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NPEANCNOBUE

Hcnonn3oBaHne KOMIBIOTEPOB Ijisi BHIYMCJIEHUN O3BOJIMIIO OT
MIPOCTENIINX PACYETOB M OLIEHOK PA3JIMYHBIX KOHCTPYKIUH UITH TIPO-
[IECCOB TIepeiiTH K HOBO# cTaauu paboThl — JETAJIBHOMY MATEMATH-
YECKOMY MOJIEJIMPOBAHUIO (BBIUYHUCIUTEILHOMY 3KCIIEDUMEHTY ), KO-
TOpO€ CYIIECTBEHHO COKPAIIAeT IMOTPEOHOCTH B JIOPOrOCTOSIIUX, 8
HEPEIKO JarKe OMACHBIX HATYPHBIX SKCIIEPUMEHTAX.

B ocHOBe BBIYHCIUTETLHOTO IKCIIEPUMEHTA JIEXKUT PEIlIEHNE YPaB-
HEHUII MaTEMATUYIECKON MOJEIN YMCIEHHBIMUA METOLAMH.

CnoxHble BBIYUCIUTEIbHBIE 330249, BO3HUKAIOLINE [IPU HCCJIe-
JIOBAHUH PA3JIUYHBIX (HPUIMUECKUX U TEXHUIECKUX IIPOOJIEM, MOXKHO
Pa3/leJIUTh HA P 3JIEMEHTAPHBIX: BBIYMCIEHUE WHTErpaJsia, pelire-
Hue uddepeHnuanbLHOr0 ypaBHEHUs U T. 1. MHOr1e 3/IeMeHTapHbIe
3a/1a4YU SBJISIIOTCH HECJIOXXHBIMUA M XOPOIIO u3ydeHbl. [lyist 3Tux 3a-
J1a4 yKe pa3paboTaHbl METOIbI YHCIEHHOIO PEIIEHHS 1 OOBIYHO HMe-
I0OTCSI CTaHAApTHBIE mporpaMMbl. Bo3Hukaer Bompoc: «HyxxHO
[IPAKTUKY-BBIYUCIUTEIIIO U3YIaTh YUCIEHHbIE METObI IPY HAJIMYUU
CTAHIAPTHBIX IporpamMm?»

OTBer Ha BOIIPOC HaeT cienymommii npumep. U3BecTHo, 41O sin
MOKHO Pa3JIOKUTH B psiJ Teitnopa, KOTOPHIit 3HAKOIIEPEMEHEH U CXO-
IUTCs pu JiloboM 3HadeHnH z. COrlacHO KJIaCCHMYECKOM MaTeMaTH-
Ke, IOIPENIHOCTb YaCTUYHOMN CyMMBI 3TOTO Psiia HE IIPEBBILIAET MEP-
BOro otbpomenHoro wieHa. CocraBjeHHass mporpamMMma s 64-pas-
PSITHOTO KOMITBIOTEPA OOPBIBAET BBHIYMCJIEHUSI, €CJIU OYE€PEIHOMN YJIeH
pana Teitnopa mennbme 1078, TIpu 3amanuu yroa z = 2 550° 6bi1
mostyden orBeT: sin2 550° = 29,5...!!! 3 mamHOoro mpumepa cie-
JAyeT OYEeBUAHBIN BBIBOJ — IIOJAraThCs Ha MOIIHOCTbH KOMIIBIOTEDA
¥ HE3HAKOMYIO POrPaMMy PHUCKOBAHHO, CJIEAYET 3HATH YHCJIEHHBIE
METOJbI, BKJII0OYasi TOHKOCTU BBIYHMCJIEHUS aJITOPUTMOB.

L1 Kaxk a0l 3a7a4YH CYIIECTBYET MHOXKECTBO METO/IOB DEIICHHUS.
Hanpumep, Xopoio 06yC/I0BIEHHYIO CUCTEMY JIMHEHHBIX Y paBHEHUM
MOXHO pemaTbh Meromamu laycca, 2KopmaHa, ONTHMAJIBHOTO HC-
KJIIOYEHHsl, OKAMJIEHHSI, OTPa’KeHUit, OpToroHaju3anuu u ap. VH-
TEePNOJISIUOHHBI MHOTOYJIEH 3alUCHIBAIOT B ¢dopMmax Jlarpamxka,
Hsrorona, I'peropu — Hetotona, Beccenst, Ctupnunra, [aycca u Jla-
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mwiaca— IdseperTta. [1longoGHbIe METOOBI OOBIYHO SIBJISIOTCS BapHUalld-
SIMH OJTHOTO-JBYX OCHOBHBIX METOIOB, M JIa2KE €CJIN B KAKHUX-TO 4aCT-
HBIX CJIy4asiX OHM MMEIOT IIPENMYIIECTBA, TO He3HAYUTEIbHbIE. Kpo-
M€ TOro, MHOTHE METOIbI ObLIM CO3aHbl A0 MOSIBJIEHUSI KOMIIBIOTE-
POB, U PSii U3 HUX B KAYECTBE CyIIECTBEHHOIO 3JIEMEHTA BKJIIOYa-
€T UHTYHUUUIO BBIYUCIUTENs. KOMIIBIOTEPHOE BBIYUCIIEHHE TIOTPEOO-
BAJIO TIEPEOIIEHKH CYIIECTBYIOUIMX METO/IOB, IMOCKOJIBKY 3 PEeKTUB-
HOCTH MHOTHMX METOJIOB CHUJIBHO 3aBHCHUT OT MEJIKHX JIeTajiei ajro-
pUTMa, MOYTH HE MONJAIOIIUXCS TEOPETUYECKOMY aHAJMU3Y; MO3TO-
MY OKOHYATEJIbHO OTOOPATH JIyYIlHe METOIbI MOXKHO JIUIIb, HCIIOJTh-
3ys1 HOJIBIION OMBIT MPAKTHYECKUX pacyeToB. [lonbITKa Takoro orbo-
pa cIejiaHa aBTOPAMH B JAHHOM y4eOHHMKE Ha OCHOBE MHOT'OJIETHET'O
OIIBbITA pelleHHus OOJIBIIIOro YHC/Ia PA3HOOOPA3HEIX 381849 MATEMATH-
yeckoit puzuku. st 60IBIINHCTBA PACCMOTPEHHBIX B KHUTE 33134
H3JI02KEHBI TOJIbKO HauboJtee 3(pHeKTUBHBIE METOIBI C IIUPOKOH 06-
JIaCThIO IpUMEHUMOCTU. HecKonbKo METO/IOB [JIsT OOHOM U TOU Ke
3a/a49¥ JAHBI B TOM CJIy4ae, €CJIM OHU MMEIOT CYIIECTBEHHO Pa3HbIe
06J1aCTH IPUMEHUMOCTH WJIM €CJIM JIJIsi TON 3aJa4M elle He pa3pa-
60TaHbI TOCTATOYHO YIOBJIETBOPUTEHHBIE METOIHI.

N3/10:K€HUIO YHMCIIEHHBIX METOMIOB MOCBSINIEHO HEMAJIO KHMT, OI-
HAKO OOJILIIMHCTBO M3 HUX OPUEHTHPOBAHO HA CTYIEHTOB U Hayd-
HBIX paOOTHIKOB MaTeMaTu4ecKoro npoduis. JlaHHblil ke y4eOHIK
TIpeIHA3HAYEH /s ITUPOKOTO KPYTa YUTATeNel — KaK yIeOHUK 1J1st
CTYAEHTOB U ACOIUPAHTOB (DU3NIECKUX U TEXHUUECKUX CIEITUAIBHO-
CTeif ¥ KaK CIIPABOYHOE MOCOOUE JIJIst HAY YHBIX COTPY/ITHUKOB, MH2KE-
HEPOB ¥ MATEMATUKOB-BBIYUCIUTEIEN. ABTOPBI CTAPAJIUCH COYETATH
MPOCTOTY HM3JIOXKEHUSI, PA3YMHYIO CTEeHb CTPOrOCTH, YMEPEHHBIM
o6beM M IIMPOTY OXBaTa MaTepuaja. Bosbiuioe BHUMaHUE B KHUTE
yAEIEHO PEKOMEHIAIMSIM ITI0 TPAKTHIECKOMY IIPUMEHEHUIO aJITOPUT-
MOB; U3JIO’KEHHUE IMOSICHEHO PsiIOM npuMepoB. Jljist o6ocHOBaHUS aJI-
FOPHUTMOB HCIIOJIb30BAH HECJIOXKHBIN MAaTEeMAaTHYECKU annapar, 3Ha-
KOMBIH CTyIeHTAM (PU3NIECKUX M WHIXKEHEPHBIX CIIEIIUAJIbHOCTEIH.

Kuura sBjIsteTcst TIOJHBIM KYPCOM YHMCJIEHHBIX METOMOB J1Jisi (pu-
3UYECKUX U WHIKEHEPHBIX CIENUAJIbLHOCTEN; JJIsi MAaTEeMAaTHYECKUX
CIIEIUAJILHOCTEN By30B OHA MOXKET ObITH BBOZHBIM KYypPCOM YHCJIEH-
HBIX METOJIOB, MOCJI€ KOTOPOTO CJIYIIATEJN MOTYT H3yd4aTh yriyo-
JIEHHBIE CITEIKYPCHI.

Y4eOHHUK HAMKMCAH HA OCHOBE KypCa JIEKIHi, YMTABIINXCS BHA-
yaJjie MH2KEHEPaM-KOHCTPYKTOPaM, a IOCJe nepepaboTKH Kypca —
ctyneHTaMm dusugeckoro pakyiasrera MI'Y um. M. B. Jlomonocosa
¥ HEKOTOPBIX Jpyrux By30B. OH JOMOJIHEH PSAIOM aKTyaJbHBIX pPa3-
JIeJ10B (pelleHre XKECTKUX CUCTEM, 33/1a491 B HEOTDAHMYEHHBIX 00J1a-
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CTSIX U T.I.), COCTOMT U3 JBYX KHUI: KHHra 1 CONEPXKUT MaTepuaJt
[0 YMCJIEHHOMY aHAJIM3y, KHUra 2 — YUCJIEHHbIE METOIbI PEIIeHUs]
muddepeHnnaabHbIX (OOBIKHOBEHHBIX U B YACTHBIX MPOM3BOIHBIX)
U UHTErPAJIbHBIX yPABHEHUIA.

Y4ebHUK pa3iesieH Ha IVIaBbl U Noapa3nebl. PopMysibl HMEOT
JIBOMHYIO HyMepaIlUiOo: HOMED IJIaBbl M HOPSIAKOBbIN HOMED GopMy
B IJIaBe; TO YK€ OTHOCHUTCS K HyMepaluuu PUCYHKOB u Tabiun. Ko-
Hell JOKa3aTeJIbCTBa TeopeMbl oTMedeH 3HakoM M. IlpuBenenHbie B
CITMCKE JINTEPATYPbl YIeOHUKU U MOHOI'PA(UU PEKOMEHILYIOTCS JJIsT
yIiIyOJIEHHOTO U3yYeHHs OTAEJIbHBIX PA3/IeJIOB.

O61uit MOAXOMA K TEOPUM U MPAKTUKE BBLIYUCIICHUA, ONPEIE/TNB-
LM CTHIb STOU KHUIHU, CJIOXKHUJICS Y aBTOPOB IIOJ BJIMSIHHEM MHO-
rojieTHel coBMecTHOM paborel ¢ A.A.Camapckum u B. d.Tomns-
OWHBIM. Psin akTyaspHbIX TeM ObLI BKJIIOYEH II0 MHULMATHBE
A.T. Cemuukosa u B.B.I'ltacko. MHOro neHHbIx 3aMedaHuil cle-
nam B. @. Bytysos, A. B. 'ynun, B. JI. Poxaecreenckuii, 1. M. Co-.
6onb, W.B.®ps3unos, E.B.[Ilukun. B odopmiaenun pyxkomnucu
6osburyio noMomus okazanu JI. B. Kysemuna u T.I'. EpmakoBa. Uc-
KpeHHe 6j1arojapuM BCEX HA3BaHHBIX JIUI U OCOOEHHO AjiekcaHpa
Angpeesuya CamMapcKoro.



Fnasa 1

O YNCJTEHHOM AHAJN3E

1.1. HEMHOIOo uctopuu

1.1.1. Pa3sutue 4ucneHHbix mMeTonos

[IpenmnonoxuTeabHO YUCTIEHHBIE METO/IBI BIEPBBIE OBLINA UCIIOJb-
3oBanbl B XIV—XV BB. (Bo BpemeHa cymecTBoBaHusi JIpeBHEr0o
Erunta u [dpesreii I'penun) 1151 moacyera JOXon0B, IIIomaAei uim
00'beMOB.

Hauunasi ¢ XVII B. nosBisitOTCS NPUHITMIHAIBLHO HOBbIE 331a4H,
CBSI3aHHbIE C BO3HHKHOBEHMEM HEOECHOUW MeXaHWKHM u auddepeH-
[[UAJILHOTO UCYHUC/IeHUs. [I[pUMEPOM MOXKET CIIy>KUTh IDAHINO3HAS
M0 TEM BpPEMEHaM MCCJIEJOBATENbCKAs 3a/ia4a — IIOCTPOEHHUE Te0-
JI€3UYECKOi CeTH Ha MoBepXHOCTH 3emuin (OHA TpeOyeT aKKypaTHO-
r0 YpaBHUBAHUS CYMM YIJIOB TPEYTOJIbHUKOB Ha CPEPUIECKOi Io-
BEPXHOCTH) — YPE3BBIYAHHO BAXKHOW JJIsi HABUTALUU. JTa 337298
pemasiack B0 @panuuu B roasl npasienusi JIromosukoB XV u XVI
¥ 3aKOHYEeHa ObLIa yKe rnociie Bennkoit ppaHIly3CcKOil peBOJTIOIUH.
Heobxoaumo oTMeTnTh, 9T0 GPUHAHCHPOBAHUE HAYKH B T€ BPEMEHA
CYUTAJIOCH IPUOPUTETHBIM KaK JJIS BJIACTH KOPOJIEi, TaK U PEBOJIIO-
uroHepoB. [laxxe ManaMm IloMnanyp >kepTBoBajia HEMAJIble CyMMbI
HA HYX/Ibl HAYKH.

AxkypaTHBINl pacyeT JBUXKeHUsI HEOECHBIX TeJsl MOTPebOoBaJ Co-
CTaBJIEHHsT TAOJINI TPUTOHOMETPUYECKUX DYHKIIUI U JIorapudMoB.
B XIX B. nosiBusachk jiorapudmMuydeckast JUHEHRKA.

B nepuon IlepBoit MupoBoit BOWHBI IIOBBICUJINCH TPEOOBAHUS K
CKODOCTH PacyeToB, TaK KaK CTPeJIb0y MPUXOAMIOCH BECTH IO JBU-
KYUWHAMCS LeJIAM — TaHKaM u KopabjsaM. B cBs3u ¢ aTum ObLIH CO-
3/1aHbI IIEPBble MEXAHUYECKUE, & 3aTEM U AHAJIOTOBbIE BBIUYKUCIUTEb-
Hble IPUOOPBIL.

Ko Bpemenu Bropoit MupoBoit BoitHbI TpeboBaHUSI K OBICTpOTE
BBIYHUCJIEHUH MHOTOKPATHO BO3POCJIH, TAaK KaK IOSBHJIMCH CAMOJIE-
TbI, CKOPOCTb KOTOPBIX CyIIECTBEHHO IIPEBHIIIAJIA CKOPOCTh TAHKOB.
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3TO BBI3BAJIO MOSIBJIEHUE TEPBBIX 3JIEKTPOHHBIX BBIYUCIIUTENHHBIX
npubOpoB.

B 1945 r. B Jloc-Anamoce (CIIIA) mpoBoguiiach MHTEHCHBHasI
pa3paboTKa nepBOit AaTOMHOI 60MOBI TpeMS TPYIIIAMH YY€HBIX OJ{HO-
BpeMeHHo. [lepBast rpynna cocTosinia u3d ogHoro yenoseka — I1. Dep-
MM, KOTODPBIi BeJl pACYeThI Ha JINCTKE OyMaru, BTopasi (TakKe U3 Of1-
Horo 4esjoBeka — OapoHa JIx. don Heiimana) ucnoss3oBada jora-
pudMIYECKYIO JTMHENKY, TPEThs NOATOTOBHUIIA IPOT'PAMMY JIJIsI IIEp-
Boif B Mupe 9BM «MANIAC», 6picTpomeiicTBie KOTOPOii ObLIO Ha-
CTOJIBKO c1a0bIM (COTHY omepanuii B CEKyH/y IIPY MU3EPHOM onepa-
TUBHOI IAMSITH), YTO BCE TPH TPYIIBI NPUILIA K OTBETY IIPAKTH-
yecKu omHOBpeMeHHO. Kakue uMeHHO 1@ pbl NPOTHO3a MOJIyYHJIa
KaXkJ|asi U3 9TUX IPYII, aMEPUKAHIBI He coobmanu (Cyas mo napw,
KOTODBIE 3aKJIIOUMIIA MEXK Y COO0M YYACTHUKY MEPBOTO UCTILITAHUSI,
OHM Pa3JINYaJIUCh B HECKOJIBKO Pa3).

CTpeMuTEIbHOE U MPOJIOJIXKAIOIIEECS 10 HACTOSIIIEE BPeMsi pa3-
BUTHE 3JIEKTPOHHON BBIYMC/IMTEJILHOW TEXHUKYU OBICTPO HU3MEHUJIO
cuTyanuio u caeiaso npuMmenenne 9BM moscemecTHbiM. Ecu emme
ser 10 Ha3a/ OCHOBHBIM TpeOOBaHHEM K IPOTPAMMHBIM ITPOAYKTaM
ObL1a, 5KOHOMUYHOCTD, TO ceityac OGpicTponeiicTBue 9BM HacTO/IBKO
BEJINKO, YTO HA MEPEJHUIA IJIaH BBIXOIUT HaJeXKHOCTb. Ha maHHbBIM
MOMEHT Jla2Ke B JBa pa3a 6oJiee OBICTDHIN, HO MeHee HaIeXKHBI Me-
TOJl HE MOXKET CUUTATHCS [IPEANOYTHTEILHBIM.

B MI'Y um. M. B. JlomoHOocOoBa pa3neneHne GU3NKO-MaTEMATH-
4yeckoro akysibTeTa Ha (PU3MKOB U MATEMATHUKOB IIPOU3OIILIO JIHIITh
B 1933 . IIpodeccop A. H. Tuxonos, Bo3rnasassiuuit kadenpy ma-
TeMaTuKH eie 10 Bennkoit OTeyecTBEHHOM BOWHBI, IIEPBBIM BBICKA-
3aJ1 MHEHHE, YTO NPEIOJaBaHUe MAaTEMATHKH [Jis (PU3MKOB JOJIK-
HO OTJIMYAThCS OT KJIACCHYECKOIO MPENOJaBaHUs MAaTEMATHKHU Ha
MEeXaHUKO-MATEMATUIECKOM (haKyJIbTETE, IIe YIOP JAENaeTCs Ha TeO-
PEMBI CYIIECTBOBAHUS PELIEHUs. DTO MHEHUE WJLIIOCTPUPYET BHICKA-
apiBanue JI. Jlangay: «3ayem MHe TeOpeMa CyIECTBOBAHUS 3JIEKTPO-
Ha? f u Tak 3Ha10, 4TO OH cymecTByeT!». [To Muenuio A. H. Tuxono-
Ba, aKIIEHT [IPENOJABAHUS MATEMATHUKY J1s1 (PU3NKOB JOJI2KEH OBITH
clieJlaH HA JIOBEJEHUE PEIIeHHsT JO0 KOHEYHOTO OTBETA, B YaCTHOCTH
Ha TEXHWKY BBIYMCJIEHHH (YTO He UCKIII0YaeT U3JIOXKEHNS TEOPEM Cy-
LIECTBOBAHUSA U €IMHCTBEHHOCTHU DEILIEHMUS ).

B konne 40-x romop XX B. aKTUBHU3UPOBAJACh paboTa HaI CO-
3IaHMEeM OTe4YeCTBEHHOMH aToMmuoii 6oMObl. Korma crayo sicho, 9To
HEOOXOMMBIii 3a11ac IIYTOHUS BCKOpe Oy/1eT HaKOIJIEH, TOTpeboBa-
JIOCh PACCYUTATH MOILIHOCTH B3phIBA. [loHauasy 3a1a4a pemanach B
PaMKax ypaBHEHUI ra30BOi JUHAMUKY, ONMCHIBAIOIINX B TOM YHCJIE
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yaapuyto BosiHy. OQHaKO BCTAJl BOPOC O TOM, KAK MATEMATHIECKHU
OLIEHUTH JIEJIEHNE YPaHa, JBUKEHNE BO3HUKIIINX HEUTPOHOB, Pa3JjeT
BeIIeCTBA IO, IeACTBUEM BblJe/uBINelcs sHepruu. B rpymnme Jlan-
Jay JaHHBIHA TIpolece ObI MPEICTABIIEH C IIOMOIIBIO OOBIKHOBEHHBIX
nunddepeHIaIbHBIX YPABHEHHI C YCPEIHEHUEM IO IIOTHOCTH IJIst
obsieryenus ynciaenHoro pacdera. Ho ¢ kakoit TouHoCTbIO O6y1€T pac-
CYMTaHA MOIIHOCTDb B3PHIBA B PAMKaX 3TOU MOJIEJH, OIEHUTH OBbLIO
citokHO. B 1948 1. Ha coBemjaHum, MOCBSIEHHOM 3TOM mpobjeme,
A. H. TuxoHOB, BliepBbi€ 03HAKOMUBIIKCH C TPOOJIEMATHKOM, BHICKA-
3aJ1 HIIEI0 O TOM, KaK YHCJIEHHO PEIINTh cucteMy auddepeHnnaiib-
HBIX yPaBHEHHU# B YACTHBIX NPOU3BOAHBIX C PEAbHBIMH (HeyCpen-
HEHHBIMM ) IUIOTHOCTSAMHU. Bceero 3a HeckosIbKo MecsiieB Obli1a pa3pa-
GoTaHa METOIWKAa M MPOBEIEHBLI PACYETHI, KOTOPhIE MTOUTH COBIIAJIH
¢ maHHbIMHM dKcrnepumenta 1949 r. [lostomy nanHasi obsacTh 3Ha-
HU TIOJIy4YWJia IMIMPOKOE Pa3BUTHE, B YACTHOCTH, Ha Kadeape Mma-
TemaTuku pusndeckoro daxkynaprera MI'Y um. M. B. Jlomonocosa,
paboThl Besuch non pykooactBoM A. H. Tuxonosa u A. A. Camap-
CKOTO.

Taxum o6pa3om, obIiast TEHIEHIUST PA3BUTUS BbIYUCIUTEIbHOM
TEXHUKH ¥ YUCJIEHHBIX MeTonoB Obuta TakoBa: B CIIIA Bcerma 6bI-
s 6oJiee MoOIIHBIE MalIKHBL, 1ueM B Poccun, HO poccuiickue yyeHble
HCIIOJIH30BaJIN 60JIee COBEPIIEHHBIE MOIEJIA U YUCJIEHHBIE METO/IBI.

1.1.2. Teopun u mogenmu

Yke B r1yOOKO#l JPEBHOCTH CYMTAJIOCH, YTO HAYKa 3aHUMAETCS
HENPEJIOKHBIMA ¥ HEM3MEHHBIMM MUCTHHAMH: €CTECTBEHHbIE HAYKH
OTKDBIBAIOT 3aKOHBI IPUPOIBI, & MATEMATHKA TIPUIAET 3THUM 3aKO-
HaM coBepieHHyo popMmy. /IpeBHerpedeckuit yuenniit Apxumen oT-
KPBIJI 3aKOH pbIYara M BBHITAJKUBAWOILy0 cuiy. CuibHeliee mom-
TBEP2KJIeHUE 3TON TOYKM 3peHus: npenoctasus V. HeioroH B Tpyze
«MaremaTudeckue Hadasia HATypajbHOU dunocobuns» (1687), rae
copMyIMpPOBaHbl OCHOBHBIE 3aKOHBI MeXaHUKU. VM ke ObLI cO31aH
MaTeMATHYeCKUi annapaT — auddepeHnuaIbHoe 1 HHTErPaIbHOE
ucuucyienns (OZHOBPEMEHHO C HUM U JIaXKe YyThb PAHbIIE TO XKe ClIe-
san I'. B. JIeii6uuu), 9T0 O3BOINIIO AATH CTPOrMe MATEMATHYECKUE
GbOopMynUpPOBKY 33,089 1 MHOTHE U3 HUX TOYHO PEIIUTD.

TpuymdboM MexaHMKH cTaju BbiBeleHHble HbIOTOHOM 3aKOHBI
ABrKeHus: HebecHbIX Tesl. C 3TOro MOMEHTa HadaJjoch OypHoe pas-
BuTHe MexaHuKu. QOpPMyTUPOBAJIUCH HOBBIE YaCTHBIE 33/1a4M — OJI-
HUA TOYHO DEIaJNCh, JJsi APYTHUX CO3IABAJIUCH YUCJIEHHBIE METO-
npl peutenusi. [losiBumuch HOBble pa3nenbl GU3NKU; AJIsT OIMUCAHUS
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3aJa4 CIUIOIIHON Cpelbl pa3paboTaH ammapaT yYpaBHEHHI B 4acT-
HBIX MPOU3BOJIHBIX. BJIeCTSAIUM 3aBEPIIEHHEM STOTO HEPHOAA CTa-
s ypaBHenus JI>x. MakcBesuia JJis 3JIEKTPOMATHATHOTO U3JTy YEHUST
(ux monro He XOTeM NPA3HABATH, HO 9KcrepuMeHTHI I. ['epna mo 06-
HapPYKeHHIO jieKTpoMarHuTHBIX BoJH U I1. H. JlebeneBa no u3mepe-
HUIO JaBJIeHUsl TIOATBEPAUIN TOYHOCTh Teopuu). B Hagyanme XX B.
X. A. JTopenn, A.Ilyankape u A. QUHINTENRH CO3Ma/TH CIEUAIBHYIO
TEOPHIO OTHOCUTENBHOCTH. Kiaccuyeckasi HhIOTOHOBCKAasl MEXaHUKA
0Ka3aJ1aCh YaCTHBIM CJIYYaeM PEISTUBUCTCKONR MEXaHUKH, CIIPABE-
JIMBBIM TIPM CKOPOCTSIX MHOTO MEHBIINX CKOPOCTH CBeTa. 10, 4TO B
TeYeHHEe TPEX BEKOB CUHUTAJIOCH TOYHBIM 3aKOHOM IIPUPOABI, CKa3a-
JIOCH JIMIIIb HEKMM MTPUOIIMKEHUEM.

B 30-e rogpt XX B. 9. llpenunrep u B. ¢pon Ieitzenbepr 3as0-
2KWJIK OCHOBBI KBAHTOBOM MexaHMKH. HbIOTOHOBCKasi MEXaHUKA OKa-
3aj1aCh YaCTHBIM CJIyYaeM KBAHTOBO#, KOTJA pPa3MephI TeJl CTAHO-
BsiTCsA MHOTO Gosibiie aromubix. Hakownern, I1. Iupak cosmadr emie 60-
Jiee OOIILYI0 TEOPHIO — PENSTUBUCTCKYIO KBAHTOBYIO MEXAHHKY, TaK-
K€ HEMEJIEHHO MOITBEPXK ACHHY 0 SKCIIEPUMEHTAMH MCKITIOUUTEb-
HO BBICOKO# TouHocTu. KpoMe Toro, Teopus lupaka mpencka3sana,
YTO KPOME 3JIEKTPOHA JOJIXKHA CYIIECTBOBATH YACTHIA C TOM Ke
Maccoi, HO MOJIOXKUTEJbHBIM 3apsiIoM — Mo3uTpoH. VI BCcKope mo-
3UTPOH ObLIT OOHAPY2KEH B IKCIIEPUMEHTAX.

B pesynbrare ydeHble OCO3HAJM, YTO aOCOJIIOTHO TOYHBIX PYH-
JIAMEHTAJIbHBIX 33KOHOB — WCTHH B IOCJIEIHEH MHCTAHIIMA — HET.
JIx060i1 3aKOH HABJISIETCS JIMIND [IPUOJJIUKEHHBIM OIMCAHHEM IPUPO-
[Ibl, YACTHBIM CJIy4daeM OoJiee 061ero 3akoHa (6bITh MOXKET, €lle He
oTKpbITOro). OH JOCTATOYHO TOYHO BBIMOJIHSETCS JIMIIbL B ONpee-
JIEHHBIX YCJIOBUSX, HAIPUMED IPU HE CJIMIIIKOM OOJIBIITNX CKOPOCTSIX,
WJIA He CJIMIIIKOM MAaJIbIX pa3Mepax Tesl U T. 1. Hy»KHO TOJIbKO 4Yer-
KO (hOPMYIMPOBATH 3TH YCJIOBHUSI IPUMEHUMOCTH U CJIEIUTH 3a TEM,
YTOOBI HE BHIXOIMTH 38 UX IPAHUIILI.

Ho Benp npubimkxeHus MU 0JIb30BAJIMCh HAMHOIO paHbine. Ha-
IpUMep, yPaBHEHHUs ra30AUHAMUKY (ypaBHEHUs Diljiepa) J0CTaTou-
HO CJIOXKHBIE; TOYHO OHU HE PEIIAIOTCS, & PENIaTh UX YUCJIEHHO JO-
BOJIBHO TpyAoeMKo. Ho eciin Hac MHTEPECYIOT He JIoOble NBUXKEHUS
Macc rasa, a JHIb HeboJsblIne KOJeOaHUs JABJIEHUs, TO YAAeTCsl
MPUONMKEHHO 3aMEHUTH 3TH YPaBHEHHUsI ropa3no 0oJjiee MpOCTHIM
yPaBHEHMEM aKyCTHKH. Ero HeTpyZHO TOYHO pPEUINTb, U OHO IIpe-
BOCXOIHO ONMCHIBAET MHOTHE SIBJIEHUS, HAIIPUMED PACIPOCTPAHEHUE
3Byka. Ho nyis omucaHusi CHIIBHOTO B3pbIBa yPaBHEHHE aKyCTUKU
y2Ke He IPUTOJHO — 3/1eCh U3MEHEHHe JABJIEHNUSI BEJIMKO, U Hapylie-
HBI YCJIOBHSI IPUMEHUMOCTH.



Taxue npubnuxkenus crpomtncst ¢ XVIII B., npoBepsuuch, cTa-
HOBHJIMCH KJIACCUYECKUMH — BXOJWJIM B 30JI0TOM (DOHI HAYKH, BCe-
cropoHHe u3ydanuch. OgHako ¢ 40-x rogoB XX B. CTpeMHUTEIbHOE
pPa3BUTHE TEXHUKU, OCHOBAHHON HA CJIOXKHBIX (PU3UIECKUX M XUMU-
YECKUX MPUHIUIAX, IOTPEOOBAIO AKKYPATHOTO IIPOEKTUPOBAHUS U
TILATEJHHOIrO PAcYeTa HOBBIX KOHCTPyKIuii. [Ipumiocs pazpadbaTsl-
BaTh CIIEIHAJIbHOE NPUOJIMKEHNE I KaXKI0M KOHKDETHOH! 33134
WU siBieHus. Takue NpUOIMXKEHUs CTaJd Ha3bIBATh MOOJEAAMU
JaHHOTO SIBJIEHUSL.

1.2. MATEMATUYECKOE MOOENNPOBAHUE

1.2.1. MaTtemarudeckas mopgenb

Paznuuaror aBe craguu nmoctpoenust Mmogenu. CHadana obCcy K aa-
10T pa3Hble CTOPOHBI M IIPOIIECCHI TaHHOTO siBjieHus. [Ipu aTom ore-
HUBAIOT, KaKUe IMPOIecchl U (PaKTOPHI 00s13aTENbHO HAI0 y4eCTh, a
KaK{e MpeHeOpeXXMMO MaJIbl M MOTYT ObITh oTOpomeHsl. OTobpaH-
Hble (DAKTOPHI COCTABIAIOT Npedmemnyro (MexaHndecKy, Gpusu-
YECKYI0, XUMUYECKYI0, GHOJIOrMYECKYT0, COIMOJIOTHYECKYIO U T. II.)
MOJE/b SBJIEHUs. 3aTeM OTOOpaHHBIE (PAKTOPHI OMKCHIBAIOT MaTe-
MaTHYECKUMM ypaBHeHusMU (ajnrebpandeckumu, auddepeHmaib-
HBIMU, UHTETPAJBHBIMU U T.11.). DTy COBOKYIIHOCTb YDABHEHHI Ha-
3BIBAIOT MATMEMAMUYECKOU MOJEABIO.

[TosicuuMm 3T0 Ha MpUMepax OaATMCTHYECKHX 33,1a4.

ITpumep 1.1. IlycTb Te10 OPOIIEHO CO CKOPOCTBIO Vg MO YTJIOM

o K TOPU30HTY C BBICOTHI Yo (puc. 1.1). YuTeM TOIBKO CUIy NPUTSI-

JKEHUsl, TENCTBYIONLYI0 BEPTUKAJIBHO BHU3, 3TO U €CTh (pU3nudecKas

Mozesib. Tora coryiacHO HbIOTOHOBCKOM MEXaHUKE, IBIXKEHUE 1O TO-

pU30HTaIHU OyJeT paBHOMEDHBIM, & IT0 BEPTHKAJIA — PaBHOYCKOPEH-
HBIM:

T = vgtcosag; Y = Yo + votsinog ——gt2/2, (1.1)

rae t — Bpems;; g ~ 10 M/c? — yckoperue cBOGOJHOTO TaIeHMUsI.

VYpaeuenus (1.1) sBJASIIOTCS MaTeMaTHYECKON MOJENBIO U OLHO-
BPEMEHHO JAIOT PElIeHne B mapaMeTpudeckoit ¢popme (posib mapa-
MeTpa urpaet t). MoxHo uckimo4dnuts ¢t u3 (1.1) u mosyduts Tpaek-
TODHIO TOJIETA, KOTOPasi OKa3bIBaeTcst mapaboioit:

y = yo + rtgag — gz /(202 cos? ap). (1.2)

Ilonaras y = 0, HaiiomeM JajabpHOCTH OpOCKa:
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Puc. 1.1. IToner MosoTa (CrurolHas JIMHAS) U BOJiaHA (IITPUXOBASI JIMHUS)

Tmax = Vg COS dg (vo sin oy + vg sin? ag + QQyO) g ——
=0 (1.3)

—— vEsin 209 /g.
yo—0

HanbHOCTh OpPOCKa 3aBHUCUT OT yria og. MOXHO nake sIBHO Haii-
TH ONTUMAJILHBINA YroJI, 00eCIeYnBAONUi HANOOIBIIYIO JaJIbHOCTD

6pocka:
sinagpy = 1/4/2(1 + gyo/v3) —3 1/V2;
0—’
Topt = 01/ V3 + 29¥0/9 — v3/g.

IIpu yo = 0 agpy = 45° (4TO 3HAIOT JaXke IMKOJLHUKH), & IPH
Yo > 0 oH MmeHbIIe.

(1.4)

Ota Mozesb odeHb npocta. Ho rme ona mpumennma? Ona xo-
POIIIO ONMCHIBAET MOJIET HEGOIBIINX CPABHUTEIHHO MACCUBHBIX TeJl
C YMEPEHHBIMH CKOPOCTSIMH — OPOCOK KaMHsl, TOJIKaHHE si/Ipa, Me-
Tanue Moyiota. O6paboTKa CHOPTHUBHBIX KMHOCHEMOK OKA3BbIBAET,
YTO JIyYIlIM€ METATEHU MOJIOTA BBITYCKAIOT CHAPSI, MO yIJIoM 42 —
43° (6pocok ¢ BBICOTHI IUI€Ya Yo ~ 1,5 M), a HadyajubHas CKOPOCTh
vp =~ 20 M/c obecrieynBaeT JaJIbHOCTD Topt X 41 —42 M.

ITpumep 1.2. IlonbiTaeMcst IPIMEHUTH MOJEND K APYTUM 00b-
ektam. Kpyrmnas nyns BpemeH BoitHBI 1812 r. jleTesia co CKOPOCTHIO
v > 100 M/c, u, cormacuo dhopmye (1.4), 1aabHOCTD €€ I0JIETa MOT-
Ja 661 cocTtaBnaTh 1 kM u 6osee. OgHAKO MaIbHOOOWHOCTD pPyXKei
rorga He mpesbimaia 200 M. O4eHb HArJISIEH MOJIeT BOJIaHa B Oa-
MHHTOHE: C KaKO# CKOPOCTBIO €ro HY IIOChLIaM, OH JaJjbiie ~ 36 M He
[TOJIETUT; BAOOABOK XOPOILIO BHUIHO, YTO TPAEKTOPHS €ro MOJIETa He
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napabosindeckasi, a uMeeT 60jiee KPyTO€e CHUKEHHUE (CM. ITPUXOBYIO
JIMHUIO Ha puc. 1.1).

ITpuyuna Jierko yraJgpIlBaeTCss — HAJ0 y4eCTb CONPOTHBIIEHHE
Bosnyxa. Cwya comporusiienuss F HanpasieHa oOpaTHO CKOPOCTH
V U IpHA CpefHUX (JO3BYKOBBIX) CKOPOCTSIX IPUMEPHO IPONOPIIMO-
HaJIbHA KBAJPATy CKOPOCTH, T.e. F~ —k(v)v, rae k(v) = kov. Koad-
dunueHT kg 3aBHUCUT OT Pa3MePOB U (POPMBI TEJIa U CBOUCTB BO3.Y-
xa (TemnepaTypsl u iIoTHOCTH ). [IpuMem 3Ty pusnyeckyo Momesb
U 3aIHIIeM MAaTEMATHYeCKyIO MOJIEb — HBIOTOHOBCKHE YDPABHEHUSI
JIBIDKEHMS 1151 KOOPAMHAT T, Y ¥ KOMIOHEHT CKOPOCTeH Uz, Uy:

dz dy dvg k(v) dvy k(v)
_— = f — = f —_— = — P = —Q - — 1,
at "t Y dt m U g = 9T g e (1)

rae m — Macca TeJia;

v = (v2+v2)% (1.6)

YpaBHEHHE HY>KHO IONOJHUATh HAYAJIbHBIMU YCIOBUSIMY TIPH ¢ =
=0:

z(0) =0, y(0) = yo; vz(0) = vocosag; vy(0) = vosinag.  (1.7)

HoBasi Mozesib 3HAUNTENILHO CJIOXKHEe, M PeInTh 3ana4dy (1.5) —
(1.7) siBHO yxke He ynmaercs. OgHako OHa CymecTBeHHO ToyHee. He-
TPYZAHO YUCJIEHHO DEINTh ee Ha KOMIIbIOTEPE U YBUETH BCe Te (-
GeKTB — HECUMMETPUYHOCTh TPAEKTOPHUU U YMEHbBIIIEHHE JAJIbHO-
CTH, O KOTOPBIX TOBOPUJIOCH paHee. JIjisi MasibIX HAYaJIbHBIX CKOPO-
creit k(v) ~ 0 mozmens (1.5) — (1.7) nepexomur B (1.1).

IIpumep 1.8. 3amerum, uro qis monesu (1.5)—(1.7) ymaer-
cs HAWTHU YaCTHBINA Cily4dail, TJe CTPOUTCS TO4YHOe peleHue. Pac-
CMOTPHM IIOJIET BEPTHKAJbHO OpomreHHoro teja: oy = 90°. Torma
vz(t) = 0 m z(t) = 0, a ocraBiINeCs: ypAaBHEHUSI IPUHUMAIOT CJIE/Ly-
IO BU;

dy  dv ko .3 o _
dt = dt ) :F y(O) = ¥Yo; U(O) =179 > 07 (18)

3/1eCh 3HaK «—» COOTBETCTBYET IOJIETY BBEPX, & 3HAK «+» — BHHUS.
VYpaBHeHuE [1Jisi CKOPOCTH HHTETPUPYETCH TOYHO:
e IIDU JIBUKEHHUH BBEPX

1 ovg — tg(ogt) ko
)= ——-——"~-", =4/—; 0<t < ty, 1.9
v(®) o1+ ovg tg(ogt) ° mg SO (1.9)

rlie BpEMS MMOIbEMA,
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1 T
tup = p arctg(ovp) P~ %—é‘ (1.10)

e I[IPH IBUXKEHWH BHU3
1 1
v(t) = —=thlog(t —tuw)l; ¢ >twp; v(+oo)=-—.  (1.11)

BpeMs moabeMa 0Ka3aj0Ch KOHEYHBIM, CKOJIb Obl OOJIBINON HU
Obl1a, HadaJbHAas CKOPOCTb, & CKOPOCTb IIAJIEHWS HE IPEBLIIIAET
HEKOTOPO# IpeaebHOMN, YTO KApAUHAJIBHO OTJINYAETCH OT MOMJEJIHN
(1.1).

Bricora nomgbema HaxoauTcss MHTErpUpoBaHueM ckopocty (1.11)

t
y(t) =yo + f’u(r)dr. (1.12)
0

DTOT MHTErpaJl TaK>Ke TOYHO Gepercsi, HO HPOPMYJIbI PA3TMYHBL
Ans craauit nombema 0 < t < typ U Magenus typ < t; nepsBas U3 ITUX
dopmya JoBosbHO rpoMO3aKa. HAYEHUE Y = Y(typ) ONpenensier
MaKCHUMAJIbHYIO BHICOTY IMOIbEMA.

IIpumep 1.4. PaccMoTpuM eme OAuH YacTHBIN ciaydail, Ko-
raa mozeis (1.5) —(1.7) mmeer ToyHOe peleHue. DTO HACTHIbHAS
crpenbba (cTpenbba Ipu MAJIoM HAYAJILHOM yTiIe og). Ecnn o < 8°,
TO vy < 0, 15v40. B aToM ciyuae ¢ TounocTsIo 10 1 % MOXHO cuu-
TaTh, 4TO U & V. Torna ypasuenusi mogesn (1.5) — (1.7) npuruma-
IOT CJIeOyIOIIU BULI:

d_‘”_v. dv _ kovi dy o duy
d " dt  m dt YV dt

ypaBHeHI/Ie AJIsA CKOPDOCTH Uz TOYHO UHTErpUPYETCA U Ja€T

vg(t) = ’ug,o/ (1 + %vzot) . (1.14)

k
=—g-— ;ngvxvy. (1.13)

WuTerpupysi rOpU30HTANIBHYIO0 CKOpPOCTh (1.14), mosy4yum ypas-
HEHMe JJ1s1 TOPU30HTAIbHON KOOPIUHATHL:

t

Jvm = 1(1+@vz0t). (1.15)
m

0

YpaBHeHHE /I BEPTHKAJBbHOM CKODOCTH MOXKHO TI€pENNcaTh B
cJIeLyIOIIEM BUIe:
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rzie v, (t) onpenensiercs mo dpopmyste (1.14). Do auHeHOE OXHOPOA-
HOe ypaBHEHUe, H OHO TaKKe UMeeT TOYHOEe PelleHue:

_ ., gkovzo o kovzo
vy (t) = <vy0 gt — S0 )/(1 + t) . (1.16)

m

BeanKaanaﬁ KOOpAWHATa TaK>Xe TOYHO HaXOAUTCA

m mg
t = d =
y(0) =y + Of (o)t =10+ o (o + ) x

kovzo mg 9,2
XxIn(1 t) — t— =t
. ( + m 2k0’vz0 4

(1.17)

®opmynst (1.15) u (1.17) 3a1a10T TPAEKTOPHUIO B apaMeTpuye-
CKOM BH/Ie Yepe3 nmapameTp t.
U3 ycaoBust vy(t) = 0 MOXKHO HANTH BpeMs IIOAbEMA:

& 1/2
1+ (1 + M) < U0 (1.18)
mg g

2m

typ =

IMoxncrasus (1.18) B (1.15) u (1.17), nomy4yuM siBHOE BBIpa’KEHUE
KOODJMHAT BEPXHEN TOYKH TPAEKTOPUH. MOXKHO TaK»Ke sIBHO HalTH
HAKJIOH J1I000i TOYKH TPAEKTOPHH:

tga(t) = vy(t)va(t) = 20 — L %92 (1)

Pacyer no popmynam (1.14) — (1.19) naer TpaeKTOPHIO, COOTBET-
CTBYIOIILYIO IITPUXOBOH JUHUM Ha puc. 1.1; ee HUCXOAAIIasi BETBb
HUJIET KpYyYe BOCXOIAIIE.

ITpumep 1.5. CoBpeMeHHbIE BUHTOBKH M OPYIHsI U3TOTOBJISIIOT
¢ BBICOKOHU TOYHOCTBI0. OObIUHAS CHARIIEPCKAsI BAHTOBKA MOXET I10-
pa3uTh meab Ha pacctostHuU o 800 M, KpymHOKanubepHass — Ha
1,5—2 kM, a 1anpHOO0UHOE MOPCKOE Opyaue Ipu crpenbbe Ha 30 KM
naet paccenBanue +3 M. OgHAKO 17151 TOYHOT'O IIONIAJaHUA B I1€JIb Ha-
J0 MPAaBUJIBHO YCTAHOBUTH HPHIIEJ, T. €. BEDHO ONPEIESUTD YroJI a.
Pacuer 3Tux yriioB BHINOJHSAIOT 10 MomessaM Tuna (1.5), Ho momon-
HEHHBIX el11e psiaoM 3¢ dEeKTOB:
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e B HACTOSINEe BPEMs HAYaJIbHbIE CKOPOCTH Ug AOCTHUTAIOT CJie-
AYIOIMX 3HAYEHU: AJid mysib ~ 1 KM/c, IJis CHApsOoB ~ 2 KM/c,
[I03TOMY 3aBUCUMOCTD k(v) CTaHOBUTCS 6OJI€e CIIOXKHOM;

o K03 unueHT kg 3aBUCUT OT ILIOTHOCTH U TEMIIEPATYPHI BO3-
JlyXa, KOTOpble MOT'YT MEHSITbCSI BJIOJIb TPACCHI MIOJIETA, YTO TpebyeT
BHECEHUS TIOMIPABOK;

e HYXKHO yYHUTBHIBATDH JBUXKEHUE LIEJIH;

e HEOOXOIMMO BHOCHUTH MOIIPABKW Ha CKOPOCTb ¥ HaIpaBJIEHUE
BETpA;

e IIPyrue MOIpaBKH (B MOPCKOM 60e BHOCSIT JaKe IIOIPABKY Ha
Bpatnerue 3emimu!).

Panee Takue nonpaBKu IpeABaPUTEIBHO PACCUUTHIBAJIN U PACIIE-
YaTBIBAJIM B BUJE KHUKEYKH, KOTOPYIO APTUJIJIEDUCTHI HOCUJIH C CO-
6oii. Ho yxe B IlepByio MUPOBYIO BOWHY Y MOPSIKOB IOSBHJINCH Me-
XaHUYECKHE YCTPOUCTBa IJIs aBTOMaTu3auuu HaBoaku. Ceityac co-
OTBETCTBYIOIIYE TPOrPAMMBI BKJIIOYEHBI B KOMITBIOTEPHBIE CHCTEMBI
yupasyienusi orieM. Ho CHaiiniepbl MO-TIpeXKHEMY JepXKaT TabJIUIy
CTpesibo B rOJIOBE.

U3 paccMoTpeHHBIX TPUMEPOB BuaHA 0bulas merdenyus. Ec-
JI1 YYUTBHIBATH HEMHOTO BaKHeMmuX 3p@PeKTOoB, TO MOXKET MOJIy-
YUTHCH TOCTATOYHO MPOCTAast MOJENb. Fe HeTpynHO OyIeT YHCIEeHHO
PacCYMTaTh, & BO3MOXKHO M MOJIy4UTh siBHOE pemreHue. OqHAKO MO-
nenb OymeT rpyboit 1 IPUMEHUMO I K CHJIBHO OTPAHNYEHHOMY
KpYyTy sIBJICHUI1.

Ecnu yuyureiBaTh CIUIIKOM MHOrO 3bdEKTOB, TO MOJEIL OKa-
2KEeTCs BeCbMa TOYHO, HO OY€Hb CJIOXKHOI U HEU3BECTHO, CyMeeM JIU
MBI IIPOBECTHU IO Hel pacyeThbl — HAUAYTCS JIM MOIXOASIINE AJIrO-
PUTMBI ¥ XBATHUT JIX MOIIHOCTH KOMIIBIOTEPA.

ITosToMy onTuMaJIbHAST MOAENIH — PAa3yMHBIH KOMIPOMECC M€XK-
Ay TpeOOBaHUSIMU K IOJHOTE M TOYHOCTH MOJEJH M BBIYUCIIUTE b
HBIMH BO3MOXKHOCTsIMH. K c4YacThio, OBICTPOE Pa3BUTHE KOMIIBIOTE-
POB TIO3BOJISIET IOCTOSTHHO YJIyYIIATH MOZIEJIH.

OaHako 3aMeTUM, YTO ITO JIUIIL TEHIEHITHSI, & He 3aK0H. 3BecT-
HBI IPUMEDBI, KOra 0ojiee IpocTasi MOAE/b OKa3bIBajach U Oosiee
tounoit. Tak, Bce cpeIHEBEKOBbIE ACTPOHOMBI IPEICKA3bIBAJIN I10-
JIOXKEHUE TJIAHET, COJIHEUHbIE U JIyHHbIE 3aTMEHHsI II0 TeOleHTpUYe-
ckoit Mmogenu [Ttonemest, corstacHo KoTopoii mtanersl, Jlyna u Coss-
L€ ABMKYTCSI TI0 MAJIBIM KPyTaM-3MHUIIUKJIAM, IEHTPHI KOTOPHIX Bpa-
LIAI0TCS BOKPYr 3emu mo GosbinuMm Kpyram-nukiaaMm. U. Kemmep
MPEIJIOXKUII IIPOCTYIO FeJINOLEHTPUYECKY IO MOJEND C JUTUIITUIECKH-
MU opbuTamu, okadasirykocst 6osiee TouHoit. I Tonbsko HeioToH 065-
SICHWI, TI0YEMY OHa IIPABUJIBHA.
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ITosToMy mOCTpOeHHE XOpoIIeil MOe I — He IPOCTO HayKa, HO U
HCKYCCTBO.

Bosuukaer Bompoc: «A 3a4eM 3TO HY>KHO 3HATh MaTE€MATHKY-
OPHUKJIaIHUKY 7> Belb OH TONBKO pelraeT mpejioXKeHHYI0 MaTeMa-
THYECKYIO 331a4y, a (opMyaupyroT Moaeib apyrue. OTBeT Ha 3TOT
BOIpOC OyIeT gaH MO3Ke.

1.2.2. Mogenb — anroputm — nporpamma

ITocne Toro kak MaTeMaTHYecKasi MOZENb IIOCTPOEHA, €€ ypaBHe-
HUS HY>KHO pemuTs. JIjis npocreiimunx Monesneit Tuna (1.1) ynaercs
NOJIyYUThb PEllleH’e B IBHOM BUe. BosbmuHCcTBO Mozeseit Tpebyer
YHCJIEHHOTO PEIIEHHUs], i Hy>KHO BHIOPATH UIIM HOCTPOUTH AJITOPHUTM
pacuera.

Jiist HeC/IOXKHBIX MoJeJiell ynaercsi ODONTHCH ONMCAHHBIMEU B
y4eOHMKaX aJIrOPUTMAMH: OJHAM WJIM KOMOMHAIMENH HECKOJIbKHX.
Taxk, 1151 cucreMb! guddepeHnnaIbabIx ypasHennii (1.5) — (1.7) xo-
poluye pe3yIbTaThl JaCT YUCIEHHOE HHTErPHPOBAHUE 10 IBHBIM CXe-
MmaM Pynre — KyTTbi, xej1aTebHO He HUKe 4-T0 OPSIIKA TOYHOCTH.
MoxKHO BOCIOJIB30BATHCS CTAHAAPTHBIMYU IPOrPAMMAMHE, UMEIOIIU-
MHCSI BO MHOT'MX [TAKETaX MaTeMaTudeckux nporpamm. Ho npu stom
HAJI0 YETKO IPEJCTaBJIATh, KAKOBA IIOIPEIIHOCTh PAacdeTa, Opeiy-
CMOTPEH JI B IPOrPaMMe KOHTPOJIb TOYHOCTH U HACKOJIBKO MOXK-
HO eMy JI0BepsiThb. BO MHOIMX Cilyd4asix JaHHBINA IPOrPAMMHBIN KOH-
TPOJIb OKa3bIBAETCS WILTIO3KEH (IIpUMEPBI 3TOro OyLy T NPUBEIEHbI B
KHHIe 2 JaHHOT'O Kypca).

JlJist CIIOXKHBIX MOJIEJIel MMEIOMIMECS AJITOPUTMBI MOTY T OKa3aTh-
csl HENPHUrOTHBIMU M MajiodddexkTuHbiMU. Toraa mpuxoguTca
pa3pabaThIBaTh OPUIHHAJIBHBIE AJITOPUTMBI, 0GOCHOBHIBATH UX TOY-
HOCTb ¥ OTJIAKUBATH Iporpammy. [1jist KOHTPOJIsl IPaBHIIBHOM Pabas
THI AJIFOPATMOB U IIPOIPAMM II0JIE3HO KCIOJIH30BATH YACTHOE TOYHOE
pemenue tuna (1.9) —(1.11), ecniu ux ynaercs Haiitu. Janee B KHU~
re OyayT MOKa3aHbl HEKOTOPBIE IPUEMBI TAKOIO KOHTDOJsL. EcTh u
C1I0cO0ObI IPOBEPKH, HE TPEOYIONI¥e 3HAHUS TOYHBIX PELIEHHIY.

Haxkonel, nporpaMMa HaJ€XKHO OTJIAXKEHA U HAYAJIUCh PACYETHI.
Ho ycmokaumBatbes emie pano. Hamo BEpHYTBCS K HCXOZHOMY SiB-
JIEHUIO ¥ B35ITh HECKOJIBKO IKCIIEDHMEHTOB, IIPOBEIECHHBIX B 3aMET-
HO Pa3JINYAONIUXCs] YCJIOBUsAX (HAnpuMep, O6POCKH ¢ Pa3HBIMH CKO-
POCTSIMH Ug TIOJ PA3HBIMH yIyiaMu o). Kcim Bce pacdeTsl XOPOIIO
COBIAJYT C SKCIEPUMEHTAJIHHO U3MEPEHHBIMY JJIMHAMYA UJIH KUHO-
ChEMKAMH TPAEeKTOPHIl — MBI CIIPABHIKCH C 3aaadeil. Eciu okaza-
JIYICh 3aMEeTHbIE PACXOXKIEHHs, TO HAA0 3aHOBO NPOBePATH Bee. [Ipu
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3TOM 3aKA3YUK YBEDEH, YTO €r0 MOJIEJb IPABUIbHA, 8 BUHOBAT Ma-
TEMAaTHK — HEBEPHO HAINMCAJI aJI'OPUTM Miu nporpammy («B o-
6oit CKOJIb YTOJHO MaJIoi MPOrpaMMe €CTh 10 MEHBIIEH Mepe OIHA
omubkas ). Ha caMmoM Jiesie 1 Moziesib MOXKeT 9ero-To CyImeCTBEHHOTO
He y4decTh. /laxke B He Tako# y>K CJIOXKHOIM MOJIEJHN MOJIeTa CHapsi-
na (cm. nmpumep 1.5) crmcok (hakTOPOB MOXKHO IPOJOJIKHUTH: BPa-
IIEHHE CHAPSAA, IIPELECCUs] OCH BPAIEHUsl, 3aBUCHUMOCTh YCKOPEHHUSI
cBOGOIHOIO MajJeHNs g OT BLICOTHI Y (MEHSIETCsl PACCTOSIHUE OT LIEH-
Tpa 3eMIIn ), CHUXKEHHUE ILIOTHOCTH aTMOChEDHI ¢ BBICOTOM. IloaToMy
MaTeMaTHK JOJKEH pa3o0dpaThbCs M B MOAENH. A BO3MOXKHO, KOH-
TPOJIbHBIE KCIIEPUMEHTBI ObLIM IPOBEIEHBI HEAKKYPATHO — UX TaK-
JKe Hy>KHO IPOBEPUTh.

1.3. NICTOYHUKWN NOrPEWHOCTH

TepMUHBI «YHCJIEHHBIE METOILI» U <«IIPHUOJIM>KEHHBINA aHATIU3> —
CUHOHMMBI. Besikmit pa3 ToYHAas 332498 3aMEHSIeTCsT TPUOJTMAKEHHON.
Hanpumep, no 3a1aHHOM BeJInduHe W HYXKHO BBIYUCTUTE U. CUMBO-
JINYECKU 3aITUIIEeM OIePAINIO KaK

u= A(w). (1.20)
b

PaccmoTpum caenyromuit npumep: u = A(w) = Jw(a:)d:v. Nure-

a

rPaJIbl JaXKe OT MPOCTHIX KOMOUHAIINIA 3/IeMEHTAPHBIX DYHKIIUH 13~
JIEKO He BCEr/a YAAETCsl B3ITh TOYHO. BOZMOXHBI CJI/IyIOIIHE CIIO-
COOBI YIIPOIEHUS 3aJa4H:

1) w(z) = w(z) = P(z).
ITo Teopeme BeitepmiTpacca Bcsikyo riiaIKy 0 GyHKIIHIO MOXKHO IIPH-
6/IM3UTH [TOJTMHOMAMH, 8 UHTErPAJIBI OT ITIOJTUHOMOB OEPYTCH TOYHO;

2) MOKHO IPUOJIMKEHHO 3aMEHUTDH MHTETPAJl UHTErPAJILHOM CyM-
Moik

b
f'w )z = A~ A= w(zi)hi; A— Anpuh—0;
3)

MOXKHO B35ITb KOMOMHAIHIO IEPBBIX ABYX CHOCO60B w(x) =~ W ()
uA= A
ByneMm cunraTh, 4TO M pelilleHne MTPUOIMKEHHON 3a0a4U OIIU3KO
K TOYyHOMY @ =~ u. Ho Kak oueHutnb TouHOCTH @ — u? st aToro
MIOHAJO0HUTCSI TIOHSITHE HOPMBI.
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1.3.1. Benn4uubl n HopMmbl

Kak ucxoznHble gaHHbIe, TaK ¥ PEIIEHUE MOTYT OBITh BEJTMYMHAMUA
pa3nuyHbIX THIOB. HampuMep, 4ncia u, w; BEKTOPHI Pa3HON pas-
mepHocTH U = {up,1 < p < P}, w = {wy,1 < ¢ < Q}; marpuus;
dbyHKIMK onHOM nepeMenHOM u(z), w(y) WM MHOIHX IEPEMEHHBIX;
BeKTOp-byHKIuu u T.1. [Ipu 3TOM aprymenT (aprymeHTbl) dOyHK-
AU MOXKET OBITH HEMPEPHIBHBIM @ < T < b WM TUCKPETHBIM T € (),
rae Q = {z,,1 < n < N} ecTb HEKOTOpAsI CETKA.

