHIA
(%)
n: o
(hgy—M\) "/, aocTanbupie n— N 9/1€MEHTOB IJIaBHOH JHaroHany
pasunt 1. Uncao N ecTh nosHoe YHCAO MOPAAHOBHIX K/IETOK
B matpuue J(A), 1. e. N=r;+ ... +r,. C apyroit cTopouu,
CpesiH MHHOPOB 10 MOpsiIKa /71— N 3aBe1OMO MMeloTCH paBHHe 1,
oTkyna caeayet, uto D, (A)=1 npu pLn—N. MoxHo 3aMe-
HuTb Matpuuy J (A) Gonee npocToH auarovaspHo#t maTpuueft
(1)
n
(A —H) "t

(D)
(}‘1_ A)n
n(®
(Ag—A) "t

) ()
(}"m - }") m

Toraa muorounen D, (M), cocuntannmii aas matpuust J (1), 6y-
meT coBnaaatbh ¢ MHorowneHoMm Dp _ ,_nH(A), COCUHTaHHBIM
ana marpuust [ (A). OueBuuHo, Han6onbwHA OOWHA nenHTEND
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MHHOPOB p-To mopsiaka MaTpuus [ (A) umeeT BuI

ImI Aj—RA)ms ) (14)

j=1

rae m; > 0. CnpammsaeTcsi, KaKOBO 3HayeHHe, HAMPHMep, MOKa-
3atens m, (p). dTa BelIHYHHA eCThb HanMen bLuHH MoKasaTelb,
¢ KOTOPHM A;—A BXOIHT BO BCE MHHOPH pP-TO MOpsIKa. Ecan
P4 L —i—nﬁz), TO HMEETCAd MHHOp p-TO TOpfIKa, He
comepwauuil Boo6uwe A;—A, Tak 4TO NMPH ITHX P MH HMeeM
my(p)=0. g p=n®+ ... —i—nﬁ:)—{—l, YYHTHBAas, YTO MO-
xasatemnn n{),..., n}}) HIyT B yOHBAaIOIieM MOpSAKE, Mhl
nMeeM
— pll
my (p)=n{D.

B nanpdeffiieM Ha KawAyK eAMHUIY YBE/MYEHHH p TOKa-
aatenb m,(p) OyAeT yBeIMYHBATBHCA COOTBETCTBEHHO Ma
ni,, n“) ..., HAKOHEL, TIPH p==7t MH TIONYYHM

1

my(p)=nV+ ... +nlb.
Ananoruyso,
mp) =P+ .. 0D (1< j<m).

6.44. Otnowenne E, (A)=D5+;}f)) HA3LIBAETCH 34eMEHTap=
HoiM OeauTesem oneparopa A; BMeCTe ¢ MHOTOYJEHAMH D (A)
37eMeHTApHBIE JNENMHTENH He 3aBHCAT OT BHOGOpA 6a3uca H
HX MOXKHO BHYHCIAATH 10 MaTpuue oneparopa A B JIIO6OM
6asnuce.

W3 ckasannoro B 6.43 BHAHO, YTO 3/MeMEHTAapHHE AENTHTENH

HMEIOT BHI

il )
En—q(}‘)zn(}‘j_)")n(‘;y q=112) cevy n—1,

=1

C KODHSIMH, KPATHOCTH KOTOPHX DaBHH pasMepaMm (mocieRoBa-
Te/bHHX) ¥OPAAHOBHIX K/NeTOK. TakuM 06pa3oM, BHIYHCIHB 3J7€-
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MCHTapHHe IE/IHMTE/H, MH NOAydaeM uncia n) u Tem cambiM pe-
maem 3ajavy, NOCTaBAeHHYlO B 6.43,

6.45. ITpumepH.
a. Y xopaanoso# MaTpuun 10-ro mopsnka

110
011
001
11
01
1
21
02
21
02

MMEIOTCA TPH K/ETKHM, OTBeYalouue KOpHI A,;=1, pa3Mepos
3, 2 nu 1, u mBe KNETKH, OTBEYAIOUIME KOPHIO Ay=2, pa3-
MepoB 2 ¥ 2; mO3TOMYy 3/eMEHTapHHe JeNUTeNH HMET
3HaYeHHHd

Ey (M) =(1—2)*(2—2)?,
Eq (M) = (1—M)2 (2—A)2,
E,(\)=1—A,

E;(M)=...=E, (\)=1.

6. Y nexoropolt matpuun A=|a; | 10-ro nopsaka sneMen-
TapHbe JAe/HTeNu (BHYMC/IEHHHE, KaK YyKa3adHo B 6.43 u 6.44,
1m0 MHHOpaM Matpuiti A— AE) oxa3annuch paBHHMH

Ey () = (3— M) (4—AY,
Eq (M) = (3—W)2 (4—1),
E,(\)=4—A1,
Eg (M) =4—A,
E;(M=...=E,(\)=1,
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Hanuwewn Bwpaxedne marpuis J (A). B cooTBeTCTBHR ¢ pe3ynb-
ratoM 6.44 wmartpuna J(A) uMeeT 1Be KJIeTKH, OTBeuaiouiHe
KopHio A,==3, pa3mMepoB 2 M 2, u 4eThipe KJICTKH, OTBCYAIO-
uHe KopHio A, =4, pasmepo 3, 1, 1, 1. Takum oGpasom,
Mbl HMeeM

S W
G —

oW
(o=

U —
o =

J (A)= .

6.46. Vrax, snas 3nementapHpie JeqHTenn oneparopa A,
MH MOXEM ONpelefHTh BCe Benuuuubl 2%, a BMECTe ¢ HUMM —
CTPYKTYpPY KOPIaHOBOH MaTpHun omepatopa A. B wacTHOCTH,
MH BHINM, 4TO oacopdanoga marpuya oneparopa A onpedeis-
eTcs OOHO3NHA4HO camum oneparopor A.

C 1pyroit CTOPOHM, MNOCKOJIbKY 3J€MEHTapHhe Ie/IHTEN
onepatopa A onpeaensioTCs ‘Yepe3 MHHOPHl MaTpHILI A—AE
B mo6GoM Gasuce, 08a asKeugaienTHeix oneparopa A u B,
T. e. umewwux 8 O0syx (pasneix) Oasucax O0OHY U TY oce
Marpuyy, uUMerT O00HY U TY JKe KAHOHUUECKYIO aopdanosy
gopny.

OueBuaHo M o6paTHOE: ecau 08a Oneparopa umerr 00HY u
Ty e KAHOHU4eckyro Gopmy, TO OHU IKEUGAAeHTHbL. TeM caMbiM
npobieMa SKBHBANEHTHOCTH JIMHEHHBIX ONEPATOPOB (B KOMILIEK-
CHOM TPOCTpaHCTBe), TOCTABNeHHAas B Hauajse 3TOH TrnaBH,
MOJIHOCTBIO pelIeHa.
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§ 6.5. Hexoropnle ciencTsus

6.51. Ecau usmecTHo, 4TO oOnNepatop A NPHBOAHTCHA K JH-
arOHaNbHOMY BHAY, T. €. €ro MaTpHla B HEKOTOpoM Gasuce
MMEET BHI

A

m

TO MaTpHua A M ecThb XOpJAaHoBa MaTpHua onepatopa A (sce
KOPRAHOBL KAETKH HMeloT pasmep 1). B wacTHocTu, Bce 3ne-
MEeHTApHHe AeNHTEeNH HMeloT mNpocTeie Kopun. OGpaTHO, ecin
BCe 3JeMeHTApHhie AeJHTEeNH HeKOTOPOro omnepatopa A HMeIOT
TORBLKO NPOCTHE KOPHH, HOPAAHOBA MAaTpHua J (A) umeeT KIeTKH
TONBKO pasmepa 1 M, CleNOBaTeNbHO, AMArOHaAbHA.

6.52. Wmes wopnaHoBy ¢dopmy omepatopa A, MOXKHO HanM-
CaTbh ero MHUHUMaJbHLH anHyaHpylow it Muorounen. [lycrtb one-
patop B B nekoTopom Gasuce e, ..., €, MMEET MATPHLY

4
010...00
001...00

. .

Oo'

00... 01
00 ...00]|
310 03HAuaeT, uToO

Be;=0, Be,=eée, ..., Be,=e,_y,

otkyna creayet, yto BPx =0 npu awoGoM x=$ckek. Taxum
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06pa3oM, aHHyIHPYIOLHH MHOTOWIEH onepaTopa B nMeer BHI AP,
MuHHMAbHBH aHHYTUPYIOLME MHOTOUNEH, KaK AeNHTeNb AP, 101-
WeH HMETb BHI A™, m < p; HO MOCKOJABKY BP‘leI,:eﬁeO, MBI
BUAHM, 4TO AP H €CTb MHHMMa/bHBIH aHHYAUDYIOLUHA MHOro4/eH.
[lycts omepaTop A B ToM Ke 6a3uce €5, «.., €, HMEET
MaTpuuy
Ay 1 0 ...
0 A, 1

-]

0
0

[ ]

tak yto A=B4 AE. Tlo noxasansomy (A—A E)?=BP=0,
TaK YTO I1d ONepaTopa A aHHYAHPYIOLIHM MHOTQUYIEHOM fBJSA-
erca (Ay—A)P; OH #BASETCA M MHHHMA/bHHM B CHIy TOH W€
apryMesTaluH.

[lyctp omepatop A umeeT MaTpHuy

Ay 1. 0 ... 0
0 A 1 ... 0
0 02 ... 0
000 ... %
. ,
NpHYEM YHCNA Py =Py 22 ... =P, CYyTb pa3Mepnl e¢ AHaroHal

BHX K7eToK. Muorounen Q(A), anHyaupytowuif omepatop A,
IO/XKEH 10 OTHEAbHOCTH AHHYJHPOBATbH KaXAYH €ro KieTKy
(cp. 4.52). Dtum ceoHcTBOM ofnamaer MHOrO4Y/1eH (Ag—N)P.
[To ykasanHoiM Bhlle MOpPUYHHAM OH fABAAETCH M MHHHMaJbHHM
aHHYJIHPYIOIUM MHOrOYJIEHOM.

Hakonen, B obmeM cayyae, koraa omepatop A oGnanaer
WOPAAHOBOH MaTpuueH ¢ TabavueH

. 1)
}"1’ nil)> ﬂ(21)> L >n;711

Ay P 2™ > ... =0,
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AHHYJHPYIOLHM MHOTOYJIEHOM fABJAA€TCHA MHOroOWwieH

nik}

Q(7~)=k1=11 Ae—M) ", (15)

OH BASETCH M MHHHMAJbHRIM aHHYJNHPYIOILHM MHOTOYJIEHOM Olles
paTopa A, Tak KaKk HH ONHMH M3 nokasatened n{®¥ ne Moxer
6HTh 371eCh IOHHKEH IO YKa3aHHWM BHIlEe COOOPaXEeHHSM.
Hrak, munumasousil annyaupyouguli mrnozowsen marpuyst A
ectv muozodsen (15). Ero cremenbp paBHa n®P 4 ...-ni™ —
CyMMe pa3MepoB MaKCHMAaJbHEIX XOPAZHOBHX KJETOK, OTBevalo-
IHX KaXIOMy KOpHIO XapakTePHCTHYECKOTO MHOrouleHa. 3ame-
THM, YTO STO YHCJIO He NPEBOCXOAHT pa3mepa Bcef MaTpuun A
(T. e. 4HCnIa 71— pPa3MepPHOCTH MPOCTPAHCTBA, B KOTOPoM HeH-
CTByeT omnepaTop). XapakTepucTuueckut Miorouned det (A—AE)
onepatopa A (6.42) codepxuT MHOrounen Q(A) B KayecTBe
IENUTENS] U TOSTOMY TAKdXiCe ABAAETCA AHHYAUDYIOWUM (3TO YyT-
BepxJeHHe HasuBaeTca TeopeMolR [ aMunbtTona—Ksnn),
Boo6wie rosops, xapakTepHcTHYeCKHH MHorowien det (A—AE)
He SIBJASETCH MHHHMAJbHHIM aHHYJHPYIOLMM MHOTOYJIIEHOM Olepa-
topa A. Ecau okasniBaeTcs, 4TO MHHHMaJbHHE MHOrO4JEH COB-
najaeT ¢ XapaKTEPHCTHYECKHM, TO 3TO O3HAYaeT, YTO KaKIAHH
XapaKkTepHCTHYECKHH KOpeHb HCNOJAb3yeTcs TOABKO B OXHOH
®OpJaHOBOH KjeTke, pa3mepa, PABHOIO KPATHOCTH KOPHA,

§ 6.6. BemecTBeHnasa xopaanosa ¢opma

6.61. PaccMoTpuM onepaTop A B BelLIECTBEHHOM M-MEpHOM
npocrpancTBe R,. Kanonnyecku#t 6Gasuc, B KOTOPOM MaTpHLA
onepatopa A 3amucwBanach Oh B wopAaHoBof ¢opme (8),
BoOOLLE TOBOpS, He CYILLeCTBYeT, XOTd OW MOTOMY, 4YTO Xapak-
TEePHCTHYECKHI MHOTOUJIEH omepaTopa A MOXeT UMeTb HeBellecT-
BeHHHE KOpHH. TeM He MeHee B BEILECTBEHHOM MPOCTPaHCTBe
MOXHO HaHTH HEKOTOpYyl0 3aMeHy xXopJaHoBo#t MaTpuue (8).

IMycts A=||af’|| ecTb MaTpuia onepaTopa A B HEKOTOPOM
6asuce ey, ... ,e, npoctpaicTea R,. PaccMoTpuM KoMmiaekcHoe
n-meptoe npoctpancTBo C,, cocTosiuiee u3 BeKTOPOB

x=a181+ se +a"e",

TAE Gy, .« ., O, — [IPOU3BO/ILHEIE KOMNAEKCHOIE UHCaa. MaTpuia A
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3agaer B mpoctpaHcTBe C, nuHeiinblit onepaTop A 1o gopsmyiam

N BEKTOPOB X C BEULECTBEHHHIMM COCTABISIOULAMH O 3TH
cdopMyab ompeleasioT caM onepatop A.

6.62. Haunem ¢ omepatopa A, y KOTOPOro aHHyaHpyHOWHA
MHOTOY/IEH HMeeT ChelHaibHuH BHI

P(h) = (A2 + ),

rae T— nOJOXKHTEAbBHOE YHCIO.

Ins onepatopa A ompenesieHn onepaTopHnie noanHoMu Q (A)
C KOMIJIEKCHHIMH KO3(pduuseHTaMmu. B 4acTHOCTH, HMEIOT CMbICJ

~

muorounenn (A--iTEY u (A—itE)?. Tlonuvon P(A) =
= (A2 + TP ocTaeTcs aHHYAHPYIOLHM H Jid onepartopa A. Paa-
noxerno (A2 4-13)P = (A —IiT)? (A4 iT)P, cornacHo 6.34, otse-
yaeT pasnoweHue npoctpanctBa C, B MPAMYI0 CyMMY HHBApHAHT-
HWX OTHOCHTe/NbHO omnepatopa A mnoanpocrpauncts Cp u Cg,
B KOTOPHX OH HMeeT aHHYJHPYIOLLHE MHOTOYJIeHH COOTBETCT-
BeHHO (A—IT)? u (A -+it)?. Donee Toro, eciu MOANPOCTpaH-
ctBo C; COCTOHT H3 BEKTODOB

x=ae,+ ... Ta.e,

€ HEKOTOPHIMH Gy, ..., 0, TO noanpoctpanctso C? cOCcTOHT H3
BEKTODOB

x=a.e,+ ... F+ae,

[Je YHCAA O KOMMJEKCHO COMPSKEHW K YHCIaM O He#cTBH-
TeJibHO, eCJH (A—-iTE)Px:O, TO, Mepexois K KOMIJIEKCHO
COMPSIKEHHHM YMCJAdM BO BCEX 4YIGHAX JIEBOH 4acTH, Moayuaem,
YyTO (A—}—i‘c EYx =0, n 06paTHO; MOCJHEAHHM DABEHCTBOM, IO
6.35, oaHoanayho ompenensetcs noxnpoctpanctso C3. OTciona
clenyeT, MeKAy MPOYHM, YTO 7 4eTHO, 71=2m, Tle m-—pas-
MepHOCTL Kaxaoro u3 moanpoctpancts Cp u Cj.

IycTb ff——mopzlanos 6asuc orneparopa A B npocrpan-
cre CL (6.37). Tlockonbky B 3TOM Oasuce MaTprua onepa-
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Topa A uMeeT BHI [6.37 ()]
it 1
it 1
ny ..
it |
. g« -------------- ———
{it 1
n, it
it

omepatop A nelictByeT Ha GasucHne BekTOpe Mo opmynam

Af! =i1:f}, oo, Afi=itfe,
Af2 -+ itfl, . Af" = f{-+ zrf

Afn,—'fn,_l"l"”fn,,n Afnq‘—fnq —i—le,,q

Jlas coBOKYMHOCTH comnpsikenHbix Bektopos fFEC? cnpa-
BEIJUBH cOnpsweHHnie GopMmynl

Aft=— itf}, ooy Afi=—itf],
Af2'—-jl_lTj°) LR qu—fq-lr

Afn, fnl_l le,l‘,. . Afnq fn len,]

Mul BUANM, YTO BEKTOpH f, 06pa3yoT wopaaHoB Oasuc aad
2
onepaTtopa A B npoctpanctee CZ. Takum 0o6pa3som, BeKTOpblf]

u f, 06pasyoT kopaanoB 6asuc 1A onepaTopa A Bo Bcewm
npoctpauctee C,. Mbl noctpouM Ttenepb 6a3uC B BELLECTBEH-
HOM npOCTpaHCTBe R,, 3amensis KawJaAyl nNapy KOMIIEKCHHX

BexTopoB ff u ff na napy BEULECTBEHHBIX BEKTOPOB gF =
1 —
“‘7(f,k+f,k) u hf= —f; & ¢’OPMY-"
Af] —f/-l in/k (fk o—— 0),
Afi = fi—l_“injk
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nonyuaem
~ 1 -
R{5Ut+7D | =het=gli—t  (eb=H=0),
~ {1 —
R{ g p—Th | = b= Ky 4t

IToatromy nns BeKTOpOB g;‘, h}‘ nonyyaprca GopmyiH
Agf=—1:h’§1

Aht = g%,

Agi= gt —hi,

Abi= Bt +g3, L (16)
Agr’:k = gr’:k-l_rhz’

Ay, = hr-1 +78n

[lpn sTom, oBparHo,
fF=gF+int, fP=gF—ih}.

Takum o6pasoM, nuHelHas (koMmiekcHas) o6070YKA BCEX BEK-
TOpOB g}‘ W h} Ta We, 4To W nmHe#nas 060]0YKAa BCeX Bek-

TOpoB ff ¥ fF. A Tak KaK 4YHCMO TeX H IPYFHX OZHMHAKOBO,
TO BEKTOPH g u h¥ nuuedino nesapucumul Hax nosem C BMecTe
¢ Bektopamu ff u fF. Tem Gonee BexTopH gf W hf mmueitno
HE3aBUCHMH Hajg nojseM R, T. e. B BELIECTBEHHOM JHHEHHOM
npocTpancTee R,.

Us ¢opmyn (16) cmexyer, uTo MaTpHua onepatopa A
B 6asuce gf, hf COCTOHT W3 JHATOHANbHHIX KJIETOK BHAA

0110
—1 001
0t 10
—1 001
07
-1 0

(17)

.
a o
(=]

OO0 -
Qea = O

PasMepoB COOTBETCTBEHHO 271y, ..., 271,.
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6.63. Tlepexoanmm k paccMoTpenuio obwero cayuas. Ilycthb
A —nHeBHHHA OnepaTOp B BELIECTBEHHOM 7-MEPHOM MPOCTPaH-
ctee R, 1 P(A)—ero anmynupyromuit MHOrounen. B Bemect-
BEHHOH 06/1acTH MHOrousmeH P (A) mONyCKaeT pasnoxceHHe BHAA

= kg (Ap — A II [(A—0)2+T))]Ps,

rae A, (=1, ..., m)— pasnuyHHEE BEUIECTBEHHHE KOPHH MHOTO-
urena P(A), a 0;+4it;=MA; 0,—it;=A,— pasnuuubie Hepelle-
CTBEHHHE KODHH; BCE HHC/JA T, NOJOKHTENbHH. B COOTBETCTBHH-
¢ obuiedl Teopuedt (6.36) mpocTpancTBO R, DomyckaeT pasnowe-
HUEe B MPSMYI0 CyMMy HHBapHAHTHBIX OTHOCHTENbHO A mOANpO-
CTPaHCTB

=2 Ek+_2F
k=1 =1

IpHYEM aHHYIHPYIOUIHM MHOTOY/JEHOM nif onepaTopa A B moa-
npocTpaicTBe E, caywut MHOrO4eH (k A,)¢, a B momnmpo-

crpanctBe F —mnorounen [(A —0,;)2-17]P;. B nomnpocTpan-
ctBe E, onepaTop A npuBoauTcs K xcopuaﬂoaoﬂ dopme Buaa (7).
B noanpoctpanctse F; 0603naunm B;=A—o,E; Toraa ans one-

patopa B, B nozmpoc*rpaﬂc-rae F, muorounen (A% 137 6yner
aHHynupymmnM 1 1o npeuunymemy MO¥HO OyAeT NOCTPOHTH
Ga3nc, B KOTOPOM MaTpHIA OlEparopa B, Gyner cocrosth u3
knetoxk Buaa (17) (c sameHolt T Ha T;). B atom xe Gasuce
Matpuia omepatopa A= B, +o,E 6y11eT COCTOSITh H3 KJAETOK

g 10
-—1:; cj 01
Ty 10
—1; 0, 01 . (18)
Gy Ty
-7 0

WUrax, B npoctpanctee R, MOXHO BHGpaTh 6a3smc, B KoTO-
poM MaTpulla onepatopa A COCTOHT H3 AHATOHANBHHX KJIETOK
Bira (10) u (18). O603saynM 3Ty MaTpHRy uepes Jo(A) (se-
LecTBeNHAA opdanosa marpuya).
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6.64. CtpykTypy MaTpuubl Jp(A) MOKHO BOCCT2HOBHTB TIO
9/1eMEHTAPHBIM LeMUTENsM ONepaTopa A, BHIUHCIEHHBIM 110 MHHO-
paM matpunsl A—AE B ucxoauonm 6Gasuce (§ 6.4). [lockonbky
muorounenn Dy, M uE, (A) MoAyyalTCcs H3 MHHOPOB MaTpPHILI
A—A\E pauuonanbum\m onepalmmm vrorounenn E, (A) umeioT
BeuecTBeHHbE KO3MODULHEHTH U, CeNOBATENbHO, Teror BUI

n

En—q(}‘-) ;!:I (}\.— }\. ) (k) H [(}\__0-1)2_{__1:]2] p‘(li)
1 i=1
(g=1,2,...,n—1),

Kawnomy nokasateno n{ OTBEYaeT KOPAAHOBA KJIETKA BH-
na (10) pasmepa nyP. Kaﬁcﬂomy nokasatenio p{’ oTBevaeT kieTka
Buaa (18) pa3mepa 2p‘”

6.65. dopMyaupyeM OKOHYaTe/NbHHA pe3yTbTAaT B BHIE c/e-
AyiolLelt TEeOPEMBI:

Teopewma. [aa awboz0 oneparopa A 8 BeljecT8eHHOM
n-meprom npoctpancreée R, cyuwecteyer Gasuc, 8 KOTOpOM MAT-
puya Jo(A) oneparopa A Keasuduazowaibra U COCTOUT U3
Juazonasvuoix kaerox suda (10) u (18). 30ece A, — seujecrsen-
Hble xapakTepucTuueckue KOpru onepatropa A, 0O,--IiT; U

0 ;— ih;— KOMNAEKCHbLE €20 KOPHU. Pasmepor kKaeTox oauomatmo
onpede/mfoTc,q Nno 3/eMeHTApHbIM OeauTeiam oneparopa, Kax
yka3zano 8 6.64.

§ 6.7. CnekTpbl, KOPNYCbl U MHOTOYJEHBI

B pasnuynpiX BOTIPOCAX aHanu3a M aareGpel BCTpeuaeTcd
HeOBGXOAHUMOCTb BHIYHCJIEHHS PAa3NUYHBIX (PYHKIMH, B YACTHOCTH,
MHOTOY/IEHOB, OT 3aJaHHBLIX JHHEHHHX OIepaToOpPOB B KOHEUHO-
MEpHOM MPOCTPaHCcTBe. PYHKIHH OT ONepaTOPoB 00/1anai0T PHAOM
cneundudecknx cpodcTs. B Giamkaiiuinx  AByx uaparpadax
CTpOMTCHA ucuucieHue Takux Qyukimi. Ecrectsennoft apudme-
THYeCcKOH Monenbio Ana GYyHKUUA OT OJHOrO OMNepaTopa sB/AfeTCH
anre6pa KOpIycoB, ¢ KOTOPOH MBI M HAaYMHAEM TEOPHIO.

6.71. Bynaem HaswBaTb cneKkTpom W 0603HAYATH CHMBONOM S
KOHEUYHYIO COBOKYIHOCTb TOYEK Ay, ..., A,. Ilpn 3TOoM Oyaem
CYHTATh, YTO KawJa0H TOYKe A, IMPHAHCAHO [OH Ha3BAHHEM
«KPaTHOCTH» HEKOTOPOE HAaTypanbHOe uMcio r, (k=1, ..., m).
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Bce 310 6yaem 3amuchBaTh Tak:

S={Ms, ..., M,

[peanonoxus, 4TO KamkAOH TOYKe A, NOCTABAEH B COOTBETCTBHE
Ha6op u3 r, uucel n3 K, KoTopue Mbl 06o3HaunM f(A,),
S ), o, fUEm (X)), TakoH HaGop uncen Mbl 6ydem HA3HBATh
kopnycom f, 3aganubim Ha S*). Tlycte Q(S8)—-coBOKynHOCTB
BCEX KOPMYCOBR HA MHOXeCTBe S.

Beenem B Q(S) caenyiomne onepanmu:

a. Cnoxenne. Cymmod aByx KopnycoB f=={f)(A,)} u
g=1{g" (h,)} Oynem HasmBaTbh Kopnyc f--g, onpeleneHHs
nabopom umncen

(f+ D () =fD () + g0 (N, k=1, ..., m,
Jj=1 ... r,—1.

6. YMHoxenne na uuciao. Ilycre a€ K; npoussede-
nuem of xopnyca f={f¥(A,)} Ha unca0 @ GydeM HA3bLIBATH
Kopmyc, ompejensieMbiif HaBopoM uMcen

(@)D (hy) = af D ().

OueBuaHO, onepaluH a i 6 NPeBpallaloT COBOKYMHOCTh @ (S)
B NHHelHOe 1npocTpancTBo. Hy/em 3Toro npoctTpancTsa ABAAIOTCH
Kopruyc 0 cO BCEMH HYJIEBBIMH COCTAaB/SIOLIHMH.

B. BBenem tenepr onepanuio ymuoxeHnus. Ilpoussede-
Huem fg xopnycoB f={fV ()} n g={g" (A,)} nasmBaercs
Kopuyc, onpeleasieMbii gopmynamu

FE (A = () £(Ay),
(fg) Ap) = f(}"k) g' (}"k) +F (hp) g(Ay),

(78 () = ZC’f‘” )ge D ), | Ch=

L T

Jlerko n1poBepHTH, YTO OMEPALMsSl YMHOXEHHS KOMMYTAaTHBHA H
yAoBAeTBOpPsieT ycaoBuay 6.21 1) —3). Takum o6pazom, Q (S) —
KOMMYyTAaTHBHas a.ee6pa wan nosem K. B atoit anreGpe ecTb
eIMHHUIlA, KOPIYC e, KOTOphid obnamaet cBOWCTBOM ef =f 114

*) IlpuuAT Taxke TepMuH Oocem (auryi jet osHauaeT «cTPys»).
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mo6oro f € Q(S). VimenHo, MOXKHO MOJNOKHTH

e (h,) = 1 npu j=0,' k=1,...,m,
0nmpu 0 j<ry, R=1,...,m,
Ilns cayyas, KOTAA TOYKH Ay, - .., A,, IpuHainexat noaw K,

Mol casocem & 3Tom napazpagpe ascebpy Q(S) ¢ arzebpod ecex

P
mHozounenos P (M) = X, azhk ¢ Kospuyuentamu u3 noas K.
k=0

6.72. Byzem npeanonaraTk, 4TO noiae K CONEPKHT 6ecko-
HeyHOe MHOKECTBO Da3JHYHBX 37eMenToB. [IpH 3TOM YC/0BHH
YCTAHOBHM BHAYaZle HEKOTOPHE TEOpeMH O BOCCTAHOBJICHHH
K03((HUHEHTOB MHOTOY/NEHA MO €ro 3HAYEHHAM.

P
a. llycts P(?»):kz a, At —mHorounen ¢ Kodhduuuen-
=0
TaMu u3 nons K, apryMeHT KOTOPOTO A TaKike MOXeT TNpHHH-
MaTh 3Hauenns B mone K. Tlokakewm, uto 3nauenus P () nos-
BOJISIIOT OJHO3HAYHO BOCCTAHOBHTD €r0 KO3GhGULUHEHTH Qy, . . ., ).
Tyctb Ag, Ay, -« s hp—PA3NAHUHLIE DIEMEHTH TOJA K; paccMoT-
puM paBeHCTBA

ay+aho+ ... +ap7\g=P(7Vo),
ap+ah+ ... +a M =P}y,

ag+ah,+ ... +a =P },).

DT paBeHCTBAa MOXKHO PacCMaTPUBATH KAaK ypaBHEHHS OTHOCH-
TeNbHO BENHYHH g, @y, - ., @p C ONPENENUTENEM, OTIHYHHM OT
0; no Teopeme .73 oHa .06nanaeT eAMHCTBEHHHM PEIICHHEM, 4TO
u Tpebyercs.

6. OTciola creayer, 4YTO €C/AH [1Ba MHOTOUJIEHA P(\) =

p p
= kE aM u QM) =k2 b M COBNamaioT NMpPH KaWIOM 3Haue-

nun LEK, TOo a,=b, (k=0,1,...,p).

6.73. Ilanee HaM TOHaZOOHTCH MOHATHE NPOH3BOAHOR OT
muorounena P (A), NOHATHe BHICIIHX MPOH3BOAHHX H dopmyna
Teftinopa. B ananuse 3TH NMOHATHH BBOAATCS A4S Clyyas MHOCO-
ynena P (A). OT BelleCTBEHHOrO (HJIH KOMIJIEKCHOTO) apryMeHTa.
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3nech MH paccMaTPHBAEM MHOTOYJEHB C aPrYMEHTOM A, MEHSIO-
IHMCS B NMPOH3BONBHOM none K mo3TOMY Mb IOMXHH BBECTH
COOTBETCTBYIOLUIHE ONpENEEHHS HE3aBHCHMO (NPHYEM HE OMNH-
pasch HA MOHATHE Mpenena, KOTOporo B moje K MOWeT H He
ObITD).

a. dukcupyem Toyky W€ K H HanHUIEM DaBEHCTBO

2%’» = Eak[l"+ A—w]F= Eb” W) , (19)

rie kk(!l‘) (=0, 1, ..., p) —MHOTrOUYNEHH OT |, KOTOPHE MOAY-~

yaiotcs mocae passeprtoiBaius [+ (A —p)]* mo crenmensm pou
(A—np) ¥ npuBeneHHs NOROGHHX uaeHOB. MHorounenn by (W)
NONYYaloT clAelyioUHe HAUMEHOBAHHA:

p
bo (W) == 2 a,ut=P(n) — cam MHorouneH P (u);
k=0
p
by ()= 2 ka,p*~1=P’ (u) —nepBas  MpPOH3BORHAS

k= muorounena P (u),
P

by ()= X k(k—1) a,u*" %= P" (u)—BTopas - npou3BOAHAA
k=2 muorousena P (p),

b, (W)=p(p—1) ... 1.a,= PP (u)—p-5 NPOH3BORHASK MHO-
rounena P (u).

Jlnf MHOTOYJIEHA CTENEHH p moJoXuM P9 () =0 npu ¢ > p.
PaBenctBo (19) B npuBeaeHHHX OGO3HAYEHHRX IIPUHHMAET

dopmy
Z,T‘ P® () (A—p)* (20)

H HasuBaetcs gopmyroii Tedaopa dan mnocousenos P(M).
6. B vactdoctH, ana MHorounena P (A)=(A—a)? (¢ €K)
MEl HMeeM

P(a)=P (a)=...=P% V(a)=0, PP (A)=p!, PD(N)=0
npH ¢ > p.
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B. Bonee obwum 06pasoM, €C/H P (M= (h—a)Q(A), Ml
HMEEM TaKkKe

o = b, A—a)k, PH =2 b (h—a)?,
k=0 k=0

TaK 4TO
P(a)="P (@)=...=P¥? P (a)=0. (21
r. O6paTho, €C/H H3BECTHO, YTO BHILIOTHCHBI ycious (21),

TO 9TO 0O3HayaeT, YTO
s

P(M=Y 4 P® (a)(A—a)=

k=0
— (}\’__ a)P 2 -k—l'- pH (a) (K—a)k”P = (A_.a)l’ Q (A')y
k=p

rae Q (M) —HexoTOpHifi HOBHIA MHOTOUYJ/ICH.

6.74. 3ameTHM, 4TO MpEIACTABJECHHE MHOTOY/CHA P(A) B
¢dopwme
2, p
k— — k
D g M=Ph) = D b (1) (A—p),
k=0 k=0
rae by (L) — HEKOTOPHE MHOTOUICHR OT H, MO¥eT ObiTh JHIIb
eaMHCTBeHHbIM. JIEHCTBHTENbHO, 3aQHKCHPYeM | ==|i, U npuia-
JHM  BEJMUYMHE A NOC]EN0BATE/NbHO  Pa3NHUHWE  SHATCHHA
Mgy +-- s Ay Torna T=A—W npHMET TMOC/IEeN0BATEIbHO Pa3-
NRYHBE 3HAYCHHS Ag— gy Ay—Mg, -+ 5 Ap Mg, H NPH ITHX
3HAUEHHSIX T OKA3WBAIOTCH H3BECTHBIMH 3HAUYEHHAMH MHOrOUIEHA

p
> by (o) T¢ (kOTOpHE paBHH P(hg), ..., P(A,)); B cuny
k=0

6.72a senuunns b, (ly) onpeneneHs OAHO3HAYHO. Tak xaxk 3T0
BepHO TIpH /11060M L= o € K, TO OIHO3HAYHO OfipeneeHh ¥
camu muorousenn b, (w) (=0, 1, ..., p).

6.75a. [TycTh naHbl 1Ba MHOrouYnieHa P(M 1 Q(A). [Mpose-
DHM CHPABENJHBOCTD (opMys

(P+Q)P (n) = Iz"" (w) Q¥ (), (22)
(PQ'™ (p) = 20 CLPY (n) Q¥ (w), (23)
]=

; k!
rac Cézm (k:O, 1, )
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,uenCTBHTEHbHO, MBI HMEEM TI0 Ollpeae/ieHHUIO0

(P+Q (M=, 5 P+Q™ (W) A—pk,

k=0
P

P(M)= 2 5 P () (A—p)*,
k=0
p

QM) =Y 5 Q@ () (A—p)*,
k=0

p
PMN+Q(A) = 2_: 1! [p<k) (n) + QW (l-")] (A — p)*,

B cuny Teopemn enMHCTBEHHOCTH 6.74 mnonydyaem ¢opmy-
u (22). Hanee, ananoruino

(PQ) (W)=Y 5 (PQI® (1) (A —p)k;
¢ IPYro# CTOPOHH,

P
P()= 2= P (1) (A—pY, QM) =D =-Q (1) (h—p)",

i=0 s=0
P2
PO")QO"): Z #"U)( )Q(s)( )( l"')s+j=
j=0 k=0
L \
P ,ka PP (W) QE () (A=),

B CHJY TEOPeMH EIWHCTBEHHOCTH 6.74 HMeeM
k

3 (PO 1) = 3% rrpr P Q) (),

OTKyZla W BbiTekaeT (23).

6. B uactuoctu, u3 dopmynn (23) BHTekaeT ciaexywouiee
BAXKHOE MPeI/IOKEHHE:

Ecau PP (u)y=0 npu k=0, 1, ..., m, 10 041 aw6020
nuozouaena Q(A) raxxwe (PQY® (R)=0 npu k=0,1, ..., m.
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6.76. Ilyctep Tenmepp  3alaHH  HeKOTOPHH  COEKTP
S={Ay, ..., Am}, A,€K, u anre6pa COOTBETCTBYIOLIAX
xopuycoB Q(S) (6.71).

Kaxnomy Muorouneny P (A) otBeuaer cienylown# xopnyc P
u3 Q(S): Touke A, cTaBsTcd B COOTBETCTBHE YHC/IA
P(A,), P'(Ay), ..., Prs=1(A,), rme P (A)—nponssontue
ot MHorouleHa P (L), ompexeneHsne B 6.73a. Popmyns (22)
H (23) MOKa3HBAIOT, YTO OOHLIYHHM AEHCTBHAM C/IOWKEHHSA H yM-
HOXCEHHSI MHOTOY/ICHOB OTBEYAIOT OnpejeneHHHe B 6.71 nedcTrus
Han xopnycamu. Takum o6pasom, oroGpawenne P (A) — P ectb
mopdusm (6.24) anre6pw muorounenoB II B anre6py xopmy-
coB Q(S). Tlokawem, 4To 3TOT MOPGH3IM ABAAETCH SNUMOPPU3-
MOM; MHaue TOBOPsS, AJA MOGOro KOpnyca f MOXHO HARTH TakoR
maorounen P (A), uro

FA)=PRp), [ A =P (Ay), ..., fi=1) (7\;)=P("‘_1)(7\_;¢)
k=1, ..., m).

JocTaTouno paccMoTpeTh ciayuaH, koraa uncaa fU7(A,) oTauuns
OT HyJs TONbKO HJsI KAKOTO-HHGYIb OAHOTO 3HaveHHd R =Ry,
a A ocTanbHHX 3Hayenu# pasHu O; ecld MH pEIUMM MOCTaB-
NEeHHYI0 3ajady JAad Takoro caydas, T. e. RIS KaXAOro

k=1, ..., m nocrpouM MHorounen P, (}), ynosiersopsouu#
YCO0BHSAM

Po(h)=F (A, -y PV =7 (A),  (24)

PP (A)=0, s==k, j=1, ..., r—1, (25)

TO MCKOMOE pelleHHe MOXHO GyaeT moayuuth no gopmyne
PAM=P N+ ...+P,(}).

Wrak, nam tpeGyercs HaHTH Muorounen P,(A), ymosnerso-
patowuit ycnousam (24) —(25). Byaem uckatb ero B dopme

Pr (M) =Q, (M) R, (A), (26)
rae Q,(A)—HoBHH HCKOMBIH MHOrOY/eH, a
R, ()= H (A—Ag)"e. (27)
RN

B cuny 6.726 v 6.756 MH HMEEM
RP(A)=0 (s=£=k, j=0,1, ..., re—1);
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OTCIORA, KakOB OBl Hu Obil MHOrOu/MeH Q, (A), MH moayuaem,
CHOBa mnpumenss 6.756, 4To

PP(A)=0 (s%=k, j=0,1, ..., ro—1),

TaK YTO YCJIOBHe (25) 3aBeOMO RBLIMOJHEHO.
Mbl IO/KHEL TIOAYHHHTE MHOTOWIeH P,(A) ycnosusM (24),

3ameTHM, 4TO
Ry (M) = T[ Ae—A)"s=~=0.
s+k
[TosToMy w3 ycaosus

f(;‘k) = Pk (}‘k) = Qk (xk) Ry (xk)
Benuunia Q, (A,) onnoswauno ompenensiercs. Hanee u3 ycnosus
F' (M) = Pi(hy) = Qk (M) Ry (A) + Qp (My) Ry ()
NpH H3BECTHOM Yxe Q (A,) omwoswauno onpemensetcs Qj (Ag);

npoaosnkasl TakuM O6p330M Adjblue, MH NOJy4yaeM BO3MOXHOCTH

OnHO3HaYHO OnpenenntbBce yncaa Q, (A,), Qu(Ay), - . ., L”"l)(xk).
A nMest HX, MBl MOXEM ONDENENHTh M HCKOMHH MHOTOUY/EH
Q; (M) mo dopmyne Tehnopa —

Qe () = 30— Q4P () (A1), (28)

Bosspamasico mo nenouke Hammx pacCyxaeHH, MBI BHIHM, 4TO
MHOTOWIEH P, (M), onpeneneHHut (opmynamu (26) —(28), yzo-
BIETBOpAET TpeGyemmM ycnopuam (24) — (25).

6.77. Tlpumenss 6.252, nonyyaeMm, uTO anrebpa Q(S) Bcex
KOpNycoB Ha NaHHOM cnekTpe u3omopdHa daxtop-anrebpe I1/7,
rae /—mnpean B II, 06pasoBanHb#t TemMH MHOrOYJIeHamH, And

KOTOPHIX
POM) =0, k=1, ..., m j=1, ..., r,.

W3 6.732 caenyer, 4TO KawAHH MHOrO4YJIEH P (M) €I nenutca
HA MHOTOYJIEH

TO) =TT (—y (29)
k=1

u3 6.738 ciaenyet, 4TO KaxIwH MHOrO4Y/eH P(}), nmenamuiicsa
Ha T(A), Bxoaut B /. Unean /, xak u Bcikui umead B anreG-
pe II, nopoxnaercs BXOAAUIMM B HETO MHOTOY/NEHOM HAMMEHBILEH
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crenenu (6.26). TakuM MHOro4/n€HOM SABNSETCH CaM MHOTOY/EH
T(A). Cnemosatenbno, azszebpa Q(S) usomopdra ¢akrop-asr-
eebpe 11//, rne [—unean, nopowxnaennw#t muorouneuom T (A).

6.78. Tlpumenum pe3dynntat 6.77 K pEUIEHHIO CJaelylouel
3a1auu: onucars sce obpatumsie (6.21) asementol arcebpol Q(S).

OueBnaHo, kopnyc f, i KOTOPOTO XOTH# Gb NPH OLHOM
3Hayenuu j umeeT MecTO paBeHCTBO f(A,)==0, He MOkeT GHTb
06paTHMbIM, TIOCKO/JbKY B 3TOM cayuyae ansi JAw060ro xopnyca g
MH HMeeM

(/) A =F(Ay) € (M) =01 =re (M),

Paccmorpum  kopuye  f,  mas  kotoporo  f(A,) =0
(=1, ..., m). llycts P (A)—muorounen, ans kotoporo (6.76)

F)=PRy), ..., fO=D Q)=Pn-1 Q) (k=1, ..., m).

AT0T MHOrOu/EH, TaKHM O6Pa30M, He UMeEeT OGLMX MHOKHTene
¢ MHorouneHom T (A) (29); mostomy, cornacHo 6.28, cyuiecT-
BYIOT TakdHe MHorouneHn Q(A) u S (A), uto

PMQM+TMS A =1. (30)

Ilycts g—rxopnyc, otBeyalowuit Muorounedy Q(A). Tlpu-
MeHss Kk paBeHcTBY (30) snumopdusm II — Q(S), nocTpoensnst
B 6.76, u ucnoab3ys TOT akT, 4TO mnpu 3TOM 3nuMOopdH3ME
Muorousned T (A) nepexomut B 0, MH moJyyaeM

fq=1,

T. e. Kopnyc f o6patum B anrebpe Q (S). Urak, xopnyc f € Q(S)
obparum.

Kak mn 3naem u3 6.2/, n1a ob6paTHMOro kopmyca u pas-
peinMo, MPHTOM eXHHCTBEHHHM o0O0pasom, m060e ypaBHeHHE
BHIA

ux=m7,

rie v — H3BeCTHHH Kopmyc, a x—Heu3BecTHn#l kopnyc. Ias

v
YacCTHOro x=7 MOKHO Ha#iTH $fBHOe BHIpAXEHHE, MOCAEen0Ba-
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TE/NbHO pellas ypaBHEHHS

k=1, ..., m r=0,1, ..., r,.
6.79a. Cnektp S={A]', ..., Am ¢ KoMIIEKCHHMH
Ay, ..., A, Ha3LIBAETCA CuMMETpU4HbIM, eCAH 1A MoGOro

HEBEIEC TBEHHOTO Ay = 0+ iT, B S CONEPKHTCH H KOMILIEKCHO
CONpsiKeHHOe YHCN0 A, =0,—iT, C TOH e KPaTHOCTBIO ry.
Kopnyc f={f")(A,)} na cummeTpuunoM cnekTpe S Ha3uBaeTcs
cummerpudnoim, ecan yucna fY(A,) KOMINIEKCHO COMPshKeHbl
wncaam fUO(R,) (j=0, 1, ..., ry). Ecmu P (A)—wmuorounen
¢ BelieC TBEHHHMH KOSC])C])HU.HEHT&MH TO HA CHMMETPHYHOM CIiEeK-
Tpe S kopnyc, o6pasoBanunit uncaamu PY) () (k=1 , m,
Jj=1, ..., r,), CHMMeTpHYEH, NOCKOJbKY MPOH3BOIHHE P‘/’(M
TAdKIKE€ HMEIOT BelLeCTBEHHHE KO3 HUHEHTH H N03TOMY

PP (hy) =P (). (31)

O6patHo, nns cummetpHunoro kopnyca f={fY’(A,)} ua
cHMMeTpHuHoM cnekTpe S={A{', ..., A"} Bcerma MOXHO
HaliTH MHOrounen P,(A) ¢ BeurecTBEHHHMH KO3(pHUMEHTaMH,
ans kotoporo PP (A,) =fV (Ay) (=1, ..., m,j=1,..., ).
HeficTBuTENBHO, MO 6.76 MOXHO NOCTPOMTHL MHOrouned P (A) ¢
KOMIIEKCHHMH KO3(dHUNEHTAMH, YAOBIeTBOPSIOIIHE TpeGyeMuM
yenopusaM. O6osnauuMm yepe3 P (A) MHOrousned ¢ KOMIZIEKCHO
conpsixkeHHuMH kosdduunentamu. Toraa

3 [PV () P (A)] = & [P () + PO ()] =
= [F ) +7 0 R) =17 (by),

T. €. MHOrousneH Py =5 [P +P( )], nmelouguit Bewect-

BEHHHE Koa(p(puuueﬂ'ru, YAOBIETBOPSIET TPeGyeMOMy YyCIOBHIO.
6. CuMMeTpHYHBIE KOPHYCH f HAa CHMMETPHYHOM crekTpe S,
O4EBHAHO, 00pasyloT ainreOpy HaJ NoJieM BEULECTBEHHHX YHCEN,
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B cuny 6.25¢ 3Ta anreGpa usomoppua paxrop-aszebpe I/,
ede Il —aacebpa ecex MHO204AEHO8 C BeujecT8eHHbIMU KO3Ippu-
yuentamu, a ITcIl—udean, o6pasoaannsul Temu mHozowienamu
P (M) €Il, daa xoropoix

PO (A)=0, k=1, ..., m j=1, ..., r,

T. e. ubean, nopoxOenHbll (8eULeCTBEHHBIM) MHO204ACHOM

n

TM=T] (h—ho

k=1

§ 6.8. dymknun ot omeparopa
M UX MaTpHYHAs 3aMHCh

B stoM nmaparpade CTPOMTCH Hcuncaenue ¢dbyHkuu#t oT one-
paTOpOB: IJs KaXJOro JHHeHHOro omepatopa A, neHcTByiollero
B n-mepuom npoctpanctBe C, (umm R,), yKasnBaioTCa MaTpHUbLE

P (A
nio6oro MuorouneHa P (A) wam pauvoHanbHoH (pyHKU,HH—Q—((AT)
M npaBuna nedcTBMH Han HMMH. B mocnennem nynkTe maercs
pacliupeHue OMNepaTOPHOrO HCYHCIEHHA HA aHaJIHTHUYECKHE

dbyukumn.

6.81. Tlycts nan onepatop A B mpocrpanctse K,. Anre6pa
IT, Bcex onepatopoB P (A), rae P (A} ecTh HeKOTODHI{ MHO-
rouieH, kak Mo 3HaeM u3 6.3/ —6.33, u3aomopdHa ¢akrop-
anre6pe II/fsy, rne IT—anre6pa Bcex MHOrOunMeHOB, a [ —
uaean, NopoxAeHHLE MIHUMAAbHHM aHHYJAHDYIOLMM MHOTOYJIEHOM
T (M) onepatopa A. Tlycth wusBecTHOo, uTO MHorowied T (A)
gonyckaer B nose K pasnoxeHHe Ha MHOXHTENH

m
T =]] (A—hre. (32)

k=1

cuny 6.77 ¢axrop-anreGpa I1//y usomopdua anrebpe Q (S)
BCEX KOPNyCOB, OmpejneNeHHHX Ha crnektpe S=S8, =
={A®, ..., A7} (cektpe omepaTopa A).

CnenoBatensto, u aazebpa Ila usomopipua areebpe Q (S a).
SIBHEIE BHA 3TOro M30MOpGH3MA MOXKHO TMOJYYHTH C/AEHYIOLIUM
obpasom: kawjaomy kopnycy fE€Q(S,) oTBeuaeT KAacc MHOTO-
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ynenoB P (L) €Il Takux, uto

PO (A) = (A (33)
(=1, ..., m j=0,1,...,r.),

M KaXIOMy M3 STHX MHOTOY/JEHOB OTBEYaeT OJHH H TOT Xe
BrIOMHe onpejenenHuift onepatop P (A) €14, KoTopuilt MeI Gynem
o6osnauats f(A).

Hanee Mb ykaweM #BHHH BHA MaTpuub onepatopa P (A)
NpH 3alaHHbX 3HayeHHsax (33), ecam Matpuua A maHa B Wop-
ZIaHoBo# ¢opme.

6.82. {Iyctp u3BecTHO, 4TO B HEKOTOPOM 6a3uce NpocTpad-
ctBa K, onmepatop A 3amuceiBaeTcsi MaTpuiled #-ro nopsaiaka
CIEeLHaNnbHOTO BUAA

Ay 1 ... 0

0 A, 0

.. . (34)
00 ...1

00 ...%

r. e. uMeeT Bua AE 4B, rae B nmeer matpuuy

o1...0

00...0
B=| . .. .|

00 ...1

00 . 0

W3 4.746 mm 3naeM, yTo maTpuua B umeer BHI
k+1

0...010...0
0...001 . 0

P
B—O...OOO...I E+x

0...000...0

(omaronanp u3 eXMHHL y@aneHa OT TIaBHOH 1MaroHanm Ha &
1I3roB).
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IMycts P (A) —npoH3BOJbHHIA MHOTOuJIEH CTENeHH p; MpH-
mensis dopmyny Tedinopa (20), me MOXKEM Hanucarb

p
1

PN = 35 PP (o) (h—Ro)".
k=0
3amenss A HA CHMBOJ omepatopa A, mosnyuyaeM paBeHCTBO
P p
~ 1 1
P(A) =Y, 7 P® (M) (A—AE)= > 5 P (h) B~
k=0 k=0
YyuThBas Bblpaxexus MaTpuul BF, Haxoaum MaTpHiy
’ 1 "
P(}"O) P (}"0) E'QP (}"0) ( 1)| p b (}"0)
1
0 P(ry P (A ... (n=2) (A
P(A)-—— ( 0’ ( 0) (n_2)1 ( 0) ‘ (35)

0 0 0o ... P (A,)

3aMeTHM, YTO A/ NMOCTPOEHHSH MaTpHLH P(A) oT MHO!‘O‘{.'IEHa
P (M) nam nonanobunuch TOMbKO 3Hadenus P (Ag), P’ ( o)y - o
, P~V (A), rae n—nopsaok MaTpuun A.

6.83. TycTb Temepp A 3anHCHBAeTCH KBA3HAMATrOHAIbHOR
MaTpuued A n7-TO MOPAAKA, COCTOALLEH H3 m AHArOHANbHHX Kie-
Tok Buaa (34), rae A, npoGeraeT 3HaueHus A;, ..., Apms
¢ pasMepaMM COOTBETCTBEHHO 7, ..., 7, B cuiy npasun
NeHCTBHE ¢ KBa3WAMArOHaJAbHHMHM MaTpuuamu (4.52) Beiyucie-
HHe P (A) MOXHO BECTH He3aBHCHMO /Sl KawIOH auaroHanbHoH
knetku. Tlpumensis 6.82, nonyuaem: marpuya P (A) nosydaercs
nyrem 3amens. Kaxdoi Ouazonarbroi KieTku (34) marpuysl A
na kaerky (35). Taxum 06pasoM, s MOCTPOEHHS MaTPHUH
P(A) nam Tpe6yioTcS B JAHHOM Cly4ae 3HAyeHHA PYY (hy),
k=1, ..., m, j=1, ..., n,

6.84. Tycts K= C ecTb mnone kommniekcHwx uucen. Toraa
pns aboro onepatopa A, meficTByloumiero B I[POCTPaHCTBE
K,=C,, MHHHManbHHHA aHHYUPYIOLHA TONTHHOM MMEET Dasfo-
wenne (32), U cymecTByeT 6asuc, B KOTOPOM MaTpHua omne-
patopa A 3anHCHBAETCHd  KBAHAMATOHANBHOH MaTpuueH
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C KJl€eTKaMH BHIa

A1 0...0

0 A 1...0

e (36)
00 0...1

00 0.

3

paamepa n{’ <r, (6. 37)
Takum o6pasoM, onmepatop A ompesenser cnekTp

Sa={AY, ..., A
Ecaun f—nwo6oit kopnyc Ha cnekTpe S 4,
F={r" ), k=1, ..., m, j=1, ..., r},

TO COOTBeTCTBYIOWIHA onepatop f(A) B cHMy paccykaeHut
6.81—6.83 uMeeT BUI KBAa3HIMATOHANBHON MATPHUL, B KOTOPOH
Kaxnaas knetka Buaa (36) sameHeHa Ha K.’IETKy

Tn) 7 ) i () o ot 7Y )

0 flh) SR -(n,kl_Q)!f("'k D | (s7)

¢+ s e & s+ & e s s+ e + 4 e + e o o

'o 0 0 f(A)

drtum 3anava usomoppmuama anrebpw I1, ¢ anreGpo#t Q(Sa)
pelieHa B SBHOM BHIe.

6.86a. OcranoBuMCH eume Ha QYHKUHAX OT onepartopa,
MaTpHIa KOTOPOro B HeKOTOpoM Gasuce umeeT BHA (6.62)

gt 120
—1t 0 01
g T
—1 0

. . (38)

g7
—1T0

rle ¢ U T—5NeMeHTH H3 noas K.
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[Tonoxum
g7
—T 0

A= .

s

1o
01

Matpuuy A MoxHO 3anucath B gopMe GJIOK-MATPHUL C OBY=
CTPOYHBIMM KBaJPATHHIMH OJIOKaMH:

AEO ... 00 A0 ...00] JoEO...00]
0O AE... 00 |0A...O00 |00E...O00
A=, ... =0 e e
000 ... ANEl lloo ...AOf |[000...0F
000 0A| oo 0A| |[000...00

TlosToMy, TaK e Kak M BHIIE, M HAa OCHOBAaHHHM TNpPaBHAA YM-
Howennst 6n0K-MaTpul (4.51) marpuuy P (A) MOXHO 3anucarth
B (opMe 6/70K-MaTpHLEl ¢ GI10KaMH TOrO e pasMepa

1

PW) P8 5P () - ey PV
pay=| 0 PW) P @A) ... WEQ—N_P""‘”(A) . (39)
T

6. Ecanm maTpnia A KBa3UAHATOHAAbHA H COCTOMT H3 IHa-
roHanbHHX KaeTok Buaa (34) u (38), To, Tak xe kak B 6.83,
BRIBOJMM, 4TO MaTpuua P (A) mnonayyaercs 3aMeHOH KaxIok
AMATOHANBHON KNETKH MaTPHUB A Ha COOTBETCTBYIOLLYIO KIAETKY
suza (85) wan (39).

B. OTMeTum caydya#l, xoria B¢ K=R u uncnia 6 0 T
BeulecTBEHHH. B 3TOM ciyyae /s BEILECTBEHHOrO MHOTOYJEHA
P (A) MOXHO SIBHO yKa3aTb BAI MaTpHL P® (A), ¢urypupyouux
B ¢dopmyne (39). eHcTeuTenbHo, ecnu BBECTH MaTpHiy

01
I= —10}
TO, KaK JerKo NpOBEpUTH, Mbl nMeeM /2= —FE, Tax uTO an-
re6pa BeLEeCTBEHHWX MaTpHL
T ReA ImA ,
A=cE+ /= o '_‘—Im?» Re?»” A=o]-iT,
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usomopdHa o6HYHOH anreGpe KOMIIEKCHBIX yucen A (cp. 4.74a).
TMostomy ans ao6oro MuorouneHa P (A) ¢ BeleCTBEHHBIMH
ko3ddHLHEHTaMH

ReP (M) ImP(})

Piv=PE+eh=| 1170 Ren

H, A =0 i,
H COOTBETCTBEHHO

P® (A) = P (GE—}—TI):“ Re P® (X) Im P& (R) ”

— Im P® (L) Re P% (})

6.86. Ilycte K=R; roraa aas nwo6oro onepatopa A,
neHcTByloLiero B npoctpaHctse K,=R,, MuHEMalbHuit aHHY-
aupyouuit Miorousen 7T (A) umeeT BeulecTBeHHbe Ko3¢duiu-
EHTH M, CeI0BaTe/]bHO, OnpeaensieT CUMMETPHUYHBIH CreKTp Sa.
Anre6pa onepatopoB P (A) usomopdua cdaxrop-anredpe I1//;,
rae II —anre6Gpa MHOrouleHOB ¢ BelteCTBeHHHMH KO03ddunu-
entamn, a [ —munean, nopowaeHHs#t mHorounesom T (A). Ira
¢axTop-anre6pa nsomopdHa anrebpe CHMMETPHYHEIX KOpIyCOB
Ha crektpe Sy (6.79). C apyro# cropoHw, Ins omepaTtopa A
cyurecTByeT 6asWc, B KOTOpoM marpuna A omepatopa A KBa-
3HAMAroHalbHa C AMAaTOHAIbHHMH KJeTKaMu BHaa (34) unn (38).
Ecnu teneph f—m060#t CUMMETPHYHBIF KOPTYC Ha crekTpe Sa,
TO COOTBeTCTBYIoltas emy Matpuua f(A), B COOTBETCTBHH CO
CKa34aHHBIM BHILIE, MOAyYaeTcs 3ameHoft kawao# knetkn (34) na
(87) u waxio#t knerku (38) pasmepa, nonoxum, 2m, Ha 610K~
MaTpHILy

FA) A e /)
A

0 o ... FA)
rne ABYCTpOuHBle KBaipaTHele Gnokm f® (A) mmeior BHA

Re 7® () Im £ (A
7Ol = “ _mpn gy Repn

6.87. Iycts A—nuueltHuit omepaTtop B mpoctpanctie C,;
Kakue onepaTtopu P (A) (rme P (A) mHorounen) oOGpaTHMbI?
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W3 Bupaxenns MaTpuun onepatopa P (A) B KOpPIaHOBOM
6asuce omnepatopa A (36) BuaHO, UTO

m k
det P (A) =kH [P (Ag)1™, Zl n,=n.

[Tostomy omepatop P (A) oGpaTum B anreGpe B(C,) Bcex
NHHeHHHX ONepaTOpoB, JeBCTBYIOMHMX B MPOCTPAHCTBE C,,
Torga u Tonbko Toraa, koraa P (A,) =0, k=1, ..., m. llo-
Ka)XKeM, UTO IIPH BHIMOJHEHHH 3TOTO yc/0BHs 00paTHHH onepaTop
[P(A)]"* umeercs ywe B anrebpe II,. JleHcTaHTENbHO,
B IaHHOM cJyuae KOpHnyc p, OTBeYaioluf MHOrOuleHy P(})
B anre6pe koprnycoB Q(Sa), T. e. COCTaBNeHHHH H3 4HCeN

PO (k=1, ..., m j=0, ..., r,—1),

obpatum B anrebpe Q(Sa) (6.78); a TaKk Kak anre6pa Q(Sa)
nsomoppra anre6pe II5 (6.81), TO onepaTop P (A) obpaTuM
B anrebpe Il,4.

[To Tem ke coobGpaweHHsM H30MOpHH3MA MewAy anreGpaMu
Q(Sa) u Iy B 3ToM cayyae Ias NI0GOr0 MHOrou/eHa Q(A)
paspemnMo B anre6pe I ypaBhenue

P (A)-z (A)= Q(A)

¢ HeH3BECTHHM MHorounenoM 2z (A). B cooTBeTcTBHH C pe3yib-
TaTamu 6.78 ¥ 6.84 MaTpulla MCKOMOTo onepaTopa z (A) B ®op-
naHOBOM 6a3uce omepaTopa A T101yyaeTcs 3aMeHOM KawIoH
k1eTkH (36) Ha KneTKy BHzAa

Qua) Q) L(2@)y

P \P(A)/a=r 2 \P ()
0o 90 (e
P (Ag) P(A)/a=ng ©° (40)
Q (Ag)
o 0 P (he)

6.88. MonyueHHn# pe3yAbTaT MOXHO HCTOJKOBATH ewle H
cnenylomum obpasom. IlycThb S={Ay, ..., At — nekoTopi
CMeKTp B KOMIVIEKCHOR mnnockocTH. OGo3Hauyum  uepes T(S)
COBOKYNHOCTb ~ BCEX  KOMIVIEKCHBX —PAaUHOHANbHBIX  QyHKUHHA

f(A):%, rae Q(A) v P (A)—-MHOrOY/IEHB, TIPHYEM MHOFQ-
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unien P (A) He wumeeT KopHelt B Toukax MHoxectBa S. B co-
BoKynHocTH 7 (S) BBeldeM Mo OOHYHHIM MNPAaBHIAM ONEPaLHH
C/IOWEHHSI, YMHOWEHH HAa KOMIJIEKCHHE YHCAA H YMHOMXEHHS
¢byHkuMii Ipyr Ha apyra, mocjae 4Yero CoBOKynHocTh 7T(S)
CTaHOBHTCs anre6bpoii Ham mnonem C. [anee 3ameTuM, 4TO
kakaan ¢ynxuus f(A) € T(S) ob6nanaeT npoussodnumu f’ (A),

S"(A), ... B oOnuHOM cMbcae aHanusa. Ecau nocTaBHTh
B COOTBeTCTBHE KawJoH ¢yukuun f(A) € T (S) xopnyc
=P M), k=1, ..., m j=0,1, ..., r,—1},

rae fY (M) osHayaeT OGHYHYIO MPOH3BOAHYIO OT yHkuuu f(A),
TO 3TO coOTBeTcTBHe Gyner Mopduamom ajnrebpn T (S) paumo-
HanbHHX QyHKUuE B anre6py Q (S) xopmycoB Ha cnektpe S,
H HMMEHHO 3nHMOpH3MOM, MOCKONbKY KOPNyChH, OTBeyalolHe
Jaxe TOJAbKO MHOorouwienam @ (A), sanonsioT Bclo anre6py Q(S)
(6.76). Hyctb Tenepb criekTp S=S4 ecTb CHEKTP HEKOTOPOTO
onepatopa A, zefictByiomero B npoctpaHctBe C,. Toraa anre6-
pa [14 onepatopos P (A) uaomopdua anreGpe xopnycoB Q(Sa),
H MH MOXeM uMejowuiics 3snumopdusMm 7T (Sa) — Q(Sa) npo-
A0mkuTh R0 snumopdusmMa T (S,a) — [Ma. HuemMu  cnosa-
MH, MBl MOXEM TOCTaBHTb B COOTBETCTBHE KaxJaoH pauuo-
HanvHOH ¢yukuun f (A) € T(S) nuuetinmit onepartop f(A) €lla
TaK, YTO cooTBeTcTBHE f(A) — f(A) 6yaer cHoBa 3nuMOpdH3-
moM. Martpuua onepatopa f(A) CTpPOMTCS 1O MpHBEJAEHHOMY
sunie npasuay (40).

6.89*. Bumecto anre6pn palHoHanbHHX (GYHKIHA MH MOXKEM
paccmoTpeTh anre6py ananuTuyeckux ¢ynxuu#t. Mmendo, nyctb
W (S)— coBokynHocTe yHKUHA f(A), aHAMHTHYECKHX B TOYKaXx
Ay, -, A, (T. €. AHANHTHYECKHUX Kawmas B HEKOTOPOH OKpecT-
HOCTH yKasaHHuX Touyek). CoBokynHocTh W (S) ¢ OOGHYHHMH
OMepalHsiMH CJIOKEHHA M YMHOXEHHS eCTb CHOBa anre6pa Hax
nonem C (conepxamas anrebpy T (S)). ¥ anamutnueckux QyHk-
LUHH Takke HMEWTCH NpPOM3BOAHBE A1060ro nopsiika (B8 OOHYHOM
CMBIC/Ie aHa/W3a); MOAb3YSACh HMH, MB MOXEM pACHpPOCTPAHHTD
snumopduam 7T (Sa) — Il5, nocrpoennwit B 6.88, 10 suuMmop-
¢duama W (S a) — II4. CymecTsenHo, yto B cdepy aefic TBHS 3TOrO
snUMOp(H3Ma BTATHBAIOTCH TEMEpb MHOIHE TPaHCLUEHIEHTHHE
(yHKUMHM, BCTpevalowHecs B aHanu3e, Hanipumep, e, sin A,
cos @h u 1p. Ecnu o6o3Hauntb uyepes f(A) onepaTtop, oTBeuaio-
wuit dyukuun f(A) €W (Sa), TO MATpHLA ero B KOPAAHOBOM
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Gasuce onepatopa A BhYHCISETCH MO TOMY Xe MpaBuiy (37).
OtMeTum, Hanpumep, dopmyny

eltitt) A — ghiAghA

BHTEKAIOI[YI0 HENOCPENCTBEHHO H3 TOXIECTBA eltitt) b — ptidelsh
u #3 Ttoro ¢akra, 4To OTOGpaANEHHE W(Sa) — 1o sBasercd
snuMOpdH3MOM, ‘

PeayapTaTh 6.87 —6.89, oTHoCAmMecs K JAHHEeHHEIM oOrme-
paTopaM B KOMIUIEKCHOM NPOCTPAHCTBE, MOXHO IIepeHecTH Ha
nHHeHHBle ONlepaTophl B BelieCTBEHHOM NPOCTPAHCTBE, HCIOAb3Ys
BELIECTBEHHYI0 KopmaHoBy ¢opMy M MeTOL 6.856—6.86. B
TaKkoM mnepeHoce yme He TpebyeTCs HCNONb3OBAHHE HHKAKHX
HOBHIX MIEH H Mbl MOXEM MNpeIOCTaBHTDh €ro YHMTaTeslo.

3AJAYH

1. Matpuua onepaTopa A B HeKOTOpPOM GasHce éy, ..., €, HMEET BHI
A
14
1A

12

B kakoM Gasuce OHa OyXeT HMeThb HOpPMaJbHYIO0 XXODLAHOBY dopmy?

2. JlokasaTh, uTo Matpnua A u matpuua A’ (nojyueHHas TpaHCno-
‘HUpOBaHMeM MaTpHubl A) Brerja 9KBHBAJIeHTHEL
-~ 3. Haittu xopaanoBy ¢OpMy MaTpHIbI

—2 —1-1 3 2

—4 1—-1 3 2

1 1 0-—-3-2

—4—2-1 5 1

- 1 1 1-3 0

4. DKpUBaJeHTHH JIH ONepatophl, 3ajaHHble MaTpPULAMH

110 4 1 =1
A=[010], B=|—6—1 2|°?
002 2 1 1
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5. Ha#iTH aneMeHTapHBle JeJHTENH MaTpHI, 7-TO TIOpSIKa

11...1 123... n
A_Ol...l 012...n—1
S * A,=|001 o |,
00 ... 10 ...
000 .. 1
n n—1n-—-2 1 111...1
0 n n—1 2 022 ...2
A;=|0 O n 3, A;=003...3
0 0 0 n 000 n
6. [lokasarb, uTO BCE MaTPHILK
Q Qg Qyg .. Q1
0 o agz ... Gsp
A=I0 0 o ... az
00 0 o
C JMOGHIMH 3J€MEHTaMH Qqp, @33, ... 3KBHBAJEHTHBI, €C/IH 3JIeMEHTH
Quas Gag, -+ -1 On_1, n OTJIHUHBL OT HYJIS.

7. Haiitn xopjanoBy ¢opMy Marpuuu A, yROBJETBOPSIOLleH ypas-
nennio P (A)==0, rae muorowned P (A) He HMeeT KPaTHBIX KODHeil.

8. Haiitu xopaaHoBy ¢opMy Marpuuu A, yaoBJeTBopsiomefl ypas-
uennio P (A)=0, rze P(k)—-npoussonbﬂun MHOTOuJIeH.

9. Ec/y aHHYJNHDPYIOUIMH MHOTOWJIEH omepaTopa A ecTb MHOrOYJEH
2-# crenenH, TO J060# BEKTOP X MPOCTPAHCTBA R nexuT B HHBapHaHT-
HOH (OTHOCUTENbHO A) IJIOCKOCTH HJIH NPAMOH.

10. HaiiTh Bce MaTpuIlbl, KOMMYTHpYIoULHE C MaTpHIeH

al0...00
0al...00
Ap@=| .. ... .. m CTpOK
000...al
000...0a
11, HaiitH Bce mXn-MaTpHibl B, yIOBJeTBOPAIOLIHE YCTIOBHIO
BA,(a)=A, (@) B

12. Hafitu Bce MaTpHIH, KOMMyTPIpyIOﬂJ.He C KBasuJHaroHa/lbHbIMH
MaTpHLAaMH BHAA
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13. Halitu Bce MaTpHUB, KOMMYTHpYIOUlMe C KBa3HAHATOHAJbHHIMH
MaTpHUAMH BHJA

Am‘ (al) 0 e 0
0 Am, (@) ... 0
0 0 oo Ap (@)
rfe BCe YHCAA 3y, Gy, ..., Op PA3JHYHHL,

14. HafitTh Bce MaTpHuH, KOMMyTHpYioLlHe ¢ ofiieft kopJaHoBok
MaTpHued (8).

15. TIpH KakoM YC/JOBHH BCfKas MaTpHUa, KOMMYTHpYylollas C HeKo-
Topoii Marpuuell A, ectb MHorouJeH or A?

16. TTokaaaTh, YTO B BelleCTBEHHOM NpocTpaHCTBE R, pasmepHOCTH
n=2 Kaxkjbli NuHElHBIA ONEpaTop HMeeT HHBAPHAHTHYIO NJOCKOCTb.



r1ABA7

BUJIMHEAHBIE H KBAJPATHYHBIE $OPMbI

B 310l raaBe Mm GyneM H3yuaThb umcloBhie JHHelHBe GYHKIHH
JABYX BEKTODHHIX aprymeHToB. B oTaHuHe OT ciyuas JHHeHHBX YHCNOBHIX
(YHKIHA OHOrO aprymenTa TeOpHs JHHEHHHX WHCJOBbIX YHKUHH ABYX
apryMeHTOB —GHIHHEAHHX POPM— HMeeT GoraTtoe reoMeTpHUECKOE COep-
*kauue. IlosokHB B BHpamennd OuHHefiHOH (OPMBI BTOPOH apryMeHT
PaBHBLIM TIEPBOMY, Mbl MOJYy4aeM HOBLIH BaXKHEIH KJacc (YHKUHH. OJHOrO
TIEPEMEHHOr0, YK€ He/MHHEeHHbiX — KBaJpaTHUHbIX GOpM.

B §§ 7.1—7.8 paccmorpenns BeayTcs B numeiinoM npocrpancree K
HaJl NPOH3BO/IbHLIM YHCNOBbM NojieM K, B § 7.9—B BelnecTBeHHOM JH-
HeilHOM npocTpaHcTBe.

§ 7.1. Buunefinie Gopmsl

7.11. Yucnosas ¢yukuus A (x, y) OT ABYX BEKTODHHX ap-
TYMEHTOB X, y B JHHeHHOM npoctpaHcTBe K naswBaercs 6uau-
HedHod pynxyuell naH Guaunelinoi Gopmoi, ecnu ona ABJAAETCH
THHERHOR Gynkuuel OoT x npu KawaoM UKCHPOBAHHOM 3Haye-
HUH y W nuHeRHOR Qynkuued oT y mpH KamAOM GHKCHPOBAHHOM
3HaYEHHH X.

Whumu cnosamu, A (x, y) ectb Gununetnas ¢opma ot X u B
ecaH Ansd nobux X, y u 2 u3 K u nmoboro o € K ymoenerso-
psIOTCA paBeHCTBA

A(x+z, y):A(xv }’H—A(Z, )’),
Alax, y)=0aA (x, y),

A(x, y+2)=A(x, y)+A(x, 2), ()
A(x, ay)=adA (x, y).

[lepBuie OBa H3 3THX PaBeHCTB 03HAYAIOT JHHEHHOCTDH YyHK-
uun A (x, y) no nepBOMy apryMeHTy, NMOCJEAHHE IBAa— JHHeli-
HOCTh MO BTOPOMY apryMeHTy.
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Ha onpenenennss GununefHolt (opmsl, HCNONL3YA PABEHCTBA
(1), nerko noay4nm o6uiyio cpopMyny

k m
A <§1 ;X 521 Bjyj> Z Z Alxy ¥, (2)

B KOTOPOH X;, Xy, ..., X4, Y1, - -1 Ypu—TIPOU3BO/IbHHE BEK-
TOpH mpocTpancTsa K, a ay, Oy, .., G, By, Bay ooy Bu—
mo6rie uncna u3 K.

Bunusefinbie ¢opmbl, 3anaHHble B GECKOHEYHOMEDHBIX MpO-
CTPAHCTBAX, HA3LIBAIOT OGHIUHO OuiuxeldHbiMd PYHKYUOHAAAMU.

7.12. lIpumepun. ]
a. Ecm Ly (%) u L, (x)— nunehtnsie gopun, 10 A (X, y)=
=L, (x)-L,(y) sBasercs, oueBHAHO, Ouauneinod c¢opmol ot
H
0. B n-MepPHOM AnHeHHOM npocTpaHcTBe € (PHKCHPOBAHHBIM
6asncoM e, e,, ..., e, TPHMEpOM Oununelnod ¢opmbl ABAL-
etcad ynkuusd

®

y) = Ex kgl PR P

rae x—de,, y= anek—ﬂpOH3BOﬂbe[e BEKTOPH H

a;, (i, k_l 2, ..., ) cpukcnposauﬂbxe yHcaa.

7.13. O6uwnul Bung 6Guaunetinodl opMu B n-Mep-
HoM nunelinoM npoctpancTtse. Ilycth B 7£-MepHOM
nuHeliHoM npoctpancTBe K, 3amana GunnHeRHas tpopma A (x, y).

BriGepem B K, npousaonbublﬁ 6a3uc e, €y, . .- [Tonoxum
Ale, ek)_a,k( k=12, ..., n). Torma s JllO6le

n
X = gl Eie;y Y :kgl UL

cornacio dopmyie (2)

Ax, y)= <Z§i8i1 kZl nkek>=

= s 2 EmeA e, e) = 2 kg @SNk 3
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Takum o6pa3oM, B npuMepe 6 Mbl HMean cambift oGuiHit BHA
GunuHefiHofl (YHKLUHWH B 7-MEDHOM JHHEHHOM TNPOCTPAHCTBE.
Koaddpuuuentn a;, 06pasyloT KBaXpaTHYl0 MaTpuly.

Qg Qg -+ - Qyp

Qgy Ggg -+ Qgp
A=Ap=] T =lael

anl anz arm

KOTOpPYIO -Mbl OyleM Ha3bBaTh marpuyed 6uiunednol dopmot
A(x, y) 6 6asuce {e}={e;, €5, ..., €y}

7.14. CummeTpuunbe Oununefinue dopmb: bu-
nuHefinas GopMa HA3FIBACTCA CuMMeTpuynod, ecnu I T0GHX
BEKTOPOB X H Y

Ax, y)=A(y, x).

Ecnu 6ununefinas ¢opma A (x, y) B n-MepHOM NpOCTPaHCTBE K,
CHMMETPHYHA, TO

ap=A~A(e;, ep)=Al(e,, €;)=a;

C/IeI0BATENBHO, MaTpHLA Ay, CHMMETpHUHON OHAHHEHHOH opMul
B nM0GOM Gasuce e, €, ..., €, NpocTpaHcTBa K, coBmanaer
¢ TpPaHCTIOHHPOBAHHOH MaTpHueH A,. Jlerko mnpoBepHTbH, UYTO
BEPHO M O0OpaTHOe: eClH B HeKoTOopoM Gasuce {e} =
={ey, €y + -, en} A =", TO Popma A (x, y) cummer-
pHuHa; B CaMOM JeJje, B ITOM Cjyyae
n
Ay, ¥)= ;_1 a8 =

n n
= X amt= Y apEme=A(x, y),
i k=1 k=1
YTO H YTBEP¥Ian0Ch.

B wacTHOCTH, MH TOAyyaeMm: eclH MaTpuua OnauHeHHOH
dopMul A (x, y), BbURC/IeHHas B HEKOTOPOM 6asuce, coBmanaetr
¢ TpPaHCTIOHHPOBAHHOH MaTpuue#, TO B J0GOM IpyroM 6a3uce
npoctparcTBa K, MaTpuna 5Toft (OpMH TaKwe coBnanaeT
C TpaHCTIOHHPOBAHHOH.

MaTpuny, cosmazamomymo c TPAHCIIOHHPOBAHHOH MaTpHIEH,
Mb GyleM Ha3biBaTh B HanbHedtuieMm cummerpudrod.



210 rA. 7. BHAHHEHHHE W KBALPATHUYHHIE ®OPMH [7.16

7.15, llpeo6pasoBanne MaTpuuw O6GuAHHeHHOHN
dopmMn npu nepexonse Kk HOBOMY Ga3ucy.

a. llpy nepexome x HoBOMy Gasucy maTpuua GHAHHeHHOMN
¢opMb, pasymeeTcs, H3MeHAeTCs; HaflZeM 33aKOH ee H3MeHeHHs.
Nycts Ay, =|| a;;||—matpuua Gunnneinolt dopmn A (x, y)
B Gasuce {e}=Ye;, €, ..., e,} n A(f)—«”b,k“ ManHlla
To#t e dopum B Gasuce {f} _{ v So ooy Su) (G, ], Ry
[=1, 2, ..., n), n nyctb ¢opmyan nepexona oT OlIHOl‘O
6a3nca Kk APYromMy HMeIOT BHA

n
=l=21p;f>e,. (i=1,2, ...,n
¢ maTpuuefi nepexona P=||p{’||. B rakom cayuae

n
b= n7i 1 =A( S, Siptve)=
n n

», " ..
= 12 lp(ll)p;k)A (ej’ e) = ' Z ]P;'”P(lk)ajz-
I, I= =

[onyyennyo ¢dopMyny M 3anHumem B BHAe

M:
7

bl.k = p,fi"ajlp;k’, (4)

—

=

—

=
rae pi'=p®—snemeHt MaTpuuW P’, TPAaHCMOHHPOBAHHOH 1O

OTHOWIEHHIO K MaTpuue P. dopmyna (4) oTBeyaer caeaywlemy
COOTHOLUEHHIO Meway maTpHuamu (4.43):

Ap=P'A,/P. (5)

6. Tak xak Matpuub P u P’ HeBHpPOXKIEHH, TO B CHAY
4.67 panr MaTpuubn A, paBeH paHry Matpuus A,,; ciaenosa-
TeNbHO, paxe marpuyst Ouaurelinold opmel He 3asucur or
evibopa basuca.

[TosTomy uMeeT CMHCI MOHATHE paHea Guauxeinod Gopmot,
Onpe]enaeMOro Kaxk paHr MaTpuub 3ToH ¢opmbl B n1060M Gasuce
npoctpanctea K,.

Ecin ¢opma A (x, y) nmeeT panr n, paBumii pasMepHOCTH
npoctpaHcTea K,, oHa Ha3sHBaercss nesvipoxcdennoil opmod.

B. [lycTb A (x, y)—HeBnpoxacHHan opMa; MOKaxeM, 4ToO
NS KaXAOro BEKTOpa Xo7 0 cymecTByeT BekTOp y,EK,,
ans KOToporo A (x,, yo) = 0. Homyctum npoTusHoe, T. €, 41O
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A (x4, y)=0 npu xaknom y €K, . [Mocrpoum Gasuc e, ..., e,
B npoctpancte K, Tak, uto e, = X,. Torna B matpuue $popmu
A(x, y) B 3Tom Gasuce Mp OyleM HMETb MpH 11060M
m=1, ..., n

a,,=A(ey, €,)=A(x,, ¢,)=0,

Tak yTO BCS MepBas CTPOKAa MAaTPHUW cocTouT u3 Hyaeh. Ho
TOrAa paHr 3TOR MaTpHU < 71, 4TO TNPOTHBOPEYHT MNPEnnono-
WEHHI0 O  HeBbLIPOWAEHHOCTH ¢opMel. IJTO  NOKA3HBAET
yTBepMIAEHHE.

r. 3ametum, uto ¢dopma A (x, y), HEBHPOKAEHHAs BO BCEM
npoctpaHcTBe K, MOkeT OHTb BHPOWIAEHHOR Ha MOANPOCTPaH-
ctee K’ — K. Tak, B npoctpanctee R, rae x=(&,, &),
y=1{ny, M), dopma

Ax, y)=Em—EMe

HeBHPOW/IEHA; OAHAKO Ha noanpocTpancTse Ry < Ry, rae §, =g,
(n M, =",), ona ToxAecTBeHHO pasHa O. '
p. Jas onpenennTenefl HAmiNX MaTpPUIL B CHAY TeOpeMul
06 onpelenuTele MNPOM3BEAEHHAS MaTpHULl (4.75) nonyu4aetcs

COOTHOUIEHHE
det A, = det A, (det €)% (6)

§ 7.2. Ksapparuuanie ¢opMmbl

B aHanHTHYeCKOH reoMeTpHH Ha MJOCKOCTH OJHa M3 OCHOBHHIX 3ajad
COCTORT B NpHUBEjleHHH OGLIEro ypaBHEHHS KPHBOH 2-r0 Mopsiika K KaHo-
HHYeCKOMY BHJYy TyTeM MEPexolla K HeKOTopod HOBOH CHCTEME KOOPARHAT.
YpaBHeHHe UEHTpanbHOfi KpHBOil 2-ro mopsika ¢ NeHTPOM B Hadaje
koopauHat ¥ =0, y=0, KaK H3BeCTHO, HMEET BH]

Ax? 4 2Bxy+Cy*=D. 0]
[IpeoGpasoBanne KOOPAHHAT NPOH3BOAMTCH MO QOPMYJaM
x=ayx +apy’,
y=anx' +any’,

Tlie Oyq, Qg Oz1, Og2— HEKOTOpbIE uHCIA (06HIYHO CHHYCH H KOCHHYCH
yria mosopoTa oceft). B pesysbrate ypaBHeHHe (7) npuxoGperaer Gonee

npocTofl BHA:
A/xrz+B;y/z=D_

AHaJOrHuHasl 3a7a4a MOXKeT GbITb MOCTaBleHa B TIpocTpaHCTBe Jio6Oro
upcaa H3MepeHHil. TeopHs KBaapaTHuHHIX (oOpM, H3JaraeMas Jajee,
OCHOBHOIi CBOell WeJbl0 HMeeT pellleHHe 3TOM 3aja4H H 3ajay, CBA3AH-
HHIX C Helo,
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~7.21, Beezem ciendyioltee omnpejeseHne.

Keadparuunod dopmoi B nuneiHom mnpocrtpaHcTBe K Hasw-
BaeTca yHkuus A (x, X) OT OAHOro BEeKTOPHOrO apryMeHTa
x €K, xotopast mnonyiyaercs H3 NPOU3BOJBbHOH GHIHHeHHOH
¢dopmbl A (x, y) 3ameHolt y Ha x.

B n-mepHoM nunefiHoM npoctpaHcTBe K, ¢ ¢uKCHpOBaHHEIM
Gasncom {e}={e;, €, ...,e,} kaxjaag kBagpaTHuHas (opma
B cuny dopMynan (2) uMeeT BHI

M:

Ax, 0= 3 aptis ®)

—

rae &, &y, ..., E,—KOODAMHATH BEKTOPa X OTHOCHTEIBHO
Gasnca {e}. U naoGopor, ecau sadana ¢yrkyus A(x, x) or
sexropa X, onpedeiseman 8 Gasuce {e} ¢opmyrol (8), TO
ara (pynnquﬂ npedcrasasier co6oil keadparuuryio Gopmy OT,
8eKkTopa X.

JedcTBHTENbHO, M MOXEM BBeCTH GuinHeliHylo dopmy

; 5 Mp>

rae 1y, Mg .., N,—KOODIHHATH BEKTOPAa y OTHOCHTETBHO
Gasuca {e}; TOraa O4YEBMIAHO, 4YTO KBapaTHyHas ¢opma
B (x, x) cosmamaer ¢ dyHkuueit A (x, x).

M:

B(x, y)=

—

7.22. 3ameTuM, 4TO B IBOHHOH cymme (8) MOXHO coBep-
WHTH NpHBEIEHHE HEKOTOPHX MNONOGHBIX 4YNEHOB: TNpH =R
MK HMeeM

@88 T @eibrbi = (@ip -+ @p) 88 = 08 iEss
rae
bip =i ;-
Ins i =k nonaraem

byy=a;.

B pesynbpraTe JABOHHYI0 CYMMYy MOXHO 3amHCaTh ¢ MEHBIUHM
YHCJIOM C/1araeMblX:

n
= 2 2 bikgigk'
k=1igk
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Orciola clelyeT, uTO IBE pasiHyHbie OuianHefinne (OPMH
n n
Ax, )= 2 aytm, n Clx, y)= > cukme
i, k=1 i, k=1

MOXHO HHOTJAa NOCie 3aMeHH y Ha X TPHUBECTH K OIHOH H
Tol ke KBagpaTHyHO# popMe; I ITOrO HYKHO TOJIBKO, YTOOK
HMEJIO MECTO PABEHCTBO @y, @y = C;p+ Cp; ANA 100HX I H K.

Takum o6pa3oM, BooOuie TrOBOpf, He/1b3s OAHOBHAYHO BOC-
CTaHOBHTb N0 KBaApaTHYHOR ¢opme mNOpOAMBUIYID ee OHIHHeH-
nyio d¢opMy. B oxmHoM caydae HcxoxaHas Onnunefinas ¢opma
BOCCTAHAB/JHBAETCH OJHO3HAYHO: HMEHHO, €CJH H3BECTHO, 4TO
oHa Oua cumMeTpuuHo#i. B camom zene, eClH & = @, TO H3
YDaBHEHHS @, | ay; = by, (npH i~ k) KOQHUHEHTH a;, OLHO-
3HAYHO ONpelensloTCA:

b
=y =g (9)

unpu i==k
a;=by,

a BMECTE CO BCEMH @;, ONHOSHAUHO OnpelenseTcs H BCs GHIH-
He#iHag ¢opma. DTO yTBEPKIECHHE MOKHO J10KA3aThb H HE IpH-
Geras K 6a3ucy M KOOPAHHATaM; B CAMOM JI€/le, N0 ONpele/eHHI
ounnnefinoft popmul

A(x-l—)’, x‘l—y):A(x’ x)+A(x, )’)+A()’, x)+A()’, )’)

M [pH YCJIOBHH CHMMETpPHH

Al(x, y)=l[A(x, +HA(y, %)=

2
LA 4y, s+ —Alx 9—A Y
TaKuM 06pasoM, 3HaueHHe OunuueitHoft Qopmm A (¥, y) and
11060#1 mapul BEKTOPOB X, y ORHO3HAUHO OMpelensiercs no 3Ha-
YeHHSM KBajApaTHUHOM (OPME HAa BEKTOpax X, y H X+y.

C npyro#f cTOpOHH, 4TOGH MOJYYMTb M3 OH/IMHeHHHX dopm
BCe BO3MOXKHBE KBajpaTHuHme (OpMH, LOCTATOUHO HMETb OIHH
JMmb CHMMETPHYHHE OunHHeftHnie ¢opmul. B camom nene, eciu
A (x, y)—npousBo/ibHas Ounutelinas ¢opMa, TO

A, D) =5 [Ax ) +AY, 0]
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€CThb CHMMeTpHyHas GuauHefinas dopma, H

Ax, )= [A(x, 0+A(x, O)]=A(x, ),
T. e. KkBampaTHuune d¢opMu A, (x, x) u A(x, x) coBnanamwr.

7.23. B cuiy Bcex 3THX COOOGpaxeHHH MPH HCIONb30BAHHH
6HanHeldHHX GOpM LSl H3y4yeHHs CBOHCTB KBaApaTH4HHX opm
NOCTAaTOYHO OrPAaHHYUTHLCH PACCMOTPEHHEM OJAHHX TOJbKO CHM-
MeTPHYHHX OHAHHEHHHX (GOPM H COOTBETCTBEHHO CHMMETPHYHHX
Matpuu || a;. ||, @5 = ay;

Cummerpuynas matpuua A=||a;, || cavmeTpnuHo# Gunnnefi-
volt  dopmn A (x, y), oTBeuawooule#s KBaApaTHYHOH dopme
A (x, x), vaswiBaeTca marpuyed gopmst A (x, x).

ITpn wu3Menenun Gasuca Matpuna A xBaapaTHyHOH GOPMH
A(x, x), cosmajamoowas ¢ MaTpHUeR COOTBETCTBYIOLIEH CHM-
MeTpHuHOH OunuueftHol ¢opmu A (x, y), MEHHETCH TaK Ke,
KaKk H 3Ta NOCAEIHSAN:

Ap=FP AP,

rie P—matpuua mnepexoaa ot OGasuca {e} x Gasucy {f}.
B uactHocTH, pane marpuybt Keadparuunod opmel He 3asucur
or euibopa 6asuca. TloaToMy MOXKHO TrOBOPHTH O paHre xBaapa-
THYHOH (opMm A (X, X), moApa3ymeBasi MOA HHM PAHT MATPHUH
aTol ¢opmm B n1060M Gasuce npoctpaictsa K. Ksaaparuu-
Has d¢opma paHra 7, paBHOrO Pa3MEpPHOCTH IPOCTPaHCTBA,
Ha3KBAETCH HesblPONIEHHOU,

§ 7.3. MpuBenenne xpagpaTuaHoA (opMbl
K KaHOHHYECKOMY BHIY

7.31. Ilyctp pana npou3BoabHast KBaapaTHyHas ¢opma
A(x, x) B n-vepHoM aune#inom unpoctpaunctse K,. Iloxawem,
uto 8 npoctpancree K, cywecrayer 6asuc {f}={f1, for .., [uhs

n

6 KoTopom 0as Kaxd0z0 eekTopa X = D, M,f, 3Hauenue K8ad-
E=1
paru4nold popmer A (x, x) suducasercsa no gopmyare
A(x, x)=Ami+Ami+ ... +Amn7, (10)

20e Ay, Ay, ..., A,—HexoTOpole uxcuposannbie wucia,
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Beaiknit 6a3nc, o6nagaiowuii 3THM cBOHCTBOM, 6yaeM Ha3u-
BaTb KAMOHudeckum Gaszucom dopmer A (x, x), a Bbpaxe-
uue (10) — kanonuueckum sudom gopmor A (x, x); B YaCTHOCTH,

ynena Ay, Ay, ..., A, GydeM HasHBaTb KAHOHUYECKUMU KO3(p-
¢uyuentamu dopmor A (x, x).
Mycts {ey, €y ..., e, } —npousBonphni  Gasuc npo-

n
ctpanctea K,; ecin x= X Eee,, TO, Kak MH yXe 3HaeM,
k=1 :

dopma A (x, x) umeeT cieaylowuiét BuA:

Ax, x)= E’: l;k bE & (11)

CornacHo 5.32 wHawe yTBepxiaeHHe OyneT 10Ka3aHO, €CJH MH
CMOXEM Hamucath dopmy/iH

M =Pui+Pubt . +p18a
Ne=pPs81+Pulst .. +Puks (117

nn’—‘: nls1 +Pnz§2 '+' e '+'pnn§n
¢ HeBHIpOXAeHHOH maTpuueR P=||p,, | u Taxue, uTO, Bupawasd
koopanuats {E} B dopmyne (11) yepes Bennuntnt {n}, Mu
npeobpasyem dopmyay (11) x suay (10).

Byxem BecTH n0KasaTenbcTBO HHAYKUHMEH MO YuCay KOOp-
IMHAT, GaKTHYeCKH BXOAswHX B dopmyay (11) (T. e. ¢ OTaHu-
HBMH OT Hynf kKoadhdHuHeHTaMH).

IMpeanonoxum, uto Kaxnas dopma, coaepxawas m—1
koopaunat (nanpumep, &y, &, ..., En-y), MOXET OBITH MpH-
BeleHa K kanownyeckomy suay (10), ¢ m=m—1 npeobpasona-
uuem (11'), takke ¢ n=m—1. Eciu B dopmyny (11) dak-
THYECKH BXOIHT /HLIb OAHA KOOPAHHATA, HANpuMep §;, T. €.
¢opuyna (11) umeer BuA

A (x) x) = bll&%y

TO 3TO NPEANONOXEHHE, OUEBHAHO, BRIOJHAETCA (MOXHO B3fATh
P11 70 TPOH3BO/BHO).

[lycts Tenepp umeetcs dopma (11),dakTayecku coaepxawias m
koopaunat &, &, ..., E,. [onycrtum BHayase, 4TO CpelH
yucen by, by, ..., by, HUMEETCS YHCIO, OTAHYHOE OT HYJS;
MpPEANONOKHM IS ONPEAENEHHOCTH, 4YTO b&,, 0. Bolienum
B ¢opme (11) rpynmy YaeHOB, COAEPKALUHX KOOPIUHATY Ems
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3Ta rpynma MMeeT BHI

b1m§1§m+b2m§2§m+ . +bm-—1, m Em-1§m+bmm§rzn=
= b (B b Byt IR, )
+A1 (xy x) (12)

rae yepes A, (x, x) ob6o3HayeHa KBaApaTHUHAL ¢dopma, 3aBu-

cstulast Tonbxo ot BemmynH &, &y, ..., En_1- PaccmoTpuM
caeayouee npeoGpa3oBaHHe KOOPAMHAT:

Tl = Ellv

Ty = Ez,

Tn-1= Em 1

T L

Matpuiia 3TOTO npeoépasoBaHuﬂ HEeBHPOXJAEHA (ee orpexenn-
Tenb pasen 1). B HOBHX KoopauHaTax ¢opma A(x, x) oue-
BHIHO, TNPHHUMAET BHI

A(x, X)=B (%, £)+bpaTh
rae kBaxpaTHuynas ¢opMa B (x, x) 3aBHCHT TONBKO OT BENUYHH

Ty, Tgy «v+s Tpoy. B CHAY TNPENNIONONEHHS MHAYKUHH Cylle-
CTByeT HOBOe IpeoOpa3oBaHue

Mm =P tPaTet - TPy a1 Tm-1
N, =DPyuT+PaTet - +Po m-1Tm-1s
Nme1=Pm-1, 171 T Pm-1, T2+ - +Pm-1, m-1Tm-1

¢ HeBupoxIeHHo# Matpuuel P=||p;;||, korTopoe mnpusoAMT
dopmy B(x, X) K KaHOHHYECKOMY BHAY

B(x, x)=Ami+Ame+ ...+ Ap—1Mm-1e
"Ecan Ma go6GaBuM K pasenctBam (13) emle OJHO paBeHCTBO
N = Vs

TO TOJAYYHM HEBHPOXKIEHHOE Npeo0pa3oBaHHe KOOPAMHAT Ty,
Ty -+, Tp B KOOPAHHATH 1y, T, .., Ny NOCAE KOTOPOTO

(13)
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dopma A (x, x) MpHMET KaHOHUYECKHH BHI
A(x) x)=B(x) x)+bmmTan=
=Mni4+Aami+ oo A Mmert bt

TpsiMo#t nepexox ot koopaunat { &} x koopaunaTam {1} B cuay
5.33 ocyuiecTBAseTCs C NOMOLIbIO MAaTPHUBI, DaBHOH npou3se-
JEHHI0 MATPHIL Nepexosa OT KoopanHat { T} k koopausatam {n}
Ha MaTpuuy nepexosa oT koopauuaT {§} K KOOpAMHATaM {T}.
Tak xak o6e 3TH m X m- MaTPHIB HEBHPOXIEHH, TO H M X1m-
MaTpHIla-POU3BELEHHE TOMKE HEBBIPOXKEHA. ,

Ham ocraerca paccMoTpeTh . ciyyai, korma B dopme
A(x, x) ¢ m xoopmuHatamn &, &, ..., §, Bce uncia ay,
Qyg, .-, Qpp PaBHH Hymo. PaccMoTpuM OIMH M3 u/EHOB
a;£;; ¢ OTAMYHBIM OT HyAst K03 PHLHEHTOM @a;;; Hanpumep,
I]yCTb a,, 7 0. Tlponssenem ciepyiouiee npeoGpasoBanue Koop-
auHat (mas yno6cTBa  pacCyXAEHHS BHIMIIEM [MEPEXOA  OT
HOBHX KOOPIHMHAT K CTaphiM):

& =8 +8&,
=88, (14)
g, =8 (j=3,...,m).

Onpenennrtenh MaTpuibl npeoGpa3oBanus (14) pasen —2, H,
TakuM 06pa3oM, 3TO mNpeoOpasoBaHHe CHOBAa HEBLIPOXIEHHOE,
Ynen a,,§,5, npeobpasyeTcs CrenyioLHM obpa3om;

2 2]
ay98:5s = a1581 — 5582 ;

nosToMy B npeoGpa3oBaHHOM Qopme nosBATCS Cpasy ABa KBal-
pa?a KOODAMHAT C HeHy/NeBbIMH KO3(hQHUHEHTaMH (OYEBHIHO,
YTO COKPAaTHTHCS C OCTAIOIMMHCA 4YIEHAMH STH KBaApaTH He
cMoryT, M60 BCe OCTAIOLIHECS YJIEHHl -COLEPXAT KOOPIAHHATY
g, ¢ i>2). Takum oGpasom, B koopauHarax &; x ¢opme (11)
y¥e MOXHO NPHMEHHTb HAll MHAYKTHBHRIA MeTO..

Htaxk, dopma (11), ¢ NOOEIM YHCIOM M1 DaKTHYECKH BXOId-
LIHX B Hee KOOPAHHAT E npuBoauTcs K BuAy (10) npeo6paso-
panueM (11°), rae n sameHeHo Ha m. JlonucuiBas npH HeO6XONH-

MOCTH DaBEHCTBA Tpuy = §m+1’ :nn'—gm MH MOXEM 10-
nonnuth cucremy (117) mo TpeGyemolt CHCTeMH H3 71 ypaBHe-
HHM ¢ HeBHpOXZeHHOH MaTpuued P=|| p;; ||, ij=1, ..., n

yeM JOKAa3aTenbCTBO H 3aBepmiaeTcs.
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Hnes namero nokasatenbcTBa— NOCAEI0BaTENbHOE BHe-
JeHHE TNOJIHHX KBAaAPATOB— MOXET OHTbh MNpHMEHEHa H IJd
tbaKTHYeCKOTO MpHBEAEHHS AaHHOH KBaapaTHYHOH GOpMH K Ka-
HOHHuyecKoMy BHAy. B § 7.5 Oyner ommcaH apyro#t meron, no-
3BOJISIIOUMA  HENOCPEACTBEHHO MOJYYHTb BEKTOPH HCKOMOTO
KaHOHHYeCcKOTo Gashca H KaHOHHYecKHH BuA ¢OpmH.

7.32. I1pumep. IlpuBeseM Kk KaHoHMYeCKOMYy BHAY (OpMY
A(x, x)=EF+6EE, + 583 — 48,5y — 126,85, + 465 — Ak,E, — 8E,E, —EL.

JononnseM rpynny usexos, cogepxamyio E;, A0 NOMHOTO KBajapaTa

H NoJaraeM
M =&+ 3 —2§s.

Torna ¢opMa mpeoGpasyercs K BuLy
A(x, x) :"]%"‘4§§'—4§2§4— 8§3§4—§3-

Hanee pononnseM rpynny uJjeHos, coaepxamyo E;, A0 IOJHONQ
KBajpata M noJaraem
Ne=25+8&,

nochie yero Mo GyleM MMeTb
A(x, x)=ni—mn;—8k,.
Keazpatu koopaunar E; H E, orcyrereyior. ITosToMy Mul mosaraem
Es="N3—MNa,
. _ Ei="N3+N4
TaK 4t0 Lif,=ni—n}.
Takum o6pasow, topMa A (x, x) npusefena KaHOHHYECKOMY BHAY
A(x, x)=ni—ni—8n5+8n
nipeoGpasopaHueM
Mm=E+38,—28;, mM=25+E&,
1 1 1 1
ﬂ3=7§3+'2°§4v My=—5 §3+?§u
KOTOPOE, KaK BHIAHO H3 NOCTPOEHHS, HEBHPOXKJEHO.

7.33a. Hu kaHonnyeckni 6a3HC, HH KAHOHHYECKHH BHI
KBalpaTHYHOH QopMH He onpeneneHn oaHo3HayHo. Hampuwmep,
"mo6asi NepecTaHOBKAa BEKTOPOB KaHOHHYECKOTo 6a3Hca NMPHBOIHT
BHOBb K KaHoHHYecKoMy Ga3ucy. B § 7.5, mexay npounm, Gynet
NOKa3aHO, YTO AAS HAaHHOH KBaApaTHYHOHR ¢POPMB MOXKHO MO-
CTPOHTDb KaHOHHYECKHH 6a3uc, B3sB nepauifl BeKTOp 3TOrO 6a3uca
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B MpOCTPAHCTBE NMPOH3BOJIBHO (32 HEKOTOPHMH PEIKHMH HCKNIO-
yenuamu). [anee, ecin dopma A (x, X) 3anucasa B KaHOHHYE-
CKOM BHIE

A(x) x)=7“1ﬂ%+7“27]§+ L +xnn:

(M1, M2y + -+ » Ny—KOOPIAMHATH BEKTOpa X), TO npeobpasosaHHe
KOOpAHHAT

=Ty,

Mg = OaTy,

Nn =%, T,
(¢, O, - - ., 0, —HKCHPOBAHHBIE YHC/A, BCE OT/IHYHBLIE OT HYJH,
Ty, Ty - - -, T,~—HOBBIE KOODIHMHATHI) MNPHBOAHT opmy A (x, x)

K HOBOMY BHALy, TaKKe KaHOHHYECKOMY, HO C JPYTHMH KO03¢-
dunuenTamu:

A(x, x)=(Moi) 11+ (Apad) T34 ... + (A,az) Th.

TMosToMy BCTA4eT BOMPOC OO ONMHCAaHHH BCEX KaHOHMYECKHX BHJIOB,
K KOTOPHM MOXHO NpHBECTH JaHHYIO KBaIpaTHuHYlO dopmy.
Stor Bonpoc GyleT YTOUHEH, €C/IH MBI CY3HM OMpe/ie/IeHHe KaHo-
HHYECKOro BHAA (Hanpumep, Kak 3To OyaeT CHe€/1aHO B Belle-
CTBEHHOM NPOCTpaHcTBe, 7.93) HAM CY3MM Kaacc AOMyCTHMHX
npeo6pa3oBaHui KOOPAHHAT (Hanpumep, KaK 3TO OyAeT caenawo
B eBKJHJOBOM upoctpaHcTBe (10.12)).

6. 3aMeTHM, HYTO B IIPHBEJEHHOM NpHMepe uYHCAC Ko3ddu-
[LHEHTOB, OTAMYHHX OT 0, 0CTaA0Ch HEH3MEHHLIM.

BooGlie, yHcA0 HEHYIEBHX KaHOHHUeCKHX Ko3¢dunueHTos,
OUEBMAHO, €CTh paHr MAaTPHIB KBanpaTHYHOH ¢Qopmsl B COOT-
BETCTBYIOHMIEM KaHoHHueckoM Gasuce. [lockonbKy paHr MaTpHUH
KBajpaTHuHOH ¢opMb He 3aBHCHT oT BHOopa Gasuca (7.23),
QUCAO HEHYAeBbIX KAHOHUMECKUX KO3piuyuentos keadparudnod
opmbL He 3a8uUcUT OT 66160pa KAHORU4ECKO20 043UCa. DTO YHCIO,
O4YeBHAHO, COBMAnaeT C paneom Keadparuunoi gopmer (7.23).
3nas Matpuuy GopMu A (x, x) B kakom-aunbo 6Gasuce {e}, mu
MOXEM NPEeCKa3aTh YUCIO €€ HeHY/eBhX KaHOHHYECKHX K03(-
(HUHEHTOB—3TO YHC/IO €CTb paHr Qopmul A (x, x), xoTopHil
MOXHO BBIYHC/AHTH Kak panr maTpuus ¢opmb A (X, x) B Gasuce
{e}. B uacTHOCTH, y HEBBIPOXKIEHHOH dopmbl (7.23) B mo6om
KaHOHHYeCKOM 6a3suce BCE €€ KAHOHHYECKHE KOIPPHIHCHTH
ot/mune ot 0.
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§ 7.4. Kanoruuecknit 6asuc Gmimueitnoli hopmbt

7.41a. BeKTop X, Ha3bBACTCH CONPANCEHHOIM C BEKTOPOM ¥y
OTHOCHTeNbHO GniuHeHRHOH dopmbl A (X, y), ecan

A (x4, y1)=0.
6. Myctb |layll —maTpuna gopmst A (x, y) B KakoM-in6o
Gasnce ey, ..., e, Ecmn x1= 3 Ee,, y,= ne;, TO yciosne

CONPSIIKEHHOCTH BEKTOpOB X{ H y, 3aIlHCHIBAETCAd B BHIE

n

A(xy, y0)= . kz l ajk?émk =0.
ji k=
B. Ecau sexropel x4, x4, ..., X, COnpANKEHbL C .BEKTOPOM Yy,
TO TaKxe CONPANeH ¢ geKTopom Y, a060od eexTop nodnpo-
crpanciea L (xq, X3, ..., X,) — Auneidnold o060os0uku 6eKTOpPOB
X1y Xgy v ovy Xp ‘
IeAcTBUTENbHO, B CHAY CBOHCTB GH/AHHEHHON topmut

Afayxy - agxs+ oo o, y) =
=0y A (Xq, Y1) T A (Xq, y1)+ o oo + A (%, »=0.

Ec/iM BEKTOpP y; CONPAXKEH C KaXIBIM BEKTOPOM HEKOTOPOTO HOA-
npoctpanctda K' K, Mu GyzeM HasbBaTh 3TOT BEKTODP conps-
HenHbim K nodnpocTparcrsy K’.

r. CosokynmiocTe K" Bcex BekTopos y; €K, compskeHHIX
K noanpoctpancTBy K’, oueBnano, siBasieTcsl, IOANPOCTpaHCTBOM
npoctpasctsa K. 9to noanpoctpancteo K” Myl 6yneM HasbiBaTh
conpaxmennon x K.

7.42. bBasuc e, ey, ..., e, mpoctpanctBa K HasmBaeTca
Kanonuueckum 6asucom dan buiuneinoil ¢opmer A (x, y), ecin
6asuCHEE BEKTOPH B3aHMHO conpsikent: A (e;, e,) = 0 npu i 5% &.

ITpumep. B npocrpanctBe V; B KauectBe GmumHefinofl dopMmul
A (x, y) paccMOTpHM CKaJIsipHOE TNIpOH3BEACHHE BEKTOPOB X H Y. COl'Ipﬂ'
JKEHHOCTb BEKTOPOB OTHOCHTEJIbHO 3TOH GHJHMHEHHOH GOpPMBI paBHO3HAuHa,

OUeBUIHO, HX OPTOrOHaNbHOCTH. KaHOHHYecKUM 6asHcOM B 3TOM ciyuae
CJIyKHT JI0G0# OpTOroHasbHEIA Gasuc mpoctpanctea V.

7.43. Matpuua GuinHefiHOH (GOpMB B KAHOHHYECKOM 6asHce
MMEET IMArOHalbHHH BHI, TaKk Kak a;, = A (e;, e,)=0 mpu
i == k. llnaronanpHasl MaTpulla COBHAJdaeT CO CBOeH TPaHCMOHH-
poBaHHOH, mo3TOMy OuanHetinas ¢opma, o6nazanias KaHOHH-
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YeCKHM 6a3ucoM, IoMkHa GuiTh cuMmeTpuyHolt ¥), [ToxaweM, 4ro
kaxdan cummerpuunan Guaunednan opma A(x,y) o6ﬂa6ae1‘
KaHOHUYeCKUM 6Gasucom.

PaccmoTpum kBanpatnusyio ¢opmy A (x, Xx), COOTBETCTBYIO-
myoo JgaHHofl Ounuuetinoft c¢opme A (x,y). Mu 3Haem, urO
B npocTpaHcTee K cyuectsyer 6asuc ey, ey, ..., &,, OTHOCH-
TeNbHO KOTOPOro xBaapaTuyHas ¢opma A (x, x) 3anuchpaercsd
B KaHOHHYECKOM BHIE

x)= gl A &R

CoorBeTcTBylomas cHMMeTpHuHas Gununelinas gopma A (x, y)
cornacHo ¢opmyie (9) umeeT KaHOHHYeCKHH BUI

X, y)= [gl AEm;. (15)

rie y:Zl niel); €¢ MaTtpuna, dCJAeaOoBaTe/bHO, AHATOHalb=
i=

nag. Ho 310 u o3mayaer, 4ro 6asuc ey, e, ..., €, ABAgETCH
KaHOHHYecKnM Ias ¢opme A (x, y).

7.44. B ananuTuyeckolf reoMeTpHHM HOKAa3LBAETCs, YTO reo-
MEeTPHYECKOe MeCTO CepelMH Xopl KpHBOH 2-ro mopsiaka, napasn-
NenpHBIX 3aNaHHOMY BEKTOpY, €CThb TpsMas Auuus. [Ipusemem
10Ka3aTenbCTBO 3ToH Teopembl. Ha naockoctn x;, X, ypaBHenne
KpHBOH 2-T0 TNOpsAKa HMeeT BHA

@11 %1+ 219X, %9 + Gga X5+ byXy 4 bpxg =0
UK
A(x,x)+L(x)+c=0
rae
A(x, xX)=ay %} + 28155, %5 + @gex)

€cTh KBalpaTHYHafl, a
L (%) = by%; + by,

— nunelinag Qopma OT BeKTOpa X = (X, X).

*)_ BCNOMHHM, 4TO CHMMETDHUHOCTb HJIM HECHMMETPHUHOCTh GH/IHHed-
BOIl GOPMEI — (})aKT, He 3aBHCAME oT BHIGOpa Gasuca (7./4).
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IycTe BekTOp X oOnpelxensieT CepelHHY XODPAH, NMapaiiefibe
HO# (PHKCHPOBAaHHOMY BEKTOPYy e. JTO O3HaYaeT, YTO /A Hes
KoToporo ¢==0 yIoBAeTBOPSIOTCH paBeHCTBA

A(xtte, x+te)+L(x-+te)+c¢=0, }

A(x—te, x—te)+L(x—te)+c=0 (16)

MycTe A (X, y) —cummeTpHyHas Ounuuedinas ¢opma, oTse-
yalouias. kBaapatnyno#t ¢opme A (x, x); Torma pasenctBa (16)
MOXHO 3amHcaTh Tak:

Ax,x)+2fA(x,e)+72A(e,e) +L(x)+fL () +¢=0,
A(x,x)—2tA (x,e)+ t?A (e,e) + L (x)—tL (e) + ¢c=0.

BuiunTaf BTOpoe M3 MEpPBOrO M COkpaias Ha 2¢, HaXOXHM
2A (x,e)+L(e)=0. (17)

MonyuenHoe ypaBHeHHe NHHEHHO OTHOCHTENBHO X H, Cle-
JNOBATENbHO, ONpeRefsieT NPAMYI0 B IVIOCKOCTH Xq, Xj, YTO H 10-
kasmBaeT TeopeMy. Ecam x’— gpyras Touka aToH ke npsmoiH,
TaK 4TO

2A (x’, e) +L (e) =0, (18)

TO, BHUHTasa (17) u3 (18), MH nonyyaem
A(x—x',e)=0,

T. €. BEKTOP ¢ ¥ BEKTOp X—Xx’, ONpefe/fIOHA HanpaBieHHe
noayyexHuolf npaMoH, conpshkeHn Apyr ApPyry B cmuicne 7.41
OTHOCHTeNbHO GHAHHeHHOR dopMu A (X, y).

7.45. flycTb ey, .. » &y — KaHoHHyeCknit 6asuc dopmul A (x, y)
B k-MepHOM nOﬂnpOCTpaHCTBe K'cK. [lyctb &4, ..., €, — cOOT-

BETCTBYIOLLHE KaHOHHYECKHE KO3GhDHUHEHTHI, BupasnM 4yHcaa
A (x, e;) uepe3 xoopauHaTh BexTopa x €K’. Mb umeem

A(x, e (2 e, e '>—
k
=1_§ EiA(e, e)=8;A (e, e)=¢e8,

TaK 4YTO 4HCna A (X, e;) OAHOSHAYHO ONPeNeNSIOTCH KOOPAHHA-
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tTamun Bektopa x. Ecam dopma A (x, y) HesnpoxieHa B nox-
npoctpaHcTBe K’', TO yHC/Ia €; OTJAHYHH OT HyAsl; B 3TOM cayyae
cnpaBeanuBo H o06paTHOoe —3nayedus ¢opuu A (x, e;) oaHo-
3Ha4YHO OnpenensioT KOOPAHHATH BeKTOpa X.

§ 7.5. MocTpoenne kKanoHuyeckoro 6asuca
no metopny Akobu

7.51. TlocTpoeHne KaHOHHYecKOro 6a3uca, TmpHBelEHHOE
B 7.31, uMeeT TOT HeNOCTATOK, YTO OHO HE HAET BO3MOXHOCTH
HEMOCPeAC TBEHHO, 110 9/1eMEHTaM MaTPHUN A, CHMMETPHYHOH GH-
nuxeRnol dopumul A (x, y) B 3anannoM 6asuce {f} = {fy, fo, - . ., [a}
yKa3aTb Ko3GhGHUMEHTH A; H KOODAMHATH BEKTOPOB KAHOHH-
yeckoro Gaauca. Mertox $lkoGu, usnaraemuii nanee, no3soasieT
HaXOAHTb 3TH KO3)@PHLHEHTH H KOOPAHHATH BEKTOPOB HCKOMOTO
kaHouudecxkoro 6asuca. Ho npu sToM na matpuuy A, Mo Ha-
JIOWHM C/leAylollee HOMOJHHTENbHOE YCJOBHE: YI/0BHE MHHOPH
MaTpHUH A, 20 (7-—1)-ro NOPsAKA BKNIOYHTENBHO

ayn Age
6;=ay, 6,=
1 11» Y2 a y
Qgy Q2
Q11 G2 ... G159
a a cee Qo . _
.. ’6"_1__ 21 22 2, n—1

21,1 % -1,2 -+ @y 1,01
Bce NOMKHH OHTh OTAHYHHMH OT HYyad,

7.52. BekTtopu ey, €5, ..., €, MH TNOCTPOHM 1o (opMynam
e1=/1,
ey=ai’ f1+ /s,
eg=ai® f1+ o fo+ /s,

ek+1—‘“(k)fl‘l‘“(k)fz‘l‘“(k)fs"‘ +°‘ )fk+fk+1v

e _a(ﬂ l)f _l_a(ﬂ l)fz_l_a(ﬂ"l)f + _l_a;,n ll) e 1+fn7
(19)

rae koapduuentH o (i=1,2, ...,k k=1,2,..., n—1)
€lle JONXHH OHTb OMpepeeHH,




224 FA. 7. BUAMHEHHHE H KBAJAPATHYHBIE ®OPMH [7.52

3ameTHM mpexie BCero, YTO MNepexos OT BEKTODOB
Si,fe, -+, Sr K BEKTOpaM - &, €,, ..., €, COBepLIaeTcsd IpH
HOMOUIH MaTpPHIK

1 0 0 ... 0 0
a® 1 0 ... 0 0

(‘k-—‘l) ) (/‘3—1’ ; k.—l)- T .(k—-l)‘ '
o oV al coeaffP

C onpedenuTeneM, PABHLIM eIHHHIE; NO3TOMY And k=1,2, ..., n
BeKTOpr Si, fay o+ s fp MOTYT OHITb NHHEHHO BHIpaXeHH 4epes

1y €3y - -, €y M, cCleAOBaTeNbHO,  JuHeHHas  06oun04Ka
L 1f1, fas ---»fp] coBmamaer ¢  nuHeHHOH  oGonoukoH
Ley, € ..., &)

Koaddunmentn af® (i =1, 2, , B) MBI IOIYMHHM YCJIOBHIO,
4yTOGH BeKTOp &,., Obl conmeeH ¢ MOANpPOCTPaHCTBOM
L(ey, 9, ...,€) Hdna 310or0 Heo6X0LUMO H AOCTA-
TOYHO, YTOOH BHIONHSIIHCH PaBEHCTBA

Afep,1, [1)=0, Alep1, f2) =0,...,A(,, fr)=0. (20

HetictBuTenbHo, u3 ycnoBuit (20) BeTekaer, 4YTO BEKTOP
€41 CONpSKEH ¢ nuHelHOH 060/104KOf BEKTOPOB fl, for oo oo
KOTOpasi MO JOKa3aHHOMY ~COBNajaeT C JiHHEHHOH o6onoqxoﬁ
BEKTQPOB €, €, . .., €,. OOPaTHO, €C/IH BEKTOP &, CONpPSKEH
¢ moanpoctpancTBoM L [eq, ey, ..., €;], TO OH compsikeH ¢ KaK-
ALIM BEKTOPOM 3TOTO MOAMPOCTPAHCTBA H, B YACTHOCTH, C Bek-
TOPaMU [y, fay « - -, fp3 NMOITOMY BHIIO/IHAIOTCA pasenctBa (20).

Moncrapass 8 ¢opmyns (20) Bupakeuue e, ., (19) u noiab-
3ysick onpeaeneaneM OuinHeftHoRt GopMmbl, moJyuyaem cHCTEMY
ypaBHeHHﬁ OTHOCHTENbHO Benuuun a®(i=1,2,... k)

ek+1.f1)—a(k)A(f1 f) P A Sy, f)+

coe F P A (S, ) A Fri, O =
A(ek+1 fz)—a(k)A(f1,f2)+a(k)A(f2,f2)
ol Afuo )+ A o, 1 =0, | @

Alegs, fk)—a“”A (Fur fo) 0P A (Fo, fi) -
+ o A(fy, fo) A (fren, ) =

DTa HeOAHOPOOHAT cucTeMa ypaBHeHHH ¢ Ko3(hduuUHeHTAMA
Afi, f)=a;(i, j=1,2,..., k) uMeer no yc/OBHIO OTNHUYHEIA
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OT Hyns ONpejenuTe]b H MO3TOMY OJHO3HAYHO pa3peiIuMa;
C/IeIOBATENBHO, MOKHO OIPEIE/HTh BEIHUMHB QP M TeM cambiM
MOCTPOHUTb HCKOMBIH BEKTOD €, ;.

Lias onpenesnenus Bcex KoadduiuenTos af® u BCcex BeKTO-
pOB e, HYXHO NpH KaXJIOM R paspeliMTb COOTBETCTBYIOLLYIO
cuctemy (21), cienoBaTesbHO, BCero paspewuts n—1 cHcrTeM
NUHeHHBIX ypaBHeHuH.

7.53. O603HauNM KOOPAMHATH BEKTOPA X B MocTpoenHoM Ga-
3uce ey, ey, ..., e, yeped £, & ..., §, M KOODIHHATH BEKTO-
pa y B 3ToM 06asHce COOTBETCTBEHHO 4epe3 My, M, - .-, Npne
Bununeitnas ¢opma A(x, y) B 3TOM O6asuce NpPUHUMAeT BHJ

A(x,y)= izzl Mg (22)

Yro6s BHUMCAHTbD Ko3dduuuedT A;, OyleM paccyx-
aTth caenyomuM obpasom. PacemoTpum nauy Oununednyio ¢op-
My A(x,y) Toapko B moanpoctpanctBe L,=L (e}, ey, ..., €,),
rie m<.n. dPopma A(x,y) B Gasuce fy,fs, ..., [n "1040pPO-
cTpaicTBa L, uMeeT, OYEBHIHO, MATPHILY

Q1 Qg -+ Qi
Qg Qg + .. Gop
’
Qn1 Qpz -+ - Cnm
a B Ga3uce ey, €, ..., €, —MaTpUIy
M
Ay
.
-
Matpuua nepexoza ot Gasuca fy, fy, ..., f, K 0asucy
ey, €y, ..., €,, OTBeuawuas ¢opmynam nepexoza (19), umeer,

Kak M BHAENH, ONpeaeadTelb, papHuili 1. B cuny dopmyin
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7.15 (6) MBl DOM%HL HMMETh

y Ay ... Oy ”;'1 }'
Qyy Qgg «+. Qg | 2
det 21 22 2m = det .
. . . . . . . . . 1
1 aml, am‘z cvt amm ' }"m |
WM, HCROAb3yst 0603HavYeHHA YTrJAOBHX MUHODOB 7.5/,
O,=MA;... A, (m=1,2,...,n). (23)
Hs dopmyns (23) nenocpencTBeHHO BHTEKaeT, 4To
M=8=ay, M=2, A=2 . A,=20 (20)
. 61 2 " 6n—l

PopMy/nl (24) 103BOMAIOT HAaHTH KOI(QUUHEHTH OHAHHeHHOH
¢opMB B KaHOHMYECKOM Ga3suce, He BHUHCHASH camoro Gasuca.

7.54. O6paTtum BHHManHe Ha k-10 ¢opmyny B cacTeme (19);
3amuuem ee B dopme -

fem=—0af fi— ... —aP [, Tl 1= & T i1
B artoii dopmyne Bektop g, JekMT B nOAMPOCTpaHCTBE
L(fy, .-, fu), a e,,, conpsxen kK 3Tomy NOANPOCTPAHCTBY.,
Kosdpduumentsr o, ... ai® onpenensioTcs, npHYeM eIuH-
CTBEHHWM 00pasoMm, u3 cuctems (21), 1npu ycnoBHH, YTO
det JA (f;, [)I 0 (i, j=1,...,k), uan, uto TO xe, mnpHu
ycnosuu, uyto dopma A (x, y) na moxnpocrpanctse L (fy, ..., fp)

HeBHpouaeHda. Tak Kak BekTop f,,, Gb/I B 3TOM MOCTPOEHHH
NPOH3BOMbHEIM, TO, o6osnavyas f=f, ,, &£=48, h=e,. 1,
L(fy, . -, fr)=K' <K, mn upnuxomum k cnenywouiei teopeme:

Teopema. Ilycrv sexktop f He npunadiexcur k nodnpo-
crpancrey K'<K, na koropom opma A (x,y) nesvipoxncdena.
Tozda cyuwecrsyer (1 eAuHCTEENHO) pasAodceHue

F=g+h, (25)

ede g€K’, a h conpamen ¢ npocrpancreon K’.

7.55. OGoanaunm dyepes K” moanpocTpaHCTBO, CONMpAXEHHOE
K noanpoctpancTey K’ oTHocutenbno dopmu A (x, y).

Hannune pasnoxeuus (25) BMeCTe ¢ €ro eUHCTBEHHOCThIO MO~
Ka3nBaeT, YTO Bce npocTpaHcTBo K ecTh mpAmas cyMMmMa noampo-
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ctpancts K n K” (2.45). Urak, nmesn noanpoctpanctso K’ =K,
Ha KOTOpPOM (3alaHHas BO BceM npoctpanctse K) dopma A (x, y)
HEBHPOXJEHA, MOXHO OCYILECTBHUThH MPAMOE pas/oXKeHHe

K:K,‘I_K”,
rae mnoanpoctpaHctBo K” conpaxeno ¢ K’ OTHOCHTe/NbHO
dopuut A (x, y).

§ 7.6. CompsweHHble JHHEHHbIe OMepaTOphl

7.61. dukcupyem B mpocTpaHcTBe K, GHinHeHHY0 HeBHpOX-
JIEeHHYI0 CHMMeTpHuHyIo ¢opMy, KoTopylo Oynem o0603Ha4aTh
B 3ToM mnaparpade uepe3 (x,y). [lyctb A nm B—nuHetnuie
onepaTtoph, ae#crtByiouine B npoctpanctae K. O6pasyeM dyuk-
unn A (x,y) nm B(x,y) or naByx BexTOpoB X,y no ¢opmyne

A(x,y)=(Ax,y), B(x, y)=(x, By).

ITpoBepum, yTn mosnyuennne dyskunn A (x,y) n B(x, y)—6n-
auuelinnie ¢opuul. JleficTBHTENBHO, HA OCHOBAHHH oOnpeneseHHH
audedlnoro oneparopa (4.21) u 6unuHednolt opmut (7.11) umeioT
MeCTO paBeHCTBa

A(xy4 %5, y) = (A (1 + %), y) = (Axy + Axy, y) =

=(Axy, y)+ (Axy, y)=A(xy, y) + A (xy, 9),
A(ax, y)=(A(ax), y) = (2 A(x), y) =2 (Ax, y) =a A(x, y),
KOTOpHE MOKa3wBawT, 4To A (x, y) juneHina no nepsomy apry-
menTy. Jluneitnocts A (x, y) mo BTOpOMy apryMenTy cneayer
M3 TOro, 4yto (x, y) nuuetina mo y. Takum o6pasom, A (x,y)—

6ununeftnas ¢opma. Ananoruuso u B (x, y) —Guannelnas dopma,
[ycth ey, ..., e,—KaHOHHYeCKHH 6a3uc andg Qopmu (x, y):

(ejy ek) =0 npu j#kv (emv em) = eme K) em#O-

Cpasuuym B 3ToM Gasuce MaTpuuy onepatopa A u dopmu A (x, y).
Matpuua |jaf’|| onepaTopa A onpexeasercs u3 Qopmya

n
Y i .
Aejzkzla;e”ek, j=1,...,n

(3mech BepxHHH HHAEKC YyKa3blBA€T HOMED CTPOKH, HUXHHH —
Homep cton6ua). Matpuua |la,ll dopms A (x,y) (nepufi un-
JeKC — HOMEp CTPOKH, BTOpOH — HOMep cTon61a) onpejenseTca



228 Th. 7. BUIMHEHHBIE B KBAJIPATHYHHIE eopMbl  [7.62

n3 dopmyn

n
a;,= A (ei, e, = (A € en) = <kzl ail s em> =
=al) (en €,) = Epad. (26)

CneznopaTenbHo, m-H cTonGew MaTpULH ||@;,|| nonryyaercs ymHo-
JWeHueM m-To cTohibila Mmatpuikl ||a$)|| npu Kaxaom m=1,...,n
Ha Kanonuyecku# koadduunent e, dopmsl (x, y). Has maTpHuH
[|b$”)] omepatopa B (B ToM xe Gasuce ey, ..., €,) H MaTPHIH
1bxll dopubt B(x,y) ananoruuso nonyuaem

bin=B{e;, e,) = (¢; Be,)=
n
k=1

T. e. j-8 cTpoka MaTpuubl | b, || monyyaeTcs ymHOXeEHHEM
Jj-ro ctonbna maTpuus omnepatopa B npu kawaom j=1, ..., n
Ha COOTBETCTBYIOUHH KAHOHHYECKHH KOIPODHIHEHT €;.

7.62. ITycts, of6paTho, B mpocTpanctse K, samasnl Guau-
Hetiuie ¢opuul A (x, y) u B(x, y); M yTBepkKaaeMm, 4TO
CyWeCTBYIOT JHHeHHble omepaTopnl A u B rakme, uTO

A(x, y)=(Ax, y), B(x, y)=(x, By),

npHueM OHH ONpeNe/eHH CIHHCTBEHHHM 06Da3oM.

Ing mokasaTenbcTBa 3ajaiuM omepatopel A u B B kakom-
aubo Oasuce eq, ..., €, MATPHLAMH COOTBETCTBEHHO H3
yucel

a =g Aley e BP=FBle €.
ITo stum omepatopam mnoctpoum Qopmul A, (x, y)=(Ax, y) u
B, (x, y)=(x, By). Tlo nokasaunomy, B Gasuce ey, ..., e,
matpuia Gopme A, (x, y) coBnazaetr ¢ martpuned opmul
A(x, y), a matpuna dopmu B, (x, y) coBnazaer ¢ marpuue
dopmul B (x, y). Ho torma ang mobux x u y us K,

(Ax, y) =A,(x, ¥y =A(x,y), (x, Byy=B,(x, y) =B(x,y),

TaK 4TO onepaTop A m B ynoBnerropsioT TpeGyembM ycmo-
suaM. Jng D0Ka3aTeNbCTBAa EXHHCTBEHHOCTH HAM JOCTAaTOYHO
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MPOBEPHTH, UTO €CIM HEKOTOPbIH onepatop A ynosiaeTBopsieT
yC/OBHIO
(Ax, y)=0 (npu mobeix x, y 3 K,), (28)

TO
Ax=0 (29)

npy kaxnoMm x €K,, 1. e. A—nyneso#t onepatop.

Ilycts ans nekotoporo x, €K, mu nveem Ax, =< 0. Torxa,
NOCKONbKY ¢opMa (X, y) HeBbpoWIeHa, B cuny 7./568 cyuie-
CTBYeT BeKTOp y, €K, Tako#t, uto (Ax,, y,) % 0; ato npoTu-
BOpedHT (28), OTKyZa W ciemyer TpeGyeMmas eXMHCTBEHHOCT.

7.63. Tenepb MH yCTaHOBHM  C/EXYIOUIYI0  BAXHYIO
Teopemy.

Teopema. Ecau e npocrpancree K, sodesena Hesoiposc-
Oennan OuAuHelHas CUMMETPULHas opma (%, y), 10 Oan
kando2o aunednozo oneparopa A cywecreyer u eduncTeen
Aurednouwl onepatop A’ ydosaersoparowuti ypasrenuro

(Ax, y)=(x, A'y)

npu mobox x u'y us K,. Marpuya oneparopa A’ e sobon
KaHOHuteckom Gasuce Gopmor (X, y) NOAYLAETCA U3 MATpuybi
oneparopa A Tpancnonuposaruem, ymuodxcenuem m-ii cTPoOKU Ha
e, u Oeaenuem j-20 cTOABUA Ha e, ( m=1, ..., n).

HNoxaszatenpctBo. [lo 3anaunomy onepatopy A no-
ctpoum dpopmy A (x, y) = (Ax, y) n3atem onpeneaum onepatop A’
M3 ypaBHEHHSA

(Ax, y)=A(x, y)=(x, A'y).
CyutecTBOBaHHE U €IHHCTBEHHOCTD OnepaTopa A’ cienyloTus 7.62.
Marpuua || aif’ || onepatopa A, matpuua || @y || popMu A (x, y)
u matpuua || @;| onepatopa A’ cBsi3aHH B 1:060M KaHOHH-
ueckoM Gasuce ¢opmbl (x, y) dopmynamu (26)—(27)

B Ym iy Ym
' =——, aM=-—,
€, Bj
TaK 4TO
a; e
ey IM Ty
a] - 8]. - 81' am ? (30)

H TeopeMa IOJHOCTbIO JNOKa3aHa.
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Onepatop A’ Ha3uBaeTCsl conpaXeHHsim K oneparopy A
OTHOCUT@ALHO opmst (X, ¥).

7.64. Ouepaunsi rnepexoxa K - CONPSIKEHHOMY oOnepaTopy
A — A’ ofnamaer cleldyOUHMH CBOHCTBAMH:
a) (A’) = A ans moboro onepatopa A;
6) (A—]—B) =A"+ B’ nna mobux A n B;
B) (MA) =MAA’ aas moboro onepatopa A u awo6oro
AMEK;
r) (AB) =B’A’ nna mobux A u B.

PaseHcTBO a) BuTekaeT u3 onpexenedns (A’)’:
(x, (AY y)=(A'x, y)=(x, Ay)

H eAMHCTBEHHOCTH onepatopa, onpexensemoro Gunnveitno# gop-
MOH (7.62). Ananormyno nonyyaloTcs M OCTajlbHbiEe yTBepKIe-
HHd; Tak, 6) BHTeKaeT H3 COOTHOLIEHHH

(x, A+BYy)=(A+B x, y)=(Ax, y)+ (Bx, y)=
=(x, A'y)+ (x, By)=(x, (A'+B")y)

B) BHITEKaeT M3 COOTHOUIEHHH

(x, (M) y)=(MAx, y)=A(Ax, y)=A(x, A'y)=(x, AA'y),

H, HAKOHEl, I)—H3 COOTHOLIEHHH

(%, (AB)' y)=(ABx, y)=(Bx, A'y)=(x, B'Ay).

7.65. OTMETHM ellle OAHY CBR3b MEXIy onepatopamH A u
A’. MNycte noanpoctpancteo K' <K, HHBAPHAHTHO OTHOCHTENBHO
onepatopa A; 3To o3nauaet (4. 81), 4TO Kawasuf BekTop x €K’
nepeBOLHTCS ONEpaTopoM A cHOBa B BEKTOp H3 TOrO ke nol-
npoctpanctea K'. Tlycts K” —noanpocTpaHcTBo, conpmxeHHOe
Kk K’ (7.412). Tokaxem, uTo onepatop A’ HHBapHAHTeH OTHO-
cutensno noanpoctpanctea K. Ilycte y €K”, Tak uto (y, X) =0
s awboro x EK’. Mb umeem (A'y, x)=(y, Ax)=0, TaK
kak Ax BmecTe ¢ x aexut B K'; HO 3TO 03Hauder, 4TO Bek-
Top A’y conpaxen Bcem BekTopam x €K' u BXODMT TeM caMbiM
B K’, uto n Tpebyertcs.
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§ 7.7. Hsomopdusm mpocTpaHcTB ¢ BbimedeHHOM
Guannelinolt gopmoit

7.71. Onpenenenne., Jga nuxelnnx npoctpaHcTea K’
n K” nax omuum u Tem xe uncaosmy nodem K ¢ BblaeneHHEMH
B HHX GHIMHEAHHMH CHMMETDHYHHMH opMamu Alx’, y) n
A(x", y") nasuBaloTCH A-usomopgreimu, ecnu oHu H30MOpdHH
KaK J/HHeHHHe mnpocTpancTBa HAax noneM K (2.71),—t. e.
CyWeCTBYeT B3aUMHO ONHO3HAYHOE OTOGpaweHHe (MOPdH3M)
0x’=x", coxpansiouee AnHeHHbe Onepanuu, —H, KpoMe Toro,
AN% COOTBETCTBYIOUIHX APYr IDPYTY 14D MEMEHTOB wX = x”,
@y’ =y" 3navenns dopm A (x’, y)u A(x", y") coenanaiot:

Afox’, ay')=A(x', y').

7.72. Wmeer MecTo caenyiomas Teopema:

Teopema. Zas 1020 410681 KOHeuHoMmepHble aunelinble
npoctpancrea K' u K", cunabuennsie popmanu A, y) u
A(x", y"), 6Gorau A-uszomopprer, neobxodumo u docraro4no,
4r066c K’ u K" 6oiau pasroi pasmepwoctu n u 4robes g K u
K" cywecreosaru rkanonusecxue 6asuce: gopm A(x', y') u
A(x", y") ¢ odunarosoim Habopom KawoHuwecKux KOIPPuyu-
eHTOB &), ..., &g,

HokazatenscrBoO. [Ipeanonoxum, 4to npoctpancrsa
K’ n K", cnabwennne dopmamu A(x’, y') n A(x", y"), aBas-
wres A-uzomoppubimu. Torxa oum H30MOpOHE Kak JauHeHHbe
NIPOCTPAHCTBA H, C/EJOBATENbHO, HMEIOT PABHYIO PAa3MEPHOCTb

(2.71). Bo3sbmeM npon3BO/NbHME KaHOHHYECKHA Gasuc ey, ..., e,
dopma A (x’, y') B npocrpanctee K’'. Mu umeen
., 0 npu i=£j,
A(el, e/)= P .
& npH i=j,
llyets e, ..., e,—Bextopu B K”, oTBeuaiome BeKTOpaM
€%, ..., ep mpoctpancta K’ B cuay umelomerocs A-uzomop-
¢usma. o ycnosuio
oo | 0 mpuiszEj,
A(e,-, e/)=1 . .
g, npu [ =]

Mu BuauM, uyto y dopmm A (x”, y") uMeeTcs KaHOHHuecKHH
Gasnc B npoctpaHcTee K” ¢ TeMm e Ha6opom KaHOHHYECKHX
p
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K03DOULUHEHTOB €y, ..., B, YTO H Y dopmu A (x’, y). Ta-
KuM 06pasoM, HeOGXOAMMOCTH YCMOBHS TEOPEMBH yCTAaHOBIEHA.

JIn MOKa3aTeNbCTBA AOCTATOYHOCTH PACCMOTDHM KaHOHMUE
ckue Gasucul e}, ..., en(BK)mey, ..., ey, (8 K”) ¢ 0auHaKOBbIM
HaGOPOM KAHOHMYECKHX KO3(HIUHEHTOB, TaK HTO

0 npu i==J,
Ae;, e))=A(e;, €)) :{ .
B bl Cg; mpu i=].

Tonoxum ans moGoro x' = N Ee €K’
"= (x')=XEe; €K

¢ temu we Koopaunatamu E;. Taxoe COOTBETCTBHE OnpenenuT
usomopduam mpoctpancts K’ u K" (2.74). Mu uMeeMm, 1anee,

npH y' = SMeeh, ¥ =0 (') = 2nsee
Ax, x) = e5m,=A0", )

TaK 4TO H30MOPHHU3M ® ABIACTCS H A-H30MOPPUIMOM. Teopema
JIOKa3aHa.

7.73. TlycTp uMeeTCss A-MEPHOE NMPOCTPAHCTBO K, ¢ dukcu-
POBaHHOM HEBHIPOXKICHHON Gununeinoi dopmot A (x, y). Pac-
cMoTpuM  A-usomop@usm npocTPARCTEA K, T. e. nauHefinoe
o6patuMoe OTOODaNEHHE y — Qx, He H3MEHTIOULEE dopmy
A(x, y):

A(Qx, Qy)=A(x, y). (31)

Bynewm nanee ¢opmy A (x, y) Kopoye 0603Ha4aTh uepes (x, ¥).
O6o03nauas yepes Q' omeparop, conpsKeHHH R K onepaTopy Q
oTHOCHTENbHO GOpMb (X, ¥) (7.63), umeeM

(Qx, Qy)=(Q'Qx, ¥ (32)

Tak kak omepaTop Q' HeBHPOXAEH BMECTE € omepaTopoM Q,
n3 (32) caenyet
Q'Q=E, (33)

r. e. Q' sBnsieTcss OGpPaTHLIM OmMEpaToOpoM A4 onepatopa Q.

O6patho, u3 (33) cnenyet (32) u manee (31), Tak HTO
paBencTBO (33) MOJHOCTEIO onpexensieT Knacc oneparopos, HeE
uamensiownx dopmy (x, y). ITH OnepaTtop GyneM Ha3biBaTh
UHBAPUAHTHLIMU OTHOCUTEADHO Popmer (X, ¥).
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7.74. Bumecte ¢ onepatopomM Q o6paTHbi# onepatop Q"1 =Q"
TaKke SIBASeTCS HMHBAPHAHTHHIM, TaK Kak ans JI0OHX X H y

Q'x, Qy)=(QQ'x, y)=(x, ).

TlponsBenenne AByX MHBApHAHTHHX omnepaTopos Q u T Takke
AIBASIeTCS MHBAPHAHTHBLIM ONMEPATOPOM, TAK KAaK AAf MOOHX X H Yy

(QTx, QTy)=(Tx, Ty)=(x, y).

7.75. Tlpumenss uHBapraHTHHH omepaTop Q K BexkTOpaM

ey, ..., €, KaHOHHYeckoro O6asuca ¢opmbl (x, y) ¢ k03bdu-
LHEHTAMH Eq, ..., E,, Mbl MOJYYaeM BEKTOPHI
f1=Qey, ..., [n=Qe,. (34)
IIpu 3tom
E; IpH k=]
J b
. = (Qe, e)=1(e; e,)= ,
(fp fk) (Q Fil Q k) (1; k) { 0 an k?éj
Takum o6pasoM, fi, ..., f, €CT6 Taxsce Kawnonuueckutl 6asuc

dopmbr (X, y) ¢ Temu oke KAHOHUMECKUMU KOIPPuyuenTamu
€, -+-, &
1 9

ne

O6patho, ecam fy, ..., [, €cTh KaHOHWYecKu#t 6asuc
dopMEl (X, ¥) ¢ TeMH e KaHOHHYECKHMH KO3(duIHEnTaMH
€, --., &, YTO H B 6asuce ey, ..., €, TO Oneparop Q,

onpenenennbit no dQopmynam (34), ABnfeTCs HMHBAPHAHTHHIM.
Je#CTBUTENBHO, MBI HMEeM

e, npu k= J,
0 npu k=~

Mubi BuznM, uto paBedcTBO (31) cnpaBennuBo nas M060H mapel
6a3ucHbix BekTopoB. OTclona, N0 JMHEHHOCTH, OHO CMpaBemJINBO
oas aofoii mape BekTopoB X, y u3 K, u4TO H TpebyeTcs.

ViTak, uBapHanTHui onepatop Q xapakTepu3yercs TeM, 4TO
geaxuil kanonuveckuil 6asuc npoctpancrsa K, (OTHOCHTENbHO
dopMu (x, y)) ow nepesodur cHosa & KarOHuueckud 6asuc
€ Temu Xe CAMbIMU KAHOHUHECKUMU KO3pPuyuentamu.

(Qey, Qep) =(f) Su) = ey, ek):{

7.76. Hafinmem ycioBusi, oOnpeiensioline MaTpHIy J1060T0
MHBapPHAHTHOTO OMEPaTopa B KaHOHHueCKOM 6asuce Gopmul (X, y).
Iyctp ey, ..., €,—TakoA 06a3uc M &y ..., €,—COOTBET-
cTByloUMe KaHOHHueckHe kosbduuments. IlyeTh, nanee,
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Q=|¢¥’ || —maTpuna onepatopa Q B 3Tom Gasuce. Matrpuua
CONPsXKEHHOI0 onepatopa uMeeT BHA (7.63)

(1)

, L ,
Q=g I, g = q‘”-

PagencTso (33) Temepb MOXHO 3amucath B KoopanHaTHOH ¢opme

n . .
0 ; | 1 npn j=k,
E g g = L l](” @ 6"" - 1 0 npn job b

i=1 i=1

Wnaue rosops,

1 npu j==~&
2 qm W _ 1 & ! (35)
j=1 0 npu js%k.

PasenctBo (35) axBHBaneHTHO (33) U MO3TOMY Takke MOXeET
C/IYXKHTb OMNpENENCHHEM HHBAPHAHTHOrO omnepaTopa Q.

Htak, maTpuna HHBapHaHTHOrO omepaTopa B JIO6OM KaHO-
HHYecKoM OGaauce ¢opmul (X, y) (uxeapuanrHas marpuya) xa-
paKTepH3yeTCs TeM, YTO CyMMa KBA4JAPAaTOB 3JEMEHTOB ee j-I'0

ctonbua ¢ xospduuuentamu erl, ..., g;' pasHa uncay s—'
(=1, ..., n), a cymMma npousBenenut coomerc‘rsyloumx
371EMEHTOB  JBYX PAa3JHYHHX CTOAOLOB ¢ KO3pDHLHEHTaMU
€, ..., &, paBia 0. Tak kax u3 (33) caenyer takke QQ'=E,
TO HMEIOT MECTO H PaBEHCTBA
m m £
haky N Be_ hom _ &G
290w =Y bR =8,
k=1 k=1
HIH
m X [ .
€, NpH j=m
qu%)l]“km — m i ’ 35’
k§1 10 npu jm=m. (357)

Mb monyyaeM BTOPYIO XapaKTCPHCTHKY HHBADHAHTHOH MaTpH-
LB CyMMa KBaApaTOB 3/EMEHTOB €e j-# CTpokH ¢ Koadduusu-
eHTaMH &;, ..., &, PpaBHa UHCAY €; CyMMa mNpon3BeleHHH
COOTBETCTBYIOILHX 3JMEMEHTOB ABYX pa3qH4YHBIX CTPOK TaKKe
¢ KodUIMEHTAMH Ey, ..., €, pasug 0,
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§ 7.8% TMMonununeiivie GOpMbI

7.81. [lo ananorun c GuauHedHbMH (opMavMH MOXHO Ppac-
cMaTpuBaTh nuHeHHble GyHKUMM OT GO/MBIIErO 4HC1A BEKTOPOB
(Tpex, ueThipex u Gosnee). Bce OHH HA3HBAIOTCA TONHIHHERHDL-
M opMamu.

Onpenenenue. Gynkuus A (xy, ..., X) OT R BEKTOPHHX
apryMeHTOB Xy, ..., X, MEHSIOLHMXCS B JHHEAHOM MPOCTpaH-
ctee K, nasnBaercs noauiunednoil (Tounee, k-aunetinodl) GopMoR,
ecau OHa nuuelina no nmioBomy aprymenty x;(j=1, ..., k)
NP (UKCHPOBAHHHX 3HAYEHHMSIX OCTANBHHX APTYMEHTOR Xy, - ..
cees Xpi1 Xjgn v X

Monununeitnas ¢dopMa A (xy, Xy, ..., X) Ha3HBaeTCH

CUMMEFPUXHOI, €CNU OHA HE WM3MEeHsSeTCs MpH nepeMeHe Mecra-
MH JIOOHX IBYX CBOHX aprymMeHTOB, H AHTUCUMMET PU4HOU, €ClH
NpH nepeMeHe MeCTaMH JIBYX CBOHX aPryMEHTOB OHA HIMEHAET
3HaK.

[IpuMepOM MOAHAHHEHHOR aHTHCHMMETPHUHOA ¢$opME OT TpeEx
BEKTOPOB X, ¥y, Z (TpH/iHHeHRHOH dopmn) B npoctpatctse Vs
ABJHETCA CMellaHHOe MpPOH3BeleHHE 3THX BEKTOPOB.

[IpuMepoM mosiHAHHEAHOR aHTHCHMMETpHuHOH ¢OpME 0T 72
BEKTOPOB B mpocTpaHcTee K,

xy={ay, a1 ---, ay,},
Xg=1{Qg, Qg3 --- Agn}s
Xp= {anl) gy -+ s ann}

SBAAETCA ONpenenuTe/b

Gy G - My,
Qg Qgp .+ Oy

Ay Xo ooon Xa)= | 50 70 00 (36)
anl an2 LI ann

Heckonbko 6onee o6UIHM IPHMEPOM SABJSCTCS NPOH3BEACHHE
onpenenutens (36) Ha ¢duKcHPOBaHHOE HHCIO & € K.

7.82. TlokaxeM, UTO 8CAKAA NOAUAUHELHAA QHTUCUMMETDUH-

nas gopma A (x,, X ..., X,) OT N BeKTOPO8 Xy, X3, ...
..., X, 8 N-MEePHOM AUHEUHOM NPOCTPAHCTEE K, ¢ gurcuposan-
Hotm 6a3ucom e,, ey, ..., €, PABHQ onpedeaureno (36) ¢ ne-

KOTOpbiM NOCTOAHHOLM MHONCUTerem o€ K.
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OGosuaunM yepes o Benuunuy A (ey, ey, ..., e,). Toraa
TIETKO NOACYHTATH BenHUHHY A (e;, €;, ..., €; ), The iy, iy,
<., i,—mobue nense yucaa ot 1 go n. Ecam cpeam sTHX
YHCE/ HMEIOTCS JBA DABHHX, TO BenHuHHa A (e, ey, ... , €; )
paBHa Hymo, u60 NpH  MepecTAHOBKE COOTBETCTBYIOLIMX
apryMeHTOB OHa HE H3MEHSeTCH, B TO BpPeMs KakK 10 CBO#-
CTBY AaHTHCHMMETDHM OHa JOMKHA H3MeHHTh 3HaKk. Ecau Bce

uyucna iy, £y, ..., i, PasH4YHH, TO, NPOU3BENS CTONbKO mepe-
CTAHOBOK COCENHHX apryMeHTOB, CKOJbKO 0ecnopsakoB B MOCJje-
HOBATENBHOCTH MHAEKCOB iy, iy, ..., i,%),~—00603HauuM 9TO

4HCI0 yeped N, —MOXHO HOOHThCS HOPMAJbLHOTO PaclONONEHHS
apTyMeHTOB; OTCIOAA

Ale;, e ., e )= (—1)Na,

i Cip e - "
[ycts Teneps

n
=daye; (i=1,2, ..., n)
i=1

€CTh MPOH3BOJBHAA CHCTEMa 7 BEKTOpOB mnpocTpancTBa K,.
CocraBum nonununedinyio gopmy A (xy, x5, ..., X,):

A(xl’ x xn)=

n
—Akzalt i 2 azz, iy *° 2 niy, zn>

ll— lg—

= alilawz...a-A(ei,e,.x,...,e-)=

iy iz, in=1

3 N,
=a (—WWay; a5 ... Qi e
iy £20 voey ig=1

Tax xax B Kaxmom cnaraeMoM nonyuupmiefici cymmu N o3Ha-
YaeT YHCNO OGeCnopfiAKOB B DPACHONOXEHHH BTOPHX HHAEKCOB
9JIEMEHTOR MPH HOPMANBLHOM MOPSAKE MEPBHIX HHAEKCOB, TO KaXK-
Boe cnaraemMoe eCcTh OXMH H3 WIEHOB onperenntens (36) ¢ mo-
NOXKEHHHM 9TOMY useHy 3HakoM. CyMMa BceX STHX WIEHOB
paBHa nosTomy camomy onpexenutenio (36). Takum o6pasowm,
Haule YTBepXJIeHHE ZOKA3aHO.

*) Cp. noKasaTeqbCTBO Teopemul 4.54.
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B 4acTHOCTH, MBl MOKAa3a/7H, YTO CMEINAHHOE TIPOM3BENEHHE
TpEeX BEKTOPOB X, y, z npocTpancTBa V; B mioGom Gasuce 3a-
IHCBIBAETCA Kak ompelenuTelb 3-ro NOpPAAKa H3 KOOPAHHAT
9THX BEKTOPOB ¢ KO3(UUHEHTOM, PpaBHbIM CMEIIAHHOMY npo-
H3BENeHHI0 Ga3HCHBIX BEKTOPOB.

§ 7.9. KsanpaTuuusie u Guauneiinpie (Gopmbl
B BelICCTBEHHOM NpPOCTPAHCTBE

7.91. Y BeuleCTBeHHBIX YHCE ONpeneneHb 3HaKu ( -+ Hiu—),
no3ToMy Uil OWMHEHHRX H KBaAPaTHYHHX HOpM B BeHIECTBEH=
HOM MPOCTPAaHCTBE TEOPHA MOMXeET ObITb MPOABHHYTA HECKONbKO
Ianee, YeM B NPOCTPAHCTBE HAJ NPOM3BOJbHHM rosieM K.

Corsnacho obuiel Teopeme 7.3 kBanpaTuunas dopma A (x,x)
B HeKOTOpOM Gasuce MPHBOIMTCA K KAHOHHYECKOMY BHIY

Alx, x)=Ami+...+ 2,5

Cpenn uncen Ay, ..., A, UMeeTCA CTONBKO OTJHYHBIX OT
Hy/isl, KakoB paur dopmb A (x, x) (7.336). OHH MONONKHTENbHH
Win oTpuuatenbHu. OKa3nBaeTcs, 4TO YHCIO MOMNONKHUTENbHHX
H YHC/I0O OTPHUATE/NbHHX KaHOHHYECKHX KO3(QODHUHEHTOB Takke
HE U3MEHSIOTCS NPH H3MEHEHHH KaHOHMYecKoro Gasmca.

Teopema. (Teopema HHepUHMH KBaApaTHUYHMHX
dopM.) Yucao nosoxuresbHbIX U HUCAO OTPULATEAbHBLY KOID-
Guyuentos 6 Kanonuseckom sude xeadparusnotl gopmu A (x, x)
ABAAIOTCA UHBAPUAHTAMU Gopmol (T. e. He 3ABUCAT OT 8blbopa
Kanoru4ecKkoeo 6asuca).

HokasarenpcrtBo. IlycTh 3amana keagpatHunas dpopma
A(x, x). B nexotopom Gasuce {e}={e;, e, ..., e,} ona
HMeeT BHA

n
Alx, x)= 3 a,kt,

i, k=1

rae &5, &, ..., §,—KOODAHHATE BEKTOpPa X OTHOCHTENIbHO
Gasuca {e}. lonmyctum, 4TO OHa 06nadaeT ABYMs KaHOHHYECKH-

MH 633HC3MH {f}:{fla fz, R | fn} H {g}:{gl’ g2 ¢+ gn}'
OGosnauum uepes 1y, My, ..., T, KOOpPAHHATH BeKTOpa X
B Gasuce {f} u uepes T, Ty, ..., T,—B Gasuce {g}. Coor-

BeTCTByoUlHe (OpMyaNbl npeo6pa3oBaHWs KOOPAMHAT MyCTh
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6ynyT CAeLyIOlHMH:

M= bubi-Hbpke -+ .. 038 Ti=cnby ek + covFCinkns
712 = byki+ bk + +b2nEm Tz ——52151 +022&2 oot eaatn .(37)

= bnlgl +b“2§_ + +bnn§nv Tn “‘Cnlgl + cn?EZ e '+ Cnng.n‘
B 6asuce {f} dopma A (x, x) uMeer BHI
Afx, x)=ami+ ... toni—oy Nia—...—a,n%, (38)

a B Gasuce {g} COOTBETCTBEHHO

Ax, x)=
= BIT%+BZT;+ e +ﬁpTz“ﬁp+1T3+1_---—ﬂq12. (39)
Ynena o, 0y, ..., @, By, Po ..., ﬁq NpeanonaranTes

NONOXHUTEAbHHNMH. MH nmokaweM, 4yTo & =p, m=gq. [lpu-
paBHMBas nmpaBHe 4acThH pasedcTs . (38) u (39) m mneperocs
OTPHUATE/IbHKE YIEHH B NPOTHBONOJONHBE YaCTH paBeHcTRa,
MH NOJYy4aeM

onitant+ . e B, T BT =
= ak+17]§+1 —I_ e +amnrzn + BIT%+ LIRS + ﬂpTg' (40)

Honyctum, uto k < p. PaccMoTpuM TOrZa BEKTOpH X, YyAOB-
JIETBOPSIOLUIME YCIIOBHAM:

1:01 7]2=0, vty nk:07 l (41')

1=0, ooy, =0, T,,=0, ..., 7,=0/

P+ g+

ATuX ycaoBuii, OuYeBHAHO, MeHbINe ueM rn, Tak Kak k <p.
Noncranas BHpawenus Wy, ..., M, Tpiq, ---, T, 4Yepes
koopauHaTh {E} mo Qopmynam (37), Mul nojyyaeMm OZHOPOIHYIO
cHCTeMy anHeMHWX ypaBHenu#t oTHocuTenbHo koopaunaT {E};
YHCJIO YpaBHEHHH MeHbIIe Yucaa HEH3BECTHHIX, M, CeJ0BaTENlb- -
HO, 3Td OJHOPOIHAs CHCTEMAa AONYyCKaeT HEHYJeBOe pelleHHe
x={E, &, ..., &;}. Ho, c apyro# croponn, BcsiKuik BeKTOp X,
yaoBneTBopsitouuil ycnoeuam (41), B cuay paseHctBa (40) ynos-
JIETBOPSIET M yCJIOBHAM

T =Tg=...=1T,=0,
BekTop, 1115 KOTOPOIO Ty =Ty = ... =T, =T, ;= ... =1,=0,

He06X04HMO ecTh HYJb- Bemop, M IS HEro BCe KOOPAMHATH
{&} rTakwe momiHw OmTh paBHw Hymw. llonydyexsoe nporueo-
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peuHe MOKaswWBaeT, YTO MpeAnonoxeHHe k < p He MOXeT ocy-
HIECTBHThCS.

B cuny nonHoRt cummeTpuu uucen k£ u p B paccMaTpHBae-
MOM 3alaye Takxe He MOXET OCYLIECTBHTHCH H MPEANONOKEHHE
p < k. Orciona k=p. Jlanee, ecnu paccMoTpeTh YCA0BHS

T,=0, 1,=0, ..., T,=0,
nk+1:O) R | ‘nm:ov nm+1:O, Tr ‘nn:O’
TEM XK€ MPHEMOM MOXHO ONMPOBEPTrHYThH TMPEANONOKEHHE m < q

H N0 cuMMeTpHH ¢ < m. Takum 06pa3soM, OKOHYAaTeNBHO MoMIy-
4yaeM, 4To R=p, m==¢, YTO U TPe6OBaIOCh.

7.92. llonHoe uHCAO0 4Y/IEHOB, BXOASUIMX B KaHOHHYecKuit
BHA KBanpaTHuHo#t opmMu A (x, x), T. e. ee panr (7.336),
Ha3BBAETCA TaKXKe ee UHOEeKCOM UHepyuu; YHUCIO MOJOXKHTE/Nb-
HBIX YJICHOB HA3LIBACTCS IrOAONUTEAbHBIM UHOEKCOM UHepyuu,
YHC/I0 OTPHUATENbHHX Y4/€HOB— OTPUYATEAbHIM UHOCKCOM UHep-
yuu. Ecnu npH 3TOM NOJNOKHTENBHHE HHAEKC HHEDUHH pased
Pa3MEPHOCTH MPOCTPAHCTBA, (POPMA HABHBAETCS NOAONUTEALHO
onpedeennol; UHHIMH CJIOBaMH, KBanpaTH4Hasi ¢opMa MOJOKH-
TeJbHO ONpesesieHHas, €C/IH BCe 71 ee KAHOHHYEeCKHX Ko3(p¢H-
LHEHTOB MOJIOXHTENbHH. TeM CaMEIM noA0JNCUTeAbHO onpederen=
Haa (opma 6 Kaw0od To4Ke NPOCTPAHCTBA, KPOME Hauaia Ko-
0pOUHAT, NPUKUMAET NOAOKUTEAbHOE 3radenue. U obpaTHO, ec/H
HeKoTOopas ksaxpaTHuHas ¢opMa B 71-MEPHOM NPOCTPAHCTBE MPH-
HHMaeT BCIOAY, KPOMe HAauana KOOPAHHAT, MOJOKUTE/NbHHE 3HA-
HEHHSI, TO €€ DPaHT paBeH 71 H MOJOXHTENbHBLI HHIEKC MHEPUHH
TaKxe pasen 7, T. e. (opMa MONOKHTENILHO ONpeLe/eHHa,
HeficTBuTeNbHO, a5 GOPMH paHTa, MEHBIUErO /1, HJAH HMElo-
miel MeHbllee, YeM /7, YHUCJAQ TMOJOKHTEIBHHX KaHOHHYECKHX
k03pPHUHEHTOB, NerKO YKa3aTh TOYKH B MPOCTPAHCTBE, OT/AHY-
Hel€ OT Hayaja KoOpAMHAT, TAe 3Ta ¢opmMa NpPHHHMaeT OTpH-
uaTenbHOE 3HAYEHHE WM HyJAeBoe.

Hanpumep, ¢opma paura 2 B TpexmepHOM NpocTpaHcTBe

_.R2 2
Ax, x)=E§}+E;
npm—mmae‘r Hyneaoe 3Ha4YcHHE Ha .’11060M BeKTOpe [ KOOpIAH~

Hatamu & =0, E, 520, §;=0. dopma paxra 3 B TpexmepHOM
NPOCTPAHCTBE

— E2 2 2
Ax, x)=§1—Ei+E3
NPHUHHMAET Ha TeX Xe BEKTOpaXx OTPHUATENbHBE 3HAYEHUSA.
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7.93. Teopema uHepuuu, MOKa3aHHAsT HAMH AJi KBaapaTHY-
HBIX (OPM, HEMOCPEACTBEHHO MEPEHOCHTCS H HA CHMMETpPHYHbIE
Ounnnefineie GOpMH: HMEHHO, 4U4CA0 NOAOKUTEAbHBIX U OTpuya-
TeAbHOIX KOIPPHUYUEHTO8 KanoHu4deckozo suZa (22) 6uiunednodl
gopmor A (x, y) He 3asucurT OT 8bl60pa KaHOHU4ecK020 baauca.
IostoMy anst cumMeTpuuHoil OGunuHelHOR GOPMBI HMEIOT CMBICT
TIOHATHS TOJOXHTENbHOTO M OTPHILATENbHOIO0 HHAEKCOB HHEp-
LK. 3HAYCHHS IIONONHTEIBHOTO W OTPHLATENbBHOTO HHIEKCOB
unepuuu Oununednoit gopmm A (x, y) u, crenoBaTenbHO, KBal-
patuuHoli GopMH A (X, X) MOryT GHITH ONpeAeNeHH MO 3HAKAM
YTJIOBHX MHHOPOB MATpPHUN (OpMB B KakoM-InGo 6Gasuce (ecau
TONBKO 3TH MMHODHl OT/JMYHEI OT HyAs) mo dopMmynam (24).

3aMeTHM, 14TO 6 BeuwjecTéeHHOM npocTpancTee R, ecezda
MOMHO 048 Oannol keadparuunod ¢opmer A (x, x) wadru xa-
HOHudeckuill 6a3uc Takoi, 4TO 8ce KaHoHudeckue Ko3pu-
yuentsl 6yodyr wucaamu —+1 wuaw —1. Jna artoro, npusens
gopmy A(x, x) k Buay A(x, x)=MATP4+ ... +A,Tp—
— B1Torr— oo —WgTheg TAC Ay, ooy Ay Wy, -, [, TIOTOKH-
TENbHK, MB COBEPIWIHM €lULe OXHO NpeoSpascBaHHEe KOOPAHHAT

g:l:V}"_lTl: ey gszx;Tp)

§p+1 = VH1TP+1, sty §p+q = V“‘qrpq.q'
[Tocne storo npeo6GpasoBanns GHopMa NPHHUMAET BHUX
A(x, x)=81+... +§,2;~‘§;27+1“" oo -g;znq-

Orclona nerko cnenyer, 4TO 4UCAG P U § 8 6EUECTEERHOM
NpOCTPANCT8E — eOUHCTBEHNbIE UHBAPUAKTbL KE8AOPATUYHOL (hop=
moL A (x, X) u coorsercreyroueld 6urunednod gopun A (x, y):

Teopewma. [Osa npoctpancrea R’ u R” ¢ ssidesennoimu
6 HUX CuMMeTpudHbimi Ourunednvimu opmamu A (x', y') u
A (x", y") asastorca A-usomopgueimu T020a u TOAKO T0204,
ko2da npoctpancrea R’ u R” umeror odunarosyro pasmeprocts, a
undekcor unepyuu p’, q' Gopmer A (x’, y') cosnadawr coor-
seTcTeenno ¢ undexcamu unepyuu p”, q" popmer A (x”, y").

JoxazatTenbcTBO HENOCPEACTBEHHO CNEAyeT M3 NpH-
BeJIEHHHX Bpille coobpaxenuft u Teopemu 7.72,

7.94. Cnenywouwye onpeaenesuss COOTBETCTBYIOT onpenene-
HHAIM, TNPHBENCHHBIM B 7.92 1/l KBAaAPATHYHHIX (GOpPM.
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Bununefinas ¢opma A (x, y) HasbBaeTcH HesbiposcOexnol,
€CId ee paHT paBeH YHCIY H3MepeHHH NPOCTPAHCTBA, HHHIMH
CIOBaMHM, €CJH B KaHOHHWuYecKofi 3amuch dopmu A (x, y)

A (x1 }’) =7‘1§17]1—|‘ cee —I_}“ngnnn

Bce Ko3pduuueHTH Ay, Ay, ..., A, oTmuunel oT Hyas. Ecam
BCe 3TH KO3hOHUUHEHTH, KpOME TOrO, MOJOXHUTENbHH, dopMa
A(x, y) nHa3bIBAECTCA n0A0KUTEAbHO Onpedesennod. TlonoxuTenbHO
ompexnenenHas OununeHinana Qopva A (x, y) xapakrepusyercd
TeM, 4YTO COOTBETCTBYylowlas KBainpaThHyHad dopma A (x, x),
cornacHo 7.92, NpHHAMAET NPH KawaoM X %<0 MO/NO¥X U T €1 b-
HOe 3HAyeHHE.

o camoMy onpeneneHHIo MONOKHTEAbHO onpeaenenHas gopma
B mpocrtpancTBe R, neBepoxaeHa. Ho tak kak B cuny cBolicTBa
A (x, x) > 0 ona ocraeTcsl HOJOKHTENBHO ONpeneneHHOH H Ha
no6oM moanpocTpaHcTBe R'<R,, To B oTauuMe oT obuelt
Gununettnoft dopmu (7.152) nonoxuTenvno onpenenenHas Qopma
ocTaeTcd HeBHPOXIEHHOH Ha n060M moiampoctpanctse R'cCR,.
Ecan f, ..., fy—mo6be 2 nMHHEHHO HE3aBHCHMHX BEKTOPOB,
onpejenHTenb

A(fy f) -0 AlSy, [
D=|. .

A(fe, 1) ooo Alfrs [
3aBefoMO OT/JHYEH OT Hyns. Huwe Mu yBuauMm, uto yucio D
BCErAa MOJOKUTENBHO,

7.95. OfHHM K3 BaXKHBIX NPHMEPOB CHMMETPHUHOH IOJOXHTENbHO
onpeze/iennoil OunnEelnoR GOPMEL B mpocTpascTe Vg siBAfETCS CKagdAp-
HOe TMpou3BEeNeHHe BeKTOpoB x H y. [leficTBuTesbHO, W3 ONpeleseHus
CXaJSIPHOrO TPOH3BENEHHS] HENOCPEeJCTBEHHO BHTEKAIOT COOTHOLNEHHS

(x 9)=(y, »),
(x, x)=|x]2>0 npu x #0;

TepBoe U3 HHX NOKAa3blBaer, uTo Guinneltnas dopma (x, y) cuMMeTpHYHa}
BTOpOE-—YTO COOTBETCTBYIOWIAS KBAApaTHYHAH (OPMA NpPHHUEMAET TDH
KaXIOM ¥ # 0 NONOKHTeNbHOE 3HAYEHHe M, CJefoBaTesbHO, GHAuHefinast
dopma (¥, y) NONOKHUTENEHO OmpejeJeHa,

B nanpHefiieM cHMMeTPHUHBIE MOJIOXHTENLHO ONpele/eHH e GHARHEH-
Hele $OpMEl OYIYT HrpaTh HCK/IOYHTEJIBHYIO POJIb: HMEHHO, HCIOJB3YS
TaKHe (OpMBI, MB B OOIMEM JHHEHHOM MDOCTPAHCTEE MOJNYYHM BOSMOXK-
HQCTh BRECTH NOHATHA JJIMH BEKTODOB H YFJIOB MEXIy BexTopamu (ri. 8).
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7.96. BoaHukaeT BOmpoc, Kak mo Martpuue OHanHeHHOHK CHM-
MetpuuHo#t dopme A (x, y) CyAMTH O TOM, fABAAETCH JH OHA
NOJMIOKHTENbHO onpelenedHod. OTBeT HA 3TOT BOMPOC JnaeTcs
clenyioulei Teopemoi.

Teopema. [an T020 41066l CUMMETDUYHAA MATPUYQ
A= a; || onpedeinra noroxuresno onpederennyro Guiuneii-
nyto gopmy A(x, y), Heobxodumo u docrarouno, 4T06bL 8CE
yeaoevie Muropol marpuysi || a, ||

211 Q19 Oy3
, @ @ge @gsl, ..., det]] aik“

Q31 gy Qg3

41 Qg9
a1

sy Qg

bblau noAOHCUTEAbHLIMU.

HNokasaTtenbcTBo. EcinBce yriosse MHHOPH MaTpHUH A
NOJIOKHTE/bHH, TO B CHAYy ¢opMya (24) OyAyT NOJOKHTENbHH
M BCe Kanonuyeckue kosdpduunentn A, dopMH A (x, y) B He-
KOTOPOM KaHOHH4YeCKoM Gasuce; Takum obpasom, ¢opma A (x, y)
MOJIOXUTENBHO OMNpene/eHa.

MlycTs, 06patHo, dopma A (x, y) NONOKUTENbHO ONpeneeHa;
TMOKaXeM, YTO TOTAA YI/IOBHE MHHOPH MaTpHUM || a; || nmonowmu-
TenbHH. JlefcTBUTENBHO, yri0oBOH MHHOp

a;y Qg --. Oy,

M=180n Qa2 .. Qop (42)

Ay Qg+ 0o Qppy

onpenensier Matpuuy |lanfl (¢, k=1, 2, ..., m) ¢opuu
A (x, y) na noanpocTpanctae L, mopokneHHoM nepmiMH m Ga-
3uCHeiMM BekTOpamH. Tak Kkak Ha moanpoctpaxctse L, ¢opma
A (x, y) nonoxurenbno onpenenena (A (x, x) > 0 npu x == 0),
TO B noanpocTpancTBe L, cymecTByer KanoHHueckuit 6asmuc,
B KOTOpOM ¢opMa A (x, y) 3amHChHIBAETCH B KAHOHHYECKOM BHIE
C MOJOKHUTENBHHMH KaHOHMYECKHMH Kosdduumentamu. B yacr-
HOCTH, U onpeleautens Gopmu A (x, y) 8 3ToM 6asuce, papHuil
NPOM3BENEHHI0 KAHOHMYECKHX KOI(PQUIHEHTOB, TaKke NOJOKH-
TeJ€H. YUHThiBasl CBA3b oONpefejuTeNeli MaTPHIL Ou/HHeHHOH
¢opun B pasihx Oasucax (7./5 (6)), MW BHIMM, YTO onpe-
aeantens Gopme A (x, y) B HCXOZHOM 6a3HCe MOANPOCTPAHCTBA
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L, Toxe nonoxurtenes. Ho onpexenutens ¢opmu A (x, y)
B HCXOmHOM 6a3uce noanpocTpaHcTBa L, ecThb Kak pa3 Mu-
wop M. Cnemosatenbio, M >0, H Teopema MNOJHOCTBIO 1O«
Ka3aHa.

3ameyanune. Bmecro yraoBoro MuHopa BO BTOpOH 4acTH
JOKAa3aTenbCcTBa MOXHO OHJ0 B3sTh /Mi060H NHArOHaNbHHA MH-
Hop (5.53) 6e3 cymecTBeHHOro HameHeHus paccyxnenu#i. Taxum
06pa30oM, y MATPUYbLL NOAOKUTENLHO Onpederennol popmst 10604
OUQ20HANLHbLE MUHOP NOAONUTENEH,

7.97. s nonoxuTenbHo onpegenerHolt dopmu A (x, y)
BCEra CyHECTBYeT KaHoHWyecKui Gasuc ey, ..., e,, B KOTOPOM
Bce Kauonuieckne kosdduumenTH pasan +1 (7.93). Ilostomy
HBA N-MePHBLX BeuiecTBernblx npocrpascrea R, u Ry ¢ svidesen-
HbIMU B8 HUX NOAOKCUTEeAbHO onpedeaennbimu dopmamu A (x', y')
u A(x", y") B cuny reopemun 7.72 scezda A-usomopgrot.

7.98. B nipu/ioKeHHRX JHHERHON ajre6pl K aHajH3y (HMeHHO, B Teo-
PYH YCJOBHBHIX 5KCTPEMYMOB) 4acTo TpeGyercst pellMTh CJAEAYIOM(YlO 3aaa-
uy: 3nas matpuny A= || a;y || OuaHHelHOl cuMMeTpHUHOR dopybl A (x, ¥),
y3HaTh, OyierT JH 31a (OpMa MOJOKMTEJNLHO OMpejeJeHHoil Ha mox-
NpPOCTPAHCTBE,  33JAHHOM  CHCTeMOH R HE3aBHCHMBIX  JIHHEHHBIX
ypaBHenu#

n
D obky=0  (=1,2 ...,k k<n)
i=1

Oxa3uBaeTcsi, 4YTO HEOGXOAWMBIM M JOCTAaTOYHHIM YCJOBHEM ANA STOrO
SIBNAETCA MNOJIOXKHTENBHOCTh YIVIOBHIX MHHOPOB MaTpHUBL

0 0 ...0 by by ... by
0 O ...O0 by by ... byy

070 ... 0 “beybgaoer bia

A=(—1)*

D by boy <ot bp1 Gy G1n ... G1n
bio bag ... bpy @3y Gy ... G2p
bin ban .. bpn om dm vre Qpp

nopanka 2k-+1, 22+2, ..., k4+n™*).

*) Cum. samerky P. fl. lllocTaka B KypHane «YcCrexsH MareMaTude.
CKHX Hayk», 1954, 1. 9, BHm. 2 (60), ctp. 199—206.
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3AAAYH

1. OGpasyior /u 3JeMeHTHl MaTpHOBl OuaHHeHHOH GOpMHl TeH30p
(5.61), u ecan na, TO KaKOro THna?

2. TlpeoGpasoBarh KBaApaTHYHYIO BOpPMY
E18s 885 1+ Esku

K KaHOHHYeCKOMY BHJY.

3. ITyctb p—noNOKUTENLHBIY HHIEKC HHePUUHU KBagpaTHUHON (HOpPMBI
A (x, x) (3anmanHoit B mpocTpaHcTBe R,) M g —ee OTpHUaTe/bHBIH HHIEKC
uneprun. IlycThb sajaHRl p TONOKHTENbHBIX 4HCEN Ay, Ag, ..., Ay H
g OTPHRATENBbHEIX 4YHCEN [y, Mg, ..., Mg- IlOKa3aTh, UTO CylleCTBYeT
6asuc, B Kotopom ¢opMa A (x, x) NIpHHHMaeT BHJ

A (x, x)=llr§+lzr§—]—...—]—lpr;+ ulr;+1+...—]—pqrg+q.

4. Tlokasatb, yro y KBajpaTuyHofi OpMBI pDaHra r BCerjia HMeeTCsl
[0 KpafHell Mepe OJHH JMArOHANBHBIH MUHOD paHra r, OTJIHYHELY OT HyJd,
5. IIpeoGpazoBate GuauHeiinyio Gopmy

A(x, y)=EM; +EMo+EMy + 2Eams + 28um5 1 2851, +5E4M;

K KaHOHHYECKOMY BHIY.
6. ITpuMenuTb MeTO1 SIKOOK A5 peoGpa3oBarus GHIHHEHHOH GOPMEL

A(x, g)=Eny—EMe—Eany +EiMa+ Eala + 28aMs + 262 + Eatis - EaMa

K KaHOHKUECKOMY BHIY.

7. ChopMyaMpoBaTh YCJIOBHS, IPH KOTOPBIX CUMMeTpHYHAas MarpHIa
Il @;¢ || onpenensier oTpunaresnbHO ONpefesieHHYi0 GrJMHERHYIO (opMy.

8. Maua cummerpuunasi matpuna A=|| a;z ||, o6najaiomasn ceoiicTeaMi

a1y a1

>0, ..., det{la;]] >0.
o llas |

a; >0,

Hoxasate, uT0 @y, > 0.

9. JlokasaTb TeopeMy: NOJHJHHeHHAs AHTHCHMMeTpUuHas ¢opMa oOT
n 41 BeKTOpOB B n-MEPHOM MPOCTPaHCTBe K, TOX[eCTBEHHO paBHA HYJIO.

10. Jokasate TeopeMy: NoJHJMHefiHas aHTHCMMMeTpHuHas dopma
A(xq, ..., X;_1) OT n—1 BeKTOPOB B n-MEPHOM MPOCTPAHCTBE 3aNHUCHI-
BaeTcsl B JIOGOM Gasuce KaK OMpejesinTesb, MepBble 71— 1 CTPOK KOTOPOro
3aMnoJIHEHB KOODAKHATAMH BEKTODOB-apr'yMeHTOB, a NOCAEAHAA, n-5, CTPOKa
3aN0JIHeHa 7 (UKCHPOBAaHHBLIMH 9HCJIAMH.

11. IdokasaTb, uTO BCSIKasl aHTHCHMMeTpHuHAas Ou/uMHekHas dopma
A (x, y) £ 0 MoxeT GHITb BCeTAa NPHBEJEHA K «KaHOHHYECKOMY BHLY»

A(x, ) =01T,—0yT1 F 03T, — 04 T3+ . .. + 0o —1T2p + O2pTap -1

12. Iokasath TeopeMy: BelllecTBeHHasl KBagpaTuunas dopma A (x, x)=
3
=2,a,-kx,-xk HeOTpHLATeAbHa TNpH BeeXx XE R, TOTAa H TOJbBKO TOria,
KOTIa Gce 1MaroHalbHbie MHHOPH MaTpuubl A==|}a;, || HeoTpuuarebHH.
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OpuMmeuanue. Il MaTpHUH ”8 _?” yrJoBHe MHHODH §; u &y

paeubl 0, a coorBercTByMOMass (GopMa He SBJsETCS HEOTPHLATENbHOH.
Takum o6pasom, ycnosust 8; =0, 8§, =0 nedocmamounst JN18 HEOTpHLA-
TeJbHOCTH (POPMBIL.

13. Ilycte B mpocrpaHcTBe K, 3ajaHa HeBHIpOXKJeHHasi OHJHHelHas
cumMerpuuHast ¢opmMa A (x, y). Ilyere K’cK—mnoanpocrpancreo pas-
meproctu r. Ilokaszarb, uto conpsiKenHoe moanpoctpancteo K'CK umeer
pa3sMepHOCTb n—7.

14. B npocrpancrtBe R, 3ajama cummeTpHuHas GuuuHefiHas Qopma
(x, y)=&m1—EM,. HaiiTu onepaTop, conpsnKeHHEI (OTHOCHTENbHO 3TOH
¢dopmbl) K OMEparopy moBOPOTa ¢ MaTpHUeH

A—| cosa sin o
T |—sina cosaj’

15. lycts B mpocrpadctee K, BuJesneHa HeBbIpOXOeHHas Qopma
(x, y). Ilna xBaZpaTHOH CHCTeMB! JIHHEHHHIX YpaBHEHHH
n

> apte=b; (=1, ..., n) (43)
JiOKa3aTb «reopeMy ®pearoibMas: cHcTeMa (43) uMeeT pelueHHe JJd Tex
H TOJbKO AJIA TeX BeKTOpPOB b:{bl, ey b,,}, KOTOpbIE€ COMPSANKEHH! KO
BCEM pElUCHHAM OAHOpOﬂHOf/’I CHCTEMBl
n
D apnp=0, (44)
k=1

,
rae H aje “-——Manuua, conpsikennas ¢ | @y || oTHocHTeBHO GOPMHI (X, H)s

OTciofia BLIBECTH, UTO YHMCJAO HE3ABHCHMBIX JIMHEHHBIX YCIORHA Ha
BEKTOp b, HeaGXOAUMOE H JOCTATOUHOE JJisl PA3peIlHMOCTH cHCTeMbl (43),
PaBHO Pa3MEPHOCTH NPOCTPAHCTBA peIleHHN OJHOPOAHOH CHCTEMBI

n
Zaj'kgkz() (]=I’ ey n)- (45)
k=1
IMlpumeuwanne Ina obniefl cUCTeMH
n
Zajk§k=bj (i=1, ..., m) (46)
k=1

JiBe YKa3aHHEIE XapaKTePHCTHKH yxXe He COBNAjaioT: HX Pa3HOCTb, Ha3bl-
BaeMasi uuOekcom cHcTeMmul (46), paBHa m—n. )

16. Ilokasathk, uTO BCsIKast HeOTpHUATe bHAs GuamHefinas dopma pan-
ra r B npocTpaHcTBe R, MoXeT OHTb IpeAcTaBjeHa KaK CyMMa 7 HeoT-
PHUATEJAbHHX GHIHHeHHHIX ¢gopM pamra 1.

17. Ilokasath, uTo BCsiKasi GHJHMHelHas ¢gopma paHra 1 B mpocrtpas-
ctee K, umeer Bug A (x, y)={(x)-g(y), rme f(x) u g(x)—nuHefiHbIe
hOpMBI.