ITpontocTpupyeM U3/I0XKEHHOE HEKOTOPBIMY [TPUMEPAMHU:

e peIIaeTcsi ypaBHEHHE C OJHUM HEM3BECTHBIM; U, W CyTh YUCJIA,
BEIIIECTBEHHBIE UJIA KOMILJIEKCHBIE;

e pemaercd cucteMa N JIMHEHHBIX WU HEJTUHEHHBIX ypaBHEHUM
C TAKUM K€ YUCJIOM HEU3BECTHBIX; U, W CYTh BEKTOPbI OIMHAKOBON
pa3MmepHOCTH N

e HINETCS ONpENeJIeHHBIH MHTerpaj oT w(x); MOCJeIHsIS €CThb
byHKIHST HEMPEPHIBHOT'O APT'YMEHTA, U €CTh YUCIIO;

e CTPOUTCH CIIAfH-aNIPOKCUMaLUs (DYHKIMH, TaOyIMPOBAHHON
Ha ceTKe {); UCXOHbIE TaHHbIe — (DYHKIUS AUCKPETHOIO APTYMEHTa
w(Zrn), KOTOPYIO TaKXKe MOXKHO PacCMaTPHBATh KaK BEKTOD {wp};
peruenve u(z) ecTh PYHKIMS HENPEPHIBHOTO APT'YMEHTa,;

o pemaercs guddepenuanbHoe ypasuenne du/dr=w(u, x); uc-
XOJHbIE aHHbIE — HENPEPbIBHAS QDYHKIHS [BYX apTyMEHTOB W (u, ),
pellleHre eCTh HellpepbIBHAsT DYHKIMs ogHoro aprymenta u(x). Ox-
HAKO JUJIS YHUCJIEHHOTO MHTEIPUPOBAHMs BBOLUTCS ceTKa {Tn}, Tak
YTO YKCJIEHHOE PelleHUe OKa3bIBaeTCsl (PyHKIUEH JUCKPETHOTO ap-
ryMeHTa u(Zy), T. €. BEKTOPOM.

KosmmyecTBeHHOM MEPO#t TOYHOCTH SIBJISIETCS HOPMA MOIPELIHO-
cTH. YKaXkKeM HEKOTOpble Hanboiee ynoTpebuTeabHbe HOpMBI. Jjist
YHCJIa U €CTh €IMHCTBEHHAs HOPMa,

l[ull = [ul.

Jnst orpannuenssix Gyskimii u(z), z € [a,b], BBoguTCS YeObImIEB-

CKasl HOpMa,
lullc = max |u(z)], (1.21)
z€(a,b]

a 7151 GYHKIM, HHTETPUPYEMBIX C KBaIPATOM C BECOM p(Z) — TUib-
6epToBa HOpMA:

1/2

b
s = | [¥@p@)z| e >0 (122
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Hns byHKuMit MUCKPETHOTO apryMeHnTa u(,, ) Wi BeKTOPOB {u,, }
BBOJST JUCKpeTHbIE aHasoru HopM (1.21) u (1.22):

1/2

N
. — 2
Il max burk ol = (ewi ) 1 >0 (129
n=

JJ1st MaTpHIL yIOoTPEOIISIIOT ere 6oJIbIlee YICIO HOPM.

BunHo, 4To 1151 OHOI ¥ TOM 2Ke BeJIMYUHBI MOT'YT UCIIOJIb30BaTh-
Cs1 pa3Hble HOPMBI.

Mexny HOpMaMH CYyIIECTBYIOT OIPEIEJIEHHbIE COOTHOIIEHUS.
Jnst dyHKuMit HEIPEPHIBHOIO apryMEHTa 3TO OAHOCTOPOHHHE HEPa-
BEHCTBA; TaK, HETPYIHO IPOBEPUTH, YTO

lulle f o@dz| > lullL,.

a

IIpu 3TOM M3 MaJIOCTH HOPMBI, CTOSIIIEH B JIEBOM YACTH, CJIEAYET
MaJIOCTh HOPMBI, CTOsIIlel B IPaBOil 4aCTH, HO He HA06OPOT; TO XKe
OTHOCHTCSI K CXOJMMOCTH METOJOB B JaHHBIX HOpMaX. I[lepByro HOp-
My HA3BIBAaIOT OoJiee cuabHOU, 4eM BTOpyio. Harisnanoe oTiudme
Mexkry Hopmamu (1.21) u (1.22) TakoBo: MasiocTs HOpMbl C' 03Ha4a-
etr, 4To u(r) Maja BO BCeX TOYKax [a, b]; MasocTh HOpMBI Ly 03Ha-
4aeT, 4To ¥ () MaJja MOYTH BO BCEX TOYKAX, HO HA HE3HAYHTEJILHOM
4acTH [a, b] MOxkeT GbITH HE MaJIa.

Hnst dyHkumit fuckpeTHOro (KOHEYHOMEPHOT0) apryMeHTa Hepa-
BEHCTBa MeXXJly HOPMaMM OKa3bIBalOTCs1 ABycTopoHHue. Hanpumep,
st (1.23) BeinosHsIeTCst

1/2

N 1/2
e (Sen) > el > Il (i, en)
2

IlosToMy u3 CXOOMMOCTH B OIHON HOPME CJIeAyeT CXOAUMOCTb B
IpyToM.

Takue HOpMBI Ha3BIBAIOT IKBUBANEHMHBIMU. B KOHEYHOMED-
HBIX IIPOCTPAHCTBaX BCE HOPMBI KBHUBAJIEHTHBLI, HO B OECKOHEYHO-
MEpPHOM MPOCTPAHCTBE 3TO HE TaK.

Paznuyaror deThipe MCTOYHUKA U YETHLIPE COCTaBHBIE YACTH IIO-
PEIIHOCTH PeIleHHs: [MOTPEIIHOCT MOJEJNH, MOrPEIMHOCTh UCXO-
HBIX JAHHBIX, [TOIPEIIHOCTb METOIA M IMOrPEIIHOCTb OKPYIJVIEHMIA.
PaccmoTpum ux momgpobHee.
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1.3.2. MorpewHocts Moaenu

IlorpemnocTy MOAEM — 3TO PA3HUIA MEXKY (PUINIECKON U Ma-
TeMaTH4deckoit 3agadyamu. Kak BugHo u3 npumepos 1.1 — 1.5, yuer
WK HE y4YeT TeX WU WHBIX MPOIECCOB MPHUBOIUT K Pa3HBIM ypaB-
HEHUSIM ¥ Pa3JIMYHBIM pe3ybTaraM. Eciu MareMaTudyeckast MOIEb
3aBeJOMO IJI0Xa (He YYTEHbI BaxKHbIE 3 DEKTHI), TO U YUCIEHHO pe-
IaTh 33724y BOBCE He CTOUT. IIpruBeieM HEKOTOPHIE U3BECTHBIE MPU-
Mepbl HEYAaYHbIX MATEMATHYECKUX MOJEJIEH.

1. IlepBbIit IPOEKT yIPABJISIEMOTO TEPMOSIIEPHOTO CHHTE3a MPEJI-
JoxeH emie B 1956 r. TeM He MeHee pe3yabTaT IO CUX IIOP HE ITO-
saydeH. nes npoekTa 3aKI0YAETCs B TOM, YTOOBI MOy YU Th U30JIU-
POBAHHYIO IIJIa3MYy, yI€PKUBAEMYIO0 MarHUTHBIM IIOJIEM, U CO3AATh
B Hell BHICOKYIO TemmepaTypy. Ho yaoBieTBOpseT Jid M1a3Ma HaIU-
CaHHBIM JIj1s1 Hee AuddepeHIualbHbIM ypaBHeHusaM? Bonpeku Teo-
PYHU NJIa3MEHHBIHN [ITHYDP BBIPHIBAETCS U3 MArHUTHOTO MOJIsl, CTEHKH
cOCy/Zla UCTIAPSIIOTCS ¥ TEMIIEPATYPA IJIa3MbI MaJaeT. DTy HEYCTOM-
YHBOCTb IBITAIOTCS [MOJABUTH, U3MEHSIST KOHCTPYKIIMIO MarHUTHOM
soBymkd. OIHAKO KaXKIplil pa3 BOZHUKAET HOBasi HEYCTONYMBOCTD.
M3BecTHO M HaXke TeopeTHYeCKHU 00bsiCHEHO yxKe 6oiee 130 HeycToi-
YMBOCTEN IJIA3MbI B JIMHEHHOM NPUOJINKEHHUH, HO YHUCJIO X BCE pac-
TeT. A Bce mes0 B TOM, 4TO HET Mojeau (ypaBHEHHsI), aJeKBaT-
HO ONHKCHIBAOIIEH MMOBeJEHNE Pa3PEeKEHHOU MJIa3Mbl B MATHUTHOM
moJte.

2. O30HOBBIE OBIPBI IPUHATO OObICHATH BBIOpOCAMM (ppeoHa B
arMocdepy. Mogenu moctpoenb! Ha Teopun auddy3un pearupyo-
mux ra3oB B armocdepe. OHaKO CUCTEMa XUMUYECKUX DeaKIuii
IIJIOXO U3BECTHA: HET NOJIHOH LIEIIOYKH PEAKIIUM, KOHCTAHTHI pEaK Ui
U3BECTHBI C MOTPENIHOCTSIMU B IECATKY pa3 u 6osiee. He ynusuTesn-
HO, 4YTO BOIPEKM Pa3BUTON MOIEM O30HOBAs IbIpa B AHTApKTHIE
pACTET HUYYTh HE MEHBIIE, Y€M HAJl HACEJIEHHON YaCTbIO 3eMJIH, XO-
T4 BBIOPOCOB (DpeoHa TaM HeT.

3. B mapuukoBoM 3ddekTe TakkKe MPUHATO BUHUTH JIESTENb-
HOCTb Y€JIOBEKA, COIPSIXXKEHHYIO C TOBBIIIEHHBIM BBHIODOCOM IHOK-
cuna yraepoga COy u metana CHy. Oguako HeT xXopouiei momenu
kpyrosopora COy B npupozme. IlouBenubie 6akTepuu BbIpabATHIBA-
ot CO2 B 5— 10 pa3 6ouibliie, 4eM IPOMBIILIEHHOCTD, U elie 6oJee
MoruabiM ucToyHUKOM CO2 B aTMocdepe siBJISIOTCS BYJIKAHBL.

Ecnu Mozesnpb noxasi, TO BBICOKasi TOYHOCTb YMCJIEHHOTO pacye-
Ta He YJIYUIINT €€, IO3TOMY OOBIYHO MPUAEPKUBAIOTCS CJIELYIOIIETO
npaBuJia: Heleaecoobpa3Ho J00uBaThCs GOMBIIEH TOYHOCTH pacye-
T0B, 4eM 10 % oT nmorpemrHOCTH MOZIETH.
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1.3.3. HeycTtpaHumas norpewHocTb

YacTb NOTPEIHOCTH pelleHusi, 00yCcIoBIeHHas OmuOKaMu Hc-
XOIHBIX JaHHBIX dw 3ana4n (1.20), paBHa

bu=(@ajdwpe; oul < 5o 1wl (29

Ona 3aBHCHT TOJIBKO OT HcxomHoi 3amaym (1.20) u omubok Ha-
YaJIbHBIX JAHHBIX, T. €. HUKAKOE UCKYCCTBO BBIYMCIUTEJISI HE MOXKET
ee yMeHbIIUTD. [l03TOMY €e Ha3biBalOT Heycmpanumot. OHa TeM
Gosbiie, YeM xyxe obycyioBiaeHHOCTD 3aaa4u (1.20) u yeM GoJblie
MOTPETHOCTh HAYAJIBHBIX JAHHBLIX. /IJIs OlIEHKM ee BEJIUYUHBI Ha-
JI0 BBISICHUTD BEeJINYUHBI 0601X (PaKTOPOB, T. €. HOPMY NOTPEUTHOCTH
BXOJHBIX JaHHBIX ||dw|| 1 HOpMy npousBonuoii ||dA/dw||, sBasomTy-
10Cs1 MepOi 00YCIIOBJIEHHOCTH.

3anava (1.20) MoxeT GBbITH KaK YMCTO MATEMATHYECKON, TaK M
06paboTKOIt IKCIIEpUMEHTAJIBLHBIX JAaHHBIX. Kak HUM yIUBUTEIBHO,
Ka4yeCTBEHHbBIH XapaKTep MCXOAHBbIX JAHHBIX M UX MOTPEIIHOCTH B
oboux ciaydasx cxox. MaremMaTuieckue NaHHbIE MOTYT OBITH (YHK-
uueit w(x) uiu tabnuneit wy; nocjeaHee 0ObIYHO UCIIOIB3YIOT B CIIy-
4ae, KOTJja HEMOCPEACTBEHHOE BbIYUCIeHHEe w(T) HACTOIBKO TPYAO-
€MKO, 4TO CIIEJIAHO 3apaHee HA HEKOTOPOM ceTKe. IKCIEPUMEHT MO-
2KET J1aBaTh HE TOJIHKO JUCKPETHYIO TabJIUILy Wy, ; CYIIECTBYET MHOTO
SKCIIEPUMEHTOB, PErMCTPUPYIOIIUX HENPEPLIBHYIO (GyHKUUI w(T)
(HanpuMep, OCUMILTIOrPAMMBI).

[MTorpemHoCTh B KaXK 40 TOYKE COCTOUT U3 CUCTNEMANMUNECKOU
1 cayxatinoti omuboK. [Ij1s 9KCIepUMEHTAIbHBIX JAHHBIX 3TO 00-
nien3BecTHO. HampuMep, npu M3MEpEHNH HAIPSIKEHHUs] BOJIBTMET-
POM HyJIb IIKAJIBI MOXET OBbITh COUT, ¥ TOTNa BCE MOJIy4YeHHbIE JaH-
Hble OyyT OTIMYATHCH OT UCTUHHBIX HAa OJHO M TO K€ 3HAYEHHE —
3TO CHCTEMATHYECKAasl OrPEIIHOCTh. YCTPAHUTH 3Ty HNOI'DEUIHOCTD
MOXKHO TI0cJIe IpoBepKH npubopa. [Ipu npoBeeHnN HECKOIBKUX U3-
MEepEHUN Halll B3IVIA[ Ha CTPEJIKYy BOJbTMeTpa BCAKHUI pa3 mnaja-
€T [OJ Pa3HBIMH YIJIAMH, YTO BHOCUT CJIy4aiHYIO MMOrDEIIHOCTD.
C 3TUM BHIOM MOTPEIIHOCTH MOXKHO OOPOTHCS, M3MEPsisi HE3ABUCH-
MO OJHY U Ty K€ BEJIMYMHY HECKOJIbKO Pa3 U YCPEHsisl pe3YJbTaT.

Ecmm nmeercs J usmepennit 75, 1 < j < J, Besmuunsl Z, TO 60-
Jiee OIM3KUM K MATEMATHYECKOMY OXKHJIaHHIO OyneT cpenHee apud-
METHUYECKOE:

J
1
Mz~Z= 7;%-. (1.25)
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Cpep;Hsm BEJIMYNHA IIOIPDELIHOCTH €OIUHHAYIHOrO HU3MEPEHUA pPaBHa
KOPHIO KBaApaTHOMY K3 OUCIIEPCHUH (ee TaK>K€ Ha3bIBalOT CTaHIOap-
TOM MJIA CTaHIAaPTHBIM yKJIOHeHI/IeM)I

dz=+vD

7= (.71_1) (z; — 2)2. (1.26)

J
=1

J
Cpentee ykionenue Z ot Mz 6yzet B J pa3 meHbIne. 3/1eCh CIETAHO
€CTEeCTBEHHOE IIPETIOJIOKEHNE, UTO CJIydaiiHasl BeJIMUYNHA PACIIPe/ie-
JleHa 1o 3aKkoHy l'aycca.

ITpusedernas nozpewnocmds. IlycTh BXxomHbIE IaHHBIE HE
CKAJISIPHBIE BEJIMYWMHBI, a HEKOTOpas 3aBUCHMOCTb Z(t), 3amaHHas
napaMu 3HaveHuit (t;, ;). Cuuraem, 4To obe BeIMIUHEI T,t U3Me-
PEHBI HE3ABUCUMO CO CJIy4JafHBIMHU IOrPEIIHOCTAMH. Takue 1aHHbIE
OPUHATO U306paXkaTh Ha rpadUKe TOYKAME C «KPECTOM» IIOTDELIHO-
creit (puc. 1.2). Ha camoM Jiesie uCTHHHOE 3HAYEHUE JIEXKAT BHYTPH
3JLIMICA, TJIaBHBIE OCH KOTOPOro paBHbI omubkam 3t,dx (ecsu Be-
JIMYMHB He KOPPEJMpOBaHHl). B nmpoTuBHOM citydae siumnc Oyaer
HAKJIOHEH B TY WU JPYTYI CTOPOHY B 3aBUCHMOCTH OT 3HaKa KOp-
peJisiuum. 3

IMonnasi npusenenHas ommnbka dr BesuuuHb! (t) 1j1s HEKOppe-
JINPOBAHHBIX NMOTPENIHOCTEH OYIET CJieAyOIei:

< dz_\?
Sz~ =5t) + (3z)2. (1.27)
dt
T
gl ~7 T TN
TH
/1 a
6 |
\ |/
5 - +
N
/ ]
ar ~ ( /
\\ ~
3r \—?3\\ \ 6
\\.
2 I 1 1 1 - 1 L .|
0 1 2 3 4 5 6 7 t

Puc. 1.2. ITorpemHocTs ABYX NEPEMEHHBIX, JIIUIICH] OLINOO0K:

@ — [Jisl HE3aBUCUMBIX U3MEDPEHUN; 6 — JJIs1 KOPPETUPOBAHHBIX
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OTO cnpaBeJIMBO U IS MATEMATHYECKHUX 33434, €CIIM W CaMO
ABJIAETCS Pe3yIbTaTOM TPYAOEMKOIO BCIIOMOIaTeIbHOIO MaTeMAaTH-
YeCKOro pacdera: TOrJa POJIb CHCTEMATHYECKOM ONIMOKH UTpaeT Io-
IPENIHOCTh BCIIOMOTaTeJIbHOTO METOJa, & POJIb CIy4aifHOi omwuo-
KM — OIIUOKA OKPYIVIEHUS KOMITBIOTEDHBIX BBIYMCJIEHHH (CM. mOJ-
pa3n. 1.2.3u 1.24).

Omnocumenvras mnozpewrHocms. [ns KOppeInpOBaHHBIX
u3mepenuit BMecto (1.27) HeOGX0QMMO 3aNKMCHIBATH GOJIEe CIOKHOE
BBIpa’KeHUE, YUUTBIBAIOIIEEe BeJIMYUHY U 3HAK KO3 dUIeHTa KOp-
peNAanuu.

Kaxk ny1s1 skCrieprMeHTaJIbHBIX U3MEPEHUH, TaK U [1JIsl YUCIIEHHbIX
pacueroB BesauuuHa dzr/dt B (1.27) MOXKeT 0Ka3aThCs 3apaHee Hen3-
BeCTHOM. B 3TOM ci1ydae depes TOYKH t;, T; IPOBOIAT AIIIPOKCUMHU-
PYIOILYIO KPUBYIO METOJAMH, OITMCAHHBIMH B 1. 5. Jluddepennupys
[IOJIy Y€HHYIO NPUOJIMKEHHYIO 3aBUCUMOCTH Z(t), €e MOACTABIISIIOT B
(1.27).

Besnunny norpenrHocT# ynob6HO XapaKTepU30BaTh OTHOIIEHHEM
|I3w]|/||w]|. st npocreiimux dyHKumMit, MaTeMATHIECKH BBIYUCIIsIE-
MbIX Ha (80 — 64)-pa3psiAHbIX KOMIBIOTEPAX, OHA MOXKET COCTABIISATh
10720 — 1016, TIpu ci1oXKHBIX MATEMATUIECKAX BHIYHCIEHUSIX OTHO-
CHTeNIbHAs HOrPeIHocTh BodpacTaer 10 1078 — 1073, IIns skcnepu-
MEHTAJIbHO U3MepSEeMbIX BEJIMYUH J1aXKE€ B aCTPOHOMHH U I'€0I€3MH
ToyHOCTB JTyume 107 penxo mocTuraercs; B TexHuKe oHa OGBIYHO
cocraBiser 107 —1072, a B mepenoBbIX ob61acTsaX Hayku (bu3MKa
IJIOTHOM IIJIa3Mbl, XAMUYECKasi KUHETHUKA U T. II.) MOXET CTAHOBUTD-
cs1 xyxe 0,1.

Jnsi ouenku HeycTpaHUMO#M norpemHocTd (1.24) Hy»XHO 3HATH
||dA/dw]||, aTo He YacTo ymaeTcst onpeAeIuTh TEOPETHYECKH.

Ha npakTuke st omnpenesienust ||dA/dw| MOXHO NpUMEHSITH
cnenymomuit cnocob. PemmM 3anauy (1.20) HECKONIBKO pa3, UCKYC-
CTBEHHO NpubaB/Aa K w pa3nu4Hble Bapuanuu dw;. B pesynsrare
HOJIyYUM COOTBETCTBYIOIIHe UM Bapuanuu du;. CocTaBUM OTHOIIe-
Hus ¢j = ||du;|/||dwj]|; ecu oHu 6iM3KM 1O MOPSIAKY BEIMYHMHBI, TO
UX CpeJHee 3HaYeHHe MOXKHO IPUHATS 3a ||dA/dw|).

Ornucanublil crrocod TPYJOEMOK W HECTpOr, ubo B HEM OIEHH-
BAIOTCsI OJZHOBPEMEHHO ycToiumBocT 3amaum (1.20) u amropurma
ee pemreHusi. [TosTromy ero ucnosne3yioT peako. OZHAKO 3TO IOKa
€IMHCTBEHHBI! peaJibHBIM CrocoO OIEHKHM HEYCTPAHUMOMR MOrpell-
HOCTH, ITIO9TOMY €ro CjeIyeT DEeKOMEHIOBaTb IJisi IOBCEIHEBHO-
ro npuMeHeHus. K coxasieHuio, Ha IpaKTHUKe dallle BCEro Orpa-
HUYMBAIOTCH WHTYUTHUBHOM OLIEHKON OOYCJIOBJIEHHOCTH, YTO HEHa-
JEXKHO.
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1.3.4. MorpewHoctb Metoaa

MHorue airopuTMbl CTPOAT TaK, YTOOBI Y HUX ObLIU yIIPABJISAIO-
e napamerpbl. Hanpumep, y HT€paMOHHOIO aJITOPUTMA 3TO YHC-
JIO uTepauuii ¢, y pa3HOCTHOro — mar cetkd h. Ajropurm crpo-
AT TaK, YTOOBI IPH CTPEMJIEHHH [TapaMeTPa K HEKOTOPOMY IIPeJeIy
(g = 00, h — 0 ¥ T. .) YHCJIEHHOE PelleHne CTPEMUJIOCH Obl K TOY-
HoMy. OT/IMYHe YUC/IEHHOIO PEIEeHHsI OT TOYHOTO DU KOHKPETHOM
3HAYEHUH MapaMeTPa Ha3bIBAIOT HOTPEITHOCTHIO METOIA.

CaM dakT CXOJUMOCTH U CKOPOCTb CXOAUMOCTH yCTAHABJIHMBAIOT
TEOPETUIECKUMU HUCCJIEOBAHUSIMU JIJIsI KaXKI0T0 METO/a OT/IEJILHO.
Ectp 1 HeKOTOpBIE IOTyIMIIMPUYECKHUE CITOCOOBI UCCJIEIOBAHMS CXO-
JUMOCTH U €€ CKOPOCTH (HAIIPHMED, [I0 PACYETAM Ha CTYIIAIOUIMXCS
ceTkax). Bce 3T0 03BOJIsIET OLIEHUBATH MOTPEITHOCTH METO/[A B KOH-
KPETHBIX pacyeTax U BbIOMpaTh MapaMeTpPhl METO/a [JIsi obecrede-
HUS 33JaHHOI TOYHOCTH.

ITapameTps! nesrecoobpa3HO BEIOUPATH TaK, YTOOBI TOTPEITHOCTH
MeTona OblIa MeEHbIIe HEyCTPAHHMOM IOrDENIHOCTH NPUMEPHO B
10 pa3. 3amMeTHO G4JIbIIasi HOrPENIHOCTD CHUXKAET OOIILY 0 TOYHOCTb;
3aMETHO MEHbBIIIAsl — YBEJMUYUBAET TPYI0EMKOCTb PACIETOB.

Cy1iecTBYIOT METOAbI, JAIOUINE TOYHBIA OTBET 33 KOHEYHOE YHC-
J0 meiicrBuit. Hampumep, 310 siBHOE pellleHMe ypaBHEHUS B JIEMEH-
TAPHBIX (PYHKIMSX, UM PENIEHUE CUCTEM JIMHEHHBIX YPABHEHUHN Me-
tomoMm l'aycca. B HUX OTCyTCTByeT MOrpemiHOCTh METONA. Takue Me-
TOABI HA3BIBAIOT NPAMBIMU.

1.3.5. MorpewHocTb okpyrnexus

Bce unca 3amuchbiBalOTCA M OIEpaly HaJ HUMHU ITPOU3BOAATCS
C KOHEYHBIM YHCJIOM 3HAKOB, T. €. C omunbOkaMu. Jucyio £ ¢ orrubKoit

3aMUCHIBAIOT KaK
r+A wm z(1x3),

rae A — abcosroTHas onmubka; § — oTHOCUTE IbHAsI orbka. Pazyme-
€TCsl, 9TO He TOYHbIE 3HAYEHU S OIUOOK; OITUOKHU SIBJISIOTCS CJTy Jaii-
HBIMU BEeJIMYMHAMHU (MX DACIPEIE/IEHUS] MOXKHO CYUTATH ayCCOBbI-
MH), a A, § — ux CTaHJaPTHBIMU yKJIOHeHUsIMHE (cTanmapTtamu). [Ipu
CJIO’KEHUM HJIM BBIYUTAHUM YMCEJI CKJIAIBIBAIOTCS KBAAPATHI CTaH-
J1apTOB X abCOIIOTHBIX OMINOOK:

(1 £ A1) £ (22 £ Ag) — (z1 £ 32) £ /A2 + AZ, (1.28)

a MpU YMHOXKEHUU WJIN JEJIEHUU TO YKe KacaeTCsl OTHOCHUTEJIbHBIX
OIIKOOK:
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[z1(1 £ 81)][z2(1 £ 82)]F! — (z1237) (1 +4/8% + 83) . (1.29)

Ommbka OKpyIJIeHHs IPH KOMIILIOTEPHOM 3aIKCH YMCJIa COCTaB-
JISIET TIOJIOBMHY ITOCJIEIHEr0 Pa3psiia MAaHTUCCHL. [IJ1s1 KOMIIBIOTEPOB
¢ 32-, 64- u 80-pa3paaHBIMH YHUCJIAMHU TO COCTaBJAET dg ~ 1078,
10716 1 1020 coorsercrBenso. Ilponeccop Pentium mpousBoguT Bbi-
yuciennst ¢ 80-pa3psiAHBIMEA YUCJIAMH, OMHAKO IOTPEOUTEITIO BbI A~
eTcs pe3ynbTaT B BuAe 64-pa3psaHoro uuciaa. [losyduTs BHICOKHE
pa3psabpl BO3SMOXKHO IPU UCIIOJIBE30BaHUH s13bika C++-.

ITokazaTeneH ciaenymonyi TECT MATEMATHYECKOTO 00ECTIEYEHHSI:
BhIGepeM a =~ 1, ¢ = 0,1;0,01; ... ,10~'6 u npoBemem, Hampumep,

n(a+€) —na
cJleIyroliee Bbiuncienne: ———————— 3 1. Mepa OTKJIOHEHHS KO-

nE
HEYHOroO pe3yabTaTa OT 1 YKa3bIBa€T TOYHOCTD, C KOTOpOI71 IpoBOOAT-

cs1 apudMeTHyecKue onepaii. HeTpyaHo coCTaBUTh MOAOOHbBIE Te-
CTHI HA BBIYHCJIEHUAX IOKA3aTeJIbHOM, TPUTOHOMETPHYECKON U APY-
rux 3jieMeHTapHbIX GyHKIUA. OGLIYHO MPU KUCHIOJIb30BAHUHU YEThI-
pex apudMeTHuecKuX geiicTBuit ommbka B TakoMm Tecte ~ 10716
IIpM BBIYHCIIEHHH SKCIOHEHTHI Aaske ydie ~ 10718, a Bor Berancie-
HU€ KODHSI KBaIPATHOTO HEMHOI'O MEHEE TOYHAS OlePaIlis — OIInO-
ka ~ 10715,

IIpu Beimonsennu N MOC/eH0OBATEIBHBIX YMHOXKEHAH U IeJICHU
OTHOCUTEJbHAsI omubKa, cornacHo (1.29), yBennunBaercs B VN pas.
Jlaxke mpu OrPOMHOM KOJIMYECTBE IEUCTBHIA, KOTOPBIE BBIMOJIHSIIOT
COBpeMeHHbIE KOMIIbIOTEPHI, 89V N ocTaercsi HeGOIBLIOH BeINYH-
Hoit. Kazayocek 661, olnbKaMu OKPYTJIEHHs] B KOMIIBIOTEPAX MOXKHO
npeHebpeYsb U YYUTHIBATH UX JIUIIb MIPH «PYYHBIX» PacyeTax ¢ Ma-
JIBIM YHCJIOM 3HAKOB.

Onnaxo 1Ipu ciioXKeHUsAX U BbluuTaHusx (1.28) Benmunna 1 + o
MOXKET CTaThb OYEHb MAJIOW M COIOCTABHMOM C OMIMOKOH. DTO Ha-
BEPHSIKA CJIy4UTCs IIPH IIJI0X0# 06ycioBieHHocTH 3ana4m (1.20), Ho
MOKET NPOU30MTH U MPHU XOpoIeil 0OYCIOBIEHHOCTH 3334, HO
HEYAA4YHOM IIOCTPOEHHH aJIropuTMa. Takue npuMephl OyayT IpuBe-
nensl majee. [1o0sToMy maske py BHIYUCIEHUSX HA MHOTOPA3PSIHBIX
KOMIIBIOTEPaX HeJIb3s 3a0bIBaTh 00 OINOKAX OKPYIVIEHUS.

OcHoBHasi peKOMEHAAI¥sI TAKOBA: CyMMapHbI€ OIIIUOKK OKPYTJIe-
HUS JOJIXKHBI ObITH MeHee IMOTPEIIHOCTH METOMa, IO KpaiHel Mepe
npumepHo B 10 pa3. s 3TOrO0 ciieayer BHIOMPATH MHOTOPA3PSI IHbIMA
KOMIIBIOTEP, IPOBOIUTH PACYETHI C IBONHONU TOYHOCTHIO ¥ 0OpAIIaTh
BHUMAaHHE HA TOHKOCTH MATEMaTHYECKOro obecredeHus:: He Joboe
MaTeMaTHYeCKOe 0DecrieYeH e IO03BOJISET MMOJTHOCTBIO HCIIOJIb30BaTh
BC€ pa3psiibl, UMEIOIIUECS B IIPOIIECCOPE.
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1.3.6. KoppekTHocTb 3agaum

IToHsiTE KOPPEKTHOCTH MATEMATHYECKON 3aaa4uu BBesn KypaHnTt
(Ha3BaB 3TO KOPPEKTHOCTHIO IO Anamapy).

Omnpepnenenue 1.1. 3anauya u = A(z) Ha3bIBaeTCs KOppexm-
Hoti, ecyu:

1) pemeHue 3a1a4un CyIIECTBYET IIPH JIIOOOM T, IPUHAIJIEXKAIIEM
HEKOTOPOMY 33JaHHOMY MHOXeCTBY X ;

2) 3T0 pelleHye € JMHCTBEHHO 151 JII0OOr0 T;

3) pelLleHWEe HENPEPLIBHO 3aBUCAT OT & (HAIOMHHMM HECTPOroe
olpeje/ieHNe HEIPEPHIBHOCTH: €CJIM BapHalMsl UCXOMAHBIX JaHHBIX
|I3z|| — 0, To Bapnauus permenus ||du|| — 0).

IIpumep 1.6. BosbMmeM OmHODPOAHOE ypPaBHEHUE TEILIONPOBOJI-
HOCTH Ha KOHEYHOM OTPE3KE NPHU HYJIEBBIX TPAHMYHBIX YCJIOBUSIX:
Ou 0%u
—_— ==
ot oz?’
Pemnenve ypasuenusi (1.30) Jierko CTpOUTCS METOINOM pa3zelie-
HUS IEPEMEHHBIX:

0<z<a; u(0,t)=u(a,t)=0. (1.30)

oo
Z an exp(—Apt) sin(nnz/a); A, = xn®n?/a?, (1.31)

n=1

rae o, — Koadodunnentol Pypbe 4j1s TpodUiIst HAYATBHBIX JAHHBIX
u(z,0). Bugzo, uro mpu t > 0 Bce rapmonuku B (1.31) 3aryxaror,
npudeM TeM ObICTpee, YyeM 0oJibllie HoMep rapMoHuMKu. IIpu sTom
J060e BO3MYyIlEHNE HAaYaJbHBIX NaHHBIX du(z,0) 3aTyxaer co Bpe-
MeHeM ¥ 3a1a4a (1.30) oka3piBaeTCsi KOPPEKTHOM.

Ecyn ke Mbl XOTHM BOCCTAHOBUTD PACIIPEEIEHHE TEMIIEPATYPbI
10 MoMeHTa BpemeHHu t = 0, T. €. IPOCIEIUTD PEIlleHne TOH Ke 3a-
naun npu t < 0, TO KAPTUHA IPOTUBOIIOJIOXKHAsI. eM BbIllle HOMEp
rapMOHHUKH, T€M DOJIbIlIe BDEMEHHON MHOXKHTEJIb IIEpe] Hell, mpudeM
IPU N — OO0 3TH MHOXHTEJIU HEOrPaHM4eHHO pacTyT. IlosTomy Hu-
YTOXKHOE BO3MYIIIEHHE cTapIuX KoddduipenToB Pypbe HaUAIBHBIX
JaHHBIX IPUBOJUT K OFPOMHBIM BO3MYIIEHUSIM PELIeHHs], T. €. 331a-
4a (1.30) oka3biBaeTcst HeKOpPeKTHOIA. [To TeM ke mprmunHAM HEKOD-
PEKTHBIMM OKa3bIBAIOTCSH BaXKHbIE 334341 re0U3NIECKON pa3BeIKU
(ceficMUYECKOE M JIEKTPOMArHUTHOE 30HIMPOBAHUE CJIOEB 3€MHOM
KODBI).

OueBHIHO, IPSIMOE YUCJIEHHOE DPEIEeHNe HEKOPPEKTHBIX 3334
HEBO3MOXKHO: JJaKe €CJIM TOYHO 33/1aTh Ha4aJIbHbIE JaHHBIE, TO HEHU3-
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0eXXHO NMPUCYTCTBYIOIIUE OMIUOKHM OKDPYIVIEHUS IIPUBEAYT K CHJIb-
HOMY HCKaXX€HWIO pemieHusi. [109TOMy [Jisi YHMCIIEHHOTO DelIeHUs!
HEKOPPEKTHBIX 33184 Pa3pabdaThIBAIOT CIEIHaIbHbIE METO/bI, Ha3bI-
BaeMble METOIaMH pery/sipu3auud. B HUX ucxonHast 3a1a4a BUIOU3-
MEHSIETCs] BBeIEHUEM JONOJIHUTEIbHBIX OrPAHUYEHN, IpeBpaIIao-
KX 330349y B KOppekTHy0. OG0CHOBAHHO BHIOPATh TaKU€ OTPAHU-
YeHHsl HEMPOCTO.

Haxxe popMasibHO KOpPEKTHAS 3a4a49a MOXKET OKa3aThCs OYeHb
TPYJHOU JJIsi YHUCJIEHHOro pemienusi. Hampumep, nmycTs 1Jisi TOYHOR
3agaqn ||du|| = C||dz||, rxe korcranTa C > 1. ®opmasnbHo ||dul| — 0
npu ||3z|| — 0, T.e. 3ama4a koppexTHa. Ognako ecmu C = 1019, 1o
Jaxke OLUIMOKYM KOMITbIOTEPHOIO OKPYIJIEHHUSI IPUBOAAT K OTPOMHBIM
omu6KaMm peleHusi. Takue 3a4a4u Ha3bIBAIOT NAOX0 06Yycao8aeH-
Homu. Ha mpakTrKe OHE MaJIO OTJIMYAI0TCs OT HEKOPPEKTHBIX. JIist
KX pelIeHHs IPUMEHSIOT CIIOCOObI, TOX0XKHUE Ha PEryJIsipU3alUIo.



Mnasa 2

CUCTEMbl ANTEBPAUYECKUX YPABHEHUA

2.1. IMHEWHbIE CUCTEMbI

2.1.1. 3apgaun nuHeirHoi anredbpsbi

HeobxomuMocTh pelieHHsT cUCTeM aJiredpanvyecKux JIUHEHHBIX
ypaBHeHU# 60bI0# padMepHocTH Bo3HUKJA B KoHIEe X VIII B. To-
raa Bo OpaHnuu ObLIO IPEAIPUHSATO MIPENU3UOHHOE U3MEPEHUE JIJTH-
HBI Jyru mapukckoro mepuauana. C ceBepa Ha 0T OBLIM IOCTpOE-
HBI TPHAHTYJISIITUOHHBIE BHIIIKH, 00pa3yolue Ha 3eMHO# cdepe ceTh
TPEYTrOJIbHUKOB. Y TJIbI 3TUX TPEYTOJIbHUKOB OBbLIH TIATEIHLHO H3Me-
peHbl. J1j151 ceBEPHOTO U I0KHOIO TPUAHTYJISIMOHHBIX IIYHKTOB aCT-
POHOMBI U3MEPUJIH reorpaduyeckue mMpoThl. JJJTHHBI CTOPOH HEKO-
TOPBIX TPEYTOJBLHUKOB U3MEPSIMCh MEpHBbIMU JieHTamu. [loce sTo-
ro OIlpeJieJIeHne AJIMHBI AYTU CBEJIOCH K PEIIeHHIO OFPDOMHOI cUcTe-
MBI JIMHEWHBIX ypaBHeHU. DTy 3aa4y pemm 1. . Aparo, uzbpan-
HBIH 33 9T0 B [IaprmKckyro akaJeMUI0 HAYK.

[TepeuncinM OCHOBHBIE 3a4a49M JIMHENHHOI ayireOps! (IyCcTh uMe-
eTcst KBaapaTHas Marpuna A mopsinka N).

Ilepsas 3adana — pelleHre CUCTEMBI TMHERHBIX yPaBHEHUH

Ax = b, (2.1)

rae X, b — BekTopbI pa3mepHocTH V.
Cucremy (2.1) MOXKHO 3amucaTh B IOKOMIIOHETHOM hopme:

N
Z%m%n:bn, 1<n<N. (2.2)
m=1

Hanomuunm, uto ecnu det A # 0, To cucrema (2.2) umeeT eaus-
crBeHHoe pernenue. [Ipu det A = 0 3aa4a sIB/IsIETCS HEKOPPEKTHOM
(cM. . 1). OHa MOXeT GbITh Tak2Ke IIJIOXO O0YCJIOBIIEHHOM. Y Bcex
10X0 00ycJIoBIeHHBIX 337a4 det A ~ 0, OZHAKO U Yy MHOTUX XOPO-
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110 00ycsoBIeHHBIX 33024 det A =~ 0. Bonpoc o xpurepuu mioxoi
obycnoBaeHHOCTH OyeT oOCyXKIeH naJiee.

Bmopas 3adavwa — Bbruucienne det A.

Tpemwva 3adawa — HaxoXaeHre ob6paTHoit MaTpurpt AL, Pemre-
HUE BTOPOi U TPEThe 3a/1a4 CBOOUTCS K IIEPBOI U OYIET U3JI0KEHO
B 9TOH ryiase.

Yemsepmasa 3adayua — HAXOXKIEHUE CIIEKTpa MaTpuubl A — Ha-
MHOTO CJIOXKHEE U eii [IOCBsIIlIeHa OTAeIbHAs 1aBa (CM. IJI. 7).

Matpuina A MoxkeT ObITh ILIOTHO 3amnoaHeHHoi. Ho B mpakTuke
YaCTO BO3HUKAKOT CIEIHAJbHBIE BUILI MATPUII, CONEPIKAIIUE ILJIOT-
HbIE€ MaCCUBBI HYJIEBBIX 3JIEMEHTOB (puc. 2.1).

MaTpuily Ha3bIBAIOT BEPXHEH TPEYTOJIbHOM, €CJIM BCE 3JIEMEH-
Thl HMXKE [JIABHON AMArOHAJM — HYJEBBIE: Up, = 0, mpu n > m
(puc. 2.1, a). AHAJIOrMYHO ONPEAEISIOT HUXKHIOIO TPEYTOJIbHY IO MAT-
puily. BepxHei mouTu TpeyroibHOM Ha3bIBAIOT MATPHILY, Y KOTOPOU
HMXKE IJIaBHOM JMaroHaJ M OTJIUYHBI OT HYJIsl TOJIBKO HECKOJIBKO IIO-
GouHBIX quaroHaseil (MX Tak»Ke Ha3bIBAIOT KOJMATOHAJISIMH); €CJIH
OTJIMYHA, OT HYJIsl TOJIbKO OFHA MODOOYHAsS MUArOHAJb, TO MATPHILY
Ha3bIBaIOT MaTpuneit Xeccenbepra (puc. 2.1, 6). Anajoru4so omnpe-

0000000000 0000000000 O0O0OOOOOOOO
C000000000 0000000000 O0O0O0O0O0O0OOO0OO
000000000 COO0O0OCKOGOGOOGOOGOOGOS OO0O0OOOOO0OOO
oJoloX N R X N N N BENONON N N N N N N X NENONOX X X NONCNOXOXO]
oJeloloX X N N X N BENCNONOX N N X N N N NENONONOX X X NONONOXO)
oJoNoNoXoX X X X X BENCGNONONON X X X X XN NENONONONOX X X XoXoXe)
[cXoXoNoXoloX X X X NENoNoNoJoXoX X X N X NENONoNoXoXoX N N NOXO)
[cXoXoXoXoRooX X X NuNoNoNoNoXoXoX X N N NENOoNONoNoXoXoX N X XO)
[oJeNoNoXoXoXoXoX X NENeNoNoNoRoNoNoX X N NENCGECICRONONONON X X J
[oJeXoXoXoNoNOXNOXOX | OOOO%?OOQ. [cXeXoXoXoXoXONOX X J
a 8
0000000000 0000000000 e00O00O0O0OOOO0OO
0000000000 0000000000 @0000000OO0OO0O0
0000000000 0000000000 OGO OOO0OOO
C000000000 0000000000 OO0 OOO0OO
oI N X N X XN N NORENONON N N N N N N NORENONONOX X X NONONOXO)
000000000 CO000000O0OGOOO COCOO0OE@O0O00O0OO
oNoNoNoX X X N X X HENCNCNONONOX X X X N EENCNCNeNONOX N X NOXO)
[oXeoXxoXoX X X X X BENCNoNoNoloX X X N N NENoNoNoNoNoXoX X X XO)
[oXooXoXoNoX X X X NENCNoNoNoloX X X N N NENONoRoNoNoXoNoX N X J
oNoNoloNoNooX X X RENCIORONONON N N N N BN N N N N N N N X X J
2 d e

Puc. 2.1. HekoTopble cienpaibHbie BUIBI MATPHIL:

@ — TpeyroJibHasi; 6 — MOYTH TPEYTOJIbHAsl; 6 — TPEXIUATOHAJIbHAS; 2 — JIEHTOY-
Hasi; 0 — sIIUYHAs]; € — C MACCUBOM HyJleil (4epHble KPY>KKH — HEHyJIeBbIe 3JIeMeH-
Tbl, CBETJIbIE KPYKKH — HYJIEBbIE JIEMEHTbI)
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JEeJISIOT HIKHIOKIO [TOYTH TPEyroJibHyo MaTpuily. [Ipu pemnennu kpa-
€eBbIX 33124 1Jis quddepeHnaIbHbIX YPaBHEHUH BTOPOTO HOPSIIKA
OOBIYHO TMOSIBJISIIOTCS TPEXIUATOHAJIbHBIE MATPHUIBL: Gpm # 0 mpH
|n—m| < 1 (puc. 2.1, 8). ast nucddepeHpanbHbIX ypaBHEHUIH Y€T-
BEDPTOrO MOPSIAKA BOZHUKAIOT ISTHINATOHAJIBLHEIE MATPHILLL. Bostee
o6IIUM SIBJISIETCS CJIydaill JIEHTOYHON MaTpHIbl, BOOOIIE roBOps, C
HECHMMETPUYHO# JieHTol (puc. 2.1, 2).

MoryT nosiBRATHCS SIMAYHbIE MATPUIBI, TJE€ HEHYJIEBbIE 3JIe-
MEHTBI MMEIOTCSI TOJILKO B KBaJPATHBLIX MTOAMATPUIIAX, JIEXKAITUX
Ha [IaBHOM amaroHayu (puc. 2.1, ). SAmuyHBle MATPHIBI MOX-
HO pacCMaTpHUBATh KaK YaCTHBIN CIydail IEHTOYHOI MaTpPHUIBI, KO-
rIa BHYTPH JIEHTHI €CTh M 3aB€JOMO HYJIEBBIE 3jieMeHThI. [I0mo6HbBIX
CHEIUMAJIbHBIX CTPYKTYP CYyIIecTBYeT MHOro. lIpmmepom siBisieTcs
puc. 2.1, e, rae MOMHMO JIEHTHI UMEETCS €Ille TOPU3OHTAJIbHAS I1O-
JIoCa HEHYJIEBBIX 3J1eMeHTOB. IIpsiMble MeTOMBI pelreHus 151 IIJIOTHO
3aI0JIHEHHBIX MATPHI], HOMYCKAIOIe SKOHOMHbBIE MOAUGUKAIIMY B
cJIydae MaTPHIL CIEIMAJbHOTO BUIA, OYIyT OMUCAHBI B 9TOM IJIaBe.

IIpu peureHUM MHOTOMEDHBIX YDaBHEHHU B YACTHBIX IIPOU3BOI-
HBIX U [IJIsT HEKOTOPBIX APYTUX 33/1a4 BOSHUKAIOT CUJIBHO PA3PEXKEH-
Hble MaTpusl. OHE MMEIOT OrpoMHbIH mopsaok N ~ 10% —10°, mo
B KaXXJO# CTPOKE JIUIIb HECKOJIbKO 3JIEMEHTOB OTJIMYHBI OT HYJISL.
Takue 3a/1a4n PEUIAIOT UTEPAIMOHHBIMUA METOIaMHU, KOTOPbIe Oy Iy T
PACCMOTPEHBI B APYTHX ryaBax (cM. 8.3).

2.1.2. MeTop laycca

B 1810 r. K. ®. I'aycc mpenjio>Kus METOI PEIIEHUsI CUCTEM JIMHEH-
HBIX ajIreOpanydecKuX ypaBHEHUM, KOTOPHIA SKOHOMUYEH U KOHKY-
PEHTOCIIOCOOEH 1O Ceit 1eHb. ITOT METOJ, IPSIMOIA, T. €. JA€T TOYHOE
pellleHre 331a4M 33 KOHEYHOE 3apaHee ONpeIesIeHHOe YUCIIO Onepa-
umit. Y mpsiMOro MeTOoJia OTCYTCTBYET HMOTPEIHOCTh U CYIIECTBYIOT
JIUIID OIMUOKY OKPYTJIEHUS.

Pemrenne cucreMsl ¢ TpeyroJabHOM MATPHUIlEH HAXOTUTCH UCKIIIO-
YUTeJIbHO mpocTo. [ aBHast unmest merona I'aycca cocrout B mpusee-
HUU MaTPHUIBI CUCTEMBI K BEPXHEH TpeyroibHo# ¢popMe. ITO HA3HI-
BaeTcs IPSMbBIM xonoM MeTona ['aycca. Peurenne nmosyyeHHoi cucre-
MBI C BEpXHell TPeyroJIbHOM MaTpuIleil Ha3bIBAIOT OOPATHBIM XOJOM.

YMHOX€EHNE ypaBHEHUIN CUCTEMBI HA TO WUJIM MHOE YHCJIO U BBI-
YUTAaHUE OJHOTO YDABHEHUS U3 APYTOro He MeHseT cucreMy. Byzem
MOA0UPATH MHOXXHUTEJIN TaK, YTOOBI 0OPATUTH B HYJIb B MATPHUIIE dJIe-
MEHTBI HUKe TJIaBHOM AguaroHanu. Ilpu aToMm mocTpouM MeTon Tak,
4TOOBI OH MCITOJIB30BAJ HH(MOPMAITHIO 00 y2Ke MMEIOIIUXCS HYJIEBBIX
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3/IEMEHTaX ¥ He IIPOU3BOIUII JIMIIHAX ONEPalyii ¢ HyJSMH. ITO OCO-
GeHHO TIPOCTO JEJIAeTCsl AJisl JIEHTOYHOM MATPHILI C HECHMMETPHY-
HOH JieHTOi (puc. 2.1, 2):

anm #0 s n—p<m<n+g, (2.3)

rae p,q — KOJUYECTBO HMXKHUX U BEPXHUX KOAUATOHAJIEH COOTBET-
CTBEHHO.

OueBuano, p,qg < N — 1. Ho (eciu p = ¢ = N — 1, To maTpuna
CTAHOBHUTCsI TIOJIHOCTBIO 3ATIOJIHEHHOM ) y4€eT JIEHTOUHOM CTPYKTYPBI
JaeT CYIIECTBEHHYIO 9KOHOMHUIO B TOM ciiydae, eciiu p <K N u (un)
g< N.

ITpamoti £00 PaBHOCHUJIEH BBHIIIOJTHEHUIO TPEX BJIOXKEHHBIX LIMK-
J10B. CaMblif BHEIIHUI IUKJI — Iepebop BCeX CTOJIOOB MATPHUIIBI J1J1sT
oOpalileHust B HyJIb 3JIEMEHTOB HHXKe [JIaBHOU JUArOHAJIH.

JomycTuM, Mbl y2Ke 0OPATUIIN B HYJIb 3JIEMEHTHI, JIEXKAIIIAE HUXKE
[VIABHOM MAroHaJu B epBbIX k — 1 cronbuax (puc. 2.2). DineMeHTHI
MATPHIILI CUCTEMBI K TOMY BPEMEHHM N3MEHMJIMChH, TIO9TOMY BBEJIEM
BEDXHMIT MHIEKC, YKA3bIBAOIUH HOMED IUMKJA k. DTOT UHIEKC He
OTHOCHTCS K y¥Ke Ipeobpa3oBaHHbIM cToibiaM (m < k — 1) u crpo-
kaM (n < k — 1) MaTpUuBbl ¥ IPUCBAUBAETCS TOJIBKO OCTABIIEHCS
noaMaTpuile. C y4eToM JIEHTOYHOM CTPYKTY Pl OCTaBIINECH YPAaBHE-
HUsl IPUHUMAIOT BUI;

min(n+q,N)
Z a®r, =% k<n<N. (2.4)
m=max(k,n—p)
l:([‘i';ﬂ [IEPBOro IIara 3TOTrO IMKJIA HY>KHO IIOJIOXWTH aﬁ,ln)q = Anm,
bn = b’ﬂ'

CpenHuit a1 — 1epedbop 3JIeMEHTOB k-I'o CTOJIOIA B CTPOKaX
k+1 < n < N, KoTOpBIE€ MBI XOTUM 00Opa-

TUTb B Hy/b. B ciiy4yae JJ€eHTOYHOH CTPYK- 1 q+1 N
Typsl HHXKHSS 4acTb yXke OyzeT comep- | 9000000000
yP YHE LYACT COLCD 0000000000
XKAThb 3aBEIOMO HYJIEBbIE IJIEMEHTHI, TaK 0000000000
4YTO IJIsi SKOHOMHUYHOI paborsl mporpaM- k£ OOOC 0 @@ @000
MBI CJIEAyeT OrPAHHUYUTBHCA 3HAYEHUSIMHU 8 8 8 : : : : : 2 8
k+1< n<min(k +p,N). n 0000000000
(k) O0OOCeeeee0®
Yro6BI 06pATUTh B I-f'yﬂb 3JIEMEHT a,, , 00000eee®e®
YMHOXKHUM 3JIEMEHTHI k-# CTPOKHU Ha BeJH- 00000OOCeee®e®
YUHY km N-p N
(k) (k) Puc. 2.2. IIpamoit xox me-

Cnk = Gpy [ Qg (2.5) toza laycca

k+1<n < min(k+p,N).
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IIpexxae yeM BHIMOSHATD Aesienue (2.5), cieayer NpOBECTH POBEP-

Ky. Eciu afsc) = 0, To (2.5) BBINOJHATL HE HYXXHO, & N-si CTPOKA
MATPHUIIBI OCTAeTCs 0e3 n3MeHeHui. [Ij1si MHOrMX TUIIOB MATPHIL 9TO
JAaeT CyIIEeCTBEHHYIO S9KOHOMHMIO.

HaJjiee BBIMOJHAM BHYTPEHHUI HuKJ. BblyTeM u3 n-ii CTpoKH
k-10, YMHOXXEHHYIO Ha Cpk:

(k)

(k+1) _ (k) cnkbk(k’) (2.6)
+ . :
Gnm = = Gnm — CnkQy,,, k+1<m <min(n+gq,N).

bk _ (k) _

IIpn mporpaMMuUpOBaHMM HY>KHO MPUAEPXKUBATHCS MPHUBEIEHHBIX
BBIIIIe TPAHUI] U3MEHEHUs UHAEKCOB. KpoMe Toro, BesinanHy afl‘,i'l =0
He CJieLyeT BBIYUCIAATH N0 (2.6), 4TOoObI He HAKAIIMBATH OUIMOKH
OKPYTJIEHUS; CJIEAYET IPUHYTUTETBHO MOJIOXKUTH €€ PABHOM HYJIIO.

Ilonesno 3amoMuHATL KO DUIMEHTHI Cpk, 3AMUCHIBAS UX HA Me-
CTO OOPAILEHHBIX B HYJIb 3JIEMEHTOB Ay ). DTH KO3 PUIMEHTHI CUIIb-
HO MOBBINIAIOT SKOHOMUYHOCTb, €CJIX TPUXOAUTCS HEOMHOKPATHO pe-
IIaTh CUCTEMY C OOHOMN M TOH >Ke MaTpULel, HO Pa3HbIMHU IIPaBbIMU
YaCTSAMU.

[psawmoit xom meroma aycca Tpebyer ~ 2/3N® apudmermde-
CKUX IeMCTBUIi JJ1s1 IJIOTHO 3aI0JIHEHHOI MaTpHIlhl. 151 moyTu Tpe-
YrOJIbHON MATPHIIBI YKCJIO OMEPAIHiA CYyIIECTBEHHO MEHbIIIe; HAIIPH-
Mep, IJis MaTpHUIBI XecceH6epra OHO cocTapiseT ~ 2N2. Jlns jen-
TOYHOI MaTPHILIBI OHO €lle MeHblIe ~ (p + q)2N .

st nioTHO 3anosHeHHo# MaTpunst ¢ N ~ 1000 (4To Hepeako Ha
IIpaKTHUKe) obllee YHCIO JeiicTBHil mpsaMoro xoxa ~ 10°. IIpu sTom
omu6KH OKPYTJIEHHUs], COTJIACHO CTATHCTHUKe, JocTuraioT ~ 105, Ta-
KUM 00pa3oM, Jaxe JJIsi XOPOIIO 00YCIOBJIEHHBIX MaTPHIL TEPSIETCS
nTh mocjiequux 3HakoB! [109TOMy BBIYHCIIEHHS] HY>KHO BECTH TOJIb-
KO C IBOMHOI TOYHOCTHIO, UCIIOJIB3YsI MAKCUMAJILHOE YUCIIO Pa3psi-
OB, JOILyCTHMOE B IaHHOM IIPOrPaMMHOM 00€eCIIeYeHU .

Bubop 2aasroz0 anemenma. [lpsimoit xon merona I'aycca co-
JIEPKUT TOJBKO onHo nesienue (2.5). Ecuin a,(:;) = 0, To meneHue
HeBBINOJHUMO. [lepebopoM 371eMEHTOB B k-M CTOJIOLE ITOAMATPHUIIBI
BCErJa MOXKHO HANTH 3JIEMEHT, OTJIMYHBIA OT HyJsis (nHade det A = 0

U cuCTeMa Hepa3pemuma). JJaxke maJbie a,(c? OIIaCHBI: U3-3a OLIMGOK
OKDYTIJIEHUs] BaXKHO U30eraThb JeJIeHUs] Ha MaJjble 4ucia. Bribepem
MaKCHMaJIbHBII 110 MOJLYJIIO 3JIEMEHT B k-M CTOJIOLE HOAMATPULIbI (OH
Ha3bIBAETCS 2AQ6HBIM):

max|a£5c)|, k <n < min(k+p,N). (2.7)
n
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[lepecTaBuM CTpOKM TaK, YTOOBI IJIABHBIM 3JIEMEHT OKa3aJiCA HA
raBHOM nuaronasnu. Takas omeparusi 3aCTpaxyeT HaC OT MEPEIOJI-
HEHUS DU JIeJIEHUU Ha HYJIb ¥ MOBBICUT YCTOWYMBOCTD K OMIMOKAM
OKDYTJIEHHUSI.

Ecau BbIOMpaTh MaKCHMAJIbHBIA 10 MOLYJIIO 3JIEMEHT HE TOJIBKO
B CTOJIOIIE, HO U BO BCell MOAMATPHIIE, TO YCTOWYUBOCTh K OIIUOKAM
OKpyTJieHus ente 6oJiee Bo3pacTeT. Ho 3KOHOMUYECKH 3TO y2KE HEBBI-
TOIHO, TTIOCKOJILKY TPeOyeTCsl IepecTaBiIsiTh HE TOJIBKO CTPOKH, HO U
cronbibl. [loaToMy Takoit BApMAHT HE TPUMEHSIIOT.

Opnnako ecnu MaTpuna jtenTodHas (¢ < N — 1), To nepecTaHOBKa
CTPOK MOXET HAPYIIUTh CTPYKTYPY BEPXHErO MaCCHBA HyJel U B
XOZle BBIYUCJIEHUN MaTpHUIIa NIePeCTaHeT ObITh JieHTO4HOMU. [loaTomy
JJIs1 IEHTOYHBIX MATPHI] BHIOOD IJIABHOT'O JIEMEHTA HE IIPUMEHSIIOT.