18. Ecan A (x, y):Zaj-kgj-nk . B (x, y)——-Zb,-kEjnk—HeOTpnua-
TeJbHbie GunHuelinpie ¢GopMe B npoctpanctee R,, 10 dopMa € (x, y)=
=2ajkbj-k§jr|k TakXe HEOTPUIATeNbHA.
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EBKJIMIOBBI NMPOCTPAHCTBA

§ 8.1. Beenenne

Bonbuioe MHoroo6pasue akTOB, KOTOPHMH 6Orara reomMeTs
pusfi, B 3HaYuTebHOH Mepe OOBACHACTCH BO3MOKHOCTLIO Pasind-
HWX H3MEepeHHii—B OCHOBHOM BO3MOXHOCTbIO H3MEpeHHs IJIRH
OTPE3KOB M YI/IOB MEXKAY MPSMbIMH. B o6iieM AuHeHAHOM MPOCT-
paHCTBE MH ellle He HMeeM CnocoGa MPOH3BOAMTL TAKHE H3ME-
peHusi; W 3TO, pasymeercs, CYXUBAeT o6nacTh Haplero Mccrue-
JOBaHUS. :

YKenas naubosee ecTecTBEHHHWM 00pa3oM pacmpoCTPaHHTD
Ha obuhe JAuHefiHnie MPOCTPAHCTBA METOAM, CBS3atHHBE C BO3-
MOXHOCTBIO M3MepeHH#, MH 00paTHMCH K OIPENEeNEeHHIO ¢kansp-
HOTO MpOM3BENeHust ABYX BEKTOPOB, MPHHATOMY B aHanHTHHEC-
Kol TeoOMeTpPHH (H MPHTOLHOMY, KOHEYHO, TOJbKO AJd OObIUHHIX
BEKTOPOB — 3J1€MEHTOB [MPOCTPAHCTBA V,). 3T1o onpenenenue
IJIaCHT: CKQAAAPHOE npousgedenue O8Yx BeKTOPO8 ecTé NpoUs-
gedenue OnUN STUX BEKTOPO8 U KOCURYCQ Y2aa Medxly HuMU.
CnenoBaTelbHO, 3TO ONpele/ieHHe yxe OCHOBaHO Ha BO3MOX-
HOCTH H3MepeHHst JJIMH BEKTOPOB M yIJa MEXIy HHMH.
Ho, ¢ npyro#t cTOpOHH, 3Hast CKaJspHOE MPOH3BEAEHHE no60o#
napel BEKTOPOB, Mbl MOWEM BOCCTAHOBMTL IUIMHW HX M yrod
Meway HHMM; RefiCTBMTENbHO, KBAApaT IJIMHEI BEKTOpPA pPaBEH
CKaJsipHOMY MPOM3BENEHHI0 9TOT0 BEKTOpa ¢ CaMuM co6o#,
4 KOCHHyC Yyria Mexjy /ABYyMsi BEKTOpPaMH-—OTHOUICHHIO HX
CKaJspHOTO TPOH3BEeleHHs K TPOH3BENEHHI0 HX IJIHH. Cnenosa-
TEeNbHO, B TIOHSITHM CKQJISPHOTO TPOM3BENEHHS MNOTEHUHAIBHO
3aKMI0YeHH W BO3MOXHOCTH HM3MepeHus IUTHH, ¥ BO3MOXHOCTDH
u3MepeHus YIJoB, a BMECTE C HHMH H BCHA 0614CTb TEOMETPHH,
CBSI3aHHAA C M3MEpeHUSIMH («MeTpHuecKas reoMeTpHs»).

B o6uieM AMHEAHOM TPOCTPAHCTBE HaM JIETHe OyneTt CHa-
yana BBeCTHM TIOHATHE CKaJsIPHOTO TIPOM3BENEHHSI ABYX BEKTOPOB
M 3aTeM H3 HMMEIOLIErocsi yxce NOHATHS CKansfipHOro NpOH3BEIE-
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HHSL OOJYYUTh ONpene/eHHs IMHHE BEKTOPA M Yria Meway
BEKTOPaMH.

[TocMOTpuM, Kkakue cBOHCTBA OOBIYHOrO CKAaJSIPHOrO TPOH3-
BEJAEGHHS MOMHO HCMOAb30BAaTh IS MOCTPOEHHS aHanOTHYuHOH
BCJHYHHB B 0o0lleM JHHeHHOM npocTpaHcTBe. Buauane orpaudu-
YHMCHl C/lyuaeM BellleCTBEHHHIX MPOCTPAHCTR.

B 7.95 mn yxe Bumenu, uyto B mpoctpanctBe Vy(2.15 a)
CKanfipHoe Mpou3BeseHHe (x, y) ecTb OuauHeHnas c¢opma oT
BEKTOPOB X H ¥, CHMMETPHUYHAS H MOJOXKHUTENbHO ONpepe/]eHHas.
$opMbl ¢ TAKHMH CBOHCTBaMH, BOOGIIE [OBOPSI, HMEITCA H B
ofLieM BelleCTBEHHOM JHHeHHOM npocTpaHcTBe. PaccMoTpuM
B BEIECTBEHHOM NMHHEHHOM NMPOCTPAHCTBE NMPOH3BOJBHYIO (HKCH-
poBaHHyl0 OunuHelnyio gopmy A (x,y), CHMMETPUUHYIO H MOJIOKH-
TeNbHO onpenenennylo. HazoBem ee «cka/sipHBIM pOH3BEAEHHEM»
BeKTOpoB x H y. [locie aToro omnpenennM I/HHY KaXAOrO Bek-
TOPA H Yroi MEKAY KaXAHMH JABYMS BEKTODAMH 1O TeM ke
NpaBuiaM, N0 KOTOPHLIM AJHHA BEKTOPd H Yrol MeXIAy BEKTO-
paMu BHIYHCJASNHCH 4Yepe3 CKaispHble NPOM3BENEHHS B TNpPOCT-
panctBe V5. Pasymeercs, Tonbko nxanbHefmee MCCAenOBaHHE
MOXET MOKa3aTh, HACKOJbKO YJAayHO ITO ONpeneseHHe; H MH
YBHIHM Ha TNpPOTHAXEHHH 3TOW H CAEAYIOUHX T/aB, YTO TNpH-
BeJEeHHOE OMnpejaencHHe HA CaMOM Jejie MO3BOJHT pPacmnpocTpa-
HHTb HAa OOWHE JAHHeHHBE NPOCTPAHCTBA METOAbB METpPHYECKOH
CEOMETPHH M TEM CaMbIM 3HAYHTEJIbHO YCHIHTb CPEACTBA HCC/ie-
JNOBaHHS. MaTeMaTHYECKHX 0OBEKTOB, BCTPEUANUHXCH B anrebpe
H aHanuse,

OTmeTH™ 311€Ch OIHO CyLecTBeHnOe 06CTOATENbCTBO. Mexoa-
Hy10 OHNMHEHHYI0 H MONOXHUTENbHO ONpelaeleHHy0 HOPMY MOXKHO
BLOPAThb B 1aHHOM JIHHEHHOM HPOCTPAHCTBE MHOCHMH pA3fiHy-
HBIMH cnocobamu. JlnuHa HEKOTOPOro BEKTOpa X, BHUMCIEHHAfl
¢ moMoLbio OAHOH Takoik ¢opmbl, 6ydeT OTJAMYATHCH OT IOJH-
Hpl 3TOFO Me BEKTOPa X, BHYHCIEHHOH C nOMOLLbIO HAPYro#
¢GopMbI; TO e OTHOCHTCS M K YrAy MeXIAy ABYMS JaHHRIMH
BekTopamu. Takum o6pasoM, AMHHA BeKTOPa M Yroa Meway
BEKTOPAMH HE ONpPeHensloTCs OAHO3Ha4yHOo. Ho 3Ta HeomHosHau-
HOCTb HE JOMKHA H4C CMYILATh; Belb HHYErO HET YIAMUBHTENb-
HOTO B TOM, YTO OJHOMY H TOMYy e OTpPe3Ky Ha mnpsamofl,
H3MEPEHHOMY Da3/iHYHpIMH MacllTabaMH, MPHIUCHIBAIOTCH . B pe-
3yNbT4TE STHX M3MepeHHH B KauyecTBe ero AJHHH pasnuynble
yncna., MOXHO CKa3aTbh, 4YTO BHOOP HCXOAHOH OHIHHeHHOH
CHMMETPHYHOH H MO/0KHTENbHOH ¢opMbl aHanorHyen BHEOPY
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Takoro «Macmraba» g H3MEpeHHs IJIMH BEKTOPOB H yI/OB
MEXAy HHMH.

BemecTBeHHOe JiHHeHHOe MPOCTPAHCTBO ¢ BHIOPAHHOH B HEM
«MacimITabHoH» GHAMHEHHON CHMMeTpPHYHOH TONOWHTENbHO Ompe-
Aenennolt Gopmolt GyleM B JanbHeHIeM HAa3bBaTh e8KAUO0BLIM.
JlnneliHoe TPOCTPaHCTBO 6e3 3aJaHHOH «MacITaGHOMY dopmu
6yneM HasbBaTb ApPUHKbLM. Cnyyait KOMIJIEKCHOTO MpPOCT-
paHcTBa Mbl PaccMOTpuM B ra1. 9.

§ 8.2. Onpenesenne eBKIHI0BA MPOCTPAHCTBA

8.21. BeuiecTeenHoe auneHHoe NpocTpascTBO R HasnBaetcd
eexAudosbim, ecnu 1) MMeeTCH TPaBUIO, KOTOPOE MO3BOJALT
MOCTPOMTDb ANSl KAXIBIX ABYX BEKTOPOB X H Y H3 R BewecTBen-
HOe YMCA0, HA3HBAEMOE CKAAAPHbIM npou3sederuem BEKTOPOB
x u y u obosnayaemoe (X, y); 2) 9TO MNpaBWIO YLOBJIETBO-
pReT caelylomuM TpeGOoBaHHAM!

a) (x, y)=1(y, x) (nepemecTHTebHHH 3aKOH),

6) (x, y+2)=(x, y)-+(x, 2) (pacnpeae/qHTENbHBIH 33aKOH),

B) (Ax, y)=M(x, y) Ansa n:060r0 BELIECTBEHHOrO YHC/A A,

r) (x, x)>0 npn x5=0 u (x, x)=0 npu x=0.

AKCHOMH a)—T) YTBEPKHAIOT B COBOKYMHOCTH, 4TO CKa-
nsipHoe MPOM3BENEHHE BEKTOpOB X H y ecTb ObuauHeilnan
gopma (6—B), cummerpudrnas (a) u NOAOKUTEAbHO onpedench-
nan (r). WU o6partHo, ecakas dopma, obradaowas  3TUMU
COOUCTBAMU, MOXCET BbiT6 NPUHATA 3G CKAAAPHOE npoussedexue.

T10cKONbKY CKaJsiPHOE POH3BE/IeHHe BeKTOPOB X Hy ABNAETCA
GununefiHodt ¢popMoft, A/ HErO HMEET MECTO dopmyna 7.11(2).
B mannom cnyyae 3ta opMyna NpHHHMAeET cneaylomHl BUIL

k m kR m
( X, nglﬁ,-y,>= 2 Xaf;(x y) (1)

i=1 i=1j=1
3nech Xy, Xy «++, Xpo Y1 Yoo -+ Ym~—TIPOH3BONDLHEIC
BEKTOPH EBKJAMIOBA NPOCTPaHcTBA R, a4, &y, «.v y Oy
By, Bz ..., B,—n00HE BellecTBEHHbIE YHCIA.

8.22. llpumepH.

a. B npoctpasctBe V; CBOGOAHHX BEKTOPOB (2.150a)
cKanspHOe MpOoW3BejeHue BBOIHTCS 1O NPABWIAM aHANHTHYECKOH
reoMeTpuH. YCnoBHA 3)—T) BHPAKAIOT co6ofi  OCHOBHHE



8.31] § 8.3. OCHOBHBIE METPHYECKHE NOHATHS 249

cBOMCTBA CKa/NsIpHOrO TMPOH3BEACHHS; OHHM LOKa3HBAIOTCA B
BeKTOpHOH anrebpe.
6. B npoctpauctee R, (2.156) mbi BBEdEM cKaapHOE Mpo-

H3BEACHHUE BeKTOPOB X= (Eh §2v LR ] gn) H y = ("]1» "]2: sy nn)

TakK:
(xv J’):§11h+§2n2+ v ‘+§nnn' (2)

(dto onpenenenne 0606uLaeT H3BECTHYIO (POPMYNY BHPAXKEHHH
CKaJAspHOTO MPOM3BEJEHNS BEKTOPOB B TPEXMEPHOM MPOCTPAHCTBE
yepe3 KOOPAMHATH COMHOXHTeNef B OPTOrOHA/NBHOH CHCTEME
xoopauHat.) Jlerko nposepuTb, 4TO TpeGoBaHMs a)—T) YHOB-
7EeTBOPSIOTCH.

3ametum, uTO opMyna (2)-—He EIHHCTBEHHHH Cnocob
BBEJICHHS CKaJfpHOTO npou3BeleHns B R,. Bce BO3MOXHRHE
Croco6bl BBENEHHS CKalsipHOTO TpoH3BeleHHs (T. €. CHMMeET-
puyHON OuIMHEHHOR MOJOKHTENbHO ONpeneneHHOH dopmul) B
npocTpanctBe R, Mpl omucann ¢aktuueckn B 7.96.

B. B npocrtpanctee R(a, b) BeuwlecTBeHHHX HeNPEPHBHHIX
Gbyukunit Ha otpeske a < f< b (2.158) Mn MOKEM BBECTH CKa-
nspHoe npoussenenne dynkuuft x (£) u y (¢) no dopmyne

b
(x, =1 x® y@) at. (3)

Jlerko mMpoOBEpHThH, MPHMEHSAS OCHOBHBIE MpPaBHJIa HMHTETPH-
pOBaHus, 4YTO TPeGOBaHWA a)—T) YAOBJETBOPSIOTCH.

B nanpHefiiem Gynem 00603HaYaTb MNPOCTPAHCTBO R (a, b)
CO CKaNsPHBIM npon3BeleHHem no dopmyne (2) uepes Ry (a, b).

§ 8.3. OcHoBHble MeTpHYecKHe HOHATHA
Hmesn CKaJsipHO€ NPOH3BEJEHHE, MH MOXem JaThb onpenene-

HUe H OCHOBHBIX METPHYECKHX MOHSITHA — AJNUHL BEKTOpa H
yrana Mexay JAByms BEKTOpPAMH.

8.31. Inuna Bextopa. [aunod BeKTOpa X B EBKJH-
AOBOM IpOCTpaHCTBE R M Oylem Ha3blBATbH BEAWYHHY

|x|= +V (x, x). (4)
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Mpumepuw.,
a. B npoctpanctee V, wnaule onpegenenve mLanHu BEKTOpa
NPHBOAMT K OCLIYHOMY 3HAUEHHIO ANMHH BEKTOpA.

6. B upoctpanctee R, a1s BekTtopa x=(E, & ..oy Ep)
Nony4aeTcs BHIDAaKeHHE IMTHHH B BHAE

lx|=+VE B+ .. FE.

B. B npoctpancree R, (a, b) nauna BekTOpa x=ux (1) oka-
3HIBaeTCA PaBHOH

- b
|xl=+V<x_,x‘)=]/§x2<t)dt.

3Ty BeaHuMHy 0603HAYAIOT HHOrZA lx(#)|| n nasmBaor Hop-
Mol dynkuun x (f) (YTOGH M3BeKATH JOKHHX accouHalHuH, cBs-
3aHHHX CO C/IOBAMH «INHHA (DYHKUHHY).

8.32. Ma akcnomm r) BuTekaer, uTo Y- Kawaoro BeKTopa
X eBKIHIOBA NPOCTpancTBa R cywecTByeT Annua; y BCSIKOTO
BEeKTOpa X 40 In1MHA MONOXHTENbHA, Y HYJb-BEKTOPA AJHHA
paBia Hy/uo. PaBenctBo

|ax | =V ax, ax) =} o (x, x)=|a|V (x, x)=|al|lx| (5)

NOKA3LIBACT, 4TO  QGCOMOTHYIO 6EAUMUHY HUCAOB020 MHO-
HUTEAR MONAO BBIHOCUTH 3a 3HAK OAUHBL BeKTOpQ.

Bekrop x, umetoutnt 1nuny 1, HasuBaeTcs HOpPMUPOBaHHBIM.
Besikufi Henynesot BekTOp y MoxHO Hopmuposars, T. e. yMHO-
KHTb Ha TaKOe YHCAO A, 4TOGH B pe3ynbTaTe MONYYHIACH -HOP-
MHpOBaHHH# BeKTOD. He#cTBHTENLHO, ypaBHeHHe |Ay|=1 oTtHo-
CHTe/IBHO A MMeeT pellleHHe, Hanpuep,

1
lyl *

MuoxectBo FcR nasmBaercs 02PAHUYEHHbIM, ©C/IH NJIMHH BCEeX
BEKTOPOB X € F - orpannyedsl (UKCHPOBAHHOH KOHCTaHTOM. Ipu-
MEpaMH OTPAaHHYEHHBIX MHOXKECTB SABNSAIOTCH eOuHu4Hbll wap
NPOCTPaHCTBA R— COBOKYNMHOCTH BCeX BEKTOPOB X €R ¢ anu-
HOH, He mpeBuIIaOUlel eNMHHLH, a TaKke eduHu4Has cpepa—
COBOKYMHOCTL BC€X BEKTOPOB X € R ¢ manHOH, paBuo# 1.
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8.33. Yroan mexny BekTopaMu. Yesom mexdy napod
gexTOpo8 X W y Mb OyleM HaswBaTbh TOT yroJ (B mpeaenax

ot 0 a0 ]80°), KOCHHYC KOTOPOro paBE€H OTHOWIEHHIO —I(;'l_‘y;‘ .

Insa o6bYHEX BEKTOPOB (B mpocTpancTBe V) Hame ompe-
Ade/NeHHe COraacyeTcst ¢ OObLIYHBIM BLIPAXKEHHEM Yrjla Mexay
BEKTOPAaMH Yyepe3 CKa/JfipHOE NMPOH3BEeAEHHE,

Y1obbl 3TO onpeneneHHe MOXKHO GHJ/O TMPHMEHHTb B OOLIEM
eBK/ITHJOBOM NpPOCTPAHCTBE, HEOOXOIHUMO IOKA3aTh, YTO yKa3aH-
HOEe OTHOWIeHHe Mo abCoMOTHOH BeJNHYMHE HE [PEeBOCXOAMT
eIUHULB, KaKOBHW Ohl HH ObUIH BEKTOPH X H Y.

Ilns n0Ka3aTeNbCTBAa 3TOrO YTBEPAKAEHHS PACCMOTPHM BeK-
TOp Ax—y, rae A —BelleCTBEHHOE 4YHCJI0. B cuiy akcHom
r) npu mo6oMm A

(Ax—y, Ax—y)>=0. (6)

Hcnonbays dopmyny (1), MBI MOXeM HanmucaTh 3TO HEPAaBEHCTBO
B BHIE

xz(xv x)—27~(x,)’)+()’,)’)>0 (7)

B neBo#t 4YacTH HepaBeHCTBA CTOMT KBaApaTHHH TpexuJeH
OTHOCHTEIbHO A ¢ NOCTOAHHHWMH Ko3dduunentamu. Tpexunen
3TOT HE MOXET HMeTh pa3/IHYHBIX BeEL(ECTBEHHHX KopHeH, Tak
KaK TOraa OH He MOTr OH COXpaHATh 3Haka AJs BCeX 3HayeHHH
A. MosToMy nuckpumuHauT (X, y)® —(x, x)(y,y) 3TOrO TpEX-
y/JeHa He MOXeT OHTb noJoxuTelbHuM. ClenoBaTenkHo,

(x, 9<%, X) (9, 9),
OTKYZa, H3BJeKas KBaJApaTHHH KODeHb, MOJyyaem

[ (x| <[x]|y], (8)
4TO U TPe6OBaANOCh.

HepasenctBo (8) HaswiBaloT Hepaserctsom Kouwiw— Byna-
K0Bckoeo.

8.34. Buisichum, Korza B HepaBencTBe (8) BO3MOeH 3HaK
paBeHCTBa.

Ecan BeKTOpH X M y KOJJIHHEAapHH, T. €., Hanpumep,
y=Ax, MER, TO, 0YeBHIHO,

L ) =1, M) [ =] M| (x, 0) = M| P=]x]]y].
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[TokaxeM, 4TO M 06paTHO, ecau HepasencTso (8) daa HeKo-
TOpod napel 8eKTOPO8 X, U Yy 06pATUAOCH 8 PABEHCTE0, TO 3TU
8eKTOPbL X U Y KOAAUHEAPHBL.

Ecnn uMeeT MecTO PaBeHCTBO

| (x, M 1=]x1]yl,

TO HACKPHMMHAHT KBaZpaTHOro Tpexunexa (7) paseH HyJiO W,
CNeIOBATENABHO, TPEXUJeH HMEeT OIMH BEIeCTBEHHHH KOpeHb
Ao. Ml monyuaem, Takum 06pa3om,

}"3 (x’ x)_Q}"o (xa y) + (y’ )’) == (}"Ox'—y) }"ox_y) =O,

OTKyZa B CHAYy dKCHOMBI T) HaXOIHM, 4TO AgX—y=0, nim
y=Aogx. Urax, abcoawornas seauduna ckaiapuozo npoussede-
nus 0syx sexTopos To020a u TOAbKO Toz0a pasna npoussede-
HUO ux GAuH, K020a 3TU BEKTOPbL KOAAUHEAPHbL,

ITpumepw.

a. B npoctpancree Vg nepasenctso Kown-—Bynskosckoro,
OYEBUAHO, BHITEKAaeT U3 CAMOrO ONpexeNeHHs CKaNAPHOTO MPOU3-
BeJeHHs KaK MpOM3BedeHHs JJHH BEKTOPOB M KOCHHyCd yrna
MEXAY HHMH.

6. B npoctpanctBe R, HepasenctBo Kowuin— ByHKOBCKOTO
uMeeT BHI

n n n
y! - .
Zim|<) X&) Znh ©)
=1 =1 =1
OHO CMPaBEMNHBO AN NI060H napu Bektopos X = (Ey, &y, ..ry )
M y=(Ny, Ny, ..., MNy) HIH, 4TO TO }e camoe, A1 JMOObX
IBYX cucTeM BemecTBeHHnX uncen &y, &y, ..o, §, H My, Mgy oy Mo

B. B npoctpanctee R, (a, b) HepaBenctBo Komm —bByna-
KOBCKOTO HMEeT BHI

b
{x@®)y@at <]/§x2 ) dt]/§y2 (tydt. (10)

8.35. OproroHanbHOCTb. BekTops X Hu y Ha3w-
BAIOTCH OpTocoHarbHbimu, ecan (x, y)=0. Taxum oGpasom,
MOHSITHE OPTOTOHANBHOCTH BEKTOPOB X H y COBMNAndeT C MOHH-
THeM CconpskeHHOCTH (7.4/a) STHX BeKTOPOB OTHOCHTEIbHO
6ununetinont opmul (x, y). Ecin x =0 u y =0, To 310 Omnpe-
JeNeHHe B COOTBETCTBHH ¢ OOLIUM ONpENeNCHHEM YyTraa MEWIy
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ABymsi BekTOpamu (8.33) oswayaer, 4To X M y 06pasyioT yrod
B 90°. HyneBo# BeKTOp OKA3HBAETCS OPTOTOHANBHBIM K moGoMy
BEKTOpYy X € R.

[Ipumeps.

a. B npoctpanctse R, (8.22 6) ycnoBHe OPTOTOHANBHOCTH
BEKTOPOB X = (gl’ EZ)' < En) H y: (7]1» 7]2) MR nn) HMEET BHI

Emi+ &M+ ... +Em,=0.

Hanpumep, Bexktopn €, = (1,0, ..., 0),e,=(0, 1,0, ..., 0),...
«.., €,=(0,0, ..., 1) nonapHo B3aUMHO OPTOTOHA/bHHI,

6. B npoctpanctee R, (a, b) ycaorme OPTOTOHANBHOCTH
BEKTOPOB X=X (f) H y=y ({) UMeeT BHI

b
{xtywat=o.

Unrartenp Jerko MPOBEPHT, BHIYHCIHB COOTBETCTBYIOUIHE
HHTErpansl, YTo B IpocTpaHcTBe R, (—7, ) ni0Oble 1Ba Bek-
TOpPa «TPUTOHOMETPHYECKOH CHCTeMbI» .

1, cost, sint, cos2¢, sin2¢, ..., cosnt, sinnt,...

B3aNMHO OPTOTOHAJIbHHI,

8.36. ITlpuBexem HeCKOMBKO IPOCTBIX yTBepWIeHHH, CBA3aH-
HbIX C TMOHATHEM OPTOTOHAJIbHOCTH.

a. Jlemma. Bzaumno oproezonarvnsie Hewyiressie 8eKTOpbL
X1, Xy, «.., Xy AUHEHO He3asucumet,

HoxasaTtenbcTBo. JlomycTuM, 4TO 3TH BEKTOPH nH-
HeHHO 3aBHCHMHI; TOrJa HMEET MeCTO PABEHCTBO

Cix1+Coxy+ ...+ Cox, =0,

rae, Hanpumep, C;==0. YMHOXHM 3TO paBeHCTBO CKansapHO Ha
X1; B CHIY TNPEAIONOKEHHS O B3AHMHOHK OPTOTOHANBHOCTH BeK-
TOPOB Xy, X5, ..., X, MH noayunm C,(x,, x;)=0. Otciona
(¥1 ¥1) =0 n, cnemoBaTenbHO, X, €CTh Hy/deBOH BEKTOP B mpo-
THBOpPEUYHE C NPeANONOKEHHEM.

PesynbTat 3TOH neMMbl Mm 6ymeM TOrza HCIOMb30BATD
B Takoi (opMe: ecau CcyMMa 63AUMHO OpPTOZOHAAbHLLX BeKTO-
pos pasua Hyao, TO Kaxdoe us cAazaembix PAGHO HYAIO,
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6. Nemma. Ecau sexktopol ¥y, Yo, ---» Y OPTO2OHAAbHEL
K 8eKTOpY X, TO A06aR AUHEUHAR KOMOURAUUA O Y1 Oy Yy +...
... -0y, TaKde OPTOZOHAALHA K BEKTOPY X.
JeficTBHTENBHO,

(Qyy+ -+ o %k x)=0a,{y;, )+ ...+ (¥ x)=0;

C/Ie0BATENBHO, BEKTOP Oy ¥i - - - . -~ %Y, OPTOTOHANEH K BeK-
TOpy X, YTO M yTBEepwaanoch (cp. 7.418). ,

COBOKYNMHOCTb BCeX JHHeHHHX KOMOHHAUHHA 0 Y11+ Cg Yot oee
...-to,y, o6pasyer noANpoCTPaHCTBO L=L(yy, Yo -+ s Yu)—
nuHeliHy0 060NOYKY BEKTOPOB Yy, Y, ---» Vi (2.51). Cneno-
BaTeNbHO, BEKTOP X OPTOroHajen K KaXAOMy BEKTOpY noa-
npoctpancTBa L. B Takmx cayasax mpl OyleM TOBOPHTb, 4TO
8exTop X OpTOZOHaien K nodnpocrpancrey L. BooGiue, ecan
F — R—npou3BoibHOE MHOXECTBO . BEKTOPOB B €BK/IHLOBOM
npocTpancTBe R, TOo Mu Gyxem roBoputh, YTO BEKTOp X OpTO-
roHaneH K MHOXecTBy F, eciim OH OpPTOTOHaneH K J1i000My BeK-
topy u3 F.

CoBokynHocTb G Bcex BEKTOPOB X, OPTOTOHANbHHX K MHO-
kectBy F, B cmny To#t ke neMMbl 6 cama COCTaBasieT MOX-
npocTpanctBo B npoctpasctee R. Yame Bcero Takas Curya-
uus BCTpedaeTcss B TOM cayuae, koraa F ecTh moxmpocTpaH-
¢TBO; Torza noanpocTpanctBo G HA3LBAETCA OPTOZORAAbLHOLM
donoanenuen nodnpocrpancrea F.

8.37. Teopema Iludaropa un ee obGobGwmenne.
[ycTh BEKTOPH X M y OPTOFOHANbHH; 'TOTAA 10 aHANOTHH
¢ 37eMeHTapHOR reoMeTpHedl BEKTOP X -y MOXHO HasbBaTh
FHNOTeHY30H NpPAMOYTONbHOTO TPEYTOABHHKA, TOCTPOCHHOTO HA
BEKTOPaX X M y. YMHOKas X -y cKanspHo Ha cebs o HCNO/b-
3ys OPTOTOHANbHOCTb BEKTOPOB X H ¥y, MM TIOJy4aeM

| x4y pP=(x+y, x+y)=(x, x)+2(x, 9+ (¥, y)=
=(x, x)+(y, N =|x2+|y %

Mu I0Ka3anH TeM caMbiM B 0oOLIEM €BKJHIOBOM TpPOCTPAHCTBE
teopemy Ilndaropa: xeadpar eunorenyss. pagen cymme Keaod-
paros kareros. Hetpymno o0606wuTh 3Ty TeopeMy Ha cnyudad
moboro umcaa chaaraembix. ViMeHHO, NMycTh BEKTOPH Xy, Xg,...
«e., X, B3AUMHO OPTOTOHABHW H Z==X;—+ Xa+ ... 4 X
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TOrjaa

[2P= (1 F x4 oo xp xyb oL x) =
il R0 i ol 2 L P o A (11)

8.38. HepamencrtBa Tpeyronbhuka. Ecanm x w
y-—TNpOH3BO/IbHEIE BEKTOPH, TO MO aHaNOTHH C 3/EMEHTapHOH
reoMeTpHeR BEKTOP X -y eCTEeCTBEHHO HA3WBATHL TpeThel CTO-
POHOH TpeyronbHika, MOCTPOEHHOTO Ha BeKTOpax x u y. Hc-
nonb3ys HepasenctBo Kowu —Bynsakosckoro, mu nonyuaem

[x+yP=(x+y, x+y)=(x, x)+2(x, y) + (3, 9),
<|xPt2lx|ly|+lylP=(x]+ |y
Z|xP—=2[x||yl+]yP=(x]|—]y)%

lx+yl<<|x]+|yl (12)
lx+y[=lx|—|yl (13)

HepasencTea (12)—(13) naswBaioTcss HepaBeHCTBAaMH Tpe-
yronbuuka. [eomeTpuyeckH OHH 03HayalOT, YTO AAuna 060G
CTOPOHbL BCAK020 TPeYyz0AbHUKG He Goavuie, wem cymma Oiun
Osyx Opyeux CTOPOH, u He mewbuie, 4em abCONOTHAA BEUUHA
PA3HOCTU OAUH 3TUX CTOPOH.

H/IR

.8.39. Mu mornm 6w, anee, nocneaoBaTeNbHO NePEHOCHTD
Ha €BKJHIOBO MPOCTPAHCTBO OCTa/IbHHIE TEOPEMB 3MeMeHTapHoH
reometpud. Ho B 3TOM Her Hywaw. BBeigeMm noHsiTHE eBK.H-
I0Ba H30MOP(H3MA MEXIY €BKITHIOBBIMH MPOCTPaHCTBAMH R’ H
R”: nmenno, Mbl Gyaem roBoputb, 40 R’ u R” eexiudoso-
U30MOPPHbL, €CTM OHH H3OMODPHE KaK BEILeCTBEHHHE. THHeHHbe
npoctpadctea (2.7/) u, kpoMe TOro, aas J060# mapel COOT-
BETCTBYIOWHX BekTOpoB x', y° B R’ u x”, y” B R” Bunoa-
HAETCH PaBEHCTBO

(", y)=(x", y").
OueBHAHO, 4YTO BCAIKAA TrEOMETPHYECKAs TEOPEMA,—TaK MH
GyleM Ha3blBaTh TEOPEMY, OCHOBAHHYIO HA MOHATHAX JHHEH-
HOFO MPOCTPAHCTBA M CKaNAPHOTO NPOM3BENEHHSA, — AOKA3aHHAS
ans mpoctpanctea R’, 6yner cupaBeanusa u ans n3oMophHOro
emy npoctpanctsa R”. Tenepb 3ameTum, uTo B cuay Teopemm
7.97 BcAKMe 1Ba eBKNHIOBA MPOCTPAHCTBA PABHOM PaaMepHOCTH
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n eBkAUNOBO-u3oMOpdHu. CnemoBaTeNbHO, BCsIKas TeoMeTpH-
yeckas TeopeMa, CApaBelHBas B /1-MEPHOM €BK/IHIOBOM IMpO-
ctpancte Rj OyleT crpaBelsiMBOH H B /11060M APYroM r-Mep-
HOM eBknuIoBOM mpocTpanctBe Rj. TeomeTpudeckue Teopemsl
3/1eMEHTapHOH TEOMETPHH, T. €. T[eOMeTDHYEeCKHEe TEOpeMsl B
npocTpancTBe Ry, MO JMOKa3aHHOMY, OCTAOTCH CHPAaBEIJIMBBIMH
B 11060M TPEXMEPHOM [OANPOCTPAHCTBE JIOOOTO eBK/IHIOBA
npocTpancTBa. TakuM 06pasoM, BCe reOMeTPHUYECKHE TEOPEMbl
9MeMEHTapPHOM TEeOMETPHH CNPAaBeIVIHBHI B JIOOOM eBK/IHIOBOM
NpOCTPAHCTBE.

§ 8.4. Oproronanenuii 6asuc

8.41., TeopeMa. B n-meprom egrxiudogom npocTparcree
R, cywecrsyer 6asuc u3 n HEHYAEBHLX B3AUMHO OPTOZOHAAbLHOLE
8eKTOpOS. .

NokaszaTeabcTBo. Jlna Gunnneitnod dopms (x, y),
KaK M JJI9 BCAKOH CHMMeTpHUHOR OunuHednofi gopmn B n-mep-
HOM [pPOCTPAaHCTBE, CYU(ECTBYET KaHOHMYECKHH G6asuc (7.43)
Y1 Yoy -+ Yno YcA0BHE (¥;, i) =0 KAHOHMYHOCTH 6asuca npu
i~k ecTb B JAHHOM CJlyyae yCJIOBHe OpPTOTOHANbHOCTH
BEKTODOB y; H ¥ TaKuM 0GpasoM, KaHOHHYeCcKHH 6a3uc
Y1 Va5 --+» Y, OOpasyeTcsi B JaHHOM Clyyae H3 71 B3AHMHO
OPTOTOHAJIbHBIX BEKTOPOB. JTO M JIOKa3bIBAET TEODEMY.

B § 8.6 Mn paccMOTpHM CnOCOOH 3(deKTHBHOTO MOCTpOe-
HHA OpPTOrOHajlbHOrC 6Ga3uca. : ‘

8.42. BexTopH. y;, ¥s, -, Y, OPTOTOH&IBbHOrO 6a3uca
yHOGHO HOPMHPOBATb, PA3NeJHB Kaw bl H3 HHX HA €ro LJIHHY.
Mbi rosydaeM mocie 3TOrO 8 mpocTpanctse R oprozonarensil
H HOpMuposanssii 6a3uc (HHOTZA TOBOPAT «OPTOHOPMHPOBAH-
HE» HIH OPTOHOpManbHuH» 6asuc).

Ilyctb ey, €y, ..., €,—NPOH3BOJIbLHEH OpTOTrOHANbHBEIH HOP-
MHPOBaHHBI 6a3uc B €BKJHAOBOM MPOCTPAHCTBE R,. Kaxanii
BekTOp ¥ € R, MOXHO mpexcTaBuTh B BHIE

X = §161+§262+ L +§nen’ (14)

rae &, E; ..., E,—KoOpIHHATH BekTOpa X. Mmt OGyzem
TaK¥e Ha3WBaTh STH KOOPAMRATH Kogpuyuentamu Pypee Bek-
TOpa X OTHOCHTEJBHO OPTOTOHaNbHOH M HOPMHDOBAHHOH CHC-
TEMH €, €y, ..., €,. YMHOXAs DABEHCTBO (14) ckanapno Ha
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€;, HaxoxuM BHpaxwenue kospduuuenra §;:
Ei=(x,¢p) (i=1,2,...,n). (15)

Ecan y =6, +Meep+ ... +M,€,— 110604 Apyroit BEKTOP Npo-
ctpaucTBa R,, To no dopmyne (1) mMH nony4yaem

(x, ) =8+t - - +EMpe (16)

Urak, 8 Hopmuposannom oprozonasenom 6asuce ckariproe
npousgedenue 08Yx B6eKTOPOB8 pABHO cymme npoussederiil ux
COOTBETCTBYIOWUX KoopOuraT — Kospguyuenros Dypee.

B uactHoCTH, monarag y==Xx, HONyYHM

| x[P=(x, ) =EF+E+ ... + 8 (17)

§ 8.5. 3apaua o mepmeHAHKYyJsIpe

8.51. PaccmoTpum B eBxkampoBoM npocTtpaHctBe R Hekoro-
poe KOHEYHOMEpPHOE MOANpPOCTpPaHCTBO R’ m BekTop f, BooOuLe
roBops, He BXoAauuil B noaupoctpancTso R’. [locTaBuM 3amauy
HalTH pasnoxeHdHe ’

f=g+h, (18)

rie BEKTOP £ NMpHHALIEXHT noinpocTpancTtBy R’, a Bextop A
OPTOFOHA/lEH K STOMY MOANpPoCcTpaHcTBY. Bexrtop g, y4yacTtsylo-
uM# B pasnoxenun (18), HaswBaeTcsa npoexyueld eexropa f Ha
NOANPOCTPaHCTBO R’, a BEeKTOp h—nepnenoukyrspom, onyujen=
HolM U3 Kouya sexktopa f Ha nodnpocrpancreo R’. Takue Ha-
3BaHHA CBfi3aHW ¢ NPHBHIYHHMH HaM TeOMETPHYECKHMH acCOLHa-
LUHAMH *), ‘

Pemenne sT10# 3amaun dakTHyeckd O6un0 xaHo euie B 7.54,
ans mo6oH cuMMeTpHYHON GHAMHEHHOR (DOPMH, HEBHPOWKIEHHOK
Ha noanpoctpancTBe R’. Tak kak HonoXHTeNbHO ONpEAE/eHHasd
dopma (x, y) HeBHpOXIeHa Ha JNio6om mommpocTpancTBe R’ R
(7.94), To cywmiecTBoBaHHe pelleHHs Hauied 3anayd, BMecCTe ¢
"€ IMHCTBEHHOCThIO, clenyeT H3 7.54.

Kak mMn Bunenu B 7,55, nanuune pasnoxennd (18) mnoka-
3HBaeT, 4YTO  BCe npocTpaHcTBO R ecTh mnpamas cymma moA-
npoctpancta R’ u ero oproroHaasHoro nomonHenus R,

- *) Y npepunasuadeHH TOJBKO JIA TOro, YTOGH BEI3HIBATH TaKHE acco-
nHanHd. TTocKoJIbKY NOHsITHE «KOHel BeKTopas He (pUIypHpyeT B Haiued
aKCHOMATHKe, He CJeAyeT HCKaTh B 3TOM Ha3BaHHH JIOTHYECKOI'O CMHICJA.
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[MpamMag cymma, craraembie KOTOPOH OPTOrOHANbHH, HAa3m-
BAETCH OPTO20HAALHOU NpAMOL. cymmod; Mbl MOCTPOWIH, TaKuM
o6pasoM, pasnoxenue R B OpTOTOHajBHYIO MnpsiMylo cymmy R’
u R”. Ecin pasmeprocth npocTpancTsa R pasHa n, a pas-
mepHocTb R’ paBna k, To pasmepHocTh R” paewa n—&k, mo-
CKOJIbKY Pa3MePHOCTb MPAMOH CyMMB! €CTh CyMMa pa3MepHocTeH
cnaraembx (2.47a).

3aMeTuM, YTO 3alaya peliaeTcs H B TOM Caydae, Koraa
BeKTOP f nexuT 8 noanpoctpaHcTe R'. B aToM cayuyae peiue-
HHE HMeeT BUI

f=r+o.

JIpyroro peurenns, OueBHIHO, HET: €CH OH Mb UMenn f=g-} h,
gER', hER", 10 6uno 6u Takke h=jf-—g€ER’, oTkyxa
h=0, g=/1.

8.52. llpumenss x pasnoxenuo (18) Teopemy Iludaropa
(8.37), nonydaem

|fP=1glP+[n] (19)

OTKYyZJa BHITEKAE€T, YTO ClpaBeIJIHBO HEPaBEHCTBO
o< A< IS (20)

reOMETPHYECKH BhIpawatoulee ToT &akT, uyTo dauna nepnexou-
Kyarapa He npesocxodur OAUHbL HAKAOHHOL.

OTMeTHM Te cJyyad, Koraa B OJHOM M3 HepaBeHcTB (20)
MMeeT MeCTO 3HaK paBeHCTBA. Y ciioBHe 0 == || paBHOCHIBHO yci10-
B0 f= g-+ 0= g, KoTopoe 03HayaeT, 470 BXOAHT B MOAMpO-

ctpanctBo R’. Yeaoswe |h|=|f|, cornacio teopeme IMuda-
ropa, rnokaswaet, 4yTo g=0 H, clex0BaTelbHO,
F=0+h=h

TakuM o6paaoM, f opToroHaned K moanpocTpaHcTy R’. Urak,
pasencreo |h|=0 osnauaer, uto sexrop f 6x00ur & nodnpo-
crpancreo R'; pasencreo |h|=|f| osnauaer, uro eexrop f
oprozonasedn K aTomy nodnpocrpaxcrey. [1pu BCIKOMMHOM pacnosio-
WeHHH BekTopa [ IJHHa BeKTopa h O6yneT NOAOKHTENbHOR
BeJHYMHON, MeHbLUe# yeM IjiMHa BekTopa f.
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TlycTs Temephb &y, ..., ek—;)p'rOHopmaanuﬁ fasuc B noa-

npoctpaicTBe R’ ® mycTh g= Eajgj. Toraa mo 8.42 (17)
i=1

k
\l
lglt= 2 a}.
j=1
IMonctasass 1o 3nauenne | g|? B pasencTBo (19), monyyaem
k
|FP =1+ Sat
]:
B 4acTHOCTH, AN NI0GOH (KOHEYHOM)- OPTOTOHANBHOW HOP-

MUPOBAHHOH CHCTEMbI €y, €y, ..., €, W J060r0 BEKTOpA [ mul
MoJydYaeM HEPaBEHCTBO

&

af <|fI%
1

i
KOTOPOE HA3BIBAETCH HepPasencT80M Beccean. TeoMmeTpuueckui
CMLICT €F0 OueBHIEH: Keadpar Oaunsl gexTopa [ He meHoule,
4em cymma K8adparos ezo npoexyutl Ha awbbie k 83auMHO
OpPTO20HQAbHBLX HANPABACHUL.

1

8.53. B npunoxenusx TpeGyeTcd mHoraa aath addextns-
HOe pelleHHe 3aJayn O TepleHINKylspe, KOrAa B MOANpOCT-
pancTBe R’ nan HekoTopw# (BooGuie roBOPS, HE OPTOrOHalb-
Hb W He HOpMHpOBaHHb) Gasnc {by, by, ..., b} =1{b}.

YTo6b MOAYYHTh 3TO PEIICHHE, PAa3/TOKHM HCKOMBIA BEKTOP
g no 6asucy {b},

g=PB1b1+ Boby+ - -+ Beb

H TIOAYHHUM BeKTOp hA=jf—g YCNOBHID OPTOTOHANBHOCTH CO
BceMn Bektopamu by, by, ..., bp. MBI MONYYHM CJEAYIOULYIO
CHCTEMY YPaBHCHHM:
(h, b)) =(f— & b)) =

= (f, b)) — By (b1, b)) — By (ba, b)— - - - — By (B, ) =0,
(ha b2) = (f"—gi bz) =

=(/, bz)—ﬁ1 (b1, bz)—'ﬁz (b, bg)— ... _ﬁk (bk, by) =0,
(h» bk) = (f_g) bk) -
= (f, bg) —P1 (b1, b)) — Ba (bay bp) — « o+ — B (bps ) =0
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€ ompenenuTeneM

(b4, by) (bgy by) ... (by, by)
D—| (01 02) (b, 82) ... (by, by)

(by, be) (B, by) - .. (by, by)
Onpenenurens D, Kak ONpeNennTeNb MaTPHLB MOJOXKHTENHHO
onpenenesHo#t ¢opmu (x, y) B Gasuce by, ..., b,, oTanyeH
ot Hyas (7.96). Paspemas cucremy no npasmay Kpamepa, mo-
JAyvaeMm BHpaxeHnnd 1ns Ko3dpduuneHtosn ﬁj(j= 1, 2, ..., n):

(b1, b1) « v (by_1,01) (f, by) (Bjyns By) -« (Dg By)
B L | G0 b0) o (g b)) (, B) (Bjens b - (B Ba)
(b1, Bg) -+ (b1, B) (s By) (byan, By - -+ (Bis B)

8.54. 3anauy O nepneHAHKyAspe MOXHO MOCTAaBHTbL He
TOJAbKO JJS TOAMPOCTPAHCTBA, HO H JJAS THIEPIIOCKOCTH.
B sTom cayuae oHa ¢opmynupyeTcs Tak: B eBKIMIOBOM po-
cTpaicTBe R manm rumepnniockocts R”, monyuewnas napannenb-
HBIM CIBHTOM HEKOTOPOro moampocTpancTBa R’, u BexTOp f;
TpeGyeTcs N0KasaTh, YTO CYLIECTBYET H eIHHCTBEHHO paaso-
WeHHne

f=g+h, (21)

rIe g MpHHAWIeXHT runepmnockoctd R”*), a BekTop 2 oprto-
rosaned moampocTpaHcTBy R’. Teomerpuuecku#t cmelicn 3storo
pasnoxenns siced m3 puc. 1, a. B pasnoxennu (21) caaraemue,
BOOOILe TOBOPH, yX€ HE OPTOTOHAJBLHH.

STy 3amauy nerko cBecTH k 3amaue 8.5/. IeHcTBHTenbHO,
ecqu B rHmepmiockoctd R” dukcnpoath nwo6oft BexTop f, H
BHYECTh €ro U3 o6eux wacrted paBencTBa (21), TO MH mONyquM
3ajayy O PasNONEHHH BEKTOpa f— f, Ha cnaraeMue g—f, u h,
nepsoe u3 KOTOPHX MPHHANJIEKHUT MOXNPOCTpaHcTBy R/, a BTO-
poe OPTOTOHANILHO K 3TOMY MOANPOCTPaHCTBY (cM. puc. 1, 6).
B cuny pesynbtata 8.5/ Takoe pasnoxedue CylulecTByer;

*) T'eoMeTpHUECKH 3TO 03HAUAET, UTO KOHEl BEKTOPA g JEKHT B TH-
nepmiockoctd R” (a ero mauano, xak Beeraa,—B Havale KOOPAMHAT).
He crenyer npencrapnate ceGe Bech BEKTOD g JieKallHM B THIEPIIOCKO-
cti R”! ‘
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¢/1eI0BaTENbHO, CyulecTByeT U paanoxenue (21). OcraeTcs ycra-
HOBHTb EIHHCTBEHHOCTH pasdnoxenHs (21). B caysae Hannuus
IBYX pasnoweHu#l ykazaHHoro Buia

f=g+hi=8+kh

0=(g1— &) + (hy—hy).
3nech gy— g, TNPHHALNEKHT NOANPOCTpancTBy R, a h;—hy

MHl HMeNH GH

/? 1

ﬁ”

% ; £

7
L

Puc. 1.

OPTOTOHaNbHO 3TOMY mnOANpocTpaHcTBy. OTciona g—g=
=hy—hy=0, 4T0 H TpebGyeTcs.

§ 8.6. O6man Teopema 06 OpTOroHAJH3ANHH

8.61. Ins nmocTpoeHHS OPTOTOHAMBHHX CHCTEM B EBKAMAO-
BOM MpPOCTPAaHCTBE OCHOBHOE 3HAUEHHE HMEeT clexayiolias obuias
TeopeMma:

Teopema. (Teopema 06 OpPTOTOHaNH3aLHH.)
Oycte %y, X3, «..y Xgy ... —HEKOTOPAA NOCAEO0BATEABHOCT
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8eKTOPO8 esKaudosa npocTparcTsa R (koHeunas uau Geckownet-

nas). O6osnawum wepes L, =L (x4, Xy, ..., X,) aunednytwo 060-
A04KY ne psoix k sekTopos ITod cucremsl. YTaepwdaerca, 4TO
CYU4eCT8YET CUCTEMA BEKTOPO8 Y1, Yoy vy Vg ..., 00aa0at0-

wan caedyrouumu ceoUcTeamu:

1) Jasn awobozo natypassroeo k aunednas o6oaouxa L
8eKTOPO8 ¥1, Y9, ..., ¥, co8nadaer ¢ nodnpocrpancrgom L,.

2) lan 2106020 HATYPAAbHO20 R 8EKTOD Y., OPTO20HAAEH
K nodnpocrpancray L,.

HokasatenbctBo. Iorowum y;=x;. OuesHaHO, 4TO
NPH 3TOM BHIOJHEHO YCJOBHE

Ll:Ll'
Janee GyneM NOKa3HBATbL TEOPEMY MO HHIYKLUHH: MPeAro-
TIOXHM, YTO YXKe MOCTPOEHO K BEKTOPOB Yy, VY5, - .., Vp, YIOB-

NeTBOPAIOIMX MOCTABNEHHBIM YC/IOBHAM, M MHOCTPOMM BEKTOP
Yre1 Tak, utoOH  OH Takke o6nazan TpefyeMbiMH CBOH-
CTBaMH.

[TpocrpanctBo L, KoHeyHOMepHO, H MO3TOMYy B cuay 8.51
CYUIECTBYeT pa3/oxenue

Xpi1=&rt+ by, (22)

rlIe BEKTOp g, BXOZMT B nNoanpoctpanctBo L,, a Bektop h,
OPTOTOHAJIEH K 3TOMY NMOANPOCTPAHCTBY. Mbl NOOKHM ¥, 1 = A,
[TpoBepuM BHINONHEHHE YCAOBHH TeopeMbl OPTOrOHANH3AUMM AJH
ONpeJNeNeHHOro0 TakuM 00pa3oM BEKTOpa ¥, ;.
[ToanpocTpancTBo L, Mo npeanonoxenuio HHAYKLHH, CONep-
KHT BEKTOPH Y1, Vs, ..., Vp; NMO3TOMY M OOnNee UIHPOKOE MOA-
NpocTPaHcTBO L,,, CONEPHHT 3TH BEKTOPH; KpOMEe TOrO, H3
dopmynn (22) BHTekaet, uTO L, ; CONEPKHUT BekTOp Ay =y, , 1.
Takum o6pasom, moampocTpaHcTBO L, ,; cOnepKHT BCe BEKTOPH

Yis +++y Yre1 4 BMECTE C HHMH H BCIO HX JHHEHHYIO 060/04KY
L;.;. Ho n ofpartno, noanpocTpaHcTBo L,,, COXEPKHT BEKTOPH
k+1 ) k+1

Xy, X9, ..., Xp H, KaK MOKa3elBaeT PaBeHCTBO (22), COLEPKHT

H BEKTOP X,.,; OTCIOAd BHTEKaeT, 4TO Lg,; CONEPWHT Bce
noanpocTpancTBo L,,,. Cnemosatensno, Ly, =L, 4, u nepsoe
yCTOBHE TeopeMbl OPTOrOHAaNH3alUMH BHIMOJHEHO. Brimonneune
e BTOPOTO YC/IOBHA OYEBHAHO IO CAMOMY MOCTPOGHHIO BeK-
TOPA Yy 1= hy. _

Mupykuus, takum o6pasoM, npoBeleHa, H TEM CaMHIM Teo-
peMa MOJHOCTBhI0 JOKa3aHa.
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¢ nunefino#t o6onouko#t L (1, ¢, #%, ..., t*) H, clemoBaTelbHO,
coBnajzaeT C COBOKYMHOCTBIO L,, 4TO H Tpe6OBanoCh.

6. Bexrop p,(t) oproeonasen Kk nodnpoctpancrsy L,_,.
JOCTATOYHO MpPOBEPHTH, 4YTO MHOTOWIeH p, () opTOroHanen
B Ry(—1, 1) k¥ pyukunsm 1, ¢, ..., #71,

[Tpn mokazatenbcTBE MBI 6yneM HCIMOJIB30BaTh (popmyny
HHTErpUPOBAHMUSA MO 4YacTSIM B OMpeIe/eHHOM HHTerpasne, npei-
nonaraemyio u3BecTHoft wu3 ananusa. [Ipou3BoaHbIe, BXOASLIHE
B 9Ty (opMyny, Inf MHOrOYJIEHOB CYTh T€ XK€ CaMmMbie MpOH3-
BOJHBIE, KOTOpPHE MH paccMaTpHBaiH B 6.73a ¢ YHCTO anre-
6panyeckol Touku 3peHms. B wacTHocTH, MHOTOUNEH

[(E—D]=0F—=1)" ¢+ 1)

B cHNy 6.7368 npu = -+ 1 uMmeeT paBHnie 0 NMPOH3BOIHKIE TIOPS M=
ko 0, 1, ..., n—1.

Wrax, 6yaeM BHYHCAATL CKanspHoe NpousBedeHne t* u p, (f).
ViHTerpupys mo 4acTaM, Ml MoiayuaeM

+1
(#*, p, (1) = § tF[(B—1)7]™ dt =
-1

+1
= R [(F2— 1))~ 1)| —k S =1 [(£2—1)7]= D gt
g}

BHennTerpanbHHi uleH MOMy4YeHHOro BHPaXeHUs B CHIy CKa-
3aHHOTO Bblme o6pautaercs B Hyab., OcTaBmmiics HHTErpan
cHoBa OepeM MO 4acTAM, H MOpOJOMXKAeM 3TOT MPOLeECc, NokKa
nokasaTenb NpH f He CHH3UTCH IO HYJs:

(% pu(®) = —R£1[(B—1)]2|" 4+

+1

4k (k—1) S $=2 [(2—1)n] =D df =

= -+ k! S [(£2—1)r]m=Pdt = kI [(£2—1)n]"~R~D li: =0,
ag

YTO u TpebyercH.
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TeopeMH OPTOTOHA/NHM3ALKH HAeT

1 3
Yo(O)y=1, y, ()=t )’2(t)=t2—§: )’3(t)=f3—3‘t HT. X,

OTH MHOrouseHH ObiAH BBegeHn B 1783 r. ¢dpaHnysckum maTe-
MaTHKOM JlexaHIpoM B CBSI3H ¢ 3alayaMH TEOPHH MOTEHIHana,
O6uwas dopmyna ans MuorodneHoB Jlexanapa Omna HaHaeHa
Ponpurom B 1814 r. Umenno, okasanoch, YTo MHOroujeH y, (%)
¢ TOYHOCTBIO JO YHCJIOBOTO MHOXHTE/s PAaBEH MHOTOY/IEHY

pa(t)= dt,,[ )" (z=0,1,2,...). (24)

Mu Bocmonbp3yemcst A1 A0Ka3aTelbCTBA 3TOLO Mpeslowke-
HHS 3aMeyanueMm 8.63. VIMeHHO, MH MMOKaxeM, 4TO MHOIOYJIEH
P, (f) yLOBIEeTBODAET YCNOBHSM TeopeMhl OPTOrOHANH3aLHH;
B CHJY YKA3aHHOTO 3aMe4yaHusi MH OyleM 1/ KaXAOro 71 HMeTh
paBeHcTBO p, (f) =c¢,y,(f), UTO HAM H HYKHO.

a. Jluneinas oborouxka sexTopos po(t), py(t), ..., p,(#)
cosnadaer ¢ COBOKYRHOCTbIO 8CeX MHO2044eH08 00 n-i CTenenu.
B camom nene, kak BumHO u3 opmynn (24), MHOrouies p, (f)
eCTh, OYEBHIHO, MHOTOWIEH TOYHO k-H cTemeHH OT f; B 4acr-
HOCTH,

Do () = a4,
pi(t)=4a,+ ayt,

P2 (t) = ‘120.’}' a21t + agt?,
. .. . e e - (25)

Pk (t) = ako + aklt + + apat®,

b, ( ) =0ap + anlt + + ankt + + annt

npuyeM cTrapiiHe KosPQHUUHEHTH a4y, @y, .., &,, OTIHYHH
OT HyJ1. :
Taxkum o6pasoMm, Bce MHOTOWIeHW pg(f), py(f), ..., p,(f)

BXOAST B JAHHeHHyl0 o6onaouky ¢yukuu#t 1, £, ..., #7, koto-
pasi, OYEeBHAHO, €CTh COBOKYIIHOCTh L, BCeX MHOrOY/IEHOB OT f
He Bbinle z7-ff ctemeHH. Tak Kak MaTpHLa JHHEHHHX COOTHOLIE-
HHH (25) HMeeT ONpedeNHTENb Qgyly,y--.Q,,; OTIHYHHH oOT
Hyas, TO u, oGpaTHOo, ¢ynukuuu 1, #, %, ..., #* MoryT GHTh
AuHeltHO BHIpaweHw uepe3 p, (), py(¢), ..., p,(¢); nosTomy
nunefinas  o6onouka L[py(f), py(f), ..., p,(f)] coBnamaer
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¢ nunefino#t o6onouko#t L (1, ¢, #%, ..., t*) H, clemoBaTelbHO,
coBnajzaeT C COBOKYMHOCTBIO L,, 4TO H Tpe6OBanoCh.

6. Bexrop p,(t) oproeonasen Kk nodnpoctpancrsy L,_,.
JOCTATOYHO MpPOBEPHTH, 4YTO MHOTOWIeH p, () opTOroHanen
B Ry(—1, 1) k¥ pyukunsm 1, ¢, ..., #71,

[Tpn mokazatenbcTBE MBI 6yneM HCIMOJIB30BaTh (popmyny
HHTErpUPOBAHMUSA MO 4YacTSIM B OMpeIe/eHHOM HHTerpasne, npei-
nonaraemyio u3BecTHoft wu3 ananusa. [Ipou3BoaHbIe, BXOASLIHE
B 9Ty (opMyny, Inf MHOrOYJIEHOB CYTh T€ XK€ CaMmMbie MpOH3-
BOJHBIE, KOTOpPHE MH paccMaTpHBaiH B 6.73a ¢ YHCTO anre-
6panyeckol Touku 3peHms. B wacTHocTH, MHOTOUNEH

[(E—D]=0F—=1)" ¢+ 1)

B cHNy 6.7368 npu = -+ 1 uMmeeT paBHnie 0 NMPOH3BOIHKIE TIOPS M=
ko 0, 1, ..., n—1.

Wrax, 6yaeM BHYHCAATL CKanspHoe NpousBedeHne t* u p, (f).
ViHTerpupys mo 4acTaM, Ml MoiayuaeM

+1
(#*, p, (1) = § tF[(B—1)7]™ dt =
-1

+1
= R [(F2— 1))~ 1)| —k S =1 [(£2—1)7]= D gt
g}

BHennTerpanbHHi uleH MOMy4YeHHOro BHPaXeHUs B CHIy CKa-
3aHHOTO Bblme o6pautaercs B Hyab., OcTaBmmiics HHTErpan
cHoBa OepeM MO 4acTAM, H MOpOJOMXKAeM 3TOT MPOLeECc, NokKa
nokasaTenb NpH f He CHH3UTCH IO HYJs:

(% pu(®) = —R£1[(B—1)]2|" 4+

+1

4k (k—1) S $=2 [(2—1)n] =D df =

= -+ k! S [(£2—1)r]m=Pdt = kI [(£2—1)n]"~R~D li: =0,
ag

YTO u TpebyercH.
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Wtak, Mbl n0oKa3anu, 4To A8 KamkIOTO 7 MHOTOYJeEH V. (8)
C TOYHOCTHIO JO YHCAOBOTO MHOXKHMTENS COBNAagaeT ¢ MHO[O-
4neHom p, (f) = [(£2—1)]™.

Boruncnum snavenuwe p,(1). Ias storo npumenum x ¢yHK-
uuu (£2—1)" = (£ 4 1)" ({—1)" npasuno n-kpatHoro nuddepen-
LUHPOBAHUS MPOU3BEAEHUS:

[t 1) (t—1)n)0 =
=(t+ 1) (=1 L CL[(E+ 1) [(f— )]V .. =
=+ 1) a4+ Chn(t+ 1) Ln(n—1)...2(F—1)+...

[Tpu noncraHoBke /=1 BCe wiaeHHl 3TOH CYMMBI, HAa4HHAs
€O BTOpOro, o6paimianTes B Hylb. Mb Noayuaem, cjexosa-
TeJbHO,

p,(1)y=2"n!,

s BHYMCAHTENbHBIX Lenell yio6Hee HMeTh 3HAYEHHS HALIUX
OPTOroHaNbHHIX GyHKUHA paBHbiMU 1 npu = 1. YTO6H AOCTHYD

1
3TOro, MH JIOMKHLI BBECTH YHCJIOBOH MHOKHTEND 2—,;1-‘ . Wmenno

NONYYEHHHE MOC/AE 3ITOTO0 MHOTOYIEHH M HA3hIBAIOTCA MHOZ0-
waenamu Jlemandpa; muorounen Jlewanapa crenenu n o6Go3Ha-
4yaeTcs CUMBOMOM P, (f), Tak 4TO

Py () = g [ — 1)),

§ 8.7. Onpenesnntens I'pama

8.71. Onpedeauresem [pama Ha3mBaeTcs onpenenuTenb
BHAA

(X1, X1 (%1, X5) ... (xq, Xp)
G (%) %oy . ey Xp) = (X9, X1) (Xq, Xp) +.. (X4, Xp) ,
(Xg, X1) (Xp, X2) oo o (Xp, Xp)
TAe Xy, X, ..., X, —IPOM3BONbHHE BEKTOPH €BKIMIOBA Mpo-

cTpanctBa R. Mu 3uaeM, 4TO B ciyyae JHHeHHO He3aBHCHMBIX
BEKTOPOB X, X,, X, 9TOT ONpeXEeNHTENb MONOKUTENEH
(7.96).

Hast Bbluucaenus onpenenurens [pama npumeHuM K BexTo-
pam X,, X5, ..., X, npouecc oproroHanusauuu. IlycTh, Ha-

*y
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MpUMEP, Y, = X; H BEKTOP y,=0,¥;+ X, OPTOrOHANEH K ;.
3aMeHHM Ha BCEX MeCTax OnpeleNuHTeNs BeKTOP X, Ha Y.
Hanee npuGaBuM k0 BTOpPOMY cTOnGUy MepBHH cTOA6el, onpe-
zenutens [pama, ymuoweHHnH Ha o, (OTHeCs o, KO BTOpOMY
MHOXHTEJIO CKaJfApHRX NPOH3BeAeHHH), H 3aTeM NpuBaBHM KO
BTOPOH CTpOKEe NEpBYI0 CTPOKY OMpepeuTesl, YMHOKEHHYIO Ha
@, (0THeCs q, K IEPBOMY MHOXHTENIO CKalfipHLIX ~NpQH3Beje-
Hu#f). B peaynpTaTe Ha BceX Tex MeCTax OMNPERETHTENs, rie
Obll BEKTOP X,, OYAET HaXOAHTHCS BEKTOD y,.

Hanee, nyctb yz=B,y, 4 By, + x5 opTOTOHANEH K Y, H y,;
npuGaBHM K TpPeTbeMy CTOAOUY mepBHH, yMHOWeHHBH Ha f,,
H BTOpPOH, yMHOMeHHHH Ha f,; Ty ke onepanuio upousseneM
CO CcTpoKamu. B pesynbTaTe X, Ha BCeX MecTax OyAeT 3ame-
HEH Ha yz. Mbl MOXEM HPOIOJKATH STOT Mpouecc ganee, MoKa
He nodaeM 10 mociegHero croabua. Taxk kak HallH OmepauuH
HE H3MEHAIOT BEJHYHMHB ONPEAENHTEN, TO B Pe3yJbTaTe M
[ONyYuM

(¥1, ¥1) 0 0
0 (yg, ¥2) ... 0

o0 L
=¥ Y1) Ve Yo) oo - (Yrs Y2)- (26)

B cuny pesynbrara 8.62 Mb nonyyaeM CleAylOUee Hepas
BEHCTBO:

G(xg, Xgy ovvy Xp) =

0 < G (xly x21 LS} xk) < (x17 xl) (x27 x2) v '(xk) xk)' (27)
BusichuM, B kakux cayvasx BenumunHa G (xy, X, ..., X)
MOKET IPHHHMATh KpafiHue 3HaveHusd 0 WiIH (X, Xp) ... (X5, X,).

Wa  Boipaxenns onpenennrens [pama  (26)  surTe-
KaeT, 4TO OH paBeH HyJI0 B TOM H TOJBKO B TOM Clyuae,

KOraa OINMH M3 BEKTOPOB ¥y, ¥y, ..., ¥, paeed Hyaw. Ho
B cu1y 8.62 3TO IKBHBAJNIEHTHO JHHEHHOH 3aBHCHMOCTH BEKTO-
POB  X;, Xy, ..., X, C 1#pyrof croponb, paBeHCTBO

onpenenutens [paMa npaBoit yacTH HepaseHcTBa (27) BO3MOKHO
B cuany dopmynn (26) u 8.62 ToNbKO B TOM C/yyae, Koraa
BEKTOPH X, X,, ..., X, B3aHUMHO oOpTOroHansHu. Hrak, Mu
NOKa3adH CHeAyIOULyl0 TEopeMy:

Teopema. (Teopema 06 onpemenunrene Fpama.)
Onpedeaureas I'pama 6exTopos x,, X,, ..., X, pased HYAt0,
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ecAu 3TU BeKTOpPbL AUHEHHO 3asucumbl, U NOAONCUTENEH, ECAU
OHU AUHEUHO He3asucumel, OH paseH npou3sedenur Keadparos
O0Aun 8eKTOPO8 Xy, Xg, ..., Xy, €CAU OHU 63AUMHO OpPTOZO-
HAAbHbL, 8 NPOTUBHOM CAy4de OH MeHbuie 3TOU BeAuduHsl,

8.72. O6beM £k-MepHOrO TruIeplrapalie’emnu-
ne ga. [lnouans mapannenorpaMMa, Kak H3BECTHO M3 IUIAHH-
METPHH, paBHAa NPOH3BEJEHHIO €r0 OCHOBAaHHMs Ha BHcOTY. Ecan
napasaenorpaMm NOCTpOEH Ha JBYX BEKTOPAX X;, Xp, TO MOXHO
NPHHATb 3a OCHOBaHHe MJIHHY BEKTOpa X,, 3a BHCOTY — IJIHHY
nepreHAHKy/spa, OMYILEHHOIO M3 KOHILa BEKTOpa Xy Ha OCb
BEKTOpa X;.

Ananornyno o6beM mapa/iieNennnend, TNOCTPOEHHOrO Ha
BEKTOpAaX X;, X,, X3, PaBeH INpPOH3BEAEHHIO ILIOILAAH OCHOBa-
HHSl Ha BHCOTY; MJOILaAb OCHOBaHHS €CTh IVIOLIAAb mapaje-
J0orpamMMa, TMOCTPOEHHOI'O Ha BEKTOPax X,, Xy, a4 BHCOTA €CTh
JJIHHA TepIeHIUKY/Asipa, ONMyLIEHHOTO M3 KOHLA BEKTOPa Xz Ha
IJIOCKOCTh BEKTOPOB Xy, X,.

ITH CcOOOpaxeHHs AENAI0T €CTECTBEHHHM Crlelyloulee HHlIyK-
THBHOE€ oONpejeseHHe o6beMa R-MEPHOTO PHNeprapaliesenunena
B €BKJHJOBOM NPOCTPAHCTBE.

ITyctb jgana cucTeMa BeKTOPOB X, Xg, ..., X; B €BKIH-
xosoM mpocrpancTse R. OGoswauum uepes h; neprneHaukyisp,
ONyIIECHHWA - M3 KOHUA BEKTOpa X;,; HA MOANPOCTPAHCTBO
L(xy, %5 ..., X)) (=1, 2, ..., k—1). Bsenem, nanee, cne-
AylolHe 0603Ha‘leHHﬂ

Vi=|x| (onHoMepHRIt 06beM—ANHHA BeKTOpa X,),

Vo=V | hy] (aBymMepHHHA 06beM —— mIoUlaab Napasiesorpam=
Ma, MOCTPOEHHOTO HA BEKTOPAX Xy, X,),

Vs=Vy-lhy|  (Tpexmepunit 06’beM — 06beM napaiieenunesa,

NOCTPOEHHOTO HAa BEKTOPAX Xy, Xy, Xg),

Vie="Vi_1-|hy_1| (k-MepHHlt 06BbeM—06GDbeM rumepmapaiiene-
NHNeAa, MOCTPOECHHOTO HA BEKTOPAX Xy, Xg, -+
eaey Xp)

OueBuaHo, 4to 06beM V, MoxeT GHTb BHYHCIEH 1O dop-
Myne

Vi=V{xy, % oo Gl =21 M| - | Bea]
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WUcnonpays Gopuyay (26), Mb MOXeM BHPASHTD Benuundy Vy
yepes BEKTOPH Xy, X5, . .-, Xg!

(%1, x1) (X1, Xg) oo (X1 EAL
Vi= (%g, X1) (X9, X3) - -- (g, Xg)

(%) X1) (Xps xg) oo (X Xp)
Takum o6pa3oM, onpedeaurerd I'pama or Kk 8eKTopos

X1, Xgy -+ -y Xp Ppasex ksadpary ob6vema R-meprozo 2unepna-
passesenuneda, nOCTPOEHRO20 HA STUX 8eKTOpax.

8.73. Ilycth £ —koopaMHATH BEKTOPA X OTHOCHTE/IbHO
OPTOrOHaNBHOTO # HOPMHPOBAHHOTO Gasuca

ey, €3 -+ e, j=1,2, .., ky i=1,2,...,m.
Bupaasi CKalipHEE NPOH3BELEHHS BEKTOPOB yepes KOOp-
ZMHATH, Mb NOJY4YHM C/IEAYIOLLYIO dopmyny:
EOE® £ FEPED ... BPEP L HLPED

Vi— EPEP 4+ .. HEPER .- EPER 4. HEDER

a . .

.(k). (1.) ) 1] .(1).. . <.k) .(k)- o k) <'k)
EWE® 4L HERED ... EPEP 4.+ ER 13

MaTpuua oOmpeaenuTens V2, kak Jnerko yOeauThes, €CTb
npowaseseHue kX 7-MaTpHUH A ¥3 KOOpPAHHAT BEKTOPOB

X1, %Xg3» ceey X
g g L
(2) p(2) (2)
A= gl §2 gn (28)
k k
g &’
H TpaHCHOHHpOBaHHOH K Hell 71X R-MaTpHUH

B EP L. B

A= gél) g;z) - g(zk)

g

k
o B

L
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[Npumenss cpopmyny 4.54 (14) k onpengenuteno VE, HaxomuM

iy, ...,i
VesMizinhad) = X ML () M A,
TA€ CYMMHDOBAHHE pacnpocTPaHdeTcs HA Bce HAGOPH HOMEPOB
iy <... <i,, NPHHHMAKOUHX 3Ha4yeHus oT 1 xo n.
Tak kax

My oA = Mk (A),

TO

VZZ 2 [Mll,.. l[,(A)]z'

igy ooy Ip

Urak, xsadpar obzema kmepnoeo aunepnapaiiesenuneda,
NOCTPOEHHO20 HA BEKTOPAX X (j=1, ..., k), pasen cymme
K8adparos 8cex MUHOPOB keo nopﬂdfca 8 maTpuye u3 Koop-
OuHar BeKTOpO8 X; OTHOCUTeAbHO (1106020) OPTOZOHAALHOZO

U HOpMUPOBAHHO20 basuca e,, €y, ..., €,.

8.74. B cayuae k=n matpuna [[E¥ || umeer TONBKO OAMH
MHHOD k-TO NOpsAKa, paBumit omperennteno matpuun || £ ||.

[Toaromy obvem n-meprozo eunepnapa/me/tenuneda, nocrpo-
@HHO20 HA BEKTOPAX X1, Xg, . . -, X,, Pagen (10 abcOMOTHOU 8eAU-
yune) onpedeaurento us3 xoopduHaT gexTopos x; (i=1,2, ..., n)
OTHOCUTeAbHO (406020) OPTO2OHAABHO20 U  HOPMUPOBAHHOZ0
basuca. ‘

8.75. Hepasenctso Anawmapa. Us pesynbrata 8.74
MOXHO MONYYHTb OAHY BAWHYIO OLIEHKY a6CONIOTHOH BENHYHHH
IIPOK3BO/IbHOTO OINpeaeNuTens k-ro nopsaka

gll §l2 te Elk
oot

i Bra - o B

Bynem pacemartpuBath uncaa §;1, 8, .., Eip (1=1,2,..., k)
KdaK KOODAHHATH BEKTOPAa X; B OPTOTOHA/NbHOM HOPMHPOBAHHOM
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6asuce k-MepHOro eBKJHLOBa mnpoctpadcTea. Pesyabratr 8.74
NaeT HaM BO3MOXHOCTb HCTONKOBATbL aGCOMIOTHYK BeJIHYHHY
onpenenutens D kak o6beM R-MepHOrO THIeplapanjenenuiena,

IIOCTPOEHHOTO Ha BEKTOPax X;, Xy, ..., Xy, H HCIO0Ab30BATH
BHpakkeHde o6beMa uepe3 ompeseautenb [pama D2?=
=G(x,, X5, ..., Xx;). [Ipumensina Teopemy &.7/, nonyuaem

k. k
D (5 1) (5, %) - (o 2= 1T B 8

ATo HepaBeHCTBO HOCHT HAa3BaHHE Hepasercrsa Adamapa.

OTMeTuM, 4TO OHO oOpdutaeTcs B PABEHCTBO B CHIYy TeoO-
pembl 8.7/ B TOM M TOJAbBKO B TOM CJyyae, KOrja BeKTODbI
Xy, X9, ..., X B3aHMHO OPTOTOHANBHHL

HepaBeHcTBo Amamapa uMeeT npo3paydbiii reoMeTpHYECKHH
CMBICTI: 00%BeM 2unepnapasiesenuneda He npPeGoCxXo0uUT NpouU3-
gelenun Oaun ez2o pebep, OH pasex 3TOMY NPOU3BLOEHUIO 8 TOM
U TOALKO 8 TOM cay4ae, Koz0a ez2o pebpa 63auMHO OpTOZ0-
HaAbHbL,

§ 8.8. HecoBmecTHble cucTeMs! JHHelHbIX ypaBHeHuit
H MeTOJ HaMMeHbLIIHX KBAJAParoB

8.81. llyctb nmana HecoBmecTHad cHCTeMa JAHHEHHHIX ypas-
HeHH#
AN
@1 Xy F @aXy v v QX = by,
Qo1 X1+ QgaXs+ - o -+ QopX,, = by,

- ! —_
QX1+ QX+ .o Fa, X, =0b,.

(29)

ﬂocxoany OHa HeCOoBMeCTHA, €€ HeAb3sl peunuTh, T. €.

Henb3si HaliTH Taxkue yucaa €, €y, ..., C,, YTOOW NpH [OA-
CTAHOBKE 3THX UHCEN BMECTO HEH3BECTHHIX Xy, X5, ..., X,
YILOBJETBOPSINUCE OH BCe ypaBHEHHSI CHCTeMul (29).

Ecan moxcraButh kakue-uubyab uncaa §y, &, ..., E,
BMECTO HEH3BECTHMX X;, Xy, ..., X, B JIEBRE 4YacTH ypaBHe-
Huit (29), TO MBl MOJYYHM Pe3yaAbTaThl Yy, Yo, -+ ., Vp, OTAHY-
Hple OT uyucen by, by, ..., b, Ilocrasum ce6e 3anaqy npu
H3BECTHHIX  3HAUEHHSX lmce.rl ay H bpltk=1, ..., m

j=1, ..., m) onpedeauro uucaa &, &, ..., E, Tax, uTobo
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K8adpaTuiHoe YKAOHEHUE pe3yAsTaros V1> Vo «--» VYp OT Oan-
HbLx 8eiutuH by, by, ..., b,, onpedessemoe soipasceruem
n
6= 2 (v—0,%, (30)

OKQA3AN0Ch HAUMEHbWUM U3 B03MONCHbLX, @ TaKxHe HalTu 3TO
MUHUMANOHOE YKAOHEHUE.

Takann 3ajava BO3HHKAeT Ha NPaKTHKe, KOrja, HampuMep, Kosddu-
LHeHTHl §; JHHENHON 3aBHCHMOCTH BEJIMUHHE b OT BEJUUMH Qy, G, ..., Op

b=t 4Byt ... +Epay,

fIOJDKHH  ObiTh  HalileHRl M3  Pe3y/bTATOB H3MEPeHH#  BeJHuYMH
aj(j=1, 2, ..., m) 4 COOTBeTCTBYIOUlHX B3HaueHu# b. Ecam npm i-M
H3MEPEHHH TIONyYeHBl 3HAYCHHA @;; INA BEJHYHHM G; H b; A7 BeJH-
YHHH b, TO MH JIO/KHHL COCTaBHTb ypaBHeHHE

B+ ... +Epay=by3 @3n

n H3MEpeHHA TIPHBOAAT K CHCTeMe n ypasHenwit (31), T. e. K cHcTeMe
BHia (29). OTa cHCTeMa BCJeEJACTBHE HEeH30eXKHHX OWIHGOK W3MEPeHHH
Gyzet, ooSule ToBOps, HECOBMECTHON, M 3ajaua ompeleJeHHS Ko3pdu-
umentoB &1, &, ..., §p, TAKHM 06pa3’oM, He CBOXMTCA K 3ajaue peie-
HHSl CHCTeMH YypaBHeHHdA (29). BoswukaeT 3ajaua onpegesuts Koaddu-
nHeHTH &; TaK, YTOGHl Kak]Oe YypaBHEHHE YJOBJETBOPAJOCh, XOTH OH
M TpHGIM3HTENbHO, HO C O6lledl HaHMeHbIUEH HorpeumHocTbio. Ecad 3a
Mepy TOrpeliHOCTH B3ATb CpejHee KBajPaTHUHOE H3 YKJOHEHHH BeJHUHH

m
\l
vi= 2 ayk
i=1
OT H3BECTHHX by, onpeflenseMoe dopmysaoll (30), To MH H npuieM
K copMy/IMPOBaHHOH BHIle 3ajaue. 3HaHHe BeJHYHHH 82 B 3TOM cilyuae
TaKXe MO0JIe3HO. OHO NOMOTaeT OUEHHTb HaJIeXHOCTb H3MepeHHil.

8.82. Pemenne mnonyyaercss HEMENJNEHHO, eclM HCTOM-,
KOBaTh 3alayy TreOMETPHYECKH B BeI(eCTBEHHOM TPOCTpAH-

crBe R,. PaccmoTpnm m BekTOpOB @y, @y, ..., a,, KoMmo-
HEHTH KOTOPHX BHINHCaHW B CTOA6Uax cucteMsl (29)
Gy =A{G11, Gy -y Cui}y -ovy Cu={G1pn Gop ..., Guy}e

CocraBnsis nuneltnyio komGuuaumio Eia;-+...-+E.a,, Mu
NOJYYHUM BEKTOD Y=1{Yy, ..., V,}. HyxHo ompemennts uncna
v -+, En TaK, 4TOOH BEKTOP Y MO HOPME HMeJ HAHUMeHbIiee
BO3MOXKHOE OTK/IOHEHHE OT 3a1aHHOTO BekTopa b={b,, b,, ..., b,}.
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CoBOKYMHOCTh BCeX JHHeHHHX KOMOMHAUHft BeKTOpPOR
a,, ..., a, obpasyer noanpoctpaucrtdo L =L (a,, a,, ..., a,).
B 3ToM noampocTpaHcTBe HaHMeHblee PacCCTOAHHE 1O BEKTOpa b
HMEET Mpoeklus BeKropa b Ha mnoamnpocTpadctBo L. Yucaa
&, ..., En, ClenoBaTenbHO, HOMKHW OHITb BHOpaHH TaK,
4TOGH JuHelinas koMGuHauus &,a, + ... +§,a, npHBena Kk npo-
eKUuH BekTopa & Ha mnoampoctpaHcTtBo L. Ho peumenne 3toft
3a7ayd HaM H3BeCTHO; OHO aaerca ¢opmynamu 8.53, uMeHHO,
MHl HMeeM

(@, @) «-. (-1, @) (b, @1) (844, @y)...(ap, by)

1 - . . - - - . . - . - . . - . - .

gjzﬁ ’
(@, ap) --- (@54, a,) (b, a,) (aj+1’ ap)- - (Cpy by)

rae D—onpenenuteas I'pama Gay, ay, ..., ap).

8.83. PeaynbraTtH 8.72 Ral0T HaM BO3MOXHOCThH OLEHHTh
H camo ykiaodedne §. IlecTBHTe/NbHO, BeMMYHHA & ecTb BH-
cota (m-+ 1)-MepHOTO napaJsjieJenunena, NHOCTPOEHHOIO HAa BEK-
TOpax a;, ..., Qp, b, W paBHA MO3TOMY OTHOIIEHHIO OGBEMOB

Viay, ap ..., ap, b)
Vi, ag ..., ap)

3anucuiBas kKaxIan# M3 06bEMOB C TOMONIBIO ONpedeHTens
I'pama, HaxoquM OKOHYATENbHO

62=G(a1' Ay «+vy Ay b)

G(ay, a5 ..., ap)

TeM caMbIM NOCTaBleHHAs HaMH 3aJaYa IOJAHOCTBIO peureHa.

8.84. B BHuHCAHTeNbHON NpaKTHKe 4acTo BCTpeuaercsl crefyloilias
3aZaya (HHTepPHNONHPOBaHHe C HAaHMeHbIIe} KBaApaTHu-
HOH UOTPeIIHOCTBLIO). Ha ompeske a<.t<.b Oana qyuryus
“fo(t); yxasamov muozouren P (t) cmenenu k, k < n, 0a8 xomopoeo Kead-
pamuynoe yraonetue om yuxyuu fo (t), uamepiemoe eesusunod

82 (for P)= ) o t)—P ()2,
i=0

cmanosumcs Haumenowunm. 3necs by, ty, ..., t,—HeKoTOpHe GUKRCHPO-
BaHHbIE TOUKH OTpe3Ka a=l=<Ch.

ITpoctoe peilledne 3TOH 3ajauM Ha OCHOBAaHHH TeOMETPHUECKHX COOG«
paxennfi 6ujo npepnoxenc M. A, KpacHocenbckum,
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BeeieM eBKJIHIOBO MPOCTpPaHCTBO R, o6pasosanHoe H3 GyHKUHE f(£),
_paccMaTpHBaeMblX TOUJbKO B TOuKax fo, &, ..., fp, CO CKa/lAapHEM
npousBefeHueM

(9= D Ft)e).
ji=0

Torpa Hama 3ajada CBOJHTCA K ONpeJeseHHIO IIPOEKIMH BeKTOpa
fo({) Ha TOAMPOCTPAHCTBO BCeX MHOTOU/CHOB CTeNeHH, HE NPEBOCXOAA-
mei k2. KoapdHIueHTH HCKOMOTO IOJHHOMA Po() =8¢+ L&t + ... L EptE
JaioTca Temu ke PopMyJiaMH, YTO H B pa3o0paHHOK Bhille 3ajave:

A, ) (6 1) o (L 1) (e 1) @FL 1) L (85 1)

U, f @t o (0 8 (o ) (L 1) L (R D)
= .. '

roe D onpegenutens I'pama D (1, ¢, ..., t%).
CaMo HauMeHblllee KBaApaTH4YHOE YyKJOHeHHEe 02 MOXKHO BHYHCJHTH
no gopmMyJe
D, ¢t ..., F; D)

ﬁz(fo, P): D(l,t ...,lk) .

§ 8.9. ConpsKeHHbIe ONMEPAaTOPbl M M30METpPHS

8.91. OnepaToph,CONPAXKEHHEE OTHOCHTENADBHO
bopuu (%, y).

Chopmyaupyem 3znech pesyibTaTel § 7.6 o cBa3u Mexny
AuHeHHBIMH onepaTopaMH U GuaHHeHHBIMH dopMamMH B TNPHMEHe-
HUUM K cayuaio, Korza QukcmpoBana ¢opma (x, y)-—— CKassipHoe
npoussenenne BekTopoB x H y. Ilyctb A ¥ B—unnefinsie one-
paTophl B €BKIHZOBOM mpocTpancTse R,. OGpasyem Ouiuxeft-
nne dopmbl A (x, y) v B(x, y) no dopmyisam

A(x, ,V):(Ax, y)v B(xy ,V):(x, B)’)- (32)

Tak kak KanounueckuM OGasucom ¢opumu (X, y) sBAfETCH
n1060d OpTOHOPMaNbHLH GAa3HC NMPOCTPAHCTBA M KAHOHHYECKHE
koapduuuenT Gopmb (X, y) B JMo6om Takom OGasuce Bce
paBunl 1, To B cuay 7.6/ matpuua |la;l|l dopun A(x, y)
B M1060M OpPTOHOPMAaZbHOM Ga3nce COBMadaeT ¢ MaTpHieH I ai ||
onepatopa A, a matpuua |[b || ¢opum B(x, y) 7parcnonupo-
gana 10 oTHOLIEHUIO K MaTpHuie ||4{* | onepatopa B. ObpatHo
(7.62), ecni B mpocTpancTBe R, 3amannt Ounnnednsie dopmul

A(x, y) n B(x, y), TO CyWecTBylOT H €IHHCTBEHHH TaKue
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nuuelinble omepaToph A u B, uTo BhimonHeHw paBeHcTBa (32).
Ianee, npumensis pesynpTaTel 7.68 x dopme (x, y), nmolyyaem
cnenyiouiHil pe3ynbTarT:

Teopema. Jlas kamdozo auneinozo oneparopa A 8 esriu-
doBoM n-mepHOM npocTpancTée R, cyuecréyer u  eOUHCTEEH
conpaNcennbil oneparop — aunelinsui oneparop A’, y006.eTe0-
PAOWUL YPABHEHUIO

(Ax, y)=(x, A'y)

npu mobeix x u y ud R,. Matpuya oneparopa A’ 8 mobom
OpPTO2OHAALHOM U HOpMuposannom 6asuce npocTpanctéa R,
TPAHCNOHUPOBAHA NO OTHOWEHWI0 K marpuye oneparopa A.

8.92, C noMouibld ofnepaluyH CONPSKEHHs B E€BK/IHIOBOM
MpOCTPaHCTBE BBOAATCS CHELYIOUHE KIaCCH ONepaTopoB.
a. CummeTpudnsie oneparops., OINpeae/seMble PAaBEHCTBOM

A" =A,

CumMeTpHYHBIH omepaTop XapakTepusyeTcs TeM, 4YTo B OpTO-
HOpMa/bHOM 6asuce ero MaTpHIA He MEHSeTCs MpH TPaHCMOHH-
POBaHHH.

6. AHTucumMeT pudHble 0nepaTopst, ofpejeseMble paBeHC TBOM

A'=—A.

AHTHCHUMMETPHYHRIH oOmepaTop XapakTepusyeTcs TeM, 4TO
B OPTOHOpMaqbHOM 6a3uce ero MaTpHua M[ocje TPaHCIOHHPO-
BaHHSl HM3MEHSET 3HAK.

B. HopmaavHbie onepatopel, onpenefisieMHe DaBeHCTBOM

A'A=AA".

OueBuIHO, HOPMA/bHHE OHNepaTOPH BKAKYAIOT B cebd H
CHMMETpHYHBIE M aHTHCUMMETpHYHble. M3yuenue BBeleHHBIX
KNaccoB onepaTopoB GyaeT mpoussenexo B § 9.4.

8.93. Tenepb chopMyaHpyeM ANs €BKIHAOBA IIPOCTPAHCTBA
R, pesynbTaTtH 7.73—7.76 OTHOCHTENBHO HHBAPHAHTHRIX Onepa-
TopoB. PaccmaTpuBaloTCsl nHHEHAHEE 0OpaTHMEIE OTOOpaKeHHs Q
npocTpancTBa R, B cefsi, He H3MEHAIOUIHE CKAJsPHOTC TNPOH3-

BeeHHS.
(Qx, Qy)=(x, y).
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3TH oTo6paweHusi, Ha3BaHHHE B 7.73 MHBAapPHAHTHBIMH OTHOCH-
TenbHO Gopmul (X, y), 3xech 6yaeM Ha3HBATb UIOMETPUUECKUMU.,
H3omeTpudecknit omepatop Q XxapakTepH3yeTCsi paBEHCTBOM
7.73(33) ‘

Q’Q = Ev

rae Q’—omepartop, conpskeHHHH K Q OTHOCHTENBHO (OPMH
(¥, y), T. e. omepaTtop, conpskeHHnH# K Q B cMeicie 8.9/,
O6paTHuit onepatop Q™1 = Q' Kk H3oMeTpHYeCKOMY omepaTopy Q
TaKkxe H3omeTpuyen. [Ipon3BeneHne IByX H30OMETPHYECKHX oIle-
paTopoB ABJAETCd H3OMETPHUYECKHM omepaTopoM (7.74).
Cornacvo 7.75 wusoMeTpuyeckuii omepatop Q XxapakTepu-
3yeTcsl TeM, YTO N1060H OpPTOHOPMHpOBaHHHHA GasHC ey, ..., e,
nepeBoJHTCS STHM onepaTopOM CHOBA B OPTOHOPMHPOBAaHHIM
6asuc f,=Qey, ..., f,=Qe,. Matpuua Q=|¢¥]| nzomer-
pHYecKOro omepatopa Q B J11060M OPTOHOPMHpOBaHHOM 6a3uce
Ha3LIBAETCH 0pTO20HAAbHOU marpuyed. OpTOroHanbHas MaTpHLA
XapakTepusyeTcs YCHOBHAMH 7.76(35), MMEHOIHMH B JaHHOM

c/yvyae BHJ,
é o 1 npu j=k,
i=1 0 npu j7k,
HAH ke ycnoBuAMH 7.76(35), HMeOIUMH BHI

L 1 nmpu j=m,
(atmy __
P {0 npu  jzkm,

T. €. CyMMa KBaZpaToB 9/ieMeHTOB n60off cTpoku (n0b6oro
c¢tonbua) paBHa 1, cyMMa OpPOM3BENEHMH COOTBETCTBYIOLIHX
S/IEMEHTOB IBYX- PasHbIX CTPOK. (cTon6uoB) paBHa 0.