3aMeTHM, YTO B NPAKTHKE BBIYHUCJIEHWIA HEPEJKH CHMMETDHY-
Hble (Anm = Qmp ) TOJIOKUTENBHO UM OTPUIATENIBHO OMIPEIeJIEHHbIE
MaTpuibl. HanpuMep, oHM BOZHHKAIOT MIPU PEIIEHUH 3384 ANMPOK-
CHMAIM METOJIOM HAaMMEHBLUINX KBaJApaTOB. B nuHeiHoit anrebpe
CTPOTr'O JTOKA3BIBAETCS, YTO y TAKUX MATPHIL [JIABHBIN 3JIEMEHT BCE-
raa OyJaeT CTOATh Ha IyIaBHOM quaroHauu. O4YeBUIHO, Il HUX TaK-
>Ke He HY>KHO JeJIaTh BbIOOD IVIABHOI'O 3JIEMEHTA.

O6pamnwsiti xod. ITocse IpsMOro Xoa pe3yIbTHPYIOIAs CUCTe-
Ma MMeeT TPeyroJIbHbIi BUJ,

min(n+q,N)
Z o™z, =™, 1<n<N. (2.8)
m=n

Ee peueHne HaXOQUTCHA BBINIOJTHEHUEM O6paTHOI"O IHUKJIa

min(n+q,N)
zn=| bW — Z o™z /ag;), n=N,N-1,...,1. (2.9)
m=n+1

B (2.9) mpu n = N cymma orcyrcryer. Eciin nmpoBomuicsi BHIGOp
TJIABHOT'O 3JIEMEHTA, TO MOCJIe KAXKJIOr0 ara 06paTHOr0 X0/1a HyKHO
MPOBOJIUTH OOPATHYIO MEPECTAHOBKY CTPOK.

JIns BBINOJIHEHUs: 06pATHOTO Xona Tpebyercs ~ N? melicTBuit
IJisl [JIOTHO 3alOJIHEHHOW MAaTpHUIbI M Topsiaka qIN st JIEHTOY-
Hoit. Takum 06pa3oM, 0OpaTHBIN X0 TOPA3I0 «JIEIIEBJIE» MPSIMOTO
U OIUOKY OKPYIJIEHUS HA HEM MEHBbIIIE.

Metoz 'aycca maxke 111 IIJIOTHO 3aIIOJTHEHHOM MATPUIIBI TpedOyeT
OIlepaTHBHOM MaMATH A5 XpaHeHus ~ N2 uucen. Jas coBpeMeH-
HBIX KOMITBIOTEPOB 3TO HE BBHI3BLIBAET 3aTPY/HEHUN.
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B HEKOTOpBIX IPUJIOXKEHUSX HEOOXOAMMO PEIIATh JINHERHBIE CH-
CTeMBI ¢ KOMILJIEKCHBIMU MaTpHUIlaMu. TaKye MporpaMMbl TaK¥XKe Cy-
IECTBYIOT B COBPEMEHHBIX MATEMATHYECKUX 0OECTIEYeHUSIX.

2.1.3. Onpegenuteny u obpatHas maTpuua

IIpsimoit xox Metoza ['aycca comepKuUT BeIYNTAHHUE U3 N-# CTPOKH
k-# CTPOKH, JOMHOXKEHHOM Ha, KO3MMULMEHT C,k. /I3 IuHeiHOM aJl-
reOpbI U3BECTHO, YTO TAKAs ONEPAIys He MEHSIET BEJIMYNHBI OIIpee-
suTens. 3HauuT, det A paBeH ONPeIETUTENIO IOy YEHHOMW TPEYTrOJIhb-
HOI MaTpPHIIBI, & €€ ONPEIE/IUTE b PABEH IPOU3BEICHUIO IUArOHAIb-
HBIX 3J1eMeHTOB. Ec/i Ha Ka)XI0M IIare BHEIIHEro LUKJIA IIPSMOro
X0/l TIPOBOIMJICS BBEIOODP TJIABHOIO 3JIEMEHTA, M IIEPECTAHOBKA N-# 1
k-it cTpOK, TO onpeaenuTess JoMHoxKaIcs Ha (—1)"F. TTostomy

N
detA ==+ Ha;’,‘g.

n=1

3xech 3HaK BBIOMPAETCA B 3aBUCHUMOCTH OT YETHOCTU CYyMMBI BCEX
[IEPECTAHOBOK CTPOK.

Taxum 06pa3oM, ompeaeuTe b MATPHIlLI BEIYUCISIETCA B Kade-
cTBe «OecmIaTHOrO IpuUIoKeHust» Merozaa ['aycca. OHako 3To «bec-
ILUIATHOE TPUJIOXKEHWEe» WHOTJa Aoporo ooxoaurtcsi. Ilpu Gosbuiom
TOPSIIKE MATPHIIBI TPOU3BEIEHNE 1arKe HEOOIBIINX IT0 MOAYITIO JUa-
TOHAJILHBIX 3JIEMEHTOB OKA3BIBAETCSI OIPOMHBIM YHCJIOM ¥ IIPHUBO-
JWT K TIEPENOJIHEHNIO. VI3BECTHBI Cilyyan OTKa3a CTAHAAPTHBIX MO/~
MPOrpaMM peIleHNsI CUCTEM JIMHEHHBIX aire0pandecKuX ypaBHEeHU
HMMEHHO M3-38 MEPEIOJHEHNUS IPY BLIYUCJIEHUY ONPENAe/IUTENs. 3HAa-
YUT, HECMOTPA HA MaJible 3aTPaThl BHIYUCIEHUS ONPENe/INTENIs, HE
CTOMT BKJIIOYATH 3Ty OIlEPalMIO B IporpaMmy 6e3 juiHeit HeoOXo-
JUMOCTH.

Tlo onmpenenenuio o6paTHo#t MaTpunsl AA™! = E, rne E — enu-
Hu4Has Marpuna. Eciay 0603HaYUTh 3/1eMeHTh 00PaTHONR MATPHULIBI
4€epe3 Oy, TO MO MIPABWIIY YMHOXKEHHUSI MATPHI] OHU yIOBJIETBOPSIIOT
caenymomen cucreMe ypaBHEHU:

1, n=1,

N
> Gt = Sy = 1<n<N, 1<I<N. (2.10)
= 0, n#1

b

VYpasuenue (2.10) cneayer TpakToBaTh ciegyomuM obpazom. Puk-
cupyem [, T. e. paccMoTpuM [-i crosber; maTpunsl A~ o = {am},
1 £ 1 < N. Torma 3TOT BEKTOP yIOBJIETBOPSET JIMHEIHOU cCUCTEME
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Aa; = 9. (2.11)

3mech §; = {8}, 1 < m < N, — aHaJIOrM4HbIA BEKTOD, [-s1 KOMIIO-
HEHTa KOTOPOr'o paBHa 1, a OCTaJIbHBIE 9JIEMEHTHI — HYJIH.

s moucka o6paTHO MaTpHUIB! HY2KHO /N pa3 pemiaTb CUCTEMY
(2.11) c omHOM u TOI ke MaTpHLEH A, HO Pa3HBIMHU IIPAaBBIMH 4Ya-
cramu 8. Ilpsamoit xon meroma [aycca Hy»KHO cmesaTh BCEro OOMH
pa3. nsi mpeobpa3oBaHust MpaBbIX YacTell MPUTOASTCH COXPAHEH-
HBIE Cpk. TPYA0EMKOCTD OMCKA OOPATHON MATPHIILI IPH TAKOM ITOJI-
xome ~ 2N 3 JeficTBuil (171 MJIOTHO 3AMOJHEHHON MaTPHIBI), T. €.
BCETO B TpH pa3a boJibIlle, YeM TPYAOEMKOCTD IIPSIMOI0O X048 METOa
Taycca. Tpebyemblit 06beM mamMaTH cocTaiser ~ 2N? uucen (mis
XpaHEeHUs IPAMOM U 0OPATHON MATPHII).

Anajnornyso AeMCTBYIOT, €CJIM HY»KHO PEIIUThH HECKOJIBKO JIMHEMH-
HbIX CHCTEM C OJHOI M TOH Ke MaTpulel, HO pa3HbIMU IIPaBbIMU
4aCTsIMU: HpPsSIMOM xom MeTofa l'aycca [elaloT TOJIBKO ONMH pa3.
3T0 cWIBHO COKpaIaerT o6beM BBIYMCIEHHH. 3aMeTuM, 4To Pop-
MaJIbHO peIlleHHe JIMHEeHHOU cucteMbl (2.1) MOXKHO 3amucaTh B BU-
ne x = A~'b. lnorna HEONBITHBIE BBIYUCIATEN N MOJIb3YIOTCS TOM
dopMyoii: HAXOIAT IO CTAHAAPTHOM MporpaMMe 0OPaTHYIO MATPH-
1y A~! u ymMHOXAIOT ee Ha BeKTOp b. DT0 HEBHITOIHO, TAK KaK TpY-
JIOEMKOCTb BO3DPACTAeT BTPOE IO CPABHEHUIO C MPSAMBIM pPElIeHUEeM
JIMHEHON CUCTEMBI.

2.1.4. Mpouve metoapb!

Ecth oueHb MHOrO APYTUX HPSMBIX METOJOB DEIIeHUs] CHUCTEM
C IUTOTHO 3AII0JIHEHHON MAaTpHIIEH: METOJ ONTHUMAJIBHOIO MCKJII0Ye-
HHsI, METOJ, OKaNMJIEHUs, METOJl OTPAXKEHUH, METOL OPTOrOHAJIN3a~
uuu, merox 2Kopnana u 1p. Bce oHM IMEIOT Te 2Ke CKOPOCTh U YCTOM-
YUBOCTb K ONIMOKaM OKpyIJyieHus, 4To u MeTon laycca. Ilo obbe-
My DaMsTH TOJbKO MeTon 2Kopiana npu oOpalleHny MaTPHUIIbL 1aeT
HE6OJIBIIIOE TPEUMYIIECTBO: Hy»KHO XPaHUTh ~ N2 umces, TaK Kak
obpaTHasi MaTpPHIa CTABUTCS Ha MecTo mpsimoit. Ho mjist coBpemen-
HBbIX KOMITBIOTEPOB TAKOM BBHIUTPHIII HECYIIECTBEH.

Hast SpMUTOBBIX MaTpUL (Apm = G, [A€ 3B€3[0YKa O3HAYa-
€T KOMILJIEKCHO COIPSI?KEHHOE YHCJIO) UMEETCS METOJ KOPHsSI KBaJ-
patHoro. OH sIBHO UCIOJIB3YET CUMMETPHIO MATPHUIIBI ¥ 38 CYET ITO-
ro TpebyeT BIBOe MEHbIIIE OIlEPALIMit U MaMsITH, YeM MeTo[L l'aycca.
Ero ycToitunBoCTS K OIIHO6KaM OKPYIJIEHUS HE JIy4llle, YeM y METOIA
Taycca.

B mpakTuke 4acTO BCTPEYAIOTCH CUCTEMBI C TPEXIUATOHAJIBLHOMN
MaTpulleil, KOTOpbIE IPUHSATO 3aNUCHIBATD B CIIEUAJIBHOM popMme:
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AnTn-1 — bnTpn + CnTni1 =dn, 1< n < N; (2.12)
a1 =cny =0. '
,lIJ'Iﬂ HUX pEelIeHUd TPAAUIIAOHHO IIPDUMEHAIOT METOA IMPOrOHKH. STO
TOXKE HCKJIIOYEHUE HUKHEH KOOouaroHaJiu. @opMyan 3TOI'0 UCKJIIO-
YEeHUHd HEMHOI'O OTJINYAKTCA OT MEeTOoda Faycca. HpﬂMOﬁ Xoo umeetT

BHUJ,

En+1 = Cn/(bn - an‘zn),
Nn41 = (anT]n - dn)/(bn - angn), 1<n<N.

Pemrenue cucreMbl HaXOAUTCS OOPATHBIM XOIOM:

(2.13)

mn:En+1xn+1 + Nn+1, Tl:N,N—]., el TN =0. (214)
,HJIH BO3HUKAKOIIUX B IIPDAKTHKE TpeXAUaroHaJIbHbIX MaTpPHI[ 9aCTO
BBIIIOJIHAETCHA YCJIOBHE l'IpeO6J'Ia)1aHI/IH TJIaBHOM JUaroHaJix

|bn| 2 Ian|+|c'n|a I1<n<N, (2.15)

[pUYeM XOTsi ObI IPH OJHOM 7. HEPABEHCTBO SIBJISIETCH CTPOTHM. DTO
yCJI0BHE 00€CIIeYHBAET CYIIECTBOBAHUE U €IHHCTBEHHOCTD PEIleHNs
(2.12), a Tak>ke HeHapacTaHue OmMUOOK OKpyryieHus B (2.13) u (2.14).

OnHako IPOroHKa MMeEET Ty 2Ke TPYAOEMKOCTh U yCTORIMBOCTD K
omubKaM OKpyIJIeHust, 4To U MeTox ['aycca Jyisi IEHTOYHBIX MATPHIL,
OIMCaHHBIN B mogpa3ad. 2.1.2.

2.1.5. Mnoxo obycnoBneHHble cucTembl

IIpuMepoM 1JIOXO OOYCJIOBJIEHHON MATPHUIIBI MOXKET CIIY>KUTh
marpura ['unbbepra

1 1/2 1/3 1/4 1/5
1/2 1/3 1/4 1/5 1/6
1/3 1/4 1/5 1/6 1)7
1/4 1/5 1/6 1/7 1/8
1/5 1/6 1/7 1/8 1/9

BO3HMKAIOIIASA B 33Ja49€ CPEIHEKBA,IPATUIHOM AIIIIPOKCUMAIIANA MHO-
rounenamu. Ilokazaresnen cienyromuii Tect. Bossmem cronbern; u3
equnun e = (1,1, ...)T. IpssMbiM yMHOXKEHHEM HA MATPHILY | Hiib-
GepTa BeryucauM He = b; morpeurHocTs OKpyIJIeHNs [P 3TOM Po-
leype HeBeJIMKa. 3aTeM YUCJIEeHHO pemuM cucteMy Hx = b Mero-
noMm Taycca uim 06biM qpyruMm. CpaBHUM HalIEHHOE DENIEHHE X
ce.
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Puc. 2.3. TTorpemmsocTs pelenns JUHEHHBIX CHCTeM mopsiika N ¢ MaTpu-
neit I'mibbepra (CIUTOMIHAS JIMHAS) U MATPULEH CHMMETPH30BAHHBIX CTe-
neHel (IITPUXOBAsK JIMHUS )

Ha puc. 2.3 u3o6parkeHa 3aBUCHMOCTD IIOTIPEINHOCTH ||x — €|| oT
nopsinka N Marpuusl H (mrpuxoBasi smHUs Oyner oObsiCHEHA B
ri. 5). Pacuersr npoBoguiucs ¢ 64 paspsimamu. Juas N = 1 omwu6-
Ka He mpeBbimaer 10716 (uyTo cooTBeTcTByeT ommbOKe eIMHHYHOTO
okpyruienusi). IIpu yBenudenun N Ha 1 ommbka Bo3pacTaer HOYTH
B 30 pa3 u npu N = 12 B pellleHUH HE OCTAETCs HU OJHOTO BEPHOTO
suaka! [Ipu manbHeilimeMm yBenudenuun N ommbKa B XOPOIIO HAIHU-
CAHHO IporpaMMe y2Ke He HapacTaer.

HanexHoro KoJIM4eCTBEHHOTO KPUTEPUs IIJIOXOH 00yCIOBIEHHO-
CTH JI0 CHX HOp He BbIpaboTaHo. Jljs1 KOMIBIOTEPOB MEPBOrO MO-
KOJIEHUsI, paboTaomux ¢ (pUKCUPOBAHHON TOYKOM, 3a 4HUCJIO 0Dy-
cnossterHOCTH 06braH0 npuauMasy Cond = || Al|||A7Y|. U sHaueHus
Cond > 10% cunTai IPU3HAKOM ILIOXO# 06YCJIOBIEHHOCTH.

OnHako /i BBIYMCJIEHUM C ILUIABAIOIIEl TOYKOW 3TOT KpHUTe-
puii menpumeHuM. [[jisi quAaroHaJBbHON MATpPUIBI HAMMEHbINAs U3

HOpM — crnekTpaJibHasi || D] ,ax |dnn|- Ho nyist o6paTHO#t MaTpu-
N
-1

1Bl JMATOHAJbHBIE 3JIeMEHThI 6yayT pasHbl d,., Tak uro ||D71|

-1 .
= max |d = 1/ min |d,,|. Takum ob6bpazom, Cond =
1<ngNlnn /1<n<N|’"‘| pasom,

= max |dp,|/ min |dp,| MoxeT GbITH ciesaHO OYEHb GONBLIMM
1<n<N 1<ngN

IIPU COOTBETCTBYIOIEM Mombope 3jeMeHToB. OmHAKO IJIsT AMAro-
HaJLHOM MATPUIBI KaxkKIas KOMIIOHEHTA PEIIEHUs] CUCTEMbI HAXO-
OUTCsI C IMOMOIIBIO TOJBKO OJHOIO JejieHus. A 3Ta omepals Ipu
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ITaBalomIel TOYKe BBINOJIHsETCH ¢ omubkoit ~ 10716 (m1a 64-pas-
PAOHON TEXHUKH).

Jns miaBatomiei TOYKH cefdac HAWIYUIINM CUUTAETCS YUCIIO
obycsosnennoctu . Oprern

N /N 1/2
Cond=detA/ ] | Y a2.] - (2.16)
n=1 \m=1

Ero HecTporo TpakTyioT KaK OTHOIIEHHE OObeMa mapaJliesieny-
nesia, MOCTPOEHHOr0 Ha CTPOKAaX MaTPHILI KaK Ha pedbpax, K 00beMy
IPSIMOYTOJIBHOTO NTapaJljlesIeNInIesa ¢ TeMu ke pebpamu. s gua-
roHaJsibHOM MaTpuus! B (2.16) Cond = 1. A 6osbuine 3Hauenust Cond
B (2.16) meiicTBUTEILHO COOTBETCTBYIOT ILJIOXO O0YCIOBJIEHHBIM MAT-
puam. OIHAKO YCTAaHOBUTH 3aBUCUMOCTH Mexay BesauunHoi# Cond
(2.16) ¥ KOIUYECTBOM MOTEPSIHHBIX DU PEIIEHAM CHCTEMBI 3HAKOB
He yxaJjoch. TecTHpOBaHME OKA3aJI0, YTO MJIs OMHUX MAaTPHIL BCE
16 3navamux nudp pemernus tepamucsk npu Cond = 10, ans apy-
rux — npu Cond = 1032,

Pezyaspusdayun. IIoBBICUTH YCTONYMBOCTD DeEIIEHHS IIJIOXO
00yCJIOBJIEHHBIX CUCTEM MOXHO MeTOomoM peryispusainuu. Ocoben-
HO NPOCTO PETyJIsipU3alusi 3aIIMChIBAETCsl, €Cii MaTpuna A spMmu-
TOBa U TIOJIOXKUTEJIBHO (MJIM OTPULIATENBHO) OIpeeieHHast. BTopoii
caydait CBOIUTCS K IEpBOMY 3aMeHoit A Ha — A, moaTomy OyaeM c4u-
tath, uto A = AH > (. Torna 3ana4a pelenust TUHEHAHON CHCTEMBI

Ax=Db (2.17)
9KBHBAJICHTHA HAXOXKIEHUIO MUHIMYMa (DYHKIMOHAIA:
(x, Ax) — 2(x,b) = min. (2.18)

ITycTb TpebyeTcst HaiiTu pelieHue, Hanbosee OIM3KOe K 33 JaHHO-
MY Xy, T.€. HOTPe6OBATH

(x — xg,X — Xg) = min. (2.19)

Takoe pelieHHe Ha3bIBAIOT HOPMaAbHbIM. 3azadu (2.18) u (2.19)
HecoBMeCTHBI. I103TOMy BO3bMEM BMECTO HUX HOBYIO 331a4y:

(x, Ax) — 2(x,b) + a(x — X9, X — Xg) = min, (2.20)

BBIOpaB MOJIOXKUTEJIBHBIN JOCTATOYHO MauJibiii mapameTp 0 < a < 1.
BapbupoBaHue 331a4y IPUBOAUT K YPaBHEHHIO

2(dx, Ax) — 2(dx, b) + 20(dx,x — xp) =0
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MJI OKOHYATEJILHO K JINHEHHOM! CHCTEeMe
(A+aE)x = b + axo.

PesynbTupyomas cucreMa 00yCJIOBIEH TOPA3/I0 JIyYIlle UCXOIHOMN
6aaronaps mobasienuto wieHa oF. Tako mpueM — 9acTHBIH cirydait
peeyaapusayuu no Turorosy.

Bribop xg IesaroT, onupasich HAa allpUOPHBIE CBEIEHUs O pellle-
HWH CHCTEMBI WM PEe3yJIbTaThl IPEAbIAYLIUX PAcYeToB (HAmpuMep,
JaHHbIE 3a NMPONLIBIA rof B 3a1a4aX IUlaHupoBanus). [lapamerp o
noaOMpPAaOT HA4YMHAS ¢ OYEHb MAJIBIX 3HAYEHMH M IIOCTEIIEHHO YBe-
JUYUBAIOT JI0 TeX IOP, IT0Ka 00YCIOBJIEHHOCTb MaTpuIlsl A + oF He
craHeT npuemsemMoit. YeM Gouibliie o, TeM IaJIbIlle OTCTOUT PEIIEHUE
PEry/sIpu30BAHHON CUCTEMBI OT MUCTUHHOIO DENIEHUsS] UCXOOHON 3a-
Ja4M, HO TEM YCTOMYMBEE OHO BbIYMCJISIETCS.

Perynsipusaiuio MOXKHO ITPOBECTH U IJIsi HEIPMHUTOBLIX MATDPHII.
JIOMHOXHM NMHEHHYIO HCXOMHYIO CHCTeMy cieBa Ha marpumy AH.
Tlonyuum nuHelHy0 cucTeMy

AH Ax = AHp

C SPMHTOBOI IOJIOXKUTEIbHO ONpeaenenHoit Marpuneir A7 A. Ilpu-
MEHUB K Hell ONuCaHHbIM! IPHeM, IMEEM PEryISPU30BaHHY IO CUCTEMY

(A A + «E)x = A¥b 4 axo.

Onnako marpuna AX A ropasmo xy»xe obycoBnena, yeM ucxonHas
marpuna A. ITosTomy ajisi mostydeHus: yaoBI€TBOPUTENIBHOMN PEryJis-
pHU3aIyy HyKHO OpaTh CyLIECTBEHHO OOIbIINE 3HAYEHHUS .

ITpumep 2.1. PaccMOTpuM ClleAYIONULYIO JIMHEHHYIO CUCTEMY':

_ _(1+e+¢%/2 -1 (1
Az =9, A_( -1 1—e+52/2)’ b_(—l)'

Jlnst Hee yxxe mpu yMepenHoMm € = 1074 umeem det A < 10716 (ma
YPOBHE OIINOOK OKPYIJIEHHUSI).
Pemrenye HeTpyHO NOJIYyYUTH SIBHO:

I __i 2—¢
z2)  e2\2+4¢€)’

Buaso, 4TO Ipu M3MEHEHHHW MAJIOro IapaMeTpa € B 2 pa3a MaT-
PHUIIa CHCTEMBI IPAKTUYECKH HE M3MEHSIETCS, 8 PEllIeHNEe MEHSIEeTCS B
8 pas!
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3ameuvarue. B yuebHMKAX ¥ CTaHZAPTHBIX IPOIDaMMaX HEPEIKO
MpeJIaraioT CleAyIomuii cnocod peleHus NI0X0 00YCIOBIEHHBIX CHCTEM.
HenocpencTBenHo pemum UCxoAHyio cucreMy (2.17). 3aTeM BBIYKCINM Tak
Ha3bIBAEMYIO HEBSI3KY, KOTODAS SIBJISETCSI BEKTOPOM:

r=Ax —b. (2.21)

Ona Gyzner oT/M4YHA OT HyJs u3-3a OomUOOK okpyrieHus. IlogcraBum
ee BMecTo b B ypasrenue (2.17) u cHoBa pemmum cucremy. IlosrydeHHyIO
BEJMYHMHY BO3bMEM B KadecTBe NONPABKU K X. Eciu TouyHOCTH OKaxkercs
HeJIOCTATOYHOM’, MoBTOpUM 3TOT nmpouecc. OIHaKO MpaKTUKa PacieTOB MO-
Ka3aJa, 4YTO JIJIsl yAOBJIETBOPUTENIHHO O0YCIOBJIEHHBIX CHCTEM TOYHOCTD Pe-
meHus 1 6€3 TOro IOCTATOYHA, a IJ1 OYEeHb IJI0X0 00YCIOBIEHHBIX CUCTEM
YJIydIINeHus TOYHOCTHU PaKTH4IeCKH He mpoucxonut. IIpu srom HescHO, ecThb
JIA COZEP>KATEbHBIN IUANa30H 00yCIOBIEHHOCTEN U rae 3TOT npueM 3d-
(deKTHUBEH.

2.1.6. MNepeobycnosneHHble CUCTEMDI

WHorna npuxoIuTcs pemaTh CUCTEMBI, B KOTOPBIX YHCJIO YPaBHe-
HUi GOJble YKCiIa HeU3BECTHBIX (TepeorpeiesieHHas cucrema). Ta-
KH€ CUCTEMbI HEPEIKO BOZHUKAIOT B 33/1a4aX SKOHOMUKH, TJI€ IIPH CO-
CTaBJIEHUH ONITHMAJIbHBIX ILJIAHOB TPeOyeTCsl YI0BIETBOPUTH OTPOM-
HOMY 4YHCJIy Pa3HbIX yCJIoBUi. 3a1avya UMeeT BUT

Bx = b, (2.22)

rae B — npsimoyrosibHas MaTpuna pa3mepa N X M, y KOTOpO#i CTPOK
6osibiie, ueM ctosbnoB: N > M. BekTop x nMeeT pa3mepHocTh M, a
BeKTOp b — paszmeprocts N. Cucrema (2.22) B 061ieM ciiydae HECOB-
MECTHA U HE MMeeT PEIIeHUsI.

Torna no anasioruu ¢ (2.21) BBogsAT HeBs3Ky r = Bx —b. B stom
caydae HEBsI3Ka 3aBeIOMO He 61u3Ka K HyJto. [lorpebyeM MuauMyMa
HOPMBI 3TOM HEBS3KHU:

(r,r) = (Bx — b, Bx —b) = min. (2.23)

Pernenue 3a1aun Ha3LIBAIOT KEA3UPEULEHUEM.
B kadecTBe JONOIHUTEIBLHOTO YCJIOBUs 0OBIYHO OepyT 6M30CTH
K HEKOTOPOMY X( U MEPEXOJIAT K 3a/1a4e

(Bx —b,Bx — b) + a(x — x¢,X — X¢) = min. (2.24)

Takoe KBa3UpEIIEHHE HA3BIBAIOT HOPMAADHBIM.
Bapeupyst x B (2.24), nonyyum

(Bdx,Bx — b) + a(dx,x — x9) = 0. (2.25)
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[Tockomeky (Bdx,Bx —b) = (8x, B¥ Bx — BHb), ypasuenue
(2.25) npuBoaMTCS K BULY
(BHB + aE)x = Bfb + ax. (2.26)

3neck cieBa crouT KBagpaTHas marpuna BY B nopsaka M, a cipa-
Ba — BexkTop B b Toit 2Ke pasMepHOCTH ¢ 371eMeHTaMu

N N
(B¥B)nm = > _bjbim, (BFb)n=> bjb, 1<n,m<M
1=1 =1
Marpura cucremsl (2.26) KBagpaTHasi, SPMUTOBA U ITOJIOXKUTEIIb-
HO omnpeesieHHast. [I0aToMy ee pellieHue CyniecTBYET U € IMHCTBEHHO.

ITpumep 2.2. Paccmorpum cucremy (2.22), roe

1 e—1 x €
B=| -1 1], x=<1>, b=]|0
1+e -1 —€

OTo cucreMa Tpex ypaBHEHH# ¢ AByMs Heum3BecTHbIMH. OHa HECOB-
mecTHa. Eciu B3aTh mepsoe u BTopoe ypasHenus, To X; = (1.1)T,
a ecyiu BTOpoe | TpeThbe, To X17 = (—1,—1)T. Obe aTu momcucremb
BTOPOro MOPAAKA ILIOXO ODYCJIOBJIEHBI, TaK KaK UX OIpPeIeIUTes N
paBHBI +¢. KBa3upemenus HaxonuM u3 cucteMs! (2.26), roe

Hp 3+ 2 +¢2 -3 Hy _ —g2
B B_< -3 3—2€+52>’ B b—<z-:2 :

O6ycnosnennocts Marpunpl BHEB  eme xyxe, Tak Kak
det(BTB) = 2¢2 + ¢* eme menbure. OJHAKO KBa3HpEIIEHNS JIETKO
HaxomATcs Jaxke npu o = 0: u

(. 1-¢g/2 1+4¢/2 T T
x—<€1+32/2’81+s2/2> ~ (&0

OHO pa3yMHO JIEXKHUT MEXIY L] U Z]].

2.2. HEJINHEWHOE YPABHEHUE

2.2.1. OuxoTtomus

Opna u3 HaubOJIee YaCTO BCTPEYAIOUTUXCS B MIPAKTHUKE IJIEMEH-
TAPHBIX 337124 — MPODJIEMa HAXOXKIEHWST HyJell (DYHKIHH, T.€e. pe-

LI€eHHEe YDaBHEHUA
f(z)=0. (2.27)
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I

Puc. 2.4. Tuxoromus

OHO MOXeT ObITh PA3pelIeHO B SBHOM BUIE JIUIIb B PEIKUX YACTHBIX
ciydasx (Hampumep, ecu f(Z) sIBIsieTCsl MOJIMHOMOM He Bbiie 4-it
crenenn). EcrecrBennoe TpeboBanue K pyunkuuu f(z) — ee Hempe-
PBHIBHOCTb.

KauectBenHoe nmoBegenue byHKuuu f(Z) BO3MOXKHO YCTAHOBHUTH
METOJaMHU KJIaCCUYECKON MaTeMaTuKu. PasHooOpa3Hble IporpaMM-
HbIE CPEJICTBA MO3BOJISIIOT CTPOUTH rpaduKu MYHKIMHA U TEM CaMbIM
OIIPEIEIATH IPUMEPHOE PACIOJIOKEHHNE U YKUCJIO KOPHEH ypaBHEHUS
(2.27). Eciin mpubJinKeHHOe MECTOHAXOXK I€HUE KOPHSI U3BECTHO, TO
€ro HaxoxKIeHne ¢ TpebyeMOl TOYHOCTHIO BBHIMOJHSIIOT METOJAMHU
YHCJIEHHOT'O aHAJIN3A.

ITpocTeiimyM TaKUM METOLOM SIBJISETCS JUXOTOMHUS (€€ TaKKe
HA3BIBAIOT GUCEKIMeH WK JejIeHHeM OTpe3Ka momosaMm). s npu-
MEHEHHUs JUXOTOMHH JOCTATOYHO JIUIIb HENPEPHIBHOCTH (PYHKIMA
f(z). Meron ocHOBaH Ha TeopeMe KJaCCHYECKOTO aHAJIM3a: €CJIH
f(z) HenpepbIBHA HA OTPE3KE [Z(, £1| U HA KOHIIAX OTPE3Ka IPUHIMAa-
eT 3Ha4YeHUs Pa3HbIX 3HAKOB, TO Ha 3TOM OTPE3KE MMEETCs [0 MEHb-
el Mepe OUH KOpeHb ypaBHeHus (2.27) (puc. 2.4).

ITycte u3BecTeH (Hampumep, u3 rpaduka (YHKIHE) OTPE30K
[0, Z1], Ha KOHIIAX KOTOPOro PYHKIUS UMEET Pa3Hble 3HAKU: f(Zo) X
X f(z1) < 0. ®opmasbHO MoxkHO Hanucathb f(zo)f(z1) < 0, HO pa-
BEHCTBO O3HAYAET, YTO OJUH M3 KOHIIOB OTPE3Ka SIBJISIETCS KOPHEM
(2.27).

PaccmoTpum caenyromuit anroput™. Haiinem cepenuny oTpeska

z2 = (xo + 1) /2. (2.28)

Beruucium f(z2) v cpaBHEM ero 3uak co 3HakaMH f(xo) u f(z;). U3
[IBYX IOJIOBUH OTPE3Ka BBIOEPEM Ty, Ha KOHIAX KOTOPO# yHKUUS
uMeeT pa3Hble 3Haku. OQUH mar mpouecca 3aBepIIIeH.
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Jlajiee mMOBTOpsiEM ONHMCAHHYIO IOCJIEI0BATEJBHOCTL IeficTBUit
NPUMEHUTEJILHO K BEHIODAHHOM ITOJIOBUHE OTPE3KA.

B sTom anropurme KopeHs ypaBHeHusi (2.27) Bceraa JeXXUT BHYT-
PH 0Y€EPETHOTO BEIOPAHHOT'0 OTpe3Ka. TeM caMbIM A/IMHA OTpe3Ka Ha
OY€epeTHOM IIare CJIY>KUT MepO# OI'DENIHOCTH.

C kaxxJoi1 HOBOI UTepalireif TOYHOCTH MOBHIIIIAETCSI POBHO BIIBOE.
3HAuNT, )11 yTOUHEHUS] TPEX BEPHBIX 3HAKOB KOPHSI TpeOyeTcst OKO-
710 10 urepanmit (210 = 1024 ~ 103), a x5 Bcex 16 mecATUYHBIX 3HA-
KOB Ha 64-pa3psiTHOM KOMITbIOTEpE JOCTATOYHO IPUMEPHO 53 UTepa-
uuH (U CKOPOCTH COBPEMEHHBIX KOMITBIOTEPOB U HU3KOM CTOMMO-
CTH OJHOrO IIara TaKOe YHCJIO UTepaIuil He IPelCTaBIIseT 3aTPY/I-
HeHwuiA).

Kpurepuit okoHuaHmNs cueTa B METOJE AUXOTOMHUHU TakKoB. MTe-
pally IPEPBIBAIOTCA B CJIy4ae, KOTJa IJINHA OYEPESHOTO OTPE3KA
MeHbIIe TPeOYeMOro YPOBHSI TOYHOCTH.

B Merone auxoToMuuM IJIsi HAXOXKIEHUSI O4YEePEeIHOr0 MpUdIHXKe-
HHUsI TpebyeTcsl 3HATH ABe IPEeIbIAyIe TOUYKH. TaKue aJrOpATMEI
Ha3BIBAIOT 08YTULA208bLMU.

Meron IMXOTOMMHU HMEET CJIELYIOIINe JOCTOMHCTBA: 1) OT DyHK-
uuu TpebyeTcss TONBKO HENPEPLIBHOCTD; 2) METOJ O4Y€Hb IPOCT, MC-
KJIIOUATEIbHO HAIEXKEH U BCETa CXOAUTCS K KODHIO; 3) Ha KaXKIoi
UTEepanuy 3HaYeHne GYHKINN BEIYUCIISETCH TOJIBKO OOUH Paa.

HenmocraTku MeToza cienyomue: 1) Hy»KHO 3apaHee HAlTH OTpe-
30K, Ha KOHI[aX KOTOPOro (DYHKIMsI UMEET PA3HbIE 3HAKH; 2) €CJIN Y
dbyHKUMK Ha OTpPe3Ke [T, 1] UMEETCs: HECKOJIBKO KOPHel, TO 3apa-
Hee HEM3BECTHO, K KAKOMY M3 HHUX CONIETCS TUXOTOMHS; 3) METO.
He TO3BOJISIET HAWTH KOPHM YETHOW KPATHOCTH; 4) KODHYM HEYETHOM
KPATHOCTH HAXOASATCH, HO KDATHOCTh MX YCTAHOBUTH HEBO3MOXKHO,
a mpolecc TeM 6oJiee YYBCTBUTEJEH K OMMOKAM OKDYIJIEHUS, YeM
BbIIlIE KPATHOCTH KODHS; 5) JJisi MHOTOYJIEHa HEBO3MOXKHO BBIYHC-
JIATH KOMILJIEKCHbIE KOPHH; 6) nuxoToMusi He 06001aeTcst Ha Cirydai
GYHKIIUN MHOTHX ITIEpEMEHHBIX.

W3-3a cBOE€it MPOCTOTHI 1 HAJIE2KHOCTHU METO, IUXOTOMUY IIUPOKO
MPUMEHSIETCS B CTAHIAPTHHIX MporpaMMax. st ycTpaHeHus mepBo-
ro HeJOCTATKA B IPOrPaMMaXx IIPeLyCMaTPUBAIOT CJIeAYIOUTNH Npu-
eM. [losb30BaTENHE MOXKET 331aTh TOJIBKO OJHY TOUKY Z(, B OKDECT-
HOCTH KOTOPO# OH HIIET KOpeHb. [IporpaMma BBIYMCIISIET 3HAYEHUS
f(z) B HECKONBKUX TOYKaX BIIPABO U BJIEBO OT Xy, [I0OKa HE HailleT
TOYKY, B KOTOPO# 3HaK (pyHKIMM IIPOTUBOIIOJIOXKEH 3HaKy f(Zg). 3a-
TeM IPOU3BOIUTCH JeJIeHe HaliIEHHOr0 OTPe3Ka.

OnHako ONMCaHHBIM IIPHEM MOXKET He cpaboTaTh, €CIi KODEHb
YPaBHEHUS JIEXKUT HA Y3KOM 3KCTpeMyMe DyHKIIMH.
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2.2.2. Metog HbloTtoHa

Merton HrroToHa Ha3bIBAIOT TaKXKe METOAOM KacaTeabHbIX. Jlis
[IOCTPOEHNUsI METO/Ia TPeOYeTCsl CyIIEeCTBOBAHUE TIEPBON HENMPEPHIB-
HO¥t npou3BogHOM dyHKuuY f(z). BeiOpaB HaYaIbHOE NIPUGIHIKEHNE
T(, IPOBEIEM KACATEIBHYIO K rpaduky (yHKIMH, 1 TOYKY Mepece-
YeHH s KaCaTeJIbHOM ¢ 0ChIo abCIyice TPUMEM 3a Cleyomiee npudJin-
JKeHHe K KOpHIo (puc. 2.5).

MaTeMaTH4eCKH 3TOT IPOIECC MOYKHO 3AMKMCATD CJIELYONIM 00-
pa3om:

0~ f(zs41) =

= f(xs + (333+]_ — $s)) =~ f(xs) + f,(xs)(xs+1 _ IES), (229)
OTKyZa
_ f(zs)
Tetl =Ts Gy (2.30)

151 BBIYMCJIEHUS] OYEPETHOr0 NPHUOIMKEHHUS] X141 HYKHO 3HATH

TOJIBKO OJJHO TPEJbIAyIlee 3HadYeHne T¢. [10100HbIE AITOPUTMBI Ha-
3BIBAIOT 00HOWA206bLMU.

ITo puc. 2.5 HeTpyaHO cO0OpPa3uTh, yTo MeTon HpioToHA MOXKET
CXOAMTBCS K KOPHIO JiI060# KPaTHOCTH: MPOCTOMY HJIA KPaTHOMY,
KaK HEYeTHOH, TaK U 4eTHOM KpaTHocTu. VI3 puc. 2.5, a BuIHO, 4TO
€CJIM KOPEeHb MPOCTOM, TO C OQHON U3 CTOPOH KOPHSI UTE€PALUU CXO-
JIATCS MOHOTOHHO; €CJIM BbIOpPATh HyJIeBOe MPUOIUXKEHNe C APYroi
CTOPOHBI KODHSI, TO CHa4aJia MPOMCXOAUT MepebpoC Ha «IIPaBUJIb-
HYI0» CTODOHY, a JaJjiee UTePALMU CXOASATCA MOHOTOHHO. Eciu Ko-

f(z) f(z)

N |

| ]
| I
| I
| |
I I
I 1
| 1
| I
| I
I ]
1 ]
I I
] !
T Ty T, T, T, Ty T

Puc. 2.5. Meron HeroTona:

@ — cJiy4ait IpOCTOro KOPH#; 6 — cyiy4ail KpaTHOTO KODHS
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PeHb KPATHLIA, TO UTEPALUA C X000 CTOPOHBI CXOAATCS MOHOTOH-
HO; JIJIst KODHSI YeTHON KPATHOCTU 3TO BUJHO U3 puUC. 2.5, 6, a IJjis
KODH#I HeYeTHO! KPAaTHOCTH KapTHUHA aHAJIOTUYHA.

OpHako onucaHHasi KAPTUHA CIIPABEJINBA B HE CJIMIIKOM 0OJIb-
IIOH OKPECTHOCTH KOPHsl. Ecam z( BbIOpaHO JajieKo OT KODHS T,
a rpadukoM GYHKIMM SIBISETCS JOCTATOYHO CJIOXKHAS KpHUBas C
HECKOJIbKMMHU 3KCTPEMyMaMH, TO IepBas ke urepaius (2.30) mo-
KeT 0TOPOCUTH HAC B CTOPOHY OT KODHSI ¥ JAJIEE UTEPAIUU MOT'YT HE
CXOIUTBHCS.

Czrodumocmsb. AKKypaTHOE UCCIIeJOBaHKE CXOAUMOCTH MOXKHO
MPOBECTH JINIIb B HEOOJIBIIION OKPECTHOCTH KOPHS 4. IlycThb 3TO KO-
pPEHb KPATHOCTH P, a (DYHKIMS UMeeT P HENPEPHIBHBIX OrPaHUYEH-
HBIX MTPOU3BOAHBIX. Toraa BOIN3M KODHS X, CIPABEJIUBHI CJIELYIO-
[I¥Ie IIPE/ICTaBJIEHNUS:

flz)~a(z—2z.)?, f'(z)=~pa(zx—z,)P L. (2.31)

O603HaYNM OTKJIOHEHHME OT KOpHA A; = T, — Z,. Buiurem T, u3
obeux gacreii (2.30) u moacraBum B Hee npeacrasienue (2.31). Torna
JL7Is1 O9EPEIHOTO OTKJIOHEHHUST IOy YiM

Mg ~ (1 _ %) A, (2.32)

Ecsn xopesb npocroit p = 1, To BbIpakeHue B ckobkax B (2.32)
obpamaercst B Hy1b # |Agy1| K |As|. Cxogumocts MeTona HeroTona
BOJIM3M MPOCTOrO KOPHsSI OKa3bIBaeTCst O4YeHb ObicTpoit. [yist sToro
BBIBOZIA IOCTATOYHO TPeOOBAHH s HENPEPHIBHOCTH U OrPAHMYEHHOCTH
NepBOi TPOU3BOLHOI.

Ecsn mpu n1pocToM KOpHE JOMOJHUTEIBHO NOTPE6OBATH HElpe-
PBIBHOCTH M OIPAaHMYEHHOCTH BTOPO# npousBoaHoii f”(z), To Mox-
HO YTOYHUTB OLIEHKY CKOPOCTH cXoauMmocTu. B arom ciydae k npexn-
craByieHusM (2.31) MoxHO no6GaBuThH caexymone crenenu: f(z) =
~ al + bA2? f'(z) =~ a + 2bA (3neck p = 1). Iloncranoska 3THX
BhIpaskeHuit B dopmyiy HeioTona naer

b
Ao = EA? = 0(AY).

IlorpemHoCcTh OYEpenHON WTEpAIUU NPONOPIMOHAIBHA KBaJAPATY
MOrPELITHOCTH Ha IPeAbIaAyieM mare. Takyio CXoIUuMOCTb Ha3bIBAIOT
xeadpamuyroti. Ha npakTuke 310 03Ha4aeT, 4TO MOXKHO OCTaHABJIH-
BaTh UTEPAIUU TIO YCIOBUIO

[Toq1 — T| < €|Toy1], €= 10_10;
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BEJINYWHA |Ts41| B IPABO# 9aCTH TIOCTABJIEHA JJIsl TOTO, YTOOHI € CO-
OTBETCTBOBAJIA OTHOCUTEJIBHON TOYHOCTH IMOJIy4aEMOr0 YHCIa. DTO
obecnieunBaeT 15 — 20 BepHBIX 3HAKOB B 3HAYEHUH OYEPETHOrO MPU-
OJIMKEHUS Tgy].

ITycts KOpenb KpaTHbIi p < 2, Torga u3 (2.32) BUAHO, YTO UTEPa-
LMY MOHOTOHHO CXOHSITCSI CO CKOPOCTbIO F€OMETPUYECKOMN Mporpec-
cuu, 3HaMeHarteJb Kotopoit ¢ = 1 — 1/p, 0,5 < ¢ < 1. Takyro cxo-
AUMOCTDb Ha3bIBAIOT AunelHol. JInHeiHasS CXOMUMOCTD SIBJISIETCS TO-
pa3zo Oojiee MeIIeHHOM, YeM KBaApaTudHasi. /lake Ipu HaMMeHb-
HIEM M3 BO3MOXHBIX 371eCch 3HaMeHaTeseit ¢ = 0,5 oHa Oymer Takoi
Ke, KaK y JuxoToMun. Jem 6oJibiiie KpaTHOCTb KOPHS P, TeM OJIHKe
q K 1 v TeM MefjIeHHee CXOASATCS UTEPAIVH.

Auaznocmuxa kpammocmu. 3HaMeHaTe/Ib IeOMETPHYECKOM
[IPOTPECCUH MOXKHO TIPUOJIMKEHHO ONPENENUTD U3 CJIEAYIOIIETO CO-
OTHOIIIEHUST:

z —X
q =~ qs 2l 0 (2.33)
Ts — Ts-1

Korga urepanuu npubamxaloTcs K KOPHIO, ¢s — ¢. Ecu MbI BU-
3yaJIbHO HaOJII0/1aeM CTPEMJIEHHE s K HEKOTOPOMY IIpefety ¢, TO O
BeJIMYUHE ITOTO IIPeIesia HETPY/THO BOCCTAHOBUTD KPATHOCTD KOPHSI:

p=1/(1-gs).

STa dopmy/ia IpUMEHHMa KaK i KpATHOIO KOPHsl, TaK U IJIsl
npocToro. JlomoMHUTENbHBI# KOHTPOJIb OYEBHUIEH: MOJIyYEHHOE P
JIOJI2KHO OBITh OY€HDb OJIM3KUM K TIEJIOMY YHCILY.

Taxoit TMarHOCTHKY MOKA €11 HET B CTAHIAPTHBIX IPOrPAMMAaX.

Kpumepuiti ocmanosxu umepauyuti. ns KpaTHOTO KOpHS
[TOTPENIHOCTh 04YePEeTHOTO MPUOJIMKEHUST MOXKHO OIIEHUTh KaK CyM-
My T€OMETPHUYECKOU IPOTPECCUH, COCTOSIIEN U3 ellle He CIIeIaHHBIX
UTepannii. ITO JaeT CAeLYIONHUil KpUTePUil OCTAHOBKH MTEPAIlUii:

q
1—g¢

(Ts+1 — Ts)| < ElTs41l, (2.34)

rae € — TpebyeMasi OTHOCUTEIbHAS TOYHOCTD, & ¢ BBIYHCJISETCS 11O
(2.33). Omnaxo 3mech ucrnosnp3obanue € ~ 10710 naer umenno Ta-
KYIO TOYHOCTB, & He 15 — 20 BepHBIX 3HAKOB, KaK B CJIy4dae IIPOCTOr'0
KODHSI.

HocrouncrBa Merona HeioTona ciemyomme: 1) cxomures mjist
KOpHeii J1060# KpaTHOCTH; 2) KBaJpaTUYHAs CXOAMMOCTH BOJIU3MU
[IPOCTOr'O KOPHsI; 3) BO3MOXKHOCTb AUATHOCTHKU KPATHOCTH KODHSI;
4) He HY>XHO HUCKATh OTPE30K, Ha KOTOPOM (DYHKIIUSI MEHSIET 3HAK;
5) 06obraeTcst Ha CIy9ail MHOTMX IIEPEMEHHBIX.
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Henocrarok merona HploTOHa B TOM, YTO IIPHU JAJIEKOM HAYaJlb-
1HOM PUOJIMIKEHUU CXOJUMOCTDb He TapaHTHPOBAHA.

Pasnocmuas npoudeodnas. B dopmyny HeioToHa BXomuT
npousBoaHasi. [axke ecyiu 3a1aHO siBHOe BbIpaXkeHue f(r), OHO Mo-
XKET OBITh CJIOXKHBIM U COIAEPXKATH TPYAHBIE IJ1s1 IBHOTO Ouddepen-
LUMPOBaHUs BBIPAXKEHMsI. B 3TOM ciiy4yae MOXHO NMPUOJIHKEHHO 3a-
MEHUTb MPOU3BOJHYI0 CHMMETPHYHOI Pa3HOCTHIO:

f'(zs) = [f(zs + h) = f(zs — h)]/(2R). (2.35)

Hamo 6parh mocTtaTodHo MaJjible 3Ha4YeHUs: h, 4TOOBI MTOTPENIHOCTH
TaKOU 3aMEHBI He YXYALINIa CXOAUMOCTh. O IHAKO CIIMIIKOM MaJioe h
HEJIOIYCTUMO, TAK KaK IIPU BLIYUTAHNY OJIM3KUX 3HAYEHUH DYHK UK
COKPAIIAI0TCs TePBhle 3HAYaIIKe UM Pbl ¥ OTHOCUTEIbHBIE OIINOKH
OKDPYTJIEHUs CTAHOBATCS OOIbIIMMU. MOXKHO MOJIy YUTh TaKyIO Kade-
CTBEHHYIO OLIEHKY ONTUMAJIbHOIO 3HaYeHus h:

hopt ~ 83 |zs — 2,1 |F®), k(1) = 1/3, k(2) = 2/3, k(p > 3) =1,

rge 8 — OTHOCHUTEJbHAS IOrPEINHOCTb €IUHHYHOIO OKDPYIJIEHHUS
(106 ma 64-paspsmHOM KOoMmbIOTEpE). BHIHO, YTO O Mepe CXo-
JMMOCTH UTepaIuit hopt JOBOJTBHO OBICTPO yMEHbIIAETCs, KPaTHbIE
KODHU TpeOYIOT MEHbIIIEero 3HaueHus h, 4YeM MPOCTOH KOPEHb.

He cnemyer mcnonb3oBaTh BMECTO CHMMETDUYHON Da3HOCTH
(2.35) omuoctoponHuoo f'(zs)= [f(zs + h) — f(zs)]/h. Ilorpem-
HOCTB TaKO 3aMEHBI CYIIIECTBEHHO 0OJIbIIE, U TOTPEOYeTCs UCIIOJIb-
30BaTh rOPa3/10 MEHBIITNE 3HAYEHUS h, YTO YBEJIMUUT OIIUOKH OKPYT-
JIEHUS ¥ YXYIQIIUT OKOHYATEIbHYI0 TOYHOCTb.

ITpuem I'apsuxa. Ilonp30BaTHCS ONTHUMAJIBHBIM IIATOM, MEHS-
IOIIMMCSI TI0 Mepe pacyeTa, JOBOJLHO cjiokHO. [ToaToMy Ha mpak-
THKe YacTO OTPAHUYUBAIOTCS ITOCTOSTHHBIM IIaroM h U CTPaxyoTCs
OT OIMUOOK OKPYTJIEHHUSI CIEAYIONNM IPUEMOM. 3aJal0T AJis KpUTe-
PHS CXOIUMOCTH, IIOMUMO O4eHb Majioro € ~ 10710, Gosee rpy6oe
€1 ~ 107%. Korna BuimosHUTCS KpuTepuit cxomumocTi (2.34) ¢ €1,
[ePeXOAT Ha OKOHYATEJIbHOEe 3HAYEHHE € U OJHOBPEMEHHO IPOBO-
JAST IPOBEPKY NOTOJHUATEBHOTO YCIOBHS

|Zs+1 — @s| < |T5 — T5—1]- (2.36)

Wreparuu B MaJioit OKPECTHOCTH KOPHSI JOJIXKHBI CXOIUThCS MO-
HOTOHHO; CJIEOBATEIbHO, eciu Kpurepuit (2.36) Hapymuics, 310
03HAYAeT CPBIB MPOIECCa U3-3a OMMOOK OKpyrieHus. [losTtoMy Te-
epb UTEPAIUU BEAYTCS [0 TE€X IMOP, MOKa JItOO BBITOJTHUTCS KpHU-
Tepuit cxomumoctr (2.34) ¢ ¢ ~ 10710, 160 mapymmTCs ycaOBHe
(2.36).
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Tabauna 2.1
N3BiieyeHne KOpHA KBaApPaTHOro u3 a = 4 o ¢popmye (2.37)

S Ts S Ts S Ts
0 10,0000 2 2,9846 4 2,0061
1 5,2000 3 2,1624 5 2,0000

ITpumep 2.3. llepBUYHBIME ONEPAIUSAMUA KOMIILIOTEPA, SABJIAIOT-
sl JIOTUYECKHe U YeThIpe AeicTBus apudMeTuku. Bee ocTanbHOE BbI-
YHUCJIAETCS C TOMOUIBIO CTAHJAPTHBIX IIPOrPAMM, COAEPKAILTAX TOIb-
KO yKa3aHHbIE paHee onepaiuu. Onuiiem ajJropuTM, Ha KOTOPOM OC-
HOBAHA CTAHJAPTHAs IPOrPaMMa BLIYMC/IEHHS KOPHS KBaJAPaTHOIO
u3 yucia a > 0.

3agaga CBONUTCA K HAXOXIeHHIo Hy/1s bynkuuu f(z) = z2 — a.
IMoncraBus 3Ty dyukuuio B (2.30), moaydum

— (zs + i) . (2.37)

2 T

Wmenno sTor cay4dait u3obpazkeH Ha puc. 2.5, a. Buano, uro xo-
peHb IPOCTOM, UTEPAIMH CXOOATCS IpHU JIoboM g > 0, mpuyem
BOJIM3M KOPHS CXOAMMOCThb KBaIPATHYHASA. ITO XOPOIIO UJLIIOCTPU-
pyercsi Tabit. 2.1, rae BLIOpaHO 3aBEJOMO HEYAAYHOE HAYaJIbHOE IIPH-
OsIHKeHHe.

3amMeruM, 9TO A1 JAHHOM 3aJa4Yd HETPY/HO BLIOPATH HEILIOXO0e
To. 3anuimeM 4mucJIO @ B CTAHIAPTHOM IBOMYHOM KOZE, OTOPOCHM
[TOJIOBMHY CTAPINUX 3HAKOB ¥ BO3bMEM I10JIy YMBIIIEECs YUCJIO B Kade-
CTBe HAYaJbHOIO MPUOJINKEHUS.

2.2.3. O606uwenHbii metoa HoloToHa

006006menubIt MeTon Hbl0TOHA HA3BIBAIOT TAKXKE HEMPEPLIBHBIM
anajjorom Metoma HpioToHa. Meton Obl1 mpeijioxxeH B paboTax
M. K.TaBypuna, E. I1. 2Kuakosa u ap.

IIpu Heyna4HO BEIOpAHHOM HAYaJIbHOM IPUOIMKEHNH IBHXKEHUE
10 KaCATeJbHOM HAYMHAETCS B CTOPOHY KODHS, HO IepebpachiBaeT
HAaC JAJIeKO 3a KopeHb (cM. puc. 2.5, a). Ilepenumem dpopmyiy Heio-
TOHA B HOBBIX 0OO3HAYEHUSIX:

Ts4+1 = Ts + &, &s= _f(xs)/f,($s+l)' (2'38)
O606muM Meton HeioToHa, BBOAS JOMOJHUTEILHBIN IIAr T:
Tsr1 =Ts+ 18, O0<T<L1 (2.39)
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[los0KUTENBHOCTD T 03HAYAELT ABUKEHHE [10 KACATEJILHOMN B HATIPAB-
JIEHUHU KOpHsi. BBIOOp AOCTATOYHO MAJIOro 3HAYEHHsI T CTPAXyeT OT
[IEPECKOKA 38 KOPEHb, HO YKCJIO UTEPALMI IPH 3TOM OKaXKeTCs 6OJIb-
wuM. 3HadeHne T = 1 COOTBETCTBYET KilacCuueckoMy Metoay Heio-
ToHa. OHO BBITOIHO BOJIM3M KOPHS, T/Ie CXOAMMOCTh ObICTpasi. 3Ha-
4eHusi T > 1 He CIeAyeT BBIOMPATH: ITO yXYAIIAET CXOAUMOCTD.

Ilenecoobpa3Ho BEIONpPATh 3HAYEHUS T TAK, YTOOBI OHM OBLIN HeE-
60sIbIIMMY BIAJIM OT KOPHSI M CTPEMUJIUCH K 1 BOJIN3M KOPHS.

Onmumaavrviti waz. Beuin npeajioyKeHsl pa3Hble METOIbI Bbl-
6opa T. OHU OCHOBaHBI HA MMPABIONOAOOHBIX, HO HECTPOTHX PACCY K-
nenusix. [IpuBenem onun 3¢pdeKTUBHBIN U OUEHBb TPOCTO# CIOCOH.

Beenem HeoTpuratenbuyo QyHKIH0O Q(T) = fzs +1E) > 0.
Ee MmunuManibHOe 3HayeHne paBHO () U JOCTUraeTCsl Ha KOPHE UCXOJ-
Horo ypaBHeHud. [Iyctes t Bo3pacrtaer ot 0 1o 1. Ilpu mocraTouno
MaJibIX T GyHKuus @(t) OymeT ybuiBaromeit. Korma Mel mepeckodn-
i1 3a KopeHb, ¢(T) HadynHaeT Bo3pactars. Eciu ¢(t) > ¢(0), To aTo
CBHIETEJILCTBYET O JAJIEKOM MEPECKOKE.