8.94. B cuny pasencrea Q~1=¢', obpauiennemM dopMya

nepexoaa OT OPTOHOPManbHOro 6asuca e;, ..., €, K APyromy
OpPTOHOpManbHOMY Ga3ucy fy, ..., fa

Fi=qe1+ ... 4 gile,,

(33)

fnzqg.mel—l_ s.. —I_q;ln)en
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cnyxar ¢Gopmyan
e, =q"f1+ ... +¢"f,
. . . (34)
e, ——q‘l’f _|_ —I—q""f

B cuny 5.31 xoopnunatu 1), BekTOpa Xx B Gasuce fy, ..., S
BHIPAXKAIOTCSl Yepe3 KOOpIMHATH §; STOro ke BeKTOpa B Ga-
3Hce €y, ..., e, 0 (opmynam

(l)g _I_ _I_q(l)
. . . e} (35)
— q(ln)gl—l— - _I_ q(fl)
¢ 00paTHEIMH ¢>opmynamn ’

=g+ .. +q‘{”n,.,
e e e e e .. (36)
E,i=aq¢m+.. -} q‘"’

8.95. PaccMotpum 3nech eute cneuylomylo 3anmauy. nyCTb
3amann m < 1 YHcNOBHX cTpok ¢ (i=1, i j=1,...,m),
YIAOBIETBOPSHIOUIUX yCAOBHAM

1 mpn j=k,

o (k)
2‘1 { 0 npu j=k.

TpeGyeTcs HaHTH ewe n-—m YUCAOBHX  CTPOK g,
S=m+-1, ..., n, 1aK, 4T06H n X n-Matpuua | ¢ || ({, j=1, ..., n)
6H/a OpPTOroHaNBHOM.,

Pemenne monyvaercs mpocTo M3 reoMeTpHuecKHX co0Gpa-
*kennf. Mntepnpetupys samanubie cTpoku ¢ Kak KOOpIHHATH
m BEKTOPOB B €BKJIMIOBOM NpPOCTpaHcTBe R, CO cKa/lfipHEM
npousseneHneM (8.226)

(Bp ovvy By M1y voeny n,.))=l§ E M)

MBl BHIHMM, YTO HaM 3aJaHBl 7 OPTOTOHAJIbHHX H HOPMHPOBAH-
HBIX BEKTOpOB ¢, ..., ¢, ¥ 3aKaya COCTOMT B TOM, YTOGH
AONOMHHTH HX O OPTOHOPMANbHOTO Ga3uca B mpocTpaHcTBe R,.
B stoff reomerpuueckoft ¢opMmynupoBKe 3agaya CTAHOBHTCA
OYEBHAHO PAa3PEMIMMOM: HANpPHMEp, MOMHO MONONHHTL BEKTOPH
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iy <+ n IIPOH3BOJbLHO JIO CHCTeMbl # NuHeHHO He3aBHCHMBIX
BEKTOpPOB H Janee npoBecCTH OpTOHODMANH3alHIO.

8.96. PaccmoTpuM elle HEKOTOpnie CBOACTBA CHMMETpHY-
HBIX OMepaTopoB,

a. Ecau nodnpocrparcrso R'CR unsapuanTHo oTHOCUTEAb-
no oneparopa A, TO o0pTO2OHaabHOe OOnROAHEHUE nodnpocrt-
pancrea R’, Ha ocroganuu 7.65, UHEAPUAHTHO OTHOCUTENbHO
conpasxcennozo oneparopa A’.

TlosToMmy, ecnid A — CHMMETPHYHHIA Oneparop, TO U3 HHBAPH-
AHTHOCTH OTHOCHTeNbHO A mojnmpoctpancTBa R’ cneayer HH-
BaPHAHTHOCTb OTHOCHTENbHO A U OPTOTOHANBHOTO IOMOTHEHHS
k noanpoctpaHcTBy R’.

6. [loxaweM, YTO Ha NNOCKOCTH (n =2) @cakuil cummerpud-
Holll oneparop umeeT COBGCTBEHHbLL B8eKTOP.

JleAcTBMTENbHO, B JAHHOM Clyuae ypaBhexue Ans coGeT-
BEHHHIX 3HAYEHHMH

a;; — A G | _g
Q91 age— A1

€CTh KBAJPAaTHOE YPaBHEHHE ¢ NHCKPUMHHAHTOM
2 _ 2
(@11 + ag) — 4 (01009 — 0g1015) = (A1 — Qg3) +4a31, 20,

MO3TOMY €ro KOPHH BELECTBEHHEI.

B. [lonb3ysich @ 1 6 M CyLIECTBOBAHUEM HHBAPHAHTHOH mno-
CKOCTH y BCAKOTO OMEPaTopa 8 BEILECTBEHHOM MPOCTPAHCTBE (BHI-
TEKAIOUWHM H3 BHIpaXeHHs BelleCTBEHHOH KOpLaHOBOA (opMH
6.63 (18)), MOXHO KOKa3aTh, 4TO 8 NPOCTPAHcT8e R, 8carud cum-
MeTpuuHbLi ONepaTop umeer OPTOLOHAAbHbLE 6A3UC U3 COOCTBEHHbLY
gexkTopo8. Mbi B IanbHeHlieM MONYYHM 3TOT Pe3yNbTaT U3 OGMHX
coo0pakeHnylt, He ONMUPAACh HA BEILECTBEHHYIO XOPAAHOBY dopmy
(9.45).

3AJAYH

1. HasoBeM cKaJfpHHIM TIPOH3BENECHHEM HBYX BEKTOPOB MPOCTpPaH-
ctBa V, npom3eereHHe WX AAuH. Dyder JIH TPOCTPAHCTBO €BRJIHAOBBIM?

2. A ec/l Ha3BaTh CKaJAPHBIM TPOH3BEJEHHEM JBYX BEKTODOB TOTO
e TpOCTPaHCTBA NMPOH3BEIeHHE HX JUIHH HA KyG KOCHHYCA yrJa Mexiy
HHMH?

3. A ecJW H43BaTh CKaNADHBIM TNpPOH3BeJeHHEM YIBOEHHOE OGHIMHOE
CKaiipHOe TIPOM3BeJeHHE 3THX BEKTOPOB?

4. Haiith yroa MeXZy IMPOTHBOMOJIOXHHMH peSpaMH NPaBHJbLHOrO
TeTpasapa.
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5. Halith yras B TpeyrojbHuKe, 06pa30BaHHOM B IMpPOCTpPaHCTBE
Ry (— 1, 1) Bextopamu x, (f)=1, xy ({) =% 1 x5 (§)=1—1.

6. Hanncars mepasencrsa Tpeyrosbhuka B nmpocrpanctse C, (a, b).

7. OnpenenuTe KOCHHYCH YIVIOB MEXAY NpaMoll §; =E,= o=k, u
OCSIMH KOOPAMHAT B MPOCTPAHCTBe R,,.

8. B mpoctpanctse R, pasJOkKHTb BEKTOp [ Ha CyMMy JIBYX BEKTO-
POB, OIMH H3 KOTOPHIX JIEXHT B JHHEeHHOH 0GOJIOYKE BEKTODOB b;, a Ipy-
roil OPTOrOHA/MeH K STOMY MOANPOCTPAHCTBY:

a) =5, 2, =2, 2), b=(2, 1,1, =1), by=(l, 1, 3, 0)

6) [=(=3,5 9 3), b=(l,1,1,1), b=(2 —I1, 1, 1),
bg=(2, —7, —1, —1).

9. JlokasaTb, 4TO H3 BCeX BEKTOPOB NOANPOCTPAHCTBA R’ (8.5/) HaHMeRp-
KA yron ¢ BeKTOpoM [ 0GpasyeT BeKTOp g.

10. JlokasaTb, 4TO ecqii BEKTOp g, B NOANpOCTpaHcTBe R’ oproro-
HajleH K NMpPOeKUHH g BeKTOpa | Ha 3TO MOANPOCTPAHCTBO, TO g, OPTOToO-
HaJlleH ¥ K caMomy f.

11. TiokasaTb, uTO MepmeHIMKyJsIp, ONYIIEHHBIH H3 Haualda KOOPAH-
HaT Ha rUnepmiockocTe H, nmeer nauMeHbiIyio AJHHY K3 BCEX BEKTOPOB,
COSNMHSIIOUIMX HA4Ya/l0 KOOPAHHAT C 3TOi THIEPIJIOCKOCTHIO,

12. B nmpoctpanctee V; ¢ Gasucom i, j, R 3ajaHa cHCTeMa BEKTOPOB

xy=1, X,=21, Xy=3, x,=4i—2j, Xy=—i+10j, xg=1i- j+5k.

TTocTpouTE OpTOrOHaNbHbIC BEKTOPH! ¥y, Vg ..., Vg (8.61).

13. B TpexXMepHOM MOANpPOCTPAHCTBE NPOCTPAHCTBA R,, MOPOKAEHHOM
sekTopamu (1, 2, 1, 3), (4, 1, 1, 1), (3, 1, 1,0), nocTtponts OpTOrOHAMB-
HEIH 0a3sHC, HCMOJb3YS MeTOA TeOPeMbl OPTOrOHAJIH3ALHH.

14, Tlyets panb mognpoctpanctsa R’ u R” eBk.mmoa mpocTpaHct-
Ba R. PaccMOTpHM neprneHAnKyJsIpbl, OMylIEHHbIE K3 KOHUOB efUHHUHBIX
BekTopoB ¢ €R’ na R”, u mycts m(R’, R”)—MakcuMyM M3 HX AJIHEH;
aHaJOr AYHO onpefeJsieM Beduunny m (R”, R’). Heotpuuartenshas Beanunna
8 =max {m (R’, R"), m (R", R’)} naseisaetca pacmeopos nognpoctpancts
R’ u R”. Ilokasats, uto mpu O < | pasMepHOCTH NoAmpocTpaHcTs R’
¥ R” papnul (M. A. Kpacroceabckuii u M. T'. Kpeiin).

15. Haittn crapwnii xosdouunent A, MHorousena Jlexangpa P, (¢).

16. Tlokasarb, uTo MHOTOuIen JlexaHapa P, (f)ecTb ueTHas GOyHKUHA
TP 4ETHOM n M HeueTHas QYHKUHS NpPH HeueTHoM n, Haiitu, B uactHocTH,
P, (—1).

17. JlokasaTb, UTO B Pa3JOKECHHH MHOTOUJEHA {P,.; (t) no muoro-
ujenam Jlexanppa

tPy 1 () =agPy (t)+ay Py H+...+a,P, (¥

KOS(OUUHEHTH g, @y, ..., Qy_g H G,_; PaBHH HYJIO.
18. Hafiga KosxpHUMEHTB Q,_, H 4, B DAa3/OKEHHH MHOTOYJIHa
tP,_; (¢) B3 3agaun 17, NoAyuHTb PeKyppeHTHYIO BOPMYJy

RP, ()= (@n—1) tP,_y () —(n—1) Pp_y (8).



280 rJ. 8. EBKJMIOBH NPOCTPAHCTBA

19. Hafitu wmuorownen Q (f)=#"+b,¢""1+ ...+ b,_yt+b,, 208
KOTOporo HMHTerpasn

+1
{@eona
-1

JOCTHIAeT HaHMeHbLIero 3HAYeHHS.

20. Haifitn nopMy MHorousiena Jlexauapa P, (f).

21. Tlokasats, yTo JAst /moboro JuHefiHOro omepaTopa A, feficTByio-
Iero B n-MEPHOM €BKJHAOBOM HpocTpaHcTBe R,,, OTHOLieHHe
V[Axy, Axy, ..., Ax,)

V [x11 Xay ooy xn]

TIOCTOSIHHO (T. €, He 3aBHCHT OT BHGOPa BEKTOPOB Xy, X5, ..., X), W HaflTH
ero BeJHUHHY («KO3(DHIHEHT HCKaXKEHH:»).

22, [Tokasarth, 4TO Aas JMOGHIX ABYX JHHeAHHX onepatopoB A u B
uMeer Mecto pabeHctBo k(AB)==£%(A)k(B).

23. Ilyctb Xy, X5, ..., X, Y, 2—BEKTOPH €BKJAHJOBA mpocTpaHcTBa R.
JlokasaTe HepaBeHCTBO

Vixy, X ooes Xpy Uy 2] _V[x15 X5, <.y Xps 2]
V%1, %ay ..., Xp, Y} Vixy, Xo o0y %)

24. Ilyctb x4y, X, ..., X,,—BEKTOpPH €BK/HAOBA mnpocTpanctBa R.

JlokasaTte HepaBeHCTBO

E(A)=

1

m —

m-—1

V[xl, Xoy ooef x,,,]< I I {V[x]_, vevi Xpa1s Xpgts ooes x,,,]} .
k=1

KakoB ero reoMeTpHyecKHi CMBICJ?
25. ([Tponomxenne.) JlokasaTh HepaBEeHCTBA, YTOUHSIOUIHE HepaBeH-
ctBo Ajamapa:
1

m m-1
Vit Xg0 +oes x,,,]g]:[ VIt coor Xpmrs Xpans ooor Xnl} <
k=1

1-2

= II {V[xlv e s Xpo1s xk+1’---'xl-1’ X410 “.,xml}(m—l)(m—2)<
Ik<igm
» . . . . - . L} . L] L . . L} . . . . . . . . . . . . . L3 L . L] e« &

1-.2...(n-r)

< H {VIxs,, s ---,xs,]}('"“” =2 7
1€851<5<...<S<Mm

- LY . I_;.- . r;l « » ¢ = g & & 8 # »p & & * 2 2B
= H {V x5 25 }™ '< H [ %51
1< <sg<m s=1
(M. K. dare).
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26. Ecin |a;,1<<M, 710 no HepaseHcTBy Anamapa det] a;| <<
<M;n”/ 2. IokasaTb, 4TO 3Ta OUEHKA He MOXKeT OLITh yJydmleHa AAs
n=2",

27. Ectn N (A) u T (A)—cOOTBETCTBEHHO HYJb-MHOTOOGpasHe H 00«
JIaCcTb 3HaueHHH onmepatopa A, TO OpTOroHaJIbHbIE IONOJHEHHS 3THX- NIOA-
NPOCTPAHCTB CYTh COOTBETCTBEHHO 06GJacTb 3HaueHHH M HyJb-MHOroofpa-
3He onepatopa A.

28. [loKasaTh, 4TO A/ Kam[OrO 3/M€MEHTAa a;; OPTOTOHAJNBHOH MaT-
prubl A cooTBeTcTBymOUlee adrefpaundeckoe JomonHeHune A;,=a;, det A,

29, [Tokasartb, uTo cyMMa KBaJpaToB BceX MHHOPOB kro nopsjKa,
pacnosioxeHHbBIX B 2 (DHKCHPOBAHHHIX CTPOKaX OPTOroHaJbHOH MaTPHUEL,
paBHa l; cyMMa NpOH3BeJEHHH BCEX MHHOPOB k-ro TNOpPAJKAa B OAHOH
Tpynme CTPOK Ha COOTBETCTBYIOLIME MHHOpHI k-ro nopsjaka Apyrof rpynnsi
cTpok paBHa 0.

30. Hexotopuift JuHefiHHHA onepatop Q coxpaHseT AJMHHY KaXAOro
BeKTOpa; NOKa3aTh, UTO OH SIBJSETCS H30METPHYECKHM.

31. Oneparop A, coxpaHsIOmHH OPTOrOHANBHOCTb JMOOKIX ABYX BEK-
TOpoB x, y (Tak uTo H3 (x, y)=0 BuTeKaer (Ax, Ay)=0), HasmBaerca
pasroyeoabrsim onepamopos. Beskuil H3oMeTpHUECKHH onepaTop sBJAsAeTCH
paBHOyroJibHuIM. KpoMe Toro, paBHOYrOJIbHEIMH SIBJISIIOTCS OmepaTop TMo-
no6us (Ax=»Ax pis moGoro x) M mpousBeleHHe omeparopa TNOROGHA Ha
H30MeTpHyecKuit oneparop. [lokasaTh, 4YTO BCAKHH PaBHOYToJbHHI ore-
paTop ecThb NpOH3BEJeHHE OmepaTopa NoAoGHA H H3OMETPHUECKOro omnepa-
TOpa.

32. INoka3arb, 4TO NpH n ==3 BcAKHA JHHEHHHIH onepaTop Q, neii-
CTBYIOLIHA B n-MepHOM IpocTpaHcTBe R, H He H3MEHSIOIWHA nJoOIALH
Jio6oro napaJieniorpaMMa, Tak: 9To

v [x’ y] =V [va Qy]v

€CTb H30METPHYECKHH omeparop.
33. Hoxaaan, 4TO HPH k2 < n BCAKHH JIMHEHHBIH oneparop Q, neft-
CTBYWOHIUH B n- MepHOM npocTpaHcTBe R, H He H3MEHSIOHIHi 061>e1vxa JI10-

MmecTa, Tak Kak B sToM cnyqae Bc;umu onepaTop Q c det Q + 1 6yper
YAOBJETBOPSATL YCJIOBHIO 3ajauH.

. B eBxksmaosoM mnpocrpaHcTBe R, 3ajaHE KoHeuHHE MHOXeCTBa
F={x), %3 ..., %3} ¥ G={y1, Y ... yk} Ilna Toro uTo6Hl cylyecT-
BOBAJI M3OMETPHYECKHIi onepatop Q, NepeBOsilHii ORHOBPEMEHHO KaX Akl
BEKTOp X; B COOTBETCTBYIOWHH BekTop y;(i=1, 2, ..., k), HeOGXOAHMO H
JOCTaTOUHO, YTOOE! HMEJH MecTO paBeHCTBA

G )= ) G j=1 2, ..., k).
35. ¥Yrawm MexAy ABYyMSA TNOJANPOCTpPAaHCTBAaMH,
B eBr.ni0BOM mpocTpaHcTBE R 3ajaHbl JBa NOANPOCTPAHCTEA R’ u R”.
IMycrsb HODMHDOBAHHEIA BEKTOP e’ npoéeraeT MHHUHYIO Chepy noanpo-
ctpanctBa R’, a HOpMHpOBaHHKIH BEKTOp e’ He3aBMCHMO OT e’ npoberaet
eAHHHYHY IO cq)epy TIOLIPOCTPaHCTBA R”. ¥Yron mexay e # e¢” Ha HeKo-
TOpoil nape ¢’ =g}, €"==¢] NOCTHraeT MUHHMYMa, KOTOPHH MBI 0603H24HM
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yepes ¢,. Ilycte, najee, e’ MeHsiercsi o cBOeH eRMHMYHOR ctepe, ocra-
Baficb OPTOrOHAJLHLIM K €}, M €” MeHseTcst TO CBOeil eAuHuuHOH cdepe,

0CTaBasiCh OPTOrOHAaJbHHIM K 7. Yron mexay e’ ue’ mpH STHX yc.nommx
ROCTHIHET MHHHMYMa @2 == ¢, Ha HEKOTOpOH mape e’ =e, o TIycTb,

Jasee, €' MeHsieTCsl MO cBoell eiMHHuHOH cdepe, ocTaBasch op'ljoronanb-
HHIM K €] H €,, H €” MeHJeTCs IO CBOeH eAHHHYHON cdepe, ocTaBasch

OPTOrOHa/LHLIM K €] M €7, Mbl MOJYYHM HOBBIi MHHHMYM YIJa (g ==
¥ HOBylo mapy ey M €. Ilpojosmkas TOT mpouecc fasee, Mbl INOJYUHM

HEKOTOP Y0 conoxym{ocu YIJIOB Qy, @2, ..., Qg, YHCJO KOTODBIX PaBHO
HauMeHblIeH H3 pasMepHOCTel moanpocTpaHcTe R’ u R”. Yrabl ¢, @o,. ..
..., P Ha3bBaKOTCA yeaamu mexdy nodnpocmpancmeamu R’ w R”. Io-

KasaTb, uTO: a) YIJBL @1, @y, ..., Qp ONPEJEJCHBl OJHO3HAUHO H He
3aBHCST OT BHIGOpPA BEKTOPOB €), €], €,, €,, ..., €CAH IO TOCTPOCHHIO
3TH BEKTOPHI He OnpejesieHbl 0}1H03Ha'—lH0 6) yrast @i, @, ..., g ONpe-

Jensior noanpoctpaHcTBa R’ H R” ¢ TOYHOCTbIO 110 MOJIOMKEHHS B npoct-
PAHCTBE; MHBIMH CJIOBAMH, €C/IH HMEITCSi JBe Maphl MOMIPOCTPAHCTB R’,
R” u S, §" u yranl Mexay TIOATI POCT PaHCTBAMH R’ u R” Takue Xe, Kak
MEXAY HO,alOCTpaHCTBaMHS u S, 10 cylecTByer H30MeTpHYEcKHii onie-
paTtop, nepeBOASUHH OfHOBpeMeHHO S’ B R u S" B R"; 8) aqas mobbix
Hanepe/ 3alaHnbix YIA0B << @) << Po << . .« << Pp << 71/2 MOMKHO NIOCTPOUTD
napy noanpocrpaHctB R’ u R”, yrsiel MekAy KOTODEIMH COBNAajaioT CO-
OTBETCTBEHHO C YHCJAMH @1, @y ..., Pp.

36. Ilycte yy, Ys, - - -» Y, — OPTOTOHAMBHBIE TIPOEKIHH COOTBETCTBEHHO
BEKTOPOB X1, X3, ..., X,, Ha HEKOTOPOe MOANPOCTPaHCTBO. JlOKa3aThb, 4TO
ofBeM napaJJenenunefa, NOCTPOGHHOTO HA BEKTOPAX Y1, Y2, ..., Ympms HE
NpesoCXOAHT o6beMa TNapaJesienunesa, HOCTPOEGHHONO Ha BekTOpax
Xyy Koy ooy X

37. (I'Ipono.mxeﬂne) IpeanonoxuM, 4To B 3ajade 36 Kak BEKTOPH

X1y X3y +vey Xp, TAK H BEKTOPHl Y1, Yz, «..» Y JHHEHHO HE3ABHCHMHI,
Ilokasatb, yTO cnpaBexsuBa QopmyJa
Vige Y2, «ooy Yml=V x1, %25 ..., %,,] COS Oy COS Ay ... COS Ay
The O, O, ..., Oy~ YIJIbl MEXKAY IOLNPOCTPAHCTBAMH
L {xy, %o, --» Xpp=Ly u L{5, 42, ..., ym}=La

(3agaua 35).

38. Byaem HasmBaThb Kk-gexkmopom COBOKYIHOCTb R BEKTOPOB €BKJIH-
noBa mpoctpanctBa R. JlBa k-BekTOpa {Xy, Xa, ..., Xz} ¥ {Y1, Yor - - - Yr}
Ha3bIBAIOTCS pasHbiMu, ecau: 1) o6vem V {x;, Xy, ..., Xz} pases oGbemy
V{y1, Yo .-\ Yg}s 2) amueiinas o6osouka L (xy, Xy, ..., X) cosnafaer

¢ JquHeidiHOH obosoukoll L (yy, Yo, ..., Yg); 3) CHCTEMH Xy, Xp, ..., Xz H
Y1, Ya, ---» Yp HMEIOT OJHHAKOBYIO OpHeHTauuio (T. e. onepaTop B Mpo-

crpanctBe L (xy, X, ..., Xz), TepeBOASIIHA CHCTeMy {xl, Xoy vy xk}

B CHCTeMYy {yl, Yoo - +.y Yp| HMECT TOJIOKHTE/BHBIH ONpeesHTeNb).
TNokasaTb, 4To k-BeKTOp {X;, Xp, ..., Xz} B N-MEPHOM npocTpanct-

Be R, onpenensieTcsi OfHO3HAYHO, €CJH H3BeCTHBl BeJHYHHBI BCEX MHHO-
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pos k-ro mopsigka Matpuunl &P || (i=1, 2, ..., m J=1, 2, ..., k),
COCTABJEHHOU W3 KOOPOUHAT BEKTOPOB Xj, X3, ..., X; B NPOH3BOJbLHOM
OPTOTOHAJNLHOM M HODMHPOBAHHOM Gasuce ey, €;, ..., €, IPOCTpaHcTBa R,;.

39. Ecan k-ektop {xl, Xoy vues xk} paBeH k-BEKTOPY {yy, Y, -+ ., yk}
(cM. 3agauy 38), TO MHHOpPHI k-TO NMOpPSJKA MAaTPHUULI M3 KOOPJHHAT Bek-
TOPOB X3, X9, ..., Xp PaBHBl COOTBeTCTBYIOLIMM MHMHOpaM MaTpHUbI H3
KOODJAHHAT BEKTOPOB Y1, Yo, -+, Yp.

40. HasoBeM yeaamu mexjy ABYMS R-BeKTOPaMH {xl, Xoy vuey xk} H
{th, Y2, «.., yk} HaGop yryioB MexAY NAHHBIMH NOANpOCTpaHcTBamMH Lg=
=L {xy, %2, ..., X 1 Ly=L {1, 4, ...,yk} (3apaua 35), BHIGHpaeMbIX,
OJHAKO, C TEM JONOJHHTEJIbHHIM YCJOBHEM, YTOOLI BEKTOPHI €1, €y, ..., g,
B3ATHIE B TIOATIPOCTPAHCTBE Ly JI/1si TOCTPOEHH S 3THX yIJIOB, HMEJH Obl TY XKe
OPHEHTAUHIO, UTO W BEKTOPH Xj, Xy, ..., Xg (3TO YC/IOBME MTpaeT poJb
JUUIb .IPH TIOCTPOEHHH IOCJEAHEr0 BEKTOPA €y); aHAJOTHUHO H B NOANPO-
crpanctBe L,.

IMokasatb, ut0 yrael Py, B, ..., Br MEXKAY k-BeKTOPaMH H YIJIBI
0y, O, ..., O MEXIY COOTBETCTBYIOLIMMH TNOANPOCTPAHCTBAMH CBSI3aHEHI
CNeJlyIOUMMH COOTHOLIEHH AMH:

=0, (<hk) ap =P um op=n—F.

41. HasoseM ckanapuseim npousgedenuem JBYX k-Bektopop X =
={xy, %5, ..., X} B Y ={y1, Yo ..., Yp}, samannbix mMarpuuamn X nY
U3 KOOpJHHAT BEKTODOB X;, Y; B HEKOTOPOM OPTOrOHa/bHOM H HOPMHPO-
BaHHOM 0a3Hce MpPOCTPAHCTBA R,, CyMMY BCeX INPOM3BEAEHHH MHHOPOB
k-ro nopska maTpuubl X Ha COOTBETCTBYIOU[HE MHHOPH MaTpuuml Y.
Tloka3aTh, 4TO 3TO CKa/nfgpHOe NMPOH3BEJeHHE paBHO

V%, Xor «-vr g1 VY1 Yoo - o, Yp)cos By-cos By ... cos B,y
rae P, Po, ...» Pp—yrin Mexny k-pekTopamu X n Y.
42, TlokasaTb, 4YTO CKajJsIpHOE MpPOM3BeJieHHE JBYX k-BEKTOpPOB
X={(x1, ...» %) ¥ Y=(41, ..., yg) Moxker ObITb 3anucano B Qopme

(%15 91) (%1, 42) - (%10 Up)
{X, y}: (%2 y1) (X2, Yo) .. (X2, Yp)
(xgs th) (xg» Y2) - .- (Xgs Yg)
43. Ecan MHorouseH [P (£)]F siBAsercs aHHYJHPYIOMM IS CHMMe-
Tpuuroro onepatopa A, To MHorounen P (f) Takke siB/IfA€TCH aHHYJIH-
PYOILUM A/ 3TOTO OfepaTopa,
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KOMINVIEKCHBIE NIPOCTPAHCTBA CO CKAJSIPHBIM
IIPOHU3BEJEHHEM

§ 9.1. 3pmaAToBH dopMu

9.11. YucnoBas Qynkuus A (x, y) oT AByX aprymMeHToB X, y
B KOMIUVIEKCHOM mpocTpaHcTBe C HAa3bIBAETCS 3pMUTOB0-BusuHe-
Hod, HH, KOpoHe, 3pMurosoil popmod, eclin oHa SIBASETCH JH-
telinolt gopmoit 1-ro pona oT X NpPH KakaOM (PHKCHPOBAHHOM
3HaueHHn y W auHelHOH ¢opmolt 2-ro poma ot y (4.14) npum
Ka¥ oM (PHKCHDOBAHHOM 3HAUEHHH X.

Wubivu cnosamu, A (x, y) ecTh apmuToBa GopMa OT X H Y,
ecny Aast M00HX X, ¥, 2 u3 C H MO6GHX KOMIVIEKCHHX O YAORB-
JETBOPSIOTCHA CNERYIOIHE YCIOBHS:

Ax+z, y)=A(x, y) LAz, y),

(
(ax, }') =GA(X,}'), 1
(%, y+2)=A (%, 9)+ A (x, 2), M
(

A
A
Ax, ay) =aA(x, y).

Hs sToro ompenenesus nerko nonywaetcs ® obumias ¢dopmyna

i=l1j

k m m _
A <§1 Xy, ng ﬂj}'j) = 2 ~ aiﬂjA (%5 ¥ 2

TI€ Xy, ..y Xp Yy, --., Yu—BEKTOPH mpocTpancTBa C,
Ogy enoey Oy By, oo, By —7I06HE KOMINEKCHHE YHCIA.

9.12. IpuMepHw,

a, Ecna f) () —amuenas Qopma 1-ro poma, a f,(x) —
nunednas dopma 2-ro pona (4.14), 10 A(x,y)=/f,(x) fo(y) —
spmMuToBa ¢opma.
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6. B n-wepHom mnpoctpanctBe C, ¢ 6asncoM ey, ..., e,

n n
{yHKUHS OT BEKTOPOB X = 2 B, Hy= 2_‘ Nkes

A(x, y)= E 1 a,Em; (3)

fiBNfeTC 3PMHTOBOH  QopMoit mpH M0OOHX  KOMIVIEKCHHX

g j=1 ..., n).

B JeficTBRTENbHOCTH BHIpaxceHue (3) maet oOmui BHI 3pMH-
ToBOH ¢OpPMH B 7-MEPHOM KOMIUIEKCHOM IPOCTpPaHcTBe. ITO
JOKa3WBaeTCcs TaK ke, Kak B 7./3 Q0Ka3uBajoCh aHaJIOTHYHOE
npemnioxenne aas OunuHeHHmx ¢opm B mpocTpancTBe K.

9.13. dpmutosa ¢opma A (x, y) HA3HBAGTCHA -CUMMETPULHOLL
aspmurosol ¢opmod, ecnn Ans NKOOGHX BEKTOPOB X H Y

Ay, x)=A(x, y). 4)

Ecan apmutoBa ¢opma A (x, y) B KommieKcHoM npocTpanctse C,
3anucaHa uyepe3 KoopauHaTH (opmysnoft (3) u cumMeTpuuHa, TO

apm=A (¢;, e,) =A (e, &) = a, (5)

T. e. matpuua | a;|| popMa A B Gasuce ey, ..., e, nocae
TPAHCIIOHHPOBAHUSA M 3aMEHH 97E€MEHTOB Ha KOMIVIEKCHO CONps-
WeHHHE MEPeXoJHT B ceba. OO6paTHO, ec/iM B HEKOTOPOM Gasuce
ey, .., &, K03pPHUUHEeHTH SpMHTOBOK dopmm A (x, y) yrosner-
BOPAKT ycaoBHAM (D), To dopma A (x, y) cuMmeTpHuHa. B camom
nene, '

n

Ay, x)=_2 aun; & =

y R=

n n
= 2 4 Eni= 2 aEmi=A(x,y).
i, k=1 i k=1

Matpuuy || a; ||, ana xotopolt a;=a,; (i, k=1, ..., n),6y-
eM HasHBAaTh B RaNbHEHIIEM 3pPMUTOBO-CUMMETPULHOL.,

9.14a. Tlycte spmurtoBa ¢dopma A (x,y) B 6asnceey, ..., e,
npoctpanctBa C, mmeer wMaTpuny A, =] a;|l, a B Gasuce
) ST fn-—Ma'rpuuy Ay =|b;|l, npmuem BexTOpPH f; U ¢
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CBI3aHH COOTHOIIEHHSIMH
n
— i :
fi__pr’ej (i=1,...,n).
i=1
Paccyxnas Tak xe, Kak B7./5a, NPUXOAHUM K CTeIylOLleMy pe-

3yAbTATY: MeKAy MaTpuilamu A, U A, HMEET MeCcTO COOTHO-
nIeHue

Ay =P AP, (6)
rne P=| p{||—marpuua nepexona ot 6asuca ey, ..., €, K 6a-
3UCY fy, « - -, [ 4 P*—MaTpuua, monyvaiouiascs us MaTpuub P

TPAHCIIOHMPOBAHHEM H IEPEXOAOM K KOMIIJIEKCHO COMPSIXKEHHBIM

penyuunaM. O603Hayasi P*:||1;}” ||, umeem

*

pO=pP (i, j=1, ..., n).

6. U3 pasenctBa (6), kak u B 7.23, BbITEKdeT, YTO PaHr
MaTpuisl A, 3pvuTOBO# Qopuh A (X, y) HE 3aBHCHT OT BHGODA
Gasuca {e}. dopma A (x,y) HaswiBaeTcs HesbLpoXcOenHol, ecln
ee pare (T. e. panr maTpuuu A, B nwobom Gasnce {e}) pasen
yncny n— pasmepioctn npoctpanctsa C,. Ecimn dopma A (X, y)
HeBLIPOXEHA, TO NS M060ro Xo =0 Hainercs BekTop ¥, €C,
Tako#l, uto A (X, ¥o) =0 (cp. 7.156).

9.15a. 3pmuroso-keadparTuvnod Gopmod B KOMIVIEKCHOM MpO-
ctpaictBe C HaswBaeTcs yHKuMs OoT oaxoro aprymenta x €C,
KOTOpast Mo/yyaeTcss M3 3PMHTOBO-GHIMHelHo# dopmul A (x, y)
3ameHod y Ha X.

B n-mepuom komniaekcHoM mpocTpaHctBe C, ¢ Gasucom

€y, - ., €, 3PMHTOBO-KBanpaTHYHast (popMa yYepe3 KOOPAHHATH
E, ..., E, BexTOpa x, B cuny 9.126, sanuchiBaeTcd B BHAE
n —
A(x, x)= ) kZ a;,8:8 (7)
i, k=1

¢ HeKOTOPHMH KOMMIGKCHHMH koadduuuentamn a;,. Y obpatHo,
dynxuns A (x, x) Buaa (7) ecTb 3PMHTOBO-KBaApaTHYHas dopMa,
KOTOpas MONyyaeTcsh 3aMEHOH y HA X B 3PMHTOBO-OHIHHEHHOH

¢opme
Ax, )= 2 aukime
i k=1
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6. Ecnn spMmuToBo-GuanHetinas opma A (x, y) cnMMeTpHuUHa,
TaK YTO @;; = @,;, TO COOTBETCTBYIOLLAS SPMHTOBO-KBALPATHY-
Hasi opMa Taxkwe HA3BIBAETCS CUMMETPUUHOL.

CuMMmeTpuyHass 3apMuTOBO-KBanpaTtuunas ¢opma A (x, x) mpu-
HHMAeT JHIIb BELIeCTBEHHBIE 3HAYEHHS, NOCKONbKY H3 (4) cae-
IyeT, 4TO

A(x, x)=A(x, x).

B otauune ot cayvas 7.22, spmuToBO-GuanHeHnas ¢opma
yxe onpepenseTcs OJHO3HAYHO MO COOTBETCTByIOLLeH e#f apmu-
TOBO-KBaApaTuuHoit ¢opme.

JelcTBUTENbHO, MBI HMeeM

Alx+y, x+y) =A(x, x)+A(x, y)+A(x, y) Ay, y),
Alx+iy, x+iy)=A(x, x)—iA(x, )+ iA(x, y) +A (Y, ).

W3 mepsoro ypaBuenus Mm MoweM HaHTH A (x, y)+A(x,y)=
=2Re A (x, y) yepes 3HaueHus KBaaApPaTHYHHIX ¢opm A (x, x),
A(y, y) n A(x+y, x-+y). U3 BTOporo ypaBHeHHs aHaNOTHYHO
MOWHO HAaHTH —[A (x, y)+ iA (x, y)=2ImA(x, y). BTo noka-
3bIBAET HAILE yTBEPKAEHHE.

Ecau B HexoTopoM Gasuce ey, ..., e, KBaapaTuyHas ¢opma
A (x, x) sanucana B Buae

n
Ax, x)= Z ajkgjgk:
J, k=1
TO 3PMHTOBO-OunuHeltnas dopma
n
Ax,y)= Z ajkgjnkv
J, k=1

O4YeBHIHO, MPHBOAHTCS K popme A (x, x) MpH NOACTAHOBKE y = X,
o noxasanwomy, Bmnmcanwnas ¢dopma A (x,y) sBAseTcs eaHH-
CTBEHHOH 3pMUTOBO-GHIMHEHHOH cHMMeTpuyHOH ¢opmoit, mpu-
BoAfleR Kk AanHOH ¢opme A (x, x) NpH TNOACTaHOBKE y = X.

9.16a. B n-meprnom npocrpanctse C, cyujecrsyer 6asuc,
8 KOTOPOM 3pMUTOB0-KEAOPATULHAA CUMMETPUYHAA opma 3anu-
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CHIBACTCA 6 KAHOHuveckom eude

n n
Ax, x)= Z Angn, = Z Aglm, P (®
k=1 k=1
¢ 8seujecTéennbimy Kodppuyuentamu Ay, ..., A,

JlokasaTenbCTBO MDPOBOIHTCH AHANOTHYHO HOKA3aTeNbCTBY
Teopemn 7.31. Bmecto pasenctBa 7.3/ (12) mcnonbsyercs pa-
BeHcTBo (b, 7=0)

blmgl Em_*_- v _*___ blf_—l, mgm—lgm__*: bmmgm__gm +
+blm§1§m+ e +bm—1,m§m—-1§m=
2
=bmm Z;_mmgl_*_"'_*_b”é;%gm—l_}_gm +A1(xy x)’

roe A,(x, x)—3pPMHTOBO-KBaIpaTHYHad CHMMeTpuuyHas ¢opua

OT apryMesTos &, ..., §,_;. BmecTo npeo6pasoBannsi 7.3/
(14) ncnonesyercs npeobpasoBaHue

B =81+8,

ES = E;,

En=2Cm.

Cymmy auglgz +Emg‘1§2 (@155<0) oHO MPHBOAMT K BHLY
(12t En) §1E1 —i(ay, —512) Ezgz +.o0

npHYeM XOTd OW OZMH H3 JABYX KO3GDQHUHEHTOB @1 a;y H
i (@y3— a,,) 3aBenoMo oTaudeH oT 0.

6. Teopema wuHepuuu 7.9/ coxpaunfercd (AAf 3PMHTOBO-
KBaAPATHYHHX CHMMETDHYHBX (OPM) H B KOMIIEKCHOH oGnacTu:
HUCAO P NOAONCUTEAbHbLX U YUCAO § OTPUYATENbHOIX KO3PPuluen-
108 8 Habope Ay, ..., A, (8) He 3asucur or gwibopa KanoHudec-
Ko2o 6asuca ¢opmet A(x, x). DTH uyucia p H ¢ HA3HBAWTCA
undexkcamu unepyuw GopMu A (x, x); NEepBHH — n040KUTEAbHOLM
unHdeKcom uHepyuu, BTOPOH— OTPUYATEAbHOLM.

JloxasaTenbcTBO MOJNHOCTBIO MNOBTOPAECT HOKa3aTeNbCTBO
TeopeMn 7.91.

3amMeTHM, 4TO JIJf KBaJpPaTHYHHX (He SPMHTOBO-KBaapa-
THYHEX) GopM B KOoMIIeKCHOM mpocTpancTBe C, 3aKOH MHEPUHH
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He umeeT Mmecta. Hanpumep, xBampartuynas gopMa
Ax, x)=E+8
npeo6pasoBaHHeM KOODAHHAT
Ei=n1, Ea=1ing
NPUBOIUTCS K BHALY
A(x, x)=mni—mni.
B. JLnsi DaHHOM SPMHTOBO-KBaAPAaTHYHOR CUMMETPHYHOH $opMHu
A (x, x) B npoctpancTBe C, MOXKHO BCeria Ha¥TH KaHOHHYEC-
KHii 6a3uc TaK, 4YTO COOTBETCTBYWOUIHE KAHOHHYECKHE K03¢-

duunentn OyayT paBHbl 1 HIH —1. Jng sToro, npuBeAs
dopMy A (x, x) K BHIy

A(x’ x)=7“1|111|2+ +}“p|np12_p’l|np+llz—"’

s -“quﬂp+q|2,
rae Ay, ooy Ay Mgy - .-, Py TIOTOKHTENbHE, COBEIIAEM aanb-
Hellllee Mpeo6GpasoBaHue KOOPAMHAT 10 GopMynaM

Vim=r1y, - ]/hpnpz Tpr
Vpl Mp+1=Tpsv -+ V”qnp+q= Tpsg
nocne yero dopMa A (x, X) MpUHHMaeT BHA
J— 2
A, )=t P+ H =t lP—-. =] Toug

9.17a. BexTop X; HA3bIBAETCH CONPANEHHLIM K BEKTOPY ¥,
OTHOCUTEAbHO 3IPMUTOB0-Ousuneinod Gopme A(x, y), ecau
A(xy, y1)=0. ,

EciM BEKTOPH X, ..., X, CONDSIKEHH ¢ BEKTOPOM ¥y,
TO TaK¥Ke CONPAKEH ¢ BEKTOPOM ¥4 1I0O0H BeKTOP NOANPOCTPAHCTBA
L (x4, ..., Xp) — nnHeRHOH 0GONOYKH BEKTOPOB Xy, ..., Xg.
Boo6liue, ecni¥ BEKTOP ¥ CONMPSKeH ¢ KaXIHM BEKTOPOM HEKOTO-
poro noxnpoctpanctBa C'<C, Mbl 6yleM Ha3BIBATH STOT BEKTOP
conpanennsim Kk nodnpocrpancrsy C'. COBOKyNMHOCTDH C" Bcex
BekTOpoB x € C, CONpseHAHX K MOANPOCTPaHCTBY C’, oueBHAHO,
M cama siBaseTcs noampocTpaHcTeoM B C; 3TO mOANpOCTPAHCTBO
C” mbl Gynem HasuBatb conpascernvin & C'.

Basuc ey, ...,e, mnpocrpaictBa C, Ha3LBAeTCH KAHOHU-
weckum Gasucom dopmu A (x, y), ecnn A (e, e;) =0 npu iz=/.
BCAKGA CUMMETPUYHAA 3pMUTO80-Ourunednas dopma A (x, y)
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umeeT kanonuueckud 6asuc: 310 Ga3uc, B KOTOPOM COOTBETCT-

yloLas KBaxpaTHunas dopma A (x, x) sanuceiBaeTcs B KaHO-

npueckon Bume  (8). JleficTBUTENBHO, NO 9.156 B aToMm Oasuce
fl n

dopma A (x, y) mIpH X = anek, y= Z Ty, NPHHHMACT BHL
k=1 k=1

Ax, =2 MMl T
k=1

TaK 4T10
Ales, €)= A; npu ]:z:
0 npu j=F1.
6. Ecam yrjioBbie MHHODH dy, - ., 0,y MaTpHLM llall

apmmoao-xsanpamqnoﬁ CHMMETpHUHOH GOPMEI A (x, x) OTAHYHEL
OT Hyast, TO kanonHueckuit 6asuc dopmut A (X, X) MOXeET
6LITh MOCTPOeH M0 METOLY dkobu, kak B 7.52. Tlpu TOM coxpa-
HsoTca ¥ GOpMyaH (24) nns KaHOHHUECKHX KO03(PHUHEHTOB
dopmsl A (x, ¥):

A = O
n 6 .
n-1
B. DpMHTOBO-OM/HHEHHAS ciMMeTpuunas Qopma A (x, y) Ha-
3LIBAETCH NOAOHUTENBHO onpedenennoil, ecnu TpH no6om x 0

A(x, x)>0.

Tak e Kak 1 B BEUIECTBEHHOM Ciydae (7.94), 3KBUBAIEHTHHIM
ycnoBHeM  siBASETCH [O70KUTENBHOCTL  BCEX KaHOHHYECKHX
x03(uIHeHTOB  POPMH A (x, x), uam, 4TO TO XK€, paBeHcTBO
p=n, rie p-—-rIO.TIO)KHTeIIbeIﬁ aHaekc uHepuun Gopmel A(x, x).

HeoBXOIHMBIM M AOCTATOYHBIM yC/IOBHEM T10/IOWH T €1EHOH
onpeneaeHHOCTH dopmsr A (X, y), KaK U B 7.96, ABAKETCA BHINOJ-
nenne ycnosuit CuibpecTpa

8, >0, 8>0, ..., 8,>0.

TlokasaTenbCTRO, TPUBEAEHHOE B 7.96, IPOXOIHT B KOMIIEKCHOM
cnyyae 0e3 H3MeHeHHH.

7“1: 81, 7“2:

9.18a. Uwmesd 5PMHTOBO-OHIHHEAHYIO HEBHIPOWIEHHYIO CHM-
merpuunyio Gopmy (x, y), MOXHO, aHaJOTHYHO TOMYy Kak 5TO
6ua0 cAenaHo B 7.61, BBECTH [TOHSTHS COMPSHKEHHbIX Omepas
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TOpPOB (OTHOCUTENBHO (opmbl (X, y)). Tlpexne Bcero, ecan A
1 B— nunecfinsie omepaTops B mpoctpanctee C,, TO pynKuuy
A(x, y)=(Ax, y), B(x, y)=tx, By) ABAAOTCS IPMHTOBO-
GunuHelHbME  (POPMaMH, MAaTpHilbl KOTOPHIX CBSI3aHBL C  MAT-
puuamu onepatopoe. A u B (B n06oM KaHnonuueckoM Oasuce
¢dopMbl (X, y¥) ¢ KAHOHHYECKHUMH Ko3(duuuentTamu ;) popmyramu

_ ) . p pum
Qi = €' bim=&;b'7.

O6paTHo, 10 3aAaHHbIM 3PMHTOBO-OH/IMHEHHHIM  popMaM
A(x,y) n B(x,y), kak B 7.62, MOXHO yKasaTb, TIIpHYeM
eIUHCTBeHHHM 06pasoM, omepatopst A u B Tak, 4TO

A(x,y)=(Ax, y), B(x, y)=(x, By).

6. Ortcioma, kak B8 7.63, caeldyeT CyMIeCTBOBAHHC IJd
ao6oro omepatopa A Takoro omneparopa A* uTO npH NOOHX X
uyus C,

(Axv y):(x7 A*)')

OnepaTop A* onpemeneH eIHHCTBEHHBIM 06pa3oM; B KaHOHH-
yeckoM Gasuce (OPMB (X, y) C KaHOHHYECKHMH KO3(puumen-
Tamu &; MaTpHLb lla|l u ||al?*|| onepaTopos A u A* cssaiu
COOTHOLLEHHUSIMH

e

& -
Em g

o
a; y

Onepatop A¥* Ha3bBAETCs 3PMUTOGO-CONPANCERHbLM K onepa-
Topy A ornocuteabro Popmel (X, ).

B. MmeioT MecTo ciepyiouine gopMyas (Cp. 7.64):

a) (A*¥)*=A nmna noGoro oneparopa A;

6) (A--B)*= A* B* ans a06bix A u B;

B) (MA)¥=AA* 1na awboro onepaTtopa A u nmwo6oro A EC;

r) (AB)*=B¥*A*.

9.19a. Hazosem nsa kommiekchux mpocTpanctsa C' u c’
¢ BbUIENCHHHIMH B HHX 3PMHTOBO-OMAMHEHHBIMH CHMMETPHYHBIMHU
dopmamn A (x’, y') u A(x", ¥") A-usomoproimu, eciu npoct-
patictsa C' u C” u3oMopdHbl Kak KOMIUIEKCHHiE MPOCTPAHCTBA
(2.71) m ecau AAs COOTBETCTBYIOWMX Apyr Apyry nap 371eMEH-
toB x', y' w3 C' u x", y" ua C” cnpaBeannBO PaBEHCTBO

A(x',y'):A(x", y”)‘



292 ria. 9. KOMIJIEKCHHE IPOCTPAHCTBA [9.21

6. Teopewma. [laa KOHEUHOMEDHBIX KOMNAEKCHOIX NpPOCT-
pancrea C' u C" ¢ 8vi0eneHHbIMUL 8 HUX 3PMUTOBO-OUAUHELHBIMU
cummerpuunoimy  gopmamu A (x’, y'y u A(x", y") seasworca
A-usomopprioimu TO200 U TOAbKO TO20Q, K020Q4 pPa3MEPHOCTU
C’ u C" odunaroset u undercel unepyuu p’ u g’ popmer A(x', y')
coanadaor ¢ unlexcamu unepyuw p” u q" ¢opmer A (x”, y).

JokasaTeabCTBO TPOBOAHTCA TOYHO TaK Ke, Kak
JIOK23aTeNbCTBO daHAJOTHYHOTO IPEJJIOWEHUS /A BelleCTBEHHBIX
npoctpauct (7.93).

B. B uactsoctu, asa mpoctpanctsa C, u Cj, oannakoBoh
PasMEPHOCTH 71 C BLUIEJNEHHBIMH B HHX TIOJOXHTENBHO Ompese-
nennuMn Gopmamu A (x', y') u A (x”, y") Bceraa A-usomopdHsi.

§ 9.2. CxaaspHoe npou3Be/eHne B KOMIIEKCHOM NPOCTPAHCTBe

9.21. B BellecTBEHHOM NpOCTPaHCTBE B KayecTBe CKajsp-
HOTO TPOM3BEIEHMS IBYX BEKTOPOB MH 6panu (DUKCHPOBAHHYIO
CHMMETPHMUHYIO TIOJOXHTENBHO OnpejenenHylo Ounnnedinyio ¢op-
my. CooTBeTCTBylOIIasA KBaapaTHyHasds ¢opMa MONOWKHTENbHA Ha
Ka/JOM HEHYJeBOM BEKTOpe M NMO3BOJIAET TEM CaMHM ONpene/HTh
€ro IMMHY. B KOMIIEKCHOM NPOCTPAHCTBE aHANOTHYHBIM CBOH-
CTBOM OO6namaeT IOJOXHMTE/NBHO ONpeleNneHHas 3PMHTOBO-OHIH-
nefinas ¢opma (9.178). B cBA3M C 3THM Mul TNDHHHMaeM cie-
AYIOLIEEe ONpeneseHue:

KoMmniekcHoe nuHeliHoe mpoctpaHcTBo C HasbiBaeTcs yHu-
TApHLIM NPOCTPAHCT8OM, €CIH B HeM (MKCHpOBaHa HEKOTOpas
NOJNOXHUTENbHO OMNpene/ienHasi 3pMMTOBO-OuiuHeHnas ¢opma,
Ha3piBaeMass (KOMIUIEKCHHIM) CKAAADHbIM npoudsederuem; UHBIMH
C70BaMM, eciM Kawao# mape BekTopoB X, y u3 C mocTasieno
B COOTBETCTBHE KOMIUIEKCHOE 4MCIO (X, y), YROBAeTBOpAIOlIEe
y C/IOBUAM:

a) (y, x)=(x, y) ana mobux x, y us C;

6) (x, y-+2)=(x, y)-+(x, 2) ana mobwx x, y, 2 us C;

8) (Ax, y)=A(x, y) anas mobux x, y us C u maioboro

KOMIJIEKCHOTO YHCIA A
r) (x, x) >0 nna mo6oro x #%0; (0, 0)=0.

M3 akcuom a)—B) crenyer obimas Qopmyna

P q P q
(2 Xy ﬁkh} = ;B (%,,3%)
\j =1 k=1 1

VAN Py =
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A MOBHX X1, « .oy Xpy Y10 -+ o9 Yg W3 C u A6HX KOMI-
NEKCHBIX O, « .-y Opy P1s + -+ Py
9.22. TlpumepH.
a. B n-mepnom npoctpauctse C, (2.156) BBexem cKansgpHoe
npoussenenne BekTopoB X = (§1, ..., £), y=My -y M)
no ¢opmyie

(x; y)‘:glﬁl_}_ sue +§n_ﬁn'

BoimonHenHe CBOMCTB a) —T) JIErKO MPOBEPSIETCs.

6. B mpoctpanctBe C(@, b) KOMIUIEKCHBIX HETPEPHBHRIX
dysKunit Ha otpeske [a, b] (2.15¢) cxansproe Tpou3BeNeHHE
ynkunit x = x (f) u y=y (f) BBeAeM 0O dopmyae

b
(x, y)={x )y (@) at.

Bulo/HeHHe 4KCHOM a)—T) CleldyeT H3 OCHOBHBIX cpoficTa
HHTErpana.

9.93. OcHoBHbe MeTpuueckne nouatTud B ynu-
tapHoM mpocTpancTBe C MOXHO BBECTH HEKOTOPHE METDHYECKHE
[OHSITHS AHAMOTHYHO TOMY, KdK ITO AEan0Ch B BEUIECTBEHHOM
esknuaosom npoctpanctae (§ 8.3).

a. Inuna BexTopa. Kak m B BeUECTBEHHOM Cydae,
ZMMHOH (WM HOpMOU) BEKTOpA X HA3HBAIOT BEIHUHHY

|x|= 4+ V& %)

YV BCAKOTO HEHY/eBOTO BEKTOpA IUIMHA MONOKHTENbHE, AAHHA
ynesoro Bektopa pasna 0. [lpu 1060M KOMIUZIEKCHOM € HMeeT
MECTO PABEHCTBO

lax]:]/ (ax, oux) :]/oca(x, x) = !“1]/("’ x)=|a]| [x],

[OKa3bIBAIOILEE, YTO MOIYTh YHCJIOBOTO MHOKHTENH MOXKHO
BLIHOCHTb 3@ 3HAK [UTMHBI BEKTOpA.

BexkTop X AMMHB 1 Ha3HBAETCS HOPMUPOBAHHOLA.

Kaxapi BEKTOp X MOXKHO  HOpMupo8aTs -— Paslenus
ero Ha ero HHy, TONYYATh BEKTOp TOFO )K€ Hanpasae-
HEs (T. €. Newaupi B TOM XK€ OIHOMEpHOM TIOANPOCTPAHCTRE)
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¥ emuununo#t nnmHe. Cookynhocth Bcex x €C ¢ x|
nasuBaeTcs edunuunoim wapom npoctpanctea C.

6. HepasenctTBo Kowmn — ByHnsakosckoro. Ina
no6HX ABYX BEKTOPOB X, y H3 C uMeeT MeCTO HEpaBEHCTBO

l(x, ) <| x|yl 9

Ioka3aTeAbCTBO MPOBOZMTCH MO TOH e cxeme, 4TO H
B BewlecTBeHHOM cayuae (8.33), HO ¢ HEKOTOPOH OCTOPOX-
HOCTbIO OOPALLEHHS C KOMIUIEKCHBMMH unciami. Ecam (x, =0,
nepasenctso (9) ouesnaso. Ilpu (x, y) =0 sameuaem, 4TO

(Ax—y, Ax—y) =0

npu mo6om KommiaekcHoM A. PackphiBas CKOOKH, HaxoIuM

l}"rz(xi x)'—}"(xvy)—}"(xv y)+(y:y)>0 (10)

Bynem cuuTaTh, uTO A u3messieTcs 1o npsAMON 7y, CHMMeTpHY-
HOH OTHOCHTENbHO BEIIECTBEHHON OCH ¢ MPAMOH, onpenensieMoff
KOMIVIGKCHHM YHCAOM (X, y), Tak uTo A=tfz,, rae ¢ Beule-
CTBEHHO, 4 2 — €IHHHYHBIH BEKTOP, onpenensiouwnii HanpasJe-
(*, 9)
He gy _

BellecTBEHHOE 4YHCJa0, TaK YTO A(x, y)=MAh(x, y). Hepa-
-sBencTBO (10) mpeobGpa3yercsl K BHLY

2 (x, x)—2t| (x, )|+ (1, y) =0 (11)

HMe TIPAMOH ¥, 29 = Toraa A(x,y)=¢|(x,y)|{ ecrp
¥ %o y y

Tenepr, Ta e aprymMestauus, 4YTO0 H B 8.33, npuBOaMT Hac
K HCKOMOMy HepaBencTBY (9).

Ecnn B HepaBencTBe (9) CTOMT 3HaK paBeHCTBA, TO TpeX-
ynen B neBod uyactu (11) umeeT OnHH BelleCTBEHHbI KOpeHb f.
3aMmensis fz, Ha A, MH TOJAydaeM, 4TO TpEXWIeH B nesoit
yactn (10) umeeT KopeHb Ag= fy2,, OTKyna

(Mgx —y, Agx —y)=0

H y=MAgX, TaK HYTO BEKTOPH X M y OT/HYAKTCH JHUIb (koMm-
MNAEKCHHM) MHOXHTENEM.

B. OpTOroHaAbHOCTb. B YHHTapHOM NPOCTPAHCTBE HE
BBONSAT MOHATHA YI/a MeX1y BeKTopaMu. PaccMaTpuBAIOT JHUIb
cnyyalf, KOrZa BEKTOPH X M ¥ OPTOTOHANbHH, MOL 3THM, KakK
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U B BeLieCTBEHHOM cnyqae, MOHUMAIOT BHINOJHEHUE paBeHCTBa
(x, y)=0.

Tpn 9ToM, ouesumHO, H (Y, X)=(X, =0

[ OpTOTOHANbHHX BEKTOPOB, KaK JerKo MpoBepHTh, OC-
TalOTCs ChpaBelMBuMM aHanorn nemm 8.36a—6 u Teopema
Tudaropa 8.37.

Ilanee, cnpaBelnHBa TeOpeMa O pa3/lOKeHHH 8.51: nns
koneunomeproro noxnpocrpanctea C'cC n 11060ro BeKTOpPa
f € C cyuiecTByeT (M €IMHCTBEHHO) pa3JokeHHe

f=g+h,

rae g€C’, h oproronaned k C’. COBOKyNnHOCTb BCeX BEKTO-
poB A, OPTOTOHANbHHX K NOAMPOCTPAHCTBY C’, cHoBa o6Gpa-
3yeT MOANPOCTPAHCTBO, KOTOPOE HA3WBAETCH OPTO2OHAAbHLLM
donoaneruen k nodnpocrparcrsy C'. O6oanauas ero uepes C7,
suBoIMM, Kak B 8.51, cymectsosanne pasnoxenus C=C' 4 C”
B MPAMYIO CYMMY OPTOTOHAJbHHX CJaraeMblX.

r. Hepasenctsa tpeyroapnnka. Ecm x uy—
ABa BeKkTOpa B yHutapHoM mpoctpanctse C, To no HepaseH-
ctBy Kown— Bynsakosckoro (6)

|x+yPR=(x-+y, x+y)=(x, x)+(x, 9+ () + )

{sgnm+ﬂuwn+mw<QM+um
= (x, ) —2|(x, ) [+ =2 |—|yD?
OTKYyZa
[ <lx|+lyl 19
N S el i

Hepasenctsa (12), kaK U B BEUIECTBEHHOM CJy4ae, Ha3HBAIOTCA
HepaBercTBAMI TPeYy2OAbHUKA.

9.24, OproroHanbHLK 6Ga3nc 8 7-MEPHOM YyHHU-
tapuiom npoctpatctee C,. B 7n-MepHOM npocTpauncTse
(cuMMeTpHYHAS) 3PMHTOBO-GHINHEHAHASA ¢dopma (x,y) obnanaet
KaHOHMuEecKUM Oasucom ey, ..., e, (9.16a). Ycnosme Ka-
HoHHuHOCTH (e, €;) =0 (i%=j) B IOanHOM clyyae €eCcTh
ycnosue opTOroHanbHoCTH. OpTOroHanbHbie Ga3uCHEE BEKTOPH

€y, - .., €, MOXHO Janee CYMTAaTbh HOPMHPOBAHHBIMH, TaK 4TO
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n n
le;}=...=]e,|=1.Eciunpuston x=DEy, ¥= X Ml
1 1

nioGee gBa BekTopa u3 C,, Mb noayuaes c¢opmyny A4 Cka-
ASPHOTO IPOH3BELEHHHA

n n N\ no_
(%, y) = <2 Exeer 21: ﬂkek/‘ = 21: ek (13)

9.25a. B cootBetcTBHH ¢ 9./8a ycTaHaBiIHBaeTCH B3aHMHO
OIHO3HAYHO® COOTBETCTBHE MEXIY SPMHTOBO-GuauHeHHbMH dop-
MaMH A (x,y) H JauHeHHHMH OnepaTopamu A, nelicTBYIOLUMH
B mpoctpaHctee C,, no dopmyie

A(x,y)=(Ax,y).

B n060M opToHOpMHpOBaHHOM Oa3uce ey, ..., €, NPOCTpaH-
crea C, martpuua |lag| dopun A (x, y) (ap=2Al(e;, &) n
Matpuua || a® || onepatopa A (Ae, = Yja{Pe;)" cau3ansl cooTHO-

7

LIeHUAMU
B
a,k—a, .

6. B coorBeTcTRHM ¢ 9./86 BBOIMTCH TOHATHE cCOmpA-
WEHHOCTH onepatopoB A u A* OTHOCHTEJIBHO CKaJsipHOTO
npousserenns (X, y). Mimenno, nas moboro nuHeHHOro onepa-
topa A, neiictsyiowero B npoctpanctee C,, cyllecTByeT H
eIHHCTBEH 5PMUTOBO-CONPANCEHHbiE omepaTop—onepatop A%,
YAOBIETBODAIOIUA yPaBHEHHIO

(Ax, y) = (x, A%y)

ans mobux x n y us C,.

[TockonbKy OPTOTOHAJNbHBE M HOPMHPOBAaHHHH Gasuc ecTb
kaHouudeckudt Gasuc (GopMm (X, y) ¢ KaHOHMYECKHMH K03(du-
uuentamu €;=1, B JO60M OPTOrOHANBHOM M HOPMHPOBAHHOM
Gasuce mpoctpauctea C, marpuunt ||a{ | u ||aif*| onepato-
po8 A H A* cBfi3aHhl COOTHOLIEHHAMH

MY . ()
a; =Qy.

B. Kak u B 8.95a, oprozonaasnoe Odonoanenue C" K nod-
npocrpancrey C'<C, uHBAPUAHTHOMY OTHOCUTEABHO OnNeparo-
pa A, UHBAPUAHTHO OTHOCUTEAbHO CONPANCEHHO20 0Oneparo-
pa A*.
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9.26. JluHellHOe 1npeoGpa3oBaHHe B /1-MEPHOM KOMILTEKCHOM
POCTPAHCTBE, COOTBETCTBYIOUIEE ME€Pexoxy OT OJHOTO OpTO-
HOPMHDOBAHHOFO 6a3uca K JAPYroMy TaKOMy Xe, HA3bBAETCS
YHUTGPHBLM TIPEOBDPA3OBAHMEM. Y HHTApHEIE NPEOGDA30OBAHHA aHa-
JIOTHYHBl OPTOTOHAJIbHBIM NPEO6GPA3OBAHHAM  BELIECTBEHHOTO
npoctpaictda (8.93). Ecau ey, ..., e, H fis -« fn—opTO-
HOPMHDPOBAHHLE Ga3uCH H U=||uf’]| ecTp maTpuua COOTBET=
CTBYIOUIETO YHHTAPHOTO TPEOOPA30BAHHSA, TAK YTO

n
- )
fi'— Z Up'ey,
k=1
TQ, OYCBHIHO,

n
. ) = u(i) o =
(fzv f]) k§1 k Bk 1 fpH l:j

O6paTtHo, ecau YHCAQ 4 ymoBaeTBOPSIOT cooTHOuIeHHsM (14),
1o MaTpuua ||4{|| ecTb MaTpuua yHHTapHOTO npeo6pasoBanus,
WIH, KODOYE, YHUTAPHAA MATpU4a.

JInnetnwii onepatop U, COOTBETCTBYIOUIHH YHHTapHoH MaT-
puile, HA3HIBAETCS YHUTAPHOLM ONEPATOPOM. Tak xe kak u30-
METPHYECKHH 0epaTop B BEUIECTBEHHOM NPOCTPAHCTBE, yRUTAD-
HBIf OrepaTop B KOMIVIEKCHOM TPOCTPAHCTBE HE H3MeHseT

n n
meTpuKn: ecnn x= Y &, y= X e, TO
=1 =1

(Ux, Uy)= gm,; (Ue, Ue) =

—

Emy (o [) = 2 Emi= (%, y).
i,7=1 =1

Matpuua V oBpaTHoro nepexola oT 6asuca {/;} x 6asucy {e;}

o6paTHa matpune U M TaKike YHHTApHA; jAajee, eC/H V= ||vil,

MBI HMeeM

u(ki):(fi’ ek): vg):(eh fk):u:'k);

TakuM 06pasoM, MaTpuua, o6paTHas K YHHTapHOR, monydaercs
NyTeM TPaHCHOHHPOBAHHMS W I€PEXOAd K KOMIVIEKCHO COMPSKEH-
oM 3meMenTaM. Mrak, xns ysurtaphoro onepatopa U

U-1=U*,

WK
UHU =UU*=E.
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§ 9.3. HopmanbHbie omepaTophl

9.31. Onpenenenne. Onepatop A, nelicTsyowust B
n-MepHOM YHHTapHOM npocTpancTBe C,, Ha3LIBAETCS HOPMAAb-
HOIM, €CNIH OH KOMMYTHPYET CO CBOMM CONPSXKEHHBIM:

A*A = AA*. (15)

IpusepoM cayxut onepatop A, obianalouinfi opTOroHanNb-

HEIM 6a3ucoM U3 COGCTBEHHHX BEKTODOB €y, ..., €,, TaK YTO
Aeiz?»l-ej (=1, ..., n).

He#icTBuTenbHo, MaTpuna 3toro omepatopa A B Gasuce
€1, «.., €, HMEET BHI

t. . (16)

Cornacuo 9.256 wmatpuna omepatopa A* B TOM ke 6a3uce
€y, ..., €, UMEET BHUI

T (17)

OTCI0Ja OYEBHIHO, UTO omepaTopsl A u A* KOMMYTHDYIOT.

9.32. Teopema. Kawdoui cobcreernbil 6exkTop X, HOp-
Maabno2o oneparopa A ¢ cobcTeexnbim 3nadeHuem hy seasercs
cobcTeennbim  gexkTopom oneparopa A* ¢ cob6cTeeHHbim 3HaYe-
Huem k.

Hokaszateanbcrtso. [lyctb PcC,—noanpocTpancTso,
cocTosILiee U3 8cex cOOCTBEHHHX BEKTOPOB onepatopa A ¢ co6-
CTBEHHHIM 3HaueHHeM A,. ITokawem, yto P HHBapHaHTHO OTHO-
cutenbHo omnepatopa A*. Ias x €P Mbl uHMeeMm

AA*x = A*Ax = A* (hx) = AA*x,

OTKyZla ciaeayeT, 4yto A*x € P, 4to u TpeboBanocs.
Hanee, nng mobeix x n y u3 P Mo uveenm

(A‘x,y): (xa Ay) = (x: }“y) = (}"xry))
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oTkyna ais Jaw6oro x €P
Atx = Ax.
Teopema nokasaHa.

9.33a. Teopema. Jas 6cakoeo nopmassnoeo oneparopa A
CYWecT8YeT OpPTOZOHAAbHbLL U HOPMUPOBANHbUL Gasuc ey, . .., €
43 cOBCTBEHHbLY 8eKTOpos oneparopa A.

IlokasaTeabcTBo. Hopmanbumit onmepatop A, Kak
W BcAkUfl AuHefiHmfi omepaTop B.MPOCTPAHCTBE C,, umeet cob-
ctBenunift BexTOp (4.956). [lycThb e-— cOGCTBEHHMH BEKTOP
onepatopa A ¢ COGCTBEHHWM 3HaY€HHEM A. Mlyers PcC, —
IIOANPOCTPAHCTBO, COCTORLIEE M3 6Cex COGCTBEHHHX BEKTOPOB
onepatopa A ¢ 3THM COGCTBEHHBIM snayenneM A. Ecan P ectb
pce npoctpanctBo C,, TO, MPOH3BONBLHO AOMOAHAS B C, Bek-
TOp €; BEKTOPaMH &,, ..., €, 10 OPTOTOHAJIbHOTO H HOPMHPO-
BaHHOTO 6a3uca, MoAyyaem, 4TO Teopema Jokasaxa. Ecan
P s£C,, T0 nycTb Q— OpTOronanbHoe AONO/IHEHHE MOANPOCTPaH-
crea P B C,. Tak kak B cuay 9.32 xaxIH# BeKTOP MpoCTpaH-
cta P onepaTopom A* nmepeBOAMTCS CHOBA B BEKTOP MPOCTPaH-

ctBa P (maxe B ce6s camoro ¢ Ko3dpduuHeHTOM A), To nox-
MpOCTPaHCTBO P MHBApHAHTHO OTHOCHTENBHO oOnepartopa A
B cuny pasenctBa A=A (9./86)) n Teopemu 9.258, noanpo-
¢TpaHcTBO Q HHBAPHAHTHO OTHOCHTE/JBHO ONeEpaTopa A. Tenepb
BOCMO/Jb3yeMCSl [PHHLHMMOM HHAYKUHH, CYHTad, 4YTO Teopema
cnpaBensMBa Iisi NPOCTPAHCTB MeHbile# pa3MepHOCTH; TOraa
B NMOANPOCTPaHCTBE Q MOXHO BHOPaTh OPTOrOHATbHHIH 6asmuc,
yAOB/ETBOPAIOLUH TPeGyeMOMy YCJIOBHIO; MPUCOCMHHSAS 6o
opToroHanbHuil 6a3uc nMoxnpocTpancTsa P, MW monyyum mnoi-
HuH opTOroHanbHui Gasuc B mpoctpanctee C,, yaoBnetBopsio-
UHH yCJ0BHIO TEOPEMHI.

6. B cuny a, Bcakufl HOpManbHHE onepaTop A OKasmBaeTcs
nuaroHajausupyemum (4.72e); B Gasuce M3 ero COGCTBEHHHX
BEeKTOPOB, NOCTPOEHHOM B @, 3TOT ONEPAaTOpP HMEET AHArOHA/b-
HYI0 MaTpHily

n
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Ha rnasHol AMaroHasH MAaTPHIB CTOAT COOCTBEHHME 3Ha-
uenHs onepaTopa A; KawJoe H3 HMX TOBTOPHETCH CTOJBKO
pa3, KaKoBa Da3MEPHOCTh COOTBETCTBYIOWLErO COOCTBEHHOTO
NEANPOCTPaHCTRA.

TMosTomy xapakTepucTHueckn#t mporounen det ||A—AE[} ome-
paTopa A (KOTOpHH, KaK Mbl 3HAaEM, He 3aBHCHT OT BhIGOpa
Gasuca) uMeeT BHI

m m
det |[A—AE|=]] A\, —Mk, D ki=n, (18)

i=1 Jj=1
rae %y, ..., A,—padnuunsie CcOGCTBEHHHE 3HAYEHHs omepa-
topa A, a k,, ..., k,—Pa3MepPHOCTH COOTBETCTBYIOLIHX cob-

CTBEHHWX TMOANPOCTPAHCTB,

B. C Ipyroif CTOPOHH, NycTh H3BECTHO, UTO Y HEKOTOPOTO
HOPMaAbHOTO orepartopa A XapaKTepHCTHYECKHA MHOrouleH
HMEEeT BHI

s

det [|A—AE| = [T (mi— 2P, (19)
=1
rae Qg ..., lg— Pa3NHuBBIE HHCAA, Py, ..., Ps~—HEKOTODHIE

kpatHocTH. Torza MOWHO yTBEpWHaTh, YTO 0neparop A umeer
OpTOHOpMAAbHbIL 6a3UC U3 COGCTBEHHBLX BEKTOPOS cobcTaen-
HbIMU BHAYEHUAMU by, . - ., Mg, TIPHYEM Da3MEPHOCTH COGCTBEH-
HOTO TOANPOCTPAHCTBA, OTBEYAKWEro 3HAYEHHIO |h;, paBHA
uncay p;. B camom nesne, B culy eAHHCTBEHHOCTH XapaKTepH-
CTHUECKOIO0 MHOrOY/J€Ha MMEeeT MeCTO paBeHCTBO MHOIOU/EHOB
(18) u (19), oTkyna, TpuMeHssl TeopeMy O EIHHCTBEHHOCTH
PasnoKeHHs MHOTOUJEHA HA MHOXHTENH, TOAYYaeM HYWHOE.

9.34. CamoconpsaxenHne onepatopn. Ecid A*=A
TO onepaTop A Ha3nBaercs camoconpaxexxbim. WUneMu cno-
BaMu, onepaTop A caMoconpsxeH, €C/AH COOTBETCTBYIOILAA
onepatopy A 6unnnedinas ¢opma (x, Ay) IPMHTOBO-CHMMe-
TPHUHA:

(Ax, y)=(x, Ay). (20)

Onepatop A, yROBIeTBOPSIOUIHHA yDPaBHEHUIO (20) mna noOO6HX
ABYX BEKTODOB X M y, Ha3bBAlOT INO3ITOMY TaKke 3PMHTOBO-
CHMMETPHYHHM WJIH 3PMUTOSbLM ONEPATOPOM.



9.35] § 9.3. HOPMAJBHBE ONEPATOPH 301

B cuny Teopembt 9.256 MaTpuila CaMOCOMPSXKEHHOTO onepa-
TOpa B NI06GOM OPTOTOHaNbHOM M HOpPMHpPOBaHHOM Ga3uce coBna-
HAeT cO CBOeit 3PMHTOBO-TPAHCIOHHPOBAHHOW MAaTpUUEH, HHBIMA
COBAMH, €CTb 3PMHTOBO-CHMMETPHYHas MaTpuua. M obpatHo,
Kaw Il omepatop A, uMeWHH B HEKOTOPOM OpPTOrOHAIbHOM
H HODMHPOBaHHOM 0a3uce 3PMHTOBO-CHMMETDHYHYIO MaTpHIly,
ABASETCA CaMOCOINPSKEHHHIM OMEepaToOpOM. '

Tak KaK camMoconpsikeHHbH ONepaTop, OYEBHIAHO, HOPMAaleH,
TO MOXHO TNpPHMEHHTb 9.82; Mnl NoJyvyaeM B HdaHHOM ciydae,

4TO hg=~A,, OTKyla cielyer, 4TO kaxdoe COOCTBeHHOE 3HA-
4eHue COnpANCeHHO20 oneparopa seiyecTéenno. Jaiee, npume-
HAf 9.33a, moayyaem cienyIOLLyI0 OCHOBHYIO TeOpeMy:

Teopema. [aa 8cAK020 CaOMOCONPANCERHOZ0 0Nneparopa A
8 yrurapnom npocrpancTeée C, CYU4eCT8YeT OPTOHOPMAbHbLL
6asuc u3 coBcTeeHHbLX 6eKTOpos8 oneparopa A ¢ seujecTgen-
HoLMU COBCTBEHHbBIMU 3HAYEHUAMU.

OGpaTHO, 8cakul AuredHsll onepatop A 6 npocTpaxcree C,,
obradaroujutl YKA3AHHbIM CBOUCTEOM, ABAAETCA CAMOCONDPANCEH-
HbLm: meHCcTBHTeNbHO, no 9.8/ on HOopmanen, u, cpasuusas (16)
¢ (17), B culy BeureCTBEHHOCTH 4HCeN 7»]. 3aKnI04aeM, 4TO
A*=A,

9.35.-AutucaMoconpaxennse oneparopu. Ecan
A*=_—— A, TO onepatop A Ha3LBAETCHA QHTUCAMOCONPANEH-
Hoim. MaTpHua aHTHCAMOCOMNPSIKEHHOTO onepatopa B n6oM
opTOHOPMalibHOM Oasuce ey, ., e, obnazaer XapakTepHCTH-
YeCKHM TPH3HAKOM:

a;, = (Mg, €)= (), Aey) = (e, ~—Aey) = —(Aey, e,)=-—-—¢;k1
(J, k=1, ..., n).

AnTHCAMOCONpSKEHHbH onepaTop A, OYeBHIHO, HOPMafeH.
Tpumensist 9.32, Ml nonyvaeM, UTO B JAHHOM Ciy4ae hg=—hg,
OTKyHa CredyeT, 4TO Kaxdoe COOCTBEHHOE 3HaueHue aHTUCa-
MOCONPANCEHHO20 0neparopa. #ucto muumo. [Hanee, NpHMEHTs
9.83a, nonyyaeMm CAEAyIOULYID OCHOBHYIO TeOpeEMy:

Teopema. Jaa 8CAKO20 QHTUCAMOCONDANEHHOZO onepa-
ropa A & ynurapuom npocrparcrée C, cyujecteyer OpToOHOp-
masbuell 6asuc u3 cOBCTEEHHbIX BeKTOPOS oneparopa A ¢ 4ucTo
MHUMBLMU COBCTBEHHBIMU 3HAYEHUAMU.
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O6patHo, scakuil aunednoul oneparop A & npocrpancrée C,,
06.200a0uUil YKAZAHHBIM CBOUCTBOM, ABAALTCA AHTUCAMOCONPA-
HCEHHBIM.

9.36. Yuutapuue onepatopu. Onepatop U, nei-
cTBylomud B npoctpaHcTBe C,, HA3LIBAETCA YHUTAPHOLIM, €CIH
U'U=UU*=E (9.26). B uacTHOCTH, yHuTapHeui oneparop
nopmasex. Tlpumensis 9.32, HaxomAuM, uUTO B JAHHOM cjyuae
Mo+ hg=1, uanu, uto TO x)e, |Ay|=1; Takum obpasom, kaxdoe
cOBCTBEHHOE 3HAYEHUE YHUTAPHO20 OnepaTopa no Modyao pasg-
Ho 1. Hanee, npumensiss 9.33a, noaydaem ClIeAyolIyI0 TEOPEMY:

Teopema. Jaa ecakoeo yHuraprozo oneparopa U & npo-
crpancrge C, cyujectsyer OpTOHOpMAAbHbL 6asuc u3 coOCT8EH-
Hoix gexTopos oneparopa U ¢ cobcTeexnbimu  3HAYEHUAMU, NO
modyao pagubimu 1.

O6paTno, scakud aunednoii oneparop U 8 npocrpanctse C,,
obaadaromjuil YKA3aHHbLIM CBOUCTEBOM, YHUTAPEH.

§ 9.4. IlpuMeHeHHe YHHTAPHOro HPOCTPAHCTBA
K TeOpMH ONepaTOpOB B eBKJMIOBOM
NPOCTPAHCTBE

9.41. BxknmoueHue BEUECTBEHHOTO €BKJH/JO0BA
NpoCTpPaHcTBa B YyHHTAapHoe MNPOCTPAHCTBO.
[Tycts R-—BelllecTBeHHOE €BKIHAOBO NpOCTPAaHcTBO (8.21) co
CKaNspHBM MpoH3BedeHHeM (X, y). PaccmoTpum KoMILIEKCHOE
npoctpanctBo C, cocTaneHHoe H3 GOpPManbHBIX CyMM X Iy,
rae x €ER, y€R, ¢ ecTecTBeHHHIMH ONEpPaUHIMH CJOMKEHHS H
YMHOXEHHSI HA MPOM3BOJIbHEIE KOMIJIEKCHBIE YHCJA:

(214 dy1) + (% iya) = (x4 %) + 1 (y1+ ya);
(@ iB) (x+ iy) = (ax —By) 4 i (o 4 Px).

JIerKo MpOBEPHTDb, UTO 3[AECh BHIMOJHAIOTCH BCE AKCHOMBI /H-
HEeHHOTO KOMIJIEKCHOTO MPOCTPAHCTBA.

Bektoper x4 i0 Mol OyzeM OTOWAECTBAATh C. BEKTOPaMH
x € R n HaswBaTh 8Beujecrsennbimu sexropamu npocrparncrsa C.
Bextopu 04y mn Oymem o603HauaTb iy M Ha3bLIBATH H4UCTO
MHUMBIMU 8eKTOpamu. BexkTop X — iy OyldeM 3amiCHBaTh TaKxke
B BHJe X-Fiy H Ha3uBaTb KOMRACKCHO CONPANCEHHbIM K BEK-
Topy X +iy.



9.42]  § 9.4. OUEPATOPH B EBKJIHIOBOM NPOCTPAHCTBE 303

Beedem B mnpoctpanctso C ckanspHoe nNpoH3BseleHHe 1O
dopmyne

(%1 iyy, Xot iys) =
= [(x1, *¥2) + (¥1, Y] il(y1, Xa)— (X4, 2l

Jlerxko nposepuTb, YTO 3TO CKa/JfpHOE MPOH3BEIEHHE YIOBIE-
TBOpseT ycaosuam 9.2/a—e. B uacTHOCTH,

(x+iy, x +iy)=(x, )+ (¥, )

[poctpanctBo C codep uT TNpocTpaHcTBO R B KauecTse
MOIMHOXECTBA, AONYCKAIOUEro ONepalHy CIOXKEHHS U yMHOXKe-
HHMSl HA BelIECTBEHHBHIE YHC/AA M C TEM Xe CKaJsapHHM NpOU3Be-
AEHHEM.

Besixas OpTOrOHanbHAasi HODMHPOBAHHAR CHCTEMA €y, ..., €,
B mpocTpancTBe R GylaeT OpTOroOHaNbHOH HOPMHPOBAHHOH CH-
cTemolt u B npoctpanctee C. Ecnu e, ..., e, €CTb OPTOHOP-
ManpHHH 6a31MC B NpPOCTpaHcTBe R, TO 3TH ke BEKTOpH o6pa-
3yI0T M OpTOHOpManbHbift Gasuc B npocrpanctse C.

9.42. Besku#l nunebnm#t onepatop A, 3alaHHmB B TIpo-
ctpancTBe R mpomomkaerca wWa mpocTtpanctBo C mo ¢op-
MyJe

A (x +iy)=Ax+iAy, (21)

npHYeM OnepaTop A okaswiBaeTCs, 0YEBHAHO, NHHEHHHIM Onepa-
Topom Ha npoctpanctee C.

Martpuia onepartopa A & npoctpanctse C B 6asuce
€1, - e, €R coBnamaer ¢ MaTpuuef omneparopa A B mpocT-
panctee R B ToM ke 6asuce, MOCKOJbKy o (21)

~

Ae;= Ae; (j=1, ..., n).

[Tpu npONOMKEHHH COXPAaHSIOTCSA anreGpanvyeckue COOTHO-
HmieHHs Mexay JuHeHHbMH omepaTopamu: ecin A4 B==S B npo-

ctpanctee R, To A+ B=S B mpoctpanctee C; ecin AB=D
B npocTpanctee R, To AB =D B npoctpanctse C. 10 cre-
JyeT, HamnpuMep, W3 COXDaHEHHs MATPHULL IPH NPOILOIKEHHH.
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9.43. Tycte A’ — conpsikeHnHplf onepatop x omepatopy A
B BemrecTBeHHomM npoctpanctee R (8.97). Ilokawem, uTo mnpo-

nomxenuem A’ onepatopa A’ Ha npocTpancTBo C CIyXHT oOriepa-

top A* conmpskennn# K npojomkenmo A oneparopa A.
TeficTBUTENbHO, AAs MOGHX 2= X iy, w=u-4iveC MH

HMeeM

(A (x4 iy), utiv)=
= (A'x,u)+i(A'y, u)—i(A'x, v)4+(A'y, v)=
= (x, Au)+ i (y, Au)—i (x, Av)+(y, Av)=

=(x+iy, A(u+iv)),

y10 M TpebyeTcs.

B uyacTHOCTH, INPOAOMKEHHEM CHMMETPUHYHOrO OmnepaTopa
(A’ =A) sBAfETCs CaMOCONPMKEHHHH oneparop (A*=A),
NPOAOTKEHHEM AHTHCHMMETPHYHOTO Omeparopa (A" =—A) s8-
AsieTcd aHTMcaMocompskeHHslft onepatop (A*=—A) u mpozon-
WeHHeM HM30MeTpHYeCKOro omnepaTopa (U'=U"1) sBnsercs
yHHTApHBLIA  OMepaTop (U*=U"1). Hakoneln, nponomxesuem
nopmanbsoro onepatopa (A'A=AA’) sBaseTcs HOPManbHbi
onepatop (A*A =AA%.

944, CTpykTypa BeUeCTBEHHOTrO HOPMAbHO-
roomnepatopa. IlycTh 0 H T—BellecTBeHHbe uncaa, Jlerko
npoBepsieMOe MAaTPHYHOE PABEHCTBO

o t)lo —1| [o —1|] 017‘ lo?+1* O l )
—t 0|t 0\ T 0111 ‘—17 0\_\ 0 o241 (22)
noKa3piBaeT, YTO MaTpHLla
| o1
|-~17 o

mepecTaHoBOYHA CO CBOEH compsbkenHoH. Bonee oGuiim o6pason,
MepecTaHOBOYHA CO CBOeH COMPsKeHHOM M KBA3HIMATOHANbHAH
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(BeutecTBeHHAw) MaTpPHLA

01 T
—T 0y
O, Ty
— Ty O,

e (23)

~—Tm Onm

nopsaka n=2m-t+r—m=m-r.

Teopema. ITycte A—mHopmassHeul oneparop 8 eewyecT-
gennom esxkaudosom npocrpanctee R,. Toeda 8 3Tom npocr-
paHcTB8e CcyuwlecTsyer opToeoHanbrbul 6a3uc ey, ...,e,, 8 KO-
Topom marpuya oneparopa A npurumaer eud (23). IIpu 3tom
qucaa 7» =0+t (j=1, .., my v A,y ..., A onpede-
AAIOTCA odﬂoaﬂauﬂo onepaTopom A. Hnmenno, or-tu ABAAOTCA
komnaekchoimu (hy, ..., A,) uau sewjecteennoimi (A, q, - - -, A
KopHAMU xapafcrepucruttecrcoeo ypasnenus det||A—AE||=0
u nosropanTcs 6 marpuye (23) CTOAbKO pa3, KAKOBa KPATHOCTb
COOTBETCTBYIOWE20 KOPHA.

JokasaTteabcTBO. [IOCTPOHM yHHTAPHOE NPOCTPAHCTBO
C, CO CKansgpHLIM TPOM3BEAEHHEM, TMPOAOIKAIOIMM CKaNsSpHOE
npoussenente (x, y) Hanpocrpanctso R,. Iporosminm oneparopu
A u A’ Ha npoctpanctBo C, mo mpasuny 9.42; Kak MM BHIEM

B 9.43, oHn NPOJOMKAIOTCS A0 HOPMATBHOTO oneparopa A uero

CONpAKEHHOIO A*.
BuiGepem B HpOCTpaHCTBe R,, moka npousBOALHO, OPTOHOP-

MalbHBI 6a3uc fi, ..., f,; Mbl BUICAH, 4TO BeKTODH fy, ..., [,
00pasyloT oprouopmanbﬂmﬁ Gasuc u B mpoctpancTBe C,. MaT-
puuy onepatopa A B 6asuce fy, ..., [f, 0003Ha1uM Ha,kH, quca

@, BELLECTBEHHHI. OTa We MATPULA NpeNCcTaBAseT omnepaTop
A B 6asuce BO BCEM NPOCTPAHCTBE C
b n
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Tak Kak XapaKTepHCTHYECKOe YypaBHEeHHE det |[A—AE|| =0
uMeeT BellecTBeHHbe KOIPGUUHEHTH, TO BMecTe C KaWIhiM
HEBellleCTBEHHEIM KOPHEM A; ABASieTCA KOPHEM TaKe comnpsikeH-

Has BEeJAHYHHA 7» C yyeToM 3TOr0 IMOC/]eI0BATENBHOCTL pas-
AUYHbLX KODHEH 3anmueM B caenyionief dopme:

My Mps Aoy gy v oMy Api hpygy e
A

TAe KOPHH Ay, ..., 7»}, HeBelLLeCTBEHHbI, a4 KOPHH ?»p+1, Y
BemlecTBeHHH. B cuay 9.336, npocTpaHcTBo C, pacnamaercd

B OPTOTOHAMBHYI) CyMMY MOANPOCTPAHCTB A4, Al, o Ay, A
Apyrs oo s A, rae A; cocTont H3 cO6CTBEHHBIX Bemopoa omne-
patopa A ¢ C06CTBeHHHM 3HaueHHeM A, a \ — 3 cOBCTBEHHBIX

BEKTOPOB OmepaTopa A ¢ cOOGCTBeHHHIM 3HaueHHeM A A),,Jr1 =
pls A =A,.

HyCTb 2= x—rty E A;. Ypasuenne Az =AX;z B KOOpIHHATAX
(oTHOCHTENBHO ucxonnoro 6asuca fq, .- ,fn) 3anuChHIBACTCH

B dopme

(]7

,El a8 =My

rne z=(8y, - -+, Gy = (Ey 4 iNyy - - -, By iM,). Tlpumenss ome-
PALHIO KOMIIEKCHOTO CONPSIKeHHs H qubmaﬂ BellleC TBEHHOCTD

uHcen ag, noayyaem
n -_—
2 aub=Mt;
k .
k=1 TRk 75
910 o3nayaer, uto BekTop 2= ({y, ..., §,) TaKke sBAgeTCs

COGCTBEHHHM BEKTOPOM ONepaTopa A ¢ COGCTBEHHBIM 3HaYeHHEM A.
Orciona caeayer, 4YTO OMNepauus KOMIWIEKCHOrO COMPAWEHHH

MepeBoIUT noanpocTpancTso A; B A,

Myctb Ay 554y, Tak uto Ay=0,-iTy, T;5=0. Boabmenm

NPOM3BOBHO HOPMHPOBAHHMIH BEKTOD & € A, u nattzem gy € Ag.
Tlonoxum, xanee,

1 - 1 —
91:7(571 +&1)» 92:'2-[(&’1—191)1
TaK 4TO

gr=eytiey, & =e —iey
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Bextoph €; u 5, 0YEBMIHO, BELIECTBEHHH. Taxk kaxk BekTOpH

&1 ¥ £, OPTOFOHA/IbHB, TO BEKTOPH €; H e, UMEIOT AauHy 1,
[Ipu atom (eq, e,) =0; meHCTBHTENBHO,

1 — s
(1, €2) = — 47(g1+g1; gl—gl):
1r _ —_
=—z (&1, g1)"‘(g1, gl)J=O

nockonbky (£, &) =0, (&1, &)= (&1, &)=
Hanee, Mbl uMeeM

- 1 .= — 1 - -
Aey=Ae, =+ (Ag1--Ag) =75 Mg +h &)=
1 . . s
=5 [(0y+ i) (1 + ieg) + (01— iT)) (ey—ieg)] =016, —T1e,,
N | RS 1
Aey=Ae,= 57 (Ag— Agy) ——'(7”18'1—7”18'1)——0132 + 718

Taxum oGpa3om, onepatop A npeobpasyeTr MIOCKOCTb BEKTOPOB
e,, e, B cebs ¢ maTpulel (B Gasuce ey, €,)

0; T,
' (24)

—T 0y

Eciu A, umeer Gosiee ONHOrO H3MepeHus, BO3bMEM BEKTOD

&2 €A, OPTOrOHAIBHO K g H COMNPMNKEHHLIH BEKTOP gzeAl,
nocienHuil yxe aBTOMaTHYecKH OyAeT OPTOrOHANBHBIM K .
[TosTopuM ans g, U g, Npelbayllee MOCTPOEHHE; MH MOTYYHM
HOBYIO Mapy BeLleCTBEHHBIX BEKTOPOB €3, €4, MHHEHHO BHIPAKAIO-
UEXCSA yepe3 g, H &y, H MO3TOMY OPTOrOHA/NIbHHIX K BEeKTOpaM
ey, €, (KOTOpHle /HHEHHO BHPAKANHCh uepe3 £ M gy); Mioc-
KOCTb, onpenensemas napoH e,, e,, npeoGpasyercs onepatopoM A
B ce6q ¢ ToM ke matpuueht (24). [lpomomxkasd moctpoehune, MH
NOCTPOMM B32aHMHO OPTOTOHA/bHHE BELIECTBEHHbE BEKTOPH
€1, €9y -« €gp_1, €gpi KAKAYIO MAPY €9, y, €y, ONEPaTOp A
npeo6padyeT B HX MJOCKOCTH C MOMOL(bI0 MaTpHUB, aHa1o-
ruuHOM (24).