Bynem BbiOupaTh T mo cxeme mpeauKTOp-KoppekTop. Ham 3a-
panee ussectHo @(0) = f2(x,). B kauecTse mpemmkTOpa BO3bMEM
HbIoTOHOBCKUit mar 1 = 1 u eraucmum ¢(1) = f2(zs + &5). Ecm
¢(1) < ¢(0), TO 3TO CBUAETEIBCTBYET O XOPOLIEM IPUOIIMKEHUH K
KODHIO M HET HEOOXOOMMOCTH KOPPEKTHPOBATH HHIOTOHOBCKHUIA IIar
T = 1. Eciin ke ¢(1) > ¢(0), To npousomres fajieKuii mepeckoxk u
HY>KHO CYLIECTBEHHO YMEHbIIUTD T. JalUIlIeM HECIOXKHYIO (popMy-
JIy KOPDPEKTUPOBKH ILIara:

___ %0
Ts POETION (2.40)
OueBugHo, 0 < 15 < 1, a caMu 3HaUYeHHs Ty KAYECTBEHHO YIOBJIE-
TBOPSIOT C(POPMYIHPOBaHHBIM TpeboBaHusAM: ecau ¢(1) <« ¢(0), To
1, ~ 1; ecn xe ¢(0) < ¢(1), T00 < 15 K 1.
[MocnenHutt ciydait IPUBOAUT K OYEHb MAJIbIM IIAraM Ts U Mel-
JIEHHOU CXOAMMOCTHU BIAJIM OT KOpHs. IIpakTuKa pacyeToB mokasa-
sa, 94To B (2.40) uenecoobpa3HO BBECTH «KYXOHHYIO» MOMPABKY:

_ ¢(0) +69(1)
= O T e 0<6<1, (2.41)

rae § — HacTpoeunslit mapaMmerp nmporpaMMbl. OH OrpaHHYHMBAET
cuu3y BeqmuuHy mara 0 < 15 < 1. OueBumno, npu 6 = 1 Bcerma
15 = 1, T. e. mosy4aercs Kyiaccuueckuit Meron HeroToHa.
PexoMmennyercs cnexyromas crpaterus paciera. CHayasna mnoJsa-
rafot 6 = 1. Eciu 3a ~ 30 urepanuit cxoquMocT HET (a 3TO 03HaYa-
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€T, YTO IOCJIeI0OBATebHbIE IPUOJIMKEHHUS] XA0OTHYHbI ), TO § yMeHb-
maoT B 10 pa3 ¥ IpOJOKAIOT UTEPALUHU C IOCTIETHErO HallIEeHHOTO
3HaYeHus Ts. Eciau 3a crnenyomue ~ 30 uTepanuii CXOTUMOCTH HO-
MpeXKHeMy HeT, TO CHOBa yMeHbIAT O u T. 1. 9TOT mporecc moBTo-
psaroT, moKa He govayT 10 6 = 0,001. Ecoiu mpu 3TOM CXOOUMOCTH He
IOCTUTHYTA, TO CYUTAIOT, YTO TPH JAHHOM HYJIEBOM MPUOIMKEHUN
cxogumoctH HetT. CriesiyeT BHIOPATH IPYroe HYJIeBOe IPUOJINKEHE.

O6061mennbiit MeTon HbI0TOHA B MIMPOKO OKPECTHOCTU KOPHS
JII000U KPATHOCTH CXOAMTCH JuHe#HO. B Masoit ke oKpecTHOCTH
KOPHS €r0 CXOIMMOCTDb KB3IPATHYHA BOJU3U IPOCTOrO KOPHS U JIU-
HefHA BOJIU3U KPATHOTO.

Auaznocmuxa kpamnocmu. B 06obuienaoM metone HpioTo-
Ha, TaK>Ke MOXXHO OIPEIEIUTh KPATHOCTb KOPHs. [ljist 9TOro BhIumcC-
JISIETCsI TAKOI 2Ke 3HAMEHATeJIb CXOAMMOCTH

_ Ts+1 — Ts

s ,
Ts — Ts—-1

KOTOPBIi BOJIN3Y KOPHS CTPEMUTCH K mpedery q. OqHAKO MOXKHO 10~
Ka3aTh, YTO IIPU BHIOOpE Imara coriacHo (2.41) sToT npexen cBsi3aH
C KPaATHOCTHIO KOPHS P 60Jiee CI0XKHBIM COOTHOUIEHUEM:

_1146(1-1/p)*
pl+(1-1/p)?°

Buno, 4To aJ1s mpocToro KopHs p = 1 mo-npexxueMy q = 0 u cxoau-
MOCTb KBagpaTu4Hasi. [Ijist p > 2 CXOOUMOCTb JIMHEHHA, & ee 3HaMe-
HaTeJIb HEMHOrO 6JIrKe K 1, yeM yist Kiaccudeckoro Mmetona HeioTo-
Ha. TeM caMbIM CXOOMMOCTH HEMHOT'O MEJIEHHEE, HO YCTONYMBOCTh
MeTO/a JIydlile.

IIpocToit kopeb p = 1 u3 (2.42) obHapyXUBaAETCS HEMEIJIEH-
HO, HO JJIsi KPATHBIX KOPHEN HaXoauThb p(q) U3 HEJIMHEHHOrO ypasB-
HeHus (2.42) moBosibHO cioxkHO. IIpomre paccunTaTh TabIuLy 3HA-
yeHHii ¢(p) M OTOXKIECTBIISATH PACYETHBINA IIPeesl 3HaMEHATEIs g5 C
O/IMKAMITAM K HEMY YKCJIOM 3TOU TaOJIHUIIBI.

(2.42)

2.2.4. Mpoune metoabl

Cy1ecTByeT 04eHb MHOTO METOIOB pelenust ypaBaenust f(z) =0.
KpaTko onumeM HEKOTOpEIE Haubojiee paclIpOCTPAHEHHBIE METOIbI,
OJIOXKEHHBIE B OCHOBY Psi/1a CTAHAAPTHBIX IIPOTPAMM.

Memod xopd. Ero Ha3bIBalOT Tak»Xe METOAOM CEKYIIHMX, XO-
TSl 9TO Ha3BaHME JIydllle NMPUJIOKUMO K IPYyroMy MeTomy. Meron
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xopa, 630K K auxoromuu. Heobxomumo HaiiTH aABE TOYKH Ig, L1,
B KOTOPBIX f() npuHHMaeT 3HaYeHUsI pa3Hbix 3HakoB. Ha orpeske
[x0, z1] pacniosioken kopeHb. KOHIBI KpHBO# HA 9TOM OTPE3KE COEIH-
HSIOT XOPAOH U HAaXOOAT TOYKY T2, B KOTOPOM XOP/la IEPECEKAETCA C
ocblo abcrpcec. Borancasior f(z2) U CpaBHUBAIOT €€ 3HAK CO 3HAKAMHU
f(zo) u f(z1). OTbpachIBaioT Ty 9acTh OTPE3Ka, HA KOHIIAX KOTOPOi
3HAKHU OJUHAKOBBI. 3aTEM MIPOLIECC TOBTOPSIOT.

OtoTr MeTox AByxmaroBelif. OH CXOQUTCS JIMHEHHO, & €ro 3HaMe-
HaTeJIb MOXKeT OBbITh KaK MeHbIlle, Tak u 6onbie 0,5. [TosTtoMmy meTon,
HE JIy4IllIe, HO 1 HE XYK€ NUXOTOMHUHU.

Memod cexyusux. 910 AByx1arosblit MeTol. IlycTh u3BecTHBI
JiBe UTEPalMU Ts U Ts—1. IIpoBemem depe3 Touku KpuBoit f(z,) u
f(xs—1) cexyuryo u HaiiileM TOYKY NepecedeHus CEKyIIell ¢ OChIo
abcumce:

— - (zs — zs-1)f(@s)
Tetl = T f(xs) - f(xs—l) ' (2‘43)

®opmyna (2.43) noxoxa Ha Kiaccudeckuit meron Heiorona (2.30),
B KOTOpOoM f'(Z5) 3aMeHeHa OHOCTOPOHHHMM DPA3HOCTHBIM OTHOLIE-
anem. OnHA WTEpauyUs 3TOro Merofa Gojiee SKOHOMHUYHA, TaK Kak
Ha Hell Hy>KHO TOJIbKO OJIHAXK (bl BHIYUCIIUTD f(Ts) U HE BHIYUCIATD
POU3BOAHYIO.

OHAaKO CXOmMMMOCTb MeTOJa CEeKyLIUX Xy»Ke, yeM Merona Hbro-
TOHA. MOXHO MOKa3aTh, YTO Jarke BOJIM3U MPOCTOrO KOPHS CXOIM-
MOCTb BMECTO KBaJPATUYHOM IIO{IMHSAETCS] 3aKOHY

|To41 — Z4| < const |z, —z,_1°, B=(1+V5)/2~1,618.

9To mouTHu B 1,5 pa3a yBesamuuBaer 4ucio urepanuii. CXoauMocTb
Haxke BOJIM3U KODHSI MOXET CTaTh HEMOHOTOHHOUH. Bmo6aBox BbI-
YHCJIeHNs BOJIU3U KOPHS CTAHOBATCS YYBCTBUTEIbHBIMU K OIIIHOKAM
OKPYTJIEHWs, TaK KaK IIPOUCXOOUT BHIUMTaHME OJM3KUX dncel. Bee
3TO 00€ECIIEHUBAET MIPEIT0IAraeMy 0 SKOHOMMIO.

Memod napaboa. 1o Tpexuaropbiii MmeTom. IlycTh U3BECTHBI
TPHU UTEPALUU Ig,Tg_1,Ls_2. 1OTOA Yepe3 COOTBETCTBYIOLINE TPH
TOYKM KpUBO# f(Z) MOXKHO npoBecTH napabosry. dTa napabosa nme-
€T JIBe TOYKH [I€PECedeHusi C OChbI0 abcuuce. 3a HOBOE MPUOIUKEHNE
Zs4+1 NIPUHAMAETCS TA TOYKA IIepeCedeH s, KOTOPasi JIEXKUT OJInKe K
[OCJIETHEMY ITPUOJIMKEHHIO L.

CKOpOCTh CXOAMMOCTH 3TOTO METOIa MEHbIIE KBaJpaTUIHOM.
Harke BOJIM3H IIPOCTOr0 KOPHSI OHA, ITOAYHUHAETCS 3aBUCUMOCTH

|Ts+1 — 5| < const|zs — xs_llg, B~1,84.
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MeTton mapa6o: eme 60jiee YyBCTBUTEIEH K OMIMOKAM OKPYTJIEHUS,
9eM METO/JI, CEKYIIHX.

WHuTepec k 3ToMy MeTomy ObL1 CBsI3aH ¢ TeM, YTO Iapabosia Mo-
JKeT ¥ He IepeceKaThCs ¢ ochbio abcimcc. B aTom ciydae 3Havenue
Tg+1 OKa3BIBAETCS KOMILIEKCHBIM. DTO MO3BOJISIET €CTECTBEHHO Ha-
XOOUTb KOMILIEKCHbIE KOPDHH MHOTOYJIEHOB, UMEIOIINX BEIECTBEH-
Hble K09 DUIUEHTHI.

OaHAaKO [1J1si MHOTOYJIEHOB C BEIIeCTBEHHBIMU KO3 DUIeHTaMu
KOMIIJIEKCHBbIE KODHHM MOXKHO HaiiTn u MeToaoM HeroroHa. [ljist aTOro
HY?KHO BBIODATb KOMILJIEKCHbIE 3HAYEHHUS L.

ITpocmuie umepayuu. MeTon mpocToit HTEPAINU TAKXKe HA3HI-
BaIOT METOJOM II0CJIeN0BaTeNbHbIX npubskenuit. [Iycts ypasue-
nue f(z) = 0 3aMeHeHO 3KBUBAJIEHTHBHIM YPABHEHNEM CIIEIMAJILHOTO
Buga ¢ = ¢(z) ¢ HenpepbiBHOM ¢(z). CTpouTcs ciemyrouwii nTepa-
IIUOHHBII IPOIECC:

Ts1 = P(Ts). (2.44)

Ecnu urepanuu cxoasaTcsi, TO slin;o Tg B CHJIy HEIPEPBIBHOCTHU SIBJISI-
—

€TCsi KODHEM HCXOJIHOTO ypaBHEHUsI T. [Iponecc (2.44) ouens mpocr,
a ofHa UTepalys He TpyaoeMKa. OIHAKO IJ1si CXOAMMOCTH IIPOLIEeCCa
X0Ts1 6Bl B MaJIOi OKpECTHOCTH KOpHsi Heobxoaumo ¢’ (z,)| < 1.

Henerko 6niBaeT mpeoOpal30BaTh MCXOMAHOE YDaBHEHHE K HYXK-
Holt opme, 4TOOBI 3TO yciIOBUE BHINOJIHAIOCh. KpoMe Toro, Takoe
npeobpa3oBaHue HYKHO HHAWBHAYAJbHO NOAOHPATDH MJisi KaXKJOro
KOHKDETHOT'O yPaBHEHUsI, YTO HEIIPUEMJIIEMO JJIsI CTAHJAPTHBIX IIPO-
rpaMM.

2.2.5. YpaneHue kopHeit

Ypasuenue f(z) = 0 MOXKET UMETH HECKOJILKO KODHEH, KaK Ipo-
CTBIX, TAK U KpaTHbIX. Hepenko TpeGyeTcst HANTH BCe KOPHU ypaB-
HEHUs MJIM JOCTATOYHO MHOTO €ro KopHeit. MoxxHO 6paTh pasnnd-
Hble HadaJIbHbIe Tpubanxkenus. /s BbIOOpa ¢ HEPEOKO UCIOJIB3Y-
10T ci1y4aiiable uncia (cM. noapasz. 3.3.3). [Ipu sroM Besuky maHch
Ha TO, YTO U3 PA3HbIX HYJIEBBIX MPUOJIMKEHUI HTepalUA COUTYTCH K
pa3HbIM KOopHAM. OHAKO BO3MOXKHO, YTO U3 PA3HBIX HYJIEBBIX IIPHU-
6sxenuit utepanuu OyIyT CXOOUTHCSI K OQHOMY M TOMY K€ KODHIO,
MUHY# ocTajbHble. [loaToMy Takoit criocob He OUeHb HaJEXKEH.

Bonee HaneXHBIM SIBJIS€TCSI UCKJIIIOUYEHUE YK€ HANIEHHBIX KOD-
Heil. IlycTb MBI y2Ke HAIUIN I, SIBJISIIONIUACH P-KPATHBIM KOPHEM
ypaBrenus f(z) = 0. Beegem HOByI0 dyHKIMIO:

9(z) = f(z)(z — z.)". (2.45)
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Benuunna z, yxe He siBasiercs HyneM dyukuuu g(z). Ho Bce
ocTraybHble Hymu dyHKIuu f(z) siBasitorest Hynsimu g(x). [losromy
11AXO0XKJeHUE OCTABIINXCS KOPHEH CBOAUTCS K DEIIEHUI0 YDABHEHHUSI
9(z) = 0.

Jljis1 OMMCaHHOrO MPOLECCa OYEHD BaXKHO IIPH HAXOXKJEHUU KaXK-
JAOr0 KOPHS T, YCTAHABJIUBATH €ro KPaTHOCTh. Ka3ajoch ObI, MOXKHO
nonenuts f(z) Ha T — Z4. Y nosydeHHo# g(z) cHOBa OymeT KOpHEM
z,. Urepannu merona HetoTona nist g(x) cHOBa COMIYTCS K T4, MBI
€ro CHOBa UCKJIOUYMM U T.J. Ha camom nese u3-3a ommbOK OKpyT-
JIEHHsI Mbl HAXOIUM JIMIIb PUOINIKEHHOE 3HAYEHUE KOPHS T4 U MO~
nyqaem §(z) = f(z)/(z — Z«). Uckaxennas byukuus §(z) Gyner
HMEThb KOPEHb I, U IOJIIOC B O4EHb OJIM3KOM K Hel Touke T,. st Ta-
KOi byHKuuN urepauuu Merona HproTOHA MOTYT IIJIOXO CXOIUTHCS.
ITosTomy 06si3aTeNIbHO HY>XHO WCKJIOUATH HAWJEHHBIA KODEHDb T,
Y4UTHIBasi er0 KPATHOCTD.

Onpenenus kakoii-uubynp kopeHb g(z) = 0 ¥ yCTaHOBUB €ro
KPaTHOCTb, MOXXHO aHAJIOTMYHO BBECTH HOBYIO (DYHKIMIO, UCKJIFO-
YHMB M 9TOT KOPeHb. IIpouecc mpomosKaercsi 10 TeX IOp, HOKa He
OyIyT HaliIeHbI BCE HYKHbIE KODHHU.

3aMeTuM, YTO €CJIM MBI XOTHM MCKJ/IIOYUTH KODHH, TO HEJb3sI
[OJIb30BAThCsA Auxoromueii. KopHu 4eTHOH KpaTHOCTH JMXOTOMHUST
BoODIIIe He 0OHapykuBaeT. KopeHb HeYeTHOU KPATHOCTH IUXOTOMHUS
0OHApY>KMBAaeT, HO HE OTJINYAeT ero or npocroro. [Toce nerenus Ha
(z — z.) ocTaercsi KOpEHb YETHON KPATHOCTH; [IO9TOMY JaJIbllle JH-
XOTOMHUSI TOT KOPEHb HE 3aMEeYaer.

Yaywwernue mowrnocmu. Jaxe meron HeioroHna ajist mpoctoro
KODHSI He BCErJa MO3BOJIsSeT HAWTHU BCe NPEACTABUMbIE B KOMITBIOTE-
pe 3HaKU; ONUH-IBA [IOCTIEIHUX NECITUYHBIX 3HAKA HEPEIKO OKa3bl-
BalOTCsl HeBEPHbIMH. [Ijisi KDATHBIX KOPHEH HEBEPHBIMU MOTYT OKa-
3aTbCd nocaeaHne TpU — IaTh udp. [losToMy orTnnune HaiigeHHOrO
KODPHSI Z4 OT TOYHOIO I, PEAJIBHO CYIIECTBEHHO IIPEBHIIAET OITUOKHU
okpyrienus. B pesyabrare pacuer g(x) mo (2.45) ¢ moaCcTaHOBKOIA T,
OLLYTHMO yXYJAUIAET TOYHOCTb.

ITpoBoaUTH TAKUM CIIOCOGOM MHOTOKPATHOE UCKJIIOUEHHE KOPHEH
puckoBanHO. Hakomienue ommbKu MOXeT CTaTh cepbe3HbM. Onu-
I11€M HECJIOXKHBI [IPUeM, YTy YIIar0muil TOYHOCTD.

st npubnkennoro 3uavyenus kKopHs f(Z.) # 0. Bmecto dop-
MyJisl (2.45) onpenesnum g(z) HECKOIBKO HHAYE:

i(z) = LB = @) (2.46)

(z —Z.)p
Teneps uucuTeN b OOPAIIAETCS B HYJIb IPU T = I,. IlosTomy ero
MOXKHO JEJUTh Ha 3HaMeHaTenb. CTPOro roBopsi, TOYKa T, Oymer
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JIUIIb TIPOCTHIM HYJIEM YHCJIHTENs, a He p-KpaTHbIM. OOQHAKO Ha
IPaKTUKE 3TO OKA3bIBAETCS MaJI03aMETHBIM.

HaJiee HaNO HAXOAUTDH KOPEHb §(Z), HCKIIIOYATH €ro ONUCAHHBIM
crrocoboM u T. 1. JlaHHBIH IpueM CyIecTBeHHO obJieryaeT HaxoXKie-
Hue 60JIBIIOro YUCJIa KOPHEN ypaBHEHMUS.

Kopru mroz2o0unera. OCcobGeHHO TTPOCT U HAZIEXKEH OMUCAHHBIA
npouecc, ecnu f(x) siBnsiercst MHoro4seHoM creneru N. Torna ypas-
Henue f(z) = 0 umeeT poBHO N KODHEi ¢ y4eTOM KPaTHOCTH. DTH
KOPHHU MOTYT OBITH KOMILJIEKCHBIMU J1a’Ke B CJIy4a€ MHOT'OYJIEHA C Be-
LIECTBEHHBIMHU KO3 PHUIIMEHTaMU.

Kak usBecTHO, miisi MHOrO4IeHa oTHomeHue (2.45) ecTb Takxke
MHOrowieH crenean N — p. MHorousen g(x) nenecoobpa3Ho 3amnu-
CaTh B SIBHOM BHJIE, YTOOBI N30€KATh OMIMOOK OKPYIVIEHUS TIPH [ie-
snennu. JJamum crocob sIBHOIO HAXOKJIEHHS STOrO MHOTOYJIEHA JJIst
IpoCTOro KopHs p = 1. 3anuireM 06a MHOrOYJIEHa B SIBHOM BHIIE:

N N-1
fl@)=) ana™ g(z) =) baz™ (2.47)
n=0 =0

OueBuano ay # 0, by—1 # 0. IloncTaBus 3T CyMMEBI B COOTHOIIIEHHE
f(z) = (z — z.)9(z) n npupaBHAB KO3bDDUIMEHTHI TP OLUHAKOBBIX
CTEMNEHSAX T, TOJIyYMM PEKYPPEHTHYIO LIENOYKY JJIsI BHIYUCIEHUS KO-
abdunmenTos g(z):

by—1=an; bp—1=ap+zbp, n=N-1,N-2 ...,0. (2.48)

IIpu mocenneM 3Hauennu n = 0 dopmasbHO Berauciasercs b_;. OHo
JOJI?KHO OBIThH HYJIEM, HO U3-3a OLIMOOK OKPYTJIEHUS 3TOTO He CIIyda-
ercsi. BennyuHa b_1 NO3BOJISIET OIEHUTH BJIMSIHUE OIMMUOOK OKPYyTJIe-
uus. IIpy HEBBICOKUX CTENEHsIX MHOTOYJIEHA 3TO BJIMSIHME HE3HAYH-
TEJIBHO ¥ UM MOXKHO IIPeHe0peYb.

3aMernM, 4TO OTOpachiBaHue K03 puumeHTa b_| IKBUBAJIEHT-
HO obmeMy npueMy BbluuTanust f(Z.) no dopmyse (2.46). Oguako
JIJisT MHOTOYJIEHOB MOXXHO MPEIJIOXKUTH IPYroi crocod, IpH KOTO-
poM omuOKK HaKaIlIMBarOTcs ciiabee. ByneM MeHSATH it KOMIIEH-
calyy OInOKY He MIIa QUi KO3 QUIMEHT UCXOTHOrO MHOTOYJIEHA,
a crapmuit. JIjist TOro moJoXKum

N-1
v =3 and? /xN (2.49)
n=0

IloncraBuM u3MeHEHHBIN KO3MOUIMEHT @)y B UCXOIHBIA MHOTOYJIEH
(2.47) 1 nogennm ero Ha T — I, 10 popmynam (2.48). Teneps nosty-
quM b_1 = 0 ¢ TOYHOCTHIO A0 OMINOOK OKPYIJIEHHUSI.
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Ecnu xopeHb Z, SABJISIETCH p-KPATHBIM, TO [JIS HOJYYE€HUS KO-
¢uLueHTOB MHOrOWIeHa ¢g(Z) HYXKHO P pa3 IOCJIEeI0BATEIbHO BbI-
[IOJIHUTH OIMCAHHOE paHee nejieHue. MOXHO cpa3y eJIUTh MCXO[I-
HbI MHOrowiIeH Ha (T — Z4)P, HO cooTBeTCTBYyOIUE HOPMYIIBI 6O-
siee rpoMo3aku. QMmUOGKH OKPYTJIEHUSI [TPU 3TOM yBEJIMYUBAIOTCS TEM
cuibHee, yeM 6oJibie p. [Ipu oueHb BHICOKUX CTEMEHSIX MHOTOYJIEHA,
BJIMSIHUE OIIMOOK OKPYTJIEHUSI MOXKET OKa3aThCH CyIecTBeHHbIM. 00
3TOM CBHIETENbCTBYET CJIEAYIONUIA TPUMED.

ITpumep 2.4. PaccMOTpUM MHOTO4JI€H BBICOKOH cTenenu f(z) =
= (z — z4)"V. On umeer xopens z, kpatHoctu N. Cjrerka u3MeHuM
3TOT MHOTOYJIEH, TO6ABUB K CBOOOTHOMY WIeHY MAJIylo BeJUIUHY 8,
JleKallyio Ha ypoBHe ommbok okpyrinenus: f(z) = (z — z,)Y — 3.
U3menennbiit MHOro4wIeH uMeeT N Pa3IMYHBIX KOMILJIEKCHBIX KOP-
HeH: T, = Ty + BI/Nez"ik/N, 0<k<N-1Ecmd~105 gy
N = 30, To 8//N ~ 0,3. Or He3HAYNTENBHOM OMUGKH OKDPYIJICHHS
KODHH U3MEHIINCH Ha CYLIECTBEHHYIO BeJIMYUHY !

OueBuHO, IJIsi yMEHbIIEHNS OIIMOOK OKPYTJIEHUS IPU UCKJIIOYe-
HUY KOpHEN HeOOXOMUMO HAXOAWUTH I, C MAKCHMAJILHO BO3MOXKHOMN
TOYHOCTHIO.

IlpakTHKa BBIYMCIIEHM II0OKA3aJ1a TAKKe, YTO OILINOKY OKPYTIJIe-
HUS CYIIECTBEHHO YMEHbIIAIOTCS, €CJI HAYUHATD IIPOIIECC UCKJIII0Ye-
HUS C MEHBLINX IO MOJIYJ/IO KOpHeit. st 3Toro Beibuparior g = 0;
TOT /I3 UTEPAIUU OOBIYHO CXOJSITCS K HAMMEHBIIIEMY 110 MOJLYJIIO KOP-
HIO. MCKJII04MB €ro, CHOBa BHIOHpPAIOT g = 0 u T. 1.

Ecnu MHOro4j1€H HMeeT BelecTBeHHbIE KO3MPUIMEHTHI, HO Hy K-
HO HalTH €r0 KOMIIJIEKCHBIE KOPHU, TO BEIOMPAIOT () KOMILJIEKCHBIM.
KoMryiekcHOe YHCIo T4 MOXKET OBITH KODHEM MHOTOYJIEHA C BeIlle-
CTBEHHBIMU KO3(DPHUIIMEHTAMH TOJIHKO B IIape CO CBOMM KOMILJIEKCHO-
conpsi>keHHBIM. Tak 9TO MPaKTUYeCKH Cpa3y HAaXOAUTCH Iapa Kop-
ueit. UckimoyaTs Tak2Ke Hy2KHO Cpa3y 3Ty Mapy KOpHEIi.

2.3. CUCTEMbl HEJIMHENHbLIX YPABHEHUN

2.3.1. Merog HbilotoHa

OnOHOMEpPHBIM METOH DUXOTOMHM He O0OOIIAeTCss Ha CHCTEMBI
ypaBHenuii. [loaToMy ocTaeTcs TOJBKO OOUH METOI, MPUTOIHbIH 115
0060011IeHNS Ha, CUCTEMBI HEJIMHERHBIX ypaBHeHu, — MeTox HeroTo-
Ha. PaccmorpuM cuctemy N ypaBHEHMIA

fn(rl,l‘g, ...,$N)=0, 1 gngN (250)
Ee M0xXHO 3amucaTh TaKXKeE B BEKTOPHOM CbOpMe:
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f(x)=0, f={f1,f2...,fn}, x={z1,72,...,2z8}. (2.51)

IycTs yxe HaiieHo HeKOTOpoe npubmmkenue x5 {xgs), xgs), ceey

gv)}. st aroro npubmmxkenns f(x()) ormmuaercs or Hyns cuib-
Hee, YeM Hac ycrpauBaeT. CunTaeM, 4To JJIsi CJIELyIOUEero IpuoIIH-
xenus cucreMa (2.50) — (2.51) moutu ynosnersopsiercs: £(x(+1) ~
~ 0. Hozcrasum cioma x5t = x(8) 4 (x(+1) — x(%)) u pasnoxum B
psn Teitnopa no manomy npupamenmio x5+ — x(8). Orpammrausa-
SICh TOJILKO IIEPBBIM WIEHOM Pa3/I0XKEHHUs!, IOy IUM

of(x) () _ 0, A®) =x(+tD) _x6)  (252)
ox

£(x*)) +
Bnecy Of /0x = {0fn/0xm} — Marpuua SIkobu (MaTpuua nepBbIx
IPOU3BOJHBIX).

Bripaxkenwne (2.52) MOXKHO NepenucaTs B BHIE

of (x(#))

% —— A = —f(x()),  x6TD = x(&) 4 AL, (2.53)

Taxum o6pasoM, myist Haxox Aerus npupamennst A®) Ha kax 0#
UTEPAIM HY>KHO PEINUTDH CUCTEMY JIMHEWHBIX ypaBHeHUi. Ke Mox-
HO 3aIKiCaTh B IOKOOPAUHATHON dpopMe

N (s) ,.(s) (s)

af n(x 1Ty s s T )
> or,, NoAR) = ~falat, g, o2y,
— m
m=1 (2.54)
1<n<N;

) = g0 4+ AL,

CxonumocTs MHOroMepHoro Mmerona HeroroHa ncciiejoBaHa TOJIb-
Ko miist pyHKumit (2.50), UMeromuX BTOphIe HelPpePhIBHbIE TPOU3BOI-
HBbIE, ¥ TIPOCTOTO KOPHS X, (KOPEHb HA3BIBAETCS MPOCTHIM, €CIH B
3TOit Touke MaTpuua fkobu HeocobeHHasl, T. e. det[Of (x,)/0x] # 0).
B sToMm ciiyyae noka3aHo, YTO B HEKOTOPO# OKPECTHOCTH KOPHS UTe-
DPAIMH CXOAATCs, mpudeM KBaapaTuyso: ||x(+1) —x, || < const ||x(8) —
— X, ||?. Taxum 06pa30M, B OKPECTHOCTH IPOCTOT'O KOPHS MHOTOMep-
Hblif MeTog, Hpi0TOHA CXOOUTCS Tak 2Ke OBICTPO, KAK U OIHOMEDPHBIIA.
ITosToMy KpuTEpHEM CXOAUMOCTHA MOXXHO BbIOpDATh yCJIOBUE

1D — x| < el|x®]|, €~ 10710 (2.55)
To0 obecrieunBaet mosryyenue 15— 16 BepHbIX 3HAKOB.
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B dopmyuie (2.55) B Ka4ecTBE HOPMBI BEKTOPA MOXKHO HCIIOJIB30-
BaTh JIIOOYIO0 U3 HOPM BEKTOpA: IJIUHY

N
Izl = O z2)'/? (2.56)
n=1
HJIM MAKCUMAJIbHYIO 11O MO,ZLy.TIIO KOMIIOHEHTY
lzllc = 12}%}{N |- (2.57)

Ha npakTuke 1e1ecoo6pa3Ho N0Ib30BAThCs JIHHOM (2.56).

3amopascusarue. Ha kaxnoit urepanuu merona Hetorona ue-
00X0JUMO pelaTh JUHEHHYI0 cucTeMy ¢ MaTpuieit Akobu. MaTpura
IPOU3BOIHBIX comepXUT N2 snementoB. Ee BoIunciienne KaK MUHH-
MyM B N pa3 bGoJjiee TPYJOEMKO, YEM BBLIYKMCJIEHHE MPABBIX YaCTeil.
KpoMe Toro, caMmo pelenue JUHeRHOM cucteMbl TpebyeT ~ N3 ome-
paumit, utro npu 6osbmux N ropasao 6osiee TPYIOEMKO, YeM BBIYKC-
JIEHUE MATPUIILI TPOU3BOAHBIX.

ITosToMy HEpeaKO MpeasaraioT CJeAyIONIHi MpUeM, PaCCIUTaH-
HbIi HA YMEHbIIEHHe TPYJOEMKOCTH HUTEPaIfH. 3aMOPaXKUBAIOT
MaTPHUILy TPOU3BOJHBIX U JIEJAIOT C ITOM MATpHUIIEH HECKOJIBKO UTe-
pauwmii (mo menbmieit Mepe 3—5). IIpu 3TOM He MPUXOAUTCST 3aHOBO
BBIYHUCJIATH MPOU3BOJHbIE. MHOTOKPATHOE DEIIeHHNE JIMHEHHOM Ccu-
CTeMbl C OTHOH U TO! 2Ke MaTpULel BBITIOIHAETCA SKOHOMUYHO, €CJIU
3allOMUHATDH KO3(MUIUEHTHI Cpyy ¥ BBIMOJHATD MPSMOR XOI METO-
na Faycca Tosbko omuH pa3 (cM. moxpasa. 2.1.2). 9ToT BapuaHT B
JINTepaType Ha3bIBAIOT MOANMUIUPOBAHHBIM MeTOnOM HbioTOHA.

OmHaKO MBI HE PEKOMEHAYEM MCIIOJIb30BATh 3TOT Crocob. Pac-
YeT ¢ 3aMOPOXKEHHOI MaTpulielt obecriedynBaeT He KBaJPATHIHYIO,
a JIMIIb JIMHEHHYIO0 CXOOUMOCTh. [loaToMy 4mcio uTepauumit cyuie-
CTBEHHO BO3PACTAET U 00II1asi TPYJ0EMKOCTh PACUETa He YMEHbIIIAeT-
csi. BnobaBok kpurepuit okoH4aHusi (2.55) Mpu JIMHEHHON| CXOIUMO-
cru obecrieduBaeT TouHOCTb Jumib O(€), a He O(e2). [losTomy HaliTu
KODE€Hb C BBICOKOI TOYHOCTHIO CTAHOBUTCSI HAMHOI'O TPYIHEE.

Pasnocmnas npoussodnasn. axke njs ogHOM mepeMeHHOMR
HaXO0XJIeHHWe SIBHOT'O BBIPAXKEHUsI TPOU3BOIHON HEPEIKO 3aTPY/IHU-
TenpHO. B MHOTOMepHOM citydae 3TO TeM 06oJjiee HEJIETKO CIeJaTh.
B 3T0it cuTyaIuu MOXXHO 3aMEHSATh MPOU3BOIHbIE CHMMETPUYHBIMHU
pa3HocTsAMH aHajorudHo (2.35). Ilpu 3TOM 3Ha4YeHHe ONTUMAJIBHO-
ro mara aJist KaXkJI0¥ MpOu3BOIHO# OyHeT, BOODIe rOBOPsI, CBOUM U
YMEHBIIAOUIUMCS 110 Mepe CXOAMMOCTH uTeparuii. JlaTs akkypart-
HYIO OLIEHKY Nopy B MHOTOMEDHOM Cllydae JOCTATOYHO TPYAHO.
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ITosToMy Ha TpakTHUKe LEIECOOOPA3HO OrPaHUYUTHCS MMOCTOSIH-
HBIM IIAroM h U CTPaXOBAaTbCsi OT OMMOOK OKDPYIVIEHHSI IIPHEMOM
lapBuka (cM. mogpasz. 2.2.2). B dopmynax (2.36) BMecTo Momyseit
6epyTCst HOPMBI BEKTOPOB.

Havaavroe npubausicenue. daxe omHoMepHbiit Mmeron Helo-
TOHA NPU HEYJAYHOM HAYAJBLHOM NPHUOJIMXEHUH TIIOXO CXOLUTCS.
st coty4asi MHOTHX IEPEMEHHBIX XOPOIIO BEIOPATh HAYaIbHOE IIPH-
G/1M2KeHMe ellle TPy/IHee, IOCKOJIbKY KOMIBIOTEPHBIN IIPOCMOTD I'pa-
¢uKOB IpakTHiecKu HeBo3MoxKeH. [1o3ToMy 4acTo mombp3yoTca Tak
HA3bIBAEMBIM CJIyYAWHBIM OUCKOM.

st aToro 6epyT NpsIMOYrobHBIN [N-MepPHBLH MapaJsIesenunes,
B KOTOPOM IIPEIIIOJIATaeTCs CYIECTBOBAHME HCKOMOT'O DElIEeHUs.
B HeMm BLIOMpPAIOT HEKOTOPOE YHCJIO CIyYaWHBIX PABHOMEDHO Pac-
NPEJEIEHHBIX TOYEK (CIOCO6 MOCTPOEHMSI TAaKMX TOYEK OyIeT Omu-
caH B moapa3z. 3.3.3). Kaxayio TouKy MCHOIB3YIOT B KAYECTBE Ha-
YapHOro npubnuxenns. Eciu nmpu HeKOTOpoM HaYaJIlbHOM IpubIIN-
2KEHUY UTEPAIUY IIJIOXO CXOAATCS, IMPOIecC IpeKpalnaoT. Eciu orn
CXOASITCSI XOPOIIO, TO MBI IOJIy4aeM OfHO u3 pemenuit. [Ipu srom
13 Pa3HbIX HAYAJIbHBIX IPUOIUXKEHUY BO3MOXKHA CXOAUMOCTD KaK K
Pa3HBIM PEIIEHNSIM, TAK U K OLHOMY M TOMY 2K€.

Takum o6pa3oM ymaeTcs HaliTH Da3NMYHbIE DELIEHUs! CHUCTeE-
Mol (2.53). IIpakTuka moka3saJa, 4To OOBIYHO JOCTATOYHO BEIGPATH
(5+20)N cayvaitabix HadaubHbBIX npubmkenuii. Eciu ke mpu
9TOM He YAAEeTCsl HANTH HU OJHOTO PEIEHUS, TO JIydllle He YBeJIndn-
BaTbh YUCJIO HAYAJIbHBIX IPUOIMKEHM, & U3MEHUTH 00J1aCTh IIONCKA.

2.3.2. O606weHHbIA MeToa HbloTOHA

O606mennbiit MeTon Hbi0TOHA CTPOUTCS MOJHOCTBIO aHAJIOTHY-
HO OZHOMEpHOMY ciydaio (cM. moapasz. 2.2.3). B dopmyny ommoi
ATEepalyy BBOAUTCS CKAJISPHBIHA Iar T:

x=x)+1A0) 0<t<1;

snecs Al®) onpenensieTcss U3 peleHns: THHEHHON CHCTEMBI (2.53).
IIpu T = 1 3T0 HaeT HaM OOLIYHYIO HBIOTOHOBCKYIO UTepanuio. Bo-
JAUTCS CKaJIsipHasi (pyHKIUS

N
0(1) = 2(x +1A0) = 3 £2(x®) 472 ©)),
n=1
3aecb ¢(0) = f2 (x(S)) COOTBETCTBYET UCXONHOM nTepanuy, a ¢(1) =
= f2(x(®) + A(®)) ecTp HBIOTOHOBCKHIT IpeaUKTODP. KOppekTopoM Gy-
JeT 3HaYEeHNE
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¢(0) + 6o(1)
=220 0,1 +0,0l.
*7 9(0) + 9(1)

Kak u B ogHOMepHOM citydae, 3T0 060011eHrE paciupsieT 00JIacTh
CXOOUMOCTH. Baju oT KOpHSI CXOOAMMOCTb IIPU 3TOM JIMIIb JIUHEH-
Hasg. BO6mu3u mpocTroro KopHa Ts — 1 M CXOOMMOCTH CTaHOBHUTCS
kBaaparuyHoii. [lonmpaBounblit Ko3adduuueHT 6 BBOAUTCS 151 TOTO,
YTOOBI OTPAHUYUTh CHU3Y 3HadyeHue mara: § < tv; < 1. Ilo ymomya-
HHMIO peKoMeHayeTcs: BeiOupaTh 6 ~ 0,1. Eciu sToro Hegocraroyso
JIJIsL CXOOUMOCTH, TO 6 yMeHbInaoT, HO Jumb 10 6 =~ 0,01.

Meton Hbiorona m 06001ieHHbIM MeTon HblOTOHa IMO3BOJISAIOT
YCIEIITHO pellaTh HeJUHeUHble cucTeMbl obmiero Buga ¢ N ~ 100.
W3BecTHBI IPUMEHEHUS 3TUX METOIOB U K HEKOTOPHIM 3aJ1a49aM Io-
pa3no 60JbIIIel pa3MEPHOCTH.



lnasa 3

HNCNEHHOE UHTErPMPOBAHUE

3.1. KBAAPATYPHbIE ®OPMYVYJ1bl

3.1.1. NnrerpanbHas cymma

IIycTs TpebyeTcsi BBIMMCINTEL OJHOKPATHBIN MHTErpaJs OT Hempe-
PBIBHOM ¥ IOCTATOYHO IJIaaKoi dyHKImy u(z):

b
U= Ju(x)da:. (3.1)

Unorna B (3.1) ymobHee BHIIEIUTH OCHOBHYIO 0COGEHHOCTDb u(ZX) B
BHJE BeCcOBOI GyHKIMH p(Z) U PacCMOTPETH Gostee 0OLLyIO 3aaa4y:

b
U= Ju(x)p(x)dw, p(z) > 0.

Beenem Ha oTpeske a < z < b ceTky ) ¢ y371aMu Tp,:
Ov={a=z0<z1<z2<...<zN =b} (3.2)
IITazom ceTKM HA30BEM BEJIUUUHY
hpn=%n—Tn_1, 1<n<N. (3.3)
Pasromeprotli Ha3bIBAIOT CETKY, BCE IIAru KOTOPO OIUHAKOBBI:
hn=h=(b—a)/N. (3.4)

CeTKy C HEOZMHAKOBBIMU IIAraMy HA3bIBAIOT HEPABHOMEDHOA.

Orpesok
Tpno1<z<zH, 1<n<N. (3.5)
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Ha3bIBAIOT M-M UHMEPBANOM CETKH. BBO,H‘HT TaK>Ke CepeauHy UH-
‘repBaJIa
Tp_1/2 = (Tn+Tn-1)/2, 1<n<N. (3.6)

BoibepeM B KaxKJIOM HHTEpBaJjie MPOM3BOJIBHYIO TOYKY I, U CO-
CTaBUM HHTErPAJIbHYIO CyMMY

N
Uv =) hnu(Zn), &n€ [Tn1,2n], 1<n<N. (3.7)

n=1

YerpeMuM Bce miaru ceTku K Hymo. IIpu aToM ajisi KycO4HO-Hempe-
pbiBHOM byHKIuK u(Z) HE3ABUCUMO OT BbIOOpA Z,, CYyIIECTBYET IIpe-
JIeJ1 AHTErPajIbHbIX CyMM Up, KOTODBI pPABEH HCKOMOMY MHTErPAJLY
U. Ho cKOpOCTb CTpeMJIeHHs K 3TOMY IIpeJieily 3aBUCHT OT BBIOODa
3HavyeHuit I,. Jasee paccMoTpuM, KakK BHIOpaThb I, AJjis obecrede-
HMs1 XOpOIleH CXOOUMOCTH.

3.1.2. ®opmyna cpepHux

Ectp npocToe npakTHyeckoe MpaBUio, KOTOPOe HETPYIHO 0boc-
HOBATh: CHMMETPUYHOE TOCTPOEHNE (POPMYJIBI IIPH MPOYUX PABHBIX
YCIIOBUSX IMOBBINIAET €€ TOYHOCTb. st obecrnedeHus CUMMETPUN
BbIGEpEM B KadeCcTBe Ip, CepeAUHy MHTEPBAJIA Tn = Tp_1/2 U MOJY-
ynm popmyny cpeanux (puc. 3.1):

N
Unv = hnt(Tn_1/2). (3.8)

n=1

U3 puc. 3.1 BuaHO, 4To Ayisi uHeiHOM dyHKuN u(x) dopmya
CPeIHUX JaeT TOYHOe 3HadyeHue uHTerpasa. OUeHNM MOTrPelIHOCTh
[PY BLIYUCJIEHUU HHTErPaJja IO OLHOMY
HHTEPBAJIy CETKH, [IPEII0JIarast HaJIuInue
HenpepsiBHOM u” ().

OueHKy MOXKHO IOJIyYUTb CTPOrO Iy-
TeM pa3JioKeHHusi B pax Teilyiopa ¢ LeH-
TpoM B cepenuHe uHTepBasa. llompoby-
€M BBIIIUCATDh IVIABHBIA YJIEH IOrDENIHO-
ctu 60J1ee TPOCTHIM crtocoboM U3 coobpa-
XKEHUT Pa3MEPHOCTH.

0603HaYUM PAa3MEPHOCTH BEJUYUHBI

,7//////////////”

T, - Z,
KBaJpaTHLIMM CKOOKaMH. Pa3MepHOCTb Pn::. 13_1_ @opmya cSe,u;—
unrerpana [U] = [u] x [h]. Pa3ameprocTs HUX
MOT'PEIIHOCTH
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Ry =U —-Uyn (3.9)

JOJI>KHA COBII3IaTh C PA3MEPHOCTHIO HHTErPaJIa.

B oleHKy HOrpEeIIHOCTH He MOXKET BXOAWTH HU 3HadeHue DYHK-
UMW, HY 3HAYEHUE ee MEePBOil MPOM3BOLHOM, TaK KaK ¢popMysia TOd-
Ha JJIs JTUHEHHON pyHKIMKU. SHAUYNT, B OCTATOYHBIN 4jieH hOPMYIIbI
CpeIHMX MOXeT BXOJUTb TOJLKO BTOpas MpousBomHas u Ry ~ u”.
PasmeprocTs npoussomroit [u”] = [u]/[h?]. YT06BI MONTYYUTHL pa3-
MepHOCTb HHTerpaja, Hamo JoMHoXxuTh 1’ Ha h3. Torma morpem-

HOCTB IIJIsT OMHOTO HHTEPBAJIa CETKH eCTh Ty, = cu h3 . a mosmast
n—-1/2""n>

N
morpemHocTs Ry = E | Tn UMEET Ty e Pa3sMepHOCTS. 3nech
n=

KOHCTaHTa ¢ 6e3pa3MepHa U He 3aBUCUT OT KOHKPETHOr0 BUAa (hyHK-
muu. HyxHo ee HajiTu. UTOOBI BhIYMC/IEHHE KOHCTAHTHI OBLIO He-
CJIOXKHBIM, CIEIHAJbHO BblOepeM MHTEpBaI Tp—1 = 0, 2, = 1 u
dynkmmo u(z) = z2. o nmpocreitmas GYHKIUS, IMEIONIas BTOPYIO
IPOU3BOJHYIO, IPUYEM MOCTOSTHHY 0. BMecTo oTpeska [a, b] paccMmoT-
PUM TOJIBKO OAUH WHTEPBAJ [Tp_1,ZTp]. JIETKO BBHIUMCIMM TOYHBIN
unrerpai (3.1), kBaaparypy cpeanux (3.8) u morpemsocts (3.9):

1 1 1
U—g, Un— Z, ’I’n—U—'Un— ﬁ (310)

Orcoma ry, = Chi“ﬁq /2= 2¢, ¢ = 1/24 v ryaBHBI YJIeH NOrPEIIHO-

CTH Ha MPOU3BOJILHON HEPABHOMEPHOI ceTKe MPUOOPETAET CJIeLyI0-
1yt BUI:

N
1
Ry = > up_y bl (3.11)
n=1

ITO0 aCUMITTOTUYECKHU TOYHOE BHIDAXKEHUE: IIPU U3MEJIBUEHUY 1A~
roB CeTKU h, — 0 MOrpemHOCTb CTpeMUTCs K 3HaveHuo (3.11), rak
KaK CJIaraeMbIMHU 0oJiee BBICOKOIO MOPsAKAa MaJiocTd mpd h, — 0
MO2KHO NpeHebpeysb.

Pasromepras cemxa. llycts h,, = h = const, Torma popmyna
CpPEeTHUX YIIPOIIAETCS:

N
UN = hzun_l/g. (312)

n=1

IIpeo6pa3yem BbipaxkeHue 1j1s1 morpemHocT (3.11), BBIHOCS 3a 3HAK
cymMbl Toabko h2. Torja ocTaeTcss HHTerpabHAs CyMMa, IJIs BTO-
POl IPOU3BOIHOMH, MIPUOIMKEHHO 3aMeHsAeMast HHTErPaJIOM:
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2

2
RN~ h Zhun 1727 h—4 u"(m)dwz%[u’(b)—u'(a)]. (3.13)

D%c_

ITpubmmxensoe paseHcTBO (3.13) BBINOIHEHO C TEM K€ MOPsI-
KOM TOYHOCTH, 4TO ¥ B (3.11). Takum 06pa3oM, MorpemHocTb UHTe-
rpaJIbHOM (GOPMYJIBI CPETHUX

Ry = O(h?) = O(N72).

B Takux ciaydasix roBOpsT, 4TO METOM UMEET 8MOPOTi NOPAIOK
movwHocmu.

@opmyas! (3.11) u (3.13) maror riiaBHbIA YieH norpemHoctd. Ec-
su u(x) ¥MeeT MHOTO HENPEPHIBHBIX IPOU3BOJHBIX, TO MOXKHO pac-
CMOTpETbD CJIEAYIOIINE YIeHb! pa3iioxkeHus B psf Teitsopa. U3 cum-
METPUYHOIO MOCTPOeHUs (POPMYJT BUIHO, YTO YJIEHBI C HEYETHBIMU
MIPOU3BOJHBIMH HUCUE3HYT: UX BKJIAJ KAK B MHTErPaJl, TAK U B KBa/JI-
paTypHyo GOpMyILy SIBJISIETCS HYJEBLIM B CHJIy CHMMeTpuu. Pa3sio-

2K€Hue IIOrpeurHoCcTu 6y,z[eT COIEP2KaTh JIMIIb YETHBIE IDOU3BOAHBIE

(2q) ;2q¢+1
n1/2hq

(3.13) 3amenuTCs CyMMoit TI0 YeTHBIM cTerensaM h%d, g = 1,2,

Ecnu e ociabuth TpebOBaHUSA Ha IJIaIKOCTD MMOABIHTErPAJILHOM
dbyHKIMHA 1 TOTPe6OBATH TOJILKO KyCOYHOM HenpepblBHOCTH U () TO
TIPOBEIEHHBIE BhIIIIE BLIKJIAIKH IIEPECTAIOT ObITH CIPAaBEIJINBLIMHA U
YAAeTCs MOJIYYUTh He aCUMIITOTUYECKYIO OLIEHKY, & Ma*XOPAHTHYIO
OIIEHKY IOTPEIIHOCTH:

N
|Rn| < 2

Ha paBHOMepHOI1 ceTKe 3TO BbIpaXKeHHe yIPOIAeTCs:

h2
|RN| < ﬂMg, M; = max |[u"(z)|.

z€[a,b)]

C COOTBETCTBYIOINIMMHU CTEINEHAMH IIAroB: U Bblpa)KeHI/Ie

-

max |u”(z)|.
4 z€lzn-_1,2)

Ma)KOpaHTHaﬂ OII€HKa Me€Hee yg106Ha IIpexxjae BCero TeM, 4TO OHa
OOBIYHO CHJIBHO 3aBBIIIEHA.

ITpumep 3.1. PaccMoTpuM HHTErpaJi, KOTOPHIH JIEFKO BHIYMCIISI-
€TCsl TOYHO, 8 (PYHKIMs Ha OTpe3Ke WHTErPUPOBAHUS MMEET HEOrpa-
HUYEHHOE YHCJIO HEIPEPLIBHBIX ITPOU3BOAHBIX:

u(z)=1/vz, a=1, b=9, U=4 (3.14)

63



Tabauma 3.1

BeruncieHnue TecToBoro mHrerpasa (3.14)

®opmysia cpesHUX

®opmysia Tpanemmii

N
UN lgIRNI RN_l/RN UN lg|RN| RN_l/RN
1 3,597771 | —0,37 5,33333 0,12
2 3,82126 | —0,75 2,36 4,45552 | —0,34 2,93
4 3,93782 | —1,21 2,87 4,13839 | —0,86 3,29
8 3,98166 | —1,74 3,39 4,03810 | —1,42 3,63
16 | 3,99511 | —2,31 3,75 4,00988 | —2,01 3,86
32 | 3,99875 | —2,90 3,92 4,00250 [ —2,60 3,96
64 | 3,99969 | —3,50 3,98 4,00063 | —3,20 3,99
128 | 3,99992 | —4,11 3,99 4,00016 | —-3,80 4,00
256 | 3,99998 | —4,71 4,00 4,00004 | —4,41 4,00
N ®opmysna Cumicona ®opmyna diiepa
Uv |Ig|Rn| | Rv—1/RBn | U~x | lg|Rn| | Rn-1/RN
1 4,16292 | —-0,79 2,76543 0,09
2 4,03268 | —1,49 4,99 3,81355 | —0,73 6,62
4 4,00467 | —2,33 7,00 3,97790 | —1,66 8,44
8 4,00047 | —3,32 9,88 3,99798 | —2,69 10,94
16 | 4,00004 | —4,44 12,89 3,99985 | —3,82 13,47
32 | 4,00000 | —5,61 14,87 3,99999 | —-5,00 15,08
64 | 4,00000 | —6,80 15,67 4,00000 | —6,20 15,73
128 | 4,00000 | —8,00 15,91 4,00000 | -7,40 15,93
256 | 4,00000 | —9,21 15,98 4,00000 | —8,61 15,98
N ®opmyia distepa — Makiopena ®opmyna T'aycca
UN lg|RN| RN_l/RN N UN lglRNI
1 13,4272 0,97 1 3,57771 -0,37
2 4,47991 -0,32 19,64 2 3,91809 -1,09
4 4,01954 —-1,71 24,56 3 3,98247 —-1,76
8 4,00058 -3,23 33,52 4 3,99610 —-241
16 | 4,00001 —4,89 45,77 5 3,99911 -3,05
32 | 4,00000 —6,65 56,29
64 | 4,00000 —8,43 61,58 l'ayccoBo-ceTounbIit MeTOL,
128 | 4,00000 | —10,24 63,34 2x4 3,99969 -3,51
256 | 4,00000 [ —12,04 63,97




BeryucauM ero, uCnosibL3ysi pABHOMEPHBIE CETKH C PA3JIHYHBIM YKC-
sioM uHTepBasioB N. B Tabsa. 3.1 npuBeneHb! pe3yabTaThl PacieTOB
Ha KaX 0¥ ceTke u 3HadeHus norpemnocreit Uy — U, HaliieHHBIE ITO
TOYHOMY peureruio (3.14).

Buaso, 4T0 morpemHocTd GLICTPO YOBIBAIOT NMPH YMEHbIICHUH
uiara. ITockobKy mar KaXkaplit pa3 yMEeHbIIAETCs B 2 pa3a, TO IJIaB-
HBIi YieH norpemHocT GopMyJibl CPeIHUX JOJIKEH yObIBaTh B 4 pa-
3a. B Tabu. 3.1 npuBeneHb! OTHOIIIEHUS MOTPEIIHOCTEN HA, COCETHUX
ceTkax. BuAHO, YTO OTHOINEHHUS HA TPYOBIX CETKaX 3aMETHO OTJIU-
Yal0TCH OT 4 W3-3a MPUMECH BBICIIKX YJIEHOB TorpemuocT. Ho 3To
OTHOIIIEHHE MOHOTOHHO CTPEMUTCA K 4 MPH CTyIIEHUN CETKH.

Takue TecTbl MOXXHO MCIOJIb30BATh JJIs MPOBEPKHU MIPABUJILHO-
cti nporpamM. Hamo B3sTh 3a1a4y ¢ JOCTATOYHO IJI1a KO TIOIBIHTE-
rpajibHOi (pyHKITHEN ¥ U3BECTHBIM TOYHBIM OTBETOM, COCIUTATH MO-
TPEIIHOCTH [IPH CTYIIEHUH CETOK B 2 pa3a U IPOaHAJIM3MPOBATH OT-
HOIIIEHHSI COCEIHUX MOorpenrHocTeil. ECiu 3TH OTHOIIEHUS CTPEMSTCS
K T€OPeTHYECKOMY 3HAYEHHIO IIPU CTYIIEHHH CETKH, TO MPOrpamMma
HAIHCAHA, [IPABUJIBHO.

3.1.3. ®opmyna Tpaneuwmii

He Bcerma BO3MOXHO WM yAOOHO MCIOJIB30BATH CEPEIMHBI MH-
TEPBAJIOB: HanpuMep, QYHKIHS MOXKET ObITh 3a1aHa TabJIuLel CBO-
uX 3HadeHuit. B 3ToM ciy4yae ucnons3yorT HOpMysIy Tpamenuii Ha
MPOU3BOJIbHOM ceTKe (pHC. 3.2); OHA TakK)Ke MMeeT CHMMETPUYHBIA

BH:
a N

Un =3 22 (ulan 1) + ulan). (3.15)
n=1
®opmyna ToYHA ¥ AJ1s JuHelHoN dyHkuuu. ClienoBaTesbHO, OCTa-
tounblit wieH Ry = cu”h3. Jlns onpeesieHns: KOHCTAHTHI ¢, OOUHA-
KOBOI! /1J1s1 BCEX HOBIHTErPAIbHBIX DYHKIHIA, CHOBA BOCIIOJIb3yeMCsI
ONMCAHHBLIM paHee IPUEMOM U IOy 9UM

1 1 1
U=Jw2dz=§, Un=§, 7'71,=U_Uv =_67
0

1
Tn = chiug_l/z =2c, c= 12

IlorpemtocTs bOpMysIbI Tpameuii IPUHAMAET BUJ,

N
1
Ry~ -5 >l 3. (3.16)
n=1
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Taxkum 06pa3oM, MOrpemHocTs Gop-
MYJIBI Tparnenuii BABoe 60JIbIme mo Moy-
Jo, 4eM B (popMysie CpegHuX, U MMeeT
MPOTUBOIOJIOKHBIN 3HAK.

s paBHOMEpHON ceTKH (opMysia
Tpanenuii 1 ee OCTaATOYHBIN YJIeH yIpO-
IAIOTCs AHAJIOTMYHO (pOPMYJie CpeTHUX:

N-1
. Ug uN
20 Uv=h|2 45 u,+ %) 317
Puc. 3.2. ®opmyna Tpame- N ( 2 T; "2 ) ( )
i
b
2 h2 n
——h Ehun 12~ 15 | U (z)dz =
a (3.18)

R
=~ W) - v (a)] = O(h?).

@opmyana (3.18) acHMITOTHYECKHM TOYHA; OHA IMOJIyY€Ha B MIPEIIIO-
JIOXKeHUM cyecTBoBanus HenpepbiBHO# u”(z). Eciu u”(z) Tonbko
KYCOYHO-HEIIPEPHIBHAS, TO MOXKHO IOJIyYATH JIULIb MaXKOPAHTHYIO
OLIEHKY HOTPENIHOCTH:

1
|RN| < Mzh , My = max |[v"(z)|.
z€[a,b]

Ecnu ke u(x) uMeeT MHOrO HENIPEPHIBHBIX IPOM3BOAHBIX, TO I10-
IPeNHOCTH IpeACTaBIsAeTcs cymMoit unenos O(h%), ¢ = 1,2, ...

TouynocTh HOPMyII Tpanenyii ¥ CPeIHUX He CIIUIIKOM BBICOKA, OJ-
HAKO M3-3a CBOEH NPOCTOTHI UMU YaCTO MOJIb3YIOTCS B YMCJIEHHBIX
pacuerax.

ITpumep 3.2. Paccmorpum tect (3.14) u mpoBeieM BHIYUCIIEHUS]
mo popmyiie Tpamnenuii. PesynbraTs npeacrasiensl B Tabi. 3.1. Ka-
YeCTBEHHOE ITI0BE/IEHHUE [TOrPENTHOCTH TAKOE XKe, KaK U JJ1si GDOPMYJIbI
cpeanux. CaMma MOrpemHoCcTh MIMEET APYTOi 3HAK M IIPH OAMHAKOBOM
urare IpUMEPHO BABOE 6oJIblie, YeM AJisi (POPMYJIBI CPETHHX.