IMyctb Tenepb A,,,=A,,; BewecTBenno. Onepauus nepe-
X0Ha K CONpPSHKEHHBIM BEKTOpPAaM MepeBOMHT IMOANPOCTPAHCTBO
Ap“ B ce6sa. Ilyctp gGAP+1—J1106oﬁ BEKTOp H g-—eMy
CONpsImeHHHH.
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Bo3MOKHO OAHO H3 ABYX: JHO0 BeKTOpH £ H g anHelHo
neaasucumu (B C,), 160 nHHEHHO 3aBHCHMHL.

Bciu & W g JMHEHHO He3aBHCHMBl, TO H BEKTOPHI
1, = 1 —
e=-(g+8), f=5(8—8
2 2i
IMHeHHO He3aBHCHMH. BexTOpH e ¥ f BelleCTBEHHH, H [0~

ckoAibKy onnm nexat B A, BMECTE C &H OHH ABJAIOTCA
cOBCTBEHHBIMH BEKTOpaMH orepaTopa A C TeMm e CcOGCTBEHHLIM”

anayenneM Ay, Ecmm gu & NMHEHHO 3aBHCHMB, TO, T&K Kak
OHH paBHN Q0 HOPME, MOXHO HanucaTb

g=¢e¥g, 0o,
HIAH

eitg=e~itg=e'g,

TaK 4TO BeKTOp e'fg ywe peirecTBentil, [1pH 3TOM, NOCKONbBKY
on newut B A, BMecTE C &, OH siBAfeTcd COOCTBEHHBIM NS
onepatopa A C TeM ke cOGCTBEHHKIM 3HAYEHHEM }"p+1'

Takum 00pa3oM, B NOANPOCTPAHCTBE A, . MOKHO yKa3aTh
6asuc W3 BEWECTBEHHHX BEKTOPOB. [IpuMeHss K HHM TNPOLECC
opToroHanu3aimk (8.67), MH MONYUHM B A, .1 ywe opTOrO-
HaAbHLH M, danee, OPTOHOPMaAbHBIH Ga3uc. llponssens anano-
PHUHYIO NPOLEAYPY B Npyay - - o A, 3aBepiuaem 10Ka3aTeNbCTBO
TEopeMHl.

~Tlpencrasnenne HOPManbHOTO onepatopa B dopue (23) naet
BO3MOXHOCTb BHACHHTb €ro reOMeTPHYeCKHH CMbICIL.

OnepaTtop ¢ marpuie#t (24) B NMAOCKOCTH BEKTOPOB ey, &g
MOWHO HCTOJIKOBATH KaK OMEPaTop MOBOPOTA C PACTHMEHHEM.
[eflcTBUTENbHO, MBl MMEEM

(o] T
0 T Yo+ Veotnm
‘—'c le/ouﬂz - C

“Vare Vere
cosa sin au

|~—sino cosa
rae

02+12 :

e .9 o)
M=V at+ 1, cos &= 7

. T
'—m y sin o= V__——::
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MaTtpuua
I cos o sin o

|—sin o cosa

onpenensier B TJIOCKOCTH e,, €, TNOBOPOT BCeX BEKTOPOB Ha
yroa o, a xoadpduunedt M ecTb KO3PPULHEHT pacTAKEHHS.

B 1esnoM HopManbHEH ONepaTop, KAK BUIHO M3 MpeACTAaBAEHUA
(23), B m B3aUMHO OPTOrOHAJBHHX MJOCKOCTHX OCYUIECTBAAET
TOBOPOTH € PacTSIKEHUAMH MU B r——m HanpaBieHUdX, OPTOTO-
HAJABHBEIX JAPYr K JPYyry H K YKAa3aHHBM MJAQCKOCTHM, TOJbKO
pacTaxenus (B A, .4, ..., A, pas)¥).

9.45. CtpykTypa BeuleCTBEHHOTO CHMMETpPHUY-
Horo omepaTtopa. Ecan onepatop A B npoctpaHcTse R,
cummeTpruen, A’ = A, To npogoaxkenue A omepaTopa A B mpo-
crpancteo C, ecTb caMmoconpsikeHHu#t omepatop, A*= A. Bce
COOCTBEHHBIE 3HAYEHUSl Ag, . .., A, CAMOCONPSKEHHOTO ONEPaTOPa
BeulecTBeHHn (9.34), mo3Tomy B npexacTasieHuu (23) KIeTKH
BHa (24) OTCYTCTBYIOT M OCTAIOTCH JIMLUIb [HarOHajbHbE 3e-
MeHTH. Mu mosnyuyaem Teopemy:

Teopema. [an scaxkoeo cummerpuunoeo oneparopa A
& npoctpancTee R, cywecrayer oproHopmanvreli 6asuc ui cob-
CTBEHHbLX BEKTOpPO8.

[eomeTpuuecku cUMMETPUYHBIH OnepaTop OCYylIECTBAAET IO
KaXJOMYy U3 71 OPTOTOHA/IbHBIX HaNpaBieHuH e, ..., e, pacTdxe-
HHe (COOTBETCTBEHHO B Ay, ..., A, pa3). Tak kak uncia Ay, ..., A,
cyTh KOpHH ypaBHeHusi det||[A—AE] =0, To, B 4YaCTHOCTH, 174
CHMMeTPHYHOR MaTpuunl A== ||a;|| XapaKTepHCTHYECKOE ypaBp-
HeHne det||A—AE|| =0 Bcerua uMeer 1 BeLleCTBEHHBX KOpHef

(He 00A3aTenbHO pa3/UYHLIX) H BOBCE He HMeeT HeBell(eCTBEHHBIX
KOpHeH.

9.46. CtpykTypa BeWeCTBEHHOTO0 AaHTHCHM-
MeTpHYHOTO onepatopa. Eciu onepatop A B npocTpas-
crBe R, auTucuMmerpuyed, A’ =— A, To npogonxkenue A ome-
patopa A B npocrpanctBo C, ecThb aHTHCAMOCONPAWeEHHBIH

*) Ipu 0 < Ap < 1 pacTAxeHne B Ap pa3 Ha caMOM jeJie e€CTb CXKa-
Toe. Ilpu Ap < 0 pacTsKeHue B A, Pa3 Ha caMoM Jesle €CTh PacTAXKeHHE,
COeJHHEHHOE C OTPaKEeHHEeM.
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onepatop, A*=—A. Bce coGcTBeHHBE 3HAYEHHHA A, oo Ay
AHTHCAMOCONPMKEHHOTO OMEPATOPA YHCTO MHHMBI (9.35). [Tosromy
B npencTae/eHHu (23) k1eTKy BUIA (24) umel0T cHenHaNbHEA BHI

07
—1 0’

a uucaa A, q, .-y A, MOTYT OBITH JHIIb DaBHHMH 0. Mm 1no-
JdydyaeM Teopemy.
Teopema. [J4a 8CAK020 GHTUCUMMETPULHOZO Oneparopa A

@ npoctpaxcree R, cyujecteyer oproropmanbrbid 6asuc, 6 KOTO-
pom marpuya oneparopa A sanuceisaerca 8 sude
0T
—1, 0
0 7T,
—T, 0

*oon, . (25)

—1, 0

O6paTHO, €C/M MaTPHlla HEKOTOPOrO OmepaTopa A B mpo-
cTpaHcTBe R, B HEKOTOPOM OPTOTOHAJbHOM 6a3uce MMeET BHI
(25), To omepaTop A aHTHCHMMETDHYEH (8.926).

[eOMeTpHUECKH aHTHCHMMETPHUYHHIA ONEpPaTOp OCYIECTBAAET
B KaXIOH M3 m B3aHMHO OPTOrOHAJBHBIX MOCKOCTER MOBOPOT
Ha 90° ¢ noCJAeNyIOUMM DACTSKEHHEM (COOTBETCTBEHHO B
T, ..., T, Pa3), a Bce BEKTOPH, OPTOTOHA/IbHHE K yKa3aHHEIM
niockocTam, nepesogut B 0.

9.47. CTpyKTypa BeUleCTBEHHOro H30MeTpHY-
noro omepatopa. Ecin onepatop A B mpocTpaHcrse R,

ugomerpuuen, A’ = A~1, To npoxomkenne A omeparopa A B npo-
cTpancteo C, ecTb yHuTapuwit oneparop, A*= A~%. Bce co6-
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CTBEHHHE 3HaYeHHs Ay, ..., A, yHHTapHoro omepatopa mno
Moaymaio paBHel 1 (9.36). MoxHO HanMcaTh 7»,-: oS oty —
—isina,;(j=1,...,m). [Tostomy B npeacTaBaenun (23) KAETKH

BHIA (24) MMEIOT cmenuaabHBH BHI

cos o; sin a;
J J , (26)

— Sin (Zj cos (Zj

a uucna A, 4, ..., A, MOTYT OBITb PaBHHIMH JHIIb —-1. M mo-
Jy4aeM TeopeMmy:

Teopewma. [aa ecakoeo usomerpusnoezo oneparopa A e npo-
cTpanctee R, cywjecteyer opronopmaissneui 6asuc, 8 KOTOPOM

marpuya oneparopa A zanuceigaercs e sude

cos oy sin o
— sin o; €Oos 0y

cosa, sina,
—sina, coso,
=+1

=+1

[eomerpuyeckn u3oMeTpuuHbl omepaTop A B xaxioH us m
B34HMHO OPTOTOHAJbHEIX IJIOCKOCTEH OCymecTBASEeT NOBOPOT
Ha HEKOTOPBIA yroa (6e3 pacTsxenufl) u B r——m HaNpaBlieHHAX,
OPTOTOHAJbHHX K 3THM MJIOCKOCTAM H APYT K APYry, neficTByer
Kak onepatop E wmn—E. BnpoueM, Kaxane ABa H3 Takux
Hanpae/eHH# ¢ OAMHAKOBHIMH KO3(QUUHEHTAMH pacTaXEeHHs
(06a +1 unm o6a —1) MOXHO OGBEAMHUTb B TINOCKOCTb, Ha
KoTOopolt onepatop A Takxe ocyuiecTBiseT MOBOPOT (na 0°
uan Ha 180°). [lpou3sens Bce TakHe BO3MOWHHE o6 beHHenH s,
MBI TIOZIYYHM, TIPH 7 HEYETHOM, MOCJelHee HANpap/eHHe ¢ KO3g-
¢unmentom 41 unu —1; npH 72 YeTHOM, BO3MOXHO, ABa MO-
CJeJHHX HanpaBienus ¢ ko3dpduunentamu +1 unu —1. Hannuue
cpead ocraBmmxca Ko3pduuueHTOB —1 mokaswiBaeT, uYTO K
HMEIOIHMCH NIOBOPOTAM TIPHCOEHHEHO OTpaXKEHHE OTHOCHTEIbHO
HEKOTOPOH KOOPAMHATHOH MAOCKOCTH, HANPUMEP OPTOTOHANBHOH
K BEKTOpY e,. B 3ToM caydae mb uMmeenm det A= - 1; B cayuae,
KOria oTpaxenus HeT, umeeM det A = -1,
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3AAYH

1. CamoconpsixeHHHI oneparop, IeficTBYIOIHI B YHHTapHOM IIpoO-
cTpanctee C,, Ha3bIBAETCS HEOMPUYUAMEALHOLM (noaoKcUMenbHbLM), €CIH
BCe er0 COGCTBEHHbie 3HAYEHHS Aj, ..., A HEOTPHUATENbHBI (MOJOKH-
TenbHb). T10Ka3aTb, YTO KBajpaT BCAKOTO CaMOCOTPAKEHHOTO ornepaTopa
HEOTPHIaTeNeH.

2. [loka3aTh, 4TO J/A BCSKOTO CaMOCOTIPSAKEHHOTO HEOTPHILATELHOIO
(MOJI0KUTENBHOTO) OnepaTopa A MOXKHO HafiTH, TpHYEM eJHHCTBEHHBIM
o6pasoMm, Takod HeoTpHLaTeTbHbIH (noIOXKUTEbHBIA) oneparop B, uto
B2== A («kBajipaTHeIfl KOpeHb M3 ONeparopa A»).

3. VisBjeub KBajpaTHbIH KOpeHb H3 omeparopa A, 3ajanHOroO B OpTO-
roHa/JpHOM H HOPMHpOBaHHOM Gasuce e, €, €3 MaTtpHuuei

1314 4
A=114 24 18].
418 29

4, Fcu A——TIpousBoJbHHl  JHHeiHBIA omepaTop, IeHCTBYIOLIHI
B YHHTapHOM MDOCTPaHCTBE C,» A*—eMy conpsiKeHHett, TO A*A ectp
HeOTpHIATeJbHbIA Oneparop. Eciu A HeBblpoxieH, To A*A—moJoXH-
TeJbHBIH OMeparop.

5. V3BecTHO, UTO HEKOTOPHIA JMHEHHEI/l OnepaTop A ectp mpousbe-
ZeHHe caMoCoMPsKeHHOTO 0nepaTopa S u yautapHoro Q: A=3Q. Tloka-
3aTh, uto S?=AA*.

6. TlokasaTb, YTO BCAKHIl JMHEHHBI omeparop A c det A # 0 moxer
6bITh PeACTaB/eH Kak MPOU3BCICHHE €aMOCOT pSKEHHOTO U YHHTapHOTO
OIepaTopoB.

7. IlokasaTh eIWHCTBEHHOCTb NpeACTABJICHUA onepatopa A B BHJE
npoussesenns SQ B YCJOBHAX 3aiatih 6.

8. Jlunennniii onepatop V, neiicrpyrowuit B C,, Ha3biBaeTcs Hepac-
TATHBAIOUIHM, €CJIH |Vx]<<| x| ans Jmoboro x. ITokasath, uTO JIEOGOH
JMHefubli onepaTtop A MOXeT GbITh MPEACTaBJIEH KaK [POH3BEJCHKE CaMo-
CONPSIKEHHOTO H HEpacTATHBAIOLLErO.

9. Tloka3aTb, YTO CaMOCONpSIKEHHBIE ONEPaTOPH A u B nepecTaHo-
BOuHbl TOTAa H TOJABKO TOTAA, KOrja OHH HMEIOT OBIIYyI0 CHCTEMY H3 1
B3aHMHO OPTOTOHaJbHbIX COGCTBEHHBIX BEKTODOB.

10. Ins Kaxjoro JiMHeHHOro omepaTopa A, peilcTByiouiero B Tpo-
crpanctse C,, ykasaTb OpTOHOPMAJIbHBIA 6a3uc, B KOTOPOM MAaTpHUA
onepatopa A uMeerT TpeyroJbHbIE BHA:

1) [¢8]
2

1
a; a s Qp

2. 2
A= O a? ... ay?

0 0 ...a¥
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KBAJPATHYHBIE $OPMbl B EBK/JIHIOBOM
U YHUTAPHOM NPOCTPAHCTBAX

§ 10.1. OcHoBHas TeopeMa O KBaJpaTHYHbIX GOpMax
B €BKJHAOBOM IIPOCTPaHCTBE

10.11. HauHem co caexayloliero npeanomenus, Kacamllerocy
CHMMETPHYHOH GUAHHEHHOH (POPMEI B €BKJIHAOBOM IPOCTPAHCTRE!

Teopema. B n-mepHom esraudosom npocTpaHcTse 8CAKAA
cumMmeTpudHas Ouiuneldnas Gopma umeer KanoHuueckut 6a3uc
U3 B3AUMHO OPTOCOHANbHbLX BEKTOpPOB.

HDokasatenbcTBoO. PaccmMoTpuMm nnHeltHmit onepatop A,
OTBEYAIOUMH TAHHOM cuMMeTpHYHOH OununedHOH dopme A (x, y)
(8.91). Dror onepaTtop Takme cumMmerpuueH. CornacHo Teopeme
0 CHMMETpPHUYHOM omnepatope (9.45) B npocTpaHcTBe R umeercs
OPTOTOHAJNbHLIE H HOPMHPOBAHHEIR 6a3uc U3 COGCTBEHHHX BEKTO-
poB onepatopa A. B sTom 6asnce MaTpuua onepatopa A nua-
roHanbHa. [TOCKONbKY 3Ta e MAaTpuLla ABASETCA M MaTpHieH
OunnHedno# ¢opmbl A (x, y), nocTpoeHHu# 6a3nc ecTb KaHOHH-
yeckuit Oasuc dopum A (x, y), 4T0 u TpebOBAIOCH.

10.12. DToT pe3ynbTAT Mhl IIPHMEHHM TeNepb A H3YYeHHR
KBaApPaTHYHLIX (OpPM.
[Iycth mana kBagpaTtuuHad dopma

Alx, )= X el (ay=ap). (1

i,j=

Bynem cunrate umcaa &, &,, ..., §, xoopanHaTamu BekTOpa X
B eBK/HJOBOM IPOCTPaHCTBE R, CO CKansipHbIM MpPOH3BEIEHHEM,
onpeleneHHulyM no dopmyne

(x, )’)"—‘igl Em,‘,

rne y= (nlv LTI nn) Basnc
er=11,0,...,0}, e,={0,1,...,0},...,¢,={0,0,...,1}
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ABAfIeTCH OPTOrOHAMIbHBIM H HOPMHPOBaAHHBIM 6a3ucoM B R", npuyem

n n
X = i§ Eep y= i§niei-

PaccMoTpun GunnHelinyio gopmy

n
A(x,y)=‘z a gy
i, f=1
COOTBETCTBYIOULYIO KBaIPaTHUHOH dopme (1). B cuny rteopems
10.11 y stoit opmbl CymieCTBYET OPTOTOHAMbHBIA ¥ HOPMHPO-
paHHL KanoHHuecku# 6asuc fi, fo, - - .y fn- Ecin OTHOCHTENLHO
5TOro 6asuca BEKTOPH X H y HMEIOT COOTBEeTCTBEHHO KOODIH-
HATH Ty, Tgy- -« Ty 0 01, 0500, 0, 1o dopma A(x,y) OyaeT
MMeTb BHI

n
'
Ax,y)= 211}“1'11'6[1
i=
a kBazpatuuHas ¢opma A (x, x) npuMeT BHI

n
Ax, x)= 2 A (2)
i=
Tlepexox oT 6a3uca ey, €y, - - -, €y X Gasucy fi, fas -+ rJn
OCYUIeCTBASETCA € MOMOWDBIO HEKOTOPOH OpTOrOHalbHOH MaT-
puus (8.93) Q=|| 9|} no dopmynam
n
f,-=_2}1q:-“el- J=1,2 -+ N
=
CBi3b MEXKIY KOOPAHHATAMA Ty, Ty, - - Ty H E, B - B
MOWeT OhTb 3anmcaHa B cuay Gopmyn (36) u3 8.94 cucremoht
paBeHCTB

n

y=2ar (=127 (3)
¢ UCMO/NBH30BAHHEM TDAHCMIOHHPOBAHHON MaTPHIb Q’. Mu noay-

YHH TeM CaMBIM C/EedyIOUlyl0 BaWHYIO TEOpeMy:
Teopema. (Teopema O kpagpaTHuyHol ¢opme
B eBKJAHIOBOM mpocTpaHncTBe.) Beakan k8adparudnasn
gopma (1) moaxer GviTo npueedena K KaHOHU4ECKOMY sudy (2)
C NOMOWbIO USOMETPU4ECKOZO npeobpasoBania koopdunar (3).
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10.13. TlocnenoBarenbHOCTh AeHCTBUA, KOTOpHE HYWHO
npoussecTH Aas noctpoedus dopmyn nepexona (3) M KaHOHH-
yeckoro BuAa (2) kBagparuynoft ¢opmu (1), BHTeKaeT H3 pe-
3ynbtatoB 4.94 u 9.45; mm TpHBENEM €€ 31eChb B OKOHYaTENb-
HOM BHUIe.

a) o keadparuunoid dpopme (1) cTpoum cummeTpudHyro
marpuyy A=/ a;;l|.

6) Cocrasasem xapaxtepuctudeckuii Muocousen A (M) =
= det (A—AE) u naxodum ezo kopru. B cuny 9.45 stoT MHO-
TOYJieH HMEET 71 BeLleCTBEHHHX KOpHel (He oOf3aTenbHO pas-
JHYHHIX).

B) 3naa kxopuu mHozousena A (A), moxHo Hanucats yoce
Keadparuunyo opmy 8 xanoHudeckom eude (2), 8 uacTrHocTuU,
MONMHO CKA3ATb, KAKOBbLL €€ NOAONCUTEeAbHbIE U OTpuYaresbHbli
unlercol uxepyuu.

r) Kopews Ay nodcrasum e cucremy (23) u3 4.94. [nsa
NaHHOTO KOPH#l A; 3Ta CHCTEMA MMEET DOBHO CTOJBKO JHHEHHO
HE3aBUCHMBIX DELIEHHH, KAKOBa KDPATHOCTH KOpHA A,. Haiden
3TU AuHelHO He3asucumble pewlenHus, NOAL3YACL NPABUAGMU pe-
WeHus OCHOPOOHbBLX CUCTeM AUHeUHblx YpasHeHruil,

1) Ecau kparnocre kopus A, Goabtue eOuHuybt, OPTOLOHAG-
AUBLDYEM NOAYHEHHbIE AUHELHO He3asucumvie peulenus no Me-
100y 8.61. '

e) IIpodesas yrasannsbie onepayuu ¢ KaxObim KOPHEM, Mbl
ROAYMUM CUCTEMY U3 N 83AUMHO OPTO20HAAbHbIX 8eKTopos. IIpo-
HopMupyem ee, pasdesus kamololl eexktop Ha e2o Oauny. MHoay-
4eHHble BEKTOPbL

fl = {q(ll)’ q(21)1 ¢ty 511) s
f2 = {qiﬂ’ 4(22), RS :12) )
fo={a"s ¢, ..., ¢}

06pa3yroT  Yyme OPTO2OHAABHYIO U HOPMUPOBAHHYIO CUCTEMY.
*) Hcnoavsys wucaa g, moxno wanucars ¢opmyast nepe-
xoda (3).
3) Ecau tpebyerca 0ars 8bpanenus Hosvix KoopOunat {T}
uepes crapsie xoopOunats. {E}, To, nockosbky marpuya, obpar-
HaA K OpPTOROHAAbHOLU, NOAYYAETCA TPAHCNOHUPOBAHUEM, Mbl
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MONCEM HANUCATb UCKOMbLE sbipaxceHus 8 sude

n
Tir;jglq;ﬂgj (i=1,2, ..., ")

10.14. My sugenu B 7.33a, 41O B adpduHHOM MOPOCTPaH-
cTBe WM KaHoHMueckuit O6asuc, HH KanoHH4YecKu# BHJ KBaupa-
rtHuHoft QopMBl HE ONpELeeHH OllHO3HAUYHO; BOOOUIE TOBODA,
MOXKHO -6bUIO BKJIIOUHTD B Kanonnyeckuii Gasuc opysl  M060H
nanepe] 3afaHHbf BEKTOD. B eBk/MA0OBOM MPOCTPAHCTBE M NPH
yC/IOBUH, YTO PaccMaTpuBaiOTCi TONIbKO OPTOrOHAMbHBIE W HOP-
MUPOBAHHHE Ga3uChl, MONOKEHHE HHOE. Jleno B TOM, YTO BMECTE
¢ marpuuedi KBaapaTHUHOH opMH, KaK Mbl BHIEMH, nupeobpa-
ayercs H MaTpHla COOTBETCTRYIOLETO CHMMETPHYHOTO AxHel-
HoTO omepatopa; ecau Hakme KaHOHMUEeCKHH 6a3uc KBaapaTHi-
HOM OPMH, TO OJIHOBPEMEHHO Hajinen 6asuc M3 COBCTBEHHBIX
BEKTOPOB CHMMETPHYHOTO Oneparopa. [Ipu 3ToM KOIPPUUHEHTHI
KBaApaTHUHOH OPMbI B KAHOHHUECKOM Ba3uce («KaHOHMUUYECKHE
K03pPHIMEHTH ») COBNANAIOT € COOTBETCTBYIOIMMHE COGCTBEH-
HBIMH 3HauenusiMu onepartopa. Ho cOBCTBEHHBIE 3HAUYEHWsE ome-
patopa A CyTb KOpHH ypanenus det (A—AE) =0, xaropoe
He 34BHCHT OT BhGopa Gasuca M HHBAPHAHTHO cBfi3aHo ¢ ore-
patopom A. CiienoBaTe/bHO, COBOKYNHOCTb KAHOHUHYECKUX K0ag-
uyuentos Gopmol (Ax, x) onpedeiena odno3nauro. UTo We
kacaeTcs KaHoHudeckoro Gasuca KBanpaTHquoiX@)opmu (Ax, x),
TO OH OmpeleseH C TOH e CTENEHbIO npoussoaa, ¢ KaKoH
onpele/iena MOJHA® OPTOroHanbHasw H HODMIPOBAHHAs CHCTEMA
COBCTBEHHBIX BEKTOPOB Onepartopa A: He cumTas B3aUMIBIX
NepecTaHOBOK 3THX BEKTOPOB, MOXHO 71060 H3 HHX YMHOXHTD
na —1; Gosee oOuwMM HABJSETCH fAoBoe H30MeTpHYecKoe Ipe-
o6pasosanue B COBCTBEHHOM MOANPOCTPAHCTBE, OTBEUAIOLUIEM
UKCHPOBAHHOMY COOCTBEHHOMY 3HAYEHHIO A.

§ 10.2. JrcTpeManbHble cBolicTsa
KBaApaTHIHOA GOPMBI

10.21. TlycTs B €BKAWIOBOM MPOCTPAHCTBE R, 3anmaHa
kganpaTHuHad Gopma A (x, x). Bynem paccmarpuBath €€ 3Ha-
yeHHs Ha eIMHHYHOMK cepe NPOCTPAHCTEA R, T. €. npu (X, x)=1,
M MoCTaBHM clelylolimit BOUpPOC: B KaKHX TOUKaX eIHHHYHON
cepbl 3HaueHust QOPMDI ctaunoHapru? Haromuum, 4TO audde-
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peHilpyemast yucaoBas QyHKUHS f(X), onpedeneHHas A8 TOYEK
HEKOTOPOH moBepxHOCTH U, NpHHHMACT MO OuPeleneHHIO B TOYKe
Xo €U crayuonaproe snauenue, eciv B TOUKe X, NPOH3BOAHAA
bynxuun f(x) no mwGomy Hanpasaenuo Ha nosepxHocTd U
pasHa Hymo. B vactHoctH, dyskuus f(x) cTauxonapHa B Tex
TOYKAX, Tle OHA NOCTHraeT MAaKCHMYMa WJIH MHHHMYMA.
3anaya o6 onpexeneHuu CTallHOHAPHHIX 3HAYECHWH eCTh 3a-
Jlaya Ha yCAOBHHIA 3KCTpeMyM; ONHHM H3 METOIOB ee pellieHHA
ABasercs MeTon Jlarpamia, KOTOPhIH Mbl Celiuac u Hcnoab3yem *),
Bosbmenm B npocrtpanctee R, OpTOroHanbHu# ¥ HOPMHPOBAHHBIR
6asuc u oGosnaumm uepes &, &,, ..., §, KOOpAHHATH BEeKTOpa
X B 3TOM Gasuce. B 3aTtux xoopaunartax kBalpaTHuHas dopma
n

OyaeTt umeTh BHL A (x, Xx)= 2 a; &8 a ycnosne (x, x) =1
=1

i j=
n
sarmmertcst pamenctsoM 3 E2=1. Cneays smetony Jlarpawxka,
i=1
TIOCTPOUM YHKIIHIO
n n

F(gly g‘zv vy §n)=21‘1;,§z§,“‘k2 glz

i, j= i=1
H TpPHPABHAEM HYJI0 €€ [EePBYK Y4CTHYIO MPOH3BOAHYIO 11O
E(i=1,2, ..., n:

n
2 Zla,.,g,_.zxg,.—_—o (i=1,2 ..., n).
J'__
[Tocne COKpauleHHss Ha 2 MH noaydydeM Yywe 3HAKOMYIO0 HaM

cHeTeMy **) (23) u3 4.94:

(au‘“}‘) &+ alagz
a8 T (a,—2A) &,

_1~ cee ‘i'_alngn:O,
'i— te —i'_ azngn = O’
anlgl + an2§2 + ... (ann—'}“) gn =0,
KOTOpaf CaAyKHWId ANS Onpeneteins COGCTBEHHHX BEKTOPOB

CHMMETPHYHOTO ONEepaTopd, OTBEUY4IOUIETO KBaApaTHYHOH dopme
A(x, x). OTclona BhITeKaeT clelyiouiee npeilokeHne:

*) Cm., Hanpumep, B. H. CyMupuos, Kype ecumeil MaTeMaTHKH,
T. I, crp. 392, Tocrexuspar, 1951.
**} Hanomuuwm, uyto ap=ay (i, j=1, 2, . ., n).
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Ksadparuunas popua A(x, x) npunumaer CTayuonaprole
sHaueHuA Ha Tex 8exTopax edutudHod cihepbl, KOTOPBIE REAA-
(OTCA COBCTBEHHOLMU BEKTOPUMU CUMMETPU4HOSO0 0neparopa A,
cooreercrayroweso Gopme A(x, x).

10.22. BoumcanM 3HayeHHs, KOTOpHE MPHAHMAET dopma B
CTalMOHapHHX TOuKax. [ng 37OrO BBELEM COOTBETCTBYIOLIUH
CUMMETpHUHHIH oriepaTop A W NpencTaBiM KkBaapaTHUHYIO GODPMY
B suxe A (x, x)=(Ax, x). Tak Kak, no nokasaHHoMy, gopma
A (x, Xx) mpuHMMaeT CTAUHOHAPHOE 3nauenue Ha COBCTBEHHOM
gekTOpe e; onepatopa A, TO Mbl HMECM Ae; =M;e;; oTci0aa

Afe;, e;) = (Ae;, ei)Z}"i(ei’ e;) =M.

Wtak, CTAUUOHAPHOe 3Ha4eHlUe dopmer A(x, x) npu xX=¢
paBHO COOTBETCTEYIOueMY cOBCTBEHHOMY BHadenuto oneparopa A.
Tak kak cob6CTBeHHBE 3HavyeHus oneparopa A coBnazamoT ¢ Ka-
HoHHUYECKHMH Ko3dduunenTamu popmut A (x, x), TO Mbl MOXeEM,
najiee, 3aKJIIOYUTH, UTO CTRYUOHAPHbLE anauenusn Gopmol A (x, X)
co8nadaroT ¢ €e KaHOHU4YeCKUMU KoappuyuexTami.

B uacTHOCTH, MaKcHMyM (OpMEI A(x, x) na eAMHHYHOH
cepe pasen HauGonblieMy H3 €€ kanonuueckux Kosdduuuen-
TOB, MHHHM)’M——-HaHMeHblﬂeMy.

10.23. Kax Oununeinylo, Tak M KBaIpaTHIHYIO dopmy
A(x, X) MOXHO paccMaTpuBarb HE BO BCEM n-MepHOM Tpo-
crpanctee R,, a B HEKOTOPOM k-MepHOM TIOANPOCTPAHCTBE
R,CR,, # paseickupaTb B 3TOM N0ANPOCTPAHCTBE OPTOrOHalb-
Hblfi M HOPMHPOBAHHHIA katnonnyeckuii 6Gasuc. Ilyctp Qopma
A(x, x) BO BCEM TMpOCTPaHCTBE R, MMeeT KaHOHHYeCKHH BHI

A(x, x)=MEIFAET . HMER (4)
a s HOIll'IpOCTpaHCTBe Rk———KaHOHH‘IECKHH BUIA
Ax, x) =11+ RT3+ - o 4 g TR

BhisicHuM, KaK CBA3aHB KOIDMUUHEHTH [y, Mgy - W ¢ KO-
sdpuunentamu Ay, Ay, oo, A,. Has yagoGcTBa MPeMIONOKHM,
yTo HyMepalHus KaHOHHYECKHX K03 PHLMEHTOB TNPOH3BEAEHE
B mopsaaxe WX yOblBaHHsA, TaK HTO

MSh o Shy PR S e
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Bennunna Ay, KaK Mbl ywe 3HaeM, eCThb MAKCHMANbHOE 3HAYEHHeE
KBaApaTHYHOH dopmpl A (x, x) Ha eanHuuHo#t cdepe npocTpan-
CTBA R,; aHalOTHYHO W, €CTb MaKCHMaJbHOE 3HAYEHHE KBAJ-
patuyHoll ¢opuul A (x, X) Ha eZUHHYHOH cepe MOANPOCTpaH-
¢TBa-Ry, u moromy p; <A, Moxawewm, uto py =4, _, ;.
HycTb ey, ey, ..., e, —KaHonuuecku#t 6asuc popma A (x, x),
B KOTOpom oOHa 3amuchiBaeTcs B Bule (4). Paccmorpum
(n—k - 1)-mepHoe moanpocrtpancTBo R’, nopoxmennoe BekTo-
pamu ey, e, ..., €, ,.q. Tak kax k-+(n—£k+1)>n, 10
noanpoctpanctea R’ u R, B cuny 2.476 uMe0T X0Ts Gl OXHH
o6wuit Henynesoit Bektop. [lycTh 31O BexTOp xo={E", ...
coey 820, 0, ..., 0}; npeanonowum, uTo X, HODMHPOBaH,
T. e. 4T0 | x,|=1. [das BekTopa X, no dopmye (4) umeem

— * »*
Axy, X)) =hE® L+ ... F A 16k 22

2 2
= h, g (B0 L HEDL ) =hpr1-

Orclona BeITEKaeT, 4TO [; KaK MAKCUMAalAbHOE 3HAYCHHE
KkBaapatuyno#t Qopusl A (X, x) Ha eaunnyHoll cdepe noanpo-
CTpaucTBa R, He MOMeT OHTb MeHblue, 4eM A,_j.;, YTO H
TpebyeTcs.

Takum ofpasoM, Beauuuua Wy 3aKJI0YeHa B CAeLYIOLHX
rpaHHuax:

M= >3 P ()

10.24. Jins pasanuHpiX R-MEDHHIX [OANPOCTPAHCTB BEJIHYHHA
[y NpHHHMAET, €CTECTBEHHO, pa3iuuHbie 3HadeHHd. [loxawew,
UTO CYWecTsytoT Takue R-mepasie nodnpoctpdrcrea, 048 KOTO-
pbix Wy npurumaer Kpaixue 3HAYEHUR, YKA3AHHbIE B8 HepaseH-
crge (5). :

Paccmorpum nmomnpoctpanctso R’, nopowaennoe nepsbiMu
k BexTOpaMH e, e, ..., e, KaHOHHYECKOro Gasuca dopumut
A(x, x). B mnoanpoctpanctee R’ B Gasuce €1, €y, ..y €
dopmMa A (x, x) umeeT BHX

Alx, x)=MEI+AEL-H ... +A,8L

B uacrtHocTH,

Afe, e)=h=maxA(x, x) (|x]=1, x€R).
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Takum o6pasoM, Ha noanpocTpaHcTse R’ sennunua
wo=maxA(x, x)  (x|=1, x€R)

JOCTHraeT HanGO/BUIErO0 BO3MONHOLO 3HAUEHHH A;.
PaccMoTpuM Temeps NOAMpPocTpaHcTBO R”, nopoxiexHoe

NOCHeAHUMH R BEKTOPAMH €, _p.q1, €,_giro, --+s €, KaHOHHHE-
ckoro 6asuca ¢opms A (x, x). B mommpocrpanctse R” B Ga-
aMCE €,_pi1, .- €, GOpMA A (X, x) uMEeT BHI

A(x, x) :}‘n—k+1§3—k+1+ o LER
B uwacTHOCTH,

Ay p1r Enopo1) =hppa=maxA(x, x) (x]=1, x€R").

ockoabky Temeps p,=maxA(x, X) ((x[=1 x€R"), mu
3aK/liouaeM, TaKk ®e KaK M Bwule, 4TO My =2, ,,,. Crenosa-
TeNbHO, HA TOANPOCTpaHcTBe R” BenMuMHA [y JOCTHTAET CBOEGTO
HAHMEHDbLIETO 3HAYEHMS A, _,. ;.

Mui mosiyuaeMm, TakHM 06Gpas3oM, HOBOE ONpeAeNeHHe K03¢-
duunenta h,_,, 1; kosppuyuent A, _, 8 Kanonuveckol sanucu
gopmor A (X, X) pasen HaumeHoulemy B3HAYEHUIO MAKCUMYMA
keadparuunol gopmer A (x, x) Ha eOunuunbix cepax 8cex
803MONCHOLY K-MePHbLY nOONpPOCTPAHCTE NPOCTpancTéa R,.

10.25. Ucnonb3ys 3TOT pe3ynbTaT, Mbl MOXEM HaTh OUEHKH
79 OCTaNbHHX KaHOHHUECKHX Ko3hduuueHToB dopmul A (X, x)
Ha noampoctpaHcTBe R,. Hampumep, ecan GuKCHPOBAHO MOA-
NpoCTpPaHcTBO R, TO M, €CTb HaUMEHbUIMA H3 MAKCHMYMOB
kBazpaTuuHo#t dopmel A (x, X) Ha edMHHuHBIX cdepax (k—1)-
MEPHBX [OANPOCTPAHCTB MNpocTpancTea R,. B 1O ke Bpems
M,_g4o €CTh HaHMEHbIIMH M3 MAKCHMyMOB KBalpaTHuHOH dopumul
A(x, x) Ha eaunnunbix cdepax écex (k— 1)-MEpHbIX TNOAMPO-
CTPaHCTB NMPOCTPAHCTBA R,; MOITOMY Wy 2= A, o. AHANOTHYHO
Mg =h,_prs WaZhy_gyar s Hg=Ay C apyroft cTOpPOHH,
A, eCcTb HAaUMEHbUIMH W3 MaKCHMYMOB KBalpaTHuHOH dopMu
A (x, x) Ha exuHMUHHX cdepax (72— 1)-MepHEIX NOANPOCTPAHCTB
npocTpaHcTBa R,; HO Kaxjoe (7—1)-MepHO€ NOANPOCTPAHCTBO
nepecekaeTcsl ¢ NMOANPOCTpaHcTBOM R, cornacxo Hauief nemme
NO NOAMPOCTPAHCTBY, HMEIOLLIEMY HE MeHee (n—N+k—n=k—1
H3MeperHH; TMO3TOMY YHCIO A, HE MeHee 4YeM HauMeHbIMH u3
MaKcHMyMOB opubl A (X, X) Ha emumHMuHBIX cdepax 3THX 10L-
NPOCTPAaHCTB M, B YaCTHOCTH, HE MEHee HeM HHCJIO0 Wy— HaH-
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MeHbIIHH U3 MakcumymoB GopMu A (X, x) Ha eAuHHYHHX cde-
pax (k— 1)-MepHHX MOAMPOCTPAHCTB MPOCTPAHCTBA R,. Caeno-

BATENBbHO, Ag > Ly AHANOTHYHO Ag = Hg, ..., Ay 2>y MK,
KaHOHWUeckHe KOOPOULHEHTH [y, Wy, .+ .., P YAOBIETBOPSIOT
HEPaBeHC TBAM

M2 =M i
Y R TPy SRS

(6)
}\'k = Mg 2 }"n‘

Tlpu k=n—1 nepaBeactBa (6) npuoGpeTaioT cnenyoulHit
BHI.

M=p =M,

Ay ==y = A,

(7)

}"n—l = p’n—l 27‘%

10.26*. Ecau (n— 1)-MepHOe NOAMPOCTPAHCTBO R,_;s Ha
KOTOPOM paccMaTpuBaeTCsi KBaapaTHuHas dopma A(x, x), 3a-
IaHO ypaBHEHHEM

af bty =0 (@ltodt ... +ai=1), (8)

T0 KOIQOUIUHEHTH [y, Mg, - .., Py_y MOXHO BHYHCIHTD -
ek THBHO.
B NpeanonoXeHun, 4TO BCE YHCAA Ay, Ay, ..., A, pasiny-

HH, MPHBEAEM METOL BHIYHC/IEHHS STHX KOIQQHUIHEHTOB, Mpel-
noxennnt M. TI'. Kpefinom.

W3 koadduimenTos a,, o, ..., O, N0 KpaHued mepe OLMH
otauyed ot Hynsa. Ilycte, nanpumep, o, 0. Toraa u3 ypas-
neHust {8) MBI moaydyaem
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MH TofydaeM, uTo B molnpoctpanctee R,_, B KoopmHhaTax
By & oo, E._1 dopva A (x, x) nmeeT Bua

n-1 2
A
A(x, x) =7~1§H—7»2§§+ e +7\n-1§5—1+:’; 'Zl ajgj .
n \Jj=
Kanonnueckne koadpduunenta 3ToM KBajJapaTHyHod GopmH ompe-
ASJIAIOTCA KAK ee CTaUMOHAPHHE 3Ha4eHHA HA eaHHUYHOH cdepe
noanpocrtpaHcetea R,_; (/0.22); 31a nociaeanss s KoopaHHaTax
8 Eo ..., E,_; MMeeT ypamnenne

n-1 2
B (x, x)=§%+§3+--~+§3._m‘—$<21a,~§,-> =1L
n \Jj=

Hna onpesmeneHnst CTallMOHAPHBIX 3HayeHHH aelicTByeM, Kak
H paHee, no. MeToxy Jlarpaika: cocTaBasem (yHKUHIO

n-1 n-1 2
A(x, x)—AB(x, x)= 3 (x]._x)gH*":*(z a,&,)

j=1 %\

H TPHPAaBHHBAEM HY/MO €€ 4YaCTHee MPOH3BOAHHE MO g,
(R=1,2, ..., n—1):

/n— 1
B (be— 1)+ l":lKZ a,&,-) ) (9)

n j:]

Hckompie kospduumnentn py, p,, ..., W,y SBAAIOTCH KOPHSAMH
TOr0 ypaBHeHHs, KOTOpPOe MOMyyaeTcd, KOrZa MW HPHPaBHAEM
Hy/T10 onpeneautens D (A) cucTemm auHeMHbIX ypaBHeHu (9.
Matpuua u3 ko3dpduuHenToB 3TOH CcHCTEMH €CTh, OYEeBHIHO,
CyMMa IBYX MATpHL, NepBasi U3 KOTOPHX [AHATOHANbHA, C YHC-

namu A,—A no auaromamn (R=1, 2, ..., n—1), a BTOpas
HMEeT BHA
00y GO ... G, 04
Ayp—h | 040y oa, ... oA,
a,z, boe e -
“a’lan-l azan—l a’n-—la’n—l

B cuny auuedinoro cpoictea onpexnennteneht (/.44) nckomuft
Onpene/uTe]b paBeH CyMMe ONpexe/HTeNs MepPBOA MaTpHIb H
BCex onpenennTenei, NOAyYeHHBIX 3aMeHOR HEKOTOPHX CTOGLOB
onpenenuTeNs neppol MaTpHUL HA COOTBETCTBYIOLIME CTOAGUM
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Ap—
An
BCHKHE OBA CTOMOLA BTOPOM MaTpHUBL MPONOPUHOHA/IBHH, A0CTA-
TOYHO PACCMATPHBATH TOMBKO T€ CY4YaH, KOrIa OLHH H3 cTonb-
OB onpeaeuTe/s nepsoi MaTPHIL 3aMEHEH Ha COOTBETCTBYIOULHH
cronbel, BTOPOA MaTpHIK.
Ecnu, B wacTHOCTH, R-H cTOAGeL MepBOH MaTPHLK 3aMEHEH
Ha k-# cTonGeu BTOpOR MAaTPHUB, TO COOTBETCTBYIOUHA orpe-
deNHTedb HMEET CleAylollee BhHpaxeHHe:

A
BTOPOH# MaTpHIH <c YUETOM MHOXKHTENS ) [MockonbKy

M—A 0 .0 o0y 0 ... 0
0 Ap—A... O 0,0l 0 ... 0
An—Al O 0 A —hao,_, 0 ... 0
a: | O 0 0 a0, o ... o0 |~
0 0 0 Oy Mggr—h .- 0
0 o ... 0 A,y O vee A
n
2 II (A'f_k)
= %=l .
ap  Ae—h
BseneM 00603HaYeHHHA
n—1
F) =1 (A, —2) (onpenenntens nepeoft MaTpuuu),
k=1
n
G (M) =k[1l (hg—A).
Toraa ucKoMmul#t onpeneautens D (M) npumeT BHX
DI =F M) +—-GWY 2 (10)
an S b=

Pewas ypasuenne D (M) =0, mbl ¥ HaijieMm HHTepecyioulue
Hac BEMTHYMHW W, Mg, --., M,_y. 33aMETHM, YTO OHM 3ABHCAT
He OT CaMHX YHCEN O, a OT KBAAPATOB 3THX YHCEN; TAKHM
06pa3oM, eCTH y OIHOTO MM HECKOJBKHX KO3(HUMEHTOB ypas-
Heunst (8) W3MEHHTh 3HAK, TO MCKOMHE KaHOHW'UECKHE koaddu-
uHeHTH ¢opmMul A (X, X) Ha MOANPOCTPAHCTBE R,., He name-
HAIOTCH.
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10.27*%. dopwyna (10) wuHTepecHa euie H TeM, 4TO OHQ
no3goAser NOCTPOUTL N0 OGHHLIM HUCAAM Py, Mgy .« .., Wy_q,
yOosaersopaouum Hepasencrsam (8), nodnpocrpancreo R, _q,
nHa kortopom gopma A (x, x) umeer KaHoHu4ecKue KOIPPuyuenToL
Piy Bgy -y Bpoq (B TpeanonoXeHHd, 4TO YHCAA Ap, Ay, ..., A,
pa3nuuunl), [loxaxem, Kak peuraeTcs 3Ta 3ajnauva.

3amerum, uyrto dopmyny (10) Mbl MOmeMm 3amucaTh B BHIE

2 DO _ 0 EM G @k & ok
T T Tm +k§1 p—y “k;al " (1)

TakuM o6pasom, uucaa af, af, ..., a2 NPONOPUHOHANbHH K03dH-
LUHEHTAM pAa3jiOXeHHs PAaLHMOHANbHON (YHKIHH oy ha meo-
cTefiune npoGH.
*" IlycTs 3amanel 4ucaa Wy, Wy, ..., l,_q, YAOBAETBOPAIOILHE
HEepaBeHCcTBaM

A >pr >k,

Ay >y A (12)

}“n-l > p’n—l > }“n‘

n—i1
TMonoxum D, (&)=l (u,—*) n pasnoxum paumonansuyio
k=1

dynkumio Dég:; Ha mpocTellHe KpoGH:
Dy (M) Gt Cy C
o) —heh Th—x Tt (13)

TMokaxem, 4To Ko3dPUUHEHTH Cq, Cy, ..., C,— OIHOI'O 3HAKA.
M3BecTHO, 4TO 3TH KOS(@HUHEHTH BHUHCIAIOTCS 110 dopmytam *)

. — Dy (M) — __Dy(My)
F (e —h) - o e —hw1) Ae—Aga1) .- - (A —hn) G (M)
Yucna D, (Ay), Dy(Ay), ..., Dy (A,) umeioT mnomepemesHo

MPOTHBOMONOKHHE 3HAKH, MOCKOABKY KOpuH Muorounexa D (A)
M0 YCTOBHIO MEPEMENAIOTCA ¢ KopHsMH MHOrounena G (A). Yucna
G (M), G (Ag), ..., G'(A,) Takie WMEIOT MOMEPEMEHHO MPO-

THBOTIOJIOKHEE 3HAKH, NOCKOABKY Ay, Ay, ..., A,—IpOCTHE

%) Cwm,, -Hanpumep, M. Tpe6enua, C. Homoceanos, Kypc ma-
TeMaTHUeCKoro ananusa, crp. 405, Yunmearus, 1951,
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Dy (A
kopuu wMmuorouneda G (A). TMosTomy oTHOUIEHHS G_’l((Tkj)’ ac
&
HHMH ¥ KO3 HLUREHTE ¢, HMEIOT OIHHAKOBEE 3HAaKH. C TOUHOCTHIO
0 MHOXHTeNs MOXHO BCe KO3(QHUHEHTH €, CYATATH MOJOXKH-

TENbHHMH, 3 HX CYMMYy-— pDaBHOH enHHHIE, M TOTZA MOXKHO Of-

perenHTh 4ucaa Oy, Gy, ..., O, H3 yCIOBHH
2 2 _._ 2.
Of=0Cq, QF=Cy, ..., Og=C. (14)
Yucna a,, Oy, ..., O, MOXKHO B3ITb N1060r0 3HaKa. [TokaweM,

4YTO noAnpoCTPaHCTBO Rn—l! onpenensieMoe ypaBHEHHEM
a1§1+a2§2+ e +an§n: 0:

H OyzeT HCKOMBIM.

HefictBuTencHo, Muorouned D (A), KOPHH KOTOPOTO cCyTh
KaHOHHYecKkHe K03hduUHeHTH GopMb A (X, X) HA DOAIPOCTpaH-
¢tBe R,_;, mo nokasanHoMmy, BHpaxxaeTcs C NOMOLLBIO GOPMYJH
(10) wunu sxsuBanentHod e# (11). CpaBHuBas (11) u (12) w
yuuthiBasi (14), Mu noaydaem, uto MHorouied D (A) oTanuaetcs
TOJbKO YHCJIOBHIM MHOXHTEJEM OT [OCTPOEHHOTO HAMH MHOTLO-
ynena D, (A). Ho torza xopum muorourena D (M) coBnanaior
C yHcaaMH Mg, Mg, ..., Uy_q, YTO H YTBEPKIAAJOCh.

3ameuaHnue MoXHO NMOKa3aTb, YTO NOJyYEHHbIE YHCAA Ty, ..., Oy,
33BHCSAT HENPEPEIBHO OT BEJTHYHH Ay, ..., Ay, W1s «.., Up—y. Hcnoabsys
3TOT q)aKT, MOXXHO IIPOBEPHTL, UTO 34/ldaya HMeeT pelleHHe H AJA YHCEeJN

W1, «-.» My—1, YHAOBJETBOPAIOMHMX HepaBeHCTBaM (7), a Takke H Ge3
NPEANOJIOKEeHHS, UTO YHCAA Ay, ..., A, Pas3JHUHEL

§ 10.3. 3apava o mape KBagpaTHYHHX (HOpM

10.31. B HexoTOpuIX BOMPOCAX MATEMAaTHKH H (HU3HKH CY-
LeCTBEHHYID pOJb HrpaeT pelleHHe clenayloniefl 3amaud: Odasa
dsyx «ksadpatusnsix ¢opm A(x, x) u B(x, x), sadanubix 8
n-meprom apounnom npocrpancrse R,, yxasate 6asuc, 8 xo-
TOpoM obe 3Tu hopMbL 3anNUCLIBAIOTCA 68 KAHOHU4ecKoM Bude
(T. e. B BHAe CYMMH KBaapaTOB KOOPIHHAT C HEKOTODPHLIMH KO-
asppuunenTamn).

Cnepylomuii npuMep Ha IVIOCKOCTH (n==2) mokasblBaeT, YTO 3Ta 3a-

Jiaua He BCeTZa MONYCKaeT pelieHHe.
Paccmorpum cueayiouiue e GOpMbl OT ABYX NepeMeHHHX {j, &

A (xr x):’é%""ggv
B (x, x)=EE..
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Haiitu o6mwuii kaHoHHyecKMil Gasuc ANA 3THX GOpPM 03HaYaeT HalTH
06lLylo Napy B3aHMHO CONpPSMKEHHBIX BEKTOPOB A4 runep6oa A (x, x)=
u B(x, x)=1 (cM. 7.44). DTn THnepGo/IEl PaBHOCTOPOHHHE; U3 aHaNHTH-
yecKO# FeOMeTPHH HW3BECTHO, YTO CONPSDKEHHBIe HANPaBJCHHA TAKHX TH-
nep6oJ CHMMETPHUHBLI OTHOCHTE/ILHO HX ACHMITOT. Tloatomy monspHbie
YIAW ¢y H (¢, OTBEUAIOLUHE Nape COMpPAIKEHHBIX HanpaBJeHHH, AJA [ep-
BOH rHmeploJbl CBsI3aHbi PABEHCTBOM

P14+ Qo= /2,
a 1Jis BTOPOH THnNep6o/bl — PaBeHCTBOM
P14+ =0

(0o6a paBeHcTBa C TOYHOCTbLIO 1O CJIAraeMoro, KpaTHoro ).
Tak Kak 5TH pAaBeHCTBAa HCKJIOMAIOT OJHO Ipyroe, TO B JIaHHOM
cnyyae OOGUIHX B3AHMHO CONPAMEHHBIX HanpaBJeHHi He CyUeCTBYer.

OkaswBaeTcs, YTO 3a4a4a HMEET pelleHHe, €C/H LOMOJHH-
TeAbHO AOMYCTHTh, YTO OOKA U3 3TUX (OPH, HAnpUMep B(x, x),
noaovwcuressrno onpedesennas (T. e. B(x, x) >0 npu x = 0).

CyulecTBOBAHHE DELIEHHs JerKo YCTaHOBHThH C/lelylOUIHM
nytem. Ilycts B(x, y)— cuMMeTpHuHas 6unuHeiinas  ¢opma,
COOTBETCTBYIOULAS KBaApaTHYHOH dopme B(x, x). Beenem B
addunnonM npoctpancTee R, eBknniosy MeTpHKy, nonaras

(x, y)=B(x, y).

BLNO/NHEHHE aKCHOM CKalspHOTO IpoH3BeleHus obecreyn-
BaeTcs CHMMETPHYHOCTBIO H TOJOKHTEIbHOH OnpeneneHHoCTbIo
¢dopyul B (x, x).

B cuny 10.11 cyuiectByeT OPTOrOHaNbHHA H HOPMHPOBaH-
Hei (OTHOCHTENBHO BBEAEHHOK HaMH MeTpHuku) 6asuc ey, ..., e,
B kotopoM ¢opma A (x, X) npHHHMAET KaHOHHYECKHH BHI

A(xy x):7‘17]f+7\27]3++7‘n"]7‘n (15)

(M1, Mas ---» MNp—KOOPAHHATH BEKTOPa X B MOCTPOCHHOM 6a-
3uce). B atoM ke Gasuce BTOpay KBaApaTHuHas dopma B (x, x)
B cuay dopmyas 8.42 (17) umeeT BUA

B(x, x)=(x, X)=ni+n3+ ...+
Wrak, 6a3uc, B KoTOpoM 00e QopMH HMEIOT KaHOHHYeCcKHH
BHA, CYULECTBYET.

10.32. UcnonbsyeM Ansl BHYMC/IEHHS KOOPIMHAT BEKTOPOB
e« ... e, HCKOMOrO 6asuca SKCTpeManbHHe CBOMCTBA KBal-
11 ’ n
paTHYHBIX HOPM. Kax 6un10 noxasaHo B 10.21, BeKTopH ey, ..., €,
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CyTb TE€ BEKTODPH, KOTOPHE NOAYHHEHH YCAOQBHIO
(x, x)=B(x, ¥)=1

H ana koTopwx dopma A (x, X) OpHHMMAaeT CTaUHOHApHEE
3navenns. [IpennosoxnM, uTo B ucxoaHom 6asuce gopmsl A (x, x)
n B(x, x) umenun cienyioulue BHIPAXKCHHA!

n

A n= 3 okt Bl o= 3

{ 1 =

1 b€ iEr-
HeficTBys 10 MeTony Jlarpamka, Mbl IOMKHH COCTABHTb (hyHKIIHIO
fl‘ ﬂ‘
FE, & - &)= ; auSEr—N % biEiEr
i, F=1 i, F=1

H NPHPABHATbL HYJIIH0 €€ YacTHHE NPOH3BOAHKE IO BCEM KOOPIH-
HaTaM:

n n
D oagkr—p N buke=0 (i=1,2 ..., 1. (16)
k=1 k=1

[Monyuennasi CHCTEMa OJHOPOIHBIX ypaBHeHHH

(ay — Wb1y) B+ (@1 —pbya) B~ -« 4 (@1 —1b1p) £, =0,
(@31 —1byy) B+ (Aas —11bg) Sa+- . . - 4 (G2 —1ba2n) §,=0, (17)

(@ —pbm) Eit(@ne—Wbpa) Ea - . -+ (@np~—Wbun) £,=0
AonycKaeTt HeHyﬂeBHe pemeHus TOrAa H TOJbKO TOrxa, Korzaa
ce OnpeﬂeHHTeﬂb 06anLaETCﬂ B HYJb!

@y —Rby Gy — Wby ... ay,— Wby,

gy — Wby Aga—byy « .. Gyu— Wby, | g, (18)

anl'—p’bnl an2——p’bn2 anlz_hl"'bnn
Pemas ypasnenne (18), MH HAXOIMM 71 BO3MOXHBIX 3HaueHHH
p=p, (k=1, 2, ..., n); noacrasass W, B cucremy (17),
MB CMOXeM HaHTH koopauHaTte E{¥, P, ..., E¥ cooTset-

CTRYIOMLErO HckoMOro 6asucHoro sexktopa. Teopema, 1oka3aHnas
B 10.31, ofecneunBaer CyuleCTBOBaHHEe BeUlECTBEHHHX KopHehH
ompexenutens cucTeMn (17) H AAS KauI0ro KPaTHOTO KOPHA
HaNH4YHe COOTBETCTBYIOIEro YHCAA AHHEHHO He3aBHCHMBHIX pelle-
HHA 3TOH CHCTEMH.
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10.33. TMepexoAuM K BHIYHCAEHHIO KAHOHHYECKHX Ko3dduuu-
entos. [lokaxeM, 4To Ko3apdHUHEHTH Ay, Ag, ..., A, B KaHO-
Hugeckol 3anucu (15) popmul A (X, X) COBNamarT ¢ COOTBETCTBY!IO-
IHMH  KODHSIMH My, Mg, ..., W, onperenutens cuctemu (17).
3pech . MOXHO Ob10 Ghl MCMOJB30BaTh PACCYXAEHHE, AHAJIOTHY-
Hoe mpoBeaeHHoMy B /(.22; MH Temepb NPeanoyuTaeMm NpoBecTH
HEMOCpeACTBeHHOe BuuHcaeHne. Ecin A4d 3a0aHHOrO KOPHA W,
YMHOWHUTb i-e ypaBHeHue cucTemn (16) Ha {-10 KOOpIAHHATY
pemenus Ef™ (i==1, 2, ..., ) ¥ Bce 3TH yPaBHEHHs CJIOKHTD,
TO MONYYHM DABEHCTBO

n
A ,(em’ em) =. kz: aikgl('m)g;em) =
i, k=1

= p’m i;_lbikgt('m)g;em) = p‘mB(em’ em) = p’m)

Tak Kak Ble,, e,)=1.
C npyro#t CTOPOHH!, KAHOHHYECKHE KOOPIUHATH Ty, Mg, -+ +, Ny
LS BEKTOpPA e, MMEIOT, OYEeBHIHO, 3HaueHHd M, =0upn i +m,

n
N,=1, u dopma A (x, x)= XA} mpu x=¢e, CTAHOBHTCH
i=1

paBHo# A,. Orciona W,=A,, 4TO H yTBEPHIANOCh.

DTOT pe3yNbTAT AAET BO3MOWKHOCTh HanHcaTh Gopmy A (x, ¥)
B HCKOMOM KaHOHHYECKOM BHJIE, MHHYfA BLIYMHCJEHHE KaHOHHYE-
ckoro Gasuca.

10.34. [locrtaBnennas B 0.3/ 3anaya o6 OJHOBPEMEHHOM
MpUBEJEHHH K KaHOHMYECKOMy BHAY IBYX KBalPaTHYHHX (HopH
A(x, x) u B(x, x), us xoropsx, Hanpumep, B(x, x) noiuo-
WHTENbHO ONpENC/IEHd, DElIeHAa HAMH B HECKOJIBKO yCHI/IeHHOH
¢opme; umeHHo, ¢dopma B(x, x) npuBexeHa K BRIY CyMMH
KBaIPaTOB KOOPIHHAT C Ko3(duuuenTamu, pasueiMu 1. BooOuue
roBopa, 3To He TpeOyeTcH, H NMOSTOMY KO3GhQUUHEHTH npeob-
pa30BaHHHX (DOPM 3aBEJOMO HE ONPERE/A0TCH OJXHO3HAYHO. Mul
TIOKAXeM BCE ¥e, YTO OTHOUWeHUS COOTBETCTBYIOUUX KAHOHUYe-
CKUX KOI(HUYUEHTO8 He 3aBUCAT OT Cnocoba 00HOBPEMEHHOZO
npusedenus gopm A(x, x) u B(x, xX) Kk Kanonuteckomy sudy.

[lycts dopMu A (X, x) 1 B(x, x) 18yMs cnoco6amu pHBe IEHH K
KAHOHHYECKOMy BHAy: B Koopamuatax &;, &, ..., §,

n

Alr, =38 B, H=NvE,

1
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a B KOOPHMHATAX My, Mgy - -+, M,

& n
=i§pm?, B(x, x) =;§\Tm‘?'

Tak kaxk ¢opma B(x, X) moaoXHTENBbHO OMNpeleseHHas, 4HCIa
v, u1; (i=1, 2, ., M) Bce mnojoxHuTenbHH. PaccmoTpnm
HOBOE NpeoGpasOBaHME KOOPAHHAT

Vvig=E Vun=n.

Torna ¢opmut A (x, x) n B(x, x) npeoGpasyworcd K BAIY
a) B KOODIMHATAX

x
=388 Bl =3

6) B KoopauHaTax E

n
L o -
Ax, x)=2 2wz, B(x, x)=n}
i=1‘ i i=1
Mycts ey, €5, ..., e,—06a3uc, OTBeYAOWHUA KOOPAHHATAM 133
W fy, far +--» [p—0a3uc, orTBevalomnit koopaunatam m;. B

MeTpHKe, onpeneasemoit ¢opmoit B(x, x), oba aTn Gasuca op-
ToroHanbiu H HopmupoBauw. Ho rtorma (10.14) COBOKYNHOCTB
KaHOHHYeCKHX ko3dduuuentoB ¢opms A (x, Xx) onpeneieHa
ONHO3HAYHO; TakuM 06pa3oM, TNOC/AENOBATENBHOCTE YHCEN

A Ay Ao
—, = ,. ..., — JNOMKHA coBrnanaTth ¢C no¢caenoBaTeNbHOCTBIO

Vi Vo Vn
p—l, p—’, cey P ¢ rounocThi0 MO mOpAAKA.
T T Ty

Teopema nokasasa.

§ 10.4. Mpusesenne o6mero ypaBHEHAs NOBEPXHOCTH
2-ro mopAAKa K KAHOHHYECKOMY BHAY

10.41. B 3ToM H cAenylOWHX OYHKTax Mb OyJleM Ha3HBaTh
37eMeHTH JHHEHHOTO MPOCTpaHCTBa R, He BeKTOPAMH, a TOUKaMH
(2.17), uto Gynmer Gonee COOTBETCTBOBATH TEOMETPHUECKOMY
npeacrapnennio. [TosepxnocTbto 2-20 nopsdka 8 n-MepHOM
npoctparcree Mol Gydem HA3LLBATL 2EOMETPUXECKOE MECTQ TO4eK
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x=(&, & ..., §,), y0084€T8OPAIOUUL YPABHEHUIO suda
n n
a;E; 2% bk, +¢=0,
i,gl 1k§[§k+ 121 1§1+ (19)
usu

A(xa X)+2L(x)+C=0,

n
2de A(x, x)= ; a;,k By — Keadparudnas opma or paduyca-

I,R=1

n
8eKTopa TOYKU X, L(x):fi b&;— auneiinas opma, ¢-—no-
i€

crosnnaa®).

MpoctpancTBo R, 6yiaeM CYHTaTh EBKJAMIOBHM H YHCIA
t,, & ..., §;——KOOPAMHATAMH BEKTOPAa X B OPTOrOHATbLHOM
B HOpPMHpOBAaHHOM Gasuce. 3anayell HACTOALLErO MYHKTA ABIS-
ercsi BH6Op B MNpOCTpaHcTBe R, HOBOro OPTOrOHaNBLHOrO H
HOPMHPOBaHHOTO 6a3KHca H HOBOT'O HaYana KOOPXHHAT TaK, YTOGH
HALIA T[IOBEPXHOCTb 2-T0 MOPAAKA ONPeLe/fiNdch HEKOTOPHM
CTIeUHa/IbHRHM H OCOBGEHHO IPOCTHM yPaBHEHHEM, KOTOPOe Ha-
3LBAeTCA KawoHudeckum. B nmanbdefiieM 10 KaHOHHYECKOMY
yPaBHEHHIO MW H3Yy4YHM CBOHCTBA NOBERXHOCTH.

10.42. CoBepuiuM npexae Bcero B mnpoctpauctse R, ope
TOroHaAbHOE NPeobpa3oBaHHE KOOPJHHAT

gi :iZ.JI qijnj (L: 1, 2’ LR} n)’ (20)

Kak ykazaHo B [0./2, ¢ Tem 4TOGH B HOBHX [€pPEeMEHHHIX
kBaapaTHyuas ¢opMa A (x, x) NpuHANA KaHOHHYECKHH BHI

n
A(xy x): 21}\’1“12
=
Ypasuenne (19) 6yser nocne MOACTAHOBKH (20} uMeTb BHI
n n
> w22 mi+ e =0, (21)

t=1

*) B caywae n=2 reoMerpuueckuii o6pas, onpejenseMuil ypaBHe-
HueM (19), HasoBaercst kpHBOH 2-To nopsigka. OuHako B JabHeHeM MLl
BCIORY YNOTpesJisieM CJOBO «OBEPXHOCTHY, He OrosapHBas Kaxieli pas,

YT0 TIPH n=2 ero HYXKHO 3aMEHHTDH CAQBOM «KpHBas»,
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rael; (i=1,2, ..., n)—HoBnie k03pPHUHEHTH NHHERHON DopMH
L (x). '

Ecnn 8 nonyuennom ypasHeunn A; =0 ans HekoToporo i,
TO MEPEHOCOM Hayala KOOPAHHAT MOXHO NOOHTHCR HCYe3HOBe-
HHA COOTBETCTBYIOUErO 4JeHa nepeoro namepenus. Ilyctb, Ha-
npuMep, A, ==0; TOraa, OYEBHIHO,

1, \? 3
Ami+2m =\ (7]1 ‘}‘%> —'ﬁ

, It
[lonoxkum 7]1="11‘!”7:‘1; 9TO PaBHOCHIBHO [EPEeHOCY Hayana

1
KOOPAHHAT B TOUKY (_—7711’ 0,0 ..., O) . B pesynstate noa-
\
2 ‘2
CTAHOBKH rpynna H4iexos Ami+2/m; sameuntcs Ha A —
-—Tl—; TakuM 06pa3oM, ufieH BTOPOrO H3MEPEHHS OCTaHeTCH
1

¢ TeM ke caMpiM KOI(QdULHEHTOM A;, u/leH MepBOro H3MEpeHHN
5
nponanaet, cBOGOAHLIA 4Y/aeH MOAyyHuT A0GaBOK — - [ocne

1
BCeX TakuXx npeo6pa3oBaHHM ypaBHeHHE [MOBEPXHOCTH TpPHMET
BHI

7‘1"]%‘*‘"2"13‘*‘ e +}"rn?+2lr+l nr+1+ et +2lnnn+c =0'

3zech onynpeHs 418 MPOCTOTH 3aNHCH WITPHXH Y KOOPAMHAT,
a CaMH KOOPIHHATH 33HOBO [MEpPeHYMEpOBAaHH Tak, 4TOGM BHa-
yaje UIH KOOPAMHATH, y4acTBYIOlWlHe B kBaapaTuuHofi dopMe,
TaK 4TO Ay, Ay, ..., A, OTAHYHB OT Hynd, A,=0 mpu &k >r.
Ecau npu stoM r=nwnn we r < n, nouncna 4, L g .y 1,
OKa3a/HCb DAaBHBIMH RYJIO, TO Ml M07yyYaeM KAHOHUYECKOe ypae-
HEHUE UEHTPANbHOU NOBEPXHOCTU

Ami+Ani+ . AN+ c=0. (22)

Ecau r=n, To 3Ta NOBEPXHOCTh NPH € 5= 0 HA3WBAGTCH UCTUH-
Hoi, a npu ¢ =0 —xonuvecKoi.

Honyctum, uto cpean uucen /.4, ..., [, HMeeTcs XoTH
66 OOHO OTAHYHOE OT HyAd. Torla M COBEpUIHM HOBOE
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OPTOTOHaNbHOE npeo6pa3oBaHke KOOPAHHAT 110 opMynaM

T1="Mn
Ty =Ny,
- . . . *
T, ="M,

1
Y= (lr+1 nr+1+ s +Innn) ™!

L T S T Y

rae M—nonoxuTelbHH# MHOXHTeNb, obecrnieynBaloutuff opTO-
TOHaNbHOCTb MATPHUH NPeo6Pa3oBaHHsd: TaK KAK y OPTOrOHaNb-
HOH MaTpHilbl CyMMa KBaJpaTOB 3/€MEHTOB KawaoH CTpoxu
JA0MKHA OHTH paBHa 1, To

M2:l?+1+lg+z+ R +lr21

Ocranbhee cTpokH (cnenyiougde 3a (r - 1)-#t) moryt 6mThH
NPOU3RONLHHMH, JUMb Ok MOJYyYeHHas MaTpuua OHia OPTOTO-
HanbHOR (8.95).

B pesynpTaTe storo mpeo6pa3oBahud ypaBHEHHE NOBEpPXHO-
CTH npuoGpeTaeT BHA

M+ ... FATi=2Mr,  ,—

Ecin ¢=£0, ewe onnH nepeHoc Hayana KoOpaMHAT mo ¢op-
Myine '
— 4
Tre1 = Tr+1_'27w‘ .
No3BoAdeT 0CBOOOAUTDLCA OT CBOGOLHOTO YJleHa;, ypaBHEHHE (ONATh
C ONYULEHHHM IITPHXOM y NOCAenHeH KOODAHHATEI) Mo/iyyaeT BHJ

M+ . A =2M1, (23)

5TO — KAHOHUYECKOE YDPABHEHUEe HeUeHTPAAbHOU NOBepXHOCTU.

Beskyio noBepxHocTbh 2-ro nopsizka OyIeM Ha3HBaTh He-
8bLpOKOeHHOl, eclH B ee KAaHOHHYECKOM YDABHEHHH y4acTBYIOT
BCE 77 KOODAHHAT, H 8bipoxsOenHod, eClH B €€ KaHOHHYECKOM
VPaBHEHHH YyacTBYyeT MeHee yeM 7 koopaunat. Bce BBelleHHble
HasBanHd OyAyT pa3biCHEHH B JHajbHeHIieM.
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§ 10.5. Feomerpuueckue coficTsa nosepxuocrell 2-ro nopsnaka

10.561. UenTp noaepxnocnl. Lentpom noBepxXHOCTH

HasmBaeTca Touka x,=(EY, £9, ..., E7), obnanaiowas cienyio-
wuM cBolicteoM: ecau Touka (EY+E,, E3+E, ..., ER4E,
NeXHUT HAa NOBEPXHOCTH, TO CHMMETPHYHASR C HEH OTHOCHTENBHO X,
Touka (§y—E,, E3—E,, ..., E§—E,) Takwe JEMHT Ha TOBepX-

HOCTH. Y TIOBEDXHOCTH ¢ KaHOHHYECKHM ypaBHeHHeM (22) cymie-
CTBYIOT LIEHTPHI; BCAKAa#d TOYKA, IJAH KOTOPOH M;==1y=... =
=1,=0, ABnA€TCA, OYEBUIHO, LEHTPOM. ITHM OOGBACHAETCA
Ha3BaHHE 3TOro Kjacca: UEHTpalbHLIE MOBEPXHOCTH.

[TokaxeM (3170 OyIeT HCNOAb30BAHO B AajdbHelmeMm), YTO
RUKaKux Opyaux YeHTPO8 Yy NOBEePXHOCTU ¢ ypasHexuem (22) He
cywecreyer. He#cteurensuo, nycets (EY, ..., EY) —uentp stoft
noBepxHocTtd. Torma u3 yci1oBHA

A B HED2 A, (B +E)2+ .. A (B 4E)2+c=0

BHITEKAET
L (B —E) Ay (B —8)7 ... A, (B2 —E,) 4 c=0

BhiunTasa BTOpOE paBeHCTBO M3 MEpPBOro, MH MOJyyaeM

7‘1§?§1 + Azgggz + ... + 7\,&3&, =0.

Bo3bMeM Ha TOBEPXHOCTH TOUKY, B KOTOPOH §p=1CF == ... =
=§,=0, §; 5= 0. (O4eBunso, yto ypasHesuio (22) MokHO ynoa-
JeTBOPHTh TakuMu 3uayeHnsmu.) Torxa MH nony4um '

;"lgggl: 09

otkyaa §§=10. Ananoruyno nokasmiBaem, yto El==.., =E£2=0,
4TO HaM W TpebyeTcd.

10.52. UcTuHHBE leHTpPAaAbHbEe NMOBEPXHOCTH,.
PaccmoTpum cHayana HCTHHHYIO LIEHTPaNbHYIO IOBEPXHOCTH, T. €.
NPeNNoNOKUM, 4T0 r=n u ¢ %= 0. Toraa ypasuenue (22) nerxo
npeo6pa3oBaTh K BHAY

2 2
im+%i =,
ai as an
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rae yucaa a, onpeaensoTcs GopmyamH

0, =+ ]/E (k=1,2, ..., )

OHH HA3WBAIOTCH NOAYOCAMU TIOBEPXHOCTH.
IMepenymepyem KOOpAMHATH 3aHOBO TaK, YTOOW CHavana LiiH
cnaraeMule ¢ MONOXKHTENbHRMH 3HAKaMH:

2 2 2 2
BBl el (29
ay ag ag api1 dan

Cnyuah k=0 ecTecTBEHHO HCKJIOYHTb H3 PacCMOTDEHHA,
TaK Kak npu k=0 HHUKaKue BEUIECTBEHHHE 3HAYCHUA My, M, . .+

.., M, HE MOTYT yAOBJETBODHTb ypaBHeHuio (24); B STOM CAy-

yae roBOpAT HMHOTIA, YTO YypaBHeHue (24) onperenser «MHH-
MYI0» MOBEPXHOCTb.

OCTaIGTC 7 PasiMyHBIX THMOB MCTHHHHIX UEHTPANbHHX MO-
BEePXHOCTeH, OTBEYalOUUX 3HaueHusm k=1,2, ..., n

a. B asyMepHom cnydae (n=2) ypaBHenue (24) onpeienser
npu k=1 n k=2 J1Be U3BECTHHE U3 AHANUTHYECKOH rE€OMETPHH
KPHBHIE;

2 2
k=1: 2; — —1 (runep6ona),
1 ag
2 2
k=2: TI; —{——le———-:l {(3naunc).
ay s

6. MNpu n=3 umeem k=1, k=2, R=23 u COOTBETCTBEHHO
TPH HEBHPOXAEHHHE WUEHTPAJIbHHE MOBEPXHOCTH B TPEXMEPHOM
MPOCTPAHCTRE, OMNpele/]fieMHe CAeAYIOUHMH yPaBHEHUAMH:

2 2 2
k=1: ﬂ;—-———“—f——l‘—;"— =1 (aBynonoctumii runepGonoun),
ay as as
nz l ,n2
k=2: —+ J: 13 1 (omsononocTHwi runepGonona),
ay Qg as
,n2 nz n2
k=3: L4242 =1 (annuncoun).
ax ag as

Hanomuum 4HTaTeNl0 MOCTPOEHHE KAXAOA M3 3THX MOBEPXHO-
cTed.

PaccMOTpPHM ceueHHst KawOH H3 HMX FOPH30HTaJbHHIMH MJIO-
CKOCTAMH 1)y = Ca@q4{— 00 < ¢ <{ 00). ITH CeYeHHs MNpeACTaB-
ASI0T CcOGOH COOTBETCTBEHHO: THNEPGONB ¢ BelleCTBEHHOH
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OCBI0 1)y \ \
E=1 A_T_jiey

2
ay as

3/I7THIICH, Ofpele/ieHHBe /s BCeX 3HAYEeHHH &:

2 2
E=2: AL

ay as

SMMHNCH, onpelenenHsie ToaAbko ans |c|<{1:
2 2

. Moy M 2

k=3: —2+ - = 1—c2
a1 Gz

Yro6H ONpeAennTb MOM0MERHs BEPIIHH 3THX Ceuyenul, 10CTPOHM
CeYeHHs TIOBEPXHOCTH KOOleHHaTHHMH NI10CKOCTAMH ’q1=0,

Puc. 2.

Ny=0. Ina caysas k=1 wMb nonyyaeMm mnpu 3ToM JeHCTBH-
TEJAbHOE CEYEHHE TONBKO KOOPAMHATHOH WIOCKOCTBIO T)p=0,
KOTOpoe GyleT npeiAcTasasith coGofl rumepbony:
2 2

MMy
2 2 T 0

g1 as
Bepuinss ruinep6os FOPH3OHTA/bHLIX CeyeHHH OyayT pacrmoaa-
raTbcs na 3Tof KpuBOH; B pe3y/ibTaTe NOCTPOEHHA MOJAydyaeM
lBynoaocTHHR runepboiaoun (puc. 2).
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Puc 3
%
0
ag 7

o3

Puc. 4.
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Insa cayvyas k=2 cedenns o6eHMH KOOPAHHATHHMH I1I0CKO-
ctaMu 1, = 0, 1, =0 npeicrasnsioT co6o# runepbonH C MHH-
MOR OCbIO Mj:

2 2 2 2
MNa M3 4 M My
2 2 7 2 2 —
as as ay as

COBOKYNHOCTH 3JUIHIICOB TOPH3OHTANbHLIX CeYeHHH ¢ BepuiH-
HAMH HAa 3TUX THnep6onax M COCTABNAAET OJHOMOJOCTHHIM rumep-
6onona (puc. 3). Haxonen, B cayvae k=23 cevyenus Koopau-
HATHLIMH MIOCKOCTSIMH 1); =0, My = 0—3naunce; nposoas 3i-
JIMNCH TOPH3OHTANbHHX CeyeHnH, nonyvaem sanumncoun (puc. 4).

B. TloBepxHOoCTH 2-TO MOpSiAKA B NMPOCTPAaHCTBe (OJiee UeM TPeX H3Me-
peHnii yike He NMOLNAIOTCS HATJSJHOMY TeOMETPHUECKOMY IPEACTABJEHHIO.
TeéM He MeHee Mbl MOXEM yKa3aTh H B MHOTOMEDHOM CJyuae CyIIeCTBeH-
Hele pa3/MyMs MeXJAy THIOAMH HCTHHHBIX ITOBEDXHOCTeH, OTBeYalolHX
pa3JHuHBIM 3HaueHHsM k=1, 2, ..., n. By/leM HCXONHTb H3 TeOMETDH-
yeCKH OUCBHJHHX pasiHyHfi B TpexmepHOM npocrtpancrse. Ha asynosoct-
HoMm runepGosonae (k=1) cymecTByer mapa TOYeK, KOTOpble HEMb3sS
nyTeM HENMpPEepHIBHOTO NepeJBHKEHHs MO NOBEPXHOCTH MPHBECTH K COBIA-
JNEHHIO: JOCTATOUHO B35ITh OJHY H3 TOUEK Naphl Ha OJHOH MOJOCTH, a BTOPYIO
TOYKYy—Ha JDPYroil MOJOCTH, 4TOGHl MOJNYuHTb TaKyioo mnapy. Ha omHo-
noJIoCTHOM runepGosonie (k=2) yXe BCAKHE JBe TOUKH MOXKHO NPHBECTH
K COBNAJIeHHIO C IOMOIBI0 HENpPepPEIBHOTO NepeJBHKEHAA M0 MOBEPXHOCTH;
HO eCTb 3aMKHyTasi JIAHMS (HampuMep, TOPJOBasi JHHHSA THNep6OJOHAA),
KOTOPYIO HeJb3si HelpepHBHOH JedopMauHed cBecTH B OfHy Touky. Ha
sssmncouse (k=2) yxe BCsKasg 3aMKHYTasi JIHHHA MOXeT OBbITh CBelleHa
B OfHYy TOUKY. OTH (aKTH MOTYT CJIYXHTb HCXOIHHIM NYHKTOM HpH ¢oOp-
MYJIHPOBKe TeOMEeTPHYECKHX Da3/JHUHH MEXAY LEeHTPAJbHEIMH [OBEPXHO-
CTAMH B n-MEpPHOM IPOCTPaHCTBE.

Brenem cienyrouine onpefenennsi. ®urypa A HaseiBaercs 2omeomop-
#oil urype B, ecqH cymecTByeT B3aHMHO OJIHO3HAYHOE M B3aUMHO He-
npepelBHOE OTOOpaKeHHe MHOKecTBAa ToueK (urypst A Ha MHOXecTBO
Touexk ¢urypst B. ®urypa A, pacnoJoxenHas Ha NOBePXHOCTH S, Hashl-
BaeTcsi 2oMomonHoi ¢urype B, pacnoJokeHHOH Ha 3TOH Xe IOBEPXHO-
ctH, ecan ¢urypa A MoxeT OHTh nepepeleHa B ¢urypy B c noMomeio
H2npepHBHO# JledopMal i, 8 mpouecce KoTopo# ¢urypa A ocraercs Bce
BpeMsl Ha NOBePXHOCTH S

TeoMeTpHUeCKHEe Da3JHYHS MeXKJAYy LeHTPaJbHbIMH INOBEPXHOCTSMH
¢ TOMOILI0 3THX oOnpefeseHHH (OPMYJHPYIOTCS CJeayomHM o6pasoM.
s k=1 MOKHO yKas3aTb Ha NOBEPXHOCTH INapy TOYeK, He TOMOTONHBIX
npyr apyry. Jas k=2 BCfKa® TOYKa Ha MOBEPXHOCTH FOMOTOMNHA BCAKOH
ApYyroil TOUYKe; HO CYINECTBYeT JIHHHS, rOMeoMOpdHas OKPYHHOCTH, KOTO-
pas He romoronmHa Touke. Jlasn k=3 BcAKas JHHHS, TOMeoMop¢Has
DKDYKHOCTH, TOMOTONHA TOYKE; HO CYyIIECTBYeT He FOMOTOMHAsi TOuKe
yacTh MOBEPXHOCTH, roMeoMopdHas cdepe (Toynee, AByMepHOH cdepe,
T. e. chepe B TpexmepHoM mpocTpancTse). [Ipomomkas TakuM 06pasom,
MbI- CMOXKEM COPMYJAHPOBATh RIS KaXJAOro kK OTHUMTeNbHOE CBOHCTBO
COOTBETCTBYIOLIeH IEHTPAJbHOH INOBEPXHOCTH: BCAKAs ee 4acTh, TOMEo-
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MopdHas (k— 1)-MepHoit cdepe, roMOTONHA TOUKE, HO CYUIECTBYET 4acTb,
roMeoMopdHasi k-MepHOil cdepe, KOTOpasi He NOMOTONHA TOUKE. N3 srtoro
pesyabTaTa, B 4aCTHOCTH, BEITEK@eT, 4TO WLEHTpaJbHHE IOBEPXHOCTH
B Nn-MepHOM NpPOCTPaHCTBE, OYEBHIHO, TOMeOMOpdHble ApYr APYry TpH
paBHLIX 3HAYEHHAX R, He TOMEOMOPQHB! APYF IPYry fIpH pasHUHBIX k.
Ha nokasaTesibcTBaX 3THX HHTEDECHHIX TPEJUIOKEHH MBl OCTaHaBMH-
BaTbCa He MOXeM *).

10.53. Kouuueckue mnoBepxHocTH. Paccmorpum
Teneph Clyyal KOHHYECKOH IOBEPXHOCTH: B YPAaBHEHHH (22)
¢ =0. Ypasnenue (22) CTaHOBHTCA OAHOPOIHHIM: BMECTE C TOY-
koH (N, Mgy - - -» 1),) MY YAOBNETBOPAET M TOUKA (1), My, . ..
..., t,) npu mobom f. ITO 03HAYAET, YTO MOBEPXHOCTDL obpa-
30BaHa M3 MpPAMHX JuHHH, MPOXOAALMX Yepe3 Hayalo KOOpIH-
HAaT **), AHaJOIHYHO NpeAbAyLIeMy KaHOHHYECKOe YpaBHEHHE
KOHHYECKOH MOBEPXHOCTH MH CMOWEM 3anHcaTh B BHAE

WL v g
o e = TR .

OleHNM YHCTO PA3NHYHHIX THIOB KOHHYECKHX MOBEPXHOCTEH
npu 3aganHom n. Ecau uncao m=n—Kk OTPHUATENbHbX Ko3¢-
¢HIUHEHTOB B KAaHOHUYECKOM YPaBHEHHH (22) 6onbuwe n/2, ToO,
yMHOXKas ypaBHenue Ha — 1, Mbl MOJyyaeM ypaBHeHHe ToH ke
[IOBEPXHOCTH, HO C YMCJIOM OTPHUATENBHBIX Ko3¢duunenTos,
yike Menpuum 7/2. CnenoBaTenbHO, NOCTaTOMHO PACCMOTPETH
¢/lyyal, OTBeYaloliHe 3HaYeHHsM m<n/2. Ecau n uetHoe, TO,
WcKMouan cayualh Touku (k=10), nojyyaem n/2 pasnTHyYHHX
THIIOB KOHHYECKHX TIOBepxHOCTeH, OTBEYaIOUHX 3HAYEHHSM

m=1, 2, ...,n/2; eciH n HeyeTHOe, TO PaIIHYHHX THIIOB
oKaswBaeTcs (n—1)/2, HMEHHO, OHH OTBEYAIOT 3HAYCHHAM
m=1,2,...,(n—1)/2.

a. Ha nnockoctn (n=12), KpoMe TOYKH, HMEETCH OIHH Tako#
THI (m=1) ¢ KaHOHMYECKHM ypPaBHEHHEM

2 2
M
2 2 T
o ay
CoOTBeTCTBYIOUWMA TeoMeTpHYECKHH obpaz—mapa mnepece-
KAJOULHXCH TMPAMBX C YPdBHEHHSMH :I—l—l-::i%.
1 2

*) Cum. 3eiipept u Tpendan, Tonosorus, 'OHTH, 1938.

*%) 34 eIMHCTBEHHBIM HCKJIIOUEHHEM, KOrJa BCe CJaraeMhie B CyM-
Me (22) OlHOro 3HaKa H ypaBHeHHe OMpelleifieT OQHY TOUKy —Hadajio
KQOpAvHaT.
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6. B TpexmepHoM mnpocTpaucTBe (n—=3), KpOMe TOUYKH,
HMEeTCd Takke TO/NbKO OAMH THI KOHHYECKOH IOBEPXHOCTH

n—i 3—1
T=T= 1> ¢ KaHOHIIYeCKUM ypaBHEHHEM
2 2

M UB Ns

T T =0,

a1 ay as

CooTreTcTByiOUMH reoMeTpHueckull o6pa3— koHyc (pHC. 3;
B YaCTHOM cJ/yude, NpH @, = @,, OPAMOH KPYToBOH KOHYC).

B. Uto6u npexctaButh cebe dopMy KoHHYecKOR NOBEpPXHO-
¢tH B obuieM cayuae, pacCMOTPHM ee CedyeHHe THMepPN/0CKOCThIO

n,=ca, (—oo < ¢ << o0)

2 2 2 2
N1 Nk Ne+1 Na-1 g
_T—I—"’ —?‘—‘——2——...——2————C.
a1 ak Qp+1 @n-1
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D70 ypaBHeHHE COOTBETCTBYET LEHTPaNbHOM MOBEPXHOCTH
B (n—1)-mepHoM npocTpancTBe. Bce 3TH nosepxHocTH (MpH
Pa3qHYHBIX 3HAYEHHAX C) FEOMETPHYECKH DOLOGHBI APYr APYry,
COOTRETCTRYIOLUIHE Da3MepHl MONYOCeH MPONOPIHOHAMbHBL BEITH-
YHHE (.

TakuM 0oGpasoM, Kawias KOHMYECKas IMOBEPXHOCTb B /1-MEp-
HOM MPOCTPAHCTBE MOWeT OLITh NOJydYeHa H3 HEKOTOPOH IeHT-
pansHO# TOBEPXHOCTH B (71— 1)-MepHOM [OPOCTPaHCTBe "R,_1
Ipy TOMOILH [epeMelieHHs 3TOH LEHTPaabHOH MOBEPXHOCTH
BROJb OCH, NEepPIeHAMKyAspHOH K R,_;, ¢ OLHOBPEMEHHBIM MPO-
MOPIHOHAJIBHBIM DACTSXKEHHEM BO BCeX HampapieHusix. YTOOH
MOJAY4YHTDb [IpH 9TOM BCe BO3MOXHbBIE THIBI KOHHYECKHX MNOBEpPX-
HOCTeH, HOCTATOYHO HCMOJb30BATH JHIIb TE LEHTpPAIbHBE IO-
BEPXHOCTH B (77— 1)-MepHOM NPOCTPAHCTBE, AN KOTOPHX YHC/IO
OTpPHIlATEJNbHEX CJ4araeMBIX B KaHOHMYECKOM YDABHEHHH He mpe-
Bocxomut (n—1)/2.

10.54., HeBupoXOZeHHBE HEULEHTpaJdbHHE MO~
BepxHOCTH (napaGosonnn). Tem xe nyTem, kak u B 10.52,
MH MOXEM MPHBECTH KAQHOHHYECKOE YpPaBHEeHHE HELeHTPaJbHOH
HEBHIPOWAEHHOR MOBEPXHOCTH K BHIRY

2 2
Ak+1 an-1

2 2 2 2
Mo D e Tt —9p,. (25)
az (3
OleHHM YHCIO PA3IMYHHX THIOB HEBWPOXJEHHBIX HEIEHT-
panbHHX noBepxHocTeR. EC/M 4MC/I0 OTpHIATENbHBIX c/laraeMbix
B 7eBofi 4acTH ypasHeHus (25) Goapwe (n—1)/2, TO, yMHO-
kasi ypasHeHHe (25) Ha —1, MH nojiyuaeM ypasHeHnHe TOH xe
MOBEPXHOCTH, HO C YHC/IOM OTpHIlATEJbHHX CJIaraeMblX B JieBoH
qacTH, MeHbmuM {7-—1)/2, ¥ ¢ HU3MEHEHHHM 3HAKOM MpPaBOH
yactu. [locie 3epKaJbHOrO OTPaXEHHs T, = —1), 3HAK y mpa-
BOI 4acTH BoccTaHapaudercs. Takum 0o6pasom, YHCAO Pasiiny-
HHIX THIOB HEBLIPOXEHHHIX HEIEHTPA/JbHEIX NMOBEPXHOCTEH (ecin
HEe MpPHYMCJSITL K DPA3/IHUHBIM THIAM I[IOBEPXHOCTH, MOAY4Yalo-
IHecH APYT M3 APyra 3epPKa/JbHBIM OTpPaeHHeM) OMpexeseTcs
KOJHYECTBOM UEIbX YHCEd 7, YNOBAeTBOPAIOUIHX HEPABEHCTBY
0<Cm<C(n—1)/2; 3TO KONMYECTBO PABHO 7/2 NPH HETHOM 7
u (n-+1)/2 npu HeueTHOM ~.
a. Ha naockocty (n=2) cyumecTsyeTr eAMHCTBEHHAsh HEBHI-
pOWJEeHHAs HelleHTpa/lbHas KpHBas (mapabosa) ¢ KAHOHHYECKHM
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ypaBHEeHHEM

i=2am, (m=0).

6. B TpexmepHOM NpPOCTPAHCTBE HMEIOTCH [BE HEBHLIPOWKIEH-

n+1
HH€ HELleHTPaJbHbE MOBEPXHOCTH (1= 3; =2):

no,om: :
1) 5+ —==21, (m=0) (3naunTadecknst napa6onouz),
ai Qs
2 2
2) ﬂ;———ﬂ%=2n3 {m=1) (runepGonuueckutt napabonouz).
ay Qs

B nepsoM cny4ae ceueHne HOBEPXHOCTH IVIOCKOCTBIO T)3=
=C > 0 npexcrasaseT coGoi 4HNC; YTOOGH ONpeReNHTh MO-
J0XEHHe BEDINHH B3JIIHNCA, MOCTPOMM CeYEeHHS MOBEPXHOCTH
KOODAHHATHHIMA NAOCKOCTAMH M, =0 1 m,=0. B kaxmom u3
9THX cedyeHHH MH noayuuM napabony; caeib 3THX mapabosa Ha
MNOCKOCTH My = C yKaXyT HONOXKEHHe BeplHMH 3JUIHICA.

[Monyuyarwuiascs MOBEPXHOCTh (pHC. 6) M €CTh SJUIHITHYECKHH
napa6o/iont (B 4acTHOM cjydae, NpPH 4@, = @,, KPyroBoi mnapa-
6o/0uI).

Bo BTOpoM ciyuyae cedeHHe MOBEPXHOCTH MJOCKOCTBIO T)g=
=C >0 npeacrasasger co60H runepbony ¢ BellecTBeHHOR
OCbI0 1);. YTOOH oOmpenesHTh MONOMNEHHE BepLIMH, PACCMOTPHM
ceyeHHe MOBEPXHOCTH KOOPAHHATHOH MOCKOCTbIO 1), =0; B ce-
YeHHH NoAyuuTcs mapadona mi=2aln,, ciel koTopo# Ha miaoc-
KOCTH 1y =C yKaweT moJoxeHue BeplwinH runepboin. Ceuenne
NI0CKOCTBIO Mg = C < 0 mpeacrasasger cobof rumep6onay c Be-
ILECTBEHHOH OCBI0 Ty, BEPLIMHH 3TOH rumep6oaH Jexar Ha
napa6one mi= —2ain; B MIOCKOCTH 1), =0.

B ceuennn ny; =0 nosnyuaem napy mpsMex, KOTOpbe CIyHKaT
aCHMITOTAMH JJIf Npoekuudf Ha mIOoCKocTh mMg=0 Bcex pac-
CMOTPEHHHX HaMH runep60/] B TOPH3OHTAJbHHX CEYEHHAX IO-
BepxHocTH., CaMa MOBEPXHOCTb M €CThb runepGojuueckuit napa-
Gonoun (puc. 7).

B. Yrtobu npexcraBath cebe ¢opMy NOBepXHOCTH (25) B
obuieM cayuae, GyneM CAeJuThb 3a H3meHeHHeM dopmbl ee ce-
yeHus runepmaockoctbio 1,=C npn wusmenesnn C or 0 1o
+o00. B kaumoM TakoM ceueHHH MNOAyyYaeTcs LeHTpajbHas Mo-
BEPXHOCTb B (n—1)-MepHOM mpocTpaHcTBe. Bce 3TH moBepx-
HOCTH MOXOGHH ApYyT APYTY; COOTBeTCTBYIOLUHE pa3MepH Moay-
oceff (B OT/IHUHE OT KOHHUECKOH HOBEPXHOCTH) H3MEHSIOTCH IO
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napaGosHyeCcKOMy 3aKOHY (IIPOMOPIHOHANBHO KOPHIO KBaApaT-
oMy u3 C). [lpy C=10 ueHTpanbHas ~NOBEPXHOCTh CTAHOBHTCS
konnyeckodh. IIpu C < 0 ueHTpaibHas MOBEPXHOCTH MEPEXOAHT
B CONPAMEHHY0 nosepxHocts (T. e. KOSM(pHUHEHTH KaHOHH-
YeCKOr0 YpaBHEHMS C OTPHLATE/NbHEMM M TONOKHTENbHHMH
3HaKaMH MeHs1oTCs poasiMu). B wacTHOM cnyyae, Korma Bce
K03 }UUKMEHTH ypaBHenus (25) omHOTO 3HaKa,—1Js Onpele-
JEHHOCTH MOJOWHTENbHOTO, —OBEPXHOCTh CYULECTBYET TOMbKO
B nonynpoctpaHcTee 1, = 0.

Puc. 6.

Haspanne knacca paccMaTpHBaeMHX HeBHPOXIEHHBIX NMOBEpX-
HocTelt OGBSICHAETCH TeM, YTO OHH IeHCTBMTENBHO He 006 1a-
nawT uentTpom. [pu n=3 3To ouyeBnaHo u3 puc. 6 u 7.
B oBwiem cayyae A8 N0KA3aTeNbCTBA HOMYCTHM MNPOTHBHOE!
nycTh nosepxHocTb (25) mmeer uentp (M3, M3, ..., Mp). Tax
K4K 3TOT LEHTP HOMKeH OhTh, B YACTHOCTH, LEHTPOM CHMMET-
puu ceyenus 1), =15, NpeACTaBAsioulero Cco6oH HeBHPOXIEH-
HYI0 LEHTPanbHYI0 MOBEPXHOCTb B (72— 1)-MEpPHOM TNPOCTPaH-
CTBe, TO HeoOXOIMMO

MW=n=...=np_;=0.

TakuM o6pa3zoM, LEHTP HOMKEH HaXOAUMThbcA Ha ocu N,. [lepedi-
ZeM H3 TPOH3BONBHOH TOUKH (Mg, Mg, ..., Nuey, Ma—+90), ne-
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WaueHd Ha NOBEPXHOCTH, B CHMMETPHUHYIO TOYKY (—1, ...

oy —Mp1, Ny—29). Tlpn 3TOM ypaBHedne (25) He XOMKHO
napymuthc. Ho neBas ero uacTh ocTaeTcs HEH3MEeHHOM TIpH
YKa3aHHOM mepexone; Clel0oBaTe/lbHO, HE MEHAETCS H TMpaBag
4acTh, OTKyZa BhTekaer, 4to 6 =0. Msl noayyaeM, 4to Ha

Puc. 7.

NOBEPXHOCTH BOBCE HET Todek ¢ 1,54 m;. Ho, ouesnauo,
ypaBHenue (25) nonyckaer pewenue (M, Mg, - - -, M,) € N, 5= M.

O/lyYeHHOE MPOTHBOPEYHE TOKA3HBAET, YTO HAIIA NMOBEPXHOCTD
HE MOXET HMETh LEHTpa.

10.556. BuipowIeHHbHE MNOBEPXHOCTH. BHpoxkaeH-
HbIMH Mbl Ha3BaJH Te MOBEPXHOCTH, B KAaHOHHYECKHX ypapHe-
HUAX KOTOPHX yyaCTByeT MeHblie 4yeM 7z koopauHaT. [lycTs,
HallpHMEP, B KAHOHHYECKOM YPAaBHEHHH OTCYTCTBYET KOOPIH-
nara 7, Torza Bce cedeHHs nOBepPXHOCTH (n— 1)-MePHbIMH
THIEPIIOCKOCTSAMH 1), = C (~— 00 < C < 00) NpeacTaBsiIoT COG0H
OJIHy M Ty e MNOBEPXHOCTb B (72— 1)-MePHOM NpPOCTPAHCTBE.
CnenosatellbHO, 8CAKAR BbLPONCPEHHAA NOBEPXROCTL 00pa3yercs
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napaiseibHoLM NepeHocom HeKOTOpOl NnOoEepxXHOCTY 2-20 nopsd-
ka 6 (n—1)-meprom npocrpancrse R, _, 80046 nepneHOuKyAapa
Kk aromy (n— 1)-meprHomy npOCTPAHCTEY.

a. Hafimem cooTBeTCTBylOlUIHE JIHHMH HA MJIOCKOCTH (n=2);
TaKk Ka¥ B KAHOHHYECKOM YDaBHEHHH B LAHHOM cllyyae MOXET

yi{aCTBOBaTb TOJIBKO OJHAa KOOpIHHaTa, TO 3Tu YpaBHEHHE
HMEeT BHI

[Ilpu C>0 wMu mnonyyaem napy mnapajielbHuX —TNPAMEX,
npp C=0—mnapy CAHBIIMXCA TMPAMBHX, TNpPH C < 0 —wmHuMyI0
NHHHIO. ‘

6. Uto6H MOCTPOHTH BHIPOXAEHHBE TMOBEPXHOCTH B Tpex-
MepHOM MPOCTPaHCTBe (7==3), HYWHO NMOJBEPrHYTb NMapasiiesb-
HOMY TepeHoCy BIOAb OCH T); BCE KpHBHE 2-rO MOpsAKA HA
NNOCKOCTH (M);, 7). IIpy sTOM 3aaumc, runepBosa, napabona
COOTBETCTBEHHO NAIOT IMIHMNTHYECKHH, rHnepbonuyeckuif, napa-
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6onnueckuél UHAHHAPH (pHuc. 8). [lapa npaMbix, nepeceKawLIHxXCs,
napajjeflbHHX MWJAM CAHBLUIMXCS, NPHBOJHT COOTBETCTBEHHO

I

"

V., 7/

Puc. 9.

K T1ape MIOCKOCTel —MnepeceKalomuxcs, NapayJielbHuX HIH
causiuxcs (puc. 9).

§ 10.6. AHanu3 MOBEpPXHOCTH MO ee 06meMy ypaBHEHHIO

10.61. Mo omucann Bce BO3MOXKHHE THNH MOBEPXHOCTEH
2-r0 ropsiIKa B n-MEPHOM €BKJHIOBOM NpPOCTPAHCTBe. Tun mo-
BEPXHOCTH OmNpeAeNsieTcs MO ee KAHOHHYECKOMY ypaBHeHuwoo. Ho
44CTO MOBEPXHOCTH 3a1aeTcCsl He KAaHOHHYECKHM, a OOLLHM ypaB-
HenneM (19) n GbiBaeT CyluecTBEHHO ONPENENUTH THI I[OBEpPX-
HOCTH, HHEIMH CJIOBAMH, NOCTPOHTb €€ KAHOHHYECKOE YDaBHEHHE,
He NpOM3BOAf BCex mpeoOpas3oBaHuif, OMHCAHHWX B 10.42.

OxasmBaetcs, 4TOOH HANHCaTh KAHOHHYECKOE ypaBHEHHE
NIOBEPXHOCTH, 3474HHOH ypaBHeHuem (19), AOCTATOYHO 3HATH
CleAYIOIHEe BeIHYHHH!

a. Kopuu mHorounesa n-#f crenedm

ay—h ay, ... ay,
a9y 23— A Aon
ayy Qpa ann‘—}‘
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6. KospduuneHTn MHOTOU/EHA 7n-H CTENeHH

aj—A @y ... G, b
Qg1 Gp—h ... a4y Dy
A, (A= - .. . . N I
4,1 () L arm_}“ bn
by by e by c

Uro6n MNONYYHTh fIBHHE BHIPAWEHHA IJd K03ddHIHEHTOB
3TOr0 MHOTOY/EHA, HCHO/b3yeM JHHeHHoe CBOHCTBO ofpenenu-
tens (/.44). Kaxkami cronGeu onpeaenntens A, (M) (xpome
MoC/ieIHEer0) MOKHO HPEACTaBHTh B BHIE CyMMH IBYyX cTon6LOB,
MepBHi M3 KOTOPHX COCTOHT H3 HHC/MA &;; (=12, ...,mJj
¢$HKCHPOBAHO) H yMcaa b]., a BTOPOH—H3 7. HyNed W 4YHC/a
Z_ 2. CoortpeTcTBeHHo omnpegenutens A, (A) mpeacrasisercs
B BUAE CyMMB HEKOTOPOTO YHcAa ompeienuteneh, KaWILA U3
KOTOPHX [0J1y4aeTci 3aMeHOH HEKOTOphX cTtonbuoB (Kpome
noc/jeaHero) B MaTpHle

Gy Q13 ++- 1, Dy
Qg Qg « .. Qg by
A=l - e (26)
anl an2 tte arm bn
b, by ... b, ¢

Ha ¢TOAGLH, COCTOsILHE H3 72 HyJeH M OJHOro 3JemeHTa —A,
mpHueM Tak, YTO YHCAO —A OKa3wWBaeTCs HA r7aBHOH JHaro-
Hanun maTpHuW. Kawawi u3 9THX onpepenurene# mocne pasio-
JEHHsi 10 TeM CTO/A6LaM, B KOTOPWX CTOAT uucna —A, MpH-
BOJHTCA K BHAY

(—x)k Mn+1—k!

rme k—uucno CTOAGLOB, COAEPWAIMX 3JEMEHTH —A, a
M, .y _,— HEKOTOPBIH MHHOD (n+1—~Fk)-ro mnopsaka MaTpHLH
A;. DTOT MHHOD XapaKTepeH TeM, 4TO B HeM BMeCTe ¢ Kaw 0%
CTPOKOH MaTpHUN A; HCMOAB3yeTcs cronbel, 3TOR MaTPHLH
C TAKMM e HOMEpPOM H 3aBeIOMO HCMOJb3YIOTCA MOC/AERHAS
CTpOKa M TocJeAHul cTonGell 3Toi MaTpuuL. MHuHOPH, obna-
JalOlHe STHM CBOMCTBOM, Mbl GyJeM HA3LIBATh OKAUMAAIOUUMUL.
OueBHAHO, YTO Kak AW H OKaHMJAIOWHMA MHHOP MAaTPHILLI A,
NORBHTCH B pa3fiowenun omperenutens A,(A). Orciona Mul He-
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MOCPEACTBEHHO MOAy4yaeM, 4YTO Koapguyuent npu (—A)* s pas-
aogcenuu onpedeaurean A; (M) no crenewam —) pasen cymme
8cex OKaUMARWOUWUX MUKROpos nopadka n--1-—k. Pasioxenne
onpenemurenss A, (A) yno6Ho 3amucaTh B BuAE

AM=o, —arta, A—... 4 a; (—A)%

npu Takofl 3amucn Koapduument @, OyldeT paBeH CyMMe Bcex
OKAaHMJMIOWHX MHHOPOB MATPHUW A;, HMEIOWHX NOpPaioK &,

10.62. Kopuu xapaktepucTHYeckoro MHuorousnena A (A), kak
MH yxXe 3HaeM, U4I0T HaM KO3(QUUHEHT NpPH KBaapaTax mnepe-
MEHHHIX B KaHOHHYECKOM ypaBHeHHH. YTOOH HaliTH ocTaBIHHCH
uneH (HYyNeBOH CTEMEeHH, eC/H KAaHOHHYECKOE YyPABHEHHE HMeeT
BuA (22), uau nepBOM cTemeHH, ecaAM OHO HmeeT BHA (23)),
HEO0XOAHMO BHISCHUTL noBeaeHne Ko3(QUIHEHTOB MHOrOY/IeHa
A, (A) npn npeo6p4a30BAHUAX KOODPAHHAT.

Paccmotpum B (72 - 1)-MepHOM €BK/MZOBOM MpOCTPaHCTBe
R, ., KBampatnunyio ¢opmy

Avx, x)= X apdbt2 B bkt ki, | @N)

rae &y, &, ..., &, &,,1—KoopmiunaTh BekTOpa x €ER,,, B
HEKOTOPOM OPTOTOHAJAbHOM HOPMHPOBaHHOM GasHce ey, e,, ...

.y €, €,,.1. OTOH KkBaZpaTHYHOH ¢opMe OTBeyaeT CHMMeT-
puuubiét onepatop A,, umeiowuit B Gasuce {e} maTpuuy (26);
Mbl Gyrem 0603Ha4aThb 3Ty MaTpPHIy TaKke 4Yepes A,

Hapsiny ¢ stuw onepatopom paccmorpum onepatop E,, on-
penensemnii pasencteamn Eye,=e, npy k<n, Epe,, ,=0.
Emy otBewaeT caexylowas Martpuua (B TOM ke 6a3suce
e 83y ov ey en+l):

E, = - (28)
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O603HaunM uepe3 R, MOXNPOCTPaHCTBO ¢ 6a3ucOM M3 BeK-
TOPOB €q, €3, ..., €,; omeparop E, B 9TOM mOANpOCTpPaHCTBE,
OUEBHAHO, SIBASETCS TOWIAECCTBEHHHIM OMEpPaTOPOM.

[lycTb XaHO HEKOTOPOE M30MeTPHUYECKOE npeo6pasoBanue Q
B MpOCTpaHcTBE R,; OHO MEPEBOXMT OPTOTOHANBHEIA HOPMHPO-
BaHHLIH 6asuc ey, €y, . .., €, B HEKOTOpHH Gasuc fy, Sas oo s s
TaKke OPTOroHalbHHH M HOpMupoBaHHbH. [locTponM H3OMeTpH-
weckoe mnpeoGpazoanue Q, B mpocrpanctse R, .,, monaras

Qlelzfl) Q1e2—_—f2, KRR Qlen:fm Qlen+1:‘en+1= n+l
Ecain marpuma omepatopa Q B mpocTpancTBe R, Hmena Bux

i qu 12 +-- G1n
0= d21 G2 ‘fzn- ,

qnl qnz ct qnn

TO B MpoCTpaHcTBe R,,; MaTPHLA NOCTPOEHHOTO OmEpaTopa Q
6yJeT HMETb BUX

911 G12 -+ G1a O

go1 Q22 -+ Gon O

qnl qnz ot qnn 0

0O 0 ... 01

Sta MaTpHua oTBeyaeT credyiouum ¢opmynam npeoBpasoBaHHs
KoopauHat (8.94):

Ei=quM Tt -+« T 91
Ea=q1aM T a2t « - T Guas

Q1=

e e e e e e e e e e e e } (29)

£ =1+ 2nMe+ - - - T s |

Err1= MNn+1- J
Onepatop A, B HoBOM OGasuce fy, fy, ..., fy41 HMEET

MaTpHLY A(f)zQ‘lA(e)Q (6.51); omepatop E,—rTy #e marpu-
uy (28), uto u panpme. Cornacro 5.52 CnpaBeiIHBO PaBEHCTBO

Ionyctum Tenepb, YTO B KauecTBe MnpeoGpa3oBaHus Q 6uao
BHGpaHO TO caMmoe, kotopoe B /0.42 npHBOAMIO KBaAPaTHUHYIO
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b ]

dopuy A(x, x)= X

i

a;,8:8, K KaHOHHYECKOMY BHIY

n
A(x, x)= 21 Ami.
=

W3 dopmyn (29) Bbitekaer, uTo npeoBpasosanne Q nepe-
BOXHT KBAaAPATHUHYIO dopmy (27) oT n4- 1 mepementoro B opmy

n n
2 Ami 2 B nn, s ony.
= [=
Matpuua omepatopa A,, KOTOpas, Kak MH 3Haem, npeobpaay-

ETCS ONHHAKOBO ¢ MATpHLled KBaxpaTuynol (opuul, mpuoSpeTaet
noce 3TOro npeobpasoBaHus CHEAYVIOUHH BHI:

}"1 11
Ay 0 Iy
" A !
A, = r r
o 0 0 Ly
01,
Lily ...lLl, ...1c
Muorounen A, (A) = det (A, —AE,) 6yaer pasen onpezenntemno
M—A 0 ... 0 0 ... 0 4
0 A—A ... 0 0 ... 0 4
0 0 ...h—X 0 ... 0 [
0 0 ... 0 —A... 0L,
0 0 0 0 —Al
Lo A I ¢

Kosddunnentst 370r0 MHOroWIeHa MOXHO BHYHCAUTH ¢ mO-
MOIbIO OKAHM/SIOLIHX MHHODOB MaTpPHLb Ay TaK ke, Kak ond
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BHYMC/SIHCh paHblile Yepe3 OKaHMJAIOUIHE MHHODH MATPHIH
Ay =4;-

3ameTHM, 4TO npH r < 7 BCe OKaHM/AIOWHE MHHOpH MAaT-
puusl Ay, BHIIE (r+ 2)-ro MOpsAKa 3aBELOMO o6pamanTcs B
Hylb, TAK KaK COLEPKAT JBa MNPONOPUHOHATLHBIX croabua.
Takum 06pasom, npu r < 71 KOIPPHUUHEHTH &, .5, Frigr -«
paBHH HYJIO.

Kpome Toro, npu r < 72 B OKaHMJAIOWHKX MHHOPAX (r+ 2)-ro
nopfaKa, KpoMe 3aBelOMO PaBHHX HYJIO, HeoO6X0oUMO  HCIO/b-
3yloTCS MepBHE r CTPOK M r CTONGLOB MaTpPHUH Ap.

B okaHMIsIOLMX MHHOpaX (r-F-1)-ro MOpAAKAa MOTYT M HE
HCNOAB30BATHCA 3TH r CTPOK H CTONOLOB; OTMETHM BCE Xe JIBA
ciyyas, KOrAa 3TO HCNO/Nb3GBAHHE 33BEIOMO HMEET MeCTO:

1) r=mn; oueBumno, 4TO Yy MATPHLA A, uMeeTcs eIHH-
crennnfi munop (r 4 1)-ro, 1. e. (2 1)-ro nopsaxa, cosna-
najoum#i ¢ ee ONpele/nTeNeM; OH COAEPKHT BCe CTPOKH H
cTon6upm MaTpuib A j.

9 r<n by =1l g=-..=1,=0; xpome 3aBEAOMO paB-
HHX HYMI0, HMeeTCs OIHH okalimasiowutt murop (r--1)-ro no-
psiiKa; OH JIEWHT B CTPOKax H cToabuax ¢ Homepamu 1,2, ...
veo, Iy n4 1,

10.63. TlocMoTpuM, axanee, KaK OTPa3HTCs HA MATpHUE
onepatopa A, cnenyomu#l aran npeo6pa3oBanuii ypaBHeHHs (19)

§ 10.4, nMelomMH e/IbI0 aHHYIMPOBAHUE BENHUHH Iy lgy ooy e
Tocne npeobpasoBatud

lv l ’
M=+ 5 Nty ="k (k=2,8, ..., n+1)

Matpuua A, NEPEXOAMT B MATPHUY

AO ...0 0 ... 0
0 A ...0 0 ... 0 I
00 ...A O 0o
Ap=lo 0 ...0 0 0 I |-
000 ...0 0 0
~ l
R R A
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Onepauus, nponsBeneHHas ¢ MaTpHLUeH Ay, MOXeT OuTb
OMHCaHa eule TaK: H3 MOCMELHEr0 CTOAOUA BHYTEH nepeuift

l
cToN6el, YMHOXEHHMH Ha Tl’ a 3aTeM M3 mocnenHel CTPOKH
1

l
BHIYTEHA Meppas CTPOKA, TaKkKe YMHOXKEHHAsd Ha 'A_l . AHanorunyso
1

MOXHO oOnucate najbHelmue npeo6pasoBaHuﬂ, HUMECIOLLIHE LENbIO

aHHY/HPOBATb BENHYHHHW [y, [, ..., [;; B peaynbtaTe BCex
3THX TpeoOpasoBafHuit MaTpuua A(p NMepexoaHT B MATpHLY
LO ...0 0 ...00
0 A; ...0 0 ...00
an 00 ..., 0 ...00
h=i0 0 ...0 0 N
00 ...0 0 ...0 ¢
00 0 L., ...10c

Ilpn 3THX npeoGpa3oBaHMAX 3aBeNOMO He H3MEHAIOT CBOIO
BE/MUHHY Te OKaHMJAIOUIHE MHHODHW MaTpHUH A, B KOTOPHX
y4acCTBYIOT nepBuie r CTPOK H r CTOJAGLOB STOH MaTPHLH.
PaccmoTpum MHorounew

M—A 0 ... 0 0 ... 0 0

0 A—A... 0 0 ... 0 0

Ao 0 0 ...A—A 0 ... 0 0
rTM=l o .0 —A... 0 L,|=

0 0 ... 0 0 .. —AI

0 0 ... 0 l,...1 ¢

= O — A+ .. el (—A)n

Kosdduunents 3TOoro Muorousesa BHUMCARIOTCS Yyepe3 oka#t-
MISIOIHE MHHODH MaTpHUW A{) 10 TeM Ke NpaBuAaM, YTO H
Ko3dhdHUHeHTH MHOTOUMeHa A, (A) yepea okaHmAsiomHe MHHOPH
MaTpuus A ,. B cuay naokaszaworo Bhilte CBOHCTBA HeH3MeH-
HOCTH MHHODOB (r - 2)-ro nopsaka (mpu r < n) Mu nonydaem,
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YTO O, ,= 0., TaK e B JBYX YKa3aHHHX OCOOHX cilydyasix
MBl GYNEM HMETh Q. ;= Oy q.

10.64. Paccmorpum cHauana oco6hit cayuya#t r=n. Toraa
ko3(pUUHEHT @, MHOrOYNeHa A{” (A) paBeH, oueBHIHO, NPOU3BE-
neHH0 AjA, ... A, €; TeM caMbIM BEAHYHHA € B KAHOHHYECKOM
ypaBienun (22) okasniBaeTCsi PaBHOK

’
Olntl Ont1

VY IO W W VR W

10.65. Tlycte Tenepb r < n. OnpenennM HywHHH A1 Aanb-
nefimero kosdduument o, ,, y muorounesa A{” (A)*). Oxaiim-
ASIOLME MUHOPH MaTpPHUBL nopsiaka r-2, 3a HCKIOYEHHEM
34BEJOMO PABHHX HYJI0, HMEIOT BHI

A O .0 0 O
0 A, .0 0 O
ce N 2
00 . A0 0|7 YV WO W
00 . 00 ¢/,
00 . 0/, c
(m=k-+-1, ..., n), u ux cyMmma, paBHas KoO3dduUHEHTY

Opyy== O, BEHIDAWAETCH B BHIE
—MAy o A (TR D).

BeroMuuM, 4TO yCJAOBMEM [PHBOAMMOCTH ypaBHeuus (19) k
kanonudeckoi dopme (23) 6m10 HalHyHe cpeln Ko3ddHUHEHTOB
lys1, -+, 1, XOTS OB OIHOTO OTIMYHOTO OT Hy/s. Tenepb Mbl
MOXEM SKBUBAJEHTHOE yc/NoBHe c(hODPMYJHPOBATH B BHIAE Hepa-
BEHCTBA

%y g 70

M ONHOBPEMEHHO YyKa3aTb (opMyny Ins BhYHCIEHHS K03GdH-
nuenta M kasonudecko#t dopmb (23)

22 2 Gr4s
M=l oo A li=—g7

*) Herpyaro npoepuTb, 4TO H y MHorousena A{? (A) Bce Koaddu-
LMEHTEL O, TpH m>r-+2 B 3TOM cJyuyae 3aBefOMO O6pAallalOTCA B HYJIb,
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Ecan we o, ,=0, T0 L = 4= ... =1{,=0 n ypapse-
HHe MNPHBOXHTCS K KaHOHHUEcKOH opme (22). Mb npUXOAUM
3mech Ko BTOpoMy ocobomy cnydaio. Koadduunent Obpyy == Ciryy
B 9TOM Clydde PaBed, OYEBUAHO, UPOH3IBEIEHHIO

Mrs ... A,
OTKyA2 KO3QHUHEHT ¢ KaHOHHUECKOH dopubl (22) moiyqasTCa

paBHbiM

¢;+1 — CLryy
Mohg o Ay Aghg e Ao

10.66. [lpuBeneM CBOJAKY MOJYYEHHBX pE3y/ibTaToB. pu
STOM KOPHH Aq, Agy «.., A, XaPAKTEPHCTHYECKOrO MHOOWNEHA
A (M) ycaoBuMcsi, KaK M pawee, BuMCHIBATH B TaKOM NOPSIKE,
4T06H CHAYANA LIAH KOPHH, OTinudnie oT Hyns. [lpon3senenue
Ay ... A, oGo3naunm uepes A,

Hanupte KanoHHuecKoe ypacHeHNe

}"n 7& 0 7»1“1%4—7\271?:-4----+7vn7]fr%-a'xl=0

}"11:0 \an+1:}é0 }"1“}'+’}"2ng‘t--"{’}"rz—lnr’l—1+
Gt g
+2]/ oo h=0

}"n—l;éo [ mn+1:0 Alni+lzng+“'"*'"!1-1“?1—1"1_

®p
Apar

=0

Ay_1=0 Va, #0 7»ﬂﬁ+7~m§-‘r- cee +}"n-17|121—1+

2)/-—“" N,-1=0
+ An_g Nn-1

Moz £0 ) ay=0 | A Aamit . Ay iea b PR =0
n—2
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§ 10.7. IpmMHuTOBO-KBaApPATHYHbIE (POPMBI

10.71. Muorue u3 TeopeM npelbAyLHX naparpacos mnepe-
HOCATCH HA KBAZpATHYHBIC (PODPMBI B KOMILTEKCHOM [IPOCTDPAHCTBE.
Haunem co chaenyiouled OCHOBHOH TeOpeMkl:

Teopewma. B n-mepron ynuraprom npocrpancree C, scakas
3P MUTOBO-BUMHEIHAS CUMMET PULHAS (POPMA UMEET KAHOHUYeCKUL
6a3uc U3 n B63GUMHO OPTOZOHANbHLLX BEKTOPOS.

HoxazaTenbcTso. Jludeiinpil onepatop A, oTseuaroini
JaHHOH 3pMHTOBO-GuaHHeiinoil cummeTpuuHOH dopme A (x, y)
(9.18 a) 1o dopuyae

A(x,y)=(Ax, ),

HMeeT B MIOGOM OpPTOHOPMHPOBaHHOM Gasmuce mpocTpanctea C,
Ty Ke MaTpumy, uTo ® ¢opva A(x,y), H, ClAelOBATENbHO,

spMuToBO-cuMMeTpruen (af® =af’, j, k=1, ..., n). B cuny
TeopeMnl 9.84 B mpocTpanctBe C, UMEETCA OPTOHOPMHPOBAHHKIA
Gasuc e,, ..., e, M3 COOCTBEHHHIX BEKTOPOB omepartopa A.

B s3TOM Gasmce MarTpuua omnepatopa A AuaronanbHa; C/ieLoOBa-
TeJAbHO, B 3TOM Basuce AMAaroHanbHa ¥ MaTpuua dopmn A (X, ¥);
takuM o6pa3oM, 6asuc e, ..., e, €CTb KaHoHuueckuit Gasuc
dopmel A (x, y). Teopema moxasana.

10.72. Vi3 Teopemw J0.71. ciaedyer, UTO BCAKAA CHMMET-
pHUHAS 3PMHTOBO-KBampaTHuHas ¢opma A (x, x) MOwer OHTH
NpHBEIEHa K KAHOHHUECKOMY BHIY

i
Ax, x)= 2015
1=1
YHHTapHBIM NPe0OPA30BAHUEM,
[TocnenoBaTeNbHOCTh AeHCTBUH, KOTOPLE NPHBOAAT K Omnpe-
NEJeHHI0 KOOPIMHAT BEKTOPOB MCKOMOrO KaHoumueckoro Gasuca
u uucen h;, TaKOBa e, YTO B BELIECTBEHHOM Cilydae (10.13).

10.73. HafizeM cTaumoHapHmle 3HaueHHs Ha eXuHHuHOH cdepe

n
Al 2 o
%[gjl =1 3pPMHTOBO-KBAaZDATHYHOH CcHMMeTpHYHOH (OpMEI

i

A (x, x). Kax mol nomuum u3 9,156, popma A (x, X) npuaumaet
JHIIb BemecTBeHunle 3Havenus. IlycTb e, ..., €,—OpTOHOP-
MaJbHLIl KaHoHHueckull Gasuc dopmbl A (x, x). B 3Tom Gasuce
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MBI HMEEM

Al(x, x>=§1k,-l§,-l2= ],Zl hi(of +1); §y=0;,+ 175

(%, )= 21§ P = 2 (@} + 7).

Ieitcteyst no meroay Jlarpawxka, NpHPAaBHHBAEM HYJIO HACTHHIC
npoussonnsie GyHxuun A (X, x)—A(x, x) no xawjao#h u3 2n
BELIECTBEHHHX KOOPAHHAT O; H T (j=1, ..., n). Ilpn atom
MoNy4yaloTCsd ypaBHEHHUs

21,0,—2hg; =0, }

j=1, ..., n
2h v, — 201, =0,

DTH ypaBHEHHs| YJOBJETBOPAIOTCA HAa BEKTOpe X ¢ [x]=1,
ML ecAH A COBHAZAeT ¢ OAHHM W3 3HAYCHHE Ay, ..., A,
Mycth A=A, TOIAAa DENIEHHEM CIYXHMT BEKTOp X C KOOpIH-
natamy §;=0;-+ it;,= 0 npu j#k u |E,|=1. CrenosarenbHo,
Kak H B BewlecTBeHHOM ciydae (/0.21), 3pMUTOBO-KBajApaTH4HAas
dopMa A (x, X) NpHHMMAET CTalMOHAPHHIE 3HAUEHHS HA BEKTOpAX
ee OpPTOHOPMANBHOTO KAHOHHYECKOTO Gasuca ej, MHBIMH CIOBaMH,
Ha COBCTBEHHHIX BEKTOPaX COOTBETCTBYIOIIET0 3PMHTOBO-CHM-
metprunoro onepatopa A. Camu 3nauenns GopMul B 3THX TOUKAX
COBMANAIOT C COOTBETCTBYIOUIMMH KAaHOHHUECKHMH KOabduinen-
TaMu; B 4ACTHOCTH, MakcumyMm dopmui A (X, x) ecTb HauGOMb-
uni M3 K03 UIHEHTOB A, 2 MUHHMYM — HAaHMEHbIUHA H3 3THX
K03 HIHEHTOB.

10.74. K Tteopeme 10.72 cBomutca u npobiaema 06 OaHO-
BPEMEHHOM TNPHBEJEHHH K KaHOHHUECKOMY BHAY JBYX CHMMET-
DHUHBLIX 3PMUTOBO-KBaApaTHUHBIX (opM A (X, X) M B(x, x), us
KOTOpHIX OJHA, Hanpumep B (X, X), MOJOXHTEIbHO ONpEAL]ICHA.
WMeHHO, MH MOXeM NPHHATH 34 CKaafpHOE MPOU3BEACHHE
spmMuTOBO-GHAMHelHYI0 dopmy B (x, y). [lo Tteopeme 10.72
CyLeCTByeT OPTOHOPMUPOBAHHLIA (B CMbICTE BBEAEHHOTO CKa-
JSIPHOTO  MPOM3BEAEHHS) KAHOHHUECKHH Gasuc dopun A (x, x).
B atoM 6Gasuce Mbl HMEEM

A (x, x)zjzlkjlgjﬁ B (x, x):]é:llgjl2’

41O M TpebByeTcd.
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BuiyHC/eHHe KOOPAMHAT BEKTOPOB HCKOMOro 6a3nca (OTHOCH-
TeNbHO TIPOH3BOJIBHOIO HCxoZHoro 6a3suca) M Ko3dbuuHeHTOB
A4, -+., A, TIPOM3BOIMTCH NMO TEM e TpaBuJaM, YTO H B Be-
mecTBeHHOM cayyae (10.32). Jdns o6ocHoBanHs HX ClAenyert,
BBeAs BHpakenus §;=0;--it;, 3amncatb ¢opm A (x, x) n
B(x, x) B BuAe BeuleCTBEHHHX OYHKUHR OT BeLleCTBEHHBIX
nepemennslx 0; # T;(j=1, ..., 7). MH MOXeM MpenocTaBATH
YHTATeMO IEeTalH STOTO BLIBOJA.

3AJAYH

1. TlpuBecT# OpTOroHANbHBIM Npeo6pa30BaHHeM K KAHOHHYECKOMY BUIY
caefyiolllHe KBapaTHuHble (HOPMBL:

a) 281 +E5— 48,8, —4E.Es;

6) 281+ 582+ 563 + 4E:Es — 4Eae—BEala

B) 281+ 283+ 288 — 488, + 28,84 + 28285 — 4Eak0s
r) 28,8, + 28,83 — 28,84 — 2Ea85 128,84 1+ 2858,

2. Tze pacnosaraiotrcs npH [x|=1 cTanHoHapHEE 3HaueHHS KBaZ-
paTHYHOH GOPME

2 X3 X3
A(x, x)=x1 +—2~+§ (x=(x1, X2 X3))

H KAKOBE!l OHH (MHHHMYM, MakKCHMYyM)?

3. Moka3aTb, YTO KAKIAS H3 BEJHYHH [l;, Wg, ..., g MONKET JOCTH-
rath KpalHHX IpaHHil, yKa3aHHHX B HepaBenctsax /0.25 (6).

4. Kpaapatuunsie popMbl A (¥, x) B B (x, X) Ha3bIBAIOTCS CPABHUMbIMY,
ecau ans moGoro xER BuinonHsercs HepaBeHcTBo A (x, x) << B (x, x).
Myers A== Ay >> ... > A,—KaHOHHUeCKHe  KOIhdHIHEHTH  (opMbl
A(x, %), M ==pe>=... ==, —KauonHueckne Kos3pduuHeHTr HopMbl
B (x, x). Tlokasars, uto s moboro k (1 << k << n) uMeeT MeCTO HepaBeHCTBO

Ay ).
5. Haiitu ofliyio mapy CONpSKEHHBIX HAalpaBieHHR y KPHBBIX
PV o=t
T+T= ; 2xy=1
8. [ocTpouTs JHHeliHoe npeoGpa3soBanHe, Nepesojsllee JBE KBajxpa-
THYHbIe (HOPMBI
Alx, x)=€%+2§1E2+2§2—2§1Es+%5.
B(x, x)= §%+2§1§2+3§z§3~2§&3+6§§

K KAaHOHHUECKOMY BHIY; yKa3saTk KaHOHHUECKHH BHJL.

*) OuesuaHoe B ciyuae, koraa dopmb A(x, x) u B(x, x) umeor
o6uMi KaHoHHUecKH#A Oa3uc.
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7. TlokasaT, uto 6asHc, B KoTopom dopmul A (x, x) u B(x, x)
3aNHChIBAIOTCSI B KAHOHHUYECKOM BHJE C KaHOHHYECKHMH KOS(pq)HuHeHTaMH

COOTBETCTBEHHO Ag, ...,,Ay H ¥y, ..., Vg, ONPEAEJIEH OJHO3HAYHO C TOY-
HOCTBIO JIO UHCJOBHIX KO3(PHIIHEHTOB, €CJH BCC OTHOUIEHHS
b dy My
, ) ey
Vi Ve Vn

MONapHO pPa3JIHYHEL.

8. JlokasaTh, uTO CEPERHHbL XODA MOBEPXHOCTH 2-TQ NMOpAAKa, mapas-
JgenbHBIX BekTOpy ¥=181, &0, ..., &,,}, pacrosioxeHbl Ha (n— l)-MepHO#
HIePIVIOCKOCTH  (IHAMeTpanbHoil THNEPIJIOCKOCTH, COMPAMKEHHOH C BeK-
TOpOM Y).

9. Kakne nosepXHOCTH 2-TO TNOPRJKAa B TPEXMEPHOM MPOCTPaHCTBE
(x, y, 2) 3analoTcs ypaBHEHUSIMH

DL S .

a) 4 9 +T"—1) 6) ***** 1»

B) x=y2} 2% r) y=x2+2241; n) y=1x2?

10. YIpoCTHTb ypapHenusl NOBepXHOCTeH 2-T0 NOPAAKa B TPEXMEPHOM
npocTpaHcTBe (X, Yy, Z) M yKasaTh COOTBETCTBYIOLIHE (OPMYJEI npeo6pa-
30BaHHs KOODAMHAT:

a) 5x% 6y + 722 —4xy +4yz— 10x 48y 4 142—6=0;

6) %2 -2y — 22 12xy— dxz—8yz + 14x+ 16y—122—3=0;

B) 4x% 4 Y2+ 422 —dxy -+ 8xz— dyz— 12x— 12y - 62=0.

11. IokasaTh, 4TO B IePECEUCHHH JJUIHNCOHAA C TIOJYOCAMH g ==
=a,> ... >a, u k-MepHOil FANEpPIIOCKOCTH, TPOXOAsLEH Yepe3 LeHTp
3TOFO 3JJIMIICOHAA, TIONYYAETCS SMMUTICOR C TIONYOCAMH by == by == . . . == by,
rie

a=bh>=a,_ 415
G=by =0, p40

dkébk =a,.
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KOHEYHOMEPHDLIE AJITEBPbI B AJITEBGPbI MATPHULL

§ 11.1. Eme 06 aarebpax

11.11. Mu BBenu moHsTHe anre6Gpnt B 6.2]; Takoe Ha3BaHue
OBJIO TIPHCBOEHO JHHEHHOMY TIPOCTPAHCTBY Had HEKOTOPLIM
noneM K ¢ BBeJeHHOH B HEM ONepanHed yMHOXEHHS 371€MEHTOB
(momunnenno#t axcuomam 6.21, 1)—3)), KOMMYTaTHBHOH HIIH
HEKOMMY TaTHBHOM.

Anre6pul, KoTophe Mpl paccmaTpuBanu B ri. 6, 6blIH B OC-
HOBHOM KOMMYTATHBHBIMH. Bawuulit npumep KOHEYHOMEDHOH He-
KOMMYTaTHBHOH anreOpsl— anre6ph B (K,) BCex nuHeHHHX Ore-
paTopos B MpOCTpaHcTBe K, —Mbl TaM OCTaBWIH B CTOpOHE.
B 3Tolf rnaBe Mpl CTaBHM CBOEH 1e/ibl0 H3y4eHHe aJirelpol
B(K, u ee nomanre6p. Ho 6ymer ynoGuee paccMOTperh
BHayane abGCTPaKTHbHiE KOHEYHOMEPHbE airespnl.

11.12. He Bcsikas anrebpa ofnagaeT emuHuiled (npuMepoM
yeMy CAywHT nioGas TpHBHalbhas anreGpa, T. e. anre6pa ¢ Hy-
NeBLIM yMHOXeHHeM, 6.22 a). Tem He MeHee Kau1ylo anre6py
MOMHO JOMOJNHHTL A0 aireOpbl ¢ EIHMHHNEH CICIYOUHM CTaH-
HapTHHM 06pa3oM.

[yctb A-—npoudsonibHas anre6pa. PaccMOTpHM MHOXECTBO
A*, cocTosuiee n3 GOpMaNbHHX CymM BHAA @}, rae a €A,
a h—uncno na wonst K. Ouesugno, A* spisercs JHHEHHBIM
HIpOCTPAHCTBOM C ONepalHsMH

(a+W+b+pn=(a-+b+R+p)
(a2 =pa+ip,

u, Gonee TOTO, aAre6pod OTHOCHTENLHO YMHOXEHHS

(@+1) (b+p) = (ab-+ b+ pa)+ b
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(a, bEA; A, p€K). Anrebpa A+ 3aBesoMo 061agaeT enuHuIeH:
el0 sBASETCS (opManbHas CyMMa HyJeBOrO 3JeMeHTa B A w
uncna 1. Tlpu 9Tom uexoanyio anre6py A MOXHO paccMaTpHBATh
KaK sexamyio B AT, ecny kawapil ssemMeT @ € A OTOMAECTBHTD
¢ ¢opmanbHoH cymmoli a0 €AY,

§ 11.2. Tlpencrapnenus a6cTpaKkTHBIX aJjre6p

11.21. Tlycrs A—abctpakThas anreSpa Hax mnonem K H
B (K)—anre6pa Bcex nuHeHHBIX omepaTopoB, HEHCTBYIOLIHX B
muneiiHom npoctpanctee K max tem e nonem K. Bymem pac-
cMatpHBaTh MopbuaMel anre6pnl A B anreGpy B (K), xotopole
B nanpHeduiem 6ynem o6osnauath cumBosiom Bujaa T: A — B (K).

a. Onpenenenne. Moppusm T: A — B(K) HasmBaercs
npedcragaenuem arzebper A e npocrpanctee K. Ipencrasnenue
HaspiBaetcsl Tpusuasvroim, ecan Ta =0 aas xaxmoro a € A,
U To4HbiM, ecin MopdusM T ecTb MoHOMOpdH3M, T. e. Ais pas-
JHYHHIX 3J1€MEHTOB @ H b anre6pnl A COOTBETCTBYIOWIHE oOfle-
patoput T, u T, pasanynn B anrebpe B (K). )

CoBOKYNHOCTb BCeX 3/1EMEHTOB a € A, KoTophle NpeacTaBiie-
Huem T nepeBoisiTcss B Hy/ieBOH omepaTop, Ha3bBaeTcss A0pom
npeacrasnaeHus T. flnpo TpHBHANLHOrO NpexcTaBIEHHS COBIIA-
Jaet co Bced aare6poH A, PO TOYHOTO [NpeACTABACHHS
COCTOHT M3 OJHOrO HyJNeBOro 3aemeHta anarebpul. B obulem
ciayyae s#apo a1060ro npeacTaBleHHs €CTbh IBYCTOPOHHHH HAeall
anrebpu A (6.25 2).

6. Onpenenenne. [sa npeacrasnenns T': A—B(K') u
T”: A — B(K") anre6pbl A Ha3HBAIOTCH 3K6UBANCHTHOLMI, €CIH
Mexcay auHeHnoiMH npoctpancteaM K u K” MoxHO ycTanoBHTb
usomopdpusm U: K’ — K” rtako#, uto ang moGoro a € A

UT, =T,U.

QueBuano, B ciyuae KOHeYHOMepHHIX npoctpadcTs K’ u K
3KBHBaJNeHTHOCTh npencTasienudt T u T” osnauaer, uto B He-
KOTOpuX 6asucax mpoctpadctd K’ u K” oneparopw T, u T,
(@ € A) 3anucHLIBAIOTCA ONHHAKOBBIMH MaTpPHLLAMH.

B. [lycte T: A — B(K)—npeacrasnenne anre6put A. Tox-
npocrpanctBo K’ B K Mu 6yleMm HA3HBATh UHBAPUAHTHOLM
nodnpocrpancTsom npedcrasienus T, ecau OHO HMHBAPHAHTHO
OTHOCHTENIbHO Bcex onepatopoB T,, a € A. Paccmatpupas one-
patopat T, numpb Ha K’ Muf, 04eBMAHO, MONYYHM HEKOTOpOE
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HOBOE NpeaCTaBNeHHe TK; A — B(K'), kotopoe 6yiem Ha3uBaTh
cyaenuem npencrasienus T Ha K'.

r. Nyers T: A — B(K)—npencrasienue anre6pel A ra-
koe, uto K pasnaraetcs B NPAMYI0 CyMMy [OANPOCTPAHCTR
K, (1 <k <), HHBAPHAHTHBIX oTHOCHTeAbHO upencTasiesns T.
‘O6o3unaunm uepes Tk cyxenue npencrapnenus T Ha K, (1< k).
B Takod CcHTyauu ol GydeM roBOPHTH, 4TO npedcrasaenue T
pa3aazaerca 8 NPAMYIO CYymmy npedcTasaenuil TF(1 <l k<n).

11.22. C kawao#t anre6poit A eCTeCTBEHHHM OGPa3OoM CBA-
3aHO ee HeKoTOopoe npeacrasnenue T: A — B(A) B camoM nH-
HeAHOM NPOCTpPaHCTBE A, KOTOPOE CTABHT B COOTBETCTBUE Kax-
noMy 3neMexty @ €A onepaTop nesoro YMHOXEHHA Ha a, T. e.
oneparop T,, onpenenenHbii paBeHCTBOM 'fab:ab ans noBoro
b€ A. Taxoe npeiCTaBleHHe Ha3bIBACTCH AEGbLM pe2ynspHbLM
npedcrasaenuem aizeépol A. OueBuA40O, HHBAPHAHTHHIE TNOANDO-
CTPaHCTBA JIEBOTO perynspHoro npeACTaBAeHus SABISAIOTCH NEBHIMU
uneanamu 8 A (6.23a). C nomoplo 3TOrO NOHATHI yCTaHOBHM
cledyouyul BawHuf pe3yabTaT:

Teopewma. Jwbas arcebpa usomopdua nexoropoll nodas-
2ebpe aazebpor B(K) (npn Ham1ewallieM suoope K).

NokasartenscTtno. Kak nerko BHAETH, yTBEPKICHHE
TeopeMbl PABHOCHIBHO CENYIOUleMy: Kakaasd anrebpa oBnanaer
TOYHHM TIpeiCTaBIeHHEM.

Mycts A-—3anannas anre6pa. Kak 1nokasaso B 11.12, cy-
uiecTByet aare6pa A, obnananoumas exunmedl e u conepantast A
B KkauecTe mnojanrebpu. PaccMoTpuM ee JeBOe Perynsphoe
npeacTaBjieHue T :A+* — B(A*). [lockonbKy anst 1106010 a €A™,
a0, T,e=ae=a=0,370 npeAC TaBNeHHE ABAACTCH TOTHMM.

CnesoaTensho, cyxenne mopdusma T na nopanrebpy A B A%
4BAeTCS TOYHMM NpejACTaBieHueM aiareOpsi A B NPOCTPAHCTBE
K=A?". TeM camuM Teopema 10Xa3and.

§ 11.8. Hempmsonnmuie HpeACTABJCHHS H JeMMa llypa

11.31. Cpean Bcex npencTaBieHnft 3a1auHoH anredpnl MOWHO
BHIENHTL HEKOTOpHE, YCTpoeutbie B OMPEle/]CHHOM cMbicae
HanGonee npocTo. )

Kawpaoe npeactasnenne T: A — B (K) HekoTOpoH anre6pul A
oblafaeT NO KpaftxeH Mepe JBYMs HHBAPHAHTHBIMI NOAMPOCT-
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pancTBamu: camuM K i ero Hy/1eBHM noanpocTpancTeoM. OcTane-
Hpl€ WHBAPHAHTHBIE TMOJPOCTPAHCTBA MM Gyaem HaswBaThb C06-
creennoimiy. Te U3 HUX, KOTOPHE He CONEPNAT HH ONHOTO APYTOTO
[OAMPOCTPAHCTBA TOTO Xe BRAa, OyNeM HA3HBATH MURUMANLHOLMU
UMBAPUAHTHBIMU NOONPOCTPANCTEAMY npedcragarenus T.

Onpenenenune. HerprBranptoe npencrtapiense T: A —
—» B (K) HasmipaeTcsi HenpusoOumolm, €M y HETO OTCYTCTBYIOT
coBCTBENHbE MHBAPHAHTHHIE MOANPOCTPAHCTBA.

11.32. Tlycto 2 € K—HeKkoTOpHH BEKTOP; TOTAA, KaK N€rKO
suxeth, muoxectso K, = {T,z2€K: a€ A} sBnseTcs HHBapHANT-
HHM MOANPOCTPAHCTBOM MPEICTAB/IEHHS T. Byzem nasnBaTh
sexTop 2 €K yuksuseckum (OTHOCHTENBHO npeactasnenus T),
ecan K, =K. W3 storo onpeaeneHu M onpexeneHHs HenpuBo-
AHMOCTH HeMeUIeHHO BHTEKaeT ClelyIouias TeopeMa:

Teopewna. [Tpedcrasaenue, dedictayiowee 8 npoctparcrse K,
nenpusodumo T020a U TOALKO To2da, xozda Kaxcdvul OTAUUHbIL
OT HYAR 6€KTOp NPOCTPAHCTEA K 1648eTCA YUKAUYECKUM.

HecmoTpst ha CBOIO MPOCTOTY, ITOT pe3yabTar OKaKeTCH
BechbMa TOJE3HHM B NajdbHEHIEM.

11.33. HenpusoAumbie NpeAcTaBaeHns anre6p san monem C
KOMIUIEKCHEIX 4Hcea 061alanT CAelyIOUHN BaKHHM cBoHcTBOM:

Teopema (nemma ly pa). Hyero T: A — B (C)—nenpu-
sodumoe npedcTasaenue anzebpol A nad nosem C. Toeda awbod
oneparop & npocrpancree C, nepecTano8ouKblUl CO 6cemu one-
paropamu T, a € A, xparex TOXKOECTBEHHOMY Oneparopy E.

JloxaszaTeabCTRBO. [lycts S——onepatop, nepecTaHo-
Rounnil co Bcemn T, a€A, n Xx—ero cOGCTBEHHHH BEKTOP
(4.956). Torma Sx=Ax 1A% HEKOTOPOTO KOMIJIEKCHOTO A W,
cnenosatensho, ST x=TSx=AT,x ana moboro a€A.
Ho npencTasnenne T HENMPHBOXUMO, & 3HAUHT, no teopeme 11.32,
nio6oit Bextop y €C npeacTauM B BUAE y=T,x,a€A. Or-
ciona Sy=A>Ay nns mwoboro y €C, 4T0 H Tpe6oBanoCh JHOKa-
34Th.

3aMeTHM, YTO MpPH JAOKA3aTEAbCTBE CyLLECTBEHHO HCIOAB30-
pan TOT AT, 4TO Kawanh AuHelHEH onepaTop B KOMIAEKCHOM
nunelHOM MpoCTpancTBe o6aanaet coBcTBeHHHM BEKTOpOoM. B cuay
pellaiouiet poiu JieMMb lllypa, B nanbHeAIEM MH OFpaHHuu-
BaeMcsl PacCMOTPEHHEM NHHEHHBIX MPOCTPAHCTE H anre6p TONBKQ
HAJ MOJeM KOMIUEKCHHX YHced,
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§ 11.4. OcHoBHBIe THIIBI KOHeYHOMEPHBIX aireGp

Hauunaa ¢ storo maparpada, ecim cneuuasbHO He OTOBO-
peHo o6paTHoe, GyAyT PaccMaTPHBATbLCHY HCKAKOUYHTEIbHO KOHeY-
HOMepHble anreOpl (T. €. anre6pHl, HMEKUINe Kak JHHeHHble npo-
CTPAHCTBA KOHEUHYI) Pa3MEPHOCTb) Haa mnoneM C KOMIIEKCHBIX
YyHcen.

Kak ycTpoeHs KOHeYHOMEpHHIE anrebphl U HX MPEeACTaBIEHHA?
OcHoBHas 4acTh HAcTOAUIEH TJaBH OyJeT IOCBSAUIEHA De3ylib-
TATaM UMEHHO B 3TOM HampaBieHHH. B dacTHocTH, OyAyT BHI-
JejeHB HEeKOTOpble Kiaacchl anrebp, CTPOEHHE KOTOPHIX yAaeTcH
H3YYHUTh MOJHOCTBIO, T. €, YAaeTCHd OMUCATh BCe Taxue aaredphl
¢ TOYHOCTHIO A0 H3oMopdu3Ma, a Bce UX NpeldCTaBAeHHd — C TOU-
HOCTBIO 10 SKBHBAJEHTHOCTH; UMEHHO, pedb OyJeT MATH O Kjac-
Cax MPOCTHIX M MOJYNPOCTHIX anre6p.

Paaznnunbie knacchl anre6p BO3HUKAIOT INPH PacCMOTPEHHH
cneundUyeckux CBOHCTB HX HI€aJOB H- MPEACTABACHHH.

11.41. Onpenenenue. HerpuBnanoHaa anre6pa (6.22a)
HA3bIBAETCS MPOCTOH, €C/ii OHA HE CONEPKHUT COOCTBEHHBIX ABY-
CTOpOHHHX wuaeanoB. IIpumepoM mnpocTol anre6pnl ABAfETCH
anre6pa B(C,) Bcex auHeHHLIX ONepaTOPOB B KOHEYHOMEDHOM
npoctpanctBe, JeficTBuTenbHo, nycTh J—aBycToponunl niean
B anre6pe B(K,) n nyctb A, =||a;|| € J—HenyreBas maTpuua,
Tak 4To, Hanpumep, a,, 7= 0. Toraa, kak G0 nokasano B 4.44s,
OMepaLusaMH YMHOMCEHHS MaTpHUH A CrpaBa M C/ieBa HA HEKOTO-
pble MATpHUb, T. €. ONEpPalMAMH, He BBHIBOAALHMH 34 Hpeae/bl
wieana J, MowHO moaydunth Matpuuy E,, ¢ €IMHCTBEHHBIM He-
HyJ/IeBbIM 3/IeMEHTOM | B mepeceueHun r-# CTPOKH H £-TO CTOAG-
na npu mo6ux r v £ ot 1 g0 n. Jluneitunie kOMOGHHAUMH MAT-
puul E,, maiot awb6yio matpuuy A€ B(K,), oTkyna u caexnyer,
yro J=B(K,). Kak mMb yBuaum majee, 9TOT mpuMep B Kiacce
BCEX KOHEYHOMEpHBIX aiArefp Hald MoJeM KOMIVIEKCHbIX yucesl—
eanncTBenHut (11.64).

Teopema. IIpocran arzebpa 064a0aeT TOUHLLM HENPUEO-
Oumbim npedcTasACHUEM.

HDokazatenbctBo. [lyers A-—mnpocras aiarebpa. Pac-
CMOTPHM ee JeBoe peryaspHoe mpeactasaenne T: A — B(A). Us
KOHEYHOMEPHOCTH A HEMENJEHHO BHITEKAeT, YTO CPEeAH HHBAPH-

4AHTHBLIX MOIANPOCTPAHCTB npeacTas/IeHud T nmeeTcsd MHHHUMAJib-
Hoe noampoctpanctso A’. Cywenne T npencrasienus T na A’
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He SIBASETCS TPUBHAJbHEIM TpPEACTABAECHHEM; MOKDKEM 3TO. Hna
5TOTO JOCTATOYHO MOKA3aTh, YTO Ias J000TO bEA’ Muowe-
ctBo Ab=={ab: a € A} F#={0}*).

[lyctb, nanportus, Ab=0. Toraa, KaK J€rxo BHIETb, MHO-
wecTBO bA = {ba: a € A}—nBycToponnnit Haean B A M BBULY
npoctoTs A mu6o bA = A, in6o bA = {0}. Ho B ciyuae bA= A
u3 Ab=0 BuTekaer, uyTO A60E NPOH3BEJIEHHE B A. PaBHO HY-
so. B cayuae we bA={0} muoxectBo {Ab:A€C} apnsercs
geuay Ab= {0} 1BYCTOPOHHHM HI€aNOM B A u BCIeacTBHE
MpocTOTH A JIOMKHO COBNaiaTth co BCel anre6pofi. Takum
o6pa3oM, B 06OHX cilyvasix aiare6pa A oka3biBaeTcfl TPHBHAJb-
HOH, a 3HAUMT, HEe MOXET OHTb IPOCTOH.

Wrak, npenctasnenne T: A — B(A’) e sABasieTCA TPHBHAD-
wum. Ho Toraa, BO-mepBHX, OHO BBHAY MHHHMAJIbHOCTH HENpH-
BOMMO, a'BO-BTOPHX, €r0 fApo, Oyly4yH OTIHYHBIM OT BCeH
npocToli anreGpL ee NBYCTOPOHHHM HIeasnoM, COCTOHT H3 OX-
Horo Hyns. [l0o3TOMy BCAIKOE HENPHBOIHMOE TNPEACTABIEHHE
ABJSETCS ONHOBPEMEHHO H TOUHHM, YTO H JIOKA3HBAET TEO-
pemy.

Ha camoM mene HMeeT MeCTO M obpaTHas Teopema, T. €.
KOHeyHoMepHaf anrefpa, HMewILas TOYHOE HENPHBOIHMOE Mpel-
crasienne, npocta. JTo GyAeT NOKa3aHO B KOHILe 11.64.

11.42. TlpoussonbHas anre6pa MOKET M HE MMETh TOYHBIX
HENpHBOAUMBIX TpeacTasaennd. OAHAKO €CTECTBEHHO BHIIEINTDH
Te anre6phl, cBOKCTBA KOTOPHX MOTYT ObITh OTHCaHBl B Tep-
MHHAX MX HENPHBOMMMHIX NpeicTasienndl. Mbi npuxomuM K cne-
AyoouieMy kiaaccy anre6p, 6onee WMPOKOMY YeM Knacc MpoCThIX
anrebp:

Onpenenenne. Anrebpa Ha3piBaeTcs noAynpocTod, eciu
17 KaWJIOro ee 3JeMeHTa, OTJHYHOTO OT HYyJs, CYyLieCTBYET
HENpUBOAMMOE MPEACTaB/ieHHe, OTOOpakaloUiee STOT 3JEMEHT
B OT/HYHBEIA OT HyJs ONepaTop.

WHnMH C0BaMH, B TIOJAYHPOCTOH airebpe mepeceyeHHe Bcex
filep €e HempHBOJMMBIX TPENCTaBJIEHHH COCTOMT H3 OJLHOrO
HyJs.

B cuny Teopemsl [1.41 BeAkas mnpocras anreGpa ABiAETCH
u nonynpoctoit, C Hpyrod CTODPOHH, PACCMOTPHM KOMMyTa-

*) Cniesiyrolee HiDKe IPOCTOE JIOKA3aTe/BCTBO STOTO (aKTa MPEeIIoXKeHo
A. C. HemupoBckum.
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THBHYI0 f-MepHYI0 (7 > 1) aare6py €, H3 3/1EMEHTOB
a=(a, ..., a,), rie &;€C, C MOKOOPAUHATHHM YMHOXEHUEM.
OTa anre6pa KOMMYTaTHBHA; MHOXECTBO TeX @ = (&, ..., @),
I8 KOTOpPHX, Hampumep, o, =0, npeactasnseTr ee (ABYCTODPOH-
Hu#t) unean, taxk uto anare6pa C, ne mpoctas. [lpuBoas B co-
OTBETCTBHE I/EMEHTY @ = (0, ..., &,)" KOMIJIEKCHOE YHCIO
o, (1 <<R<Cn) (Mnu, uTO TO Ke, ONEPATOP YMHOKEHHMS HA UHC-
710 @, B oaHOMepHOM mnpoctpancTBe C,), ML MO/NyyaeM HenpH-
BOAHMOE npelcTaBleHHe anredpw C,, KOTOpOe MepPEeBOAHT He
B Hyab J10GOR 3nemenT anredpw C, ¢ a, %*=0. Tak kak y no-
Goro 3nementa aiare6pw C, HMeeTcs XOTH OH ONHA HeHy/eBas
KoopauHaTa, TO aas ni06oro snementa anrebpnl C, uMeeTcs H
HEMPHBOAHMOE TNPEACTAaBIEeHHe, IIepeBOJAflLEE STOT 3JEMEHT
B HeHyneBoR omepatop. Takum o6pa3om, anrebpa C, mnoay-
npocras.

B sToM npumepe anre6pa C, ecThb nNpaMas CyMMa MHPOCTHIX
(oxHOMEPHBIX) KOMMYTaTHBHHX anre6p. Jlerko MoxHo ero 0606-
UIHTH, PACCMOTPEB MPAMYIO CYMMY HPOCTBIX HEKOMMYTaTHBHHX
anreGp; W TOrAa, KaK Ml lokaxeM Huke (/1.77), Ml nony4yum
oOmHR BHA MONYNPOCTOR KOHEeYHOMEPHOR anreGpbl Hal MOJeM
KOMII/IeKCHBIX 4YHcell.

11.43. Anre6pnl, B ONpPENEICHHOM CMBLIC/E IIPOTHBOMOJIONK HHE
1O CBOHM CBOHCTBRAM MOJNYNPOCTHM anre6paM, BhAENSIOTCH cJae-
AyIOWHM o6pa3om,

Onpenenenne. Anre6pa naswBaercd paduxkarbrot, ecnu
Kaxaoe ee HETPHBHA/JbHOE mnpencTaBneHne obGnamaeT cobCTBEH-
HEIM HHBAPHAHTHHIM NOXMPOCTPAHCTBOM,

WHeIMH cNOBaMM, y padHKanbHuiXx anre6p BooGute OTCyT-
CTBYIOT HEMPHUBOAMMbIE NpEXCTABRJIEHHH.

B xauectse npumepa paccMOTpHM anrebpy A M3 MHOTOUJe-
HOB p (R)=d;2+4 ... +d,z" ¢ OObYHBIMH OIEepaALHUAMH, HO
¢ ycnoBuem z"t1=0. Toraa u Kawjn#t s7eMenT anreSpn A,
BO3BeneHHBR B (7 1)-yl0 cTenenb, pasen 0, Tak uTO Bce ee
3/1eMeHTH HeoOpaTuMbel. Anre6pa A He HMEeT HETPHBHANBLHOLO
ONIHOMEDHOTO NpeACTaB/eHHs, OCKOIbKY BCAKHIE HeHy/neBOH JH-
HellHH@ onepatop B OLHOMEPHOM HpocTpaHcTBe 0o6paTuM,
[Iycth T-—HeTpHBHA/NBHOE (C/I€X0BATENBHO, HEONHOMEPHOE) MPE-
cTaBneHue anrebpu A H Z-—o0nepaTop, COOTBETCTBYIOLUHH
snementy 2. Tak kak Z (BMecTe ¢ 2) HeoOpaTHM, TO HMMeEeTCH
BeKTOp ¢, 111 kotoporo Ze=0. Ho Torna u p(Z)e=0 npu
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no6om p(2) € A. Takum obpasoM, y npeacrasiedus T Hamnoch
HETPHBHANbHOE MHBAPHAHTHOE MOAMPOCTPAHCTBO (MpsAMaf, onpe-
Aensiemasl BEKTOpPoM e). Mo BuauM, 4TO anre6pa A paiHKanbHad,

11.44.0Onpenenenune. [lycts A—npousgonsHas anre6pa.
Torma padukasom anre6pyl A Ha3wBaeTCa MepecedeHHe Bcex
siiep HeNnpHBONMMAIX fipeicTaBiseHuft anre6pw A, ecau nocnaen-
HHE HMEIOTCs, WM BCsl anre6pa A, ec/lH OHH OTCYTCTBYIOT.

Tak xax sXpo KaIOro NPeACTABIEHHS €CTh JABYCTOPOHHHH
uiean anrebpm A (/1.21a), TO W pajukald, KaK fepeceyeHue
HEKOTOPHIX JBYCTOPOHHMX HJ€asoB, TAKXe, OYEBHIHO, SIBASETCH
IBYCTOPOHHHUM HIeaJoM anre6pn A.

Hayyenne anre6p ¢ HeTPHBHAALHKIM PANMKA/IOM (B YaCTHOCTH,
pajuKanbHHX) BH3LBAET CYL[ECTBEHHME TPYAHOCTH, H De3yib-
TaThi, KdK NPABH/IO, HE HOCAT OKOHYATE/JbHOTO XapaKTepa; He-
KOTOpHE W3 HHX MhW NpHBeNeM B KOHue ruaaeel. HampoTus,
noJaynpocToie anareGpel ¥ HX NpPeJCTaBIEHMsT yAaeTcs HCCAeRo-
BaTb MNOJHOCTbIO; HX H3yY€HHE, KAK MH YBHIMM B JajibHeluieM,
CBOJHTCH K H3y4eHHI0 MpOCTHX anre6p.

K nonpo6HoMy paccMOTDEHHIO NpPOCTBIX anre6p, a TaKke HX
fIpENCTABACHHH MLl ceHuac M MepexoauM.

§ 11.5. Crpoense seBOro peryJsipHOro NpeAacTaBJeHHs
npoctoit aarebpst

11.561. Hrak, mycts A-—npocrtas anreGpa. 3admxcupyem
€€ HeKOTOpOe TOUHOE HenpusoiumMoe npeiacrasienne T: A — B(X)
(ono cymectByer cornacio Tteopeme 11.41). B gmaabheHuiem
3TO TNpexCTaB/jeHHe Mi OyJIeM HA3LIBAThL CTAHOAPTHOIM.

Teopema. Hycte T: A —B (A) — sesoe pezyarapuoe nped-
cTasaenue npoctol areebpst A, | — munumaisvroe unsapuarTHoe
nodnpocrpancreo npedcrasaenus T. Toeda

a) cywenue T! npedcrasaenua T na | sxeusasentno T,

6) nodnpocrpancreo 1, paccmarpusaemoe xax nodaizebpa
B A, obradaer npaeoi edumuyer.

3adukcupyem HekoTopuit anement a €1, a =% 0. [lockonbky
npeacragaenne T Touno, T,x==0 mim wnekotoporo x € X.
Paccmotpum nuweltnmit onepatop U: I — X, onpesenennuit pa-
BenctBoM Ub=T,x nna moboro bEl.
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Slapo onepatopa U sBASETCH, KAK JIETKO BHACTD, JCBRIM
HieanoM B A HMAM, YTO TO Xe CaMOe, HHBAPHAHTHBIM TOJIPO-
CTPAHCTBOM NPENCTABJICHUS T, comepwauyumes B I u He coena-
naommM ¢ wum. Ciaegosatenbro, siapo U COCTOMT JHlIb M3
nynesoro siementa. C apyroii CTOPOHBI, obpas U sapagertcd,
OUYEBHMAHO, OTAMYHBIM OT Hy/sl MHBADHAHTHHIM MOANPOCTPARCTBOM
HeNPHBOAMMOro mnpexctasietnss T M MOITOMY COBMAAAET. €O
BceM X. »

Utak, U—usomopduam 1 na X. Kpome rtoro, s JI00KIX
bEl n c€A

UT = U (cb) = T,p% = T, (Tpx) =T Uy;

=1
cnenopatenpio, UT,=TU. Tem campiv 10Ka3aHo, 4TO INpei-

1
craBaennss T u T SKBHBAaJIEHTHHL.

Tanee, mockoabky U oTtoGpaxaet | nHa Bce X, cyuiecTByeTt
e€l rakoft, uro Ue=T,x=x. Otciona mas moboro bEI

U (be) == Tp,x =T, (T,x) Tyx =Ub.

Ho U-—B3auMHO OJHO3HAYHOE OTOOpaxeHHe; C/eN0OBATE/bHO,
pe—b. Taxum o6pasom, e-—TIpaBas €RHHULA B anre6pe I, 4TO
M 3apepmiaeT NOKa3daTelbCTBO TEOPEMHL.

3aMeTHM, 4TO B KauecTBe CTAHAAPTHOTO MPeACTABJCHHS Ml
MOTJIM OBl B3siTb J1}060€ HENPHBOAMMOE NPeACTaB/ICHHE [IPOCTOM
aare6po. [l0STOMY aBTOMAaTHYECKHM C/ELCTBHEM JOKa3aHHOK
TeopeMbl fiBJSETCH TOT (PaKT, UTO BCe HENPHBOLMMHE MPEl-
cTapjeHHus NPOCTOH aiareOpbl SKBHUBANCHTHLL.

11.52. Jlemma. IDycte A—npouseosvras aizebpa, I, u
[,—ee aesvie udeasnl, obradaroujue npasvimu eQunuyamu Co-
oTBeTCTEeHHO e, U ey, npuuem ae;=0 Oas  a06oz20 a€ly.
Toeda 8 1, cywectsyer npasas edunuya e, Taxas, 4ro be,=0
dan aoboeo b €.

Monowum e,= ey—eye,. Torna ans mwboro a €ly Myl 6y-
1eM HMEeTb (e, = ae,— ae ¢, = a BBUIY COOTHOILEHUH ae,=a
u ae;=0. Jlanee, a5 m000ro b €1, uMel0T MecTO DaBeHCTBA
be2:be;——bele;:be;—be;:O, YTO M AOKA3LIBAET JIEMMY.

11.53. Teopema. Jlesoe pezyraproe npedcrasienue npo-
cToll aneebpvL pasAazaerca 8 NPAMYH Cymmy ee Henpusooumoblx
npedcragaenui.
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Uckomeli HaG0p MHHMMANBHHX HHBADHAHTHBIX IMOANPOCT-

pPaHcTB NpenCcTaBlCHHS T: A— B(A) 6yaeMm CTPOHTh MHIyK-
THBHO, JHOKA3biBasi Ha KawXJAOM Imare, 4To MpsaMas cyMMma ywxe
HaHZeHHBIX TOAMPOCTPAHCTB oOnagaet, Kak anre6pa, npasoit
eauHuLIeH.

B kauecTBe MepBOro MOANPOCTPaHcTBA 3adukcupyem fioboe
MHHUMAaJ1bHO@ MHBAPUAHTHOE TMOAMPOCTPAHCTBO |y MpeAcTaBneHus

T. Cornacio teopeme [1.52 1; obnamaet mnpaBoil eamHuilei e;.

[lycts Temeph HafifeHs! MHHMMA/bHBIE WHBapHAHTHHIE TOA-
npoctpadctBa Iy, ..., I, Takme, uTo neBHit nuean Jo=1; -+
~+...41, obnazaer npaBoit emumuuedt e, B caywae Jy=A
HCKOMElE HHBAPMAHTHBHIE TOJANPOCTPAHCTBA  yWe MNOCTPOEHH.
B nportusHoM cayyae mosoxum J, = {a € A: ae, =0}. Kak nerko
BUIETh, Jj— MHBAPHAHTHOE TMOANPOCTPAHCTBO TPEACTABIEHHS

T, umeromee wynesoe mepeceyenne ¢ J,. Bonee Toro, nockoabky
nioBGo#t snemMenT @ € A mpeICcTaBUM B BHIE a = ae, - (a— aey),
rae ae,€J, u (a—ae,)€J,, anrebpa A pasnaraercst B npd-
My cymmy J, H Jp.

KoHeuHoMepHOe HHBAapMAaHTHOE MOANPOCTPAHCTBO Jp comep-
HHUT HEKOTOPOE MHHUMANbHOE HHBAPHAHTHOE MOINPOCTPAHCTBO;
o6osHauum ero I, ;. Waean 1, ; oGnazaer corjacio rteopeme
11.52 npaBoil enmHMIe# ey,,; NPH STOM, MOCKOMBKY I, ., = Jp,
ae,=0 ana nwoboro a €l,,,. Cnenosarenbro, o nemme /1.52
B I,,; CymlecTByeT Takas npasas eIHHHLA ey, 4r0 be, =10
st moboro a € Jj.

- Monownm €,.1= €, -} €, TOTIa, KaK JerKO BHIETD, €, —
npasas eaununa 8 wmpeane Jp =l ...+, +1,4. Tem
caMHiM J0Ka3aHa 3aKOHHOCTb WHAYKTHBHOTO Tiepexona OT &
K B+ 1.

Anre6pa A KOHeYHOMepHa, MO3TOMY HA HEKOTODPOM llare
MBI TIOAYYHM HAGOP MHHHMAJIbHHIX HHBAPHAHTHBIX MOANPOCTPAHCTB

I, ..., 1, npencrasnenns T, naiowux B npsMoif cymme BCIO
anre6py A. CnenoBaTelbHO, NeBOE PETyNdpHOE TNpeacTaBleHHe
anre6pni A pasnaraeTcss B NpAMYIO CYyMMy €€ HelPHBOLHMBIX
npeAcTaBiaenuii, 4To M TpedoBanoch AOKA3aTh.

11.54. 3aMeTuM, YTO MOMYTHO HAMH YCTAHOBJIEHO Haluvue
B TpocTo} anreSpe mpaBoH emMAMUB. B 1eHCTBHTENBHOCTH
uMeeT MecTo Gosee CuIbHAs TeopeMa:

Teopema. Ilpoctas ascebpa obradaer edunuyed,
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Hycts A—npocTas anrebpa B e—ee npaBax  CARBUILA.
Paccvorpum  omepatop T, B CTannapruom npeacTaBleHuy
T: A— B(X). Jng niobux x€X n-a€A

T, (T,x—x)=T, x—T,x=0.

CnenoBarenpuo, MOCKONbKY T HENPHBOAMMO M KakOHH HeHy-
neBoN BekTOp 06%3aH OHTH UMKIHYECKHM, MW FOAYYaeM, 4To
T,x—x=0 ma moboro x € X; unaye rosops, T,— Toxnecr-
pennbif onepatop B mpoctpanctee X. Ho toraa T,T,=T,T, =
=T, m1a mo6oro a €A, a 3MauuT, BBHAY TOUHOCTH TPeNCTaB-
nennd T 0 ge=ea=a. OTcona e—eaunnla B A, u Teopema
Loxa3ana.

§ 11.6. Ctpykrypa mpocTumx anre6p

B stom maparpade no Kowna GyieT pemieH BONpoC O CTpoe-
HHH npocTHX anre6p. s 3TOro OKaxeTCs BECbMA MONE3HBIM
caenylouee IoHITHE.

11.61. Tlycts X —nunefinoe npocTpancTBo, A,— HEKOTO-
pas nomanre6pa 8 B(X). Tloamnowectso B B(X), cocrosuee
M3 OnepaTopoB, MEPeCTAHOBOYHHIX CO BCEMH ONEPaTOPAMH H3:
A,, Mu Oynem HasHBaTb KOMMYTATOPOM anre6pu A, u obo-

3Hayate 4yepe3d A,.

Kak serko BHIETb, MHOXKECTBO Ko camMo ob6pa3syer nozaan-
reSpy B B(X). KommyraTtop 370H HOBOH moma/iredSpu Mbl Gynem

0603HayaTh yepe3 A, M Ha3LBaTb 6TOPbIM KOMMYTATOPOM aj-

re6pu A,. Ouesnnno, A=A,

11.62. B npouseonbHo# anreSpe A xawamit 3nement a € A
onpejenseT aBa omepatopa u3 B (A): onepatop n1eBOro ymHo-
wenna T,, Zeficteyomu#t no ¢opmyre T b=ab, u oneparop
npaBoro ymHowenuss R,, 3anaBaembiii pasencTBoM R,b=ba.
OnepaTopw J/€BOTO YMHOXEHHS, PaBHO KaK M OMEPaTOpH mpa-
BOFO YMHOWEHH#, OGpa3ylOT, Kak JErko BHAETb, JBe Mojali-
re6pu B B (A); 0603HayuM HX COOTBETCTBEHHO uepes Al u AL

Jemma. IMycre aree6pa A ofradaer edusuyed. Toeda

A=A, u Aj=A,
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BosbmeM S € AL Ttorma mnsa moGuix a, b€ A nmeer MecTo
paBeHCTBO

S (ab) = ST b ="T,Sb= a (Sb).

Tlonoxne b—e, rae e—emunnua 8 A, monyunm Sa=aS(e).
CnenoBaTensHO, onepaTop S sABAAETCH ONEPaTOPOM YMHOMEHHS
cnpaBa Ha anemenT Se € A, T. e. SEAQ.

Takum obpa3som, Al = Aj u, nockoabky obpaTHoe BKIOYe-

nue oueBugHo, Al =Aj;. Pasenctro A€ = A} InokasmBaeTcs
COBEPILEHHO aHAJOTHYHO.

11.63. Teopema. ITycte A—npocras axzebpa, A,—
areebpa  oneparopos  ee  CTAHOAPTHO20 — npedcTasiexus
T: A— B(X). Toeda Ay=A,.

Onpenenennyio Bwie anre6py A} MoxHo, oueBHAHO, pac-
CMATpHBaTh Kak anreGpy OnepaTtopoB JIEBOTO Pery/spHOro npex-
ctaBnenns T: A — B(A) anre6pu A. Cornacvo Teopeme /1.5
3TO NpeRCTaBleHHEe Da3NaraeTcs B MNPAMYI0 CYMMY HEKOTODLIX
HENPHUBOAMMEIX TpeACTaBJeHnl T™: A —>B() (<<im),
npuyeMm, mo Teopeme /7.5/, Kakmoe H3 STHX MpeACTaBliehn#
9KBHBAJEHTHO CTAHAAPTHOMY.

CKa3aHHOE 03HaUaeT CeAYIoULee: MOXHO HaliTH TakoH Ga3uc

X4, ..., X, B npocTpancTse X M TakoH Gaanc fo L o
B kawaoM M3 mpoctpancte I;(1<<I<Cm), uto ans noboro
a € A matpuua omepatopa T, B Gasuce f{, f3", ..., m

BCEro MpOCTPAHCTBa A uMEeT BHI

T, = , (1

roe B 610KaX TO AMaroHaaM CTOMT MaTpuna onepatopa T,
B 6asuce Xy, ..., X, d B OCTAJbHBIX MECTax —HYJH.

V3 npasu/ia nepeMHOMEHHSl MaTPHL, BHTEKaeT, YTO MATPHLUb,
NepecTaHOBOYHBE CO BCEMH MATPHIlAMH BHAA (1), cyTb MaTpHIip
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BHAa
Sy - Sin

= e e (2)
Sp1 o Som

rae B Gaokax (pasmepa nX ) PacrnoNOXeHH MaTpHUBI, IepecTa-

HOBOYHHE cO Bcemu martpunamn T, a€A.

PaccmoTpum Temepns omepatop PE€A; u ero martpuuy P B
6asuce Xy, ..., X, Torma, OUeBHIHO, MATpPHIA

P I

P

MepecTaHOBOYHA CO BCEMH MaTpHuaMH BHAA (2) H, cleaosa-
TenbHO, 3ajaeT B Gasuce f{L, fP. ..., F¥ npocrpanctsa A
omepaTop, MPHHAAEKAUMA BTOPOMY KOMMYTaTopy anre6pnl Af.

[lpoctast anreGpa mo Teopeme //.54 obnamaer exuHMUed.

CrnenoBaTenbHo, cornacHo nemme [1.62 Al=A7=Al a 3Ha-
ynT, Matpuna P 3amaer B Gasuce fiV, f, ..., f{¥ onepa-

top P, pasumii T, nas nekotoporo b€ A. Ho torma mas Ttoro
we b P=T,, u nostomy P npunamnexut anre6pe A, TIlo-

ckonbKy P—npoussonbhpifi 3nemenT U3 A,, Teopema I0Ka3aua.

11.64. Tenepp Mbl B COCTOSIHHHU MOJYUYHTb OCHOBHYIO TEOpeMy
0 TpocTHX anrebpax.

Teopema. ([lepsass cTpykKTypHas Teopewma.)
Besikas npoctas anzebpa usomopgpra aiszebpe 8cex AuHeliHvix
oneparopos, 0elcTeYOWULX 8 HEeKOTOPOM KOHEHHOMEPHOM RpOCT-
panxcree.

[lycte A—nupocras anre6pa, T: A — B(X)—ee cTanmapr-
Hoe mpencrapieHne. JocTaTouHO mnokasaTh, uTO anrebpa A,
onepatopos npexctasienus T cosmamaer ¢ B(X).

[Mockonbky npencrasiaenue T nempusoaumo, ua nemmus lypa

HeMeAJEeHHO CAeAyeT, 4TO KOMMYTaTop A, anrebpu A, COCTOHT
M3 OllepaToOpOB, KPaTHHIX TOwAecTBeHHOMy. Ho Ttorma Bropoit

kommyTatop A, coBmamaer co Bcelf aare6poit B(X). B To me
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Bpemst mo Teopeme [/7/.68 Aj= A, Cnenosatennno, A,=B(X),
yTo M TpeGOoBaNOCh AOKA3aTh.

OGpaTuM BHHMaHHe Ha clelyloliee OGCTOATENBCTBO: B OC-
HOBE BCEX pacCyxIeHud, KOTOpble MNpHBEAH K HepBoit CTpyk-
TYpHOU TeopeMe, JKHT MHWL TOT (aKT, YTO BCAKA# MpOCTas
anre6pa o6nagaetT TOYHLIM HENPHBOAMMBIM MPENCTaBIEHHEM.
CnenoBaTenbHO, Mbl OJHOBPEMEHHO JOKas3ald M TO, 4TO niobas
anrebpa, obaamaonias TOUHHIM HENPHBOJMMBIM MpPEACTABIEHHEM,
usomopdua anrebpe B(X). OTclona yxe HeMeAeHHO BLITEKaeT,
UTO HMEET MeCTO Teopema,.obpatHas K Teopeme 11.41: scakas
anzebpa, obradaroujas TOYHbIM npedcTagAeHlem, A6AAETCA npo-
croll.

§ 11.7. CTpykTypa NOJYEPOCTBIX aJjre6p

11.71. B stom naparpade OymerT ImOKAa3aHO, 4YTO BOMpPOC
O CTPOEHHH MOJYIPOCTBHIX alre0p MOMHOCTLIO CBOAHTCS K YiKe
H3yYEHHOMY BOINIPOCY O CTPOeHHH mpocThix aarebp. Ias sToro
OKaXeTCsl MOJe3HBIM BBECTH HECKOJbKO HOBHIX MOHSTHH.

Onpenenenune. Hopmaavroim padom anreGpul A HasH-
BaeTCd uenouka anre6p A=l =2, =2... 2,21, ,=/(0),
B KOTOpDOW KaxJaas H3 anreOp fBAdeTCs ABYCTOPOHHHM HAEAIOM
npenasayumed. Komnosuyuonubim padom anreGpel  Ha3bIBaeTCs
TaKoOR €€ HOPMaNbHbiA psAJ, B KOTOPOM KawJbH H3 3ITHX HIea-
J0B SIBAAE€TCA MAKCHMalbHHM (T. €. He COAEPKaUMMCH HH
B xakoM Go/iee IIMPOKOM ABYCTOPOHHeM Hieane), a anrebpa 1,
He CONEPKHT COOGCTBEHHHX IBYCTOPOHHHX HIEaNoOB.

Jlerko nokasath, 4TO KawJaas KOHeuHoMepHas anreGpa o6.a-
JaeT KOMIO3HUHOHHBIM psitoM. JlelficTBHTENbHO, CpelNu ABYCTO-
POHHHX HJEaNOB KOHEYHOMEePHOH anreSpn A cyigecTByeT Mak-
cuManpHbi; o6o3naunM ero I;. Ilo Tem e mnpHuuHam anre6pa
I, comepwuT MakcuManbHuH IBYCTOPOHHHH uaean l,, I,—wunean
I; ¢ TemH xe CBOHCTBAMH H T. I.

[lockonbky ucxoanas anre6pa A KOHeUHOMEpHA, Yepes KoHey-
HOE YHC/0 IaroB MH MNpuHaeM K HekoTopoH anrebpe 1, yxke
He uMeouled coO6cTBenHnx naeanoB, Takum o6GpasoM, mosayyeH-
Hasg 1enoYka

A"——IODIID DlnDIn+1=(0)

SIBNSIETCS, OYEBHAHO, KOMIO3HLMOHHEIM PAAOM anare6pu A,
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11.72. Tlpexnae ueM mnepedTH K CrHellHalbHBIM CBOHCTBAM
HOPMANbHHX ¥ KOMIIO3HLHOHHHX PAXOB MNOMYNPOCTHX anredp,
JNOKaMeM BCIIOMOTaTe/lbHOE YTBEPMIEHHE.

Nemma. Jas 06020 siemenTa a noaynpocroi areebpor.
A cyujecrsyer saement bEA rTaxod, 4To mwbas crenene 3ae-
Meunra ba orauuma OT HYyAs.

Hdokxasareanctso. CornacHo onpexeseHuio MHOAYNpo-
CTOH anreGpn  CcyulecTBYeT  HEIPHBOAHMOE  MpeACTaBJieHHE
T: A — B (X) rakoe, yro T, 0. Toraa ans nekotoporo x € X,
x %0, Bektop y=T,x oOTAHYEH OT Hy/f H, CACAOBATEILHO,
ABNACTCH IIMKJHYECKHM BEKTOPOM HelPHBOLHMOrO MpencTasie-
uug T (11.32). Tlostomy HaitmeTcss saemedT b€ A Takoit, uro
Tyy = x, a snaunt, Tyox =T, (T, x)=T,y=x. 310 03HauaeT,
4TO HHKakas crenedb onepatopa T,,, a cnemoBaTelbHO, H 3Je-
MeHTa ba € A He MOXeT paBHAThHCA HYJ/I0, YTO H HOKa3bIBaeT
lleMMy.

11.78. Teopewma. Hopmarsneii pad noiynpocrol arzebpot
He COOePHUT OTAUUHbIX OT HYASL TPUBLAAbHLIX aieelp..

IOokasateapctBo. Ilyctb A—moaynpocras anre6pa;
A=l,=2,=2...21,21,,,=(0)—ee nopmManpuuit psa. He
Tepﬂa 06u1Hocm MOXHO IpeRNOJIOKHTH, 4TO anrebpa |, coxep-
KHT DJeMeHT @, OTJAMYHL oT Hyas, [ad Aoka3aTennhcTBa TEO-
peMbl, OMEeBHIHO, DOCTaTOYHO Halttn ¢ €1, Tako#, 4yTo ca 0.