3.1.4. ®opmyna CumncoHa

ITocTpoum Gosiee ToUHYIO KBAAPATYPHYIO POPMYJy, MPEINOJIa-
ras CyliecTBoBaHue HempepbiBHO#H u”(x). 3amMeTuM, 94TO Ha TpPOU3-
BOJIBHO# CETKE OCTATOYHbIE YieHbl GopMyJibl cpenuux (3.11) u dop-
Mysbl Tpamnenuii (3.16) UMET OAMHAKOBBIA BHJ M Da3IMYalOTCS
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JIMIIb YUCJEHHBIM KO3(PPUIMEHTOM. Y MHOXUM (POPMYILy CpemaHuX
(3.8) Ha mocTosiHHBIA KO3 uuueHT 2/3, bopMmyny Tpanenuit — Ha
nocTosiHHbIM Koadduuuent 1/3 u ciaoxum nx. Torna rinaBHbe Yite-
HBI MTOTPENIHOCTH TOYHO KOMIleHCHUpyIoTcs. Ilpu aToM mosydaeTcs
6osee TouHas ¢popmyaa CuMIicona:

N
Un = Z %[u(zn_l) + du(zp_1/2) + u(zn)). (3.19)

n=1

Ona 3amnucaHa AJis IPOM3BOJILHON HEpaBHOMEpPHO# ceTku. Ee Bux
TaK»Ke CHMMETPHUYEH.

Ouenum norperHocTb ¢hopmyiast (3.19) B IPeANOIOKEHNH CyIie-
crBoBanus menpepsiBaoit u!V)(z). U3 cuvmmerpun dbopmyisr Bua-
HO, YTO B [OTPEIIHOCTD JOJIKHBI BXOAUTH TOJILKO YeTHbIE IPOU3BOJ-
uole. Ho unen ¢ u”(z) yxe nckmoueHn. TakuM ob6pa3oM, ¢ yIeToM
TpebOBaHUI Pa3MEPHOCTH IVIABHBIA YJIEH MOTPEIIHOCTH UMEET BUL
n = cullVIhD, Jlst HAXOXK IEHNS KOHCTAHTHI C BHOBb BO3bMeM OJIUH
UHTEPBAJI Zp—1 = 0, T, = 1 U npocreiuyo GyHKIHIO C HEHYIEBOH
geTBepTO#t MpousBoHoOl: u(z) = r*. Boraucnenns naror: U = 1/5,
Un = 5/24, Ry = 24c, otkyna ¢ = —1/2 880 u ryaBHBIif 4ieH Io-
rpeHocTH popmysbl CUMIICOHA paBeH

L N av)
= 5
Ry = 520 DI o hS. (3.20)

Ha paBHOMepHOit ceTke dpopMysa CHUMIICOHA M BbIpasKEHHUE IJIs
IJIABHOI'O 4JIEHA, MOTPEIIHOCTH YIIPOIIAIOTCS:

h
Un = 5 (uo+duyz +2ur +dugjp +2up +...+ (3.21)
+2un—1+4un_12 + UN);
1
RN ——h4[ Ill(b) _ u”/(a)]_ (322)

2 880

9TO Tak)ke aCUMIITOTHYECKH TOYHAsl OLEHKa MorpemHocTH. Eciam
uV)(z) nmuuIe KyCOYHO-HENpPepLIBHAS, ITa OIEHKA 3aMEHSETCS Ha
Ma’KOPaHTHYIO:

< 1 44 (av)
[BN| < Goggh ™M Ma= zrél[%)g]lu (z)|.

Haobopor, eciu u(z) uMeeT MHOTO HENPEPLIBHBIX IPOU3BOAHBIX, TO
norpeuHocTs dhopmyiasl CUMIICOHA pa3jaraercs B CyMMY IO 4YeT-
HBIM cTeneHsM mara cetku: h(29), g = 2,3,

67



®opmyna CuMICOHA TPUMEHSETCs, KOT1a TOYHOCTH GOPMYJI Tpa-
neuyii ¥ CpeIHUX OKa3bIBAETCH HEJIOCTATOYHOM.

ITpumep 3.3. CHoBa Bo3bMeM Tect (3.14). PesynbraTs! BoIdmC-
sennsi o ¢opmysie Cumiicona npeacrasiessl B Tabu. 3.1. Bunwo,
YTO TOYHOCTH CYIECTBEHHO YBEJIMYMIACH IO CPABHEHHUIO ¢ HOpMyJia-
MU Tparnenuil u cpeaHux. PakTHYeCKHe MOrPENTHOCTH IPU CTYIIeHUH
ceTKH yObIBaIOT ropas3o 6sicTpee. OTHOIIEHHE COCEJHUX IOIPELIHO-
cTeil JOKHO Teleph CTPEMHUTHCS K 24 = 16. OmHako 6,1M30CTH K
3TOMY TIpeiesly HabJII0AeTCs JIUIIb IPH JOBOJILHO MEJIKUX IIarax.

3.1.5. ®opmynbi diinepa — MaknopeHa

@opmynbl Ditsiepa— MakJjiopeHa CTPOST TOJILKO Ha paBHOMEp-
HBIX CeTKax. VIX BBIBOOAT Kak yTOYHEeHHE (hOPMYJIbI Tpamenuii uia
dbopMyIbl CpeqHuX.

Ymounenue gdopmyanve mpaneyudi. Ilycrs u(x) umeer BrO-
PYIO HENPEPBLIBHYIO IPOU3BOIHY0. PaccMoTpuM dopmyny Tpamernmit
U I'JIaBHBIN OCTATOYHBIN YJIEH €€ IIOrPeIIHOCTH Ha PaBHOMEDHOMH CeT-
ke npu h = const (3.17) u (3.18). BripaxkeHue aJ1st OCTATOYHOrO 4JIe-
HA SBJISIETCS. aCUMIITOTUYECKH TOYHBIM, [I03TOMY €r0 MOXKHO Npuba-
BUTh K (opmysie Tpamenuit kKak nonpasky. Ilony4daercs dopmysna
Ditnepa:

N-1

_p [ %
Uv=h 74r§1u,,+

U h?
- |~ 75— up)- (3.23)
OueBuHO, 3Ta HOPMYIIa NOJKHA OBITH CYIIECTBEHHO TouHee dop-
Mysbl Tpanenuit. Ho KakoBa ee morpeimsocTs?

ITpoBenem oreHKy MOrpeurHocTy, Tpedysi CyIeCTBOBaHUSI HEMIPe-
psiBroit u!V)(z). Ucmons3yem onvcasHbIit paHee CTAHIAPTHBIH TPH-
eM. MBI fIBHO y4JId TVIaBHBINA 4JIEH MOrPEIIHOCTH, IPOIOPIIMOHAIIb-

HBIN E u” h3. VI3 coobparkeHuit CHMMETPHH HeUeTHbIE IPOU3BOIHbIE
B Pa3JIOXKEHUH MTOrPEIITHOCTH BhinanaoT. HeydTeHHbIH YeH ponop-
[MOHAJIEH E uIV)h5. 3ameHuB 3Ty CyMMy MHTErpajIoM ¥ B3siB HH-

TerpaJj iBHO, MOJIy9aeM IJIABHbIHA 4JIeH IOrPenIHOCTH hopMyJIbl Dit-
nepa (3.23): Ry = Ch*(uf} — uf). Ans onpeneneHus KOHCTAHTHI
C Bo3bMeM TecToBylo dyHKIMO u(r) = I* Ha OmHOM HHTepBaJe
zo = 0, z7 = 1 (N = 1). Torma nerxo Beruuciasiem U = 1/5,
Un = 1/6, ufy — uy’ = 24. Orciona C' = 1/720 u ocTaTo4HBI YieH
dopMyJisr Ditiepa paBeH
4
h mn n

RN = %(UN — Uy ). (324)
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Tabnuna 3.2
Kosddbunnents: B popmyiie Ditsiepa — Maxkiiopena (3.25)

m 1 2 3 4 5 6
4 691

2 1 2 222

cm 3 3 10 15

TakuMm obpazoM, popMysa Ditepa UMEET YETBEPThIM MOPIIOK
TOYHOCTH, KaK U popmysa Cummcona (3.19). Koaddbuuuent B ocra-
TOYHOM uJjieHe ¢opmyibl Ditsiepa B 4 pa3a OoJbiiie, yeM Jjis pop-
mynbl CuMriicona, 3aTo ¢popmysia Jitiepa TpebyeT BIBOE MEHbBIIIErO
4yKcsaa pacyeTHbIX ToueK (popmyna CUMIICOHA BKIIIOYAET MOJIyLiE-
JIble Y3IIBl).

O6o6werue. OcraTounsit 4ieH dopmysibl Jiisepa (3.24) Tak-
K€ MOXKHO y4€eCTb KakK IMOIPAaBKY, MOBBICUB IOPSIIOK TOYHOCTH POP-
Myabl g0 mecroro. Eciam u(xz) mmeer DOCTATOYHO MHOrO Hempe-
PBIBHBIX IIPOU3BOIHBIX, MOXKHO ITPOBECTU PEKYPPEHTHOE MMOBLILIEHHE
TOYHOCTH, KaXK bl Pa3 BLIYUCIISIA [JIABHBIM YJIEH MOrPEIIHOCTH OYe-
penHoi (popMyJIbI M BBOJSL €ro KaK HOBYIO mompaBKy. Takum obpa-
30M HOJIy4Ya0T OPMYJIbI Sfmepa— MaKnopeHaz

Un = h( +Z n+—>

Memh®™  (2m-1)  (2m-1)
+ Z 2m + 2 (uN — Uy ))

(3.25)

rIe 3HaYeHUs NEPBbIX KO3 DUIIMEHTOB C;;, IPUBEAEHBI B TabI. 3.2.
Yucso cnaraeMbix B cymme 1o m (3.25) onpeessieTcsi riajaKo-
CTBIO MOALIHTErpabHOM (hbyHKUMU. Eciiu cyliecTByeT HenmpepbIBHAS
u?M )(a:), TO B CyMMe MOXXKHO 6paTh M cjiaraeMsbix.
Ymournenue gopmya cpednux. Ilpouenypa peKyppeHTHOrO
BBeJIEHUsI TIONPABOK B (POPMYITY CpPeIHUX MIPUBOMAUT K CJICAYIOIIEMY
BBIPAXKEHHIO:

N
Un=h Z Up—1/2—

n=l o (3.26)

_Z(l ) (;3n+2) (g™ g™ ).

3aech KO3 DHUIUEHTHI ¢y, TE Ke, UTO U B (3.25); OHU IPUBEIEHEI B
Tabus1. 3.2. BugHo, 4TO mMOJIHBIH Koacbd)pmneHT B IIEPBOii IIOIIPaBKe
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npu h? 115 bOpMyIIBI CPEIHMX BABOE MeHbIIe, YeM B hopMyIle Tpa-
meruit. Ho gnst ciaemyronux nonpaBok 3TH K03bHUIUEHTH OBICTPO
commxatorca: (1 — 2-?m=1)) 1 ocraBasich IPOTHBONONOKHEIX
3HAKOB.

IIpumep 3.4. CuoBa ucnonb3yeM rtect (3.14). Pacuersr mpo-
BOAMJINCH [Jist TpocTeiimeit dopmynbl ditsiepa (3.23) u dopmyssl
Qitnepa— Maksopena (3.25) ¢ M = 2. Pe3ynbraTsl npuBeIeHbI B
Taba. 3.1.

Bugno, yto ¢dopmyna Jiyiepa CyMIECTBEHHO TOYHEEe (POPMYJIbI
Tpaneuuit ¥ NIpUMEPHO BYETBEPO To4YHee GopMysbl CHMIICOHA pH
OIMHAKOBOM TpyHoeMKocTH (popmyna CHMIICOHA COIEPKUT HOJTyIie-
JIBIE Y3JIbl, TO9TOMY OHA YKBHBAJIEHTHA IO TPYAOEMKOCTH (POpMyIie
Sitnepa ¢ yucsom y3ios 2N).

Qopmynbl Diiepa— MakjopeHa MMeOT elne 06o0jiee BBICOKYIO
TOYHOCTbH, XOTS [0 TPYJOEMKOCTH IMOYTH HE OTIUYAIOTCH OT (pOpMy-
sl Tpanenuit. O JHAKO BBIXOM Ha TEOPETUYECKHUI MOPAIOK TOYHOCTH
B HHUX IPOMCXOAMUT 3aMETHO MejjieHHee (OTHOLIEHUE ABYX COCEIHUX
HOTPELIHOCTEH JOKHO cTpeMuThest K 64). Kpome Toro, mpu odenn
MAaJIOM YHCJIE Y3JI0B MOrPEITHOCTh MOXKET OKa3aThCsl Jaxke OoJIbIile,
4eM y pOPMyJIbI TpAaIeui.

Takum obpa3oM, BBemeHue B (opMyidy Tpameruil HeOOJBIIUX
KPAaeBbIX IOMPABOK CYINECTBEHHO MOBBIMIAET TOYHOCTh. OJHAKO HE
cJIeyeT TMPUMEHSTDH 3T (POPMYJIBI IPU aOCYPIHO MAJIOM UUCIIE y3-
JioB (Hanmpumep, npu N = 1): ux npeuMyIecTBa MpOsIBISIOTCS IIPU
JIOCTATOYHO MAJIBIX IIArax.

Hrnmezpuposarue nepuoduneckuxr gynryut. [lycrs u(r) —
JIOCTATOYHO TJIaKasl MEPUOJNYIECKast (DYHKIWSI, & UHTEerpaJ bepeTcst

(2m-1)
10 IOJTHOMY niepuony [a, b]. Torma B cumy mepuomMIHOCTH Uy =

(2m-1) o
= ug U MONPaBOYHBIE YJIEHbI B cyMMax obenx dopmyn Jitie-

pa— Maxkuiopena (3.25), (3.26) o6parsarcs B Hyjib. 3TO 03HAYAET, 9TO
JIJIsl MHTErPaJioB IO TIOJTHOMY IIepUOLY (DOPMYJIbI TPAIEIHiA U CPeI-
HHUX Ha PaBHOMEpHO#I ceTKe umeloT TounocTs He O(h?), a Bbime.

Ecin u(z) umeer 2M HenpepbIBHBIX NPOU3BOIHBIX, TO COKPa-
IMAIOTCs WIeHbl morpemHocty, BKmodas O(h?M); rorma ocraTou-
Heiit wnen ectb o(h?M). Ecnu xe u(z) uMeeT HeorpaHWYEHHOE YHC-
JIO HENPEPBIBHBIX MPOU3BOJAHBIX, TO B MOTPEIIHOCTH HCYE3AIOT BCE
CTEIEeHHbIE YJIEHbL. B 3TOM cily4ae MOrpemHoCTb SKCIOHEHIIUAIBHO
yOBIBaET C POCTOM YHCJIa y3J10B N.

Cymmuposarue pados. Ciiydaes, KOr1a MOXKHO TOYHO BBEIYHUC-
JIUTh GECKOHEUHYIO CyMMY, HCKJIIOUUTENIbHO MaJio. O6 aToM cBuze-
TeJIbCTBYET XOTs 6bI TOT (PaKT, 4YTO HECKOJBLKO COTEH CTPAHUIL CIIPa-
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Bounuka U. C.'pagmreitna u Y. M. Prixxika mMOCBAIIEHO UHTETDA-
JIaM ¥ JIMIIb HECKOJIBKO CTPaHUI] — PsIIaM.
IIpuBenem npumep pubIUKEHHOTO BHIYUCJIEHUSI CYMMBI PSia

i 1
Sy = —.
N n=N nk

TouyHO cyMMa 3TOro psiia BLIYUCIISAETCS TOJIBKO JJIsi HEKOTOPBIX
nesounciaeHHbx k. OQHAKO psl MOXXHO PacCMaTPUBATh KaK KBaJ-
paTypHyIo bOpMyIy CPeIHHX AJis MHTerpupoBanus u(n) = n~F c
marom An = 1 B npegenax or N — 1/2 go oc:

SNEUN%U=
T a 1 (3.27)
_ dn _ 3.27
Bl f nk (k- 1)(N —1/2)F1’ et
N-1/2

Murerpan Touno Gepercs mnpu joboMm k > 1 (He obsizaTesnbHO 1e-
JIOM), & TIOJIyYEHHBIH OTBET OT/INYAETCSI OT HHTErPAJIBHON CyMMBI Ha
O(N~2). IIpu moctaTouno 60bux N 3TOT OTBET ABJIAETCSH HEILIO-
XUM NpUOJIHKEHUEM.

OTOT pe3ynbTaT MOXKHO YiIy4muTh. [IpuMeHNM 1151 BBIYUCIEHUS
(3.27) dbopmysy cpequux ¢ nonpaskamu Jitiepa — MakJjiopesa:

o0

dn 21
F_ZF+R1+R2+... (3.28)
Nl1/2 n=N
VuurbiBasg Mpu BLIYUCIEHNH TONPABOK Jitiepa — MakJitopeHa, 4To
u,=u’ =...=0,

(e o] (e o]

!/ "
¥ BBIMUCIIAS ABHO Uy _y /o5 UN_1/9) - - - » TIOYTUM

— 1 1
SNER;VJ T k- DN -1/2)F17

1 k 7 k(k+1)(k+2)
T 24 (N —1/2)F1 T 5760 (N — 1/2)F+3

(3.29)

Brinucannsle uiensl obecneunsaror TouHocTb O(N~°). Vxe mpu
N = 5 310 naeT npuMepHO 6 BEPHBIX TECATUYHBIX 3HAKOB.
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Ecnu ucxomaoe N HeBesnko, To4HOCTh opmyan (3.27) —(3.29)
MOXKET OKa3aThCsl HeIOCTATOYHOM. Toria mepBble HECKOIBKO YJIEHOB
psiila CYMMHUDYIOT SIBHO, & OCTaBIIIYIOCS YaCTb 3aMEHSIOT MHTerpa-
JIOM.

OnucaHHbIN IPUEM HCIIOJIB3YeTCs JOCTATOYHO YacTo. Ecim Tpe-
OyeMbIil HECOOCTBEHHBIN UHTErpajl TOYHO HE BBIYHCJISETCS, TO €ro
NPUOJIMKEHHO BBIYUCJISIIOT ¢ oMotbio popmyn I'aycca — Kpucrod-
dens (cm. mogpasz. 3.1.6). B pesynbraTe BMECTO psifia MOJIydaeTcst
JIETKO BBIYHUC/IsIEMasi CYMMa HeOOJIBIIOrO KOJIMYeCTBA CIaraeMbIX.

3.1.6. ®opmynbi Maycca— Kpuctoddens

®opmynsr I'aycca— Kpucrodbdens Ha3piBaoT Takxke dhopMysia-
MU HauBbICHIEH ajredpandeckoit TOUHOCTH. PaccMOTpUM HMHTerpaJ
¢ BecoBoit pyHKIHEH

b
U= fu(a:)p(m)d:c, p(z) >0, z € (a,b).

OT BecoBoit QyHKIMM TPEGYETCsI MOJIOKUTENBHOCTD, UHTETPUPY-
€MOCTb ¥ HEIIPEPBIBHOCTH B OTKPBITOM UHTepBaJie (a, b). Boobuie ro-
BOps1, B FPAHUYHBIX TOYKAX HHTEPBAJIA BECOBasi (DYHKIHSI MOXKET 00-
paIaThCs B HyJIb WA 6ECKOHEYHOCT.

PaccMoTpum kBagparypHyio dbopMyry

N
UUpy= chu(wn) (3.30)
n=1

3HauyeHus c, HA3BIBAIOT 8ECAMU, & T, — Y34AMU KBAIPATyp-
Hoii popmysibl. PaHee B MHTErpasibHBIX CyMMax B Ka4€CTBE Cp BbI-
OupaIuCh JJIMHBI HHTEPBAJIOB CETKH, a Ty, JIEXKAJINU BHYTPH STHX HH-
TepBaJioB. Teneps OyneM BApbUPOBATH Cp, U Iy, TAK, YTOOBI IOy YUTH
KaK MOXHO 6oJiee TOUHYIO hopMyJTy. HuC/I0 BApEUPYEMBIX TApaMeT-
poB paBHO 2IN. CTOJBKO 2Ke KO3(pPHUIUEHTOB COAEPXKUT MHOI'O4JIeH
Q2n-1(z) crenenn 2N — 1. [Tonbepem napaMeTpsl Tak, YTOOBI KBaI-
parypHas dopmyia (3.30) 6b1a 661 TOYHA AJIst JIEOGOTO IIOJTMHOMA
crenesn 2N — 1 (TeM caMmbIM H JJ1s1 JII0O0r0 MHOrO4JIEHa MEHbIIEH
CTEIeHH).

Jns engunuasoro Beca p(z) = 1 Takne KBaApaTypHbIe GOPMYJIBI
BrepBhie noxyuus l'ayce, a njs npousBosbHOro Beca — Kpucrod-

denb.
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13 Teopuy KJIACCHYECKHX OPTOTOHAJBHBIX MOJIMHOMOB U3BECT-
HO, 4TO JJIsl TIOJIOXKUTEJILHOTO, HEIPEPLIBHOTO U MHTETPUPYEMOTO Ha
(a,b) Beca p(z) cymecTtByer cucrema moauHoMoB {Py(z)} oproro-
HaJIbHBIX Ha [a, b] ¢ BecoM p(z):

b
f Pi(2) P (2)p()d = S| Pe(2)]2 (3.31)

a

Bce k nysneit monunoma { P ()} BelecTBEHHBI 1 J1eKaT BHYTDH [a, b].

Teopema 3.1. Y3namu dopmysst ['aycca — Kpucroddens (3.30)
SIBJISIIOTCS. HyJIM OPTOrOHAJILHOro MHoro4ieHa Py () crenenu N cu-
crems! (3.31).

Hoxazameavcmeo. Ilycte x, — HynIn KBagpaTypHOU HOPMYIIBI
I'aycca — Kpucroddens. [locrpoum MHOrO4IEH

N
on(@) =[] @ —zn). (3.32)
n=1

BosbmeM B kauecTBe npobHoit dyukumu u(z) = Pp(z)on(z), m <
< N — 1. Ota hyHKIMSA €CTh MHOTOYJIEH cTernenu He 6ojee 2N — 1.
Hns vero dopmyna 'aycca— Kpucroddenss Touna mo ompenesie-
HHIO, I03TOMY PaBEHCTBO

b N

JcoN(m)Pm(:v)p(:c)dm = cho)N(:cn)Pm(mn), m< N-1 (3.33)
a n=1
6yner touneiM. Ho wn(z,) = 0, ciemoBaresbHO, IpaBasi 4acThb

(3.33) obpamaercst B HyjIb. TO O3HAYAET, YTO MHOrOWIEH Wy ()
OpTOroHajieH BceM MHorouseHam P, (z) cuctemsr (3.31) cremenn
m < N — 1. 3Ha4uT, OH C TOYHOCTBIO O MHOXHUTEJIsI COBNAAAET C
Py (z), a ero Hy/M SIBJISIIOTCS HYJISIMM 9TOIO MHOTOYJIEHA. ]

Buiuucaenue eecos. Bynem BuIOUpATH B KadecTBE MOJBIHTE-
rpaJjibHOM QYHKIMY CJIeLYIOMyie MHOrOYJIeHbI cTerenn N — 1:

N
r—
u@) =gu(e) = [
m=1,m#n n m

[JI€ TOYKH Ty, Ty — Y3JIBI TOJIUHOMA P ().
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[MonurOMBI {r, (Z) MMEIOT CITEyIOLIIEE CBOMCTBO:

0 mpu k # n,

n(ok) = 0 mpu k = n.

s Bcex 9TUX (DyHKIHM COIVIACHO ONPEIeSIEHUIO KBAIPATy PHAS
dopmyna I'aycca — Kpucroddens Touna. to maer GopMyny st
BBIYHNCJIEHUS BeCa:

b N
[ n@pt@rs =3 cutatan) = cn (3.3
a k=1

st HeKOoTOpBIX BecoBbIX PyHKumi p(x) (Hanpumep, p = 1) uHTe-
rpassl (3.34) ymaercss BHIYUCIUTD TOYHO 4Ye€pe3 y3Ibl T,. B Gosee
CIIOKHBIX CJIy4asiX OHU HAXOLSATCH NPELU3HOHHBIM YHUCJIEHHBIM HH-
TerpupoBaHueM. B suTeparype 1o OpTOroHaJbHBIM MHOTOYJIEHAM
BBIYHCJIEHBI U IPUBEIEHBI TaOIHIBI y37I0B U BecoB opmyisl (3.30)
JIsT HanboJtee Ba2KHBIX BECOBBIX DYHKIIMIA.

U3 dopmynsr (3.34) 3Hak Beca ¢, He BuaeH. JlokaxkeM, 9TO Bce
Beca IOIOXKUTENbHBL. Jyis1 3roro nomoxum u(z) = $2 (). Dto MHO-
routen crenenu 2N — 2, nyst Hero dopmyina laycca— Kpucroddens
TOYHA!

b N
[ @@ =Y @) = en.
a k=1

Ho mog uHTErpaioM CTOUT TOJIOXKUTEIbHAA DYHKIMS, TAK YTO €y >
> 0, 4T0 1 TPeOOBAJIOCH JOKA3ATh.

OTmerum erie OLHO CBOMCTBO K03 duunenTos. [Tomoxum u(z) =
= 1. Jns Hee dbopmyna (3.30) Touna. 1o gaer

b

fp(x)dx = z]::cn

a n=1

IMTosyyeHHOE pABEHCTBO MOXKHO HCIIOJIB30BATD J1JIsi IPOBEPKH TOYHO-
CTH BBIYUCJIEHUS Cp, U3 (3.34).

®opmyna (3.30) Toyna gy mHorodsiena cremenu 2N — 1. 3Ha-
YNT, €e IOrPELIHOCTh He MOXKET COAep2KaTh mponssomubix u(™ (z) ¢
m < 2N — 1. Torga riaBHBIH 4jIeH TOTPEIIHOCTH OYIET COAEPXKATH
u®N)(z). U3 coobpaskeHnit pa3MepHOCTH MasKOPAHTHAS OIEHKA, IT0-
rpenIHocTy 6yneT UMeThb BUJ,

|RN| < CNMan(b—a)® VL Moy = m[aag] M) (z)].  (3.35)
TE a,
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B onenky BxomuT b — a BMECTO IPUBBIYHOTO h, TaK KakK AJisi Gopmy
l'aycca — Kpucroddens nonsaTue mara OTCyTCTBYeT U €CTb TOJIBKO
AnnHa uHTepBasia. 13 onenku (3.35) BugHo, uro dopmysnsl [aycca —
Kpucrobdens ¢ N y3namMu ciemgyeT NpUMEHATh TOJbKO K (DYHK-
UM, UMEONUM He MeHee 2N HenpepbIBHBIX IMPOU3BOAHBIX. BbI-
cokasi TouHOCTb ¢opmya ['aycca — Kpucroddens: obecneunBaercs
TeM, 4TO He3paszMepHbIit MHOXKUTENE Cy O4Y€HBb OBICTPO yOBIBAET C
poctoM N. 3aMeTuM, YTO aHAJIOTHYHO Ma KOPaHTHOH oueHke (3.35)
MOKHO IMOCTPOUTH ACAMIITOTUYECKH TOUHYIO OLIEHKY ITOT DEUTHOCTH.

BaxxHo moMHUTS cienyromiee. s peasu3anuy BEICOKON TOYHO-
ctu dopmyn I'aycca— Kpucroddens Heobxoqumo 3a1aBaTh y3JIbl
M Beca C MAKCHMMAaJIbHO BO3MOXHOI TOYHOCTBIO (C HCIIOJIb30BaHM-
€M BCeX JOCTYIHBIX Pa3PsiIOB BEIYUCIUTEIbHON TeXHUKH ). [loaTomy
0CcOBEHHO yIOOHBI /1151 TPAKTUKY T€ YaCTHBIE CJIydYan, KO/l N3BECT-
HbI SIBHbIE BBIDAXKEHUS Ty, Cp, YEPE3 IPOOH MU PATUKAJIBI.

Yacmuoie caywau. Beraucienue y3JjoB U BECOB IJis [POU3-
BOJIBHOTO p(Z) o4yeHb cyiokHO. Ha npakTuke B OCHOBHOM ynoTpebisi-
0T KJIACCHYECKHE OPTOrOHAJbHbIE MHOTOYJIEHB, JIsi KOTOPBIX 3TH
BEJIMYMHBI JaBHO HalJEHbl. JTO MATH C/IyYAEB, NEPEYNCIEHHBIX B
Tabi. 3.3.

Vaner u Beca ¢dopmyn Faycca— Kpuctoddenss npuBeneHs B
Tabs1. 3.4. IlepBbie TpH Ciiy4asi OTHOCATCS K CTAHAAPTHOMY KOHEYHO-
My OTpe3Ky uHTerpuposanud [—1,1]. [Ins unTerpupoBanusi no npo-
U3BOJILHOMY OTPE3KY [a,b] MOXKHO mpoBecTH JiMHENHHOe npeobpa3o-
panue aprymenTta. O IHAaKO BMECTO 3TOT0 MOXKHO CPa3y 2Ke HAIIMCATD
T U €, AJIsl IPOM3BOJILHOFO OTPE3Ka [a, b] yepe3 y3uni &, u Beca Y,
¢TaHIapTHOro oTpe3ka [—1,1]:

b—a b+a b-a
=5 =Ynj Tn=— +—2—En, (3.36)

THAE Yn, &n — TaOJUYHBIE BECA U Y31l HA CTAHIAPTHOM OTDE3KE.

OtMmeruMm bopMyily, OCHOBaHHYIO Ha MHOrodjieHax 4eOblieBa
I pona. B Heit u3BeCTHBI sIBHbIE BhIPDAXKEHUs JJisi BCEX y3JIOB U Be-
COB, 4YTO IO3BOJIIET UCIIOJIL30BATh €€ JJIsi BBIYUCJIEHH ¢ OOJIbIINMU
3nayenusamu N. OHa uMmeeT BU,

j a:)dm ~ = Zu(:cn), Ty = COS M, (3.37)

1 Ha3biBaeTcss (GopMysoil dpmuta. Ty (DOPMYILY HCIONB3YIOT
IpH CPEIHEKBaJAPATUYHOMN ANIPOKCUMAaNMK (DYHKIIUA MHOTOYJIEeHA-
Mu YebbimeBa.
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Tabauna 3.3
CBogHas Tabiinna OpTOroHaJIbHBIX MOJHNHOMOB

MHorousieH

XapakTe- et et

PUCTHKH Jlexxannpa eI ;gzzBa ;}I 1;;1;:321 Jlareppa Spmuta
O6o3nauenne | P,(z) T (z) Un(z) L,(x) H,(z)
Orpe3sok -1,1] -1,1] [-1,1] | [0,+00) | (—o0,+00)

1 2
Bec 1 — | V1-122 e ® e ®
V1 —z2

®opmysia, ocHOBaHHasl Ha MHOrodyieHax debwmmuesa II pona, mo-
JIE3HA JJIsi BLIYMCJIEHNH JBYMEPHBIX MHTETPAJIOB IO 00JIACTH C KPHU-
BOJIMHENHOM rpaHUIIEN.

®opMyily, OCHOBaHHYI0O Ha MHorodjeHax Jlarrepa, ucmoib3y-
IOT IJIsi BHIYMCJIEHUSI HECOOCTBEHHBIX MHTErPAJIOB Ha TOJIyIPSIMOM
(0, 00), eciin moABIHTErPAJIbHOE BHIPAXKEHNE YOBIBAET IPUMEPHO KaK
e L.

st BBIYHC/IEHHS] HECOOCTBEHHBIX HHTErPAJIOB Ha NMPsiMoit (—00,
+00) npuMeHsIIOT GHOPMyIy, OCHOBAHHYIO Ha IOJUHOMAX JPMHTA;

2
TTOBIHTErPAJIbHOE BBIPAXKEHHUE [TPU 9TOM JOJI’KHO yObIBATD, KaK € *.

IIpumep 3.5. B 1abn. 3.1 npuBeneHbl pe3yIbTaThl pacyeTa Te-
cra (3.14) mo dopmyne I'aycca (p(z) = 1). OHu BBINOIHEHEI C y4e-
TOoM npeobpaszoBanus orpe3ka (3.36). Ias N = 1 dopmyna Faycca
coBnagaer ¢ popmynoit cpeanux. Ho npu nanbHeinem yBenyeHnN
N TOYHOCTH AOBOJILHO ObIcTpO Bo3pacTaer. Ilpu N = 4 oHa Bbiie,
4eM y 1000t pyroit dopMysibl u3 Tabii. 3.1, OIHAKO ITO NpPEBbIIIIE-
HU€ TOYHOCTHU He CTOJIb 3HAYNTE/ILHO, KAK MOXKHO OXKHJATH OT pop-
MYJ HauBbICIIeH ajrebpandeckoii TounocTr. OObsiCHEHHE B TOM, 4TO
B OleHKY morpemmHocTH (3.35) BxomuT He mar h (KOTOpOro B 3THUX
dopmysiax HeT), a OTHIOAH He MaJjiasi AJiuHa oTpe3kKa b — a. Vcmosb-
30BaTh ke 6osbie N B 3TuXx (bOpMysIax HOCTATOYHO CJIOXKHO, IO-
stomy dopwmyiisl aycca — Kpucroddesns B uncrom Buge He 4acTo
NPUMEHSIOTCS Ha IPAKTHKE.

ITpumep 3.6. HegocraTouHasi TOYHOCTD pacyeTa B mpuMepe 3.5
CBsI3aHa TaKXKe C TeM, 4TO TecToBasi pyHkuus (3.14) umeer ocobeH-
HOCTb B To4kKe T = (, PaCIOJIOXKEHHOH JOBOJILHO OJIM3KO K OTpE3-
Ky MHTerpupoBanusi. [103TOMy BbICOKME MPOU3BOAHBIE U(Z), BXOAS-
II[¥ie B OLIEHKY TOTPELITHOCTH, OKa3bIBaloTCs bonbmumMu. Paccmorpum
Apyroi npumep, rae pyHKIHs JOCTATOYHO [VIaKasd, T. €. €€ BHICOKHE
MMPOU3BOHbIE HEBEJIUKHU. BbIYuCINM HHTErpaJ
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1
(z)d 2
U= _f % u(z) =e (3.38)

no KBaJgpaTypHOil ¢opmyne Dpmura (3.37). PesynbraTsl pacuera
AJis pa3Heix N npuBeneHs! B Tabi. 3.5. BugHo crpemurensHoe yBe-

Tabnuuna 3.4
OpToroHajbHbIE MHOTOYJIEHBI

N MHorounenst Jlexanapa Pr(z)
1 |z;=0 c =2
2 | z12=F1/3 c12=1
3 r13 =+ 3/5,£E2=0 C1,3=5/9,02=8/9
4 | z1,4 = F4/ (15 + 2¢/30)/35; c1,4 = (18 — /30)/36;

T2,3 = F4/ (15 — 24/30)/30 c2,3 = (18 4+ /30)/36
5 | 21,5 = F4/(35 4 21/70)/63; c1,5 = (322 — 13v/70)/900;

T94 = F1/(35 — 21/70)/63; c2,4 = (322 + 134/70)/900;

z3=0 cs = 128/225
N Muorowrens: Yebuimesa I pona T, ()

-1
n |z =cos——n(2n22n ) e =n/n,1<m<n
N Muorounens: Yebuimesa 11 ponga Up(z)
1 c=1/2
2 Cl =C2 = 1'[/4
3 ™ = cos nml,l\m\n c1=c3 =7/8,c=m/4
4 nt 1 = ca = (5 — V5)/40;
Cp =C3 = TE(5 + \/5)/40
5 ¢ = cs = /24,
co=c4 =7/8;c3 =1/6

N Meuorounens: Jlareppa Ln (z)
1 T = 1 C = 1
2 | 12=2FV2 c12 = (24+V2)/4
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Oxonvanue maba. 3.4

N Meuorounens: Ipmura Hn(z)

1 T = 0 Cc1 = \/‘E

2 .'121’2=:F\/1/2 Cl/g=\/17t/2

3 .’121‘3=:F\/3/2,1:2 =0 C1,3 = ﬁ/6;02=2\/‘l_\2/3

4 | 210 =F/(B+V6)/2; c1a = V(3 — v6)/12;
T23=F1/(3—V6)/2 c2,3 = V(3 + V6)/12

5 | 1,5 = F/ (5 +10)/2; c1,5 = v/1(7 — 21/10)/60;
T24 = Fy/ (5 — V10)/2; c2.4 = V(7 + 21/10)/60;

Tabaunuga 3.5
Boruucienne unrerpadna (3.38) no dpopmyne Spmura (3.37)

N Un N Un N Un
1 3,14159265 3 3,97732194 5 3,97746325
2 3,96026605 4 3,97746262 6 3,97746326

JINYeHHe TOYHOCTH IpH Bo3pacTanuu N. Yxxe N = 5 naeT nmpakTu-
4yecKd 9 BEpHBIX 3HAKOB.

Taxum obpazom, ¢dopmyasr 'aycca— Kpucrobddens B uucrom
BHJE MOTYT OKa3aThCs OYEHb BBIFOAHBIMHU MJIsT (DYHKIIMM BHICOKOH
[JIaAKOCTH.

TI'ayccoso-cemounwiti memod. IlorpenHocTh CETOYHBIX METO-
noB umeer Bug O(hP) = O(N™P). B 3Ty OLeHKY BXOOUT BEJIUYIHUHAE
npoussoaroit uP)(z), mopsIOoK KOTOPO# p DUKCHPOBAH, T. €. He Me-
ugercss mpu N — 00. 910 obecreynBaeT cxoauMocTh npu h — 0,
T.e. mpu N — 0o. B onenky norpemrnoctu ¢popmyn l'aycca — Kpuc-
Todpdens Bxogar Cn u Moy . Ilpu N — oo Benmmunnubst Cy — 0. Ho
noBeZieHne Moy TpH 3TOM Hen3BeCTHO. Bricokue npoussoausie u(x)
MOT'YT OKa3aTbCsl OOJIBIINMHU, IO3TOMY TPYAHO OIPENE/UTh, KAKOBA
6yner ckopocTb cxomumocTu dhopmyn 'aycca —Kpucrodbdens npu
N — 00, u 6ymer jix BooOI1e CXOIUMOCTb.

B cBs13u ¢ 3THM Hepeako MCHOJIB3YIOT codeTanune dopmyst [ayc-
ca— Kpucroddenst ¢ cerounsimu meronamu. Ha orpeske [a, b] BBO-
OSIT BCTIOMOTaTEIbHYIO CETKY

QO ={a=Xo< X1 <...< Xg =b}. (3.39)
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3aTeM pa3bUBAIOT MHTErpaJl Ha CyMMy HHTErDAJIOB IO OTPE3KaM
[Xk—1, Xk] 1 Ha KaxKIOM OTpe3Ke HCIOJB3YIOT dhopMynsl [aycca —
Kpucrodpdens ¢ omauMm u tem xke N. [IpumeM ajist mpoCcTOTHI, YTO
cerka )i pasHoMepHa: h = Xy — X1 = (b— a)/K. Torga B mo-
rpemsocTty (3.35) mo oTpe3kaM Ha3J0 HOACTABUTH h BMecTo b — a.
CyMMUpOBaHME 3TUX MIOIPEIIHOCTEN JAET OLEHKY

b—a

|Rn| < Cn(b—a)h* Moy, h= e (3.40)

Ouenka norpemaocti (3.40) obecneynBaet cxoguMocTs pu K — 00
u dukcupoBaHHoM N. 31mech Tak»Ke MOXKHO IIOCTPOUTH HE MaXo-
PAHTHYIO, & ACUMIITOTUYECKH TOYHYIO OLEHKY IMOrPEIIHOCTH.

ITpumep Takoro pacuera ajisi tecta (3.14) npusenen B Tabi. 3.1.
BBenena ceTka BCero u3 IBYX PaBHBIX MHTEpBaIOB (k = 2) u BbI-
nosiieH pacuer ¢ N = 4. ITosHoe yncno y3mioB pasHo 8. Bugso, uto
TOYHOCTb IIPH 3TOM CYIIECTBEHHO IOBBIIIAETCS U CTAHOBUTCS JIy YIIIE,
deM y bopmystel Ditnepa — Makiopena Tounoctu O(h8) ¢ N = 8.

STOoT BapuaHT 60Jiee IPUrOIeH AJIsi MPAKTUYECKOTO UCIIOIb30Ba-
Hus, yeM popmyinsl ['aycca — Kpucrodbdens B yncrom Buze.

3.1.7. HepocratouHo rnagkue dyHKunm

Bce onucanHble KB3ipaTypHble (bOPMYJIbI OBUTH PACCYUTAHBI HA
HOABIHTErPaJIbHbIE (DYHKIUU, NMEIOIHE ONPEEIEHHOE YUCTIO D He-
IPEPBIBHBIX IPOU3BOAHBIX. JTO 0becreynBasio norpearnocts O (hP).
Ecnu umciio HenmpeprIBHBIX MPOU3BOAHBIX ¥ (DYHKIUU OBLIO MEHb-
IIIe, TO 3TO MPUBOAMIIO K IOHUXKEHUIO Nopsiaka TogyHocTH. [Ipu aToM
OOBIYHO CYILIECTBOBAHME JIMIIb ¢-i HENPEPHIBHOMN MPOU3BOIAHOM (¢ <
< p) nonuxkaetr TogHoctb 10 O(h?). Hanpumep, eciu CymecTByer
JIMIIb KyCOYHO-HenpepbiBHas u' (), TO CIpaBeijiuBa TOJIBKO CJIeLy-
OIlIasi MAXKOPAHTHAS OIIEHKA MIOIPENIHOCTH:

|R| < ¢(b—a)hMy, M; = max|v/'(z)[;

3nech ¢ = 1/4 nns popmyn Tpaneuuit u cpeguux; ¢ = 5/18 nns dop-
Mmysbl Cumrncona u ¢ = 0,276 mist dopmyaasl [aycca ¢ N = 4. ITosro-
My (pOPMYJIBI BHICOKOT'O IIOPSIKA TOYHOCTH 11€1eCO0OPa3HO UCIIOIb-
30BaTh JINIIb )11 JOCTATOYHO IVIAIKUX PyHKIUA.

Hanpotus, nanyue y dyHKIUN IPOM3BOAHOM BhIIIE P-if He IO-
BBIIIIAET MOPSAJKA TOYHOCTU (popMys. DTO CBOUCTBO HPOPMYI Ha3bI-
BalOT HacbluleHueMm. AHAJIOrMYHOE CBOMCTBO UMEETCsI HE TOJIBKO Y
KBaIpaTyPHBIX (POPMYJI, HO M ¥ MHOTHX JPYTUX CETOYHBIX METOOB.
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st coy4ast HerpepbIBHOM p-i MPOU3BOLHOM MbI CTPOUJIA ACHMII-
TOTUYECKH TOYHYIO OUEHKY [JJIsi MOrpemHOCTH. Takasi OleHKa He
YJIydIIaeMa; Ha €€ OCHOBE MOXKHO ITOCTPOHUTD AJITOPUTMbI DAaCUEeTOB
¢ kourposieM TounocT (cM. 3.2). Ecou xe u(P)(z) mumb kycouro-
HENPEpBHIBHA, TO OIEHKA MMOTPEIIHOCTH CTAHOBUTCS MAajXOPaHTHOM.
OHa OOBIYHO SBJISIETCH CUJIBHO 3aBBIIIEHHOW M MeHee ymoOHa IJist
NPAKTUYECKUX IPUJIOKEHHIA.

OHaKO B MPUKJIAIHBIX PACYETaX HE YaCTO BOSHUKAIOT (DYHKIIUH,
y KOTOPBIX BOOOIIlE OTCYTCTBYIOT BBICOKHE MPOU3BOAHBIE. OOBIYHO
¢yHKUMS U BCe ee MPOM3BOAHBIE CYIIECTBYIOT M HEIPEPHIBHBI Ha
BCEM OTpEe3Ke, KPOMe OT/EJbHbIX To4deK. B 3Tux Toukax jubo ca-
Ma bYHKIHs, U0 KAKHe-TO €€ MPOU3BOAHbBIE UMEIOT PA3PbIBBI HIIH
obparamTcs B 606CKOHEYHOCTD. B 3TOM ciiy4yae CXOAuMOCTb KBaapa-
TYpPHBIX (HOPMYJI MOXKHO CYIIECTBEHHO YIy4IINTh, BBIOUpas CIIelu-
aJIbHbIE CETKH.

O6031a4ynM 0cobbie Touku u(x) (pa3psiBbl PyHKIUY OO ee Ipo-
U3BOAHBIX) Yepe3 Xi. VI npuuucium Takke K 0COOBIM TOYKaM KOH-
upl oTpe3ka. Beeaem cnenmanbuyio cetky Qx (3.39). Torma BHyT-
pu KaxJoro orpe3ska [X_1, Xx] dyskus u(z) 6yaer HenpepsIBHOM
BMECTE CO BCEMH CBOMMHM MPOU3BOIHBIMU, & UHTETPAJ HA 3TOM OT-
pe3Ke MOXKHO OyHeT BHIYMCIATH MO J1I000 KBaapaTypHOM dhopmyIie
CO CBOMMH y3JIaMH I, HE OMACasiCh MIOTEPH TOYHOCTH. [1OJIHBIA Ke
MHTErpaJjl paBeH CyMMe UHTErPAJIOB 110 BceM oTpe3KaM [Xk—1, Xk

9Ty nponeaypy MOXKHO omucarb uHade. COBOKYIHOCTH CETOK
{zn} Ha Bcex orpe3kax [Xj_1, Xi| cocTaBisier HEKOTOPYIO CETKY Ha
HIOJTHOM OTPe3Ke [a, b] (Iarke ecyiu Ha KaXKJOM OTPe3Ke OBl IOCTPO-
€Hbl paBHOMEDHbBIE CETKH, CyMMapHasi CeTKa Heobsa3aTeJbHO Oymer
paBHoMepHOiA). [Ipu 3TOM BCe 0coObie TOUKH X, OKa3BIBAIOTCS HEKO-
TOPBIMU y3JIaMH CyMMAapHOii ceTku {Z,}. Takue cymmapHble ceTKu
HAa3bIBAIOT CNEUUAALHBIMU. DTO HGOPMYIUDYIOT B BUIE IPABUIIA!

ecau u(x) uau ee npoudeodras umeem ocobeHHoCmb,
T0CMA6b 8 IMY MOUKY Y3ea CEMKU.

3.2. METOA CryLlEHUA CETOK

3.2.1. OpgHokpaTtHoe cryujeHue

CeTouHble METOMIBI OCOOEHHO IIEHHBI JJIsi IPAKTUYECKUX BBIYHC-
JIEHWi, TIOTOMY YTO OHH MO3BOJISIIOT HE TOJBKO MOJIyYUTH OTBET, HO
M OIIEHHUTH €r0 TOYHOCTb.

Hcemopuueckasn cnpaska. Ilepsyio Takyro onenky naj K. Pys-
re (1895) [y1s1 YMCIIEHHOTO HHTETPUPOBAHUsI OOBIKHOBEHHBIX Aucdde-
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PEHIMAIBLHBIX YPaBHEHU IO CBOEi HOBOM cxeMe. PekoMeHnoBaoCh
NpOBECTH [IBA pacyeTra: MEPBbIf — HA CETKE C maroM h, BTOPO# —
¢ maroM h/2. Oba pacueTa CPaBHUBAJINCH, U COBIIQJAIOIINE 3HAKH
CYMTAJIUCH BEPHBIMH.

JI. PuuapicoH, 3aHNMAaBMIMICS YPABHEHUSIMA B YACTHBIX IIPOU3-
BOZHBIX, YCOBEPIIEHCTBOBAJI 3TOT criocob (1910), HO moJsiHOe 0Obsic-
HeHue naj juinb B 1927 r. OH nokasaj, Kak 1o JBYM pacyeTaM C
mwaraMu h 1 h/2 10 cxeMe p-ro NopsiiKa TOYHOCTH MOXKHO TOJIy YUTh
XOPOIITYI0 OLIEHKY IOTPELIHOCTH, 8 TaK»Ke IIOBBICUTh TOYHOCThL pe-
3yJIbTaTa. DTHU CIIOCOOBI He TpeboBaM 3HAHUS IPOM3BOIHBIX Uu(T) U
JaBaJIi allOCTEPUOPHYIO OIIEHKY.

STH MeTOAb! IPUMEHMMBI IPAKTUYECKH K JIIOOBIM 3a71a49aM C Ce-
TOYHBIM NpEeNCTaBJIeHUEeM (DYHKIUU — K HUHTEPIIOJISINHN, YUCJIEH-
HOMY auddepeHINPOBaHUIO, YUCIEHHOMY HHTErPUPOBAHUIO, pellle-
HUo 3ama4d Komwu u KpaeBbix 3a1a4 IJisi OOBIKHOBEHHBIX mudde-
PEHIMAJbHBIX YPAaBHEHUH, 38124 /I YPABHEHU B YACTHBIX IIPOU3-
BOAHBIX, IJIsT MHTETPAJIBHBIX U UHTErpoguddepeHINaIbHbIX YPaB-
HeHwuit. BoJstee Toro, 70 cux MoOp 3TO e AMHCTBEHHBIH CITOCOD MOy YUTh
[Tl CETOYHBIX PElIeHNH aCHMIITOTHYECKHM TOYHYIO OLIEHKY IMOrpelll-
HocTH. OHM CIIy>KaT HAJIEXKHON OCHOBOM [1JIs1 [IOCTPOEHUS IIPOrPaMM
C KOHTpoJieM TOYHOCTH. Jlajiee OymeT moka3aHo, KaK 3TO JeJIaeTcs.

Ouenxa noepewnocmu. CHavana OyayT pacCMOTPEHBI PABHO-
MepHble ceTkn h = (b—a)/N. B 3.1 66110 1OCTPOEHO MHOTO KB3,Ipa-
TYpHBIX (OPMYJT ¥ BBIBEJIECHBI AlIPHOPHBIE OIIEHKH TJIABHBIX 4JIEHOB
UX morpemrHocTeit. Bce ux MOXKHO 3aIUCATH B CHMBOJIMYECKOM BUIE

U= Uy +ch? + o(hP) = Uy + cN~P + o(N"P), (3.41)

rie p — MOPSAOK TOYHOCTH (POPMYJIBL; ¢ — MIOCTOSIHHBIN KO3 dDuIu-
€HT, ABJIAIOIIUIACA HEKOTOPO KOMOMHAIIMEH ITPOU3BOAHBIX IIOALIHTE-
rpaJibHON DYHKIINHN U He 3aBUCAIIMIA OT mara cerku. Korma N — oo
u h — 0, UCTHHHAsA MOrPENIHOCTh OYEHBb OJIM3KA K 3aMHUCAHHOMY
371eCh [JIABHOMY YJIEHY.

IIpoBesnem pacueTsl Ha ABYX CETKAX: NEPBBIA — C YHUCJIOM UHTEP-
BayioB N, BTOpPO# — € 4uCJIOM UHTEPBAJIOB 7' N (IHCJIO T MOXKET OBITH
HeresibiM). [lj1st onpeiesieHHOCTH moJiaraeM r > 1, T. e. cYuTaeM BTO-
pyio cetky 6osiee moapobHoit. Popmyiy (3.41) MoXXHO 3amucaTh B
CJIeIYIOIIEM BHIE:

U=UN+RN+0(N—'p), RNch—'p;
U=UnN+RNn+0(NP), R.ny=cr PNP

3aech B 06enx cTpokax HanucaHbl oquHaKOBBIE O( N P), MOCKOJIbKY
9TO BEJMYMHBI HCUE3AI0LIE MaJlble [I0 CPABHEHHUIO C IVIABHBIMU 4Jle-

(3.42)
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HaMu norpermrHocreit. KosadduuueHT ¢ onuHAKOB B 00€MX CTPOKaX,
[IOCKOJIBKY OH He 3aBUCHT OT IIara CETKHU.

Benuuuna Tounoro 3nayenusi U u kosdduuuent ¢ B (3.42) Ham
HEU3BECTHHI, OJHAKO M3 IIOCTOSHCTBA, C caenyer, 4To Ry = rPR.n.
Y4uThIBasi 3TO ¥ BHIYUTAs BEPXHIOI CTPOKY (3.42) M3 HUXKHEH, 10-
Jny49uM nepByio dopmyny Pugyapacona:

Un —Un

% +o(N7P). (3.43)

R.n =
OTa popMysa JaeT OLEHKY MOTPEITHOCTH Ha NodpobHoT ceTKe Ha
OCHOBAHHMM PE€3yJIbTATOB PACYETOB HA JBYX CETKAaX. JTa OLEHKA He
TpebyeT KakKux-1ub0o CBeJeHUN O MOABIHTErPAJILHON DYHKIMK U Ha-
XOAUTCS B XOJie PACYeTOB; TaKK€ OLIEHKU HA3BIBAIOT GNOCMeEPUOD-
HHLMU.

Ha nocraToyno moapoGHbix ceTkax 4yieH o( N ~P) mpeneGpexxu-
MO MaJI, TO3TOMy oreHKa (3.43) acumnmomuuecku To9Hasi. 1O
O3HAYAET, YTO HA JOCTATOYHO MOAPOOHBIX CETKaX HalJeHHAsI OLEH-
Ka OyImer oyeHb OJIM3Ka K UCTUHHOM morperrHoctu. [losTromy oneHky
o nepBoit ¢popmysne PuyapacoHa MoXXHO BBIIABATh B IPOrpaMMax
KaK FapaHTHUPOBAHHYIO OLIEHKY ITOTPEIIHOCTH JJIsi MTPUOJINKEHHOTO
pewenust Uy v, IOJIy4€HHOTO Ha MOAPOOHOI CeTKe.

OHaKO HAIIOMHHUM, YTO BCE TH OLIEHKH CIIPaBeJJIUBBI JIUIIb JJIS
JIOCTATOYHO IJIaJKOM MOABIHTErpaibHOM dyHKIuu. B 3amagax quc-
JIEHHOTO MHTETrPUPOBAHUS IJIsI ITOrO TPEOOBAJIOCH HAJIMYKE HEIpe-
peiBHO# orpannyentoi uP)(z). B apyrux 3amadax, KoTopble GyayT
pacCMOTpeHHI ajiee, TpeOOBaHMsI K PYHKIUNA MOTYT OBITH HHBIMHU.
IIpumeHeHne ONMUCAHHBIX OIEHOK K HEJIOCTATOYHO IVIaAKuM (yHK-
UHUSIM MOXKET IPUBECTH K CEPbE3HBIM OLINOKAM.

IMosvwerue mowrocmu. ITockonbky orenka (3.43) acummro-
TUYECKH TOYHA, €€ MOXKHO Y4IEeCTh KaK IMONPABKY K MPUOIMKEHHOMY
pemenuio U, y. ITogcrasus (3.43) Bo BTOpy!O cTpoky (3.42), momy-
4uM BTOpYyIO dopmyny Puuapacona:

U=Un+0o(NP); Un=Un+ ﬂ%_if_l\f_ (3.44)
OTa ¢dopMysa HO3BOJISIET 10 PACYETAM P-TO IMOPSAKA TOYHOCTH,
BBLINOJTHEHHBIM Ha JBYX DABHOMEDHBIX CETKaX C Pa3HBIM YHCJIOM
MHTEPBAJIOB, IOJY4YUTh pe3yiabTaT U,y HOpsiiKa TOYHOCTH BBIIIIE
p-ro (Kakol MMEHHO MOPSINOK OyJAeT MOJIydYeH, PACCMOTPUM B IOJ-
pa3z. 3.2.2).

W3 pacueroB Ha JBYX CeTKaX HeJb3s OLEHUTH MOTPEIIHOCTH
yTouneHHoro 3HadyeHusi U,y. OIHAKO B MPOCTEHIIMX MpPOrpaMMax
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AecTByeT ciemyiomee HecTporoe paccyxxjenue. IIpeamomararor,
YTO MOrPENIHOCTh YyTOYHEHHOrO pemienus U,y CyIIeCTBEHHO MEHb-
lIe, YeM MOTPELIHOCTh HeyTOYHeHHOro pemenust U,y (B GonbIuns-
CTBE NMPAKTUYECKUX CUTYaUUi ITO MPEANOJIOKEHNE BBINOHSIETCS).
BBINOJIHSIIOT PacyeThl Ha ABYX CETKaX, yTOUHEHHOE 3HadeHue Uy
(3.44) GepyT B KauecTBe OTBeTa, a Beu4uHy R,y (3.43) nmpusomar
KaK OlLEHKY MOrDEIIHOCTH YTOYHEHHOTO pemienus. Pasymeercs, 3Ta
OILIEHKA YK€ He sIBJISeTCS aCUMITOTHUYeCKH To4Hoi. Ee crout pac-
CMaTPUBATh KaK M0I00Ke MaKOPAHTHOM OLIEHKH.

Mmrozoxpamnoe ceyuerue. 115t TIpaKTUKX HYXKHBI IPOTPaM-
MBI PAcY€eTOB, obecreYnBaolye 33JaHHY 0 TOYHOCTS €. [IpocTeitmnine
IPOrpaMMBI 11e71IECO00PA3HO OPraHU30BLIBATD CJIEAYIOUINM 00Pa30M.
BriGepem mepBoHadanbHO ceTKy ¢ Ny unrepBainamu. Cryctum ee B
T pa3s, MOJIy4YMB CETKYy C 4ucjaoM y3joB N; = rNp, npoBeaeM pac-
YeT W OUEHHMM morpemHocTs Ry, = R; (Mb! u3MeHnnu 0603Haue-
Husi). Ecu |R;| < €, TOo TpebyeMasi TOYHOCTH pacyera JOCTUTHYTa
¥ BBIYHCJIEHUS ITpeKpaiaioTcs. Eciu TouHOCTD € HE TOCTUTHYTa, TO
CHOBA, CT'yCTHM CETKYy B T pa3, mouay4dus ceTky No = r2Ny. Temneps
snauenus Uy, = Uy u Uy, = Uz Ha OBYX IOCIEIHUX CETKaX HaJlO
paccMaTpUBAThL KAK PACUeThl Ha IBYX PABHOMEDHBIX CTEKaX C OTHO-
[IIEHWEM I1aroB r ¥ OpuUMeHsTh obe dopmynsl Puyapacona. Takoe
CryIIEHHE CETOK B 7' pa3 MPOJOJDKAIOT JO TeX IOop, [oKa He Oyzer
JOCTUTHYTa Tpebyemas TOYHOCTD: |Ry| < .

STy mnponeaypy BaXXHO IOMOJHHUTH CJEAYIOUIUM KOHTDPOJIEM.
Meron, Puuapacona nmpuMeHHM, eCJIM MOXKHO NIpeHeOpedb 4JIeHOM
o(N~P). Onnako u3 tabi. 3.1 BUAHO, YTO 3TO CIPABEJIMBO JIAIIb Ha
JOCTATOYHO HOOPOOHBIX CETKAX: OTHOIIEHUSI IOJTHBIX MOTPEHIHOCTeH
Ha COCEIHUX CeTKaxX MpH Mayibix N ele AajieKu OT TEOPETUYECKOTO
snauenus rP. [losTomy B mporpamme ciieyer cpaBHUBAaThH (hbaKTH-
YeCKHe OTHOUIEHUsI COCeOHUX morpeumnocreit Ry_1 /Ry v OleHUBATH
ux 6;1M30CTh K TeoperudeckoMy mnpeneiy. OcobeHHO 3TO ymobHO Ie-
J1aTh, BBOJs NOHATHE 3ghghexmusrozo nopadra mownocmu. Ha-
30BeM Dy IDDEKTUBHBIM MOPSIIKOM TOYHOCTH, €CJIM BBIIIOJIHSIETCS

Ry_1/Ry, = rP* unm
_lg(Rx_1/Ry)

B lgr
Ecnu npu mocie1oBaTeIbHOM CTYIIEHUN CETOK Pr, MOHOTOHHO CTpe-
MHTCS K TEOPETHYECKOMY MOPSAAKY TOYHOCTHU p (3.41), To ycnoBus
npuMeHnMOCTH hopMys1 PuuapicoHa BIOIHEHB! (TOTIa OMCAHHAS
paHee IpoLeAypa CryLUieHusl CeTKH paboTaeT IPaBUIILHO).