[To nemme 171.72 cymectsyer b€ A raxoft, uto nwbas cre-
neHp snemedta ba oramuna ot Hyas. Ilomomum c,,—(ba)2 -1h
(B=0,1, ..., n—1). Unnyxunet no k noxasaTth, uto ¢, €1, ;.
HeitcTButenbHo, ang k=0 c,=bab €], Beuny toro, yto @ €Iy,
a BO3MOWHOCTb HHIYKTHBHOTO Ilepexoja HeMeIJIEHHO BHTeKaeT
U3 OYEBHIHOTO COOTHOLIEHHS Cp,;==C,QC, H TOro ¢axra, 4TO
ag lk+2

Takum o6pa3oM, AOKa3aHO, 4TO S/1eMEHT ¢=C¢,_, NpHHaH-
nexcut anre6pe I,. Ho ca——(ba)z"“—1 ba——(ba)”“#O Tem
caMuiM TeopeMa JoKasaHa.

11.74. Jokamem ewe HECKONABKO [POCTHX yTBepwIEHHH.

Nemma. Mycre A2, 21, D0-—nopnasense psd as-
2e6po. A, npuwem aacebpa l, npocra. Toeda 1, asaserca 06y-
CTOPOHHUM udeasom 8 A.

ODokasateabcTso. Ilo Teopeme [1.54. anreGpa I,
obnazaer enununest e. [lockonsky e €1, ana nwboro a€A
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anemenTn ae ¥ ea mnpusaanexart l;. Ho torma mns nmoGoro
bel,
ab=a (eb)=(ae)b €I, n ba=(be)a="(ea)€l,,

YTO H JOKasbiBd€T JNEMMY.

11.75. Jlemma. ITycre A—npoussorvran arzebpa, 1—ee
dsycropornud udean, obaadaroujull edunuyed. Toeda 6 A ecro
dsycroponuutl udeanr J rtakod, uro A pasiazaerca 8 npamyw
cymmy 1 u J.

Honowum J={a € A: ae=0}, rae e—enunnua anrebpu I.
OueBuiHo, J— neBufi naeas B A, npuueMm, 10CkoJbKy b= be |
+ (b—be) u b—be €J pas awboro b€ A, umeer MecTo pas-
Joxedne A=I1-1J.

Ocranoch pokasarte, 4to J—mnpasuit uaean B A. Ing nobux
a€Jn bEA ‘

ab = abe + a (b—be).

Mockoneky be€&l, be=ebe, a zHauut, nockonpky ae=20,
abe = (ae) be = 0.

Taxum o6pasom, ab= a (b—be), a cnenoBatensyo, ab asngercs
npon3ssesennem JByX siemeHroB u3 J. Tem cammim ab€J, u
JdeMMa JoKa3aHa.

11.76. Jlemma. ITycte aacebpa A pa3aacaerca 6 Npamyio
cymmy ceoux dsycropornux udeasos 1 u J, npuvem l—maxcu-
Marbrbill dsycropornuil udear 6 A. Toeda arzebpa J He coodep-
HUT CcOOCTEEHABIX OB8YCTOPORHUX UOeAAr0s,

[lycts ' — ayctoponHntt waean B J, He cosnagaiomuft ¢ J.
Torpa aare6pa J'=14J" #BAdeTCA JABYCTODOHHHM HIEanoM
B A. Ho [ wmaxcumanen; cnepomatrenso, J’'=1, Otciona
J'=1(0), u nemma jmokasana.

11.77. ChopmynupyeM, HaKOHEL,, OCHOBHYIO TEOPEMY O CTpOe-
HHH TIOJYAIPOCTLIX asrebp.

Teopema, (Bropas cTpykTyprHas Teopema.)
Bcskaa noaynpocras aseebpa passazaercs 8 npAMY0 CYMMY
ceoux 08YCTOPoHKUX uBeanos, Kaxooviul uz KOTOPbIX ABARETCA
npocroil aaeebpod.
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NlokaszaTeabcTBO. IlycTh A-—noaynpocras anrebpa,
Kak nokazano B [1.71, pjisi Hee MOWKHO IOCTPOHTb KOMIOSH-
LHOHHBIA PHX

A=I,ol,>...21,21=(0).

Hamia Teopema, OYeBHIHO, CONEPXHTCS Kak qacTHHH cay-
yafi B cleaylolieM yTBEpPXIEHHH:

(#) das awobozo k, 0k, ancebpa 1,_, pasraeaeTca
8 npAMYIo cymmy ceoux 08YCTOPOHRUX udeanros, SBAAIOUWUXCA
npocToimu areebpamit, U, Kpome TO20, o6aadaer edunuyel.

Yreepwaenne (x) Mpl OyleM HOKa3hBaTh unayKuuelt no k.

Anre6pa 1, He cOLEPKHT COGCTBEHHBIX JIBYCTOPOHHHX Huea--
JOB M, cOraacHo Tteopeme [1.73, OTauYHA OT TpHBHAJLHOH.
CnenoBaTenbno, aare6pa I, mpocta H, B Y4CTHOCTH, obnagaet
exnHuiel. DTo OKa3HBaeT yTBepwJjieHue (x) s k=0.

[lycTh Temeph Hallie yTBepkJeHHe CIPABCAIHBO i HEKO-
toporo &, 0<Ch<Cn—1. 3To o03HauaeT, B Y4CTHOCTH, 4YTO
anre6pa 1,_, CONCPKHT elMHHly, & C/EA0BATENbHO, N0 AemMMe
1175, 1, _, 1= I,,_,1J nas HeKOTOPOrO IBYCTOPOHHErO ujeana
JB I, 4 1

[ockonbky I,_,—MaKcumMaibHHHA JBYCTODOHHMH HAean B
| I anreOpa J cornacHo Jemme 11.76 He comepkHT coBcT-
BEHHBIX JBYCTODOHHHX HAeanoB. B To e Bpemd, NPHMEHHUB
Teopemy [1.73 x HOpMaqbHOMY DLy

A=l o, >...21,_,12I2(0),

MB TI0yuMM, 4YTO 3Ta anre6pa He sBAfETCA TpUBHAbHOMH,
CrnenoBaTe/bHO, OHa NpoCTa.

[lo HHAYKTHBHOMY NPENnOJIOKEHHIO, anre6pa 1,_, pasna-
raeTcd B DOPAMyIO CYMMy CBOHX TpOCTHIX nopanredp, ABAsIO-
mpxcs B HelM JIBYCTODPOHHHMH HIeadaMH. O6napas enupulled,
5TH Ke NoAaireGpH coraacHo jemme [1.74 ABiasioTCs ABYCTO-
POHHHMH HJeanaMH TaKKe M B | P W3 srtoro ¢akTa H
paBeHcTBa 1,_,_;=1,_pJ HEMENICHHO CACLYET, yro Tpebye-
MOe pasNoXeHHe B NPAMYI0 CyMMy HPOCTHIX nomaiare6p umeeT
MecTO M ais anre6pel I,_,_ ;.

OcTanoch 10Ka3aTh CYLiLeCTBOBaHHE EIUHHUBL ¥ anre6pol
I,_p_1- Ilycth e;—enunula anreGpu 1,_, (oHa CyHiecTBYeT
COTJIACHO MHAYKTHBHOMY TPEINONOWEHHI0), @ €p— EAHHHLA 1PO-
croii anre6pn J. Tlockonbky ab=ba=0 nmi nobbix a €1, _g,
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b=J, anement e=e,-} e, ABAsIETCH, KaK NETKO BHAETH, €1H-
HHLEH Bo Bceid anrebpe I,_,_,.

Taxnm o6pasom, IoKasaHa 3aKOHHOCTb HHAYKTHBHOTO Mepe-
X0la, a ¢ Hed u BCe yrBepkaenre (x). Kax ywe oTmeuanocs,
Halla TeopeMa sBJSETCH YACTHHIM CAy4yaeM 3TOTO yTBEPWKIAEHHS,
HMEHHO, TIpH kR =n, TeMm caMHM OH4 JOKa3aHa.

3aMeTHM, YTO Mbl OZHOBDEMEHHO YCTAHOBHIM TOT daKT,
4TO 8cAKas noiynpocras areebpa obiradaer eduruyeil.

Hafinennbie B Teopeme ABYCTOPOHHHE HAealH, AAIOLIHE B Nps-
MOH CcyMMe 3aZdaHHyl0 TOAYNpOCTYI0 anre6py A, e Oyxem
B JNa/lbHEHIIeM HA3HIBATh NPOCTHLMU COCTABAANOUWUMU arzebpo. A.

11.78, B 11.64 Ob0 BbIsICHEHO, YTO BCfKAs MpocTast an-
re6pa usomopgHa anrebpe B(X) a1s HeKoTOporo KoneuHomep-
HOTO MNpocTpancTea X, MM, YTO TO XK€ CAMOe, anrebpe Bcex
KBaJpaTHHX MaTPHL HEKOTOPOro pa3mepa. )

[Tyete Temeps X, ..,, X,—HekoTopulii HaGop KOHeYHO-
MepHbix mpoctpancTs. OGoanauum uepez B (X, ..., X,) mHuo-
WECTBO BCEX CTPOK BHAA

a=(ay, ..., a,),
rie a,-—onepatop u3 aarebpm B(X,) (nm, ecnu yroano, ma-
TPHLA COOTBETCTBYloHero pasmepa). Ouesnuuo, B (X, ..., X,)

B/ TCS areGpoii OTHOCHTENBHO (IOKOOPIHHATHBIX» OIlepalHi,
onpenenseMHX PaBeHCTBAMU

a+b:(al+b1, ey an+bn)’

Aa=(hay, ..., Aay),
ab=(ayby, ..., a,b,),
rae a, bEB(X,, ..., X,), a=(ay, ..., a,), b=(by, ..., b,),

A — KOMIIEKCHOE HYHCIIO.

C yuerom ckasawHoro teopema [//.77 momyckaer crleaywo-
H1y10 3KBHBAJEHTHYI0 (OPMY/IHPOBKY:

Bcakaa  noaynpocras areebpa  usomopra aseebpe

B(Xy,..., X,) das nexoropozo nabopa npocrpancrs X,, ..., X,.

3aMeTHM eille, UTO TNPOCTHE COCTABASIOWHE —anreGph
B(Xy, ..., X,) cocroaT, oyeBumno, u3 ctpox suza (0, ..., O,
a,, 0, ..., 0), rme k-2 koopAnHaTa npoBeraeT BCIO -aire6py

B (Xj), @ Ha OCTa/bHRIX MeCTaX —HYJH; MB OyZeM KawaAylo Ta-
KYyI0 COCTaB/IMIOMIYI0 OTOXIAECTB/ATh C COOTBETCTBYIOWEH ai-
re6poit B (X).
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11.79. B 3akiiouenne 3Toro naparpaa Mu Hahnem Bce ABY-
CTOPOHHEHE HIeanbl MoJynpocTo anre6pH. '

Teopema. Beakuil dsycToponnutl udear noaynpocroi ar-
2e6poi npedcrasaner coboid NPAMYIO CYMMY HeKOTOpPOEO qucaa
ee NpOCTbLX COCTABASIOUUX.

Ilycts A —noayrnpocras anreGpa; Torma cornacio /1.78

ona M30MOpHA HEKOTOPOH anrebpe BHAA B (X4, ..., X,) ¢ Opo-
cTHMH cocTaBasiomamMu B (X,), 1 <k<Cn

Tlycts Tenepb [—AByCTOPOHWEH uaean B B (X, ..., Xp).
OGoanaunm uvepe3 I, nepecevenne I ¢ B(X,). Tlockonbky BMe-
CT€ C KaWAHM 3JIEMERTOM @ =(aq, - - -, Cx_1, gy Qpyps + - o> a,),
a €1, unean I conepkuT M CTPOKY ae, =(0, ..., 0,a,0,...,0),

rae e,— exunnila B B (X,), HMeeT MCCTO pasiiokeHne B TMPAMYIO
cymmy: I=1+ ...+ 1,

Ho ans nwboro k, 1 <L k< n, I, KaKk Nerko BHIAETh, €CTh
ABYCTOPOHHHH H1ean B npocToit anre6pe B (X,); cneaosarenbHo,
an6o 1, = (0), anbo I, comnanaet co pced B(X,). Otcrona He-
MOCPeNCTBEHHO BHTEKAaeT Halle yTBePHIEHHE.

§ 11.8. Crpoenue ApeCTaBIeHH HPOCTHIX
H MOJYRPOCTHIX aare6p

3uaHne CTPYKTYpH H3YUEHHHX THIMOB anre6p mo3BossieT 6e3
ocoboro Tpyaa HafiTH BCe WX MpeACTaBjieHHs C TOYHOCTBIO 10
SKBHBAJIEHTHOCTH.

11.81. [lycTb A—noaynpocTas anre6pa; BBHAY JOKA3aHHOTO
B MpelpaylieM naparpade ee MOMHO OTOXLECTBUTD C anre6po#t
B(Xy, ..., X,) A1 HEKOTOPOTO Ha6opa npoctpaicTB X, 1<
< k< n. Tloatomy BMecTe ¢ 3alaHHOH aareGpolt A ecTecTBeH-
HEIM 06PasoM BO3HHKAIOT 71 ee MPeaCTaBneHH Tk A — B(X,),
1< k<n, aehcrayiomux no gopuyre Té=a, €B(X,) ans
no6oro a €A, a=(ay, ..., Gy -+, G,). TlOCKOAbKY 06pasom
npenctapnchus T sensercs BCs anre6pa B(X,), Bce aTu npex-
CTaB/ieHNs] HETIPUBOJHMH.

Teopema. Bcakoe Henpusodumoe npedcrasierue noaynpo-
cTol ancebpe. A 3K8UEANENTHO OOHOMY U3 npedcTasienuil Tk
(1R N).

IlogkasartenbcTBo. Mycts A=B(Xy, ..., X,)—nony-
npoctas anre6pa; T: A — B(X)—ee HenpHBoAUMOE MpPENCTaR-
nenne. Paccmorpum sapo Z(T) npencrasienns T. Byayuu aBy-
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CTOpOHHMM HAeanoM 8 A, 3TO £1pO 110 Teopeme 11.79 signsetcd
npaMoft cymMMofi HeCKONBKUX NPOCTHX COCTABNAIOMUX anre6pu A.

O6o3HaunM uyepe3 A, IpaMylo CyMMy OCTa/ipHBIX, HE BOLIE-
mux 8 Z(T) 0POCTHX COCTABASIOUIHX anre6pu A, u4epes
TW: A, — B(X)—cyxenne na Ay HCXOIHOTO NpejcTasieHus T.
Hosoe npencrasnenue T? yxe ABAAETCH TOUHBIM H, HOCKOJBKY
06pa3sl npefcTasieHult T® 5 T, oueBHIHO, COBIAAAIOT, HBARETCH
HenpusoauMeiM. Anre6pa Al umMes npeiacTasAeHse TaKoro Bula,
gonk#a 6uTh npoctoft (/1.64). Cnemosarenbso, OHA CBOAHTCH
K ORHOMY JMIMb TIPAMOMY CaraeMoMmy, 1. e. COBNANAET ¢ B (X,)
ans wekotoporo k, 1<Ck<Cn. Otciona, Kak JErKo BHAETH,
ana nwdoro a €A, a=(ay, ..., 8 -- By,

T,=T, 6, €B(Xy).

CoraacHo Teopeme [1.51 Bce HEeMPHBORHMBIE TPEACTABACHUT
NPOCTOR anre6pH 9KBHBANEHTHH; B YACTHOCTH, SKBHBAMCHTHH
TW: B(X,) —B(X) n TOKAECTBEHHOE  [PeACTaBJeHHe
T®: B(X,) — B(X,). O9ro o3nauaer CylLecTBOBaHHE H30-
mopdusma U: X — X, rakoro, 4TO UT&):Tﬁ)U aist moboro
a, € B(X,). Ho no nokasaunomy Tasz,lk) aas no6oro a € A;
C APYTOH CTOPOHH , H3 ONpeleNeHns NPeACTABACHHT Tk caeayer,
uto T =T, Orcoza UT,=TtU zns moboro @ €A, uTo
W ZOKA3WBAET SKBUBANEHTHOCTH npeactasnenndt T H TE,

11.82. [lepeiineM K MPOM3BOABHLIM NPEACTABAEHUAM IPOCTHX
¥ noAynpocTHx anre6p. OxaxeTcs NOJAE3HBIM CIEAYIOIEE yTBep-
waenHe QOulero xXapakTepa.

Jlemwma. [lycrs A—npou3soibrai anrce6pa, T: A — B (X) —
ee npedcrasaenue, X, 1<k n,—nunumaIbHbLE unsapu-
QHTHbLE NOONPOCTPAHCTBE NPeOCTaBACHUR T rakue, uro ux Au-
neiinas obosouxa cosnadaer ¢ X. Tozd0a X Aeasercs npanod
CYMMOLL HeCKOAbKUX noOnpoCTPancTs us 31020 nabopa.

[lepeceuenie HHBAPHAHTHLIX NOANPOCTPAHCTE fnpeaCTaBIeHHS
caMO SIBASIETCS HHBAPHAHTHHIM MOANPOCTPAHCTBOM. Mostomy u3
MMHHMAJBHOCTH 3alaHHbX MOANPOCTPAHCTB Cleayer, 4TO And
n6oro k nepeceyeHre TOANPOCTPAHCTBA Xy, 1 € Munefnoft o6o-
JIOYKOH TpefuiecTBYIOUIHX NOANPOCTPAHCTB X,, X, ecth aubo ca-
Mo X 41, MO0 HYNB. Taxum 06pa3oM, NOCAENOBATEABHO BuGHpas
¥3 HOAMPOCTPaHCTB X, Te, KOTOPHE He colepxarcs B JHHeR-
HOH O0GOMOUKE NpeIblIyHMX, Mbl HOJYYHM MOANPOCTPAHCTEA,
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Jpawlue B 0psMoil cymMme BClO JHHeHHYyI0 000J0YKY MOINPOCT-
pancts X,, 1<{hk<{n, 1. e Bce X. Tem campiM neMMa 10Ka3aHa,

11.83. CornacHo BTOpo#l CTPyKTypHOH TeopeMe BCAKad Mo-
aynpocras anre6pa A wm3omopdHa Hexkoropolt anrefpe BuIa
B(Xy, ..., X,). B nanpueiimem nam 6yner yao6uo paccmaTpH-
BaTh peanusauuio aaredpn B (X, ..., X,) B Bune anredpu cTpok
M3 7 MaTpHLl COOTBETCTBYIOWEH paaMepHocTH. Iina sneMeHTa
a € A uucno, croduiee Ha «i, j-M» MecTe B R-i MaTpuue COOT-
BeTCTBYIOWIEH CTPOKH, M Oymem oGosHauath uepes AP (a).
Yepes e‘f’ 6yneM 00603Ha4YaTh TOT B3JEMEHT anreGph A Anst
kotoporo AY¥ (e®)=1, a Bce ocTanbHhie MecTa B MaTPHIlax
COOTBETCTBYIOWLEH CTPOKH 3alONHEHB HYJAAMH. 3aMeTHM, 4TO
D e =e, rae e—enunuua anre6pu A.
ik

Nemma. Mycre T: A— B(X)—npedcrasaenue noaynpo-
ctoil aazebpor A. Ilycre, daaee, 0as HekoTopoeo x €X u He-
KoTopsix unlexcos i u k sexTop y:TL,(l_?)x OTAU4EH OT HYAA.

Toeda y npunadierur HeKOTOPOMY MUHUMAALHOMY UHBADUAHT-

romy nodnpocrpancrey npedcragienus T.
HOoxasareabcTBo., llonowum Y={T,y: a€A}. Tlo-

cxonpky y=T, efh) X, U3 IPABHIA NEePEMHOXEHHS MATPHLL CleldyerT,

4yTO N1060H anemem 2z, €Y umeer Bua z,=T,x, rae b—uexo-
Topad nAuHeHHas KOMOWHAIUS 3JEMEHTOB e‘,’f’ (i m & ¢uxcupo-
Baun). JlocTaTouHO mokasaTh, 4YTO B cayuyae 2=+=0 BexTop
z,~—UMKAHYeCKHH BekTOp B CyXeHuu mnpexctasiedus T una Y.

[ycts 2, €Y: zo=T,x, rae c—apyras aunednas KxoMOGu-
HallHg Tex we 37eMeHToB. Mcmonw3ysi peannsaumio anreGpu A
B BuAe aiareGpnl CTPOK MaTpHll, HaHaem 3neMeHT a € A TaxoH,
yro ¢=ab. Ho rtorna z,=T x=T,(T,x)=T,z;. Takuu 006-
pasoM, BeKTOp 2, LHKJIMYECKHH, M JeMMa J0KasaHa.

11.84. Teopema. Bcakoe npedcrasiexue noAYnpoCToll
anreebpbr pa3Aq2aeTCa 8 NPAMYIO CYMMY Henpusooumolx npeod-
CTABACHUIL U TPUBUAALHO20 NpPedCcTasAeHUs.

Ilyctb A —noaynpocrtas anrebpa, T% A— B (X% —ee
npencrtasnenue. PaccMoTpum oneparop T;’, rie e —eIMHUIIa B A,
HOna nwo6oro x € X% paBeHCTBO

x =T+ (x—Tix)
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onpemensieT, OYEBHIHO, Pa3AOKEHHE X0 B npsAMyI0 CyMMy IMOJ-
npoctpaHcTs X # Xg, HHBAPHAHTHHX OTHOCHTENBHO TO, npuuem
cywenne npencrasnenus T® na X, gsasercs TPUBHA/MBHBIM MPEX-
crasienneM. HaM octanoch 10Ka3aTh, YTO TNPEACTABICHHE
T: A — B (X)—cyxenue npeicTaBieHus TO na X — pasnaraer-
¢l B NPAMYIO CYMMY HEMpPHBOMHMbIX. .

BuGepem B X 6a3uC Xy, - .-, Xp Onepartop T,— roxaecT-
BeHHbill omepaTop B X, MO3TOMy BBHLY pABEHCTBA e:}ie,‘{?’

i,

nuuefinas 060704Kka BeKTOPOB BHAA T, X, (MO BCEM BO3MOX-
112

HeIM MHAeKcaM I, J, k) cOBMalaeT €O BCEM X. Tlo nemme 11.83
KAWL OTIHYHBIH OT Hyls BEKTOP TaKoro BHAa JEXHUT B HE-
KOTOPOM MHHMMa/7bHOM HHBAPHAHTHOM MOANPOCTPAHCTBE npea-
ctapienus T.

Mtak, Mbl HaXOJHMCH B YC/IOBHAX JEMMBbI 11.82. Ho rorna
npoctpaHcTBO X pasnaraercs B MpAMyio CyMMy MHHHMa/bHBIX
WHBAPHAHTHBIX MOANPOCTPAHCTB NPEACTABICHIS T, u, cnenosa-
TenpHo, camo T pasnaraercs B NPAMYK CyMMy HENPHBOJMMBIX
IpeNCTaBACHAM],

Tem caMblM J0KA3aTEAbBCTBO TEOPEMBbI 3aKOHYEHO.

11.85. Teopemn [1.81 w 11.84 BMecTe OMHUCHIBAKOT ¢ TOU-
HOCTBIO DO SKBHUBAJCHTHOCTH BCE MPEACTABJCHHS TMOJYNPOCTHX
(8 TOM uHcae H npocThix) anreoép.

Tonyuennnfi pesynbTaT MOKA3BIBART, B 4AaCTHOCTH, HTO ONE-
paTOphl 3alaHAOrO MPENCTaB/eHHs npocToit anrebpl (ITOT Cay-
yalt Mbl BhlJensieM 15 Gonblued HArAsSIHOCTH), 3aNHCHBAKTCA
B HEKOTOpOM 0asnce MaTpHIAMH BHIA

rie M npoGeraeT BCIO COBOKYIHOCTH MAaTpHI COOTBETCTBYIO-
uiero pasmepa. B Gonee obulem ciyuae nonynpocTolt anre6p
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COOTBETCTBYIOUIHE MAaTpHiH CYTh MAaTPHIlH BHAA

M,
. g 0
M,
0 e,
. , (4)
o
0
rae crosmue B Giokax matpuun My, ..., M, ... npoberaioT

HE3aBHCHUMO JpYr OT Jpyra BCIO COBOKYIHOCTb MaTpHILL COOT-
BETCTBYIOIETO pa3mMepa (BooGLLIE TOBOpPH, PAa3HOr0 ANsl PA3HBIX
MaTpHiL).

11.86. TlonyTHo Hamu noaydeno onucaunue 6cex NPoOcToLx U
NOAYNPOCTHIX MATPUYHbIX aacebp, T. €. anrebp, KOTOpbE Camu
COCTOAT u3 MaTpHll. [leHCTBHTENBHO, MOCTaBHB B COOTBETCTBHE
KawIoH maTpuile H3 Tako#l anre6pH 3ajzaBaeMulii €10 onepaTop
(B n11060M Gasuce), MBI MONYYHM TEM CaMbiM TOYHOE TNpencTaB-
Jdenye 3Tof anrebpn. OTcpola ¢ yueToM NperblIyUHX paccywx-
denH# HeMelJeHHO BhITeKaeT cClelylollee YTBEepwIeHHE:

Bcakaa npocras (COOTBETCTBEHHO NOAYNPOCTAA) MATPUYHAA
ancebpa cocrour uz marpuy euda P~ LP, 20e P—Hexoropas
Qurcuposansan HesovipoxOennan marpuya, a L npobezaer coso-
Kynnocte marpuy euda (3) (coorsercraedno suda (4)).

HOnst anrebp ¢ eauHuiell pe3ynpTaT moayuaetcs eule 6osee
TOYHBIM:

Beakaa npocras marpudras aireebpa ¢ edunuyet cOCTOUT U3
marpuy auda P~1LP, 20e P— purcupo8annan HeabipoXOeHHas
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marpuya, a L—npoGeeaer c080KYNHOCTL 8CeX MATpuy 6uda

Mo ... 0
oM...0
00...M

20e M npobezaer 8ct0 COBOKYNHOCTb MATPUY COOTBETCT8YIOUE20
pasmepa. Bcakaa noaynpocras marpuixas aseebpa c edunuyell
cocTour u3 marpuy suda P~1LP, 20e P — guKrcuposannas He-
goipoxcdennan marpuya, a L npobeeaeT cO60KYnHOCTL 8cex marTe
puy suda

MO ... 0
0.0 M,
: 1 4
M, 0 ...0
0 0...M,
2de marpuysr M,, ..., M, npobezaroT He3zasucumo dpyz ot

Opyea 8CO COBOKYNHOCTL MATPUY COOTBETCTEYIOUUX pA3Mepos.

§ 11.9. Hekortopbie paJjbHefinue pe3yabTaThl

Wtak, Me 3aKOHYWIH ONHCAHHE INPOCTHIX H MOJAYMPOCTHIX
KOHeYHOMEpHbIX airebp, a Takke MX npeincrtasiednit. danpHelt-
liee MCc/AeZOBAHHE KOHEYHOMEDHBIX a/ire6p ymke BHXOMMT 3a
paMKn HacrtosiuieH raabl. Tem He MeHee MOJMe3HO XA mepchek-
THBBl TIPHBECTH HEKOTOPble H3BeCTHHe (aKThi B 9TOM HANpPaBNEHUH.

11.91. Teopema Bennep6epua. Bcakasa konednomep-
Haa aazebpa passaeaeTca, Kak AuKedrHoe npocTpawcrso, 8 nps-
MYl CYyMmy cs8oe20 padukasa u HeKoTopol noaynpocrol nod-
arzebpot (cM., nanpumep, H. dxeko6¢on, Teopus kone,
W/, 1947, ctp. 220),
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11.92. Pagnkan KoHeYHOMepHOH anre6pnl COCTOHT TOJBKO
W3 HHNBIOTEHTHHWX 3/1eMeHTOB, Bonee Toro, ang KawaoH Takod
anre6pnl CymECTBYeT HATypalbHOE 72 TAKOE, YTO MPOU3BENEHHE
NI06LIX 72 37EMEHTOB €€ DajMKala DABHO HYMO (CM., HAlPHMED,
H. I'. Yeb6orapes, Beenenne B Teopmo anredp, [ocrex-
nazaat, 1949, § 8).

11.93. Bceskoe npeacTaBaeHHe pagHKanbHOW anreOpol 3anu-
cpiBaeTCd B HEKOTOPOM Ga3Wce MaTPHUAMH C HYJSMH HA TJIaBHOW
nuaroHanu w puwke ee. ([lpw 9ToM, KOHeYHO, He yTBEpPWKAAETCH,
4TO MATpPHIL OIEpPaTOPOB MNpeACTaB/eHus [PoGeraloT BCIO COBO-
KyMHOCTb MATPHI T4KOro BWJa; cM., Hanpumep, A. f. Xe-
Aemckni, O6 anrebpax HHUABNOTEHTHBIX ONEPATOPOB H CBH-
3aHHBIX C HUMH KaTeropusix, Bectnnk MIY, 1963, Ne 4, cTp.
49—53.)

3AAYH

1. Jloka3aTs, uto BCAKHI JeBblH uican aare6per B (K,) ectb coso-
KYNHOCTb BCEX ONePaTOPOB, HYJL-MHOTOOGpasHe KOTOPBIX CONEPIKHT He-
koTopoe noxnpoctpanctee K’ < K.

2. [lora3aTb, uTo BCAIKMit mpaBwiii uxean | aare6pnt B (K,)) ectn co-
BOKYIIHOCTH BCeX OMepaTopoB, 00JacTh 3HayeHHH KOTOPBIX JIEKUT B HEKO-
1opom riopnpoctpanctee K’ < K,

3. YKaszaTb Bce MaKCHMajbHble W MHHHMAa/bHble JeBHE H NpaBble
upeanw aaretpsl B (K,).

4. Jlaa Bcakoit mosynpocTolfl aare6pel B sHHefinbix omepatopoB Haj
npoctpanctBom C, BBectH B C, cka/jsipioe NpoH3BelleHHe Tak, 4TOGbL W3
A€B cuepoBano A*€EB.

5. (O6pauenne sajayu 4.) Ecan 119 sekotopoit anre6per B sumneiinbix
onepaTopoB ‘Hax npocrpancTBoM C, cymecTByeT Takoe CKajsipHOE NPOH3-
pefenne (x, y) B C,, uto n3 AEB caexyer A*€B, 10 anre6pa B mnoay-
npocras.

6. Ecau, npn BHINOJHeHHH yc0BHI 3ajiaun 5, kommyTatop B (11.61)
nepecekaercsi ¢ caMoll anre6poii B nHub no onepatopaM, KpaTHbIM elH-
HHunoMy, To B —npocrtas aare6pa.

7. Joka3aTe, uyTO KOMMYTaTOp NpocToii aire6pel B, cocTosiedl u3
MaTpuu Buga //.85, pacriajaloulnxcsa Ha m? 610K0OB

AO ... 0
0A...0

00 ... A



3AJIAYN 383

npejcTaBAsieTcsi (B TOM ke $asHCe) BCeMH MATpPHIAMH BHAA

1 AMiE ApE ... A,E ]
AnE hasE ... Ao, E ,
AntE ApoE .o Ay E i
rae Aj (j, k=1, ..., m)—INpousBo/LHEe KOMIJIEKCHbIE YHC/AA. B uacT-
HOCTH, TNepeceyeHHe B c B cOCTOHT JIHINb H3 MATPHI, KPATHBIX eHHUYHOH.

8. ¥ xakoll moayfipocTofi MaTpuuHO# aJareSpel B ee KOMMyTaTop B
coBnajaer ¢ camoit B?

9. OnucaTb BCe KOMMYTAaTHBHEIE NOJYNpoCThe ajreSpe (B B).

10. OmncaTb BCe NMOJYNPOCTHIE MaTPHYHBIE aare6pul B, ais KOTOpHIX

BcB.

11. JlokasaTb, 4TO Hjsi NOJYNPOCTOH anre6pu Bcerga B — B.
12. Aare6pa B cocTOMT H3 BCeX MHOFOUJEHOB OT OJHOrO omneparopa A

(1, crefoBaTeibHO, KOMMYyTaTHBHA, Tak ut0 B D B). late kpHTepmii pa-

BeHcTBa B=B.

13. Ecau aare6pa B 2~ 0 COCTOUT H3 HHJILIIOTEHTHBIX 3JI€MEHTOB (t.e.
anst xaxporo AE€B umeem A*=0 npu nekotopom k=£ (A)), 10 paBeH-
¢1B0 ¢B =B HeBoaMoxHO HH npH Kakom cEB.

14. Anre6pa B HasbiBaeTcsl HHJBNOTEHTHOM, ecnu CYHmieCTBYeT YHCIO p
TaKoe, 4YTO NpOH3BefleHHe JOGLIX p ee 3jeMeHTOB pasHo 0. Ilokasatsb,
ut0 anreGpa B, siBJsiiolancs CyMMOil CBOHX IIPaBEIX Hieauos B, ...+ B,
HHJIBITIOTEHTHA, €CJH HHJbLIOTEHTeH Kamxpbli Hjeal B/- (=1, ..., m.

15. Ecim KoneuHoMepHast aire6pa B COCTOHT “H3 HHJLIOTEHTHBIX
3JIEMEHTOB, TO OHa CaMa HHJILIIOTEHTHA.

16. Ilyctb B— HHaBNOTenTHASL asireGpa ONepaTOpoB B NPOCTPAHCT-
Be K,. Ilyetb M; — K, ecth nepeceuenne Bcex HYJIb-MHOT006p a3uil Bcex
onepatopos A €B, manee, M, = K, —epeceuenne Bcex mognpocTpaHCTs,
KoTopkle oneparopamd A€ B nepesousitest B My, My < K,,—nepeceuenne
BCeX TOANpPOCTPAHCTB, KOTOpHE omepaTopami AEB nepesogatcs s M,
H T. I. [loxasaTb, UTO HMEIOT MeCTO CTPOTHe BKJIOYEHHS

lcMcMc...cM,=K,,

I/le p—HHIeKC HHJLIOTEHTHOCTH asreGpul B, T. e. Hammenbuee yucho p
TaxKoe, 4T0 Npou3BeJleHHe JIOCHIX p omnepaTopoB H3 B pasuo 0.

17. st BCSAKOH HHJIBNOTEHTHOH asreGpsl B onepatopos B mpocTpar-
crBe K, cymectByer 6asuc, B xoTopom Bce omepatopst A€B sanuchipa-
I0TC MaTpHHAMH BHA

0 Ay Ayy oo Ay poy

0 0 A ... Ay ooy
00 0 ... A poqs
00 0 ... 0

e p— HHICKC HWILIOTEHTHOCTH anre6put B (A. SI. Xenemckui).
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KATEFTOPHH KOHEYHOMEPHBIX MPOCTPAHCTB

§ 12.1. Beenenne

12.11. B nocnexHee Bpems B pasinuHBIX obaacTax Marema-
THKH CTaiH MCpaTh GOMbUIYIO POJib MOHATHE KATETOPHH U cBH-
sanHue ¢ HuM mnouatus *¥). Hekoropau COBOKYNHOCTD MHOKECTR
¢ MX OTOGPaXeHHAMH ADYr B ApYra, HekoTopaid COBOKYMHOCTH
vHedHWX NPOCTPAHCTB Han anre6p ¢ X MopdH3MauMu —Bce 3TO
npuMepH  KaTeropuft.

Tounoe onpeje/eHHe KaTeropuu CaeayloWee. [lyctb umeercs
HEKOTOpOEe MHOWECTBO A unpmexcos a. [lycrb, nanee, HMEeTCH
HEKOTOpasi COBOKYNHOCTH R snementos X, HazuBaemux 00%-
extamu katecopuw U, ¥ A4S KaXIOA napu ob6wextos X,, X,
YyKa3aHO MHOXECTBO %9, APYrHX B/ieMeHTOB Ag,, Ha3HBAEMHX
orobpascenusmu o0bexta X, B obvext X,. [Ipeanonaraercd, 410
npu noGux o, P, y onpeaeseHo NpoHIBEREHHE HMEIOUHXCH OTO-
Gpawenust A"B u A,,, KOTOpoe ABAAETCH otoGpawennem X, 8 X5
npn srtom TpebyercH, y1oON yMHOXEHHE oTob6paxeHnft OHIO
4CCOLMATHBHBM, T. €. Iifl JOOLX a, B, v, 0

Aw (ATBA?F) = (ABIATs) Aﬁu'

B 4acTHOCTH, ONPEAe/ieHo M MHOXKECTBO B, oroGpaxenuft 06%p-
exta X, B ce6s camoro. B 3TOM MHOWECT8e, C/eA0BaTeabHO,
pnpefesieto (aCCOUHATHBHOE) YMHOXEHHE orobpamenuit. Kpoue
toro, Tpebyercs, YTOOH MHOWECTBO B, comepkano e IUHHY AWE
snemeHT 1,, xoTOpHH 06/1anaeT TeM cBolcTBOM, 4TO

1a Aa@ = Aup’ A1c 141 = A1u

*) Cm., HanpuMep, A. Kaprau # C. Sfinen6epr. [omolo-
rHueckas anare6pa, WJI, M., 1960; A. CporTengH K, O HEKOTOPHIX
BOMpPOCaX FOMOJOrHYeCKOH asreSpu, WJI, M., 1961; A. T. Kypow #
ap. OcHoBH TEOPHH katerophit, Y MH, Ne 6, 3—52, 1960.
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npu Mobux o, P u y. Byrem nasee BMECTO B,, MHCATh KO-
poue B,.

CoBokynHocTb 06beKTOB X, H oTo6pawenuit A ,, obnazaio-
L(UX MEpeYyHCTEHHEIMH CBOHCTBAMH, W o6pa3yer, 0 onpenene-
HHIO, KaTe2opuro.

Kareropus & HaswBaeTcs uneiinod, eclH B COBOKYIHO-
cth B,, oTobpaxennit Ay (c MOOLIMH (HUKCHPOBAHHHMY O H B)
ofnpere/eHn CnepalHH CJA0XEHHd oTo6paxeHu#l M yMHOWeEHHH
ux Ha uucna (w3 moas K), npeBpamaioiue COBOKYMHOCTH %B“
B JHHelHOE MPOCTPAHCTBO HAL MOJEM K. B nuHeliHol#i KaTeropHH
COBOKYMHOCTH B, npexcTasnser cobolt anre6py ¢ emuHHHeH
(sam monem K).

12.12. Ml paccMOTpHM B STOH I71aBe JHHeAHbE KaTErOPHH,
5/ieMEHTaMH KOTOPHIX SIBJSIOTCH JHHEHHHE KOHEYHOMEPHHE Mpo-
cTpancTBa Hal mnoieM C KOMIJNEKCHHX 4Hcel, 4 oToGpaxe-
HUSIMH — NHHEeBHbE 0TOGPaXeHHs (MOP(HIMH) OJHOTO TaKOro Mpo-
CTpaHCcTBa B APYroe.

Wrak, MBl HCXOZHM H3 CJENYIOUIEr0 ONpefe/cHHs.

MMeeTcs HEKOTOPOE MHOXECTBO JHHEHHHX KOHEYHOMEPHLIX
KOMIUTEKCHHX MpOCTPaHcTB X, (o €). Mpu xkaxaoM o B APO-
crpancTe X, 3amana aareGpa B, AuHeHHHX OMepaTopoB, nepe:
pofsmux X, B ce6sa. Jlng xaxJIoA maph HHICKCOB B, @ sanaHa
cemelicteo B,, JuHefHHX OMepaToOpOB AB‘" nepeBosuHx Xg
B X, comepxauiee BMeCTe C KauIBIMH IBYMs OMepaTOPaMH A&l“
u B, ux cymmy A ,+ B, u BMecTe CO BCSKHM ONepaTOPOM AB“
ero npousseneHne AA ., Ha J1060€ KOMIUIEKCHOE YHCIO A; Takoe
cemeficTBO NHHeHHHX onepaTopos GyleM B AalbHeHilleM HA3HBATH
Aunelinbim cemeldcTeoM. B 4acTHOCTH, nunefinoe cemefcTBO By
coenagaet ¢ anre6poll B,. [Ipeanonaraercs, YTO LAs n06HX O,
B, y BHIMOJHEHO yclOBHE

%YB%B“ c B, (1)
T. e. mpo6oe npousBeneHne AYBABQ (AYBE%YB’ AB"ESBB“) NeWHT
B B,,. CoBOKYMHOCTb MPOCTPAHCTB X, ¢ anre6pamu B, u cemeti-
ctBamu B,, GyreM Ha3nBaTh KaTezopuell KOWEYHOMEDHbLX npo-
CTpancTs, MMM MPOCTO KaTezopuell, ¥ 0003HAYaTh Hepes 8.

Eciu B kaxzom npoctpanctse X, BHOpaH kak-uubyas 6asuc,
10 anre6ps B, u auHelinHe cemeHcTBa $B., MOKHO OTOXAECT-
BUTH COOTBETCTBEHHO ¢ anreGpaMm M JHHERHHMH ceMelicTBaMH
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COOTBETCTBYIOIIHX MATPHL, YTO MH B JanbHeHlieM GyleM cucre-
MaTHYECKH HCMOJNb30BATh.

B 9ToH riaBe MH BHSICHSEM, KaKHMH MOTYT ObITb KaTErOpHH
AMHeHHHX TPOCTPAHCTB NpH 3amanHmX anrebpax B,. Mu orpa-
HHUHBaeMcsi NoAynmpocTumu aarebpamn B,. B cuny 171.86 ans
nonynpocTot anreGpu NpocTpaHcTBo X, MOXeT GHTb PasGHTO
B MpAMYI0 CyMMy noanpoctpascts X,; HHBAPHAHTHHX OTHOCH-
TeJbHO BCeX ONepaTopoB Aﬁu, npHYeM B KauAOM MOAMPOCT-
panctse X,; anreGpa B, ectb mpocras anrebpa ¢ eAHHH-
1eH, T. €. B HeKoTopoMm Oasuce OHA 3aNMHCHIBAETCH MaTPHUAMH
BHAA

rae C mnpo6eraeT BCIO COBOKYNHOCTb MAaTPHIL COOTBETCTBYIOLLETO
pa3mepa.

Mnl HaunHaem ¢ pa36opa HeCKOJNbKHX YaCTHRIX Clyyaes,
KOTOpHle MO3BONAT 3aTeM copMymHpoBaTb M OOlMe pesyib-
Tath. B § 12.2 paccmarpuBaeTcs cayuad, Koraa Kawnias
anre6pa B, ecth noanas anrebpa, T. e. aare6pa Bcex JuHel-
HHX omepaTopoB, xedcTBylowiux B X,. IIpoTHBONONOKHHH cay-
yalt, Koraa Kaxias H3 9THX aire6p ecTb aire6pa onepaTopoB
{AX}, kpaTHpx enuHmuHoMy, pazo6pan B § 12.3. PesyabTaTu
§ 12.4 oTHocATCH K Cydalw NpOCThX anre6p B,, KoTOpHH
ABASETCH eCTECTBEHHWM o06oOlienneM caydas anre6p {AX}.
B § 12.5 peub HmeT o cayuae, KOria Kawiaas anreGpa B, ecTb
anre6pa Bcex AMaroHaibHnx MatpHu. B § 12.6 obGwas xarero-
pHA TNpPHBOIMTCA K pa3o6paHHBM B MpeauayuiHx naparpadax.

12.13. Hanomuum o6o3HaueHHs M TIpaBuaa JeHCTBHA ¢ MarT-
PHILaMH JIMHEHHHX ONepaTopoB, OTOGPaKAWOWHX HHEHHOE Mpo-
ctpanctBo X B auHefinoe npoctpancto Y (4.41 —4.43). Tlyers
HMeeTcs n-MepHoe mnpoctpaHcTBo X ¢ 6asucoMm ey, ..., €, H
m-mepHoe mpocTpaHcTso Y ¢ Gasucom fy, ..., fi. JluHeH-
HoMy omepatopy A, ne#ictylomiemy u3 X B Y, Mul CTaBHUM B
COOTBETCTBHE M X M-MaTpuily (T. €. MATpHUY H3 M CTPOK H
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n croa6uoB)

S S TR P
A= Gy Ggp -+ A3y
- b
li Ami Ame - - Qn |
rae 8 A-M cTONOUE CTOAT HHCAA Qg Qops -« +y Qpp, NPEICTAB-
asiiolHe  coboit KodddHIMEHTH  Pas/loKeHNS BeKTopa Ae, €Y
no 6asucy fy, .- fu
TlycTh, Xanee, UMEeTCH Kk-MepHOE NPOCTPAHCTBO Z c Gasu-
COM gy, - .., & Onepatopy B, meficTByiomemy H3 TpOCTpaH-

cTBa Y B NPOCTPAHCTBO Z, CTABHTCH B COOTBETCTBHE k X m-mart-
puua

by byp - by

by boy -+ by

byr bas -+ Oy |

Onepatop C=BA nefictsyer us X B Z. Emy orsevaer
kX n-mMaTpuua

Ci1 €12+« C1p
C— Cap Cog - -+ Can
Ce1 Cpa » -« Cpn |

Dra maTpuua noayuaercs M3 MaTpuu Bm A ¢ moMoubio ornepa-
LUHMH YMHOMEHHsI:

m
Cpq:jg‘lb”fajq’ p=1,...,k g=1 ..., n

12.14. Hanomsum caexytomuit $akT, KoTops# OyieT yacTo
none3npiM (4.44).
Nemma. [ycte Oana npamoyeoabHas  nX m-marpuya

A= a,, |l (n cTpoK, m cTonbuoB; p=1, ..., mq=1,...,m).
Ecau ymHoxute matpuyy A cnpasa Ha npamoyeoibrRyto
mX k-marpuyy B=1b,|l, e0e sce 3iementsl b, Kpome br s,

pasuot 0, a b, s, =1, T0 NOAYHUTCA NPAMOYEOAbHAA n X k-mar-
puya F, 8 kotopoui sce croabysl, kKpome Sy-e0, Gydyr pasnul
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HYyAO, A 8 Sy-M 6YOYT CTOATL IAEMERTOL Io=20 croabya marpu-
yot A. Ecau marpuyy A ymHONUTb CAre6a HA npAMOY20AbHYIO
Ix n-narpuyy C=| c.s|l, 20e ece 3aeMenTbL C,; KpOME Crospr
pagHbt  HYAO, @ Crs = 1, TO nOAYHUTCA  NPAMOY2OAbLHAA
I X m-marpuya, 8ce CTPOKU koropoi, kpome r-i, 64Oyt
pasubt 0, T0200 KAK 8 ry-i crpoke 6y0yT CTOATL 3/EMEHTHL
§y-ii CTPOKU MaTpuysl A.

12.15. Kak cleacTBHe mNOJyyaeMm: eClH MpAMOYroJbHYIO
X m-MaTpully A yMHOXHTDb ClpaBa Ha m X k-matpuuy B, a cneBa
Ha I n-MaTpuily C C yKa3aHHHMHM CBOMCTBAMH, TO B MOJMyq€H-
Holt Ix k-matpune D OyaeT OTIHYEH OT HyJd (BO3MOMCHO)
TONbLKO OXHH 3JIEMEHT, HMEHHO, CTOSIIAA HA CKPCILEHHH ry-#
CTPOKH H §,-TO CTOJONA, a STHM SJAEMEHTOM O6yZEeT 3JEMEHT ds, r,
dcxomHo# MaTpuus A (T. e. HAXONWBIIMHCA B HEell Ha cKpene-
HHH §;-# CTPOKH H I¢-TO cToa6ua).

§ 12.2. Caydaii, Korna Bce JaHHAbIe
aiare6pnt B, — HOJHBIE

12.21. TlycTe KaTeropus f cocTOMT M3 KOHEUHOMEPHBIX
AHHEHHNX NPOCTPAHCTB X, TPHYEM anre6pa B, onepatopos, nef-
cTByOLLHX B X, MIPH J11060M & €CTD NOJHAS anre6pa, T.e. anrebpa
gcex nuHeHHHX onepaTopoB B X,. PHKCHPYS MPOH3BOJIBLHO 6asuc
€4, -+ +s €, B MPOCTPAHCTBE X, u fy, - -+, [ B IPOCTPAHCTBE X,
MH MOXEM OTOXIEeCTBHTb ONepaTropH H3 cookymiocteti By,
B0, Bay, By ¢ COOTBETCTBYIOUHMH HM MaTPHILAMH.

[lycTh pa3MepHOCTb MNPOCTPAHCTRA X, paBHa m. ¥ pa3mep-
HOCTh NpOCTpaHCTBAa Xy paBHa 7. [peanosowuM, 9TO B COBO-
kynHocTH By, HMeeTCs HeHyJleBoH# omepatop A M eMy COOTBeT-
CTRBYET MpPAMOYTONbHASA 71X m-MaTPHIA A=llay.ll, B KOTOpO#
no kpafiHefl Mepe ONUH 3JIEMEHT, HAMPHMED &p,q, OT/NHYEH OT
Hyns. B 9TOM cayyae MOXHO CUHMTATh &p,q, = 1. Tlo ycaosno (1)
¥ namemy npexnonoxenuo (B, u B, cyTb TONHHE anreGpH
MaTpull), NPOH3BEJEHHEe MATPHIUH A cnpaBa Ha no0yio KBajxpaT-
HYIO m X m-MaTpHUy H C/eBa Ha n06y0 KBaIpPaTHYIO 71X /71-Ma-
TPHLY CHOBA NPHHAIVIENUT cemeficty B,,. Onnako B cuiry
nemmn 12.14 B peayabTaTe TaKOH oOmepanuH Mbl BCELNA MOXKEM
NONYYHTH 71X M-MATPHIY C EIXHHCTBEHHHM OTJIMIHHIM OT Hyas
snementoM 1 B m060M Hamepen 3aXaHHOM MECTE, Tak xax nuHel-
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nas KOMGMHAIHS TAKHX MaTpuil AaeT MobGylo 71X m-MaTpHiy,
10 By, CONEPKHT BCE 3TH MATPHUH, T. €. npedcraganer co6ol
NOAHYID COBOKYNHOCTL ONepaTropos, deiicrayromux uz X; B X,.

12.22. Mb cBmKeM ceHyac paccMaTPHBAEMYIO KaTErOPHIO
¢ HEKOTOPHIM HaCTUUHO YNOPAOOHEHHbIM MHONMECTEOM. Beexem
COOTBETCTBYIOLIEE ONpENe/eHHe: MHOWECTBO § HA3HBACTCH 4AC-
TU4HO YnOPAGOUEHHHIM, €CIH IS HEKOTOPHX map A, B ero ane-
MEHTOB YCTAHOBJEHO COOTHOUIEHHE, O0GO3HAIaEMOE 3HAKOM <
(MeHblle WM PABHO), MPHYEM BHINOJHEHH  CAEIYIOUHE K-
CHOMBI:

a) Ecan AKB n B< A, 10 A=B.

6) Ecin A<CB, B<C, 10 A<LC.

B) Beakoe A<CA.

Heckonbko 6onee OGLIMM MOHSTHEM SBJSAETCH NMOHATHE nped-
wacTudno ynopadouentiozo muoxcectsa. M Gyldem Tak Ha3bBaTh
MHOX<€CTBO C OTHOLIEHHEM <, YXOBNETBOPSIIOLIHM JHUIb dKCHO-
mMaM 0) u B). Ecan mpe 3TOM A<B n B<A 1 AunB
HA3LIBAIOTCH SK6UBAICHTHBIMLU, UTO 0603HauaeTcs 3Hakom A~ B.
[Iposepuy, u4to U3 A~ B n B ~ C cnenyet A~ C. JlehcTsu-
teabho, n3 A< B, B C caenyer, no 6), Takkxe A< C uus
C< B, B A cnenyer C<C A, TaK Y10 A~ C. [Tosatomy oTHO-
LIeHHE ~ [03BONfET Ppas6UTh BCE MHOXECTBO S Ha. KaaccH
A, B, ...; kaxapli KIACC CONEPWHUT BMeCTe C aneMeHTOM A
BCe eMy 3KBYBAJEHTHHE, H 3JIEMEHTH A, B, npuhaanexaiiue
K pa3HbIM KNaccaM, HE 3KBHBAJIEHTHHI.

Tenepb BBeseM OTHOWICHHE < y¥e I/ K1accoB A, B.
Vmento, Gyaen cuutath, uto U< B, ecan cymecTsyior AeY,
B€®B rakue, uto A< B. OT10 ompeieneHHe He 3aBHCHT OT
BuiGopa anementoB A€ U u BE B; ne#cTBHTENbHO, yCTh, KPOME
toro, A, €9, B, €D, rak uto A~ 4, B~B, Torna wa
mvmeem A, <A< B<B,, otkyna A; << By, uto TpebGyeTcH.
Buinonnenye CBOHCTB 6) M B) YaCTHYHO yNOPALOYEHHOTO MHOMWE-
cTBa aaa knaccos ¥, B, ... Tenepb ciaeAyeT H3 BHINOJHEHHA
3TUX cBOHcTB mnA anementoB A, B, ... Hokawewm, 4ro 1is
knaccos A, B, ... eunoaHeno u co#crso a). Ilyctb ALY
n B<Y; subepem npoussonbio AEU u BEDB. Mu uMeeM
A<B uw B<A, Tak ut0 A H B sxsusanentsn. Ho Torza
kmaces A u B cosnanaor, A=, uto H TPe6oBaNOCH.

Wtak, BBeAs B MPeA-YaCTHYHO yNOPSAOUEHHOE MHOKECTBO S,
KaKk yKa3aHo, OTHOIIEHHe 3KBHBAIEHTHOCTH, MH TIPHXOLHM K
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4acTUYHO ynopﬂdoueuﬂomy MHONCECTBY KAACCOB IKBUBANEHTHbLIX
JNCMEHTO8.

12.23. BosspauaeMcsi K PacCMOTPEHHI0 HameH KaTeropum.
Wa 12.21 crexyet, 4TO MIs Napk MPOCTPAaHCTB Xy H Xy MH
HMeeM ueThipe Bo3MowHOCTH: a) By, H B,, —o06e cyTb nojHuie
COBOKYIMHOCTH onepatopos; 6) B, ecTh MONHAS COBOKYNHOCTH,
%B,, COCTOHT TONbKO H3 Hyas; B) B,, ecTh MNoaHAS COBOKYyI-
HocTh, By, cOCTOHT ToAbko u3 myns; r) By, n By, cocTost
TONAbKO M3 HyJs.

Ecan By, ecTb 107HAA COBOKYIHOCTb, @ OTHOCHTE/IbHO B,,
He JenaeTcsl HUKAKUX Mpeinosowennii, Gyaem mucaTh X; < X,
AHanoruUHBIA CMHCA MMeeT 3amuch X, << X

[lokakem, 4TO BBeIEHHOE TakuM 0GpasOM OTHOWIEHHE <
npeBpailaet KaTeropuio & B Npel-4acTHUHO YNOPSLO4EHHOE MHO-
wecTBo. JlecTBHTENbHO, A AaHHOTO X MH HMeeM [0 yc/o-
BHIO, 4TO 3B, —M07HAS COBOKYIHOCTb ONEPaTopos, MOITOMy
X, < X, [Hanee, ecin X;<<X, 1 Xy << X3 1O By, # Byg
ABASIIOTCH MOMHBIMH COBOKYMHOCTSMH JHHEHHHX ONEpaTopoB, neH-
cTyiowux H3 X; B X, H COOTBETCTBEHHO M3 X, B Xg. Tax kax
Bce HAIIM NPOCTPAaHCTBA MMEIOT Pa3MEPHOCTh =1, TO B COBOKYM-
HOCTH B, HMEETCs ONepaTop, OTAHUHHH OT Hy/1€BOTO. Takoi one-
paToOp MOXKHO NOAYYHTb, (UKCHPYS HEHy/eBhEe BEKTOPH e, € Xy,
e, € X,, €5 € X3, KaK 1POH3BEJIEHHE Ol1epaToOpOs AB, rae A €8,
NnepeBOIUT €, B €5, a B€B,; nepeBoaut e; B e, Ilo 72.21
cOBOKYNHOCTb Bz €CTb NO/HAT COBOKYIHOCTL  OlEpPaTOPOB,
nepesonsiunx Xz B X;, TaK 4TO X, <X, Hrax, axcnomu
6) ¥ B) BHINOJHEHH, KaTeropus & npespauena B npes-4acTHYHO
yHOPSIOUEHHOE MHOWECTBO.

12.24. B coortsercTBuu ¢ 12.22 sBeneM OTHOUIEHHE KBH-
BasenTHOCTH, cuntas, uto X;~ X,, ecan X, <X, X, <Xy,
. e. ecan obe coBokymHOCTH By, H By —mnosHbe COBOKYIN-
HOCTH COOTBETCTBYIOI[HX AHHEeHHbX onepatopoB. Torma coso-
KynHOCTb MpOCTpancTs X, pa3buHBaeTCs HA K/ACCH  B3AUMHO
IKBMBAJEHTHHX MPOCTPAHCTB, M COBOKYMHOCTb 3THX K/4CCOB,
C yKasaHHuM B [2.22 OTHOLICHHEM <, CTaHOBHTC YaCTHYHO
yNOPSLIOYEHHBIM MHOWECTBOM.

OG6paTHO, Ar060e 4acTU4no YnopadoueHHOe MHONECTE0 X,
KAQCCO8 KOMEYHOMEPHbLX NPOCTPANCTE onpederseT KaTezopuro
paccmarpugaemozo Tuna. VIMEHHO, IS NpOCTPAHCTB X; 1 X,



12.32] § 12.3. BCE AAHHWE AJIEEPH OJHOMEPHHIE 391

BXOASILMX B ONHH M TOT e KJIacc, MH 3alaeM COBOKYM-
noct By, u Vyy, KaK NOMHHE COBOKYMHOCTH OMEPaTOPOB; AR
npoctpancTs X; # Xg, Bxoaswmux B kaaccH X; H X, CBA3aH-
upe oTHowennem X, < X; (1. e. X; <L ¥y, no X; = Xy), mu
sanaem B,s, KaK MOJIHYIO COBOKYMHOCTD, H By, KaK COCTOAIULYIO
Tonbko u3 wyas. Ecam we X; u X, BXOIAT B HECPaBHHMHIE
knacew X; u X,, 10 mn 3samaem By, u By, Kax cocrosume
TONBKO H3 HyJf. )

STHM ONMcaHHe KaTeropui paccMaTpPHBAEMOrQ THNA 3aKOH-
YEHO.

§ 12.3. Bce nanHbie ajnreGpbt B,—ONHOMEpHbIE

12.31. PaccmoTpuM BHayane jBa MPOCTHX NpHMEPA.

a. Kareecopus §, coctout u3 nyx mpoctpaucts X; H X,
oIMHaKoBOH pa3ameprocTH. Cuctema By, npeacTasisieT COGOH
omun onepatop A, 0oTo6GpawaioUHH B3aHMHO OIHO3HAYHO X,
Ha X,, CO BCEMH €ro KpaTHBIMH AA, A€C. Cucrema By, npea-
cTapaseT coGofi oamn onepatop B, ofpaTHmii K A, cO BCeMH
ero kpatHemu pB, p € C. Ouesuano, 4Tto

%12%‘21 == (AX), %21%12 == (AX).

. 6. Karezopus R, COCTOHT M3 1BYyX MpPOH3BONBHHX TpO-
ctpaucTs X; H X,, B KOTOPHX (PHKCHPOBAHH MOANPOCTPAHCTBA
X; < X; u X; < X, Cucrema 8By, COCTOMT H3 BCex oneparo-
pos, mepesonsimux X; B X, # npu stom X; B (0). Cucrema Ba
COCTOMT M3 BCeX omepaTopo, nepeBoisimux X, B X; H 0AHO-
pemento X, B (0). Ouesnano, uto By, By, =0, By By, =0.

Mb nokaxem, yto kateropuamu &, u &, B ocHOBHOM Hcuep-
NLIBAIOTCS BCe KaTeropuum u3 aByx npoctpancts ¢ B;=(AE)
(j=1, 2), a nMenHo, 11 10O KaTeropuu & umeer mecto
anbrephaTHpa: uau By, B, =0—6 srom cayuae u By By, =
=0, u karezopus & codepycurca 6 HekoTOpOU Karezopuu
tuna &,, uwu pasmeprocru npoctpancts Xy n X, pasHo. u Kare-
eopus & ecto xarecopus tuna 8.

12.32. TlycTh nana HekoTopas kaTeropus § w3 AByX mpo-
cTpancte X; u X, ¢ ycaosusmn By = (AX), B, = (AX).

O6o3nauny yepes N, < X, mnepeceyeHue Hyab-MHOrooGpa-
auk  (4.62) Bcex omepaTopoB A, € By, u uepes Ny < X, nepe-
ceyeHHe HYJb-MHOrooOpasuél Bcex OnepaTopos A, €Dy, Ecnn
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B, X; = N, 1 B,X,.c Ny, TO M HMeeM 110 ¢ MOxKaTeropuest
KaTeropun THma &,, B kotopo#t X;=N;, X;=N,. Tloatomy
npeanonaokuM, uTo, Hanpumep, B, X, He comepwnrcs B Ny H,
C/lenOBaTENbHO, €CTh BeKTOp X, € X, M omepatop A, € By,
IS KOTOPOro A, X == x, He MpHHAINeKHT N,.

[lokaxem, 4TO Bce onepatopw B, €D, nepeBoiT Bek-
TOp X, B BEKTOD, KOJMMHEapHHH X,, H Bce onepartopu Cyy € By,
nepeBOAST X, B BEKTOP, KOJJIHHEAPHHIH X,.

HeiicTBuTenbho, nyctb Ay x, =X, Byx;=y, Pac-
cvotpum onepatop C?, € By, 413 kotoporo Clx, 0. Toraa
B cuny ocHoBHOoro ycnosus Cl,x,=Cl,Ayx,=Ax;, npuuem
As=0. 3amensas C!, ero KpaTHHM, MOXEM CYHTaTh, 4YTO
A=1. [Hanee, B, Clxy=Byx,=y,, » B TO ke Bpemd
B,,Cl,%, = X, Takum 06pasoM, y,= UX,.-Tak Kak, o6paTHo,
x,==Cl,x, H, N0 onpeieNeHHIO BEKTOPA X;, OH HE COLEPKHTCH
B N,, Mul umeem ananoruuno Cpox, = px, npn mobom Cp, € By,.

[Tokaxem, uT0 B AanHoM ciyuae N; u N, cBOAATCH K HY/b-
BekTOpy. IlycTh 2; €Ny; Toraa A,y (X, +2,) =A%, = X,, T. €.
BEKTOp ¥; B MNPeNhAYylL(eM MOCTPOEHHH MOXET OHWTb 3aMeHeH
na X, 2z,. B rakom cayyae Cl,x, ecTh KpaTHOE H X; H X3+ 2y,
TaK 4TO X, M 2; Koaauueapus. Tak kak x1¢N1, 10 2,=0.
Hrak, N, =(0). AHaJOrHYHO, HAYHHAA C X,, NMOJy4yaeM, YTO H
N, = (0).

Tenepp MH BUguM, YTO B KayecTBe X; MOKHO OBUIO B3ATDH
no60H HeHyNeBOH BekTOp NpocTpancTBa X;, MOCKONBKY BCeria
umeetca onepatop A, €D,,, nepesoaswuA Xx; He B HYJb.
CnenoBatenbHo, onepatopu cemeficTBa B,; YCTaHAB/IHBAIOT
B3aHMHO OXHO3HAYHOE COOTBETCTBHE MEX(AY BCEMH NPIMBIMH NPO-
cTpaHcTBa ‘X, M HEKOTOPOH COBOKYNMHOCTBIO NPSIMHX NPOCTPAH-
ctBa X,; Gonee TOro, Aaxe C COBOKYMHOCTBIO BCEX NPSAMHX
npoctpancTea X, B CHAY CHMMETPHH HAmIero MOCTPOEHHS.

Tenepb TOKa¥eM, YTO BCSl COBOKYNHOCTH By, CBORMTCA K Ce-
MeHCTBY KpaTHHX OXHOrO onmepartopa. IlycTh x, %0 ectb npous-
BO/MLHMI BEKTOp B HNpOcTpaHCTBe X; H X,—HEHYJIEBOH BEKTOp,
onpenensiowui COOTBETCTBYIOLLYIO X, IPAMYIO B IPOCTPaHCTBE X,.
Mu 3HaeM, u4TO MMeercd omeparop AY,, mepeBoAsIMH X, TOYHO
B X,. Besakuil apyro# oneparop A,, €3B,, nepeBoaut X; B Ax,.

IycTb cHavana Ay x,=Ax, u A = 0. Toraa onepatop By; = T Ay,

NePEeBOAHT X, TOYHO B X,. IlokaxeM, uto By, coBmamaer ¢ Aj,
sciody. Tlycts AYyy, =y, By ==2,75Yy,; 3TO BO3MOKHO HJH
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mpH y, 70, 2, =Wy, K51, WIH OpH Y, = 0, z,0. Pac-
CMOTPHM HEHyJeBOl BeKTOp 2;=ox;+ By, a0, B =~0.
BekToph A2, H Byy2;, 10 10Ka3aHHOMY, KOJUTHHEAPHEI; HO B JaH-
HOM Clyyae 3STO HE MOXET HMeTb MeCTa, FOCKOJbKY TpH

¥. 70
AL, (axy +Byy) = ouxy + By, By (X, + Byy) = axy + Biyas
a mpH y,=0

AY (oxy + Byy) =0xy, By (axy +By) =ax, + Bz,.

Takum o6pasoM, ecin Agxi;=Axy,, A0, TO Ay =»AAj.
Myctp Tenepb A,yx,=0; TOraAa, N0 10Ka3aHHOMY, AY A, =
=AY, u, cnenosatenbHo, Ay = 0. UTak, cemeicTBO By, cBOAHTCH
K ceMeHCTBYy KpaTHHX omepatopa Aj,. AHalOTHYHO H ceMefi-
cTBO B, CBOAMTCSA K CeMeHCTBY KPAaTHHX (UKCHPOBAHHOrO Ome-
patopa By,. [Ilponssemenns A3, BY, u BY, A}, otamynn oT
HYJS H, TIO OCHOBHOMY MPENNOJNOKEHHIO, AAIOT ONEPAaTOPH, KpaT-
une E. Tlostomy AY, u B}, MOXHO CYHTaTh B3aHMHO OGPaTHHMH
OMepaTopaMH; HO 3TO BO3MOXKHO, JHUIb €CAH MPOCTPaHCTBA X,
H X, HMEIOT OAHHAKOBYIO. Pa3MepHOCTb. MH MpHILIH K BHBOLY:
8CAKAA KATezopus, He ABAAOWAACH nodxarezopuel Karezopuu
Tuna &,, ecto Kareeopus tuna £

12.33. Kateropusmu THna £, u &, He ncyepnnBaioTCs BO3-
MOXHBIE KATETOpPHH ¢ JABYMsl MpPOCTPaHCTBAMH H B, = (AE),
9B, = (AE). JleHCTBHTENbHO, €CTH H3 COBOKYMHOCTH B,, karero-
pun & tnna &, mel BmOGepeM JuHeHHyIO MONCOBOKYNMHOCTD, HE
yBenuuuBas N; u He ymenbwas N, (wanpuMep, HANOKHB Ha
9MeMEeHTH MaTpHIL OmepaTtopoB A,, mnoAXOoAAUIee JONOTHHTEb-
HOe JuHeHHOEe OXHOPOIHOE YCIOBHE), TO moayunm Kareropuio &,
YIOBNETBOPSIOULYIO TOCTAB/IEHHHM yCIOBHAM, HO He COBMNAnalo-
myo ¢ &. B YaCTHYHO YMOPANOYEHHOM MO BKITIOYECHHIO MHOXKECTBE
Bcex kateropuit ¢ B;=(AE) (j=1,2) kateropun tHna &,
X4PAKTEpPH3YIOTCA TeM, YTO OHH MAKCHMA/BHEI; HHHMH CIOBaMH,
Kakaas kaTeropus Thma &, 32 HCKIIOYEHHEM BHPOXIEHHHIX
cnyuyaes, koraa X,=(0) wiu X;=(0), He Moxer 6HTDH pac-
HIHpeHa ¢ COXPaHEeHHeM CBOMCTB KaTerOpHH H YC/IOBHH %j= (AE).
Jleitc TRHTENbHO, XOMYCTHM, 4TO Kateropuio & tnma K, MOXHO
paclIHpHTh J00aB/eHHEM oONepaTopa AY,, UpHHEMAIOUIErO HA
HekoTopoM X, € X; —X; 3HayeHue yzéx;. HomycTuM, YTO
X;5<0. BospmeM oneparop B, € B,,, nepepoxsuuf y, B
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Henynesol Bektop x; € X;. Torna Bj,A}; X, = X}, 4TO NPOTHBO-
PEuYHT YCJOBHIO.

Tlanee, nycTh K kaTeropuu & noGapien onepatop Ay, nepe-
Boafini BeKTOp X, € X; He B HyJdb, a, HanpHMep, B BEKTOp
¥, €X,. Sleno, uto X; 7 X,, mnave GWao On Xi=B, X, =
= %B,, X,=1(0) u yKazaHHOTO BEKTOPA X;, NEPEBOASALUETOCH He
B Hy/lb, He MO0 6m CyulecTBOBaTh. [loaTomy B B, umeercd
onepatop B;,, mepeBoasuiuit BEeKTOP y, €X,—X, B x;. Toraa
A,1B1oy, =y, UTO MPOTHBOPEUHT YCJIOBHIO.

Ananornuno, npeanonaras X,=0, nojyyaeM, 4TO HE/b3d
106aBHTb HHM OIHOFO oOMnepaTopa K COBOKymHocTH By, Hrak,
paccmatpuBaemas kaTeropus & Ttuna &, MakcuManbHa B mpen-
nonoxennn, yro X;#=0 u X, 7#0.

12.34. Cayuan BLIPOXIEHHSE HYWHO PaCcCMOTPETh OTIHENBHO.
[lycts, nanpumep, X;=0, Tak uTO By, COCTOHT TONBKO H3
nyiesoro onepatopa. Ecau renepb X X,, TO KaTeropus He
MaKCHManbHa H B COBOKYMHOCTb By, MOwHO n06aButbh 6e3 Ha-
pyuleHHsi ycaoBHH %i:(lE) BCE OMepaTopH, AEHCTBYIOLLHE H3
X, B X,. Takum obpasom, nonyuaercs <TPHBHAJIbHAS) MaKCH-
manbHas Kareropus, rae By,=(0), a B, —mnonHas cucrema
onepatopos, AeifcTBylowux u3 B; B B,. Ananoruunas maxcu-
MaibHasi KaTeropus moayuaetcs ¢ By, =(0) u By, —nonHok
cucreMolt. B pesyabTare Mp mosyuyaem, uTo o6ulas Kareropus
tuna &, MakcMmanbHa TIpH ycaoBuaAx: 1) X; %0, X;5#0,
2) X;=0, X,=X, 3) X;=X,, X;=0.

12.35. Mul mepexoaum Tenepb K oBLIeMY C/y4al0 KATErOpHH
us moboro uncaa N<Coo mnpoctpancts {X,}, €. 3mecy
UMEET MecTO YTBEPWAEHHe, aHaJIOTHYHOE JOKA3aHHOH HaMu
anbTepHaTHBe (/2.32).

Ansteprnatusa. Ecau B;=...=0,=(rE), 10 uau
npoussederue By, By, p_q .. BBy =0, wau  npocrpancrea
Xy, - .., X, UMEIOT O0OUHAKOBYIO DPA3MEPHOCTL U %,-1-: {lAU},

2de A;;— gurcuposanoll o6paTumbll oneparop, npudem
Ay Ap jo1- - AgeAy=E.

INokasaTteabcTBo., JlonycTAmM, UTO NpoH3BeleHHe
By By po1- - - Byy CONEPKHUT HeHYIeBOf omepaTop, pasHu, ce-
noeatenbho, AE ¢ A 0. [lycTs pasmepHOCTbh NpOCTpancTBa X,
e ; T AL €D A, €D ¢

CTb r;; TOIAA MATPHUB Aqp €Dy - -+ Ay €0,, AalolHE
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B mpousseseduH AE, HMeT pasmepu
PyXTgy TeXTpoty vooy TaXTgy Ta X7y

Paccmorpum npoussenenne MaTpuil AAy ... Ag. DTa MaT-
PHLIA, HMEIOILAs Pa3Mephl ryX ry, AeHCTBYOIAR, C/e10BATENbHO,
u3 X, B X;. PaccmoTpum KaTeropumo &, ¥3 IBYX MPOCTPAHCTB
X,, X,, rae copokymaoctH onepatopoe B, u B crenyioutue:

1 __ NN 0 __ X
P 201—‘%21, %12_$1k%k,k—1" .%32

(B — munefinas  060/10YKa COOTBETCTBYIOUIHX npousseneHu#t).
Tak xak, Mo yC/AOBHIO, ' '

AyAypoyie - Ay =AE,

TO, MO 10Ka3aHHOMY, X; H X, HMEIOT OJMHAKOBYI DPa3MepHOCTD
ry=rg BY =B, = (AA), rae A} — obpaTumas MaTpHLA BL=
= (RALY
WA 7).
Janee, Mu HMeeM
0-1 J—
ASTTA LA, ko1 - A =AE,

a paccyskaasi, KaK W paHblie, NONyYaeM, UTO Fy="Trg, Bao=ArA,
rae A%,—o6paTumas Mmarpuua. Ilocne & isaros npuxoauM K
Tpe6yeMOMy YTBEPKIEHHIO.

12.36. B nanbHeiimem, paccMaTpuBas kKaTeropuio u3 N mpo-
CTPAaHCTB, MH MOXeM [MpeanonaraTb, 4YTO BCe UHKJIHYECKHE
npoussenenus B, %ﬂ. ..9,, paBHH HY/IO; B MPOTHBHOM Cilyuae
MW [IPOCTO OTOXIECTBHAH Obl COOTBETCTBYIOUHE MPOCTPAHCTBA
OJHHAKOBOH DPA3MEDPHOCTH.

PaccMOTpHM BHAualde CNeyIOULYI0 KOHKPETHYIO KaTEropHio,

N

koTopylo 6yaem oB6o3sauaTh Sy . BoGepem B X, MPOH3BOJLHO
N—1 noanpocTpaHcTs, KOTopue o6o3Haunm Xy, ..., Xpne
Mpu nonapHo pasauuubx j, B, [, ... MOJOXKHM

Xyp = X1 N Xap Xajpo=X1; N Xy N Xyg

M T. 4., 06pasyd MOCAEAOBATENbHO MEPECeYeHHs NPOCTPAHCTB
X,; mo aga, no TPH H T. . Ecan N KOHeYHO, MOC/AEIHHM mepe-
ceuenueM 6ymer X,  y——nepeceyene Bcex N—1 Bhle/eHHHX
MoANpPOCTPaHCTB, eciun N 6eCKOHEYHO, MOC/ENHEero nepecedenus
ne Gyzer. Takoe xe MOCTPOEHHE MPOBEAEM BO BCeX OCTANbHHX
npoctpancTBax X, ..., MPUYEM MHAEKC BCEro MPOCTPaHCTBA
GyAeT NepBHIM HHECKCOM B 0603HaYEHHH BCEX €r0 MOANPOCTPAHCTE.



396 ri1. 12. KATETOPMH KOHEYHOMEPHHX NPOCTPAHCTB [12.37

Kaxno#t cucTeme monmapHo pas3/HYHBIX HHAEKCOB J, ..., k Temepb
OTBEYAEeT OAHO3HAYHO HEKOTOPOe U3 BbIIENEHHBIX TMOANPO-
ctpanctB. [Moctponm coBokynHocth B,,. Mo onpenenenuto ona
COCTOHT H3 BCeX OmepaTopoB, NMepepoismux X, B X, Tak, 4TO
Kax10€ H3 MOANPOCTPaHCTB Xy;  , NMEPEXOIUT B Xy, 4, €CIH
B M0OC/IeNOBAaTEALHOCTH Jf, ..., B HeT HHIZekca 2, win B (0),
eciH B Helt mnaexkc 2 uMeeTcsi. AHA/NOrHYHO TOCTPOHM BCe CO-
BOKYNHOCTH %B“‘

HoxaxeM, 4TO MH NOJYYH/IH KATEropHIO.

IlycTs umMeoTCH HeKOTOpHE onepaTopu Ay € By, u By, € By,
Pacemotprm ouepatop Bg,Ay. Ou nepesoant npocTpanctso X,
B Xg. IMoampoctpanctso Xy; . onepatop A, nepeBoxut B
Xo1y...p» @ MONYHEHHOE NOAMPOCTPAHCTBO onmepatop Bj, mepe-
BOXHT B Xgo1; ., CXgyy.. ., Taxum o06pazom, omepaTop By,A,,
BXOIHT B By, 4TO U Tpebyercs.

Ecnn umeercs nenb onepatopos Ay, A, nepeponsumias
npocTPaHcTBO X; B ce6sl, TO pe3y/bTUPYIOWIKH omepaTop nepe-
BoauT X; B X;; =0, uTo u coraacyercs ¢ TpeGoBannem

%, = (AE).

12.37. Tlokaxem Tenepn, 4To at0bas karezopus uz N =< oo
npocrpancTs Xy ¢ 5’3,-:(7&5) codepxcurca 8 HekoTopol Ka-
Te2opuu TUNG ﬁfév O603Hayum uepe3 X, DMonHu#t o6pas npo-
cTpaHcTBa X, B mpoCTpaHcTBe X, NMOX BO3AeHCTBHEM Bcex ome-
patopos %jk H nanee uepe3 X, ., NOMHHHA 06pa3 B npo-
cTpaucTBe X, mpocTpaHcTBa X, MOX BO3LEHCTBHEM BCeX oOme-
patopos Buia A,A, Ay, (NOpAmOK HHIEKCOB cymecrsenl).
IMokaxem, 4T0 X;) . s, COREPKHTCH B nepeceyenun X, X, & ..
sovy Xy JleficTBHTENBHO, €CMU 2 € Xy | sy TO

a A o2 o _a
z EZAikAkl e .qu .. .Asmzm,
[3

rie 25 €X,, HIH
a a a
2= §Aik - Bpgde

a a a a a
roe yq=2...AsmszXq, a Tak Kak Aj...Ap, €8, To
a
Z2€X;g 4TO H TpeGyercs.
3amertnm, nanee, uto A;; nepesomut X; . B X;; . Te-
nepp siCHO, YTO Hallla KATETOPHA CONEPKHTCH B KaTETOPHH THIA
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R ¢ ompemensionuMn MOANPOCTPAHCTBAMU Xjp B YaCTHOCTH,
BCE MAKCHMA/JbHHE KATETOPHH JOMKHE HMETH THI K3

HesicHO, OAHAKO, NMPH KAKHX YCHOBHAX HA NOANPOCTPAaHCTBA
X, kaTeropus Tana S}‘g apasieTcs makcumanbuof. (HamomuuM,
4yTo B cjayyae JBYX NPOCTPAHCTH X, 1 X, Heo6xoauMbie H 10CTa-
TOYHHE YCJAOBHS MAKCHMAJbHOCTH KaTEropvH &, cocTos/iu B TOM,
yTo npocTpancTBa Xg H Xg 1160 06a OTAHYHW OT Hyas, 1HGO
ONHO eCTb HyJAb, a Jpyroe—Bce NpOCTPAHCTBO.)

§ 12.4. Bce nammnie aare6psl B, — NPOCTHE

B srtom cayyae KawJjas anre6pa B, B HekOTOpPOM Gasuce
3anMcHBaeTCsd MATPHUAMH BHIA

c

. ' 2

rme C—onHa M Ta Xe MaTpHua (HUKCHPOBAHHOTO Pa3MEpPa Iy,
npuuem Bo BceM B, oHa mpoGeraer BCiO COBOKYIHOCTh KBajgpar-
HEIX MaTpHL ¢ I, CTPOKaMH H cTon6uamu (I1.86).

12.41. PaccMoTpuM BHauane karteropuio & u3 1ByX mnpo-
ctpanctB X; H X, pasMepHoCTe# 7y H Ny C Pa3MepaMH KBajipa-
TOB /Mty W My H YACIOM HX Ry H k, (TaK uTO 1y = R my, Ny = Ryttly).
Marpuua A, KaTeropuHH ® MoweT GHTb pa3buta Ha GJAOKH Cie-
noylonum o6pasom:

my
p——
mz{ All A12 \ LI l Alkl
A e e e e
Agy = " P
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AHaNOrHYHO MOXHO TPEACTaBHTh MaTpHIY FByp!

By,

[12.41

m,
| B
Bra=| o e

Bk‘I « & s . Bklk2

15,
|
|

Mu ytBepwaaem: uau npoussedenue Ay By =0 (npu awboix
Agy € Byy 4 Bra € Byy), uau ky=ky u 6ce marpuyor Ay, 2643
joTCA Kparxeimi 00HOL (npoussosbroll) (GUKCUPOBAHHOL maTpu-
yot A, pasHO Kak u 8ce MaTpuyel B, R6ARI0TCA KPATHbLMU 00-
Hoil (npoussoavrol) ukcuposannold matpuyst B; npu sT0M K03¢h-
(uyuentol KpaTHOCTel 006pA3YIOT B3AUMHO 0OpATHbIE MATDPUbL
nopadxa k, =k, KaTeropuio BTOporo Tuna Gyrem 06G03Ha4aTh
B nanbHeiimem uvepes 8.

Jlns I0Ka3aTenbCTBA 3aMETHM, 4TO B kaTeropuio & BmecTe
¢ MaTpuUAaMH Ay W By, BXONAT MX MpoM3BedeHHs (¢ COOTBET-
cTByloutefi CTOpPOHH) Ha MaTpuusl Cy H C, ruaa (2), nosTomy
HapsAy C PaBeHCTBOM

421-7312‘;(:2
HMEEeT MecTO H PaBEHCTBO
A2 C1Bhe = Co
¢ mnpoussonbHoi maTpuuledi C; Buua (2). Bcromunas npasuno

YMHOXEHHsl GNOYHIWX MaTpuU (4.57), Mbl MOXEM HamucaTh ypas-
HeHud (B Gaokax):

ApCBy 4 ApCBoy —+ -+ 4 Ay, CBy 1 = )
= Ay CB1y+ AgppCBoy + - - - A2k‘CBkl2:
= Ak21CB1k, + Ay 2CByy - - +Ak2k|CBklk2, (3)
ApCByy+ApCByy+ - - - AlkICBk@z 0

BosbMem B KauecTBe MaTpuus C MaTpuily, HMEIOLLYIO elIHH-
CTBEHHHH HeHyJeBo# 3/1eMeHT 1 Ha CKpeuieHud r-# CTPOKM H
s-T0 cTonbua (r<<m,, §$<<m;). Boobute, ecn A—nobas
m, X m-MaTpulla, a B-—nwdas myXmy-MaTpuua, TO npomsse-
nenne ACB ecTb my X my-MaTpHlld 1IEPBOrO PaHra, y KOTOPOH
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a CTOUT 3JCMEHT

ap,bsq HoaTOMy paBeHcTBAa (3) MOXHO iepenucatb B dopme
11 12 1k 1
a,,,bs,, +ap,bqu oot ap ‘bsq‘
12 | 22 2k, 1 k2
prbsq i aprb - . "(_ prlb g =
k 2212k k kk (4)
——apzrlb1 2"(_ pr bsqz+ "(_anr ‘b %
1 12 . k2
aprb "(_ prb ‘l(_ +apr'b5(; =0,
rIe HMHIEKCH HaBepxy O03HaualoT HOMepa COOTBETCTBYIOUHX

MaTpHIL.

YpaBHenus (4) MOXHO TPaKTOBAaTb K4K MaTPHYHOE paBEHCTBO

11 12 1Ry 12 1k,
Qpr Qpr Qpr 1” bsq bsq
21 2 2k | 22 2/«:2
i B _||%r Qpr Qpr bs b =
ByBog= % % o |0 P 0
k, ko2 kok
ap' ap’ ... a,,,‘[H t‘ilbl cow byt
N .
I A
= ) . Ry
A |
‘_E/_.J‘
?
AHaJIOTHYHO HMeeT MeCTO H PaBEeHCTBO
11 412 1k 11 12 1%
lbis beg . bsg” Hap, ap ... Qpr'
- 21 22 2k 21 22 2k
B =|bs" sq - bsq’ Il apr a,,, apr' | =
sqipr N |
k bk ki ki3 Rk
it g bs;’“ als AT
1Y
u ! \
= w . l Ry
- [
i
N e s e e
ky
Mu BuauM, uto matpuus A, u By (p, r, s, g—napa-
MeTphl  3ITHX MaTpuu) O0GpasylOT KaTeropulo, CBA3HBAIOULYIO
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npocrpaHcTeo E; pasmeproctu k; ¢ npoctpasctBom E, pasmep-
HOCTH R, NIpu ycnoBusix Ry = (AY), Ry = (nY). Mbl MOXeM Teneph
NpHMEHUTDh a/lbTEPHATHBY, yCTaHoBJeHHYID B [2.32. Wmenno,
ecnn ky 5~ k,, T0 Ha caMoM gnene Bceraa A=0, p=0; ecan
*e MB JOMycCKaeMm, YTO XOTsl Obl NpU OJHOH CHCTEME HHAEKCOB
P, q, r, s monydaetcs A0 (wm p==0), T0 B =k, u Bce
MaTpHILL /‘l'p, MpeACTaBAAIOT COGOH kpaTHbie OmHOH oGpaTHMOH
MaTpHUb, 4 BCE MATPHLH Bsq—xpamue 06paTHOH MAaTpHILK:

Apr = 7\,’,’.‘4, Bsq = }qué. .

MarTpuua A,, COCTOHT H3 SJIEMEHTOB MaTpHIL Ay, HaxomAmHBXCS
Ha CKpEUIEHHH p-# CTPOKH H r-ro cTonbua. Mol BHAHM, YTO
BUINOJHAETCH YCJIOBHE

i _ anil

af, = ha¥,

rae a'/—sneMment MaTpuun A. TI0o3TOMy MH NpuxoauM K BH-
BOAY, YTO 6Ce MATpuysi A;; AGARIOTCA KPATHOLMU PUKCLIOBAH-
nott marpuyst A= ||A,, || ¢ rosppuyuenramu a¥. Ananormunmts
BHI HMEIOT MaTpHUus B,;, 4eM W 3aBepumiaeTcs A0KasaTenbCTBO
HALIETO YTBEPMKIACHHUS. ‘

12.42, Urtak, ecmtn A1,3By; %= 0, 10 ky=Fk, u Kateropus §
HMEeT BHI

alA|a2A| ... | @ik
| R e
5k11AI laklk,A
um|pem| L ey
BBM
£12: . . - . . . . . . . .
l;kllM’ cee e Jl;klk)M

Marpuur A=A, || # M npamoyroapune: 1<p<m,,
1<{g<Cmy. Cpean maTpun A, ydacTBywuMX B HaHHOH KaTe-
ropuH, HMmeercst HenyJeBas A, (nockonsky B,,B,,5~0),
H NIOSTOMY CPeIM HHX ROJiKHA ObITh H n106as m, X my-MaTpuua,
NOCKOJIbKY M3 HEHYJ/IEBOH ‘MaTpPHUHW YMHOXeHHeM cmpaBa Ha C,
n ciesa Ha C; MOXHO MONy4YHTh MI06YI0 Takylo MaTpuuy. Mrak,
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ecau By B, 5= 0, cemeidcTeo Ry, coctour us marpuy suda
aA | ... [akA]

(8)

atiA|  |akmA
2de A=||a"||—ukcuposannas obparumas marpuya, a A
npobezaeT 6CI0 COBOKYNHOCTG My X My-MATPUY.

Ananornynas xapTuna 6yneT umeTb Mecto, ecan B,,8,, 5£ 0,

Tenepr scho, uto HepaBenctsa BBy 550 u By B, 540
HMEIOT MECTO HJH HE HMEIOT MecTa OJHOBPEMEHHO.

12.43. Tlonyyennnti pesynbTaT MoXeT G6HTHL cOpMyNHPOBaH
B TePMHHAX TEH3OPHBIX Npou3BeJeHHH. DTa TOYKA 3PEHHS MO3-
BOJAIET, KPOME TOrO0, BHSCHHTH H HEKOTOpHIE JOTOJHHTEIbHbIE
o6cTosiTenbcTBa. IlpuBeneM HeOGXONHMHE HAM  ONpene/NeHHS.

Ilycts  pamm  k-MepHoe mpocTpaHcTBO X ¢ 6a3HcoM
€y, - -+, €y H m-MepHOe TMpOCTpaHcTso Y ¢ Gasucom fy, ..., f,.
Tenszopnowm npoussedenuem X XY =Z upoctpancts X H Y Ha-
3HB2ETCH COBOKYMHOCTb BCEX KOHEYHHX (HOPMANBHHX CYMM BHAA

éxvxyw
v=1
rae x,€X, y, €Y. Tlpu sTomM npeanonaraercs, YTo

[x1Xy]+ [, xy]= [(xy + x5) Xy],
[% Xy1] + [% X ya] = [x X (y1+ y9)].

p p p
2 }‘vxvx Yy= vax }‘vyv: 2 }‘v[xv va]‘
v=1 v=1 v=1

Orciona caeayer, uto X XY-—/uHeflHOE NPOCTPAaHCTBO, OHO
HMEET DA3MEPHOCTL knt, H ero GA3HCOM MOTYT CJAYKHTb BeK-
Tophl BuAA e; X f; (i=1, ..., k; j=1, ..., m). Takum o6pasom,
BEKTOPH TNPOCTPAHCTBA Z HMEIOT BHI

SE

Cij[eixfj]'

i=1

Mu MoweM npeo6pa3oBaTb 3Ty 3aMHCh, BHIOJHHB CYMMHDOBa-

m k m
HHE [0 HHIEKCY I; monydnm g== Y [ Dcyeixfil=2 %, %/
J=1 i=1 J=1
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k
rae Xx,= ¥ ¢;¢; — NPOH3BONbHHE (yke He 0653aTeNbHO Gasuc-
=1

Hble) BeKTOpnl mpocTpancTBa X.