B nporpamme HeobOxoiMa CTpaxOBKa OT HEIITATHBIX CHTYAIUIl.
Ha ouenp rpy0ObIX ceTKax IOBEIEHUE Dy MOXKET OBITh HEMOHOTOH-

Dk
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HbIM. Boutee Toro, oTHomenue Ry_1/Ry MOXET CTaTb OTPULATENb-
HBIM. DTO 03HAYAET, YTO HAYaJIbHOE YUCJIO HHTEPBAIOB [Ny BEIOPAHO
CJIMIIIKOM MAaJIbIM ¥ €ro HeobXOIMMO yBeauduTh. BMmecTo 3Toro jo-
CTATOYHO MPOCTO OTOPOCUTDH PACYETHI HA MEPBBIX CETKAaX.

HeMOHOTOHHOCTS Py, MJIM OTPUIATEILHOCTD Ry 1/ Ry MOXET CHO-
Ba BO3HUKHYTH HA OYEHb IOAPOOHBIX CETKAX. DTO CBUIETEIHbCTBYET
0 BBIXOZIE PacyeTa Ha OIMOKYU OKPYIJIEHUsI, KOT/1a MOC/IeAHIE Pa3psi-
abl gncen becniopsimouno Mensitorcs. Camu 3nadenust Ry, npu sTom
y2Ke BecbMa MaJibl. Ecjiu ene He BBITIOJHEH KPUTEPHIl OCTAHOBKH
pacdera, TO ObLT 3a/1aH HEPEATMCTHIHO BHICOKUN YPOBEHb TOYHOCTH
. [Ipu sToM mporpamMma J0Ji?KHA OCTAHABJIMBATH PACYET U BbIIA-
BaTh JUATHOCTHKY: «3aJaHHOE € HEJOCTUKHMMO, HAMTY IIasi TOCTH-
JKUMasi TOYHOCTD eCTh |Rg|».

Hakomerr, BO3MOXXHO CTPEMJIEHUE Dk K JIPYTOMY YHUCIY ¢, HE COB-
[MaIaI0IIEMY C TEOPETUYECKUM IMOPSIKOM TOYHOCTH: ¢ # p. Ecim
g < p, 3TO 03HAYAET HEJOCTATOYHYIO IJIAJKOCTh MOABIHTETPAJIBHOIN
dyukuun. Ilo BenyMHEe ¢ MOXKHO OIEHUTDH YHCJIO CYHIECTBYIOINX
HeINpPEePLIBHBIX NPOou3BOoaHbIX u(x). Eciu xxe ¢ > p, To 3TO 0O3HAYa-
€T, 4TO 3aIpOrpaMMHUPOBaHHasi GOPMYJIa Ha JAHHOM u(Z) O KaKOii-
Jnb0 IpuYnHe uMeeT 60Jiee BHICOKHI NOPSiIOK TOYHOCTH (BCIIOMHUM,
HAIpUMep, YTO MJIs IepUoandecKnx YHKIUH (popMysia Tpamenmit
UMeeT NOPSIA0K TOYHOCTH BBILIE 2).

V106HBIM BU3yaIbHBIM KOHTPOJIEM PAOOTHI IPOTPAMMBI CJIY XKAT
rpacduku. Ha nepBom rpaduxke ctposiT 3aBucuMocTs Ig | Rg| ot lg Ny.
CpenHsisi 4aCTh TAKOro rpaduka JOJIKHA OBITH MPSIMOI JIMHUEH C
HAKJIOHOM tg o = —p. ITO CBUIAETEILCTBYET O IpEeHEOPEKUMOI Ma-
soctu o( N~P) u npumenumoctu dopmysn Pugapacona. HavanpHbrit
YYaCTOK JIOJI?KEH MOHOTOHHO BBIXOJIUTH Ha 3Ty npsiMyo. Ha HikaeM
y4acTKe C HEKOTOPOr0O MOMEHTA TOTPEIIHOCTh BeJIET cebsi becrmopsi-
JIOYHO ¥ B CPEeHEM He yMEHbIIaeTCsl (BBIXOJ Ha OIIUOKH OKpYyTIJie-
HUS).

Bropoit rpaduk — 3aBucumMocTsb py oT 1g Ni. Ero cpennuit yua-
CTOK JOJI’KEH OBITh KOHCTAHTOM P, a Ka4yeCTBEHHOE IOBEJIEHUE Ha-
YaJIbHOIO ¥ KOHEYHOI'0 OTPE3KOB rpaduka aHajoruydHo. [Ipumeps
TaKuX rpadHKOB OyayT IIPUBEIEHBI JAJIEE.

Habopwv cemox. Panee orMedanoch, YTO 7 MOXKET OBITh HE Ile-
JabiM. [lebiMu JOIKHBI ObITH YHCJI8 HHTEPBAJIOB Ha JIIOOBIX CETKaX:
Ny, 7No, 72Ny, ... B KakoM ke OTHOILIECHHH 11€J1eCO00PA3HO CIyIIATh
cerku? B npakTuke HanboJjiee 4acTo ynoTpedIisieTcs 3HadeHue r = 2.
Torna npu robom Ny 3nauenus Ny, 6yAyT HeSbIMH, 8 OIIHOKU OKPYT-
JieHus1 ipu Bbruucyenun Ry (3.43) okaxkyrcst HeGonbmmmu. Takue
CeTKM 0COOEHHO BBITOIHBI IIPH pereHnu quddepeHnaabHbIX ypaB-
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HeHu#t st pyaxkuun u(z). IIpu ouepeHOM crymeHnn Kax i nH-
TePBAaJI CETKH AEJIUTCS ITOII0JIaM, BCE Y3JIbl CTAPO CETKU CTAHOBSITCS
YETHBIMU Y3JIaMH HOBO# CETKM, a CEPeIMHbI MHTEPBAJIOB CTAPOIi CTe-
KM — HEYETHBIMM y3JIaMH HOBOM CETKH. DTO IMO3BOJISIET CPABHUBATD
pacyeTrHble 3HaYeHUsI GYHKIMHI B COBIAIAIONINX Y3JIaX COCEIHUX Ce-
TOK.

OznHako y CeTKM CO 3HAYEHHEM ' = 2 eCTb HEJOCTaTKH: 1) Tou-
KM Ha OMMCAHHBLIX paHee rpaduKax pacloJIOXKEHbI JOBOJIBLHO PEIKO,
YTO 3aTPYAHsIET BU3YAJIbHBIM KOHTPOJIb TOYHOCTH; 2) KaxKJ0€ Cry-
[eHVEe Ha OJHOMEDHBIX 33J]a4aXx BJBOE YBEJIHUYMBAET OObEM pacue-
TOB, Ha ABYMEPHBIX — BYETBEPO, Ha TPEXMEPHBLIX — B BOCEMb Pa3
u T. 1. MHOrOMepHbIe 33Ja4d B HACTOSIIIEE BPEMsl SIBJISTFOTCSI BIIOJIHE
OOBIYHBIMHU B MPAKTHKE, U TAKOE TOBBIIIIEHHE TPYJOEMKOCTH 3a4a-
CTYIO HEXKEeJIATEJIBHO.

Cy1ecTByeT HECKOIBKO HAGOPOB LIEJIbIX YUCEJI, Y KOTOPBIX OTHO-
IIIEHNE COCETHUX YHCeJI IIOYTH OOUHAKOBO. X y106HO HCIIOIB30BATh
JJ1s TIOCTPOEHUSI CI'YIIAOUUXCS CETOK. By/ieM Ha3bIBATb TaKHe CeT-
KU MA2UMECKUMU:

No=5, N1 =7 Ny=10, N3=14, Ny=20,

3.45
Ns=28,..., Np_1/Np=v2+1%; (3.45)
No=12, Ny =17, N,=24, N3=34, N;=48, (3.46)
Ns =68, ...,Ny_1/Npy =v2+0,2%; '
No=12, Ny =15 N,=19, N3=24, N;=30, (3.47
N5=38,..., Nig_1/Np=V2+0,8% ‘
No=10, N; =12, Ny =14, N3=17, N4q=20,
) (3.48)
Ns=24,..., Ni_1/Np=vV2+2,1%.

Takue HAOOPBI HEJIb3SI HAYNHATD C IPOU3BOJILHOrO 3Ha4YeHUs Ny;
B KadecTBe Ny HYXKHO BHIOMPATH OHO U3 YHCEJ KaXXJ0ro Habopa,
HO He 0bsi3aTesbHO nepBoe. CpeqHee 3HAYEHHE T B KaXKJA0M Habope
ectb 21/™ (m = 2, 3,4), 4TO MO3BOJISET CTABUTH TOYKH HA rpaduKax
MIOT'PENIHOCTH B 2 — 4 pa3a 4alle, 4YeM Ipu 1 = 2.

OpHako [Jisi aKKypaTHOro pacueta Ry ¥ py Helb3si M0JIb30BaTh-
cs cpenHuM 3HadeHueM r. B dopmynax Puuapacona (3.43), (3.44)
JJIST KaXKI0# TIapbl COCEIHUX CETOK HaJio O6paTh UMEHHO WX OTHOIIIe-
Hue vy = Ni/Ni_;. Vcnonb3oBanue cpeHEro OTHOIIEHUS] MOXKET
BBI3BATH HEOOJIBIIYIO MCKYCCTBEHHYIO HEMOHOTOHHOCTD CTPEMJIEHUSI
Ry v pr k npenenam. Toraa pacyer MoxeT HEODOCHOBaAHHO OCTaHO-
BUTbCsl, HE JIOCTUTHYB 33J]aHHON TOYHOCTH.
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B MHOrOMepHBIX 33a9aX MCIO/Ib30BaHue Habopos (3.45) —(3.48)
[1aeT MHOTOKPATHOE YMEHbIIIEHHE TPYA0EMKOCTH PACU€ETOB.

Cpenaewm emie 3amedanne. PopmaabHO MOXKHO OpaTh cocenHHE
CeTKH C JOObBIMH YKCJIaMH MHTEpPBaJoB, HampuMmep, N; = 100 u
N3 = 101; sTo coorBercTByeT r = 1,01. OHaKO NMPUHUMATEL T =~ 1 B
MeToae PuuapicoHa He ciieayeT: py BHIYUTAHUN OJIU3KUX 3HAYEHUMN
U; u Us cokparaeTcst MHOTO 3HAYAIUX UdP U CUIBHO BO3PACTAIOT
OLIMOKY OKPYIVIEHHUS.

Meron PuyapacoHa MOXXHO HCIOJIB30BATH TaKKe IPH OTJIAIKE
nporpamMm. B kadecTBe TecTa 6epyT pYyHKIHIO C 3aBEJOMO JOCTATOY-
HOI I'JIaIKOCTHIO, HHTErPaJl OT KOTOpoii u3BecteH. IIpoBonsaT pacye-
THI II0 IPOrPaMMe Ha CTyIIAIOIMXCs ceTKax. Ecym ceTouHble pacye-
THI HE CXOLATCSI K M3BECTHOMY OTBeTy npu N — 00, TO IporpamMma
COmepXKUT rpyoyio omnbky. Eciin cXoAuMOCTh K TOUHOMY 3HAYEHUIO
€CTb, HO C MOPSIIKOM TOYHOCTH MEHbIIIE TEOPETUYECKOrO (HE TOT Ha-
KJIOH JIMHU# Ha rpaduKax), TO CIeLyeT UCKATh HEOOJIBIIYIO OLIHOKY
(HampuMep, CABUT WHIEKCA CYMMHDOBAHUS WM [IyTAHUILy B KO-
duupenrax).

Kycounas 2aadxocmds. Ilycth DyHKIMS ¥ HEKOTOPOE YUCIIO
€€ MPOM3BOAHBIX KYCOUHO-HENPEPbIBHLI. K/ mOCTpOUTD HA OTpe3-
ke [a, b] paBHOMEDHYIO CETKy, TO KaKue-To Touku pa3pbisa u(?(z),
q > 0, monanyT BHyTpb uHTEPBAJIOB. CryllieHne CEeTKH U IPUMEHE-
HUe MeToJa PryapcoHa mpu 3TOM HEBO3MOXKHO.

B sToM ci1y4dae Hy>KHO IOCTPOUTH CIElaJIbHbIE CETKU. Bee Tog-
KU pa3pbIBa HAJIO B3STh B KAYeCTBE Y3JIOB CETKH, & MEXKAY KaXKA0i
napoit COCeIHUX TOYEK Pa3pbIBa MOCTPOUTH HEKOTODPYIO PAaBHOMED-
HyIO ceTKy. Ecin oHOBpEMEHHO CrymaTh Bce 3TH CETKU B OIHO: U
TO K€ YHUCJIO Pa3, TO YCJIOBUs TpUuMeHuMOCTH dopmyn Puuapacona
OyAyT BBHIIOJIHEHBI.

Taxue ceTku 6yzeM Ha3bBIBATH NCEBIOPABHOMEDHBIMU. DTOT TEP-
MUH OTHOCHUTCA HE€ K OLHOI CeTKe, a KO BCEl COBOKYITHOCTH CETOK,
[OJIy9aeMbIX CTYI€HHEM Ha4aJIbHOMN CIIEIMaJIbHON CETKH.

3.2.2. PekyppeHTHOE YTOYHeHue

B moapasn. 3.2.1 ynoMuHA/IOCh, YTO TIPU pacueTax € 3aJaHHO
TOYHOCTBIO IIPUXOAMUTCS HECKOJIBKO pa3 CryIaTh ceTky. [lokaxem,
YTO TAKH€ PACYEThI MIO3BOJISIOT KaPAUHAJIBHO YJIy4IIATh TOYHOCTb,
ecyu ceTo4YHast GYHKIMS JOCTATOYHO IVIaAKasd, T. €. Pa3JI0o2KEHHe Io-
TPEIIHOCTH 110 CTENEHSIM I1ATa COAEPKUT JJOCTATOYHO MHOTO YJIEHOB.

Hanpumep, B dopmynax itsepa— MakjopeHa MONpaBOYHBIE
YJIEHBl MOXKHO PACCMaTPUBATh KaK PAa3JIOXKEHHUE MTOrpenrHocT Gop-
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MyJI CPeJHUX ¥ Tparmenuit o crenensm mara h (3.27), (3.29). O6o-
3Ha4MB 4yepe3 Uy pacueT 10 KBaIpaTypHOIt hopMyIte Tpanenuit Hiu
CPeIHUX, TOJIyYuM

M
U=Uyx+ Y emNTPT 4 o(N7PMe), (3.49)

m=0

3necs K03 DUIUEHTHI ¢;, HE 3aBUCAT OT mAroB ceTku. Jlias yka-
3aHHBIX (POPMYJI p = 2 — NOPSAOK TOYHOCTH OCHOBHOM (POPMyJibI
CpeJHUX WJIM Tparenuii. 3HaYeHusi ¢ = 2, TaK KaK BCJIEICTBUE CUM-
MeTpu# 3TUX (POPMYJI IOTPENIHOCTD PA3JIATAETCS B PSIJL 10 YETHBIM
crenensM mara. s HecuMMeTpudHbIX GopMyJt 00bryHO ¢ = 1. s
CIIPABEJITNBOCTH PA3JI0XKEHUsI B 33/1a49aX YUCJIEHHOTO HHTErPUPOBA-
HUsI TPEOYETCs HAJINYKe HEIIPEPLIBHOM U orpaHuyeHHo (p + oM )-i
pOU3BOAHOMN u(Z).

IIpoBeneM cepuio pacyeToB, Cryliasi CETKY B OJHO M TO XK€ YKC-
go pa3 r. Ilpu cupaBegnuBocTu passoxenusi (3.49) B dbopmynax
Puuapacona smecto o( N ~P) mosiBiisiercs O(N ~P~°). Torna pesyib-
TAT ONHOKPATHOro yTouHeHusi (3.44) MOXKHO TPAKTOBATH KaK pe-
3yJILTAT NMPUMEHEHUSI METOHa 00Jiee BBICOKOrO IMOPSIIKA TOYHOCTH
p + o. K HEMy MOXHO CHOBa IpuMeHHTb popMmynbl Pudapacona c
‘TEM K€ 7", HO HOBBIM IMTOPSIIKOM TOYHOCTH D + O.

IIporeaypy yTOUYHEHUST MOXKHO CIEIATH peKyppeHTHoU. O603Ha-
yuM pelreHne Ha k- ceTke, maBaeMoe MCXOMHON (opMysioi, yepes
U? = Uy, a ero norpemsocts — RY = Ry,. OHOKpaTHOE yTOUHEHNUe
o Puuapacony o6oznauum U ,% = Uy, BTopoe yrounenue — U ,f T I.
Torma popMyJibl M-r0 yTOYHEHUS TPUMYT CJIELY IO BUI:

Um—l _grm—1
R;cn_l = r§+c(m—1)k__11 , Ug' = szn_l + R;cn—l’
Rm—l (350)
pfcn_l =lg an__ll/lgr, 1<m< M.
k

OcHOBHOe BpeMsl pacuyeTa 3aHUMAeT BBIYHCJIEHHE II0 MCXOAHOI
dopmyre: HampuMep, B KBaApaTyPHBIX (POPMysIax HY>KHO BBIYHC-
aTh u(z) B GOJIBIIOM YHCJIE Y3JIOB, YTO SBJISETCS HauboJlee TPYHO-
eMKO# 4acTbio. Beraucienus no dopmysam (3.50) tpebyroT aumb
HEOOJIBIIOr0 YKcia mpocTedmux apudMerudeckux oneparuit. Ilo-
3TOMY NIPUMEHEHHEe PEKyPPEHTHOIO y TOYHEHNs IPAKTUIECKH He yBe-
JINYNBaET 00beMa BBIYHCJIEHUN 10 CPABHEHUIO C OCHOBHOU opMy-
JIO#, HO CYIIIECTBEHHO ITOBBIMIAET IOPAI0K TOYHOCTH Pe3YJIbTAaTa.
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Tabnuuna 3.6
PekyppeHTHOe NMOBBILIIEHNE TOYHOCTH

Ne| UR R} | Ui Ri Pk | UZ R} Pk
1 {5,33333
2 |4,45552({—-2,9¢ — 1 4,16292
4 14,13839|—-1,1e — 1{1,66|4,03268 | —8,7¢ — 3|2,21{4,02400
8 14,03810|—-3,3e — 2|1,82|4,00467|—1,9e — 3|2,74]4,00281 | —3,4e — 43,02
16 |4,00988 | —9,4e — 311,94|4,00047|—2,8¢ — 4|3,27]4,00019|—4,0e — 5|3,82
32 |4,00250| —2,5e — 411,98|4,00004 | —3,0e — 5{3,67|4,00001|—3,0e — 6|4,64
64 14,00063 | —6,2e — 52,00{4,00000|—2,0e — 6|3,89(4,00000|—1,0e — 7|5,33
oo {4,00000 0 2,00{4,00000 0 4,0 [4,00000 0 6,0

DO W= O

ITpumep 3.7. BosbMeM B kKadecTBe HCXOAHOM GopMyny Tpa-
neruit (3.17) u paccmorpum Tect (3.14), UCIONB30BAHHBIN paHee
JJIs pa3HbIX KBaApaTypHBIX ¢opmya B Tabia. 3.1. PesynbraTsl pe-
KYPPEHTHOI'O yTOYHEHHUs! yA0OHO IIpeACcTaBaaTh B ¢popme Tabi. 3.6.
B Heit nepBbie gBa CTOMOIIA — HOMED CETKHU kK U YHUCJIO Yy3Ji0B Ni.
Cnenyromue Tpu CTOJOLA COOTBETCTBYIOT OCHOBHOMY Dacdery IO
dopMyJie Tpalenuii, OllEHKe ee MOrPEITHOCTH 10 Pudapiacony u ag-
(bEKTHBHOIO MOPsiKA TOYHOCTH. IJTa MPOLEAypa OMHCAHA B IOI-
pasxn. 3.2.1. Kaxnmas ciemymolasi Tpoiika CTOJOIOB — pe3yJbTAT
o4YepeTHOro yToUHeHus1. IIpu KaxKI0M YTOYHEHUH YHCJIO OCTAIOIIHX-
Cs CETOK YMEHbBIIaeTcs Ha 1, mo3ToMy moyiHas Tabyiuia MMeeT BHJ,
TPEYTOJIbHUKA: YUCJIO0 CTPOK B TaOJIMIIE PABHO YHCJY HCIIOJIBL30BAH-
HBIX CETOK, YHUCJIO TPYII CTOJIOIIOB OTPDAHUYEHO TVIAOKOCTHIO U HE
npessbitiaer M.

Pacuer uenecoobpasHo mpoBoguTh, H00aBIsis K TabJuIe 1Mo of-
HOM CTpOKe W IIPOBOZS BCE IOCTYIHBIE YTOYHEeHHs. Eciam xoTs Obl
B ompo#t 3 rpymnn croabuos {Uy ™!, RP*™1, pl~'} 6yzer momydeno
|RZ"1| < €, TO 33JaHHAsI TOYHOCTDb JOCTHTHYTA U pacyeT MpeKpa-
maercs. 3nadenue U;" GepeTcs B KayeCTBe OTBETA, a IR;C"_ll c4uTa-
eTcsl MasKOPAHTHOI OIIEHKOM €ro MOrPEeIIHOCTH.

O6s13aTeNIbHO HY?KHO HCITOJIB30BATh JUATHOCTUKY, OMMMCAHHYIO B
monpasn. 3.2.1. B kaxxmoit rpymnme cToJOIOB aHAIM3UDPYETCST TTOBe-
JleHue p;cn"'l. o Tex mop moxa p;n—l MOHOTOHHO CTPEMHTCS K T€O-
PeTUYECKOMY MpeJIesiy, OLIEHKHU MOTPENTHOCTH R}c”"l B 9TO# rpyrmnme
aCHMNTOTUYECKH TOYHBI, a 3Hadyenus U mocroseprbl. Hapymenue
MOHOTOHHOT'O CTPEMJIEHUSI p}c”_l K TEOPETUYeCKOMY IMpeJesly CBUIE-
TeJIbCTBYET O BBIXOZE Ha OUIHOKH OKPYyTIJIeHusl. B 3TOM ciry4yae Heslb-
351 TIPOIOJIKATH BHHU3 3TOT CTOJIOEI] M BCE JIeXKAll[e IIpaBee HETO
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rpymnnsl crosbuos. OgHako B CTOJIONAX, JIEKAIUX JIEBEE, MOXKHO
IIPOBOJUTD NAJIbHEMIIEE CrylieHNe CETK.

B nmanHOM mpuMepe BHUIHO, YTO pg OBICTPO CTPEMHUTCS K 2, IO-
3TOMy IIepBO€e YTOYHEHHE SIBJISETCs. O9€Hb HaIeXKHbIM. 3HAYEHHE Pk
cTpeMuTcs K 4 MelJieHHee, HO yIOBjeTBopuTebHO. [IosToMy BTO-
poe yTO4YHEHHMe TakxKe IOCTATO4HO HajexHo. CTpemyenue p? K 6
JIOBOJILHO MEIJIEHHOE, ITO3TOMY K TPETbEeMY YTOYHEHUIO HYXKHO OT-
HOCHUTBCs OCTOPOXKHO (B Tabu1. 3.6 oHo He npuBeneHo). OxHaKO yxKe
BTOpOE yTo4yHeHHe npu N = 64 obecrieunBaeT BHICOKYIO TOYHOCTh
10~7. Torga TPYJOEMKOCTb pacyeTa IPAKTHYeCKU He IIPEBBIIIaeT
TpynoeMkocTu (opmyasl Tpamenuit ipu ToM ke N = 64. Taxoii
METO/I [TOJIy Y€HHUST BBICOKOI TOYHOCTH yOe IUTeIHbHO IOKa3bIBaeT 3d-
GEKTUBHOCTD PEKYPPEHTHOIO YTOYHEHUS.

Jlns1 BU3yaibHOTO KOHTPOJIsI pabOThI POrpaMMBbl YAOOHBI rpa-
duku, onucanusie B nonpa3n. 3.2.1. Ha nepseiit rpacduk HanocsaT
saBucumocty 1g |RJ| ot 1g Ny mns Bcex m (puc. 3.3). JIunus 6a-
30Boro pacdera (m = 0) sBisieTCS IPAKTUYECKHU NPSIMOM C yrjioM
HaKJIOHA tg oy X~ —2. DTO COOTBETCTBYET BTOPOMY IOPSAKY TOYHO-
cru. 'pacduk norpenHocT NEpBOro yTOYHEHNsI HAYNHAETCS HA O
Hy TOYKy mpaBee. Ero Ha4aJjio UCKPUBJIEHO, HO OH OBICTPO BBIXOJIUT
Ha MPSIMYIO C HAKJIOHOM tg a; = —4; 3TO COOTBETCTBYET Y€TBEPTOMY
HOPSIAKY TOYHOCTH. [Jist BTOPOro yToYHeHusI Ha4aJbHas U CPeIHSs
4acTU rpaduKa aHAJOTUYHHI NpeaplaymeMy u npu Ny = 1 024 no-
IpEelHOCTD najaeT 10 ~ 10714, Oxnako npu maipHelineM yBeaude-

lg|R}

el
L (V]
T T

4 lg N,

Puc. 3.3. IloBenenne norpemrsocreit dhbopMysbl Tpanenuit NpH CTyIIeHUN
CEeTKHY U PEKYPPEHTHBIX yTo4yHeHusx (0 — 6a30Bblit pacuer; I — 4 — HOMepa
YTOYHEHUH )
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Puc. 3.4. SddexTuBHBIE NOPAAKHM TOIHOCTH HOPMYJILI TPATIENUN U PEKYP-
DPEHTHBIX YTOYHEeHHH py cryiieHun ceTku (0 — 6a30BbIf ypOBeHb; 1 — 4 —
HOMEpA YTOYHEHUiA)

HuUU Nj TOrPElHOCTb MEePECTAET YObIBATh. JTO O03HAYAET BBIXOH HA
omubKu okpyriienus. s ciaeayoumx yTOYHEHMH BbIXO Ha OIIuo-
KW OKPYIJIEHHUS] TPOUCXOMUT NPU TOM K€ YPOBHE MOTPENIHOCTH, HO
[IpY COOTBETCTBEHHO MeHbIuX Ni. B naHHOM npuMepe Tpersbe yTou-
HEH¥e ellle IOBBIIIaeT TOYHOCTD U TI03BOJISET JOCTHYb ypoBHs 10714
npu N = 512. Ho yeTBepTO€ yTOUHEHHE 3/IECH YK€ IIPAKTUYIECKH
becmoJie3Ho.

Jnst ucxomuoit OpMyJsiBl Tpamenuit Takoi ypOBEHb TOYHOCTHU
10~ 6Bt 661 gocTHrHYT jumb mpu N > 107, a ans dopmyssl
Cumncona — npu Ny > 10%. Do Harnsano unmocrpupyer sdbdek-
TUBHOCTDH DEKYPPEHTHBIX YTOUHEHUH.

Ha puc. 3.4 noka3zano noBeaenue 3HEKTUBHOTO MOPSI KA TOUHO-
CTH B 3aBUCHMOCTH OT IIIara CETKHU IJIsi Pa3HBIX yTouHeHui. BumHo,
4yT0 6a3oBas dopmyna Tpanenuii (m = 0) u nepBble ABa yTOYHEHHS
(m = 1,2) ycneBaioT BBIATH Ha TEOPETHYECKHE MOPSIAKUA TOYHOCTH
p = 2+ 2m; IpHu 3TOM JJjIsI BTOPOTO YTOYHEHUs rpaduK cpa3y Mo-
CJIE 3TOr0 CPHIBAETCS B CBSI3M C BBIXOJOM Ha OIIUOKK OKDYIJIEHUS.
Jnst Tpervero yrounenusi (m = 3) ommuOKM OKPYIJIEHUS] CKa3bIBa-
IOTCsl HECKOJILKO PaHbIIe BBIXOMa Ha MpeJies, a rpaduK YeTBEPTOro
YTOYHEHWs [1aXKe He YCIEeBaeT OJIM3KO IOJOUTH K TEOPETUYECKOMY
npeaey.

Bwvi80o0bi. PexyppeHTHOE NOBBIIIEHNE TOYHOCTH SIBJISIETCSA OYEHb
3 HEKTUBHBIM IPUEMOM TIO PSILY NMPUYHUH: 1) O3BOJISET MOJIYYUTh
OTBET C raDaHTUPOBAHHOM OIIEHKON TOYHOCTH; 2) MOXKHO IIPUMEHSITH
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MpocThie (pOPMYJIbI HEBBICOKOTO MOPSIAKA TOYHOCTU B Ka4YECTBE HUC-
XOIHBIX, MOJIy4Yassi B UTOr'e OTBET C BBICOKHM IOPSAIKOM TOYHOCTH;
3) TpebyeMasi TOYHOCTH JOCTUTAETCS C UCIIOJb30BAHUEM CPaBHU-
TeJIbHO HEOOJIBIIOrO YKUCJIA Y3JI0B; 4) pEKyPPEHTHOE yToYHEeHHE (haK-
TUYECKU SBJIFETCH ajJI'OPUTMOM 6e3 HACBIIIEHHUS, T. €. [I03BOJISIET HC-
MMOJIb30BATh BCE MMEIOIUECs Y (PYHKIUU HeNpepbIBHbIE TPOU3BO/I-
Hbl€; 5) HEPEKO MMO3BOJISIET YCTAHOBUTD IJIAKOCTh UCXOQHOM (DYHK-
LY.

3.2.3. Ksa3upaBHOMepHble CeTKu

Onna-eIMHCTBEHHAs CETKa SABJsETCS MO0 paBHOMEPHOM, ubo
HEPABHOMEDHOM; HUKAKUX aJbTepHATUB 3/1ech HeT. Ho mpu cryime-
HUHU CETOK PACCMATPHUBAIOT HE OJHY CETKY, & HEKOTOpPOe CEMeHCTBO
ceToK {dy ¢ pa3sHbIMM uMciamu uHTepBasioB N. Torma mMoxkHO mo-
CTPOUTH KaKHe-TO CeMeNCTBa HEPaBHOMEPHBIX CETOK, 00JIaatoIme
HY>KHBIMA HaM CBONCTBaMH (Hampumep, B moapasi. 3.2.1 ynmoMuHa-
JIACH TICEBIOPAaBHOMeEpPHBIE ceTKH ). O4eHb BaXKHBIM SIBJISIETCSI CEMel-
CTBO KBa3MPABHOMEDHBIX CETOK (BIEPBhle KBA3UPABHOMEDHBIE CET-
KU [IPEJJIOXKUII ¥ HCII0JIb30Bas B pacderax A. A. Camapckuit, 1952).

IIycThs Hac HHTEpPECYIOT CETKM IO & C YUCJIOM HHTEpBaJIOB [N Ha
orpe3ke a < z < b; 06o3HaunM ux 4yepes Qn(z] = {a = 29 < 1 <
< zg < ... < zy = b}. BBeneM BcrioMOraTesbHYIO IEPEMEHHYIO &,
a < & < B. PaccmoTpum HekoTopoe npeobpalosanue (&), obramgaro-
mee Ha oTpe3ke o < & < B clleAyomuMH TpeMsi CBORCTBAMH:

1) OHO JOCTATOYHO IVIAIKO, T.€. CYyUIECTBYET JOCTATOYHO MHOIO
HENPEPHIBHBIX OTPAHUYEHHBIX TPOU3BOIHBIX:

z@E)| <M, ¢=0,1,...,Q, @>1; a<i<P; (3.51)

2) CTPOro MOHOTOHHO:

@) >6>0; a<E<P; (3.52)
3) mpeobpasyet oTpe3oK [, 3] B oTpe3oK [a, b]:
a=z(a), b==z(). (3.53)

IMocTpoum o nepemennoit & Ha [«, 3] paBHOMepHBIE ceTKH &[]
CO BCEBO3MOXKHBIMH YHCIaMK MHTepBaJioB N = 1,2,3, ...:

Ean=0+nA, A=B-a)/N, n=0,1,...,N; (3.54)

uHpekc N B &,y 06bIYHO Oy/IEM OIIyCKATD, 3AIMUCAB MPOCTO &,,. Kax-
Ioit ceTke w (&) mpeobpasoBanue () CTABUT B COOTBETCTBHE HEKO-
TopyIo ceTKy dn|z]:
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TaN =2n =2(&,), n=0,1,...,N. (3.55)

Takum 06pa3oM, CeMeCTBY PaBHOMEPHBIX CETOK 0 [§] comocTas-
JIEHO HeKoTopoe ceMeiicTBo cerok v [z]. Kakumu cBoitcrBamu oHO
obmagaer?

Onpenenenue 3.1. Eciau npeobpazosanue z(§) ob6ianaer cBoi-
crBamu (3.51) —(3.53), To cemeiicTBo ceTok {y[z], mopoxneHHOE
CEeMENCTBOM PaBHOMEDHBIX CETOK W [&], HasbIBaeTCs K8a3UpPasHo-
MEPHBIM.

JlJisi KpaTKOCTH CJIOBO «CEMENCTBO» YACTO OILYCKAIOT U FOBOPAT
MPOCTO O KBA3WPABHOMEPHBIX ceTKax. CeMelCTBO COMEPKUT CETKH
co BceBO3MOXKHbIMH N = 1,2,3, ...; 0Js NIPAKTAYECKOrO HCIOJIb-
30BaHUSsI U3 HEro OOBIYHO BHIOMPAIOT KAKHUE-TO TOCJIEA0BATETIbHOCTH
N — Hanpumep, Crymalolmecs B OIMHAKOBOE YHUCJIO Pa3 CETKHU C
N, k= ’I’kNo.

Ha omsoM u ToM ke oTpe3ke = € [a,b] cymecTByeT GeCKOHEYHO
MHOI'O Pa3JINYHBIX CEMEUCTB KBA3UPABHOMEDPHBIX CETOK, IIOPOXKIEH-
HBIX pa3jIMYHbIMU Npeobpa3oBaHusMu z(&); Te wiIu uHbIe Mpeobpa-
30BaHU IOAOMPAIOT B 3aBUCHUMOCTH OT 33,/1a4YH1, KOTOPYIO IPEICTOUT
pelIaTh Ha 9TUX CETKAX.

IMoayueavie mouku. Y NOPOXKIAWONUEH PABHOMEPHON CETKH
wnN[E] cepenuna u BooOIIE 06asi APOGHAsE 9aCTh UHTEPBAJIA [En—1,
&,] onpenensiercst mo 06BIYHBIM JIMHEHHBIM DOPMYyIaM:

En-1/2 = En-1+&)/2 =a+ (B —2)(n —1/2)/N;
En—y = YEn—l + (]- - Y)En, 0 < Y < 1.

OgHako 1/ KBa3WPABHOMEPHOM CETKH CepeauHa U Jiobas NpobHast
YaCTb UHTEPBAJIA [Tn—1, Tn] CTPOUTCS C IIOMOIILIO TOTO XK€ HEJIUHEH-
HOTO TIOPOXKJAIOIIEro TPeodpa30BaHUS:

(3.56)

Tpn-1/2 = x(an—l/Z)’ Tn—y = Z(En—v), (3.57)
IIO3TOMY IJid HEee JMHENHHBbIE COOTHOIIIEHN ST HETOYHBI:
Tp-1/2 # (Tn-1+ Tn)/2, Tn—y # YTn-1+ (1 —¥)Zn.

Paznoxennem z(&) B psig Teitniopa HETPYAHO IPOBEPUTH, YTO HO-
BOe€ OIIpejIe/IeHre cepeuHbI nHTepBasia (3.57) 1 TpaAuIIHOHHOE BECh-
Ma 6su3Ku:

(Tn + Tn1)/2 = Tno1j2 = Th_y;pA2/8 = ON ) = O(12), (3.58)
rie MpoOu3BOAHAA 555:121 /2 = :c(Q)(En_l /2).
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Puc. 3.5. KBa3upaBHOMepHas ceTKa (TOYKH — LIEJIbIE Y3JIbI CETKH; KDY K-
KH — IOJIyLIeJIbIE)

Bce 310 ymobHo wiTIOCTPUPOBATH C MOMOIIBIO rpaduka GyHK-
UM, 06pATHOM K OpoX gatomemMy npeobpasoanuio (&), OTioxum
x 1o ocu abcuuce, & — no ocu opausaT (puc. 3.5). Ha orpeske o, ]
0CH OpAMHAT U300pakeHa PABHOMEPHASI CETKA C LEJILIMU U TIOJIyLe-
abMu y3namu. 1o Hedt ¢ momompio rpaduka z(§) Ha oTpeske [a, b
ocu abCIUCC OCTPOEHA KBA3MPABHOMEPHASI CETKA.

YT0o6bl crycTUTh ceTKy {dy[z] B r pa3, HaQIO BO CTOJBKO XKe
pa3 CryCTUTb UCXOOHYIO CeTKy wn[E]. OcobeHHO HarmsiIHO cryiue-
uue Basoe: r = 2. U3 dopmya (3.56), (3.57) u puc. 3.5 BuaHO, 94TO
[IPY 3TOM BC€ IIeJIbIe Y3JIbl HAYAJIBHON CETKM CTAHOBSATCS YETHBIMU
y3JlaMH yJBOEHHOMN CEeTKH, & MOJIYIeJIble TOYKH HaYaJIbHOM CeTKU —
HEYETHBIMU y3JIaMH YABOEHHON CETKU. DTO NOATBEDPKAAET pa3yM-
HOCTb JAHHOT'O CI10c00a BBEIeHUS MOJIYIEeNbIX (APOOHBIX) Y3JI0B KBa-
3UPAaBHOMEDHOH CETKHU.

IITazu. PaBHOMepHasI ceTKa w[] MMeeT MOCTOSHHBIHN IIar:

A=E, &1 =(B—a)/N =const =O(N™). (3.59)

Jnuubl maros h, KBa3sUPaBHOMEPHOH ceTKU ()N [I] HEOAUHAKOBHI.
Hcnonb3ys pasnoxkenune (&) B psa Teitnopa— MaxkiopeHa ¢ 1eH-
TPOM B IIOJIyIeJION TOUKE &y, _1 /2, TIOJYIUM JJIsl HUX CJIE/IyIONIee Bbl-
pakeHwue:

1
hn = Tn = Tn1 = Tp_y A+ ﬁx;',’_l/zAf* +...=O(N1). (3.60)

Baaronapsi cummerpuu 3T0i GOPMYIIbI pa3iIoKeHHe CONEPXKUT CTe-
neHu A TOJBKO OAUHAKOBOU YETHOCTH, 8 YUCJIO YIEHOB B HEM OIIpe-
JeJsieTcs IIaJKOCThIO npeobpa3oBanust z(&).
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Haitnem u3 (3.60) oTHOIIEHHE ABYX LIATOB C PA3HBIMA HOMEDAMHU:
b /hn = ($;n_1/2/33;1—1/2)[1 + O(AQ)]- (3.61)

31ech BhIpaXkKeHWEe B KBAIPATHOW CKOOKE IMPaKTUYECKHU BCETIa MOXK-

HO 3aMEHMTb equHuIeil. Eciu uuTepBaJinl cocennne, T.€. m = n + 1,

TO BBIPAXKEHUE B KPYIJIOH CKOOKe Tak»Ke mouTu paBHO 1. IleiicTBu-
/ o " 2

TENbHO, Ty, q jy = Tn 0,527 A + O(A*®). Torpa (3.61) npeBpamaet-

CaB

Bnt1/hn = 1+ [z /2h]A + O(A?) =14+ O(N7). (3.62)

OrTHollIeHne COCeIHMX LIAroB CTpeMuTcs K 1 mpu N — 00; JIerko
y6eIUThCS, YTO PA3HOCTH COCEIHUX II1Ar0B

Rnt1 — hn = O(N72) = O(h2).

B 10 ke Bpemsi u3 (3.61) cieyer, 4TO OTHOLIEHNE JAJIEKUX IIATOB
MOXKET OBITH JIFOOBIM, OOJIBLIUM MJIM MAJIBIM, U HE CTPEMHUTCS K 1 ipu
yBeJIM4eHUU 4ucia y3yoB cerku. Ha puc. 3.5 xopomo BHAHO, 4TO
TIepBbIN U MOCIeAHM maru h, CUIbHO Pa3IUYAIOTCH.

3ameTuM, 9TO npeobpa3oBanue () BBOOUT MOJIH30BATEb, OPH-
E€HTUPYSCh HA 0COOEHHOCTH KOHKPETHOM 3a/1a4¥ HUJIN KJIacca 33,1a4.
Y106HO nyi HeCUMMeETPHUYHBIX 3a7a4 Beioupath o = 0,3 = 1 u
0<n<N,aanacummerpuyeblx —a=—1,3=1u-N <n<N.
B o6oux ciygasx A = 1/N.

ITpumep 3.8. Ilycty paccMaTrpuBaeMasi GyHKuus u(z) ObICTPO
MeHsieTCsl BOJIM3M JIEBOH I'DAHMIBI OTPE3Ka [a,b], HO MexyeHHO —
Brasm oT Hee. Torna Hano caenars cerky [z rycroit B6iu3u je-
BOM IDaHMIBI, HO BOJM3M IPABO TPAHUIBI CETKA MOXKET ObITh J0-
craToyHO peakoil. HampuMep, MOXKHO B3STh TaKoe MOPOXKIAIOIIEe
peobpa3oBaHUE:

&) =a+(b-a)e®-1)/(e—1), ¢>0, 0<EL1. (3.63)

Jlerko nposeputsb, 4yTo npeobpaszosanue (3.63) yaoBieTBOpsieT BCEM
TpebyeMbiM ycstoBusM (3.51) — (3.53). Benuuuna ¢ ects ynpasisiio-
IIUi mapaMeTp; 4eM OH 0OoJIbllle, TeM CHUJIbHEE CTYIIAIOTCS aru Ay,
y JeBoit rpanunsl. st npeobpasoBanus (3.63) cipaBemymBbI COOT-
HOIIIEHU I
z'(E) = (b — a)e* /(e — 1),
hnt1/hn = e“/N = const &~ 1 + ¢/N, (3.64)
hi =c(b—a)/[(e°—1)N], hn/hy =~ €°.
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OTHOLIEHNS COCEIHUX IIArOB OAMHAKOBHI, T. €. Iard o6pa3yoT reo-
MeTpudeckyto nporpeccuto. OTHowenne Hanbosbmero mara hy K
HauMeHbIieMy hj y»Ke TIpu ¢ > 3 CTAHOBHUTCSI O4YeHb OONbIINM, &
MepBBIi ar Ipu 3TOM o4eHb MaJ: B (¢ — 1)/c pa3 MeHblue wara
paBHOMepHoI ceTku h = (b —a)/N.

NmenHo 3ToT ciiyyvait (npu ¢ = 2) u3obpaxeH Ha puc. 3.5. 3a-
MeTHM, 9TO €CJIM Hy>XKHa CeTKa, rycTasi BOJIM3M NpPaBOil IPaHUIbl 1
penkasi BO/IM3H J1eBO, TO MOXKHO TaK»Ke BOCIIOJIb30BaThCs Ipeodpa-
3oBanueM (3.63), Ho B3siB ¢ < 0.

IIpumep 3.9. Hepenko npuxoouTcst pemaTsh 331a4y O IPOIEC-
cax B CJIOMCTON Cpelle C Ye€pPEJOBAHUEM TOJICTBIX M TOHKHMX CJIOEB
(HanpuMmep, O NIPOXOXKAEHUU 3BYKa Y€pe3 OKOHHBIM IaKeT M3 TOH-
KHX CTEKOJI ¥ JOBOJIBHO BOJIBIINX NPOMEXYTKOB). J11s1 npaBusibHOM
PA3HOCTHOI ANNPOKCUMAINN YPABHEHUI CETKH JOJIXKHBI ObITh KBa-
3UPABHOMEDHBIMU U TPUTOM CHELHMAJIbLHBIME (T.€. TPAHUIBI CJI0EB
JIOJKHBI ObITH y3/1amu ceTku). [ljisi Xopouieii TOYHOCTH YUCIIO MH-
TEPBAJIOB B TOHKHUX CJIOSIX NOJKHO ObITh He ManbiM. Ho njis ako-
HOMHYHOCTH HY>KHO, YTOOBI B TOJICTBIX CJIOSIX HHTEPBAJIOB OBLIO HE
CJIMIIIKOM MHOT'O — IIPUMEPHO CTOJIBKO K€, CKOJIbKO U B TOHKUX. [1o-
CTPOMM IIPHUMED TaKOU CETKHU.

st mpocTOTHI BBIOEPEM TPEXCJIOMHYI0 CHMMETPHYHYI0 KOHDU-
rypauuio obiei TOIIKUHON 2b ¢ AByMs TDAaHUYHBIMA TOHKHMH CJIO-
SIMH pa3MepoM a < b ¥ TOJICTBIM CpemHuM cjioeM. ['paHuUIIbl 3TUX
cjioeB — Touku T = —b, —b + a, b — a, b. PaccMoTpum cienyoee
npeobpa3oBaHUE:

z() = c&/(1+d&%)%,  2'(E)c/(1 + d&%)*2,

(3.65)
c>0, d>0, -1<E<LL1

Ono ynosinerBopsieT TpeboBanusm (3.51) — (3.53).

Onno ycnoBue ajist mogbopa napaMeTpos ¢, d ogeBuaHo: (1) = b.
B kagecTBe BrOpOro ycioBust Bo3bMmeM z(&4) = b — 1, rue &, — HeKo-
Topoe BbiOpanHOoe Hamu 4ucio (0 < &, < 1). DTo o3HayaeT, 4YTO
00l1iee YUCJI0 MHTEPBAJIOB CETKH PACIPENEIUTCS TaK: JONst &y — B
LEHTPAJILHOM ToJIcTOM citoe ¥ 110 (1 —&,)/2 B kax oM TorkoM. Iox-
craHoBKa (3.65) B 9TH yC/IOBUS JA€T NapAMETPHI

i (b—a)>—b%2 b
T a(2b-a)E2 T 2a
b(b—a)[ 1-82

E2-1)>1,
(3.66)

1/2
c= )] ~ B9 — 1)/(20)] V7 > by

s a(2b —a
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Puc. 3.6. Cerka (3.65) mis Tpex-

cnoiiHot obnactu (ToukM — y3-

JIBL CETKH; KPYXXKH — IOJIyle-
JIble TOYKH)

3/1eCh IPUOTUKEHHBIE PABEHCTBA OTHOCATCS K Caydaro b > a, Tog-
Hble — K obmeMy. Pa3ymeercsi, BeIM9uHy &, ¥ MOJIHOE YHCJIO MH-
TepBasioB N Hajo BbIOMpATh Tak, 4To0bl N (1 — &,)/2 6b110 1eabmM
qucyioM. TOJIbKO B 3TOM CjIy4ae y3eJl CeTKH Bceraa OyneT momnagaTth
Ha rpaHuly pasnena cpen. Ha puc. 3.6 moka3aH npuMep Takou ceT-
kumisa=1,b=6,& =0,5 N =5 (noHOE 4HCJIO MHTEPBAJIOB B
3TOI CUMMETPHUYHOI 3a7a4e eCThb 2N).

Ipumep 3.10. Bosbmem npeobpazosanme ¢ = &3, 0 < & < 1.
Ero rpaduk — riiagkas MOHOTOHHO Bo3pacTawmas kpubas. OgHa-
KO 3TO Ipeobpa3oBaHue He MOPOXKIAET KBAa3UPABHOMEDHYIO CETKY:
z'(0) = 0 u HapymeHo ycyoBue cTporoii MonoronHoct (3.52). [Ipu
atom h; = A3, a hy = (2A)3. Ux orHOmenue hy/h; = 8 u He cTpe-
MHTCS K 1 IpH CryIIeHNH CETOK. DTO HEJOMYCTUMO: HAIIPUMED, IPU
HaIIMCAaHUU Pa3HOCTHBIX CXEM JIJIsl yPAaBHEHUI B YaCTHBIX IPOU3BO/I-
HBIX TAKOE OTHOIIIEHNE IPUBOIUT K YMEHBIIIEHUIO HOPSIAKA ANMPOK-
CHMAIlMH U CyIIeCTBEHHOMY CHMXKEHHIO TOYHOCTH PacyeTa.

Bo Bcex paccMOTpEHHBIX IPHUMEPAX MCIIOJIBL30BAIMCH IPE0OPa30-
Banusi z(&), nmerornue 6ECKOHEYHO MHOIO HENPEPHIBHBIX IIPOU3BOJ-
HBIX. DTO ONITUMAJIbHAS CUTYAaIIUs.

Heozparuuernrnas obaacmsb. Panee HESIBHO IpeaIonarajioch,
4TO a,b — orpaHudenHsnli orpe3ok. OIHAKO CyIIECTBYeT HEMAJIO
3ajJa4 B HeorpaHwdeHHoN obmactu. [Ipocreitimim npumepoM ciiy-
’KaT HeCOOCTBEHHbIE MHTErPAJIbI OT U(Z) HA IOJIyNPAMOM U IPSIMOH.
B kpaeBrbix 3amauax s audgepeHInaabHbBIX YPaBHEHHN TaKXKe
BO3MOXKHA IIOCTAHOBKA KPAEBBIX YCJIOBUIT B 6ECKOHEYHO YAAJIEHHOM
TOYKe; HAIIpUMEDP, B KBAHTOBO-MEXaHMYECKUX 330a9aX O HAXOXKJE-
HHMH JUCKPETHOI'O CIIEKTPA 3TO YCJIOBHE OBICTPOro 3aTyXaHHsI BOJIHO-
BOM QYHKIMH HA OECKOHEYHOCTH.

OueBUIHO, B HEOTPAHUYEHHOHN 00/1aCTH HEBO3MOXKHO BBECTH PaB-
HOMEPHYIO CETKY C KOHEUYHbBIM YHMCJIOM HMHTEPBAJIOB. DTO IO CHUX IOP
CYINECTBEHHO OIPAHHUYMBAJIO IPUMEHEHHE CETOYHBIX METOAOB K IIO-
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J100HbIM 3a1a49aM. OIHAKO KBa3MPABHOMEDPHYIO CETKY B HEOTDAHM-
“IeHHO 00J1aCTH HETPYIHO TOCTPOUT.
Hanpumep, paccMoTpuM ciieaylomiee mpeodpa3oBaHue:

z(E)=cE/(1-E)™, ¢>0, m>0, —-1<E<1, (3.67)

rZe ¢, M — YIPABJSIONINE TaPAMETPbI, IPUYEM 77 MOXKET ObITH Helle-
JIBIM.

DTo0 npeobpa3oBaHue NEPEBOAUT OTPe30K & € [—1,1] B npsamyio
z € (—00,00). Takas cerka nocrpoena Ha puc. 3.7. Ee rpanudnbie
Y316l OKa3bIBAIOTCSA HECKOHEYHO YIAJIEHHBIMU TOYKAMHU: T4 N = £00.
CooTBeTCTBEHHO KpaiiHue uHTEpBajbl (Z_N,Z_Nt+1] U [ZN-1,ZN)
HEOTDAHUYEHHBI; PA3YMEETCsl, BCE OCTAJIbHBIE HHTEPBAJbI KOHEYHBI.
Oznako cepennHbl KPatHUX HEOTDAHMIEHHBIX MHTEPBAJIOB T_ N1 /2
M T)y_1/2 OKA3bIBAIOTCS KOHEYHBIMHM TOYKAMH U TO K€ OTHOCHTCH K
J1I000# TpOOHOM TOYKe. DTO MOATBEPKIAECT PA3YMHOCTH OIpeIeie-
HHS CePeMHBI U IPOOHO#M YacTu uHTepBaa (3.57).

OnuieM mpocTeRIi anpUOPHBIH CroCo0 Moadopa mapaMeTpPOB
npeoGpazoBanus (3.67). lenecoobpasHoe YuC/IO MHTEPBAJIOB CETKH
N ompepesnsieTcst MOIIHOCTHIO KOMITbIOTEPA. ECiIi MbI CTPOMM CETKY,
rycTyio BOJIM3M LIEHTPA, TO HESBHO NMPEAINOJAraeM, YTO OHA Hanbo-
Jlee BaXKHa JJIsi aKKyPDATHOTO pelieHns 3a1a4dn. LleHTpanbHoMy mia-
ry coorsercTByeT & = 1/N, a yeTBepTH BCex maroB — Ey/o = 1/2;
noncrasisis ux B (3.67), noaydaem

hy = C/N, IN/2 = (0/2)(4/3)771 (368)

Benuuuna IEepBOro mara nNpakTu4ieCKu He 3aBHCUT OT M, IIO3TOMY C
l'IO,l:[6I/Ipa,IOT TakK, 9TOOBI l'lethII’I aiar OKa3aJicd JOCTATOYHO MaJIbIM U

}____\

T_N+1/2
———1¢

In-12 Z

Puc. 3.7. KBasupaBHOMepHasi ceTKa Ha IPSIMOi
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obecrneunBaJI HyKHYI0 TOYHOCTh pacuerta. Haiing c, nonbupaem m u3
YCJIOBHsl, YTOOBI IOJIOBIHA HHTEPBAJIOB CETKH OXBaTHJIa ObI Hanbo-
Jlee BaXKHYI0 00J1aCTh MPSIMOIi; YeM mupe 3Ta 06J1acTh, TeM GobIiee
M IMPUXOTUTCS OPaTh.

Ecsn B (3.67) BeiOpats 0 < £ < 1, 0 < n < N, TO KBa3upaBHO-
MepHasi ceTKa {Zp, } HOKPHIBAET HOIYIPSIMYIO.

sl KBa3MpaBHOMEDHO CETKH B HEOTPAHUYEHHON 00J1aCTH Tpa-
AUIMOHHOE Ompejesienne mara h, = T, — Tp—1 HEIPUEMJIEMO: IPH
3TOM [iJisi GECKOHEYHBIX MHTEPBAJIOB IIAT OKA3bIBAETCsI OECKOHEUHBIM
hny = h_n4+1 = oo. Takue maru HeJib3s1 HCNIOJIB30BATH B (POPMYJIaX.
IlosToMy B HeorpaHW4YEHHOM 00JIACTH I1€7I€CO00PA3HO BBECTH HMHOE
ompeiesieHue mara. J{jiss KOHEYHBIX UHTEPBAJIOB CIIPABEIJIMBO COOT-
Howrernue (3.60). IlocTynupyem 3TO COOTHOIIEHNE B Ka4€CTBE OIpe-

JEeJICHUs 1Iara:
ho =@y 0/N. (3.69)

Taxkoe ompeznesenne faeT KOHEYHYIO BEJIMUUHY I1ara Jaxke IJjis bec-
KOHEYHBIX WHTEPBAJIOB. BBoAUTL HOBOe ompenenenue mara (3.69)
HY>KHO OJTHOBDEMEHHO JJIsl BCEX HHTEPBAJIOB CETKHU.

Bumnucaerue unmezpaaa. PaccMoTpuM BhIYKCIEHIE HHTEIDaA-
J1a 110 popMyJie CpeJHIX Ha KBa3UPaBHOMEpHOI ceTke. [{yist mpous-
BOJIBHOI HEPABHOMEDHO# ceTKy uMeeTcst hopmyina (3.8) u BbIpaxke-
HHe 115 ee norpemHocty (3.11)

LN
3
Ry =5 nE_luii_l/zhn-

Ha kBasupaBHOMeEpHOIt ceTKe B BBIDAXKEHUH MOTPEITHOCTH MOXKHO

TIpoM3BecTH 3aMeny h3 ~ hn:v;f_1 /2 /N2, Torma nomyaum

N

1 2
RN ~ W 1; Ug_1/2hn$;_l/2. (370)

3neck nostynesas TOUKa T,,_1 /o TIOHUMAETCS TeTlePb B CMbICJIE KBa-
3upaBHOMepHOi ceTku (3.57). IlocsienHi0 MHTErpasbHYIO CyMMYy
MOXKHO 3aMEHUTh UHTETPAJIOM:

b
Ry ~ — Jz’2u"(x)da; _ const (3.71)

24N? N2
a
31eck KOHCTaHTa He 3aBUCHUT OT YHCJIa y3JI0B ceTKH. Bee caenannsie
3/lech NPUOIMIKEHHbIE 3aMeHbl BHOCUIM OTHOCHUTEJIbHYIO IIOrpell-
HOCTb O( N72).
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Taxum 06pasoM, GOpMyJIa CpeIHUX HA KBa3UPABHOMEPHON CETKe
umeer norpemsocts O(N ~2). ®opma ee ocTaTogroro wiena (3.71)
[IOKA3bIBAET, YTO K HEl NMPUMEHMM METOJ CTYIIEHHUsI CETOK C OLEH-
KOl IMOTPEIIHOCTH 10 METOAY Pu4apiacoHa M 3KCTPAIOISIUOHHBIM
MOBBIMIIEHUEM TOYHOCTH. PazyMeercsi, Tereps nox ko3 HUIHEHTOM
CTYLIEHUsI T TOHMMAETCA OTHOIIEHUE YHCJIA Y3JI0B COCEOHUX Ce-
TOK.

[Iycts cymecTByior HempepwiBHble mpoussomubsie u(?M)(z) u
z(2M _1)(5). Torma MOXKHO J0Ka3aTh, YTO MOTPEIIHOCTh (DOPMYJIbI
cpennnx (3.11) pasnaraerca B psj Mo YeTHbIM crenedam N1 mo
O(N~2M) pxmountensro. IlycTs mposesens! pacyeTsl Ha M KBa-
3UPABHOMEPHBIX CETKAX C MOCJIEI0BATENbHBIM YBEJIHYECHHEM YUCIIA
Y3JI0B B OJMHAKOBOE YKCJIO © pa3. Torma MoXKHO MPUMEHATh TOYHO
TaK K€ PEKYPPEHTHOE MOBBIMIEHUE TOYHOCTH, KAK 3TO IEJIAJIOCH JJIs
PaBHOMEPHBIX CETOK.

Ananornynbie BbIBOABI CIPABEIJIUBHI MJIsE (POPMYJILI Tpalemuii
(3.15), (3.16) u pst bopmynsr Cummncona (3.19), (3.20) Ha kBa3mu-
PaABHOMEPHBIX CETKaX. JTO JIeIaeT KBa3UPABHOMEDPHBIE CETKH OYEHb
3¢ DEKTUBHBIM BCIIOMOraTEIbHBIM HHCTPYMEHTOM.