12.44. Ilycts nxanw onmepatop A, neficTBynounii n3 npo-
ctpancTBa X, B mpocrTpancTBo X,, u omepatop B, ne#cTaylo-
wuf u3 npocTpanctTsa Y, B npocTpaHcTBo Y,. Omperenum
Tensopnoe npoussenenne C= A X B xak omepatop, aeicTBylo-
i u3 npoctpanctsa Z, = X; X Y; B npocTpancTBO Zy =X, X Y,
no Qopmyine (ZONOJHHTENBHBHA HHIEKC—HOMEp NPOCTPAHCTBA)

Cle} % f1] = Ae} X Bf}. (6)

Ecan Ae} =D asel n Bf} =20, /i, To dopmyna (6) npe-
obpa3yeTcd K BHIY
ke

Clet x/{1= 3, 3 anty, 1eh /i

A=1U=
BhisichuM cTpyKTypy Matpuusl omepatopa C OTHOCHTEbHO
GasncoB e} X f M eiX ff, ynopanoueHHnx B X, X Y, N0 npasuay
eIXSE; el o, e XL eiX S, X ek X ey
' b e X S €X Sy s ek X my
W ananornyto B mpoctpancTBe X, XY, Marpuua C coraacHo
onpexeieHusam /2./3 umeeTr BHI

anbyy b cor Oypbn vor Oipbim,  Cabim, .- alk,blm,
apbyy  Gpbyy ... Gopby oo Gnibip,  Gnbim, - Azp,D1m,
Gpbiy Gpaby oo Grmbn e Ghibims Gkbim, oo Okbim
Gibmy Cabms o Gkt e Gibmms Gabmims o Ohakbmm
hsbmt Qs e Ghsbim -+ Gstbommss B abimms -+ - GppsOmums

uAn (ucmonb3yem 6/10K-3anHCh)
!IAb11 con Aby,,
i

.y |
12.45. [lpumenss [2.44 w 12.4], Mb BHIHM: ONepaToOpHl

anre6pn B,, paccMOTpeHHOH Bhille, CyThb ONEPaToOpPs B TeH-
30pHOM TNPOH3BEACHHH /7;-MEPHOTO NPOCTPaHCTBA X, M ky-Mep-
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HOTO mpOCTpaHCTBAa Y;, KOTOphHe HBASIOTCH TEH3OPHLIMH MpPO-
uapenenusmMu awboro onepatopa CEB(X,) Ha eauHnussfl
oneparop E € B (Y,).

Oneparopet cucremsr Byy, PACCMOTPEHHOL 8bilile, ABAAOTCA
TeH30PHbIMU npoudsedenuamu 106ox oneparopos Ay € B (X, X,)
Ha ¢ukcuposannbii obparumei oneparop A, €B(Y,, Y)
U GHAA02UYHO Oneparopel cuctemol By, ABARIOTCA TEHIOPHLIMU
npoussedenuamu wboix oneparopos M, € B (X, X,) Ha A7L,

12.46. [nn npou3BeNeHUs TEH30PHHX MPOH3BeldeHHH omepa-
TOPOB CrpaBelinBa O4yeBHAHas (opmyJa

(A X B) (Cx D)= (AC) X (BD).

TlosTomy, nepemHOXas omepaTopsl Kateropun A,y nu By, Mu
HAaXOIHM, B HaCTHOCTH,

(AXA) (MxA~1) = (AM)x (AA"1)= (AM)XE €9,

OTKyAa CJjely€T BhINOJHEHHE cBoHcTBA KaTETrOpHH.

12.47, Hailnem uHBapHaHTHBE MpOCTpaHcTBa aiare6pel one-
patopos B ={CxE}, ne#ctByromux B npocrpancrse Z =X X Y.
TakuM HHBApMAHTHHM MOANPOCTPAHCTBOM SBAAETCH TEH30PHOE
npou3Benenne X XY, rae Yo€Y ecThb 11060€ NOANPOCTPAHCTBO,
10 CKOJIbKY

(Cx E) (X X Yg) = CX X EY, (X X Yy).

TlokaxeM, YTO HHKAKHX- MHBIX HHBAPHAHTHHIX MOLNPOCTPAHCTB
B npocTpancTBe Z HeT. [leHCTBHTENbHO, MyCTh z:Zx,xy[—
mo6o# BekTOp npocTpancTBa Z. MOXHO CYHTATB, YTO X, JH-
He#lHO He3aBucuMu. PaccmoTpum oneparop C, nepeBoxsulHA

BEKTOPH X, B 3ajanunie Bektops x;€X. Toraa
(CXE) D x, Xy, =X %,%Xy,

Takum o6pasoM, BO BcfiKOe TNOANPOCTPAHCTBO, HHBAPHAHTHOE
oTHOCHTENbHO Bcex omepaTopoB CX E, BMecte ¢ KaxinM Bek-
=

TOPOM ijxyj nonazaer MoGoH BeKTOp ijij, OTKyZa
1 BHTEKaeT Tpebyemoe.

EciM MB [pPUMEHHM K HHBApDHAHTHOMY TOXNPOCTPAHCTRY
Xy XYy B Z; =X, XY, oneparop kareropun AXA, 10 B CHay
NpOM3BOJBHOCTH  MATpHUR A TOJAYYHM B TNPOCTPAHCTBE
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Z,=X,X% Y, B kauecTBe 06pasa noxnpoctpanctso AX; X AY;,=
=X,X Y, Takum 006pasoM, oneparoper karezopuu ycranasau-
BAIOT B3AUMHO OOHO3HAYHOE COOTBETCTBUE MEeHOY UHBAPUAHT-
Holmw nodnpocrpancreamu 8 npocrpancrsax Z, u Z, u ofuo-
BPEMEHHO MEeHOY OObLHbIMU NOONPOCTPAHCTBAMU HRPOCTPANCTE
Y, ¢« Y,

12.48, Bce u3n0OXEHHOe ChpaBelJMBO MNpPH  yCNOBHH
BBy 70 (uau, uto T0 *e camoe, npu BB, #0). Ecan
B15B,, = B,,B,, =0, To u3nOKeHHaA cXeMa yxe He paboTaeT
H MaTpHIla KATEeropHH BOOOLIe He COCTOHT H3 GJNOKOB, KpaTHHIX
¢ukcHpoBannolt mMatpuue A. Mo Haxoaumcs B ycioBusax [2.32
H MOXEM [PHMEHHTb COOTBETCTBYIOIIHH pe3y/IbTaT: Kareezopus
ecTb 4acTo Hekoropod Kkareeopuu rtuna K,; Kakas UMEHHO, yTOY-
HHM Janbhie,

12.49. llepexoauM K cAydYalo KaTeropu H3 Mi060ro 4mcia
npoctpancte X, ¢ anare6pamun B, paccmaTpuBaemoro tHma. Ha-
30BeM NpocTpaHcTBa Z; H Z, podcreentsimu, ecan Bi,B,, 70
H, CleAOBAaTeNbHO, MaTpuuu -B;, umeoT BuA (5). HcHo,, uTO
COOTHOIWEHHE POACTBA TPAH3UTHBHO: €C/AH Z; POACTBEHHO C Z,,
a Z, pomcTBeHHO ¢ Zg, TO Z,; POACTBEHHO C Z,, TaK Kak
B CWJIY TNpPOH3BOABHOCTH . MaTpui A B npoussenetud By,B,,
HMEIOTCA HeHyJ/leBhe MaTpHLHI.

[TosTOoMy BCIO COBOKYNMHOCTb HpPOCTPAHCTB X, MOXHO pas-
6uTb Ha HemepeceKalolHecss KJIAacCH B3aHMHO POACTBEHHHIX
npocrpancts. Ecan X; m X, BXOAST B pasHbe KJIacCH, TO
%12%21 = %21%12 =0.

Teneps MH MOXeEM C HEKOTOPHMH H3MEHEHHSMH MNOBTOPHTH
cxemy 12.36. JlonycTuM, 4TO HallM NpPOCTPAaHCTBA pasbUTH Ha
HEKOTOpoe uucno kaaccos G, ..., G, ... B3aHMHO POACTBEH-
HEIX npocTpaHcTB. IIpocTpancTea, BXxoasmue B kaace G, HMEIOT
Bul X, XY,, rae Y, 03nauaeT pakTHYECKH ORHO NPOCTPAHCTEO,
B KOTOpOM JelicTBylOT o6paTumule onepaTopu. PaccMmoTpum
JIMUIb [POCTPAaHCTBA Y, H NOCTPOHM M3 HHX KaTETOPHIO KY kak
6H10 ykasaHo B 12.36, ¢ TeM, 4TOGH BHIOMHAJIOCH YC/IOBHE
B;B;;=0 (npousBoabHO BHGHpPaeM NOAMpPOCTpaHcTBa Y,, H
CTPOHM mNepeceyeHus Yrvw Ymm ...). Dra Kateropus COCTOUT
H3 onepatopoB A;,, oro6paxalomux Y, B Y, H OpH ITOM mepe-
BOJSILIHX MOANPOCTpaHcTBA Yi,,, ...CY, B AOANPOCTPaHCTBA
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Yiswpr -+ <Y, Kareropus, xoTopyio Mu 0603HaunM uepe3 Rf,
Ans NPOCTpaHcTBa Z; CTPOHTCS Tak: ecau Z; u Z, podcreennst,
10 oneparopst A, €B;, onucans. eviue; ecau e Z=X;XY,;
4 Z,=X, XY, npunadiexar K pasHoim KAGCCAM, TO OnepaTopsL
A, —moGble onepatopst, nepesodawue Z, 8 Z; u npu stom
nepesodauue  unsapuantnoe  nodnpocTpancro Xy XYy, .
6 unsapuantroe rodnpoctpancteo X; XY,

IlposepuyM, urto nb6as KaTeropus C TPOCTHMH KO/b-
LaMun %j COJAEPKHTCA B KATETOPHH THIA .ﬁff Ilycts Z, =X, XY,
‘M Z;=X,;XY,; NprHajNexaT K PasNHYHBIM KJaccaM pOICTBEH-
HBIX TPOCTPAHCTB. IlycTh Z;, —MONHHNA 06pa3 npocTpancTa Z,
B NPOCTPAHCTBE Z, MOA BO3LEHCTBHEM BCEX ONEPaTOPOB ce-
mefictBa B;,. Ouesnano, 4To Z;, ecTh MHBaPHAHTHOE NOANPO-
CTPAaHCTBO B Z/ H, CNelOBaTeNbHO, HMEEeT BHJI ijij, rie
Y;,—HEKOTOpOE NOANPOCTPAHCTBO B Y;. OGosnaunM uepes
Zjpi...sm MONHHA 06pa3 B Z; mpocTpancTsa Z, mox Bo3led-
CTBHEM BCEX OnepaTopoB BHIa A A,,...A. . 3IT0—TaKne
HHBADHAHTHOE MOANPOCTPAHCTBO, H JIETKO YCTAHOBHTH, AeHCTBYH,
KaK M B 12.36, 4TO OHO COIEPWHTCH B NEpecedeHHH Zoy ---
«ovy Z;,. OTClODA BHMIHO, YTO Halla KATEroOpHs SIBASETCS

4YacThI0 KaTEropHH BHIA ﬁiv, 4YTO MH H YTBEpXIaaH.

§ 12.5. Bce nanmpe aare6pn B, — noaubie aare6pu
AHArOHAJbLHBIX MATPHI

B 3TOM cnyyae B KaXIOM H3 PacCMaTPHBAEMBIX MPOCTPAHCTB
X, Buzensercss GUKCHPOBAHHHI 6a3UC, OTHOCHTENBHO KOTOPOTO
BCe MATpHUH omnepaTopoB A, €5, AuaronaabHn. C mOMOUIBIO
TaKHx Ga3HCOB ONepaTopH Apae%a,, TAKXKe 3aNMHCHBAIOTCH Onpe-
JejeHHHMH MaTpHLAMH (IPIMOYTO/AbHHMH), TaK YTO HAla 3a7ada
MOXeT GHITb NMOCTABNEHA KaK 3a/la4a M3 TEOPHH MaTpHIL.

12.51. PaccmoTpuM Bhauane karteropuio & u3 AByx mpo-
crpaucts X; u X,. Ilycts A, € B,,—moGo#t oneparop; co-
[JIaCHO ONPEE/IEHHI0 KaTErOpHH NPOH3BEAeHHEe

By =AAB, (7)

TaKke npuHapnexut By, ecam A, u B, cyTh cooTBeTCTByIO-
LiHe JHArOHaJbHHE MaTpHIA.

BosbMem B KauecTBe A; MaTpHIly C eJHHCTBEHHLIM HeHyle-
BLIM 9/IeMEHTOM 1 Ha CKpeuleHHH j-H CTPOKH M j-ro cTO/6IUA,
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a B xauecTBe B, MaTpHUY C CAHHCTBEHHBIM HEHYJIEBHM 3/€MeH-
ToM 1 Ha ckpeweHnn k- CTpokH M k-ro cronbua. Toraa
cornacio 12.14 B matpuue B, 6yaeT (BO3MOKHO) OT/IuYEH OT
HYASl TONBKO ONHMH SMEMEHT, CTOSWHN HA CKpeWeHuH j-i CTPOKH
H k-ro cronGila, M STHM 3neMEHTOM OyleT S/eMEHT a; Ma-
Tpuus A,,. Takum 06pasom, onepaius (7) 3aMeHsieT B maTpulle Ay,
BCE 53/7eMEeHTH HyJsiMH, KpPOMe 9S/eMeHTa &;, KOTOphH OHa
OCTABJISIET HEU3MEHHbLIM.

OTCI01a MOXHO CHe/NaTh BHBOX O CTPYKType cHCTeMbl By,
cuctema B, npedcrasiner coboll cOBOKYNHOCTb Bcex MmaTpUy,
3AEMEHTbL KOTOPbIX HA (DUKCUPOBAHHOM MHOMECT8E MECT Npous-
B0/bHLL, 8 TO 8peMA KAK OCTAAbHbIE PABHbL HYAKO.

12.52. Byaem o6oaHauaTh B Matpuuax chcremu B, dukcH-
POBAHHOE MHOKECTBO MECT, Ha KOTOPOM pa3pewaioTcs obbe
37eMEHTH, 4epe3 Sy,.

- MBl JO/KHH BBHIACHHTh TEMeph, KaK CBA3aHHl MHOXECTBA Sy
n S,,. BoabmeM Matpuuy A;, € B, ¢ eIUHCTBEHHBIM OTJIHYHBIM
OT Hyns 3/7€MEHTOM, PaBHWM 1, Ha CKpeweHHH jj-H CTPOKH
u k;-ro cronbua, (j;, k) € Sy, ¥ 106yI0 MaTpHUY B,, € By,
CO BCEMH BO3MOXHHMH OT/HHYHLIMH OT HYyJIsl SIEMEHTaMn Ha
MecTax S,;. [Iponssenenus Cy = A,By, v Dy = By Ay, cornacuo
YCNOBHIO MPEACTABASIOT COGOM muaroHasibhuie MaTpuibl. C apy-
roif cropoHm, coriacHo 12.13 wmp umeem: B C; Bce CTpPOKH
paBupl 0, kpoMe ji-Hi, a B jj-H CTpOKe CTOSIT 3neMeHTH Ky-H
cTpokH MaTpuubl By, Tak kak 10JXKHE NONYYHTHCH AHArOHANb-
Has MaTpuuna, TO Mbl JdenaeM BHBOJA, 4TO B R -H CTPOKe Ma-
TPULK By, BCE 3/MEMEHTH, KpOMe CTOSILLEro B ji-M CTO/IGUe,
paBHb Hym0. B D, Bce CcTONGUW paBHH Hyno, Kpome k;-ro,
a B k;-M cTONGLE CTOAT 3/EMEHTH ji-TO CTONOUA MATPHUB Ay,
ONSITh-TAKH, TOCKOAbKY JOKHA MONYYHThCS AHATOHAAbHaf
MaTpuua, TO B j;-M CTOJ6Ue MaTpuusl A;, BCe 3/NEMEHTH
paeun 0, Kpome cTosilero B k-i crpoke. Utax, ecau (jy, k) € Sia
T0 6 marpuyax Kaacca By, 6ce INeMeHTOL ji-20 T0AOYA U Ry-i
cTpoku, Kpome ux nepecedenus, pasuo. 0. IJTOro J10CTATOYHO,
yTO6bl MBI, 3HdS1 MHOXeCTBO S;,, MOIJIH CJ€JNaTh BHBOIL O CTPOE-
HHH MHOXeECTBAa S,;. [lepecTaBnsis CTPOKH H CTOAGUH MaTpPHIL
%B,, (4TO DPABHOCHALHO NeEPECTAHOBKE S1eMeHTOB B Gasucax
npocTpaHcTB X; M X,), Mb MOxeM 106uThCs, 4TOOW BHayane
LM CTPOKH H CTO/GUBI, B KOTOPHIX HET NPeICTaBHTE/NeH MHO-
KecTBa Sp,; Jajee —CTPOKH M CTOJOUB, B KOTOPBIX TO/NBKO
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no OZHOMY nNpenCTaBHTE/IO 3ITOrT0 MHOXKECTBAa, H, HAKOHEL,——
CTPOKH H CTOJI6U.H, B KOTOpHIX HE€ MEHee 4YeM [0 JABa €ro
npeaCcTaBHTECA:

1 Y 8 n
1
0 0. 0
0
o
O ... |1 ... 10 ...
Ao~ .. ... (8)
0 o 10 L.
B
0. . 11..
. 1.
0...10 1.
m

Ha ato#t cxeme MecTa, 3aHATHE MHOXECTBOM S;,, OTMEUEHH
eNHHHLAMH, OCTaNbHHE —HYISMH,

Moctpoum Temepp matpuuy By € B,;; B Helk 7 CTPoK H
m CTONBUOB:

1 [+ B m
! 0...0o0
Y
o...11...00...
By~ || .. .| .. ... )
0 .10 ...
)
0 . 0
0 0. 0
n

Mockonsky B MaTpuue A;, Ha CKPeLIGHHH CTPOKH C HOMEPOM
&-+1 u cronbua c Homepom <Y1 cTtouT 1, B marpuue By,
HAa CKpellleHHH CcTOAOLA ¢ HOMEPOM o -1 M CTPOKM C HOMEpPOM
v+ 1 MOXeT cTORTh 1, # BO BCAKOM C/Iyyae OCTa/bHbBIE 3/IEMEHTH
3TOH CTPOKH 1 3TOro cTonbua pasHs 0. To ke OTHOCHTCS KO BCeM
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cTpokam ¢ HoMepamu oT Y-+ 1 g0 § u cronbuam ¢ HoMepamu OT
a1 x0 B. Ecan B cTonGue MaTpuum A, ¢ HomepoM 8- 1 ume-
IOTCA ABE €AHHHIUH, BCE 3/IEMEHTH COOTBETCTBYIOLIEH CTPOKH Ma-
Tpuun B,; paBun 0. To ke OTHOCHTCH KO BCeM TeMm cTonabua,
HRYIHM 32 O-M, B KOTOPHX HMeeTCs MO ABe eauHHIH. Ecmu we
B cTONONE MaTPHUK A;, OKAa3HBAETCA TOJIBKO OXHA e€AHHHUA, TO
HMEIOTCA JABE EXHHHLL B COOTBETCTBYIOLIEH CTpOKe C-HOMEpoM
>P, uTO NpuBOANT K paBeHCTBY HyMO cTONOUA MATPHLE B, ¢ Tem
We HoMepoM. B pesynbTaTe Bech mpaBH# HIKHHE Yyros MaTpHUH
B,, sanonusercss nynamu. HeHCTBHTENbHO, €ClH B3ATH MeECTO
(/, ) B 3TOM yriy H paccMOTpeTb COOTBETCTBYIOLLEE MeCTO
(k, j) B matpuue A;,, To k-1 CcTpoka uaAM j-{ cTonben umeer
B MaTpuue A;, mo KpalHell Mepe ABe eQUHHUH (MHAaYe MH TO-
MeCTH/JH OH 3TH @TPOKYy M cTOAGell paHbmie). 3HauuT, k-# cTOA-
6ell HAH J-1 CTpoka B B,; COCTOHT CHioOmb H3 Hy/leH; clemo-
BaTeNbHO, Ha MecTe (f, R) moMmkeH GHTL- HyAb. JleBH# HHWHHH
H NpaBuift BepxHHH yran B MaTpHue B,; Takke CJIOUib COCTOAT
H3 Hynel; meHcTBHTENbHO, ecaH OW B MaTpuue B,, oka3zanach
1 rae-uuGyab B /1€BOM HMXKHEM YIJy, HampHMep Ha MmecTe (J, &),
TO, MO CHMMETDHH TNOCTPOEHHA, B MaTpHue A;, BCE 3JEMEHTH
J-ro cTonbua, Kpome TOro, KOTOpHit CTOHT B R-f cTpoke (T. e.
B 1IDaBOM BepxXHeM YI/y MaTpHUH A,!), nomkHel 6bH 6K GHTh
paBHeMH Hymi0. B 3Tom cTonbue o6s3aTenbHo eCTh eRHHHUH
B NpaBOM HIkHeM yray. UTo ke kacaeTcs 3/7€MEHTOB JIEBOTO
BepXHEero yria Matpuus B,;, TO OHH MOryT OHTb NPOH3BOJb-
HEMH. SICHO, YTO Hally KaTeropHi0 MOXHO PAaCUIMPHTB, NpPHCOE-
JHHHB K MHOXECTBY Sy, 8ce 3JIeMEHTH HHNHETO NpaBoro yria
MaTpuuH (8) (ecnn S, eule COHEPHHT He BCE 3TH IMEMEHTH)
M K MHOXeCTBY S, 6ce 3JeMEHTH /eBOro BepXHero yriaa Ma-
Tpunsl (9). Ilocne atoro kateropus K cTaHeT MakCHMalbHOM,
TaK Kax yxe Helb3d 6yxeT pacWIHPHTb S,, 6€3 ymeHbuieHus S,.
Ha a3elke reomMeTpuH, MakcHMa/lbHas KaTeropus H3 ABYX Mpo-
CTPAaHCTB YCTPOEHA TaK: NPOCTPAHCT80 X, pasburo 8 npamyro
cymmy Tpex nodnpocrpancrs, noaoxcum X9, X1 X2, u npocrpan-
cr60 X, pasburo 6 npamyo cymmy Tpex nodnpocTpancre X3,
X3y, X3, npusem dim X} = dim X}; Oedcreue oneparopa A,
cocrour 8 Tom, 4ro X} nepexodur e 0, X} orobpaxcaerca dua-
2oHanbHOl marpuyeld 6 X3, Xi aobeim obpasom orobpaxcaercs
8 X%, a Oedcrsue oneparopa By, cocrour e tom, 4to X3 a06bim
ob6pasom orobpascaerca e X3, Xi — duazonarvnoil marpuyed
8 X} u Xt—s8 nyae. Tlpon3BonbHad (He MaKCHManbHas) KaTe-
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FOpUA OT/HYAETCH OT MAKCHMa/lbHOW TeM, 4TO ONEPaTOpH, Nepe-
Boasiuue X% B X% He mpousBO/bHH, 2 COOTBETCTBYIOT MaTpHLaM
¢ HEKOTOPHMH 3aKpelUIEHHHMH MecTaMu Is Hynelt. To we MOXHO
cKazaTh 00 onepatopax, nepeBoasuux X% B X$; npu sToM
MeX(1y MeCTaMH 3THX HyneH MOxeT He GHIThb yXke HMKaKOH CBS3H.

12.53. Tenepp 3aliMemcs omucaHHeMm KaTeropu & ¢ moGust
YHC/OM TPOCTPAHCTB X,.

[pexcae Bcero sfcHO, 4TO Kaxaas noaxaTeropus kateropun K,
o6pasoBannas napoH npoctpancts X,, X, H COOTBETCTBYIOUIHMH
cucteMamu B, %“B’ YCTpPO€Ha TaK, Kak OhJIO ONMHCAHO BHIIE:
B MaTpHUax ¢THX CHCTeM BHIeJeHH MHO¥ecTBa S, u S,
u B, COCTOMT M3 BCEX MATPHU, y KOTOPHX HA MHOXECTBE S u
CTOAT MOOble YHC/]Aa, 4 BHE 3TOTO MHOXECTBA—HYJH, H AHANO-
THYHO ycTpoeHa cucreMa B ,. Mu 6ynem 0603navathb gepes S
ni060e NMOIAMHOKECTBO MECT B COBOKYNHOCTH MAaTpHI (PHKCHPO-
BaHHOTO pa3Mepa m X 7. MHOXeCTBO 3/1eMEHTOB TJIaBHOH AHATO-
Ha/lM KBaApaTHHX MAaTpuu Oyzem o6GosHayath D.

CoBOKYNHOCTb BCeX m X Z-MATpHIl, HMEIOUMX HAa MeCTax S
NPOH3BOJILHHE  3/IEMEHTH, 4 BHe S — HyaH, O0GO3HAYHM
uepes B, (S). TycTh HMeeTca MHOWECTBO §,, onpenenexHoe
HA  mX7n-MaTPHLAX, W MHOXECTBO S,, ONpegeseHHoe Ha
n X p-MaTpULax.

Onpenenum Ha m X p-MaTpHuax mHoXecTBo S (GydeM Haau-
BaTb ero mnpoussenenueM S,S,), KOTOpoe COCTOMT M3 BCeX Tex
MECT B /X p-MaTPHUAX, HA KOTOPHX MOIYT MOJAy4aTbCH HEHy-
7eBHe 9neMeHTH B npomsenennu B, (S))B,, (S,). Hnave
roBopsl, MeCTO (/, k) NPHHANJENHT COBOKYIHOCTH 8,84 Torza
H TONLKO TOTA4, KOTJA Cym|eCTBYeT HoMep j TakoH, 410 (i, /)
npuHannexut Sy, a (/, k) npuHamexut S,.

Iyete 8y, ..., 8, —COBOKYNHOCTD MHOXECTB Ha
MmX n-MaTPHUAX M Sy, ..., Sy, — COBOKYNHOCTH MHOKECTB
Ha nXp-MaTpunax. Ws onpezeieHns npoM3BeseHH: Jerko
BHTeKaeT obmas gopmyna

r

r q
U Slj __l_JlSzi':.U U SljS2i' (10)

i=1 i=1i=1

B~}

C noMombl0 onepauHu NPOH3BENEHUS S-MHOMECTB yCIOBUS
KaTeropun 3TOro naparpada MOMHO 34MHCATh TaK:

SuSu S D, Sy Sy < S, (1)
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12.54. Tenepb Mb MOCTPOMM CeMEHCTBO HEKOTOPHIX KOH-
KPeTHHX KaTeropuit. 3a1aTh KaTeropuio & —3nauuT 3a1aTh BCe
cemefictBa R,, WM, 4TO B JAHHOM cjyyae TO ke, 3a1aTh BCE
MuoxecTBa S,,. Bubepem MpoU3BOJBHO S,; ¥ 3aTeM noabepem
takoe Sy,, 4TOOH BHMNO/HSINCH yC10BHS Sy181:<D, S1080n<D;
KaK 3TO CIeNaTh, OMHCaHO Buute. JLOMyCTHM, YTO yiKe NMOCTPOEHN
Sjk I8 Bcex j W Kk, MEHBUIMX 71, C BHIMOJHEHHEM cBOMCTB
kateropuu (11). [TokaxeM, KaKk NOCTPOHTD SinH S,; upn j< n.
Bub6epem S,; NpoH3BO/IBHO, 2 'Sy, © BHINOJHEHHEM YCJIOBHA
8,,.81cD, §$;181,=D. llyerp yxe BuGpann Sy, u Sy, AN
Bcex j < k ¢ BHIIOJHEHHEM ycaoBuit (11) u nam ocrtaercss Bb-
6path S,; H Sp,. [N HCKOMBIX MHOXECTB Spp*H S, LOMKHH
GbLITh BHIMOJHEHH YCJAOBHS, BRITEKAIOWHE H3 (11):

a) S, SkD, SenSaDs

6) SijknCSjnv SannjCSkjv Sz'nSnkCSikv SnkSkz'CSnl';
B) SpnOSkiSins S DS n;S

Venosust a), 6) OrpaHHYMBAIOT MHOXeCTBA S,z 1 Sp, CBEPXY,

ycnoBust B) — chu3y. [lokaxew, 4To Bee 3T YC/OBHS COBMECTHH.
[Ton0uM, HanpuMep,

n-1 n-1
Spn = il_Jl SriSim Snk:jl_JlSanjk'

Toraa, Mo NPEANOJIOKEHHIO HHIAYKIHMH H B CHIY dopmyan (10),

n-1ln=~1

n-1 n-1
SnkSkn = 'Ul Sanjk 'Ul Sk[Sz'n = 'Ul 'Ul SanijkiSinC

n-1n-1 n=1
cuu S,,ij,-S,-,,c U S, Sm<h,
j=1i=1 i=1
n-1 n-1 n—-1
S ikSkn =S igl SpiSin= il—Jx SijkiSinCiyl S;iSinS S
Ml npoBepuAM MepBOe M3 COOTHOLIEHHH a) U mepBoe H3
cooTHoweHnH 6). fcHO, 4TO OCTaAbHHE CIPABELNHBH MO TeM
we coobpaweHHsM.
ViTaK, HHAyKUMs ONPaBlaHa H HAuIe NOCTPOeHHE KOPPEKTHO.
MoxHO, pasymeeTcsl, CTPOHTb KaTETOPHIO ¢ MOMOLUDIO nobLix
Sin 1 Syp, YIOBIETBOPAIOIHMX YCAOBHAM a)-—B), a He TOJbKO
TOFO CMellHaNbHOrO BHI4, KOTOpPHH Mp HCNO/b30Balu MpH 10-
Ka3aTeNbCTBE COBMECTHOCTH 3Tux ycioBuit., TakuMm 06paso,
MB TOJyyaeM IIHPOKOe CeMeHCTBO KOHKPETHHX KaTeropus,
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B KauIOH M3 KOTOPHX MOJHOCTBIO MPOH3BOJbLHHIMA ABAAIOTCA
AMWb MHOKECTBA S,;, BCE ke OCTANbHBIE MHOKECTBA Soq MOI-
YHHEHH JOMOJHHTeNbHBIM YCJAOBHAM 4a)—B).

12.55. TlokaweM, uTO awbas Kareeopus & ¢ ycrosuamu
B, ?B CB (D) npunadsemur « stomy cemelcty. JeHcTsu-
TeJIbHO B KaTeropuu onpenenenn Muowectsa S,y n 8§, 114
BCeX 71; BCe OCTajabHue MHOXecTBa S, B Sp, NOMKHH yI0B-
JETBOPATH YCJAOBHAM a)—B), @ 3TO M 3HAUHT, YTO KaTEropus
NPHHALIEKUT K UYHCAY OMNHCAHHBIX.

Bwa0o Obl MHTEPECHO BBIACHHTH, KAaKOH BHI HMEIOT MaKCH-
Ma/ibHple KATECODHH OMHCAHHOTO CeMEHCTBA.

§ 12.6. Karteropuy 4 mpsimble CYMMbl

12.61. Ilycth wumeeTcs kaTeropus & ¢ OCHOBHHIMM TIPO-
ctpancTeami X, anreGpavn B, n cucTeMamu Bp- Mu ykaxen,
KaK MOCTPOHTH KATEropuio, B KOTOPOH OCHOBHBIMH TIPOCTpaH-
CTBaMH ABASIOTCS MpsiMple CyMmpl mpoctpaucts X, (B Mpous-
BOJIbHBIX KOMOHHAIHAX) H OCHOBHBIMH aAre6paMH — COOTBETCTBYI0-
WHe MNpfAMbie CyMMBl aare6p 2‘7‘ Myctb X;—npamas cymma

k.
npoctpacts X}, ..., X7/, %‘—npmlaa CyMMa COOTBETCTBYIO-
k
wux are6p B, ..., By (T e. onepdTopAEb B MpoCT-
panctee X3 neﬁCTByeT KaK Mo00# H3 onepaTopoB am‘eépu B3).
Hyxno onpenennth omepaTop Aj,cﬂaﬂ. Mbl 3anaem A/ ¢ mno-
MOULbI0 OMOK-MaTpHUH

1 an 12 1k;
r Al AR L. A
Qk
All ’z . A i
=" A , (12)
‘ e
k R jk;
1 A,,J oo A
rae 6ok APf oTBeyaeT MPOH3BOJBHOMY OMepaTopy KaTeropwu
JE y p y
KoTopbIi seficTByeT H3 npoctpanctea X{ B X7, p=1, ..., k
g=1, ..., k;. [TokaxeM, 4TO NPH ITOM MOJyyaeTcs KaTeropud.
JeficTBHTENBHO, €C/AH
11 12 iy
a By ... Bi 1
— 21 22 24y
B” e il il N B,’[ ,

kil k? C kk
Bif' Bi* ... Bi*
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TO
11 Q1 12021 1k; pkil
AUBY - ARBH A+ .. A By ..

M BCE MONYYaloUIMecss CyMMbl MPOH3BELCHHA NPHHALNEKAT CHOBA
K COOTBETCTBYIOUIHM CHCTEMaM COIJIACHO OMpEIENEHHIO KaTe-
ropun £. WTak, Hame mnpaBHIO TNPUBOIHT K HOBOH Karero-

pun &, KOTOpyl0 OyleM HA3HBATb PACULLPERUEM KATErOPHH 8.

12.62. OxkasmBaeTcs, YTO BEpHO H 0OpaTHOE: €CIH OCHOB-
HHe npocTpaHcTBa X;, Gurypupyioune B HEKOTOpO} KaTeropiu,

CYTb TpSIMble CYMMbl HEKOTODHX NMPOCTPAHCTB X‘}, i=1, ...,k
H COOTBETCTBYIOUIHE anre6pu B, —npsAMEe CyMMH anre6p
Loi=1, .y k;, omepatopos, nefcTayousx B Xj, To BCA

kaTeropusi & ecThb paciHHpeHue & B yKasaHHOM CMhIC/IE HEKO-
~ TOpoH KaTeropuu &, noctpoennoft MO MPOCTPAHCTBY X‘,'- n an-
re6pam B, ,

JleHCTBHTENBHO, NYCTb HMEETCs KaTeropus & ykazauuoro
BHIA. ]

B 6asuce, Bul6paHHOM B MOANPOCTPIHCTBAX X4, marpuua

A; anre6pu B; umeer KBA3HAMATOHAIBHHA BHI

Al

ki
2
A;
npuueM KBaApaTHAs MaTpuua A% mmeer ri cTpok M CTO.GUOB.

‘ Matpuuy A;; KaTeropu f MowuO TpeAcTaBHTh B (opme
GJOK-MATPHIH

11 Al2 1k;
A;"" A]'[ ‘e Aji ¢

31 A22 2k;
AR AR .. Aj

i = P Y

2]
|

k;l kj2 kik;
Al Aii” ... Ajf



12.63] § 12.6. KATETOPHH ¥ NPSIMHE CYMMH 413

npu 3TOM OJIOK A;’lﬁ umeer r;.’ CTPOK H r{ CcTONGUOB. C 6a0koM

AP} ecTecTBeRHO MOXHO CBSI3aTh OMEPaToOp, nepeBoAfILHH Mpo-
crpasctBo X{ B mpoctpanctso Xj.
Vicnonb3yst BCe TaKHe OMEPaTOPH, Mui MOCTPOHM HOBYIO Ka-

teropuio &%, 1S KOTOPOM OCHOBHBIMH MPOCTPAHCTBAMH GynyT

npocTpancTBa X{, OCHOBHEIMH anre6paMyu — anreSpel B! u ocnos-
HBIMH CHCTEMaMH — cHCTeMu B onepaTopos, ONpene/ieHHbIX

matpuuamn A%, JlokaweM, uTO yKa3aHubld Ha6op OO6DBEKTOB
onpenensieT KaTeropuio.

Mycrs umeiotcs onepatop A%, neictsyiomutt w3 X{ B Xj,
u onepartop Apf, nefictyiomnd u3 X7 B X}; mokaxem, 4TO HX
npousBenenne A}, TIPHHALIEKHT Kadccy P14, HeHcTBHTENBHO,
B KAaTeropu# & MMeeTCs MaTpHua, B KOTOPOH Bce O/OKH, Kpome
(p, g)-ro, paBbl Hyno, a GJIOK C HHIEKCAaMH (p, ¢q) sanumaer
matpuua Ajf, u ecTp Apyras MaTpuua ¢ eAMHCTBEHHBIM OT/IHY-
uLM oT Hynd Gnoxom AR, Tlpoussenenue STHX MAaTPHIL NpHHAL-
NexuT KaTeropuu &, ¥ B HEM HMEETCHl EXMHCTBEHHBIH HeHyneBOH
6nok AfAR, yto m TpeGyetcs.

Wtak, Bce ycnOBHsS KaTeropHH BHIMOJHEHH; MpaBla, He onpe-
neneHH elle onepaTopsl, JeHCTBylolMe M3 MPOCTPAHCTBA X4
B Xj C TeM Xe HHNHHM HHIEGKCOM. OnHaKo MOXHO INOJOXKHUTH
BCE TaKHe OnepaTopH DAaBHEIMM HYMIO, YTO HE HAPYIIHT Tpeb6o-
BaHHM KaTEroOpHH.

12.63. Tak Kkaxk Kawpmas noaympocrtas anre6pa ONEpaTopos,
melcTBylOlMX B TpocTpancTse X, nossonseT pasbuTh MPOCT-
paHcTBO X, B TPAMYIO CyMMy NpPOCTPaHCTB X4, B KOTODHX IHeH-
CTBYeT ywe mpocTas anre6pa, Mul BHUIHM, YTO CTPYKTYpa obued
KAaTeropHH C MOMYNPOCTHIMH anre6pamMu NPHBOIHTCS K CTPYKTYpE
KATEropHH ¢ MPOCTHIMH aire6pamu. (JTOT BOMPOC MBI pacCMOT-
penn B § 12.4.) B cooreTcTByIOWEM 6asHCce MAaTpPHUA KAaXIOTO
onepatopa ¥; xaTeropuu & umeer Bua (11), mpuuem Kawnli
us 6nokos AS ecth omepatop cemeHcraa B HexoTOpoH Ka-
teropun &% ¢ 0CHOBHLIMH POCTPAHCTBAMH X} u X{ u npocteiMu
anre6pamu B? u BJ. Hexoropsie GrOKH MaTpHUL A, €D,
MOTYT OMTb TOXIECTBEHHO (A1f BCex ;) paBHEMH HYIIO.
Eciu 0603HAYHTH HX MHOXKECTBO 4epe3 Sy, TO BO3HHKAeT BO-
mpoc, Kak CBA3aHH MeXJy COGOH 3TH MHOXECTBA Mpi PASHBIX
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nigekcax j u i. IMogoBuuit Bompoc ans cayyasm OXHOMEPHHIX
610K0B Mul paccMaTpHBanu B § 12.5. MeTox, HCmoab3oBaHHHE
TaM, NPUMEHHM H-B J4HHOM C/lyYyade M TPHBOAMT K ClEAyIOLIEMY
pesynotaty. Ecau karezopus,  onpedeisemas ckpewenuem j-i
6.40K-cTpoku U i-20 6a0k-cToabya marpuyst Wy € B,, Tuna K,
(12.31) nan 8, (12.41), 1. e. c8A3aHA ¢ OOPATUMbIMU MATPU-
yamu, 10 6 i-it 610K-cTPOKE U 8 j-m 640K-cTOAGYe marpuysl N,
gce GAOKU, KpOME HAXOOAUESOCA 8 UX CKpeujenuu, onpedessior
Hyressle Kareeopuu. Ecau yxasannas xarezopus tuna 8, (12.31),
TO 8 YKA3aHHbIX DAOKAX HAXOOATCA MATpuybL Katezopuu tuna §y,
darowyue ¢ npoussedenuu ¢ OAHHOU HYAb.

D10 NO3BONAET CYANUTb H 06 ycTpoicTBe 06lLeH KaTeropus,
kak B § 12.5.

Bamevanne. A, S, Xenemcku#f (Bectnuk MIY, cepus
MartemaTuka W Mmexanuka, 1963, Ne 4, cTp. 49-—55) Hamen
KATEropuH, COOTBETCTBYIONLHE HHABMNOTEHTHBIM anrebpam B,



OTBETbI # YKA3AHHSA K 3AJAYAM

K raase 1

1. Omeem. a) -, 6)4.

2. Omeem. ay\090003044, Q4181202305 31049093044

. Omeem. (—1)n (n-172, .

. ¥kazanue. PaccMOTpeTb ONpefeNHTeNb, BCE 3MEMEHTHI KOTOPOTo
paBHBI efnHHIe.

. Omsem. A= (mq—np) (ed — bc).

. VKasanue, YMHONKUTb NepBHil cTosGer Ha 104, BTOpOil —Ha 103,
TpeTHH —Ha 102, uerBepThlii —Ha 101 ¢ NpHOABHTL K MOCJeqHEMY croabuy;
HCMOJIb30BAaTh, jaJjee, caeicTeue /.45.

7. Omeem. Ay= —29400 000, A,=394.

8. Vkasanue. OueBngno, P (x) ecTb MHoOrouteH 4-ii cremens. MowxkHo
TNOJCYHTATL ero CTapiuHii KO3(PUIHEHT, a 3aTeM ONpENeJINTL ero KOpHH
H3 YCJIOBHA COBIIaJleHHs] CTPOK ONpefeJHTe/Is.

Omeem. P (x)= —3 (x2—1) (x*—4).

9. Vkasanue. Tlpu6asutb Bce cTO6LB K nepBoMYy.

Omeem. A=(x--(n—1)a}(x—a)"-1,

10. Vkasanue. 3aMeHHB X, HA X H HCIO/B30BaB M0 pelieHHs
3ajauv 8, MOJYUYHTh COOTHOLIEHHE

A(xy, Xy oo Xpeq, X)=A(x,..., Xp—q) (X —x1) ... (¥ — Xp-1).
Omsem. A (xy, x5, ..., X,) = (Xg—xy) (X3— X, ) (X3 —X3) . . . X
X(xp—2,-1) ... (¥n—Xp~1).

11, Omgem. Cy=0, Cy=2, Cy=—2, C;=0, C,=3,
12, Omsem.

Qo

<o

W 4 g
ZMi"' fa0 voos ik le, [ PYRT lk:O,
] Tor Joo ooin Jk PP PR /)
Ple iy < ip < ... < iy M iy < iy < ... < ip DHKCHPOBAHHL, NpHYEM XOTA
6bl 01HO W3 i, He COBMajaer ¢ COOTBETCTBYIOLHM .
13. Yxaszanue. octatouHo, uTo6bi COOTBETCTBYIOUIHH OMNpeneanTeNlb
4-ro mopaaka 6ula OT/HueH OT HyJs. -
14. ¥ kasanue. Henonbsonats peaysbrath [.96—1.97.

K raase 2

1. Omgem. Her, 6o B npefesax 3Toil COBOKYMHOCTH HeJb3s YMHO-
KUTh Ha — 1.

2. Omsem. Her, u6o B npegenax 3T0#f COBOKYMHOCTH Heab3si CJO-
KHTb J1BA BEKTOPA, CHMMETPHUHBIX OTHOCHTEJbHO 3afaHHON NPAMOIL,
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3. Omeem. [a. B uacTHocTH, «HyJeM» TIpocTpaHCTBa P cayxut
gyHcao 1 €P.

4. Ykasanue. Hicnoab3soBars 1.96.

5. Vxasarue, Tlpepnonaras HaJHuYHe 3aBHCHMOCTH

Cits +Cyt*s ... +Cpt* =0,

pa3flenHTb Ha t* W npopudpepeHuHpoBaTh, Aallee HCNOJAL3OBaTh HHAYK-
LHI0 1o k.

6. YVxasanue. TlokasaTb, 4TO HYJ/b-BEKTOD TaKxke JONYCKAaeT eJIMH-
CTBEHHOE Da3J/IOMEHHE N0 CHCTeME &y, €y, ..., €,. OTCIOfa BHIBECTH JH-
HellHyl0 He3aBHCHMOCTb BEKTODOB 3TOH CHCTEMBI,

7. Omsem. Jla, H3 OfHOTO BeKTOpa —JI0GOTO 3JeMeHTa x € P, oT/Hy-
Horo ot I.

8. Omeem. 1.

9. Omeem. TlepeceueHne—npsiMass TepeceueHHS JABYX NJOCKOCTEMH
B OOHYHOM cmbicje. CyMMa—BCe MPOCTPAHCTBO,

10. Hcnoab3oBats 2.34.

11. Omeem. Her. Ero MoxHo 3ameHHTs Ha J1060H JApyroft BeKTOp
5TOH THIEPIJIOCKOCTH. )

12. Omeem. B «ToueuHOH» MHTEpNpPeTaUHH: Kaxjasd THIEPIIOCKOCTb
BMecTe C JIIOOLIMH [ByMsi CBOHMH TOYKAMH COIEPKHT NPOXOAALLYIO uepe3
HHX TIPSMYIO. ‘

13. Omeem. B obwem cayuyae p+ g1, ecid 3TO YHCJIO He TPEBOC-
XOIHT Pa3MepHOCTH BCEro NMpPOCTPAHCTBA.

14. Omeem. p+qg-+r+2, ecan 3T0 UHCJIO He NPeBOCXOJHT pa3Mmep-
HOCTH BCETro MPOCTPaHCTBA.

15. Omagem. IlocTaBHTL B COOTBETCTBHE KaXKAOMY IOJIOKHTEJILHOMY
YHCJY ero JorapHgm.

K raase 3

1. ¥Ykazanue. B MaTpuue paxra | cTONGUH [PONOPLHOHAJBHEL.

2. ¥Ykasanue. HyxHO Tak HanHcaTb yCJOBHSI NPHHAJEXHOCTH BeK-
TOpa y moAnpocTpaHCTBY L, YTOGBI B HHX y4aCTBOBaJIH TOJBKO A MHHODBI
k-ro nopsaka marpuun A, Ho y €L Toraa u TosbKO TOTA@, KOTAa MaTpH-
ua B, nonydyeHHas npHCOelHHeHHeM K MaTpHine A crosfua H3 KOOpAMHAT
BeKTOPa Y, HMeeT PaHT &, HJIH, 4TO TO JKe CaMoe, KaxAuli ee MuHOp (k1 1)-ro
nopsiaka paBeH HyJo, Pa3anaras kaxauii MuHop (k- 1)-ro nopsiika Matpu-
UL B mo moc/ieaHeMy CTOJIOLY, MOMKHO INOJYYHTb HEKOTODYID CHCTeMY
ypaBHeHHHl OTHOCHTEJBHO KOODAHHAT BeKTOp2 y C KO3((HIHEHTAMH — MH-
HOpaMH k-TO HOPSfKa MaTpHub A.

3. Y«kasanue. UcnoabsoBats 1.51—1.52.

4. Omeem. x=(cy, €y €3, €3, C5), TR €= —164-c5+c4+5cs,
¢y =23—2c3—2c, —6c;.

5. Omgem. Ecmn (A—1)(A+2) # 0, TO

A1 1 ,e (A1)
TTAF2 YTaxe fTTie

Ecnr A=1, cucrema HMeeT pelleHHS, 3aBHCAIIHEe OT [ABYX NapaMerpos,
Ecnun A==—2, cHCTeMa HEeCOBMEeCTHa,
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a; bl ay bl [+
6. Omeem. Ecmu matpuust |a, byjluag by ;| HMeloT opuHakoBmift
ag by as by ¢
pasr.
. a b aG b o
as by a b, ¢ "
7. Omeem. Matpuusi H HMeIOT OJHHAaKOBEIH
an bn an bn Cn
pasr.
8. Omeem.
W=(1,-2, 1, 0, 0),
¥M=(1,—2, 0, 1, 0),
x*®=(5,—6, 0, 0, 1).
9. Omsern. Hanpumep,
—16 1 1 5
23 —2 —2 —6
x= Ol4cff 1{+cf Ofdcf O].
0 0 1 0
0 0 0 1

31ech B nepBoM cTon6Le BEINMHCAHE KOODAHHATH BEKTOPA Xo— T4CTHO-
TO pelieHHs HEOJHOPOJHOH CHCTEMEHl; B OCTa/bHBIX CTOJGIAX — KOOPAH-
HaTe BekTopoB y'V, y@, '@, o6pasyiommux HopMambHYIO ¢yHaamenTaNL-
HYIO CHCTEMY DeIeHHH COOTBETCTBYIOIIEH OJHOPOAHOH CHCTEMbI.

10. Omgem. Panr A, paBen 3; GasucHbifi MHHOp, Hanpumep, B JieBOM
BepxHeM yray. Paur A, papen naTH, Ga3HCHBI MHHOD COBMAjaeT C OMpe-
JeJTHTeIeM MaTpHIH.

11. ¥kasanue. Tepesectn MuHOp M B JieBnit BepxHHA yroa K 3ateM,
TpUMEHHB MpoLeaypy 38.62, MOKasaTh, YTO CTONOLE MaTpHUB A, HauHHas
¢ (r+1)-ro, MOXHO CRENATbL HY/EBBIMH.

12. ¥ xasanue. Ecan P # 0, uckath MaTtpuuy A B BHje

5131

13. Vrasanue. Unu panr MaTprus || @z || paBen n, HAH OH MeHbLIe 71,
14. ¥xasanue. WcnonbaoBats Teopemy Kponekepa— Kaneasu.

15. ¥Yxasanue. cnonp3oBath pesynbTar 3ajaun 14.

16. Yxasanue. CMm. 6.63 (18).

K raaBse 4

1. Omeem. Takxe n.
2. Omsgem. B) u x).
3. Omeem. Ha.
4. Oimnaem.
w33 o
a) A= —3 3); 6) =1 —1 ll.
@ l-1155 « “2 1 0
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5. Omeem. AB AB # A2B2,

6. Omsem. AB—BA=E.

7. Omeem. (A+B)2=A?24-AB+4-BA-4-B?,

(A+B)*= A3+ A?B++ ABA - AB? 4 BA? - BAB + B2A 4 B3.

8. Vkasanue. IIpuMeHHTb METOA HHIAYKIIMH.

9. Omeem. PasmepHOCTb TpoCTpaHcTBa pasma mn. B xauecrse Ga-
3UCHHIX ONepPaTOPOB MOXKHO B3fTb TaKue, KOTOPHIM COOTBETCTBYIOT MATpH-
usl A;; ¢ eLMHCTBEHHEIM HEHYJIEBLIM 3JEMCHTOM Ha niepeceyeBHH i-i CTPO--
XM H j-ro cronbiua.

000
10. Omeem. AB=}000}.
000
_fln ;__llcos ngp — sinng
11. Omsem, A"= ”0 1", B"—H sin ng cosn(pn'
12. Omeem. A= \“CI __Z“, rie bc=— a2
13. Omeem. v
-9 —2 —10 000
a)| 6 14 8i, 6)[000j.
-7 5 —5 000

15. Vkasanue. HaliTH clieil o6eHX dyacTell paBeHCTBA.

16. Vkasanue. Tpu ypaBHeHHS [JIsi HEH3BECTHBIX 5/EMEHTOB MAaTPHLL A
¥ B npuBOAATCS K YPaBHEHHSM MJIsi TPEX MHHODOB HeM3BeCTHOH MaTpH-
I ¢ ABYM# CTpOKaMM u Tpems cronbuamu. McnospsosaTh sanady 12
K . 3. :

17. Yxasanue. Wcnoapsosate 4.54.

18. Vkasanue. 3amucaTh 3JeMeHTnl MHHOpa M uepes 3/EeMEHTHl, Ha-
XonsiulHecss B MePBHIX r CTPOKAX, W NPHMEHHTL TEOPEMY 4.54.

19, Vxasanue, Wcnonb3osaTh pellieHHe sanauu 18.

20. Vxasanue. Cum. 4.54.

21. Omsem.
an=| 53 B= é_z —% , c-1=C.

23. Omeem. Ecau A — nyjepas Matpuua, 10 X —moGas. Ecau
det A 0, 10 X—nynepas MaTpuua. Ecau det A=0, HO A —HeryJe-
Basi MaTpHua, TO ee CTPOKH MPONOPUHOHAJBHEL NyCTh a:f ectb oTHOUIe-
HHe COOTBETCTBYIOUIMX 3JeMEHTOB NMepBOH M BTOPOH CTPOK MAaTpHIEI A;

Tora 5
o A
—Pg g |
npu MoOGHX p H ¢
94, ¥ xasanue. Vcnonbsopars 1.51-—1.52.
25. Omeem. Her.
N 26. Y xasanue. Hanpuvep, Ay [ag + a1t ++-+]1= Alay+ay 41+
+ ayp.
27. Yxasauue. Onepatop A TepeBOAHT JHHEHHO HE3ABHCHMHIE BEKTO-
pbl CHOBA B JIMHEHHO He3aBHCHMELIE.
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28. YVkasanye. [pumenuts pasenctBo AB==BA k co6cTBenHOMY
BeKTOpy onepatopa B.

31. ¥xasanue. Vcnoan3oBath pesyabrar 3aaadn 30.

32. Vxasanue, IMoabupas RO/KHEM o6GpasoM onmepatop B M ucnosb-
3y sajauy 28, cecTH peluenue K sajaue 3l.

34. Yxasanue. Vicnoib3oBath pasnoxkenue onepaTopa A?—p2E na
MHOXKHTEJH. .

35. Omeem. a) Ay=2, [1=(1, 0, 0); Ag=1, fo=(1, 0, 1); Ag=—1,
fs=(0, 1, —1); 6) Ay=—1; f1=(1, 0, 0); Ay=RAg=1, fo=(I, 0, 1);
=0 § ;8 la=2 =0, 0, 0 1) h=1, h=(L. 0, 0~1)
2=— 1Y, 1, Oy 0).

éﬁ. Vxasanue. Brumouenne T (AF) = N (A™) Heo6X0AHMO H 10
CTaTouHO Aas paBeHcTBa AR+M=0 .

37. Yxasanue. Iycts fy, ..., [,—0a3uC 00nacTH 3HaueHHii omepa-
Topa A, Tak uto Ans JioGoro x €K, HMeeM

Ax= D a[x)f;

=1
Monoxute Ax=afx)[; (j=1, ..., n)

K raase 5

1. Vkazanue. TepBHiil BeKTOp HOBOro Gasuca ecTb X.

2. Vkasanue. BuGpath HOBoi Gazuc fy, fgy .., fn TAK, 4TOGH
nepBble k BEKTOPOB COCTABJISLMH 6a3uc noanpoctpancrsa K'. 3amucats ycio-
‘Bue x €K’ cucreMoii KOODAMHATHBIX yPaBHEHHA B HOBOM 6asuce. Mcnosb-
3yst OpPMyJIbl Iepexofd, TNOCTPOHTb COOTBETCTBYIOLIYIO CHCTEMY KOOpAH-
HAaTHEIX ypaBHeHHH B HCxonHOM Gasuce.

3. Vkasanue. Vicrionb3oBaTh onpeieieHue THNEpIIOCKOCTH U 3ajauy 2.

4. Omeem. MaTpuua HCKOMOTo npeoGpa3oBanus C=BA~1

5. Ykasanue. IlycTb ey, ..., €,—TMpou3BOMbHEA Gasuc B K, n

n
fx)= Z cgtp, rae &, ..., §,~—KOOpAMHATH BeKTOpa X. QopMyJIBl
k=1
npeo6pasoBalHs KOODJMHAT HayaTb C yPaBHEHHSA
n
m= D ckle
k=1

6. ¥Ykasanue. HcnompaoBaTh 4.83 M HHBapHAHTHOCTb XapaKTePHCTH-
yeckoro MHorouwsiesa (5.53).

7. ¥kasanue. BubpaTb Gasuc Tak, 4TOObl NepBLHE /11 €r0 BEKTOPOB
Jexanu B nognpoctpancree R™o. ITokasars, uTo Ass 370T0 6a3Hca MHOTO-
uied det || Ai;—AE || uMeeT MHOXHTeseM (A—A)™. Hcnonb30BaTh HHBa-
PHAHTHOCTb XapaKTePHCTHYECKOro MHOroueHa (5.53).

K raase 6

1. Omgem. B Gasuce x,;, Xp-1, +.4, X1.
2. Vkasanue. CMm. 6.44.



420 OTBETH H YKA3AHMS K 3ANAYAM

3. Omeem:
—1 1000
0—1000
0 0210j.
0 0020
0 0002

4. Omeem. Her: E, (A)=(A—2) (A—1)2, Eg (B)=(A—1) (\*—5r—2)-
5. Omeem. Ep_y(Ay) = En—1(Ag)=(1—1)% En_s(A)=En_o(A)=1

Ep-1(Ag)=(n—21)" Ep_q(A5)=1
En-l(‘A4)=’!_—I (h—k), En_» (A4)=1-
=1

6. Viasanue. En_y (A)=(@—MN", En_s(A)=1.

7. Omgem. JluaroHajbHasi MaTpHIa, Ha JHArOHaJlH KOTOPOW CTOST
HeKOTOpble H3 KOpHed MHOrouseHa P(}).

8. Omgem. Ha fuaroHaju KOPAAHOBBIX KJETOK CTOSIT HEKOTOpbIC H3
KOpHed MHOro4JeHa P (A), B pa3Mepsl KJCTOK He GoJsibllle KPATHOCTH
COOTBETCTBYIOUIEr0 KOPHS.

9. Yxasanue. Bextopsl x, Ax, A?x JuHeHHO 3aBHCHMBL

10. Omeem. Muorounens ot A, (a).

11. Omeem. MarpHluH BHJA

by by by eobp
Bpp= 0 b.l b, eesbpoa (n= m)
000 ... .o by_m+a
HJIH
by by oe. by
0 bl e bn_l
Bmn = 0 0 .. .'. .bl. (< m).

00 ...0
00 ...0

12. Omgem. MaTpuuH BHJa

MMy Bmkml

rpe 6noxu B, . yKasaun B 3ajavax 10 u 11,
13. Omeem. MatrpHusl BHJA

Bllhﬂh 0 s 0
Bm:mz s 0

0 0 ...B

mym
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14. Omeem. na xaxJo# rpynnsl KOPHAHOBHIX GJIOKOB C OJJHHM R
TeM 3Xe XapaKTepHCTHYeCKHM KopHeM —OJ/IOK, yKasanuulfi B 3anaue 12.
OcTagbHble 3JEMEHTHl— HYJIH.

15. Omgem. Ecin KpaTHOCTE KaXJOTO XapaKTePHCTHYECKOTO KODHS
paBHAa pasMepy COOTBETCTBYioliell JKOPAaHOBOH KJETKH (WJH: XapaKTepH-
CTHYECKHI MHOTOYJIEH COBMAajaeT ¢ MHHHMAJbHLIM; HJH: BCE 3JeMeHTap-
Hble JeJHTeNH, KpoMe caMoro Crapiuero, pasuu l).

16. ¥Yxasanue. Wcnoab3oBatbh 6.63 (18).

K raase 7

1. Omgem. Tensop BTOpPOro paHra, ABa pa3a KOBapHaHTHHIH.
2. Omeem. Hanpumep,
2 2- 2
Mi—Ne—"Ms
rie

1 1 | 1
n1=§§1+?§z+§a, ﬂz=§§1—'§§2’ N3 =Es.

3. ¥Yxasanue. Vicnosb3oBats 7.93.

4. Yrasanue. Vcnoansobate 4.54. u 7.15.

5. Omeem. Hanpumep, A(x, y)=01T1+ 0,T,+ 0373, Tle O; B T
(i=1, 2, 3)—HoBble KOOPANHATE BEKTOPOB X & y. IIpu aroM QopMysint
nepexona K HOBOMY GasHcy cJeRylouiue:

o;=b1+& 0,=E+2%; 0s=&.

6. VYkasanue. CHauasla H3MEHHTb HYMEpALHIO KOODAHHAT TAKHM OOGpa-
30M, uTo6H MaTpHua GuJuHefiHo#t dQopmer A (x, y) npeoGpasoBanachk
K BHAy, AONYCKAalOWEMY IpHMeHeRHe MeToXa SIKoGH.

7. Ykasanue. |—a;,| ecTb MaTpHUa TOJOXKHTENbHO ONpEXeJECHHOMA
dopmzr.

an Gig

Omeem. ap; < 0, l l >0, ..., (=) detfa;,[ >0

Qg1 Qgo
8. Ykasanue. VcnoabsoBaTb 3aMeuaHue K 7.96.
9. Vxasanue. PaccMoTperb 3Ty ¢opMy Ha Ga3HCHHIX BEKTOpaX.
10. Ykasanue. Tlocnennss CTPOKa OMNpEREJHTENA COCTOHT H3 3Jie-
MEHTOB

aW=(—1F~1A(e1, «.vy €guts Chs1r +oor )y B=1, ooy

11. ¥Yxasanue. Tlepsylo napy GasUCHBIX BEKTOPOB e;, €; HaiTH H3
ypaBHeHus A (e;, ;)= 1, NOCTPOMTb MORMPOCTPAHCTBO L, ompejensemoe
ypaerenuamu A (ey, x)=0, A (e, x)=0, u, ecmm Qopma A(x, y) B HeMm
He paBHA TOXJECTBEHHO HyJio, ONpENeJHTb BEKTOPH &5, €,&L Tak,
4yTo6ul A (eg, e4)=1; u T. A

n
12. Yxasanue. Paccwotpets GopMy A(x, x)+eX % (e >0)
i=1
¥ NpHMEHHTb KpuTepuit 7.96.
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13. Yxasanue. TlycTb x(h:{ o, E;{)} (j=1, ..., ry—6asuc
noxnpocrpancrea K'. Torma K" cocTonT H3 BeKTOPOB y={"My, -+ +» N}

YAOBJIETBOP AIMHEX CHCTEME

n n N
A, =3 (Z a,-kli.%”> np=0, =l et
k=1 \li

i=1

MatTpuua KOIQOUUHEHTOB CHCTEME ecTb npouaBesieHue HEeBLIPOXAEHHOH
MaTpHUB || @ || Gopmbl A(x, y) u matpuus | g | panra r. Hemonsso-
patb 4.67.

14. Omeem. A’ =A.

15. Yxasanue. Ecam y={n1, vees n,,} ecTh pelleHHe CHCTEMEl (44),
10 (b, y)=(A%, y)=(%, A'y)=0. OGpaTno: cucTeMa (44) ecTb yCniOBHE
COMpSIMKEHHOCTH BEKTOpa 4§ H BEKTODOB aj={ap -.-» @ n)  eclH
(b, y)=0 pns Bcex TaKHX 4, To x JeXHT B JAHHefinofl 060JOYKe BEKTO-
POB @y, --+y One :

16. Vrasanue. Cwm. sajauy 37 K 'L 4,

17. ¥Yxazanue. Cu. 3ajauy 1 K TJ. 3.

18. Vxasaunue. Crauana paccMOTpeTb cayyall HeoTpHIATENBHHX HOPM
panra 1, HCTO/B30BATL 3ajady 17. 3arem npumenuTb 3ajauy 16.

K raase 8

1. Omeem. HeT, 160 He BHIONHAETCA aKCHOMA 8.21 6) m akcuoma 8.2/ a)
g A=—1

9. Omsgem. Her, u60 He BHIIONHAETCS aKCHOMA 8.21 ©).

3. Omeem. MoxHo. 310 PaBHOCHJEBHO H3MeHeHHIO MacuiTaba Ha ocaX.

4 Vxasanue. OB6O3HAuMTh uepes €y, €y, €3 BCKTODH, HAyliHe H3
(UKCHPOBAHHOM BEPUIHHEI TeTpasjipa MO TPeM €ro pe6paM, H HaliTH BeK-
TOpHBIE BHPAXEHHs Af OCTAaJbHBIX ero pebep.

Omeem. 90°.

5. Omsem. 90°, 60°, 30°.

6. Omsem.
( - R
- < S K () dt + S 2 () dt
]/ {@w+yaya o o
e ;\I/sz(t)dt—]/gyz(t)dt.
1

a

7. O . =—

meem. cOS @ Va

8. Omgem. a) g=(3, 1, —1, —2), h=(2, 1, —1, %),
6) g=(1, 7, 3, 3), h=(—4, —2, 6, 0).

9. Vxasanue. Vicnonb3opaTe onpefieniedde yraa 8.33 u opTOroHafb-
HOCTb BeKTOpa h KO BCeM BEKTOpaM MOAMpOCTpAHCTEA R’.
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10. Ykasanue. YMHOXHTb CKalsipHo pabeHcTBo 8.51 (18) Ha Bek-

Top o-
11. Vxazanue. Vicnoanzesath 8.54 u 8.52.

12. Omeem. y,=1, ya=1ys="0, ya=—2f, ¥ =0, Y= Sk.

18. Omeem. (1, 2, 1, 3); (10, —1, 1, —3); (19, —87, —61, T1).

14. Ykasanue.. Tlpepmonarasi, 4YTO pasMepHOCTb R” Goablue, 4Yem
pasmepHocTh R’, PaccMOTpeTh BEKTOD ¢" €R", opToroHa/bHuIH K NpOeK-
uMH nofnpoctpancta R’ Ha R”; ucrnoJsib3oBate 3ajauy 10.

__(@n)

15. Omeem. An-—-m—.

16. Omeem. P, (—1)=(—1)"

17. Ykasunue. 3amucaTh HCKOMBEIE KOB(QUIIHEHTH Y€pe3 CKaJsipHbIE
Npou3BEeACHHUS.

18. Vxasauue, Vicnonbsosats peluenus sagau 15 n 16.

19. Vxasanue. Pasnoxuts Q (f) no muorouneHam Jlexasapa.

Omeem. Q(f)= Ai' P, ().

2
20. Omeem. || Pp (£} |2 =Tl

21. Omsem. k(A)=|det A|.
22, Vxasanue. Yicnosnbsopath 4.76.
93. Yxasakue. Peun HIeT O TOoM, UYTOOH CPaBHHTH BBHICOTH [BYX
rHIeplapajeseHIes0B.
24, Ykasanue. HepapeHcTsa
Vixe, %o0 «vor Xm) < Viky, -oos el
V[xl, veey Xpaly Xp41y o0y xm] V[xl, sevy Xk_]_]

(k=1, 2, Y m)

MOAYYalOTCsi H3 HEPaBeHCTBA 3aAaud 23. TlepeMHOXHTb HX AJs BCeX
k=1, 2, ..., m, NPOU3BECTH COKpALIEHHH H H3BJE4b KOpeHb (m—1)-#
cTenend. ['eOMeTpHUeCKHH CMBIC/: OOBbEM f1-MEPHOTC THIepnapalie/eny-
Nefa He MpPEBOCXOJHT NPOH3BENEHUS KopHe# (m—1)-H cTenenn H3
06beMoB ero (m—1)-MepHBIX rpaHed.

95. Ykasanue. HanucaTb HepaBEHCTBO 3alaud 24. MM X, Xg,...
..., Xgy HIEPEMHOXHTb TaKHe HEPABEHCTBA /1A BCEX JOMYCTHMbIX 3Haue-
HHH Sy, 82, v+ » Sp-

26, Yxasanue. TpeGyercsi NOCTPOMTL B 27-MEDHOM NMPOCTPAHCTBE IH-
mepnapaJuieienunesl, y KOTOPOro NpOEeKLHH peep Ha KaXayw OCb He
NPeBOCXOAAT MO aGCOJIOTHOH BeJMUHHE 4HC/A M u o6beM KoToporo B
TOuHOCTH paBeH M7® a2,

Ilnss M=1 matpuua A, KOODAMHAT HCKOMBIX BEKTOPOB B 2% _yep-
HOM NpPOCTPAHCTBE MOXeT OHITH 3a/laHa pexyppeHTHO# (opmyof

1 1
Ll

MpumveuaHHe. Ias n # 2™ ouenka M” A*? MoXeT OGHTDb
yJaAyuYlleHa,

el izl e

—AaAm=-1
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27. ¥Yxasanue. Tlycts Gl osnauaer oproronalbHOe JOTOJHEHHE MOI-
npocrpancta G B R. [las Kaxpjoro xEN(A) u ana kaxporo z€R

(A’z, x)=(z, Ax)=0,

otkyza A’z€NL(A), 1.e. T(A") = NL(A), THA) D N(A). Hdas rax-
noro x€TL (A) u paa kaxporo y ER

(A’x, y)=(x, Ay)=0,
otkygsa A’x=0, 1. e. x€N(A'); Takum o6pasoM, TL (A N@A"),

TL (AY= N (A). Orcrona N A)=T=+ (A", NL (A)=T(A"). Ananoruuso
70Ka3HBAeTCs BTOPOE YTBEPKIEHHE.

28, Vxasanue. Cpasante 8.93 ¢ 1.51—1.52.

29. Yxasanue. Hcnonbsosate 4.54.

30. Yxasanue. Y TJIH TPeyroJbHHKA OAHO3HAYHO ONpPEJEJOTC 1O ero
croponaM. JIpyroil MeTon: CHMMeTpHYHAA 6uauneitnas dopma (Qx, Qu)
OHO3HAYHO BOCCTAHABJHBaETCH 1O KBaJpaTHUHOH (Qx, Qx).

31. Yxasanue. Jauubii paBHOYTOJBHBIA —oOmepaTop C npeobpasyer
OpTOTOHAMLHHI H HODMHPOBAHHBIA 0a3HC €y, €2, -.., €p B OpTOroHaNbHBIH

’ ’ ’
Gasuc f1=a1f1v f2=a‘lf2t ey fﬂ=anfm rae fl' f2’ ety fn HOpMH-
poBanbl. IlycTb Q—H3OMETpHYECKHH omeparop, TnepeBOASIIHA BEKTOPH
Fi» f2» +o+» [n B €1, €2, .., € TOLLA MATpHINA PaBHOYTOJIBHOTO  Ofle-
patopa QC Imaronanbua. ITokasats, uTo YCJIOBHE Q=G no3soJser Mmo-
CTPOHTh Napy OPTOTOHAJBHLIX BEKTOPOB, KOTODHIE NEPEXOLAT B HEOPTOro-
HajbHble B pe3yJbTaTe NPHMEHEHHS omeparopa QC

39. Vkasanue. JJOCTATOUHO NOKAa3aTh, 4T0 Q— paBHOYTOJIBHBIH onepa-
Top (3ajaua 3l). B mpeanoJioxeHHH, 4T0 HMeeTCA TNpAMO# yroJ, KOTOPHIH
NepeXofHT He B MPAMOH, MOCTPOHTb MapajJesiorpamu, NJoMaas KOTOPOro
B pesyJbTaTe NPHMeHEHHs omepatopa Q H3MeEHWTCH.

33. Vxasarue. OGOOUIHTb KOHCTPYKIHIO 3ajaun 32.

34. Vxasanue. TIpHMEHHB K [AAHHBIM CHCTEMaM TpPOLECC OPTOrOHAH-
3a1(HH, TOJYYHTL OPTOrOHAJIbHbE H HOPMHPOBAHHHE CHCTEMEL €y, &, - - - H
f1, fas «.. Vicnons3ya 8.53, mokasaTb, 4TO BEKTODHL Xy, Xg, ... BBIDAXKa-
jOTCA uepe3 ey, €, ... N0 TaKHM e (opMysaM, 0O KakuM BEKTODH
Y1, Yz, ... BHpANAIOTCA uepes fi» f2» ... OmepaTop Q 3ajath TyTeM
OTOGpaXKEHHs CHCTEMHL €y, €p, ... Ha CHCTEMy Fir for oo

35. Yxasanue. PaccMOTpeTh KOHEUHBIE CHCTEME e, € e ey <t
vees €€, H Y fis b foseees Fi» [y+ TONyueHHBe MPH onpejese-
HHH YIJIOB MeXJy TOANPOCTPAHCTBAMH R’ u R’ W noanpocTpaHCTBAMH
S’ u S'’. CorJacHO TOCTPOEHH!IO

(€ e)=() F)=cos@n(i=1, 2 ..., B
(€ e)=(Fy 1N=0, (", e)=(F;’, fI=0  (#I)
majee TnokasaTb, 4TO (e e}’)=(fl’., f;.’)=0 (ucroms3ys 3apauy 9). 3arem

NpHMEHHTb pe3yJbTaT 3ajiaqd 34.
36. ¥xasanue. Vicnonwaosats 3ajauy 11

37. Yxasarue. BuGpaTh B IOATIPOCTPAHCTBAX L,ul,Gasuceey, ..., en
# [ [2s e+ [ms TOJTyYeHHHE TMPH MOCTPOCHHH YLJOB Gy +oes Oppe
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B npocrpasctBe R NOCTPOHTE GaBHC €1, €, o+ €ms €m+1r +ve Eny
NepBble BEKTOPH KOTOPOTO TOJMYYeHH MyTeM OPTOTOHAJHSALHH BEKTOPOB
€1, €21 + o+ »€ms [1s f2r «++ + fim. PA3JOKHTL BEKTOPH X1, Xgs «ev s Xmy Yoo
Yar +++» Ym 1O TIOCTpOEBHHOMY GasHcy. IlokasaTh, 4YTO MAaTpHOH 3THX
DA3NOXKeHHHA HMEIOT TOJKO MO OXHOMY MHHOPY m-TO MOPAIKA, eCH He
CYMTAaTb MHHOPOB, 3aBeZOMO PaBHHX Hydaio. Hcrnoabsopats, nanee, Bhpaxe-
HHe o6beMa llapajjesienunefa yepe3 MHHODHL COOTBETCTBYIOLIEH MATPHILBL.

38. ¥xasanue. Wcnonb3oBath 3ajauy 2 K . 3 H sajauy 17 K ra. 4

39, Vxasarue. IlpoBepHTb yTBepKIEHHE 3aJauM B CreUHalbHOM Ga-
3uce, MepBHE k BEKTOPOB KOTOPOTO MNpPHHAJ/IEXAT K IIOANPOCTPAHCTBY
L {xl, Xay eves xk}. Jlns nepexofa K oOlieMy Clyyaio HCIO/b30BaTb 3a-
mauy 17 k . 4, MpHYeM NOKa3aTk, 4YTO det | oy || =1.

40. Ykasanue. CHauana paccMoTpeTb caydall k==2.

41. Y«xasanue. BuGpats B mpocTpancrse R 6asuc, Kak YKasaHo B
sazaue 37, M TMpOBEPHTb YTBeDHACHHe 3ajaud B ITOM GasHce. Jns nepe-
Xola K obmeMy cayualo KeficTBOBaTb TaK e, Kak B 3ajaue 39.

42, Y kasanue. Wcnonssosath 4.54.

43. Ykasanue. PaccMOTpeTh OPTOTOHaJsbHOE JONOMHeHHe Z K HHBa-
pHAaHTHOMY (OTHOCHTEJbHO A) MOANPOCTPAHCTBY H Bcex BekTOpOB X, RJs
Kotophix P(A)x==0. [ognpocTpacTBo Z TaK¥Ke HHBAPHAHTHO OTHOCHTEJLHO
onepatopa A, CleJOBaTeJbHO, H OTHOCHTEJbHO [P (A)]*~1. Ho ecn z€Z,
T0 [P (A)]*-1z € H, otkyna [P (A)[#~1z2=0. Orciopa nonyuuts, uTO
[P (£)]*-1 ecn aHHYJMPYIOmHI MHOTOYJIEH OnepaTopa A.

K raase 9

1. Yxaszanue. Vcnonssosatb 9.34.

9. Ykasanue. OnepaTop B MMeeT Ga3uc M3 COGCTBEHHHX BEKTOPOB
€1, ++., €, C TOJOKHTE/bHEMH COGCTBEHHEIMH 3HAYCHHSMH i, ..., Wp.
Orciona Ble;=2e;, 0 ec/M Mbl XejlaeM YIOBJETBOPHTL PaBeHCTBY B2=A,
HeoOXONHMO, uTOOHl ¢; GhLIJIH COGCTBEHHBIMH BEKTOpaMH oOmepatopa A, a
upesa p? conajaiH ¢ A;. Ho storo u pocratoudo Aas B2=A.

3. Ykasanue. TlpensaputenbHo NpeoOpasosaTh GasHC TaK, 4yTOGBI MaT-
pHLA [aHHOrO OmepaTopa NMPHHAJA JIMarOHaJbHLIH BHI.

V_ 320
Omeem. A=i242]).
025

4. Ykasanue. Onepatop A’A camoconpsxeH, H BhlpaxeHnue (A'Ax, x)=
= (Ax, Ax) HeOTpHLATeJLHO NpH JIOGOM x€ER,. Ecan A HeBHIpOXIeH,
10 5T0 BhIPAXKEHHE NOJOKHTENBHO TNIpH JioGoM xER,,.

5. Yxasauue. VicnonbsosaTh paBeHcTso (AB)*=B*A*,

6. Ykasanue. Onepatop AA*® caMoconpsiKeH H MOJNOXKHTEJCH (za-
faua 4), NO3TOMY MOXKHO HaiTH CaMOCON PSKEHHBI H [ON0XHTeNbHLI Onle-
patop S Tak, 4TOGH HMeTh S2=AA*’. Jlanee nocTpouTh omepatop Q mno
dopMyse Q=S5~1A u noxasaTb, 4TO Q-—yHuTapHH# oneparop.

7. ¥xasanue. Vicnonpsosath 3ajaud O u 2.

8. Yxasanue. [lycrs R’ < R, —noanpocrpaicTso, NOPOXKICHHOE co6-
CTBEHHHMH BeKTOpaMu omepartopa A’A ¢ HenyJeBHIMH COGCTBEHHLIMH 3Ha-
yeHHAMH, H R”—opToronanbHoe fonoaxenue ¥ R’. Ha R’ nonoxuts v
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paBHBIM YHHTapHOH cocraasiomeit A (Tak uTO V A7A Vi=Ax), na

R” nmonoxuts Vx=0.
9. Vrasanue. Ucnonnsopath sagauu 28 U 29 k ra. 4.

10. Yxasanue. TIpuMeHHTh X BeKTOpaM KopjlaHoa Gasuca omepa-

Topa A (6.87) mpouecc OpTOTOHANHIALKH.

K raase 10

1. Omsem. )
2 1
2) dnp+mg—mg m=3h—ghtgl
2 1 2
n2=’3*§1+~3~§2—-§-§3,
1 2 2
§§1+§§2+*3'§31
1 2 2
6) 10'r| +T|?+TI3, T|1=—§ gl‘f—"—gz—'*‘g:s,
V—El V-—Ez‘ V
5
Ng= 3V~§1 3V5 — b+ &5

B) M2—mnZ-+3N;-+5M "h=7§1+'§'§2+7§s+—2—§4,
1 i i 1
751-1-—2—&2——2-53—'2—541
1 1 1 1

——2“§1—7§2+§§3—7§41
1 1 1 1
Ny = 2‘&1"‘7&2'—'—&14—7‘@4;
V2 £ V2
1

""_2,

VQ §2+ﬂ 4

—5a—7a+7&—%a

1 1 1 1
ﬂ4=7§1—‘2— 52—5534-7&4-

r) n-+ni4ni—3ng n =

M=

2, Omgem. Makcumym npu x=(+1, 0, 0), rae A(x, x)=1.
Munumym npr x=(0, 0, £1), rze A (x, x)=—;~,

Ipu x=(0, X1, 0), rae A(x, x)=%.— MHHHMaKC
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(T. . MpH JBHKEHHH MO eMHUIHON cepe B OJHY CTOPOHY OT TOYKH X
¢yrxuus A (x, x) BO3pacTaet, a B Ipyryio— yOuLIBaeT).

3. Vxasanue. A AMeHHO, Ha MOANDOCTPAHCTBAX, HATAHYTEIX HA COOTBET-
CTByIOUHE KaHOHHUeCKHe GasHCHEIE BEKTODEL.

4. Yxasanue. KosbdunueHT A, paBeH HAHMEHDBUIEMY H3 MaKCHMYMOB
dopMu A (x, x) Ha HEKOTODOH CHCTeMe MOANPOCTPAHCTB, a KoshunE-
eHT [l; PaBeH HaMMeHbLIEMY H3 MaKCHMYMOB dopmul B (x, x) Ha Toit e
CHCTeMe NOJTPOCTPAHCTB.

y_ . L
5. Omeem. = 3 5

6. Omeem. A(x, x)=m}-+n2-+n2 B(x, x)=n}+2n;+33;
=" —"Ne+ M B=Te— s Eg=="3.

7. Yxasanue. Bompoc cBOAWTCA K eAHHCTBEHHOCTH KaHOHHYeCKOro
Gasuca y CHMMETPHYHOrO OIepaTopa ¢ MOnapHo pa3IRYHLIMH COGCTBEH-
HBIMH 3HaYEeHHSIMH. :

8, Ykasanue. O6o6wuTL 7.44. .

9. Omgem. a) OJHONOMOCTHEI runep6o0H] € OCeBOH JUHUeH BAOJD
ocu y; 6) OJIHOTIOJIOCTHBIH runep6oJIona ¢ oceBOH JHHHeH BJOJbL OCH X;
B) Kpyroeoft napa6osioni ¢ oceBoll JHHHell BJOMbL OCH X; T) kpyrosod
napaGoJonA ¢ 0ceBoH 7uHuell BIOJL OCH Y, CABHHYTHI Ha 1 BAOJb 3TOH
ocH; 1) runepGoanyecKHil napa6onou.

10. Omeem.

a) x§+2y%+32f=6; 3(x—1)= —x+ 241 +221,
3y=2x,—y+22,
3(z4+1)=2x+2th—2%;

6) x2-2y2—322=6; 3(x+1)=—x1+20n+22,
3+ NH=2x—y1+22,
3z=2x1+2y1—21;
B) Y2 =2x1; 3 (x—m)=2% 1241+ 21,
3 (y +2m)=2x,— th—221,

3(z+42m)y= —xy+ 2y —22,

(m TpOHM3BOJBHO).

11. ¥xasanue. Tonyocu 3nnuncouja onpejesiorcs 1o KaHOHHYeCKHM
KO3(PHIHEHTAM COOTBeTCTBYIOWEH KBaApaTHUHOM dopmel. Hcnosb3osath
pesysvrare 10.25.

K raase 11

1. Yxasauue. Tlycte K’—nepecedenue HyJb-MHOrOOGpasufi Bcex
onepaTopoB, BXOASAIIHX B nepuit upean J < L (K,), B mycTs r—pasmep-
socrs K’. Bubepem Gasuc B K, Tak, yToGH mNepBLle r Ga3uCHHX BEKTO-
pos Jexann B K'. Marpunsl Beex onepatopoB AEJ HMeloT r TeEpBRIX
CTOJIGLOB M3 ONHHX HyJlefl. [lycTh pasMepHOCTDb Jectbmu Ay - Ap—
JIMHEHiHO He3aBHCHMBIE OIEpPaToOpHl B J. PaccMoTpuM MaTpHuy H3 n—7
CTONGLOB H mn CTPOK, MOMYYEHHYIO TNpH 3ANUCHIBAHUHM BCEX MaTpHL’
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Ay ... A, onHa Ha; JIpyrofi W OTGPacHIBAHHH r MNePBHIX (1y1eBRIX)
cTo/I6uoB. Ee panr paBen n—r; clefoBaTe/bHO, HMEIOTCS n—r GasHc-
HEIX CTPOK. MX JHHefiHbe KOMGHHALIMH AAIOT BCEBO3MOXHHE CTPOKH W3
n—r 3jementoB. Mcnose3oBate 4.44.

2. Ykasanue. BBens HeBmIpoXIeHHyio GHaHuednyio dopmy (x, y),
paccMoTpeTh COBOKYMHOCTb J* BCex omepaTopoB A*, cOnpsnKEHHRIX K ofle-
patopaM A€J. Dra cOBOKYIHOCTb ecTb JieBHil Hleas. Mcnoab3oBaTh 3a-
Jauy 1.

y3. Omeem. Makcumanbneiit NeBelit naean aare6pot B (K,,) —coBokyn-
HOCTb BCEX ONEPaTopOB, MEPEBOMSIUHX B HYJb HEKOTOPHIH (UKCHDPOBaH-
HBIl BeKTOp mpocTpancTBa K,. MHHMMa/bHBII JeBH HAean-—cCOBOKYM-
HOCTb BCEX OMEPaTopOB, NepeBOAAWMX B 0 HEKOTOpOe (HKCHPOBAaHHOE
(n—1)-MepHoe noanpocTpaHcTBO mpocTpaHctBa K, MakcHManbHBI mpa-
BBl HJeas—COBOKYNHOCTb BCEX ONEPATOPOB, IEPEBOAAMUX BCE IIPO-
crpactBo K, B dukcupoBannoe (n— 1)-MepHoe NOAnNpocTpancTBO. MHHH-
MaJbHHI NpaBblfi HAEa] —COBOKYIHOCTb BCEX ONEPATOpOB, NMepeBOASIIHX
Bce npocTpaHcTBO K, B (MKCHDOBaHHYIO N pAMYyIO.

4. Yrasanue. B Gasuce ey, ..., €,, B KOTOPOM MAaTDHIE OIlepaTo-
pos A €B 3anuceiBatotcss B dopme /.85, moa0XKUTD

(= gy (k= &g, y=2”lfef)-

5. Yxazanue. Bvecte cO BCSKHM HHBAaDHAHTHBIM (OTHOCHTENBHO aJ-
re6pu B) noanpoctpanctsoM C’'E€C, sBAseTcs WHBADHAHTHHIM H €ro
OpTOroHalbHOe AomoJHeHHe. Paanoxute C, B OPTOroOHa/NbHYI NPAMYIO
CyMMy HENpHBOAMMBIX HHBAaDHAHTHBIX MOAnpocTpaHcTs, Kaxawtil onepatop
A # 0 (43 anre6psl B) xoTs Gbl B OIHOM M3 HHX JEHCTBYeT KaK HeHy-
JIeBOH oIepartop.

6. ¥Yxasanue. [lonyuutb u3 npenctasienus [1.85, uTo KoMMyTaTop
NoJYNpOCTOH, HO He NMPOCTOH MaTpH4HOH anre6pel B nepecekaerca c ca-
MOH B ne moabko MO MaTpHIAaM, KpaTHbIM €JHHHYHOI.

7. Yxasanue. 3anucaTb HCKOMYIO MATPULY B BHJe 6JIOUHOH MaTpHIIE
U3 m? GJIOKOB, BHIIHCATb YC/JOBHE KOMMYTHDPYEMOCTH H HCIIOJb30BaTh
nemmy llypa.

8. Omgem. Y anre6pul B Bcex anaroHa/bHBIX MaTpHL

M

(A, «.., Ay—nNpOH3BOMBHBIE KOMILIEKCHble uHcaa), Besikas MaTpuunas
anre6pa B =B NPHBOJUTCA K TOMY BHAY B HEKOTOpOM GasHce.

9. Omeem. Anre6pa B Bcex OmnepaTopoB, OCTaBJAIIHX COGCTBeH-
HBIMH JaHHYIO CHCTEMY MOANDOCTPAHCTB, JAICHMUX B NPSMOH CyMMe Bce
Cp, ynosaersopser ycsosnio B < B. Besikas anre6pa B ¢ B B npuso-
AHTCA K 3TOMY BHAY.

10. Omeem. IlpoctpaHcTBo C, Pas/ioXKeHO B NPAMYIO CYMMY MOATPO-
ctpanete CW, .., CW, y anre6pa B cocToMT M3 Bcex omepaTopos,
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¥HBapHaHTHHIX B KaxjoM CV), j=1, ..., k. Kommytatop B cocTout 3
0NepaTopoB, KpaTHHX eAMHHYHOMY B Xamaom CV) (]——1,
11. Yxasanue. Ecnu B ectb npsimass cymma B@® 4 -|—B‘k) TO

B=Bw4...+B»,

12. Omeem. KpaTHoCTb KaXJIOro XapaKTEpHCTHYECKOTO KODHS ofe-
paTopa A paBHa pasMmepy COOTBETCTBYIOUiell }OpPAaHOBOH KJIETKH (CM. 3a-
Aauy 15 k ra. 6).

13. ¥Yxkazanue. Eciu CB=B, 10 zum Hekortoporo A € B umeem CA=C.
Qrciona C=CA=C(CA)=C2A=C3A

15. Ykasanue. Tlyets Ay, ..., A, — Gasiic anre6pul B. Torpaa, ecin
anre6pa B He HUJIbIOTEHTHA, OJAMH H3 mpaBHX HAeanos A,B, mB,
HanpuMmep A,;B, He HuubnoTeHTeH (3amaua 14). Ilpu a7OM AIB ;é B (3a-
naua 13) u mpobsneMa cBeieHa K aHAJOrHYHON A/ anre6pel MeHblUeH
pPasMepHOCTH.

16. Yxasanue. Ecmn M;=M;,,, To ans moGoro BeKTOpa x%M,- Hail-
Jetcs onepatop A, €B Takoit, uto A;x & M;=M;,,; nanee, nHafizercs
A, €B Takoit, 410 AyAx€EM; u T. A Ecmu M, # K, Toana x €My, —M,,
Haiifietcs onepaTop A, €B Takoi, uto Apx€EMp—M,_,,3areMA,_, EB
TaKo#t, 4To A 5, AprMp_l—Mp_g, HT.1.,Tak uT0 A A, ... Apx #0.

17. ¥Yxazanue. Vicnonbaosath mnoanpoctpanctea M, ..., M, 3a-
naun 16.
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¢ nunefino#t o6onouko#t L (1, ¢, #%, ..., t*) H, clemoBaTelbHO,
coBnajzaeT C COBOKYMHOCTBIO L,, 4TO H Tpe6OBanoCh.

6. Bexrop p,(t) oproeonasen Kk nodnpoctpancrsy L,_,.
JOCTATOYHO MpPOBEPHTH, 4YTO MHOTOWIeH p, () opTOroHanen
B Ry(—1, 1) k¥ pyukunsm 1, ¢, ..., #71,

[Tpn mokazatenbcTBE MBI 6yneM HCIMOJIB30BaTh (popmyny
HHTErpUPOBAHMUSA MO 4YacTSIM B OMpeIe/eHHOM HHTerpasne, npei-
nonaraemyio u3BecTHoft wu3 ananusa. [Ipou3BoaHbIe, BXOASLIHE
B 9Ty (opMyny, Inf MHOrOYJIEHOB CYTh T€ XK€ CaMmMbie MpOH3-
BOJHBIE, KOTOpPHE MH paccMaTpHBaiH B 6.73a ¢ YHCTO anre-
6panyeckol Touku 3peHms. B wacTHocTH, MHOTOUNEH

[(E—D]=0F—=1)" ¢+ 1)

B cHNy 6.7368 npu = -+ 1 uMmeeT paBHnie 0 NMPOH3BOIHKIE TIOPS M=
ko 0, 1, ..., n—1.

Wrax, 6yaeM BHYHCAATL CKanspHoe NpousBedeHne t* u p, (f).
ViHTerpupys mo 4acTaM, Ml MoiayuaeM

+1
(#*, p, (1) = § tF[(B—1)7]™ dt =
-1

+1
= R [(F2— 1))~ 1)| —k S =1 [(£2—1)7]= D gt
g}

BHennTerpanbHHi uleH MOMy4YeHHOro BHPaXeHUs B CHIy CKa-
3aHHOTO Bblme o6pautaercs B Hyab., OcTaBmmiics HHTErpan
cHoBa OepeM MO 4acTAM, H MOpOJOMXKAeM 3TOT MPOLeECc, NokKa
nokasaTenb NpH f He CHH3UTCH IO HYJs:

(% pu(®) = —R£1[(B—1)]2|" 4+

+1

4k (k—1) S $=2 [(2—1)n] =D df =

= -+ k! S [(£2—1)r]m=Pdt = kI [(£2—1)n]"~R~D li: =0,
ag

YTO u TpebyercH.
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