Onnako ectb GOPMYJBbI, K KOTOPHIM KBa3WPABHOMEDHBIE CET-
KH HEMPUMEHHUMBI: 3T0 dopMyibl Ditjepa — MakiiopeHa, IpUroi-
HbIe TOJIBKO JIjisi PABHOMEDHOI CETKH, a TakxkKe Jjisi ¢popmyn [ayc-
ca— Kpucroddessi, B KOTOPBbIX MOHATHE IIAra CETKHA BOOOIIE OTCY T-
CTBYET.

Hrmeepan Ha npamoti. KBazupaBHOMEDHbIE CETKH I3IOT
yIOOHBIH cr10CO0 BHIYMCIIEHUS] HECOOCTBEHHBIX MHTETPAJIOB B HEOTPa-
HUYeHHOU obJyacTu. PaccMoTpuM ciieryromumii TecT:

U= Ofu(x)dx, u(z) = 1%1271:2)’ U=1. (3.72)

BBeznem Ha mosynpsiMoii KkBasupaBHOMepHYIO ceTKy (3.67). Boc-
nosib3yeMcs popmyJioit cpenaux (3.8) ¢ onpeznenenuem mara (3.69),
IPUTrONHBIM B HeorpanudeHHoi obsactu. [losyuum crienyromuryro
KBaJIpaTypPHYIO GOPMYIy:

N
Un = % > w(@(En-1/2))7 En1/2);

n=1
—1/2
En-1/2 = P—Nl—/, z(€) = ﬁ, (3.73)
, 1—(1-2m)&2
zQ) =g gmymrt
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Tabnuma 3.7
Beraucnenne HecobcTBEHHOro MHTerpasa (3.72)

N u© p® T P U@ P
2 1,01896

4 1,00358 0,99846

8 1,00084 2,488 0,99993 1,00003

16 1,00021 2,110 1,00000 4,405 1,00000
32 1,00005 2,023 1,00000 4,053 1,00000 4,885
64 1,00001 2,006 1,00000 4,002 1,00000 6,808
128 1,00000 2,001 1,00000 4,000 1,00000 6,080
256 1,00000 2,000 1,00000 4,000 1,00000 6,020
512 1,00000 2,000 1,00000 4,000 1,00000 6,055

[logpiuTerpanbHas (yHKIUS YOBIBA€T JOBOJBHO MEIJIEHHO,
BO3bBMEM CPaBHUTEJILHO HEGONIBINIOE 3HAYEHHE napamMerpa m = 1.
Beanuuna ¢ ciabo BiusieT Ha TOYHOCTH Pacyera, MO3TOMY MOXKHO
MOJIOXKUTH ¢ = 1. Pe3ynsTaThl pacyeToB Ha CryINAIOMIAXCS CETKAX
npuBeseHsbl B Tabu. 3.7. Buana xopomasi cxoquMocTs MeToa. dg-
dexTuBHBIE HOPSIAKN TOYHOCTH OCHOBHOT'O DACYETa, IIEPBOTO U BTO-
poro yrouHeHwuit mo PudapacoHy GBICTPO CTPEMSITCSI K CBOUM TeO-
peTuyeckuM 3HadeHusiM (2, 4 u 6), a TpeTbe yTOYHEHHE IOYTH CPa-
3y BBIXOJHUT Ha OIIUOKM OKpyriieHusi. TaKuM 0O6pa3oM, mpu BTOPOM
yTOUHEeHUH Ha ceTke N = 512 y3J/I0B rapaHTUPOBAHHO JTOCTUTAETCS
O4eHb BBICOKas TOYHOCTDb ~ 10715,

OTOT crocob BHIYKCIEHUS HECOOCTBEHHBIX MHTErPAJIOB YHHUBED-
cayieH, mpocT u 3¢ dexTuBed. CpaBHUM €ro ¢ APYTHMHU CIOCOOaMH
BBIYMCJIEHUs] HHTErPAJIOB B HEOTPAHNYEHHOM 06J1aCTH, ONMMCAHHBIMU
B y4eOHHKAX.

Ilepswii cnocob — obpe3aHne BepXHEro Ipejesia U IUCJIEHHBIH
pacder B OCTaBIIeHCst KOHEYHOU 06JIACTH IO CTAHIAPTHBIM IPOTPAM-
maM. B mamHOM mpuMmepe Jyis TogHOCTH ~ 107!° Hamo obpesars
BepXHHIA IpeiesT Ha ypoBHe ~ 1015, 4To mpuBOAUT K OrPOMHOMY 005~
€My pacdeTOB HA PABHOMEPHBIX CETKaX, MPUHSATHIX B CTAHIAPTHBIX
IpOrpamMMax.

Bmopoti cnocob — npumenenne popmyn l'aycca — Kpucrodbdens
B HeorpaHu4yeHHoi obiactu. Ho y3itel u Beca Takux popMyJT H3BECT-
HBI TOJILKO JJIsT (DYHKIHMH C SKCIIOHEHIMAIbHBIM yObiBanueM. K pac-
CMOTPEHHOMY TIPUMEPY 3TOT MOIXO] HETPUMEHHUM.
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Tpemuti cnocob — momboOp 3aMeHbI MEPEMEHHBIX, MPeobpa3yo-
uleif UHTErpaJl B COGCTBEHHBIR. DTO HYXKHO J€/IaTh OT/ENbHO IJIst
KaXkJIOTO HHTEerpaJa, IpuieM MOUCK TaKoi 3aMeHbl MOXKET OKa3aTh-
Cs1 JOCTATOYHO CJIOXKHBIM.

Takum 06pa3oM, OOHMIENPUHSTHIE CIIOCOOBI OKA3bIBAIOTCH TOpa3-
JI0 MeHee MMPUTOIHBIMH JJIsI TPAKTUYECKUX BHIYUCIIEHUI, YEM METO
KBa3MPABHOMEDHBIX CETOK.

3.2.4. Mevop, JiitkeHa

MeTtoa Puuapacona xopoiio paboTaer Ajsi JOCTATOYHO VI KX
GYHKIMH, KOT/Ia HOTPEIHOCTh CETOYHOIO METOAa Pa3JlaraeTcs B
psif [0 3apaHee U3BECTHBIM IIEJIbIM OTPULIATENbHBIM cTemeHsaM N.
B mpakTuke cymecTByeT HEMAJIO 33434 JMJisi DYHKIUE C OCOOEHHO-
cramu. B HuUX pa3iioxkeHue MOrpeIrHOCTH MOXKET COAEPXKATh Helle-
Jible oTpuliaTebHble cTereHn N. POpMaIbHO K HUIM MOXKHO IIpHMe-
HATH MeTox PUduapAcoHa u JaXke peKyppPEHTHOE MOBBIIIIEHHE TOYHO-
CTH C HeueJbIMu p U 6 (3.49), eciu 9TH HOKa3aTeNn 3apaHee U3BECT-
Hbl. OIHAKO IJIs allpUOPHOIO HAXOXIEHWS STHX ITOKa3aTeJeil MJis
KaXK 0¥ KOHKPETHOMN 3aJa4u HY>KHO IIPOBECTH HEIIPOCTOE TEOPETH-
YEeCKOe MCCJIeIOBAHUE. DTO JAJIEKO He BCEr/a yaaercs.

Ha npakTuke ynoben gpyroit moaxon. IlpoBemeM pacuer Ha cepuu
cetok {Nk}, k = 0,1,2, ... u Boraucaum cerousble 3Hadenus: {Uy}.
ByneMm mpenmnosaraThb, 4TO MOrPEIIHOCTb Ry pa3JyiaraeTcsi B CTEIEH-
HOM Dpsifi C HEU3BECTHBIMU MIOKA3ATENSIMH CTENEeH! (OHU MOTYT ObIThH
HEeLIEJIbIMU ):

Re=U-Uk= Y cnNgP", 0<pi<pa<ps<... (3.74)
m=1

Ecsu crymaTh ceTKH B OJHO U TO Ke 4ucJio pa3 7= N /Ni_1 = const,
TO TJIABHBIM YJIEH MOrPENIHOCTH YOBIBAET OT OJHOM CETKHU K APYroit
B q; = rP! pa3. Tem caMbIM 3TH TOTPEITHOCTH YOBIBAIOT IIPUMEPHO B
reoMeTPUYECKOi IIPOrPECCHH CO 3HaMeHaTeIeM 1/q;.

OcrasuM B norpemmHocTy (3.74) TONBKO [VIABHBINA YjI€H, & PaBEH-
CTBO 3aMEHHM Ha, MpUOJIMXKEHHOE. 3alulleM TaKue PaBeHCTBa, IJIsi
TpeX MOCJIEI0BATENbHBIX CETOK:

U—Ug =Ry, Rp~caN”,
U—-Ug_1=Rr_1, Ri_1=qRy, (3.75)
U—-Uka2=Ri 2 Rra~qRi1~qR;, q=r".

[NonapHo BerYmTasi paBeHCTBA (3.75), HCKIIOYAM HEU3BECTHOE TOY-
Hoe 3HayeHue U:
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Uk —Uk—1 = (1 — 1)Ri, Ug—1 — Ug—2 = qi(q1 — 1)R.  (3.76)

Pazpenus coorHomenus (3.76), nosy4uM 3HaMeHATEb TeOMETPHYe-
CKolt mporpeccud u 3¢ HEeKTUBHBINA OPSI0K TOYHOCTH (IIOKA3aTeNb
CTereHH):
- Up—1— Ur_2 Pk = lg g1k
=251 ko2 1k = i
U, —Uk_1 '’ lgr

(3.77)

Pasencrsa (3.77) 3anucaHbl KAk TOYHBIE, HO sl 3(D(HDEKTUBHBIX ¢k
4 p1k- [lpu u3menbuenun ceTKU 3 (PeKTUBHBIE TOKA3ATETN CTPEMSIT-
CA K TOYHBIM: Q1 — Q1 U D1k — P1-
[Moxncrasus (3.77) B (3.75), mOMy4YNM aCHMOTOTHYECKYIO OLEHKY
OCTATOYHOTO YJIEHA:
U — Uk

qik — 1

YuuThIBasi 3TOT OCTATOYHBIN YIeH Kak MonpasKy B (3.75), mouy-
4UM YTOYHEHHOe 3HaYeHUe

Ry ~ (3.78)

Uk — Uk—1

ﬁk=Uk+Rk%Uk+
qik — 1

(3.79)

®opmyust (3.77) — (3.79) 3anucaHbl B TAKOM BHAE, YTOOBI OIING-
KU OKDYIVIEHUsI CKa3bIBAJMCh KAK MOXXHO MEHbIIE; MPeobpa3oBbl-
BaTb UX K IpyruM opMaM He PEKOMEHIyeTCs.

Otu GOpMyIIbI IOy YU DUTKEH JJIsi YCKOPEHUSI CyMMUPOBAHUS
MeJIJIEHHO CXO/SAIIENACs FeOMeTPUYeCKoi mporpeccuu. BuaHo, 4To ux
MOXXHO MPHUMEHSATH JJIsi OLIEHKYU MMOTPEIIHOCTH CETOYHBIX METOAOB
U 3KCTPAIOJISIMOHHOIO MOBBIIIIEHUS] TOYHOCTH AHAJIOTHIHO METOLY
PuyapicoHa npu HEM3BECTHBIX U HEIEJIBIX MMOKA3ATEJNsIX CTereHe
{pm}. Omnaxo B MeTOonEe DiiTKEHA ONPENENSIOTCS [BA HEU3BECTHBIX
napamerpa ci, p1 (3.74) (dopmyna 1j1si ¢; IBHO He BBHIMMCHIBAJIACS).
s sToro Tpebyercss He IBe CeTKH, KaK B Meromge PuyapacoHa, a
TpH.

Hecobcmeennwiti unmezpaa. B KadyecTBe mpuMepa pacCMOT-
PHM UHTErPUPOBaHUE HEOTPAHUYEHHON (DYHKIMH:

4
1
U= OJu(x)d:c, u(z) = 7 U=4. (3.80)

IMockomnbky u(0) = 00, TO Henb3sl IPUMEHATH POPMYJIBI TPAIIEIHI,
Cumncona win Jitnepa— Makiopena. OIHAKO MOXHO HCIIOJIB30-
BaTb OPMYILY CPETHUX.
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Tabnuna 3.8
DopmMmyna cpeaHUX LJIs HecoOCcTBeHHOro nnrerpadsa (3.80)

N Un Ig| R Rwn_1/Ry
2 3,15470 -0,07
4 3,39769 -0,22 1,4034
8 3,57292 -0,37 1,4103
16 3,60771 -0,52 1,4128
32 3,78618 0,67 1,4137
64 3,84879 -0,82 1,4141
128 3,89307 -0,97 1,4141
256 3,92439 1,12 1,4142
512 3,94653 1,27 1,4141
1024 3,96219 1,42 1,4142
2048 3,97327 1,57 1,4141

JJ1st IpOoCTOTHI TPOBEAEM CEPHUIO PACYETOB HA PABHOMEDHBIX CET-
Kax ¢ Ny = 2 ¥ 1OCjIe10BATEbHBIM yJBOCHHUEM YKCJIA Y3JIOB CET-
kn N = 2Nji_;. PesynbTarsl npuBenenst B Taba. 3.8, roe 3Hade-
HUSI TIOTPEIHOCTH BHIYMCJIEHB! TI0 TOYHOMY 3HAYEHHIO TOrPEIIHOCTH
Ry = U — Ug. Buano, uro 3uauenus: Uy CTPEMATCS K TOYHOMY OT-
Bery U = 4, Ho oueHb MenyeHHo. OTHOIIEHNSI COCETHUX TTOTPEIITHO-
creit 6yin3ku K 1,4, a He K 4, cl1eJ0BaTEeIbHO, 3 (MEKTUBHBIM HOPSII0K
TOYHOCTH JaJieK oT BToporo. Vcnons3oBaTh MeTon Puyapacona npu
3TOM 6GECCMBICIEHHO.

Bocnonbsyemcst MeTogoM DiiTKeHa, B3sIB 3HAYEHHUs 110 (pOpMyJIe
cpenuux U u3 tabu. 3.8. Pacuer riiaBHOro 4jieHa IOrPEIIHOCTH I10
dbopmyse npusenen Ha puc. 3.8 (momeden uupekcom «0»). dta mo-
rPEHOCTh OJIM3Ka K MCTHUHHOM M yObIBaeT BecbMa MezjeHHo. Ha-
KJOH rpaduka tgoy =~ 0,5 yka3blBaeT Ha HEUEJblil IOPSO0K TOY-
HocTu. PacueT adpdekTuBHOrO mopsinka TOYHOCTH POPMYJIBI Cpel-
Hux 110 (3.77), npuBeneHHbIH Ha puc. 3.9 (TaKKe HOMeYeH MHIEKCOM
«0»), IOATBEPKJAET ITO.

9To MO3BOJISIET IPOBECTH yTOYHEHME 110 hopmyite (3.79). Ero mo-
IPELIHOCTb TaK K€ [I0Ka3aHa Ha puc. 3.8 (unekc « 1» ). Kaxknast Tou-
Ka 3TOil IMHUM BbIYHCJIEHA 10 TPEM TouKaM 0a30Boit kpuoit. Ilo-
IPEUIHOCTb YTOYHEHHOrO PELIeHKs MHOTO MEHbIIe, YeM JJIs UCXOI-
Hoit dopmynel cpenuux. Ee rpaduk Takke mMpakTH4YecKu HpsiMasi
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0 1 2 3 lg N,

Puc. 3.8. 9ddekTuBHBIE MOTPENMIHOCTY B METOAE DUTKEHA MJIsi PUMEDPA
(3.80): 0 — 6a3oBast dbopmyna cpenHux; 1 — 4 — HOMEpa yTOYHEHHUH m

Pr
51 4
4 r 3
2

3_
2} . - 1
1_

vJ - |v - i lf vo

1 2 3 lg N,

Puc. 3.9. 9ddekTruBHbIE MOPAAKM TOYHOCTH B METO/I€ DUTKEHA [JIsl TIPU-
Mepa (3.80): 0 — 6a3oBasi bopmyiia cpeinux; 1 — 4 — HOMepa yTOYHEHUH m

JIAHUS, T. €. 9Ta NOTPEIIHOCTh 3aBUCUT OT YUCJa y3J10B N CHOBa IO
CTEIIEHHOMY 3aKOHY. STa JINHUAA HAYUHAETCA Ha ABE TOYKHU IIpaBeE
6a30B0it, TaK KaK IIPH YTOYHEHUH [10 IUTKEHY MbI TEPSIEM JBE CETKH.

Pexyppenmnoe ymowrnerue. IIpu uckimoueHnn riiaBHoro 4jie-
Ha norpemHocTH (3.79) y Hac ocTaercs CJeLyIOImyii YjieH, COOTBET-
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CTBYIOIUI MIOKA3ATENIO CTEEHH py. [loBeIeHrne MOrPEIIHOCTH YTOY-
HEHHOTO pelIeHust Ha puc. 3.8 cooTBeTCTBYET 3¢ HEKTUBHOMY MTOPSII-
Ky To49HOCTH = 2 (cM. puc. 3.9). [TosToMy MOKHO IpOBeCTH BTOpOE
yTOYHEHHE 10 DATKEHY, KaK 3TO JI€JAJIOCh B PEKYPPEHTHOM METOE
Puuapacona.

[TorpemHocTs, BTOPOro YyTOYHEHUs TAKXKE MOKa3aHa Ha puc. 3.8.
Ee rpaduk cHoBa CABHHYT Ha JBEe TOYKH BIPaBO. lemepb HAYAJO
rpaduKa HEMHOI'O MCKPUBJIEHO, HO JaJiee OH BBIXOJUT HA HAKJIOH,
cooTBeTCTBYIOIMH 3P HEKTUBHOMY MOPAAKY TOYHOCTH =~ 3,5 (cM.
puc. 3.9). Bropoe yrouHeHue 31€Ch TaKK€ CHJILHO YBEJIUYNBAET TOY-
HOCTb.

Ha umeromuxcs ceTkax MOXKHO MPOBECTH JaJIbHEHIINe yTOYHe-
uust. OIHAKO BUJIHO, YTO OHU YK€ He CUJIbHO IOBBIIIAI0T TOYHOCTD,
[OpUYEM HEeTBEPTOE yTOYHEHHE BBIXOJWT IMPAKTHYECKH Ha OIMUOKH
okpyrienus npu N = 2 048. B urore mocturaercsi morpeniHocTsb
~ 1072, yto B 10'° pa3 TouHee 6a30BOrO pacyeTa 110 popMyIIe Cpe -
Hux! 9TO MOKA3BIBAET, YTO PEKYPPEHTHHIN MeTo1 DUTKeHa Ha Oa3e
dbopMyJibl cpeqHux sABjsieTCs 3P GEKTUBHBIM CIIOCOOOM BBIYUCIEHUS
HECOOCTBEHHBIX HHTErPAJIOB C BBICOKOM TOYHOCTHIO.

B yuebHukax onucaH psiji CtocOO0B BBIYUCJIEHHS HECOOCTBEHHBIX
HHTErDAJIOB.

Ilepewiti cnocob — obpe3aHue MpeaesioB MHTErPUPOBaHUS BOJIU-
34 0co0OM TOYKY U IPUMEHEHHUE CTAHIAPTHLIX TporpaMM. I1pu sTom
IJTsi BBICOKOM TOYHOCTH HEOOXOZUMO OpaTh OYeHb OJM3KUM Mpenet
oOpe3aHus U OYE€Hb MEJIKHE IIard HHTETPUPOBAHMS, YTO BECbMA TPY-
JIOEMKO.

Bmopoti cnocob — BblIeeHNe B Ka4ecTBE BECa OCHOBHOU OCO-
GEHHOCTH TOJbIHTErpabHOM (pyHKuuu. Ho y3/1Bl M Beca M3BECTHBI
TOJILKO JIJIsl €[IMHCTBEHHOrO CJIy4dasi 0CODeHHOCTH — obpalieHus: B
GECKOHEYHOCTb ~ 1/4/Z, 4TO mesaeT 3TOT Crnocob MaJIONPUTOIHBIM
HA MPaKTHUKE.

Tpemuti cnocob — HaXOXKJIEHHE 3aMEeHbI IEPEMEHHBIX, Tpeobpa-
3YIOIIeil UHTErpajl B COOCTBEHHBIN. DTO J€JaeTCs WHIANBUILYAJIbHO
JIJISL KaXKJI0M KOHKPETHOM (DYHKINHU, ¥ 329aCTYIO HAWTH MOIXO/IsIIee
npeobpa30BaHUE HEJIETKO.

MeTon D#iTKeHa MPOCT U JOCTATOYHO yHUBepcasieH. [losTomy oH
aBJisieTcss Hanbosiee 3MPEKTUBHBIM IJIsi BBIYUCIEHUST HECOOCTBEH-
HBIX HHTETIPAJIOB HINPOKOTO Kjacca pyHKITHIA.

Bwv600dwt. 1. Ilpu KaxKa0M yTOYHEHUH MO DUTKEHY MBI TE€PSieM
JIBE CETKH, TOTJa KaK 1o Metoy Puuapacona suinb onuy. HecMorpst
Ha 9TO, METOJ] DATKEHA MO3BOJISIET UCIIOJIH30BATH JOCTATOYHO BBICO-
KVie YTOYHEHUsI.
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2. Meron DiiTkeHa IMOJIe3eH He TOJIBKO JJ1si HeCOOCTBEHHBIX HHTE-
IPaJIOB, HO U NPY HHTErPUPOBAHUU OIDAHNYEHHBIX (DYHKIHUH, UMero-
IIUX HeyCTPaHHUMbIE 0COGEHHOCTH Npou3BoAHbIX. Hanpumep, 3ame-
HuM B Tecte (3.80) nompiaTErpaibHyo GyHKIHo Ha u(r) = /7. Un-
TerpaJi CTaHeT COGCTBEHHBIM, HO IJIABHBIA 4JIeH IOrPEIHOCTH GyaeT
conepxath u'(0) = co. B 3ToM cirydae ¢popMyIibl CpEJHIX WK TPa-
newpit He OyLyT UMETh BTOPOr'O MOPSiIKA TOYHOCTH M ITOJH30BATHCS
MeronoM Puuapacona Henwssi. Meron DifTkeHa JaeT 34eCh OTINY-
HbIe Pe3y/IbTaThI.

3. Ecmn g1 KOHKPETHOro mpuMepa IPOBENEHO HCCJIeOBAHUE
Da3JIOXKEHHUsl MOIPEIIHOCTH B cyMMy (3.74) u HaiileHbl TeopeTH-
4ecKHe IOKA3aTelH CTeNeHH {px}, TO MOXKHO NPUMEHHTb METOJ
PuuapacoHa ¢ moka3aTessiMU p1 U JaxKe IIPOBECTH OJHO YTOYHEHHE C
nokasaresieM py. OIHAKO IPU IEPBOM yTo4YHeHHu 10 Puyapracony B
cymmMe (3.74) uckmovaercst uieH O(N ~P1), HO JOIOIHUTEIHHO [OSB-
nsercs O(N~(22=P1)), TIpu sToM BTOpOE yTOuHeHHe MO Pudapco-
HY MOXKHO JieJIaTh C II0Ka3aTelleM P, HO ClleiyIollee YTOYHEHHEe YKe
BBINOJIHsIETCS ¢ min{p3,2p2 — p1}. DTO OCIOKHSIET UCIIOIL30BAHUE
Merozna Pugap/cona nake npu u3BecTHbIX {pg }. Merox ke DifTkeHa
[IPUMEHSIETCs €ANHOOGPA3HO, TAK KaK B HEM aBTOMATHYECKH OIIpeie-
JISIETCSI CTENEHb [VIABHOTO HA JAHHBIA MOMEHT 4JIeHa IIOTPELIHOCTH.

4. TouHOe pa3JI0XKEeHHE OIPEIIIHOCTH MOXKET COLEPHKATH He TOJIb-
KO CTeNeHHbIe 4leHsl, HO u ciaraembie O(N*1n N) wmu npyrue,
6JIM3KHe K CTENeHHbIM. B 3TOM ciiy4yae meron DiTKeHa He sSIBIISiET-
cs1 CTpOruM M ero 3¢ dHeKTUBHOCTh yMeHbinaeTcs. Ha nmpakTuke 3To
[POSIBJISIETCS. B TOM, 4TO 3(pHEKTUBHBIH MOPSIOK TOYHOCTH Me-
JIEHHO CTPEMUTCS K IPesiesly, a O4YepeJHOe YyTOYHEHHE 110 DUTKEHY
He CHJIbHO yMeHblIaeT norpemsocts. Ho narke B 9ToM citydae ad-
dekTHBHOCTH MeTona DAUTKEHA OCTAETCSI OOBIYHO TOCTATOYHOM ISt
[IPAKTHYECKOrO IPUMEHEHHUS.

5. Meton DiiTKeHa NPUMEHHM He TOJBKO K BBIUYHCIIEHHUIO HHTe-
rPaJioB, HO M K DELIEHUIO MHPOKOrO KJIACCa CETOYHBIX 3aJad JJIst

dyHKIHA.

3.3. KYBATYPHbIE ®OPMYVYJ1bl

3.3.1. MeTtoa cpepHux

UHTerpasbl HEBBICOKON KPAaTHOCTH (2 —3) BO3HUKAIOT IIPU BBI-
YUCJIEHUSIX HA TUIOCKOCTH U B oObeme. J[jisi HUX maeT xopomue pe-
3y/IbTATH Jarke MpocTeiuii MeTon siueek (cpeanux). VIHTerpaJs
YMepeHHO KpAaTHOCTH (4 — 6) NOSIBJISIFOTCSI IIPU BHIYUCJICHUSIX B e~
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CTHMEPHOM NIPOCTPAHCTBE KOOPAUMHAT—UMITYJILCOB. s HuX Hanbo-
Jiee yHOTPEeOUTEIbHBIM SIBJISIETCS] MPOU3BEIEHUE OJTHOMEPHBIX KBA/I-
paTypHbIx dopmyn. UHTErpasns! BoicOKo# KpaTHOCTH (= 7) BCTpe-
YalTCHd B 331a4aX MHOIOKPATHOIO PaCCesiHUsI YaCTHUIl, B SKOHOMHU-
YECKMX W JIPYTUX MPUKJIAJAHBIX PacdeTax. 31eCh CETOYHBIE METOMIBI
TpeOyIOT OrpOMHOTO 06beMa BBIYMCIIEHUH U 60jiee SKOHOMUYHBIMU
OKa3bIBAIOTCsI CTATUCTUYECKNE METOBI.

OO6bIYHO cTapaTcs MPeoOpPa30BaTh MHOIOMEPHYIO 00J1acTh MH-
TErpUPOBaHUs K IPSIMOYTOJILHOMY MapaJulesienuneny (€ JMHNIHOMY
MHOTOMEpPHOMY KyOy). 3a1a4uu ¢ KpUBOIMHEWHON rPAHUIIEN TOPA3a0
CJIOXKHEe JIJIsl Pac4eToB. 3/1eCh OTPAHNYMMCS IBYXMEPHBIMH U TPEX-
MEpHBIMH UHTerpaJiaMu B obJiacTsx npocreiiiieit popMsbl.

ITpamoyzoavras obaacmsb. PaccMOTpuUM AByXMeEpHbBIN MHTE-
rpaJl o NpsiMOyroJiIbHO# 00J1aCTH

U= Jﬁdbiu(x,y)dz. (3.81)

BBenem cerky, 06pa3oBaHHYIO IepeceYeHneM ceMeicTB JuHui (Ta-
KYIO CETKY Ha3bIBAIOT PEryJIsipHOIA):

{xnao <n<g N}aIO =a,TN = b, hgn = Tn — Tn-1;

3.82
{ym,0<m<M},y0=a’yM=ﬁ’hym=ym—y'm—1- ( )

Bocrionb3yeMcst a1 IUTHBHOCTBIO HHTErPAJIa

ﬁ b N M In Ym
fdy u(z,y)dz = Z Z J dx f u(z,y)dy.
a a n=lm=lz " ym-

[IpubanxeHHO 3aMEHNM UHTErPAJI IO KaxKAOW siueiiKe CeTKH 3Haue-
HueM (QYHKUIUM B LEHTPE sTYeiKU (OH K€ SIBJISIETCS ee EHTPOM Tsi-
JKECTH ), YMHOXKEHHBIM Ha IJIOMAIb TIeHKHU:

N M
UrUnm = Z Z hxnhymu(mn—l/%ym—l/?)' (3.83)

n=1m=1

OueHKa MOrpenrHOCTH 3TOr0 AHAJIOTa MHTErPAJIbHOM (OPMYJIbI Cpe/l-
HUX JJIsi MHOTOMEPHOTO CJIy4asi MOXKET OBbITh BBINIOJIHEHA aHAJIOTUY-
HO omgHOMepHOMY ciy4ar. O4yeBuaHO, GOPMy/ia TOUYHA [JIsl JIMHEH-
Hoit dyskmu u(z,y) = Cy + Ciz + Cay. 3HAUUT, B OLEHKY IO-
IPELIHOCTH HE MOT'YT BXOJHUTh IIPOU3BOJHBIE HUKE BTOPOTO MOPSIKA.
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B pasnoxenun no ¢popmysie Teiisiopa OTHOCUTEIBHO EHTDPA sTYEHKA
durypupyror crenyomue ciaraemble, COAepXKalye BTOPbIE 4acT-
Hble IIPOU3BOJHBIE (MBI [IPEIIOIAraeM UX CYIIECTBOBAHHE U HeIpe-
PBIBHOCTb):

(z - xn—1/2)2umza (z - ﬂfn—l/z)(y - ym—1/2)uzya (y - ym—1/2)2uyy-

Bropoe cnaraemoe mpu MHTErpUpPOBAHWM O SYEHKE JAET HYJIb B
cuny HedeTHOCTH. CTPYKTypa IVIABHOTO YJIeHa MOTPENIHOCTH SICHA
3 coobparxkeHuit pa3mepHocTH. ToyHOe 3HaUEHME YHCIEHHOTO KO-
acpdunmenta 1/24 HeTPYIHO NOIYYUTH, €CJIU BHIYUCIUTH HHTErPAJ
OT KB3IPATUYHOM O 006€MM NEepEeMEHHBIM (PYHKIUU ¥ CPABHUTH C
TOYHBIM 3HAYEHHEM, aHAJIOTMYHO TOMY, KaK 3TO AEJAJIOCh B IOJI-
pa3z. 3.1.2. Orcrona ciemgyer

N M
1

n=1m=1
+ hgmuyy(xn—-l/% ym—l/?)]'

Ha paBrOMepHOI ceTke hyn = (b —a)/N = const, hym = (B —
—a)/M = const 3T0O BeIpakeHHe IIEPEXOJUT B

Ryy = Coh2 + Cyh2 = O(h2 + h2) = O(N™2+ M~2), (3.84)

rie

p

C = 55 | fualby) - ua(a,)ld,
] b

Cy= 55 | lu@.p) =y (z 0lda.

Tem caMbiM, popMyJia CPEIHUX UMEET 8MOPOT NOPAJOK MOYHOCTIU
no 00euM NePeMEHHBLM.

Yrounenne Tuna itepa— MakjiopeHa B MHOTOMEDHOM CJIy-
Jae TeOPETHUIECKH BO3MOXKHO, HO ITPAKTUYECKU OYEHb 'POMO3JIKO U
OOBIYHO HE IPUMEHHAETCS.

Ceywerue cemxu. [Ipu BeiBO#E BhIpaKeHHs JJisl IIOIPENIHO-
cTi (POPMYJIbI CPEIHUX MPEANOIArajoch CymeCTBOBAHUE Y IOIbIH-
TerpajabHOM (PYHKIUN HENPEPHIBHBIX YACTHBIX TPOU3BOIHBIX BTOPO-
ro nopsigka. [Ipu Hamuyuu npou3BOAHBIX GOJiee BBICOKOrO MOPSi-
Ka MOXKHO CI'yIIATh CETKH aHAJOTNYHO OJHOMEPHOMY CJIy4Yaro U HC-
MMOJIb30BaTh IpueM PuyapicoHa Jist OlleHKY HOTDEITHOCTH U PEKYD-
PEHTHOTO YTOYHEHHSI.
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Haynem 1151 IpOCTOTEI C PABHOMEPHBIX CETOK hgy = const, hyy, =
= const. CryieHne MHOTOMEPHON CETKH HYXKHO MPOBOJHUTH TaK,
4T06B! norpentHocTs (3.84) ybbiBasia no 06eMM NEPEMEHHBIM B Of-
HO ¥ TO ke 4ucio pa3. Ilockoibky nopsinku To4HoCTH B (3.84) onu-
HAKOBBI, TO KO3} DUIMEHTHI CTYIIEHNs 066UX CETOK JIOJIKEH OBITH
ONMHAKOBBI: Ty = Ty = T.

TlocTpoenne nporpaMMbl ¥ JUATHOCTHKA ITOTPEITHOCTH U 3P deK-
TUBHBIX MIOPSJKOB TOYHOCTEN IPAKTUYECKU HE OTIINYAIOTCS OT OTHO-
MepHOro ciy4asi. B Tabnunax u rpacdukax, aHaJoru4Hbix Tabi. 3.6
u puc. 3.3, 3.4, IPUBOASATCS NOTPEITHOCTH U 3P DEKTUBHBIE TIOPSIIKY
TOYHOCTH B 3aBUCUMOCTH OT YHCJIa Y3JI0B IO JI000# U3 IIepeMEHHBIX,
ITOCKOJIbKY YHCJIa Y3JIOB IPOMOPIUOHANBHLI. Best Teopust 060611aeT-
csl Ha CJIy4ail BEIYUCJIEHUS] MHTErPAJa 10 NapaJijiesenuneny Ipou3-
BOJIbHOH pPa3MEpPHOCTH.

YnBoeHue YKCIa Y3JI0B JBYMEDHOM CETKM MO KarXKIOW MEPEMEH-
HOW IPUBOJUT K yBEJIUYEHUIO 0O'bEMA BBLIYUC/IEHUNA B YETHIPE Pa3a.
9TO He CIUIIKOM SKOHOMHUYHO. [IJ1si yMeHbIIeHUsI TPYJOEMKOCTH U
MMOCTAHOBKY OOJIBIIIETO YKMCJIa TOYEK HA rpaduKe MOXKHO HCIIOIH30-
BaThb «Marmdeckue» ceTku (3.45) — (3.48), HaOMHUM, YTO OHH XOPO-
LT 1718 OCHOBHOT'O PacyeTa U IIPUTOHBI /IJIsi IEPBOTO YTOYHEHUS IO
Puuapacony. OgHako mociieayonye YTOYHEHNsI HYKHO [TPOBOJUTH
OYeHb OCTOPOXKHO (CM. moxpasz. 3.2.1).

O Jdpyzux cemxaxr. OQHOKPATHBIA U PEKYPPEHTHBLIN METOIbI
Puuyapncona MOXKHO HCITOIB30BATH, €CJIM CETKU 10 0OEUM TepeMeH-
HBIM KBa3upaBHOMepPHBIe. Ilopox narorye npeobpa3oBaHus MO Kaxk-
JI0¥1 TeEpEMEHHON MOXKHO OPATh CBOM, UCXO/ISl M3 KOHKPETHOM 3a1a4u.

IlycTp HyxHa ceTka, moapobHast BOJIM3U JIUHUA Y = {, MApaJI-
JIeJIbHOU KoopAuHaTHOU ocu z. CeTKy IO T OCTaBJIsieM PaBHOMED-
Hoii. Ilo mepemMeHHOI#t y cTpOUM KBa3MPaBHOMEDHYIO CETKY, IOAPOO-
Hyo BOsm3u §. ITycTh Hy»>KHO CrycTUTH CeTKy BO/IM3M TOUKH (Z, ).
Torna mo KaxJo# MEpeMEHHON CTPOMM KBAa3MPaBHOMEDPHYIO CETKY,
MOAPOOHYIO COOTBETCTBEHHO BO/MM3U TOYeK I,y. CryuieHue Takux
CETOK IIPOU3BOIUTCS OOHOBDEMEHHBIM yBEJIUYEHUEM YHCJIA Y3JIOB B
OJTHO ¥ TO K€ YUCJIO Pa3.

OpHAaKO TPYIHO MOCTPOUTH KBA3UPABHOMEPHYIO CETKY, CTyIIa0-
IIytocsi BOJIN3H MPSIMOit, HE MapaJijIeIbHOM KaKOW-HUOYIb OCH KOOD-
auHaT. s 3TOro HeobxoauMo BbIOPATh HOBYIO CUCTEMY KOODIUHAT,
OZlHa U3 KOOPDAWHATHBIX JINHUYU KOTOPO! COBIIAAAET C 3TOH IIPSAMOH.
Eie TpynHee cryctuTh ceTKu BOJIM3U KPUBOM — JIJIsI 9TOTO HAJIO TIe-
PEXOIUTH K COOTBETCTBYIOIIM KPUBOJIMHEAHBIM KOOPJUHATAM.

Hepenku 3ana4u, B KOTOPBIX 4(Z, y) uMeeT 0cOGEHHOCTH (pa3phl-
Bbl OYHKIYMY UM €e IPOU3BOJHBIX) HA JIMHUSX, IAPAJIJIEJILHBIX O

109



HOIf U3 KOODAMHATHBIX oceil, HanmpuMep npu y = §. Toraa xopomas
CeTKa IO Y OJI2KHA, COIEPKAaTh y3ea Y, = Y. B nmonpa3za. 3.2.1. onu-
CaHO, KaK CTryIlIeHWEe TAKUX CETOK IOPOXK/IaeT ICEeBI0PABHOMEDHBIE
CETKH, Ha KOTODBIX TaK»Ke BO3MOXKHO IpUMeHeHUe MeToJia Puyapa-
COHa.

Onnaxo ecau 0COBEHHOCTRIO UJIU 061aCThI0 HanboJjiee 3HaAYUTEb-
HOT'O U3MEHEeHHs! (PYHKIUHU SBISETCH OHCCEKTPHCA KOOPAUHATHOTO
yIJla HJIM HEKOTOpasi KPUBAas, TO NOCTPOEHHE KBAa3W- UJIU [ICEBIOPAB-
HOMEPHO! CeTKH SIBJISIETCS IPOOIEMAaTHYHBIM.

HNmeercs onun BaXKHBIM Cily4yail NpUMEHEHHsI KBA3UPABHOMED-
HBIX CETOK: BBIYMCJIEHHE WHTETPAJIOB B HEOTDAHUYEHHON 06JIaCTH.
Hanpumep, nycTh HY>KHO BBIYHCIATH HHTErPAJ 0 MOJIOCE: —00 <
<z < 400, a < y < B. B stom cayvae cerky {ym} MOxKHO
B34Tb DABHOMEPHOI, HO MO NEPEMEHHOIl T — KBa3MPaBHOMEPHOU
(3.67). Ilpu srom Hamo ucnoas3oBarh mar hy, = (8 — a)/M, HO
IO [IEPBO# IEPEMEHHOM HYKHO IIePEONPENEIUTh [Iar U KOODAMHATY:
hen = &' (Ea_1/2) /N, Tn_1/2 = (§4-1/2). IloacTanoska sTux BesH-
4uH B Ky6arypy (3.83) maer morpemnocts O(N~2 4+ M~2), T. e. BTO-
poit nopsimok ToyHocTu. Meron Puuapacona ajisi crymienus: Takoit
CETKHU OCTAETCs] IPUMEHUMBIM.

Mnozoyzonvhas obaacms. [IBymepHasi popMmysa CpegHux
obobiiaeTca Ha ciiydait MHOTOYTroJIbHO#M objacTu. Besikmit MHOTrO-
YTOJIbHUK MOXKHO pa30UTh Ha KOHEYHOE YUCJIO TPeyroJabHuKoB. CeT-
Ka U3 TAKMX TPEYTOJbHUKOB B OOIIEM CiIy4dae HE Oy/IeT pery/isipHOM.
TpeyronsHuKN B Hell yxKe HEJb3sl IEPEHYMEPOBATh JABYMsI WHIEK-
caMu, KaXXIbIil U3 KOTOPBIX OTHOCUTCS K OIHOM nepemenHoii. Ilepe-
HyMepyeM TaKue TPEyroJIbHUKH eIuHbIM uHIekcoM j (1 < j < J).
st perynsipuoit cetku 66110 661 J ~ N M. Tpu BEpIIUHBI KaXKI0T0
TPEyTOIbHUKA POHyMEPYEM B IIPOM3BOJILHOM IOPsIIKE MHIEKCOM K
(1 € k < 3). OnHa u Ta XKe TOYKa TPEYTOJIbHOM CETKU OIHOBPEMEHHO
SIBJISIETCS BEPUINHON HECKOJIBKHUX TPEYTOJbHUKOB, IIDH 3TOM B KaXK-
JOM TpPeyroJIbHUKE Y Hee MOXeT ObITh cBoit unaekc k. Hamomuum,
YTO HEHTPOM TSI2KECTH j-TO TPEYTOJIbHUKA SIBJISETCS] TOYKA Iepece-
yeHus ero meauad. OHa UMEET KOOPAMHATHI

3 3
1 _
Tj = 3 zfcjk, Yj = Zyjk-
k=1 k=1
ITnomaap 3TOro TPEyrojabHMKa paBHA
si=vIll-a)l-b(l-c), l=(a+b+c)/2,

rae a, b, c — IJIMHBI CTOPOH j-TO TPEYTOJbHUKA (OHM JIEFKO BbIPAXKA-
I0TCsl Yepe3 KOOPAMHATHI €r0 BEPIIIVH ).

W =
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B dopMmyne cpemnux BMecTO mwIO-
aIU MPSAMOYTOJIbHON siyeiiku Gepercs
IJIOIaAb TPEYyroJbHUKa Sj, a B Kade-
CTBe 3Ha4YeHHs1 GYHKIMH B CPeJHeH TO4-
Ke — ee 3Ha4YeHMeE B I[EHTPe MacC Tpe-
yrojabpHuKa (Z, )

J
o Puc. 3.10. Tpeyronpuas
Us= Zsju(xj »¥5)- (385) sueixa m ee ZIpobJieHue
J=1 (wTpuxoBas JMHUS — Me-
JMAHbI; TOYKA — IIEHTP
HHuTerpan mo KaXXAOMy TPeyTOJIBHHUKY TsDKeCTH)

[MO-TIPeXKHEMY TOYHO Oepercss IJis Jid-

HeitHol dyHkumn u(z,y) = Co + Ciz +

+ Cay B cuJty onpejiefieHus IIEHTpa TsikecTu. IIpu JoKaJIbHOM pa3-
JoxkeHun (hbYHKIUU B psifibl Teityiopa MOrpenHocTh BHYTPH KaXK 10
sg4eiiku OymeT comep:KaThb TOJBKO BTOpbIE IIPOU3BOAHBIE, IPHYEM
JIMIOD Ugz, Uyy. CiI€I0BATENIBHO, IOrPENTHOCTE OyIeT HMeTh BTOPOif
MOPsIAOK MaJIOCTA OTHOCUTEIbHO CTOPOH TPEYTOJIbHOM STYENKH.

B stoMm ciyyae Takxke mpumenum meron Puuappacona. Orpeska-
MU, COeIUHSIIOIINMHI CepeIyHbI CTOPOH, KaXXIbIil TPEYTOJIbHUK Da3-
OuBaeTcs Ha 4YeThIpe PAaBHBIX TpeyrosbHuKa (puc. 3.10). IIpu sTom
CTOPOHA KaXXJOr'0 TPEeyroJIbHUKA YMEHBIIAETCA POBHO B JIBa pa3a, a
[JIABHBIH YJIEH CyMMAapHOM HOrPENIHOCTH — B YeThIpe pa3a ([oJIHoe
YKCJIO sT9eeK J YBEIMYMBAETCsI TOXKE B YETHIPE Pa3a). ITO 03HAYAET,
YTO JJisI OAHOKPATHOrO MeToAa PuyapicoHa HAAO HPUHATH KO3(-
(UITHEHT CTYIIEHUS T = 2 U MOPSAOK TOYHOCTH p = 2.

OnucaHHbBIH IPOIECC CrYHIEHUST MOXKHO MHOTOKDATHO [TOBTOPSITH.
BuyTpu KaXXJgoro MCXOTHOrO TPEYrOJbHHKA CETKa CTYIIAeTCs KakK
paBHOMepHas. IloaToMy peKyppeHTHOe yToYHeHHe o Puuyapacoxy
npuMeHuMo. [Ipu KaxXa0M odepemHoM cryiueHun r = 2, a 3ddek-
TUBHBIA MOPSIIOK TOYHOCTH yBenuduBaercss Ha 6 = 2. OxHako Tpe-
YTOJIBHUKM HCXOIHOU CETKH, BOODIIe rOBOPsi, He PABHBI, IO3TOMY B
[IEJIOM CTYIIEHHBbIE CETKU OYyIAyT He PABHOMEDHBIMH, 3 TICEBIOPAB-
HOMEDPHBIMH. BBIYHC/IEHHI0O UHTErPAJIOB 3TO HE MPENsITCTBYeT (Xo-
TS JJIs YPaBHEHUN B YACTHBIX MPOU3BOAHBIX TaKO€ CryIIEHHUE MO-
KeT OKa3aThbcsl HempuemyieMbiM). Croco60B MOCTPOEHUs KBA3UPAB-
HOMEDHBIX TPEYTOJIbHBIX CETOK MPU ITPOU3BOJIBHBIX HUCXOJHBIX CET-
KaXxX IMOKa He HalOeHO.

KpusoauHetinaa 2paHula. ITH 3313491 HaMHOro 0oJiee Tpy-
HbI Jyisi BbluncyieHuit. HakpoeMm 06J1acTh ¢ KpUBOJIMHENHON rpaHu-
el peryssipHoil ceTkoii (3.82) wiiu HeperyIsipHO TPEYroIbHOM CeT-
Koii. f4eliKu CeTKH, eJIMKOM JIeXKall[ie BHY TPH I'DAHMIIbI, HA30BEM
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BHYTPeHHUMH. VIHTErpaJjbl 1Mo TaKMM si9efiKaM MBI yMeeM BBIYHC-
JIITH CO BTOPBIM MOPSITKOM TOYHOCTH. HYeKH, [EJTUKOM JIEXKAITHE
BHE TDaHMIIBI, HA30BEM BHEIHUMU; OHA HE BHOCAT BKJIaJa B MHTE-
rpan. ddeiikun, KOTOpBIe IEPECEKAET KPUBOJMHENHAST IPAaHUIA, Ha-
30B€M I'DAHUYHBIME; OHH IPEACTABISIOT OCHOBHYIO TPYAHOCTh. Bo-
[EPBBIX, HEJIETKO ONPEIE/INTD, KAKHUE TIYEHKH SIBIISIIOTCS TPAHUYHBI-
MH, & KaKie — BHYTDEHHUMH. BO-BTODBIX, TOJIbKO YacCTh I'DAaHUY-
HOU siueiiku JaeT BKJIa B uHTerpaJi. HaiiTu miomans 3Toit 4acTu u
ee HEHTP TAXKECTHU JOCTATOUHO CJIOXKHO. [103TOMY BBIYHCIUTH UHTE-
rpaJ Mo TPAHUYHON siuefiKe CO BTOPBHIM MOPSIIKOM TOYHOCTH TPaK-
THYECKM HEBO3MOXKHO U JaXKe MEPBOro MOPSIKa TOYHOCTH TPYIHO
IOOUTHCS.

ITosTomy MeTOx sideeK [J1st KpUBOJIMHENHOM IPAHULBI OOBIYHO /13-
€T JIWIIb TEPBBIN MOPSAOK TOYHOCTH OTHOCHUTEJBHO CTOPOH siYeit-
ku. [Tpu sTOM onenka norpemmnoctu O(h) 6ymeT He aCHMIOTOTHYECKHU
TOYHOM, & JINIIb MAaXXOPaHTHOMN. B 9TOM cityyae mpu CryleHuu cetT-
KH HeJIb3sI 0JIb30BATbCS IKCTPANIOJNANUOHHBIM MeTonoM Puuapaco-
HA JJIs1 TIOBBIIIEHUs] TIOPSIIKE TOYHOCTH. DTOT METO IO3BOJISET II0-
JIYYUTH JIUIIb OPUEHTUPOBOYHYIO OLIEHKY MOTDEIIHOCTH 110 TOPSIIKY
BeJIMYMHBI, IpUYEeM HAJI0 UCIOJIb30BaTh p =1, a He 2. Xopolue pe-
3yJIBTATHI MOXKHO TOJTYYUTh JIMIIb JJIs1 TPAHUIL IPOCTediiei (hopMbI
(OKpY?KHOCTB, 3JUIAIIC U T. II.), IPX KOTOPBIX CHEHaIbHBIM [IPeodpa-
30BaHUEM [IEPEMEHHBIX (HAIPUMED, TIOJIIPHBIX KOOPAMHAT) 00/1aCTh
yIaeTcs IPUBECTH K MIPSIMOYTOJIbHUKY.

Mmnozomeprocmsb. MeTon s4eek eCTeCTBEHHO 0000IIaeTcs Ha
MIPOU3BOJIbHOE YUC/I0 u3Mepenuit L. Eciau obnacTs siBisieTcs mpsiMo-
YTOJIbHBIM IapaJlJIeJIENUIEOM (JMHEAHBIM IPeo6pa3oBaHUeM CBO-
JUTCSL K €QUHUYHOMY KyOy), TO Juisi Hee muimeTcss aHajor (3.83),
rIe KpaTHOCTh CyMMBbI paBHa L, OepeTcsi MpOU3BEIEeHHE LIArOB IO
BCEM IIEPEMEHHBIM U IEHTP COOTBETCTBYIOIIEH TapaJIIe/IeUIe A b
HoOlt Aueliku. Popmyna OyIeT UMETh BTOPOi HOPSIOK TOYHOCTH OT-
HOCHUTEJILHO YHCJIA Y3JI0B 10 KaXKI0H MEPEMEHHOM.

IIycTe TpexMepHasi 061aCTh SIBJISIETCSI MHOTOTDaHHUKOM. MHO-
TOTPAHHYI0 00JIACTh MOXKHO Pa3bUTh HA TPEXTDAHHBIE MUPAMUILI.
B sTom ciyuae npumenuma ¢opmyia (3.85), rae mox s; HaIo MOHU-
MaTh 00beM j-if MUpaMuIbl, a MO Tj,Yj,2j — UEHTP THAXKECTH MMUPa-
MuUIbl. AHaTOrnYHbIE POPMYJIBI BBITUCHIBAIOTCS JJIsi MHOTOTDAHHOM
obstactu B L-MEpHOM IIPOCTDPAHCTBE.

OueHuM rpaHuUbl TPUMEHMMOCTH MeToHa. ECau XapakKTepHOoe
YHCJIO TOYEK MO KaXKJOM MepeMeHHoi ~ N, TO MMOJIHOE YHUCIIO sde-
ek J ~ NL. Bropoit mopsiiok TOYHOCTH O3HAYAET, YTO HOTPEITHOCTD
R = O(N—2) = O(J~?/L). CKopocTH COBPEMEHHBIX KOMIIBIOTEPOB
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1103BOJISTIOT 6paTh A1 psaoBbix 3a1a4 J ~ 106+10°. Bynem cunrars
MaTEeMAaTHUIeCKYIO TOYHOCTh PACYETa 110 opMyJie CPeIHIX IIpUEMIIe-
Moit, eciu R ~ 1074 + 1076, sTo naer nam orpannyenus mo pasmep-
Hoctu L < 3.

Takum obpazoM, 6a3oBas popMyJia METOIa CPEIHUX ODecIednBa-
€T Pa3yMHYIO TOYHOCTb IIPU IPHUEMJIEMOM 00'beMe BBIYUCICHUH IJIst
ABYMEPHBIX U TPEXMEPHBIX HHTErPaJioB. B TpexmepHOM citydae 1jist
3TOro 1o Kaxmoi nepemenHoit 6epercs N ~ 100 + 1 000 yssos.
Ucmonb30BaHme CrylieHus: CETOK U MeTona Puyap/icoHa mo3BoJisier
YBEJIMYUTh TOYHOCTD U BBITIOJIHATH PACYETHI 4-MEDHBIX UHTETPAJIOB.
Onuako mpu 60JIbIIEM YHC/IE U3MEPEHUH STOT METOT HE 00ECIeYnBa-
€T XOpOoIiieif TOYHOCTH.

3.3.2. MNpoussegenne kBagpatTypHbix chopmyn

Haunem paccMOTpeHHe ¢ MPOCTEHIIEro CiIydas JBYMEPHOrO WH-
TerpaJia o npsMoyroJibHoi obactu (3.81).
Beenem o6o3HaueHme

b
fy) = f u(z,y)dz,
TOra
8
U= f f@)dy.

BbruucauM mocsie fHui HHTErpaJt o HeKOTOPOM KBaApaTypHO (of-
HOMEPHOI) (POPMyJIe C BECAMH Cpp, U Y3JIAMH Yy :

8 M
[ 1wy = Y cnt ). (3.36)

m=1

U

o

MozxxHo 6paTh J1I00BIE KBaIPATYPHBIE GOPMYJIbI, PACCMOTPEHHBIE
B nozxpa3a. 3.1.1. Herpyaso BuaeTh, 4T0 115t GOPMYJIbI CPEJHIX HA-
JI0 BBIOpPATh CeTKY {Ym}, (Yo = &, Yar = B) ¥ HONOXKHUTD Y3JIBI U Beca
PaBHBIMH

Ym = Ym—1/25 Cm = hym =Yn — Ym-1- (387)

Hns popmynst Tpameruit cymma 6epercss or m = 0 jom = M:
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_hyl
= (3.88)
cM=hL2M-, cm=ﬁi‘_/_"l_+_2}ﬁm—“, 1<m<M-1

st HekoTopsix popmyn I'aycca — Kpucroddens Beca u y37bl npu-
BesleHbI B Tabis. 3.4. MoXHO HCIO/IB30BaTh (HOPMYbl Jitsiepa —
MakJiopeHa, HO TOT[a ClleyeT B3sITh PABHOMEDPHYIO CETKY U K dop-
Mmysie Tpanernuii (3.86) — (3.88) 106aBUTH YiIEHBI C IPOM3BOAHBIMHA Ha
rpaHULIAX.

st mpubsinzkeHHOro BbIuucaeHus f(Jm,) B y3/1aX TaKKe IpHUMe-
HUM OJHOMEPHYIO KBaJpaTypHyIo dopMy.y (Boobiie roBopsi, Apy-
rymo):

N
f(m) = Z dnu(Zn, Im),
n=1

3/1eCh Y, BXOOUT KaK mapaMeTp. B pe3dysbraTe mosiydaeM npamoe
npouseederue OMHOMEPHBIX KBaAPATYPHBIX (HPOPMYJL:

M N
U~ Z Zcmdnu(i'n,gm)

m=1n=1

Ecnu mo o6euM KOOpAMHATAM HCIIOJIL30BaHa (popMysa CpeIHHX, TO
MOJIy9aeM ee IByMEPHBII aHaJIor — MeTo[ siyeek (3.83).

Besyc/ioBHBIM IOCTOMHCTBOM MeTOMa sIBJsieTcs OOoJIbInasi CBOOO-
J1a B BBIOOpPE OJHOMEDHBIX KB3IPATYPHBIX (DOPMYJ IO PAa3HBIM Ha-
npasiieHusM. [Ipu 5TOM MOPsiTIOK TOYHOCTH IO KaXKAO# U3 KOOPIH-
HAT MOXKET OBIThH CBOIA.

Ceywenue cemox. st crymeHnss CETOK B IPSIMOYTOJIBHOM
obyracT HaMO BLIOMPATH KO3MDMUIMEHTHI CTYLIEHUS IO KaXKIOH
U3 KOODIWHAT TaK, YTOOBI OMIMOKM OJHOMEPHBIX KBaIPATYPHBIX
dopMys1 ybbIBaaIM B OJUHAKOBOE umcio pa3. Ecam morpemnrHocTh
Rny =O(N7P + M™9) = cgN7P + ¢y M ™9, T0 Aj1s1 CTyIIEHHOIk ceT-
KH TOrPEIHOCTb Ry, Nry M = CzTz N P + ¢cyry IM 9. Ilpu 15 = Ty
00a OCHOBHBIX YJIEHA MOTPENIHOCTH ITPOMOPIMOHANBHBI, TAK YTO MX
MOXKHO HCKJIIOYUTh OXHOBpeMeHHO. Hanpumep, mpu p = 2 uq = 4
MOKHO BBIOUDATh Ty = 4 u Ty = 2. [Ipu TakoM cryimeHuu TpyaoeM-
KOCTb pacuera Ha 6ojiee moapoOHOIt ceTKe B BOCeMb pa3 boJblile, 4eM
HA UCXOTHOU. MOXKHO YMEHBUIUTh TPYIOEMKOCTh, BHIOpAB 1 = 2 U
Ty = V2. TIpu 3TOM 110 IIepeMEHHOM Y Hy»KHO HCIIOJIb30BAThH COOT-
BETCTBYIOLIE «Maru4ecKue» CEeTKH.
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Mmnozomeprocms. KybaTyphble (popMysibl Ha OCHOBE IIPOU3-
BeJeHusT KBaJApaTyp (pOPMaJbHO MOXKHO CTPOUTH MJIsl JIIODOTro 4mc-
Jia uamepennit L. OnennM, kakue GOPMYIJIBI MOXKHO PEKOMEHAOBATH
JJIs1 TPAKTHYECKUX PACYETOB.

Panee 0b1710 mOKa3aHO, YTO MPOU3BEIEHHE OJHOMEDPHBIX (DOPMYJI
cpeanunx npurogHo gist L ~ 3, a ¢ yderoM yTouHeHus no Puyapa-
cony — 10 L = 4. OnHoMepHasi dopMyia Tpaneunii IMeeT TOT Ke
II0PSIOK TOYHOCTH, 4TO U popmyna cpenuux. IloaToMy orenka miis
Hee aHAJIOTUYHA.

®opmyna CUMIICOHA UMEET YETBEPTHIM MopsanoK ToyHocT. On-
HAKO OHA SIBJISETCS PE3YJIbTATOM OJHOKPATHOrO yTouHeHusi Puuapm-
COHA, IpUMEHEHHOrO K ¢dopmyse Tpamnenuii. CjenoBaTesibHO, OHA
npurogsa a0 L =~ 3 + 4. [Ipome npumennTs He popmyny Cumiicona,
a JiuIHee yToYHeHue mo Pu4yapacony anst GopMysibl Tpanenuii.

@opmynsl Ditnepa— MakiiopeHa ¢ HCIOJIB30BAHUEM CTAPIINX
MPOU3BOIHBIX B PAHUYHBIX TOYKAX MMEIOT BBICOKHUI MOPSI/IOK TOY-
HOCTH M OOBIYHO 3((PEKTHBHBEI Ha OJHOMEPHBIX 3amadax. OmgHaKo
npou3sBejieHre TaKNX (pOPMYJI B MHOTOMEDHOM CJIyYae 3aIlNCHIBAET-
Cs1 OY€Hb I'POMO3/IKO, & CAMU ITPOU3BOIHBIE 329aCTYIO TPY/AHO BBIYMC-
asaTh. [TosTOMY Tako# METO/T TPAKTHYECKH HE MCIOJIB3YeTCs.

Onuomepubie popmyinbl Taycca ¢ GOIBIINM YHUCTIOM Y3JI0B OKa-
3a,MCh He CJMIKOM 3ddekTuBHbIMU. OIHAKO HCIOJNB30BAHUE Ta-
YCCOBO-CETOYHBIX KBaIPATYP KapAUHAJIBHO YIy4dlIaeT TOYHOCTh. 13
Taba. 3.1 BUOHO, YTO [ejieHHE OTPE3Ka MHTErPUPOBAHUS BCETO Ha
ABa UHTEPBAaJIa PE3KO MOBBICUJIO TOYHOCTH rayCCOBO-CETOYHOI'O Me-
TOJIa 110 CPABHEHMIO C OOBIYHBIM MeTonoM [aycca.

OueHrM BO3MOXKHOCTH IPUMEHEHUsI POU3BEIEHUSI TayCCOBO-Ce-
TOYHBIX KBaIPATYP [IJIsl MHOTOMEPHBIX MHTErPAJIOB. ByneM cunTaTh
TPYAOEMKOCTh pacyeTa AOMYyCTHUMON BILIOTH O IOJIHOTO YHCJIA Y3-
noB J = NL ~ 10°. Ina L = 6 sro naer N ~ 30. Eciin orpaHA4nTh-
cs1 bopmysioit Taycca ¢ nsaThO y31aMu (IIOCKOJIBKY 3TO MOCIIEAHSS
CTeleHb, [JIsi KOTOPO# €CTh SIBHASI 3AIKCh Y3JI0B U BECOB), TO MOXKHO
pa3buUTh KaXKIyl0 CTOPOHY MPSIMOYTOJbHUKA HA MSITh NHTEPBAJIOB.
Hnsa dyuknuit ¢ He caumkoM 6osbmuMy 10-Mu TPOU3BOIHBIMU 3TO
JOJIXKHO 00€CIeYUTh BBICOKYIO TOYHOCTh. Takum o6pa3om, mpoms-
BeJleH1Ee OJHOMEPHBIX IayCCOBO-CETOYHBIX KBaJIPATYP JIOJI2KHO OKa-
3aThCst 3D HEKTUBHBIM CTIOCOOOM BHIYHCIIEHUSI HHTETPAJIOB B IIPSIMO-
YTOJIbHOM HapaJuiesienunesie 10 pasmepHocTa L = 6.

Kpusoaunetinas eparuya. PaccMoTpuM 1ByMEpPHYIO 00J1aCTH
G c kpuBosmHenHo# rnaakoi rpanuneii I' (puc. 3.11). Makcumass-
HYI0O 1 MHHAMAJIbHYIO ODJMHATHI I'PaHUIbI 0003Ha4YNM depe3 3 1 o.
OrpanuynMcst 1Jis1 IPOCTOTHI CJIyYa€eM, KOTJa IPaHUIia 00pa3oBaHa
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]

b(y)

T
\_//

a(y)

\]

T

Puc. 3.11. O6sacTsh ¢ KpUBOJIMHEAHOMN IPaHULIEH

JIByMsl OJHO3HAYHbIMU GYHKUUsSIMU: jieBasi — T = a(y), npaBas —
z = b(y). B atom ciaydae uCroIb30BaHUE MPSIMOTO IPOM3BEIEHUS
KBaIpaTyPHBIX (POPMYJI BIIOJIHE ECTECTBEHHO.

Wnrerpan no obnactu G MOXKHO 3aIIMCaTh B CIEAYIOUIEM BHIE:

B b(y)
U= f f@)dy, @)= f u(z, y)de. (3.89)
o a(y)

Beenem mo ocu opaunat cetky {ym} 0 < m < M+ 1; yo = «a,
ym+1 = B. IIpoBenem cooTBeTCTBYIONIME XOPABI. 3aMEHNM UHTETPaJI
10 Y HEKOTOPOI KBAAPATyPHOH POpPMyIIOii.

I'panunamu m-it XOpApl ABASIIOTCH TOYKA A (Yrm) U b(Ym); AIUHEL
BCEX XOpi, BoODINE roBOpsi, pa3ynyHbl. [l03TOMy Ha KaXmoit m-i
XOp/ie BBEIEM CBOM HAOOP y3J0B {Znm}, 1 < n < N. Haubosee npo-
CTO ¥ BBITOJHO B3SITh YMCJIO TOYeK N Ha KaxKJ0# XOpe OTUHAKO-
BBIM U DaBHBIM M, a B KA4€CTBE CAMUX TOY€EK {Zpm } BHIOPATD y3JIbI
KBaapaTypHo# dopmyssl [aycca qis Beca (p(z) = 1), npu 3ToM Bee
y33b! {Zpm } 1€2KaT cTporo BHyTpU obnactu G. Torja unrerpasnst no
xopaam bepyrcs mo opmyite I'aycca

N
fym) = chmu(:z:nm,ym),
n=1
37€ech
T = b(ym) "2' a(ym) _l_b(ym) ; a(ym) Zn Com = b(ym) ‘2‘ a(ym) Yo,
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rae &, — Hyau MHOro4jieHoB Jlexxanapa crenenu N; Y, — COOTBET-
crBytompye Beca (mns N < 5 oHu npuBefens! B Tabu. 3.4). Hanom-
HUM, 4TO (popmyJta ['aycca Touna ajis anredbparndecKix MHOTOYJIEHOB
OT x cTemneHy He Boime 2N — 1.

OueBuAHO, JJIsi UHTETPUPOBAHMS IO Y IEJIECOOOPA3HO MpUMe-
HATh KB3JIPATyPHYIO (pOPMyiTy, TOYHYIO NS ajredpandecKux MHO-
TOYJIEHOB OT Yy creneny He Bolme 2N — 1 = 2M — 1 (mOCKO/IbKY MBI
Bbibpasn N = M). OgHako MHTErpas 1o y uMeeT 0COGEHHOCTH Ja-
X)e 11t raaakux Gyakumit u(z,y) u rnaakoi rpanuns I'. [Tpuanna
B TOM, 9TO f (Y, ) IPUOINBUTENLHO IPOIIOPIMOHAILHA IJIMHE XOPJIBL.
ITpu y, cTpemsimeMcs K 3 UIx o, XOPABI BLIPOXKJAIOTCH B TOYKH, a
UX JIVHBI 1 UHTETPAJIbI [0 HUM CTPEMSITCS K HYJIIO KaK KOPHU KBaJ-
paTHBIE:

flyy~+/B—y mpu y—B, fly)~vy—a mpu y— o

B TakoMm ciydae MOABIHTErPALHYIO (PYHKIMIO B ITIEPBOM HHTE-
rpasie (3.89) MOXKHO NpenCTaBUTh B BuIe mpousBeneHus: f(y) =
= ¢(y)v (B —y)(y — ), rme ¢(y) He uMeeT ocobeHHOCTEIH, a MOI-
KOPEHHOE BBIPAsK€HME MOXKHO PACCMAaTPHUBATL KAK BECOBYIO (DYHK-
muo p(y). Eit coorBercrByer kBanparypHasi dopmyna Iaycca—
Kpucroddens c muorounenamu Yebormena II pona:

B v
! Sy =3 endlam), 9(6) = FLt—
3tech
ym=ﬁ;°‘+p;°‘cosM“Z_’1, 1<m<M (M=N),
cm=p—%5+ﬁ;a?m,

rae Ym Aag M < 5 npuBeneHsl B Ta0J1. 3.4.

W3 U3J10:KEHHOr0 CJIeAYeT, YTO MPOU3BEIEHNE ITUX OJJHOMEDHbBIX
KBaJIpaTyp AaeT KybaTypHyio ¢dopMy/y, TOYHYIO IJIs MHOTOYJIEHA
or z u y crenenu 7o 2N — 1 =2M — 1.

3amevarus. 1. Onucanuslif ciocob mocTpoeH Ha ocHoBe popmyit ayc-
ca— Kpucroddessi, 103TOMy NIpUMEHATD [JIf OLEHKH MOIPEITHOCTH METO/,
Puuapncona 3nech Henb3s. [IpencraBiieHre 0 TOYHOCTH MOXKHO TIOJIy YUTh,
[IPOBO/IA MOCJIENOBATENbHO BhiuucjeHuss ¢ N = M = 1,2, ... Eciau Busy-
aJIbHO HabJII0IAeTCsi CTPEMJIEHHE K IIPEIEILy, TO COBIAAAIONINE 3HAKH MOX-
HO cuuTaThb BepHbiMU. OOHAKO Ha NMpakTUKe OaJbiue, ueM N = M = 5,
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MIPOJBUHYTHCS TPY/HO, IOTOMY YTO Jiajlee OTCYTCTBYIOT siBHble (DOPMYJIbI
JIJ1s1 y3JIOB M BECOB I'ayCCOBBIX KBAIPATYP.

2. OnucaHHBIA METOJ] HE PACIPOCTPAHSETCS Ha Caydail GOJIbIIero 4uc-
Jila U3MEPEHUi: yxKe B TPEXMEDHOM CIIy4yae IIOMHMO OCODEHHOCTH C KOp-
HEM KB3IPATHBIM BO3HHUKAIOT OCOOEHHOCTH C KODHEM YEeTBEPTON CTEIEHH.
st Takx 0COGEHHOCTEN OTCYTCTBYIOT BBIPAXKEHHUsI Y3JIOB ¥ BECOB (POPMYJI
l'aycca— Kpucrodbdes.

Memod Itimxena. Uuterpan no obnactu G ¢ r1aIKo# KpUBO-
JIMHEHHO# rpanuneil I' MOXKHO BBHIYHCAATD C UCIOJIH30BAHUEM METO-
na diirkeHa. s 9TOro BBEJEM PABHOMEDPHYIO CETKY IO Y C JOCTa-
TOYHO GOJIBIIMM YHCIIOM Y3JI0B Y, = o + m(B — o) /M, 0 < m < M.
Cnenyer npunuMats M = 2¥: 310 0GecreunBaeT BO3MOXKHOCTD Bbi-
6opa M3 HAHHON CETKH IOCJIEIOBATEJbHOCTH BIBOE CrYIIAIOIINX-
csl BJIOKEHHBIX ceTok. Ha Kaxk[oif xopAe Tak»ke BBEIEM PaBHO-
MEPHYIO CETKY Ipm; CO CBOMM YHCJIOM Y3JI0B Tnm = a(Ym) +
+n[b(ym) — a(Ym)]/Nm, 0 < n < Np,, rae B kagectBe N, Takxke
11eJ1eCO00PA3HO BLIOMPATH CTENEHD JBOMKH.

IIpoBeneM cepuio BBHIYHCJIEHUI HHTErPAJIOB [0 & BIOJb KaXK-
[0 Xopapl Mo bopMysie Tpamenuit ¢ 4uciaamu y3iaoB N, Np, /2,
Np/4,... Yuras 3Ty cepuio B OODATHOM HAIIDABJIEHHMH, HOJIYIMM
CEPUI0 pacyeToB Ha crymawomuxcs cetkax ¢ r = 2. [Ipumenum x
HUM peKyppeHTHOe yrouHeHue no Puuapacony. Hanomuum, uro qis
dopmynbl Tpamenuii MOpsiAOK TOYHOCTH P = 2 U €ro IOBBIIIEHHE
[pU KaXXJOM CryiueHud ¢ = 2. BoibepeM U3 mpoMeXXyTOYHBIX pe-
3y/lBTATOB HauboJiee TOUHOE 3HaYeHUEe f(Yr,) U OLIEHKY €ro morpei-
HOCTH €, .

3areM mpoBeeM CEepHIO BBHIYUCJIEHHI MHTerpasa oT f(y) Takxke
no cdopmysie Tpamenuit ¢ yncinamu y3inos M, M/2 M/4,... Panee
0TMEYaJIOCh, 4TO f(Yy) MMeeT KOpHEBbIe OCODEHHOCTH BOJIU3H ¥ = o
u y = B. Ilosromy mpumensaTs MeTon Puyapiacona k mosrydeHHBIM
Pe3yILTATAM yKe HeJIb3s. 3aTO MOXKHO IIPUMEHUTh PEKYDPPEHTHBIN
MeTO DUTKEHA U TaK2KEe HANTH HANUJTYy Ui Pe3yJIbTAT U OLIEHKY €ro
MOTPETHOCTH. DTO U OymeT UCKOMBIM oTBeToM. Heobxomumo mom-
HHUTb, YTO TPU BHIYUCIEHUH f(Yp,) POJIb OIMOOK OKPYIJIeHus OyayT
UTPATH BEJINYUHBI €y, , KOTOPBIE OOBIYHO MHOTO 60JIbIIIE KOMITBIOTEP-
Ho#t TounocTH 10716,

OnucanHblif CIOCOO PACIPOCTPAHSETCS Ha MHOTOMEDHBIE WHTE-
rpajsl mo objiacTu ¢ Tyiagkoit rpanuueit. Hanpumep, B Tpexmep-
HOM Cliy4ae BO3HHKAIOT CEKYIIHE ILJIOCKOCTH, BBIJENsomue obia-
CTH C KPUBOJIMHEWHOM IJIaIKOM rpaHuIeil. B Kaxx moit Takoit obactu
[IPOBOAATCS XOpAbl. IHTerprpoBaHue Mo BCeM NepeMEeHHBIM BBITIOJ-
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HSIETCsI IO MeTo/y Tpamenuil. PekyppeHTHOe yTOYHEHHE IO XOpIaM
IPOBOJUTCS METOIOM PuuapicoHna, HO IO BCEM OCTAJILHBIM ITI€PEMEH-
HBIM — MeTOIOM JifTKeHa. [Ipy 3TOM Hy>KHO SIBHO CYUTATH BCE Cede-
HUS ¥ UX TPAHUIBI, IO3TOMY PEaJIbHO ITOT METO,T MOXKHO IPUMEHSATh
B 00J1aCTSIX, FPAHULBI KOTOPBIX OMUCHIBAIOTCS JOCTATOYHO IIPOCThI-
MU IBHBIMH (DOPMYJIAMH.

3.3.3. Crarucruyeckue merogbl

IIpousBeaeHne oMHOMEPHBIX KBAAPATYP ¢ [N y3JaMu JJisi BBIYUC-
nenust L-xpaTHOro MHTerpaJa comepXuT N Touek MHOromepsoit
cetku. Ilpu yBemuyeHNN pa3MepHOCTH YKCJIO TOUYEK U OOBEM BHI-
YUCJIEHUI CTpeMHUTEIbLHO Bo3pacraloT. IlosTomy mpu L > 6 ceTtou-
Hbl€ MeTOIbI IPAKTUYECKU HEIIPUTOIHBI U TPeOYIOTCS UHbIE ITOAXO-
nbl. OHH OCHOBAHBI Ha MCITOJIb30BAHUU CIIY4YAWHBIX TOYEK WM JPY-
IUX TOY€eK, OJIM3KUX K HUM IO CBOMCTBaM.

Beauvwuna . Paccmorpum npumep. CTpesiok 3aKperuisieT BUH-
TOBKY B CTaHKE M BBICTDEJIMBAET HECKOJBKO pa3 moapsan. llymu xe
MOTaIyT B OJHY U TY K€ TOYKY U3-3a PA3JIMIHBIX CIIydaiiHbIX dak-
TOPOB: Macca MyJib U 3aPsI0B HEMHOTO OTJIMYAETCs JPYT OT APYra,
BO BPEMsI BBICTPEJIA MOXKET MOILYTh BETEP U T. JI. BhI3BaHHBIE STUMHU
¢dakTOpaMu OTKJIOHEHUsI HA3bIBAIOT CJIYyYalHBIMU, TaK KaK UX MpU-
YUHBI CTPEJIOK HE KOHTPOJIUPYET. BOJIBIIMHCTBO MyJIb JIsI2KET OJIU3KO
K To4yke nmpunenuBanus. Ho 6yayT u OoJjiee 3HAYUTEIbHBIE OTKJIO-
HEHHs. 3aBHCUMOCTb YaCTOTHI BOBHUKHOBEHHUsI OTKJIOHEHUS OT €ro
BEJIMYMHBI HA3BIBAIOT pacupelesieHneM CiyJaiHoi Benudunbl. Tod-
HOE€ MaTeMaTHYEeCKOe OIpe/iesIeHIe 34eCh He IPUBOIUM (OHO €CTh B
KypCax TEOPHH BEPOSITHOCTEH ).

Cpenu ciy4ailHBIX BEJIMYMH OCOOYI0 POJIb MIPaeT CiydaiiHas
BEJIMYUHA Y, PABHOMEDHO DACIIpelesieHHasl Ha €OUHUYHOM OTPEe3-
ke. Ee dopMasibHOE OnpesiesieHne TaKOBO: 6Ce 3HAYEHUA BEAUYUHDL
Y npunadaesrcam ompesky [0,1], a naomrocms ee pacnpedeserus
e(y) =1

Ilocnennee MoxHO pa3bscHUTH Tak. [IycTh KOHUBI MHTEPBAJAa
Y1,Y2 npuHamexkat orpesky [0,1]. Torma BeposTHOCTH TOro, YTO
Y1 < Y < Y2 €CTh OJIMHA UHTEPBAaJa Y2 — Y1 U HE 3aBHCUT OT MECTO-
[OJIOXKeHUs MHTepBaJIa (Y1,Y2) HA €UHAIHOM OTPE3KE.

BosbMeM nocTaTo4YHO GOJIBIILYI0 BEIOOPKY CIy4aifHBIX YHCeN Y,
0 < j < J,J > 1. Paszobeem orpesok [0,1] Ha paBHBIE MOJIOBU-
HBI, KQXYIO OJIOBUHY — Ha /4 u T. 4. BeposTHOCTH mOmagaHus y
B KaXkJIyI0 U3 IIOJIOBUH OTpe3Ka omuHakoBbl U paBHEI 0,5. [TosTomy
IPYMEPHO II0JIOBHHA, YHCeJI IOC/Ie10BaTeNbHOCTH {Y; } Gymer pacmo-
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JIOXKEHa B JIEBOI MOJIOBUHE OTPE3Ka U IIPUMEPHO MOJIOBUHA — B IIPa-
Boii. B Kax 101 yeTBepTH OTpE3Ka OyIeT JieXKaTh IPUMEPHO 1/ city-
YafHbIX TOYEK U T. . DTO O3HAYAET, YTO CJIy4aiiHbie TOYKU OYAyT
PaBHOMEDHO pa30pPOCAHBI IO €TUHUIHOMY OTPE3KY.

Tenepy Bo3bMeM equumunbiif KBagpar 0 < z < 1,0 < y < 1.
Bynem 6paTe U3 Hocie0BaTebHOCTH {Y;} Maphl COCEIHUX YHCE:
(Yo, Y1), (Y1,Y2), - -- Kaxkayro mapy 4mces MOXHO paccMaTpUBATh
KaK KOODOMHATHI TOYKHU HA IJIOCKOCTH. AHAJIOTMYHBIMU PACCyXKJIe-
HUSMHU HETPYJIHO yOeqUThCsl, YTO ITH TOYKHU Oy/IlyT pABHOMEDHO pac-
npeJesieHbl B eQUHAYHOM KBajipaTe. Tak »Ke CTpOsTCs CydaiiHble
TOYKH, PABHOMEPHO pacCHpelie/IeHHbIe B €IUHUYHOM L-MepHOM Kybe.
st 3TOro U3 MOC/IeIOBATEILHOCTH {Y]} BbI6I/IpaIOT rpynmnst mo L
TOYIEK (YjLa YjL+1s - s YjL+L— 1) = Yj» J= 0,1, Ka}KvH'on rpyn-
My PacCMATPHUBAIOT KAK KOOPAUHATHI L-MEPHOM TOUYKH.

Hrmeepan. CHagana pacCMOTPUM ONHOMEDHBIN HHTErpaJ II0
€TMHUYHOMY OTDE3KY:

1
U= Ju(a:)da: (3.90)
0
U CPaBHHUM €ro0 ¢ TaKO# CyMMOii
1 J
= — i 3.91
UJ J+1 = u(Y])a ( )

IZie Y — PaBHOMEDHO pacIlIpelieIeHHas ciiyJaifHasa BesnyuHa. PyHK-
1m0 u(Y), 3aBUCSNLYIO OT CJIyYaitHON BEJMYHMHBI Y, HA3BIBAIOT CAY-
watinol Pynryuet, XoTs BUJ caMOil (DYHKIIMM U BIIOJIHE OIpEJe-
JIEH.

PazobreM orpesok [0, 1] Ha ZOCTATOYHO MaJible MHTEPBAJbI, HO
TaK, YTOOBI B Ka’KJblif HHTEPBAJI IOIAIAJI0 ellle JOCTATOYHO MHOI'O
TOYeK I0C/IeI0BATeNbHOCTH {Y;}. B KaxkoM uHTepBase 3HaYeHUs
u(y;) 6yayT modTH COBIaNATH MEXK Ay COOOI B CUITy MaJIOCTH HHTEP-
BaJja. Uucio Takux 3Ha4YeHHi IPUMEPHO NPONOPIMOHAJIBHO AJINHE
WHTEpBaJIa, a MoCcJIe JeJIeHUs Ha IOJIHOe JUCJIO TodeK J + 1 oHo mpu-
MEpHO paBHO JumHe uHTepBasa. [lostomy Bkiaza B cymmy (3.91) ot
OZIHOTO HHTepBaJIa OyneT 6JIH30K K U(Tcp)dT, TIE Tcp — CPeIHssA TOY-
Ka uHTepBaja. B urore cymma (3.91) OymeT Masio OTIMYATHCS OT
uHTerpaybHoit cyMmmbl s (3.90) u Moxkuo nonoxuts U ~ Ujy. Ta-
KO€ PaBEHCTBO BBIMOJIHAETCS, KaK IIPABUJIO, TEM JIydllle, YeM O0b-
1re 9ucyio To4eK J. Ha s3pIKe CTaTUCTHUKYU 3TO O3HAYAET, YTO MHTe-
rpaJt (3.90) paBeH MaTeMaTHYECKOMY OXKUJAHUIO CJIy4aiHOMH DyHK-
un u(Y):

U = Mu(y). (3.92)
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Cymma (3.91) siBisteTcst ONHOKDPATHBIM Pa3bIIPhIBAHUEM BEJINUNHBI
Mu 1o BbIGOpPKE {Y;}.

Onncanublii c1oco6 HENOCPEICTBEHHO IEPEHOCUTCS HA BBIYHCIIE-
HUsI HHTErpaja B eqUHHYHOM KyOe pa3mepHocTH L:

111
U= ff...fu(ml,xg, ...,xp)dzridze . ..dry = Mu(y).  (3.93)
00 ©

MaTeMaTu4eCKOe OXKUIAHUE TMO-TIPEXKHEMY 3aMEHSIIOT CPEJIHHUM I10
BBIOOpPKE

J
1
Mu(y) =~ Uy = 11 ZU(YjL,YjL—Ha ey YiL+L-1)- (3.94)
3=0

Huxkaxux NpUHOMNAAIBHBEIX TPYIHOCTEH MPU MEPEXOIE KO MHOIMM
u3MepeHusiM He BosHmMKaeT. OmHako Ha obsacTu 6GoJjiee CIOXHOMN
dopmMbl, YeM eTUHUYHBIA Ky0 (MM IPSMOYTOIBHBIA MapaJlIeseny-
e, 3TOT MeTO O606MIUTD KpaiiHe CJIOXKHO.

ITozpewrocms. Omubka B CTaTUCTUYECKUX METOAAX TaKXKe
HOCHT cJiy4aiiHbiii xapakTep. CpenHee apudMeTHIeCKoe 10 BHIOOD-
ke Uy (3.91) camo siBiisieTcst HOBOY city4aitHo# BeamunHo#. Ilpu enu-
HUYHOM UCIBITAHUH (T. €. IpU BHIOOPE OTHOTrO J ¥ BBIYMCIIEHNH €I1H-
CTBEHHOI'O COOTBETCTBYyMoIIEro eMy Uj) OHO MOXET JaXke 3aMeTHO
OTJINYAThCS OT MaTeMaTudeckoro oxkuaauus MU, xoTss B 60JIbIIIH-
CTBe ciiy4aeB Oyzer O6JM3KO K HeMy (Tak OIBITHBIA CTPEJIOK HOYTH
BCe IIyJIM KJIaJeT BOJIU3M [EHTPa MUIIEHH, HO ¥ Y HEro KaKoi-TO BbI-
CTPEJI MOXKET YHTH B «MOJIOKO» ).

IloBenenue U; onpenensieTcss IEHTPAJILHOM MpEEIbHON Teope-
Moit Teopun BeposiTHocTH. OHA yTBEPKIAET, YTO:

1) MaTeMaTHYeCcKOe OXXKMIaHUe U JucIepcus Benuyuusl U cBsi-
3aHBI C MATEMATUYECKUM OXKHMIAHNEM U(Y) COOTHOUIEHUSIMH

1
J+1

2) npu J — 00 3aKOH pacnpeesienus Beuaunbl Uy cTpeMutcs K
rayccoBoMmy (nmpaxTudecku yxe npu J > 30 OH ZOCTATOYHO OIM30K
K HEMY).

s rayccoBa 3aKOHA paclpeesieHnsi BEPOITHOCTb OTKJIOHEHUSI
€IVMHUYHOIO UCIBITAHUSI OT MATEMATHYECKOrO OXKHUAAHHS XOPOIIO
M3BeCTHA. BBeieM cTaHIapTHOE yKJIOHeHHe (cmandapm)

o =VvVDU.

MU = Mu(y), DU = Du(y); (3.95)
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BepositHOCTH TOrO, YTO YKJIOHEHWE HE NPEBBICUT OJIHOTO, ABYX HJIH
Tpex CTaHIaPTOB, PABHBI COOTBETCTBEHHO

0,68 = 68 % nas 1o, 0,97 =97 % nasa 20

u 0,995 = 99,5 % nnsa 3o. (3.96)

B craructryeckux pacyeTax He yJAeTCsl JOCTUYb CTOJIb BBICO-
KOM TOYHOCTH, KaK B XOPOIIUX CeTOYHbIX. OOBIYHO XapaKTepHasi Mo-
rpemHocTh cocTapasger He meHee 0,1 %, noxons no 10 % nns naubo-
Jiee TPyIHEBIX 3ama4. [losToMy eciiu pabora He TpebyeT 0coboit Tiia-
TEeJILHOCTH, TO CYUTAIOT JOIYyCTUMBIM OTKJIOHEHUE He bosiee 16. [Ipu
aKKYPaTHOM BbITIOJTHEHUH (DUBNYECKUX U TEXHUYECKUX UBMEDPEHMI B
Ka4YecTBe OLIEHKHU MOTPEITHOCTH BHIONPAIOT 00bI9HO 20. Eciu Tpeby-
€TCsl BbICOKasi HAJIE2KHOCTh, TO B KAYECTBE JOIYCKA MPUBOAAT BEJIU-
yuHy 30. BeposirTHOCTH 3aMeTHO 6OJIBIIIETO OTKJIOHEHUSI MOXKHO CYU-
TaTbh NPEHEeOPEKUMO MAJIOH.

Ocraetcs Haiitu Besimuuny DU. Ona cBsizana ¢ Du(y) cooTHome-
ureM (3.95). Bocnonb3yemcst ©3BECTHBIM COOTHOLIEHHEM U3 TEOPUH
BEPOATHOCTEI:

Du(y) = Mu(y) — Mu(y)]%. (3.97)

Bropoit unen cnpaBa — 3To kBagpar unTerpasa (3.93), npubimken-
HO BBIYMCIsieMoro o dopmysie (3.94). Ho nepssiii unen cnpasa To4-
HO paBeH MHTerpajy oT u(z):

11 1
Mu2(Y) = JJ...Juz(zl,xg, ...,xr)dz1dzo ... dT]L.
00 0

Ero Toxe MOXXHO BLIYUCIIMTD KaK cpeaHee apudmerndeckoe. C yge-
ToM (3.95) 3T0 Hmaer mJist HCKOMO# JUCIEPCUH BETHIUHY

0’ =DU ~ 3% =

J

J
1 1 - 1 |
T Tx1 J+1j§0“ (v5) J+1§JU(YJ)

(3.98)

Pacyer npoBomutTcst ciemyromuM obpa3oM. BepyT mociemoBa-
TEJBHOCTH {Y;}. YBeqnuuBaioT 3Ha4denue J, U A Kaxzaoro J Bbl-
qucasioT BeanauHsl Uy u 0. ([l 9KOHOMUIHOCTH PacdeToB Ha-
10 HakamauBaThb 06e cymmbl B (3.98), a He BBIYUCIATH UX 3aHOBO
s Kaxkoro J.) Besnnunna 6 siBsieTcst mpuOJIMKEHHBIM 3HAYEHH-
€M CTaHJapTa 6 ¥ XapaKTepU3yeT TOYHOCTh BeJuduHbl U .
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Bripaxkenne B burypHoit ckobke B (3.98) 6iU3KO K HOCTOSIHHOMN
BesimanHe Du(y). [TosToMy BBIGOPOYHBII CTAHAADPT PaBEH
Du(y)

J
¥ IpU yBeJU4YeHUHU J CTPEMUTCS K HYJIIO Kak J ~1/2 Bpruucenus
MIPEKPAIIAIOT, KOTJa BEJIMYUHA 6 7 CTAHET JOCTATOYHO MAJIOHN C TOY-
Ky 3peHust Kpurepus (3.96).

Bo Bce mpuBeneHHbIE OIEHKH HE BXOIMJIA PA3MEPHOCTH IIPO-
crpancTBa L, HO3TOMY 3aKOH yOBIBaHMs MOrPENIHOCTH G ~ J /2
CIIpaBeJINB 1,1l JTII000H pa3MepPHOCTH MPOCTPAHCTBA. DTO IMO3BOJIS-
€T IPUMEHSATh CTATUCTUYECKUE METO/IbI B OTJINYHE OT CETOYHBIX Mée-
TOMIOB K 33/1a4aM OrpOMHO#M pa3mepHocTHu. [Ipu Masbix pasmMepHO-
crax L < 6 oHM MeHee SKOHOMUYHBI, 4eM ceToyHble. Ho mpu L > 6
TpeOyIOT MEHBIIEro YUCJIa TOYEK, YeM CETOYHbIE, U C YBEJTMYEHUEM
L vx npenMyIiecTBO BO3PACTAET.

Ilo ckopoctu yOBIBAHUS Gj METOZ, CTATUCTUYECKUX HUCIIBITA-
HUU HAIIOMUHAET CETOYHBbIII MeTOH, UMEIOIIUil MOPSIOK TOYHOCTH
p = 1/2. OxHako 3TO CTPEMJIEHHE K HYIIO SIBISIETCSI HE aCHMIITO-
THYECKHU TOYHBIM, a JIUIIb BEPOSTHOCTHBIM, KAK OTMEYaJIOCh PaHee.
ITosToMy mpuMeHsTH MeTOA Pu4yap/icoHa K BBIYUCJIEHUSIM C PA3HBI-
Mu J COBEPIIIEHHO HETOIMYCTUMO.

IIcesdocayuatinvie wucaa. CiydaitHble BEJIMYUHBI SIBJISIIOT-
cs1 MaTeMaTH4YecKo abcTpakuueii. CTONPOLUEHTHO CITyYadHbIX BEJIU-
YUH B [IPUPOIE HET: T€ HEKOHTPOJIUpYyeMble (HaKTOPbI, KOTOPbIE OT-
MEeYaJIuCh B HadaJle Ioapa3iesia, MOXKHO ObL10 Obl yuecTh Ipu 6oJiee
BHHUMATEJILHOM PACCMOTDPEHHH KaK 3aKOHOMepHbIe. [losToMy paano-
TEeXHUYECKHE U Apyrue (pu3ndecKue JATIYUKU CJIyYalHbIX YUCEJT Ha
caMOM JeJjie He BIOJIHe HamexKHbl. I1pu He odens 6osbiux J maBae-
MBbI€ UMU I10CJIEIOBATEIbHOCTH OOBIYHO YIOBJIETBOPUTE/IBHBI IO Ka-
yecTBy. OqHAKO M3-338 MAJIOCTH J TOYHOCTH PACUETA MOXKET OKA3aTh-
cst HegocTaTouHoi. Ho mpu 6osbiiux J HaYHET CKa3bIBATHCS HECITY-
YaWHOCTB MMOCjeA0BaTeIbHOCTH. OIUOKY TAKOTO poia KpaifHe Tpy/I-
HO OOHAPYXKHUTbH IO BHEIIHUM IIPOSIBJIEHUSIM. DTO JIEJIaeT UX 0COOEH-
HO OITACHBLIMH.

MaremaTruku c¢ konua 1940-x romoB 3aHMMAJIUCH IIOMCKAMH
crocob0B YUCTO MATEMATUYECKOrO MOCTPOEHUS CIYUARHBIX YKUCE.
IIpenarajoch MHOTO «KYXOHHBIX» PELENTOB, HAIIPUMED CJIEMLyI0-
mu: BbIOEpEM Kakoe-HUOyap MPpPAIMOHAJIBHOE YUCJIO, a €ro IIo-
CJIeIOBaTEeJIbHbIE JIeCATUYHbIE 3HAKU OyIeM CUYHUTATH CJIyYalHBIMU
[IEeJIBIMKA YKMCJIAMU, PABHOMEDHO pPACIIpeleIeHHBIMUA Ha, JUCKPETHOM
muoKecTBe 0 +~ 9. B KauecTBe 000CHOBaHUS MPUBOIUJICA TAKOR ap-
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TYMEHT: ecjid Obl 371eCh CYIIECTBOBAJIA
3aKOHOMEPHOCTD, TO YHUCJIO CBEJIOCH OBbI
K IEPUOIUYECKON IeCATUYHON apobw,
© T. €. ObLIIO OBbI PALOHAJIbHBIM.

TakumMu peuentamMu HEIOMYCTUMO
noJsib3oBaThes. Hampumep, Bo3bMeM 3a-
B€IOMO UPPAaIlMOHAJIBHOE YUCIIO

c e = 2,718281828459045 . . .

Puc. 3.12. Touku B KBaj-
paTe, IOCTPOSHHDIE [0 NecH- PaccMorpumM mocsienoBaTesibHBIE TTAPHI

THYHBLIM 3HAKaM 4mcsia e SHAKOB 27,18 28...kak JBy3HadHBIE Iie-
Jible YHCJIA U3 JUCKPETHOrO MHOXKECTBa
0 + 99. BugHo, 4TO CAMIIKOM YaCTO IIOMAJAIOTCHA OJIU3KHE U JaKe
OIYHAKOBBIE yncJa. KpoMme Toro, umb oaHo yucio 90 jiexkuT B npa-
BOIi IIOJIOBHHE OTPE3Ka, a OCTaJIbHbIe CeMb 4YHCesl — B JIeBOi. Eie
xy>e Oyzer, ecu B Kax 10 nape uudp MepBY0 U BTOPYIO UM PHI
paccMaTpuBaTh KaK KOODAUHATHI (Z,Yy) B KBaJgpaTe CO CTOPOHOIt 10.
IIpu 3TOM BCe TOYKHU He 3aIlOJHAIT KBAAPAT, 8 IPYIIUPYIOTCS OKO-
JIO BepXHeii I0JI0BUHbI ero auaronany (puc. 3.12). Ilono6bHble TOUKH
SIBHO HEIIPUTOIHEI JJIsl CTATHCTUYECKUX BHIYHCIICHUIA.

Bousee ycrmemmubiM 0Ka3a10Ch KOHCTPYHUPOBAHUE TaKUX (DYHKIMH
f(z), 4TObBI MOPOXKJaeMble MMH IIOC/IE0BATENBHOCTH Y +1 = f(Y;)
obJ1agau ObI CBOMCTBAMHU CIIyYalHBIX BEJINYUH. Takue 4uciia Ha3bl-
BaIOT ncesdocayxatinvimu. KadecTBO TaKHUX MOCIEIOBATEIHLHOCTEMH
MIPOBEPSIOT PA3JIUYHBIMUA CTATUCTUYECKMMU TecTamu. Hampumep,
[Jisi PABHOMEDHO PACIIPENEJIEHHBIX CIyYalHBIX YUCEs Y BBIOODOY-
HOE MaTEeMATHIECKOE OKHUTaHUE TOJIXKHO OBITH 6,113K0 K 0,5, mapHble
KOPPEJISIUH JIIOOBIX YHCeJI IOCIeI0BATEIbHOCTH JOJIXKHBI OBITH 110~
YTH HyJIIMH, L-MepHbIE CIy4YafiHble TOYKH JOJIXKHBI IPUOTU3UTETH-
HO PaBHOMEPHO 3aIOJHATh €IMHUYHBIN L-MepHbIi Ky0 U T. 1.

CkoHcTpyupoBaTh xopowyno dyakumo f(z) TpyaHo. B camom
JleJie, IOCTPOMM IIOCJIEJOBATENbHOCTD Yi+1 = f(Y;) u Oymem pac-
CMaTpUBaTh COCEIHUE Maphbl YHUCEJ KAK KOOPAMHATHI TOYKHU B €IU-
HAYHOM KBajpare. Torma Bce mceBIocCaydaiiHble TOYKH OyIyT Jie-
)KaThb Ha KpuBoil y = f(z). Jisi Toro 4Tobbl 3TH TOYKH MOXKHO
OBLIIO CYMTATH PABHOMEPHO PACIIPEIeIEHHBIMHU B KBaApaTe, rpadukK
dbyskumn f(z) mosrkeH PAaBHOMEDHO U BCIOAY IJIOTHO 3aIlOJIHSATH
eIUHUYHBIA KBaaApaT!

Hawubosiee ynadupIM [1jisi KOMIBIOTEPHOMN peaTU3AIMU OKA3AJICS
agroput™ . X. Jlemepa. OH OBLI NpemJIOXKeH IJisi KOMIIbIOTEPOB
0OJIBbIION Pa3PAAHOCTH. Ero MOXKHO 3amucaTh B CJIELYIONIEM BUIE:

Yi+1 = [Avjl,
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Puc. 3.13. AnropurM Jlemepa fy)

Y

rZie BbIpaXkeHre B KBaJPATHBIX CKOOKax 0003HAYAET IENYI0 YacTh, a
KOHCTaHTa A — 11eJ10€ 4uciio, 6iu3Koe K HanboJIbIeMY MPEICTABU-
MoMy Ha Komnbiorepe. s masioro A = 10 rpaduk Takoit pyHKIMH
noka3aH Ha puc. 3.13. 9To pa3pbiBHAsi DYHKIHMS C YUCIOM ydacT-
KOB, paBHbBIM A. O4eBHIHO, YTO NPU OTPOMHBIX A Takas JOMaHast
OyIeT «IOYTH» 3AMOJHATH KBaIPAT.

Peanuzauuio anropurma Jlemepa yao0HO IPOBOAUTH, HCIIOIb3YS

orepaIyu ¢ neabMu yucaamu m, M, G:
m;

mjy1 = Gmj(modM); Yj41 = S (3.99)
3nech yucna M, G 61u3Ku K HauOOJIBIIINUM IIPEICTABUMBIM Ha, KOM-
ObIOTEPE LIEJIBIM YHCJIaM, IIPUYEM [IPHU UX 3alKCH B JIBOMYHOM KO-
Jle PACITOJIOKEHUE HyJlell W eIUHHUL JOJKHO BBIIVISIIETH JOCTATOY-
HO caydaiabiM. 3uavyenuss G, M, my crieruaibHO OAOUPAJINCD JJIs
KaKJI0T'0 TUIIa, KOMITBIOTEPOB U TIIATEILHO TECTUPOBAINCH. O4eBU/I-
HO, YTO TaKasl [TOCJIeI0OBATEILHOCTD HE MOXKET OBITH aOCOJIIOTHO CJIY-
vaiinoit. Ynenst mocnenosarenbuoctu (3.99) He npeBocxonsit M, pa-
HO WJIM TIO3/THO IIOCJIeI0BATEILHOCTD 3aI[UKIUBAETCS U €€ IEPHO], He
npesbimiaeT M. Ilpu weymaunoMm Beibope G, M, my mepuon MOXKeT
0Ka3aThCs CYLIECTBEHHO MeHblre M.

OTOT AJTOPUTM XOPOIIO pabOTAJl Ha MHOIOPa3psIAHBIX KOMIIBIO-
Tepax B 50— 70-e roget XX B., OMHAKO IPHU HEYAAYHOM BBIOODE
G, M, mg nojty4auch MoCJaeI0BaTENbHOCTH ¢ 60jiee KOPOTKHUMU Iie-
pUOJAMH WM APYTUMH HENPUSATHBIMHU cBoiicTBaMu. Tak, HIMPOKO
pacnpoctpanentbrit garank RANDO BMecTo paBHOMEPHOr'O 3a10J1-
HEHUS JIJIs1 TPEXMEPHOro Ky0a rpyInupoBaJl TOUYKHU BOJIN3U HECKOJIb-
KUX HAKJIOHHBIX ILiockocTed. OTCioa BUIHO, YTO MOXKHO IOJIB30-
BaTbCsI TOJBKO TUIATENBHO OTTECTHPOBAaHHBIMU Habopamu G, M, my.

IlepBbie nepconasibHbie KOMIbIOTEPHI 1980-% romoB 6611 16-pas3-
psaubiMu. Jlisi HUX [E€pHUON TOCJIEIOBATEIBHOCTH OKa3bIBAJICS
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Ta6nnua 3.9 CIMIKOM KoporkuM: 216 = 65 000.
ITostomy b. A. Buuman u

ITapameTps!
Moﬂn(bnnnponan]{opo I/I,B; Xun (1982) IpenjIo2KuIu
asropurma Jlemepa ClleIyIoliee BHUIOU3MEHEHHE AaJl-
roputMma JleMepa: mapaJuieNIbHO
G M Mo CTPOMJIUCh TPH IIOCJI€OOBATEJIb-
171 30 269 5 HOCTH

172 30307 11

k _ k. _k k
170 | 30323 17 my+1 = Gom;(mod M),

k=1,2,3,
(3.100)
M 110J1araJjoch
Yji+1 = le IR YAE (3.101)

rIe KBaJapaTHbIE CKOOKHM 0003HAYAIOT OIEPAIUIO B3ATHS IEJION 4a-
cru. PekomeHniyeMblit Habop k03 duireHToB rpuBeieH B Tab. 3.9.
OH TINATeIbHO TECTHPOBAH HA, JJIMHY IOCTIeH0BaTebHOCTH 107 un-
cen. Ilepuon mocite 10BaTEILHOCTH IPU 3TUX KOHCTAHTAaX HE IIPEBHI-
maer ~ 3 - 1013, Ecsin ucronp3oBarthb 3Ty MOCJIeAOBATENbHOCTD IJIsI
co3maHus L-MepHBIX CIy4aiiHBIX YHcesI, TO u3 ~ 107 4jeHOB mocie-
nmoBaresbHOCTH (3.101) MOXKHO MOCTPOUTH A2 107/L HAJIEXKHBIX CJIY-
4ailHbIX TOYEK.

B nocneayrmoinue roasl NOSBUINCH MHOTOPA3PIHbIE IIEPCOHAIb-
Hble KOMIIBIOTEPHI, ¥ MOXKHO ObLIO ObI BEPHYTHCA K ONHOM IOCJIe-
nmosarensrocTd (3.99). Ho Momudunuposanssiit anropurm (3.101)
0Ka3aJICsl HACTOJILKO YIOOHBIM, YTO UM MO-TIPEKHEMY MIPOJOJIKAIOT
MOJTb30BATHCS.

Kea3ucayuailinvie mowxu. IlocTpoeHs! crenuajbHbE TOCTE-
JOBaTEJbHOCTH TOYEK, COBCEM HE CIIyYalHBIX, HO O0JIaJar0uX
HEKOTOPBIMH CBOMCTBAaMMU CJIy4aiiHbIX TOUeK. TaKue moc/e10BaATE -
HOCTH IPY BBIYUCJIEHUH MHTETPAJIOB MIMEIOT TOT YK€ 3aKOH YOBIBAHUS
crangapTHOro ykionesus 6 = C(L)J~Y/2 o ¢ menbmuM ko3bbu-
muerToM C(L). TeM caMbIM, TO4YHOCTH moJy4aercs Boime. Hanbo-
Jiee XopoImue pe3yiabTarsl JaT JII1 -mocjie10BaTeIbHOCTH, TPEIJIO-
xkennbie Y. M. CoGosieM (B 3apy6exkHOil UTEpaType MX HA3bIBAIOT
nocsenosaTesnbHOCcTsIME Co60u1st). [TocTpoeHue 3TUX TOYEK MOSICHUM
Ha JBYMEPHOM CJIy4ae.

IlepBast ToYKa CTAaBUTCH B HAYAJIO KOOPJUHAT, BTOPasi TOYKa — B
[IEHTD €IUHUYHOTO KBa,[PATA TAK, YTO €€ MPOEKIUH Ha KaXKIYIO OCh
paBHBI 1/, Ciienyomye aBe TOYKU CTABAT TaK, YTOObI OHA UMEJIa
npoekuu /4 u 3/4, a npyras — Hao6opoT. Cienyrolye 4eThipe ToY-
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Puc. 3.14. KBazuciyuaiinsie nocienoBaressHoctu Cobosrst

KM JOJI)KHbI MMETb MPOEKIIUH, KPaTHbIE 1/3, TpUYeM OJHOMMEHHbBIE
KOODJIMHATHI JIIOOBIX JIBYX TOYEK IOCJIENOBATEJbHOCTH HE JIOJIXKHBI
coBnaaaTk. [ToToM m06aBISIOTCS €111e BOCEMb TOYEK C MPOEKIUSIMH,
KpaTHbIMHA 16, 1 T. 1. (puc. 3.14).

Takue TOYKH AT CyIIECTBEHHOE YMEHbIIIEHNE JUCTIEPCUM TIPU
yucye uamepenuit L < 9. C yBennveHneM 4nciia u3MepeHuit Koad-
dunuent C(L) Bo3pacTaeT ¥ NPENMYIIECTBO KBa3UCIyYalHbIX I10-
CJIeI0BATEILHOCTEN! CTAHOBUTCS HE CTOJIb CylnecTBeHHbIM. OHAKO
1o pasmepuoctd L = 13 Buurpsiin 3ameren. [Ipasunia Bei6opa aTux
Touek s L < 13 npusenensl B Mmonorpacpuu . M. Cobosnst, 1973.

Ocobenno 3¢pPeKTUBHEBI TAKHUE MI0CIEI0BATEIbHOCTH, €CJIA OpaTh
qucso Touek J = 2k , tme k > 10 — nenoe guciio (mpu k < 10 guc-
JIO TOYEK HEJOCTATOYHO JIJIs 00EeCTIEYEHH s XOPOIIEH TOYHOCTH ). ITO
MO3BOJISIET YMEHBIIATH 0OBEM pacdeTa B HECKOJILKO pa3 MO CpaBHe-
HUIO C IICEBIOCTYyYalHBIMU TOYKAMH.

Pasbuernusn. Insa pazmepuoctn L = 7 + 9 emre 6osiee addek-
TUBEH cJieaymonuit crmocod. Pa3obbeM Kaxayi0 CTOPOHY MHOIOMED-
HOro Ky6a Ha k paBHBIX uacteii. Torma Bech Ky6 pasobrercs Ha kL
OIMHAKOBBLIX KyOUKOB. B Kaxk10M TakoM KyOuke (paccMaTpuBasi €ro
KaK €IUHWYHBIN) IOCTABUM PIHY ICEBIOCIYYaHyIO TOYKY C IOMO-
mpio 06obmenHoro anropurma Jlemepa (3.101). Kpome Toro, Bo3s-
MeM ellle BTOPYIO TOYKY, CAMMETDHYHY IO [IEPBO OTHOCHUTEJIBHO 1I€H-
Tpa Kybuka. B eTMHUYHOM KyOUMKe 3TO 3HAYMT, YTO €CJI KOODIUHA~
Ta EPBO TOYKH €CTh Y, TO COOTBETCTBYOIIAs KOODANHATA CHMMET-
pu4HOit Touku Oymer 1 — .

TakxuMm 06pa3oM, B UCXOIHOM Kybe momydaercst J = 2k Touek.
ITo Hum Berymcasiercs: cpennee apudmernyeckoe (3.91). Ecnu u(z)
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JOCTaTOYHO TJIaJKasi, TO CTaHJAAPTHOE YKJIOHEHHWE B 3TOM MeTOjie
MIOAYUHSETCS 3aKOHY ¢ ~ J —1/2=2/L Takum o6pa3oM, JUCIEPCUS
C yBeJIMYEHHEM YHCJIa TOYEK YOBIBAET ObICTPEE, YEM 1151 IICEBIOCIIY-
YaWHBIX WM KBA3UCILy4alHBIX I10C/I1€J0BaTEJIbHOCTEN. Onnaxko npu
L > 10 sToT ciocob no 3¢ HeKTUBHOCTH CDABHUBAETCSI C TIOCJIEA0Ba-
tesbHOCTSIMU C060JIs.



fnasa 4

MHTEPNIONAUNA

4.1. V(HTEPNONAUNOHHbLIA MHOIOYNEH

4.1.1. 3apaun uHTepnonauumn

ITycts dbyskuus u(z) 3anaHa Tabuauuei, T.e. Ha ceTke {Tp,n =
= 0,1, ...} usBecTHH 3HaueHus u, = u(z,). Kak BoccTaHOBUTH
ee 3HAYEHHUsI B NPOU3BOJIbHOMN Touke 7 Pa3ymeercsi, mpu 3TOM MBI
JIOJ2KHBI TpeGoBaTh JOCTATOYHO IIPOCTOro moBeneHust u(z): GyHK-
M5l He TOJ2KHA UMeTh «BCILIECKOB» MEX/y COCeJHUMH y31aMu. Ma-
TEMATHYECKH TO O3HAYAET, YTO u(Z) JOJKHA MMEThH JOCTATOYHOE
KOJIMYECTBO CTApPLIMX MMPOU3BOJHBIX, HE CIUIIKOM OOJIBIIKX IO Be-
JIMYHHeE.

ITpocreitmmit cnocob cocrout B citeayroineM. BribepeMm cucremy
JIMHENRHO He3aBUCUMBIX PYHKIMA {Qm (z),m = 0,1, ...}. Jluneitnyio
KOMOWHAINIO TaKUX (PYHKINN Ha3BIBAIOT 00OOIIEHHBIM MHOrOYJIE-
HoM ®(z). ITompobyem npubnnrkeHHO 3aMeHUTH U () 06OBIEHHBIM
MHOTO4JIEHOM:

N
u(z) = dy(z) = Z Cm®Om (). (4.1)
m=0

Koad duiueHTsl ¢, BBIOEPEM U3 YCIOBHUsI, 4TOOBI 0000IEHHBINR MHO-
rowien @y (z), comepxamuit N + 1 koadbunuesT, To4HO nepenasas
TabyupoBaHHble 3HaveHus1 GyHkuuu B (N + 1)-M y3ie:

N
> em@m(@n) =un, 0<n<N. (4.2)
m=0

Takoit crrocob mpubsmxeHnst GYHKIUA HA3BIBAIOT HHTEPIOJISIIHE.
KosddunmenTs! ¢, HaXOAAT U3 pEHIEHUs] JIMHEHHOW CHCTEMBI
(4.2). Ins1 ee paspemrmmocTa HeO6X0AMMO, 4T06b!I det[@m, (2y,)] # 0.
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3aMeTuM, 4TO He BCsKasl [TOJIHAS CHCTEMa [NaXkKe JIMHEHHO He3a-
BUCHUMBIX (DYHKIHI IPUTOAHA Jijist WHTepnosiiuu. Hanpumep, der-
HbIE CTENeHH Py (T) = z2™ m = 0,1, ..., IMHE’HO HE3ABUCHMEBI, &
HX CUCTeMa IIOJIHA B KJIacce YeTHBIX (pyHkuuit. BozbMeM siBe dyHK-
uun @o(z) = 1, 1(z) = x2. U Bribepem Touku —1 u 1. IIpu sTOM
ompeesuTeNb cucreMs! (4.2) obpaiaercss B HyJib, T. €. HHTEPIIOJIs-
L{s1 HEBO3MOXKHA.

Aaneebpauneckut mHoz20uneH. BoibepeM B KauecTBe Oa3wuc-
HbIX (PYHKIUI CHCTEMY BCEX CTENeHei

ch(x)zxma m=0,1,2,

Bynem cuutath BCe y3ubl I, monapHo pasiaudHbiMA. JlokarkeM,
YTO HHTEPIOJISAIMOHHBIN anrebpandeckuii MHOrowieH Py (z) B 3ToM
cllydae sBJIs€TCS eJUHCTBEHHbIM. [IPe/IIIoI0KIM, YTO CyIIEeCTBYIOT
[IBa MHTEPIOJSIUUOHHbIX MHOrowieHa Py(z) u Py(z). Onu cosmna-
naoT B N + 1 Toukax z,. Torga ux pasuocts Py (z) — Py (z) Takxke
SIBJISIETCS] MHOIOWJIEHOM CTeleHH He Bbiuie N 1 obpauiaercs: B HyJb B
(N +1)-it Touxke, T. e. umeer N + 1 kopens. [Tocieanee HEBO3MOXHO,
HIOCKOJIBKY y TaKOr0 MHOTOYJIEHA MMeeTcst He 6osiee N KOpHeii. 1o
JI0Ka3bIBAeT €QUHCTBEHHOCTDH aJrebpanyecKoro MHTEPIOJISIUOHHO-
IO MHOTOYJIEHA.

3ameuarue. IloMmumo ajire6bpanvecKoro MHOro4ieHa, € JUHCTBEHHOCTh
obecriednBaIOT U Apyrue cucteMsbl pyHKIui. B paguorexHuyeckux pacye-
Tax HEPEIKO HCIOJIb3YIOT WHTEPIOJISANUI0 TPUTOHOMETPUYECKUMHI MHOIO-
uyieHamu (Tak HasbiBaeMble popMyibl Beccesns); ona Gyner onucana B 5.2
KaK 4YaCTHBIH CJIydail CpeJIHEKBaJpaTUYHOM ammpokcuManuu. B 3amavax
KBAaHTOBO-MEXaHUYECKOTO PACYeTa MOJIEKYJI UCIOJIb3YIOT CHCTEMY 3KCIIO-
HEHT Qm(z) = exp(amz), m = 0,1, ..., HO COOTBETCTBYIOIIHI AJITOPUTM
SIBJISIETCSI CIIEU(DUIECKUM.

4.1.2. MHorounen HbrotoHna

Anrebpanyeckuit WHTEPHOJISIIMOHHBIA MHOTOYJIEH €IMHCTBEH-
HBIH, HO cyluecTByeT MHOro ¢opm ero 3amucu. Ouu ObLIM THpen-
JIOXKEHBI TIOTOMY, YTO JABaJId HEKOTOPBIE TPEUMYIIECTBA B KAKUX-
TO YaCTHBIX CJIy4YasiX: HAIIPUMED, €CJIM CeTKa PABHOMEDHAS WJIU 33~
paHee M3BECTHO YKCJIO y3JIOB, KOTOpPOe OyAeT B3SATO Ijisi MOCTPOe-
HUS MHOTO4JIeHa, u T. 1. Jajee 6yner npuBenena ¢popma HbioToHA;
OHa ynobHA TeM, YTO MPHUTOAHA HA MPOU3BOJIBLHOM HEPABHOMEDHOI
CeTKe, MO3BOJISIET YBEJIMUYMBATEH WJIM YMEHBIIATD YUCJIO Y3JI0B B XO-
Jle pacueTa, a TaK»Ke€ allOCTEPHOPHO OIEHUBATH JOCTUTHYTYIO TOY-
HOCTb.
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Pa3sdeaennvie pazrocmu. Onpenenum pa3iesieHHbIe PA3HOCTH
MEPBOr0, BTOPOT'O M TaK Jajiee NOPsAKOB (DYHKIMH u(T) CJIeLyFomuM
obpa3om:

_ w(@o) —u(z1)

u\xro, T =
( 0y 1) To — T1 )
Uu(ro,r1) — U\x1, T2
u(zo, 21, 22) = (zo, xi—xi 22), (4.3)
U\r9,xr1,-2) — uU\x1,x2,x3
U($0,$1,$2,$3)= ( — 1:3)_3:; = )

u T. 1. O6Iuii 3aKOH JIETKO BUIEH: CIIPaBa, B YUCJUTEJE CTOST [IBE
pa3ie/ieHHble PA3HOCTH MPEIbLAYIIEro MOPSIIKA CO CABUHYTHIMHU HA
1 uHOekcaMu, a B 3HaMeHAaTeJIe CTOUT Pa3HOCTb KPalHUX 3HAYEHUH
apryMmenTa. IIporiecc mocTpoeHus pa3aeIeHHBIX PA3HOCTEN MOXKHO
MIPOIOJIXKATD, MOKA Yy HAC XBATAeT TOYEK. 3aMEeTUM, YTO pa3Mep-
HOCTb pa3iesieHHo# pasHoctu k-ro nopsiaka (4.3) coBmamaer ¢ pas-
meproctsio uF) (z).

Bosbmem muorousnen N-ii crenenu Py(z) u N + 1 Touky zp,
0 < n £ N. Io6aBuM K 3TUM TOYKAM HCKOMYIO TOYKY T, IIOMe-
CTHB ee B TabJIMIle BIIEpeIr TOYKM Lo (XOTs caMO 3HAYEHUE T MOXKET
6bITh J106bIM). ITocTponM pa3zesieHHble PA3HOCTH ITOrO MHOIOYJIe-
Ha [0 pacIIUPEHHOIt cucteMe ToueK. [lepBast pa3nesieHHast pa3HOCTD

paBHa

P(z,z0) = Ple) = P(zo) P(:co)‘ (4.4)
r — X9

3mech uncnuTenb o6palnaeTcss B Hylb IIPU £ = X0, I03TOMY MHO-

rousnted P(z) — P(zg) Haueno menurcs Ha * — xo. ClienoBaTesbHO,

niepBasi pa3fejieHHasi PA3HOCTb MHOrO4/IeHa N-i CTeleHH sIBJISIeTCS

muorousesoM (N — 1)-it crenenu ot z. Ho mpaBast gacte (4.4) e

MEHsIeTCsI DU [IePECTAHOBKe T U To. TeM cambiM P(x, o) sABIIsieTCS

Muoro4sieHoM (N —1)-i creneHr OTHOCHTENIBHO Zo. S3HAYUT, STO MHO-

rOYJIeH IO KaXkJ0i U3 NEePEMEHHBIX, CHMMETPUYHbIN OTHOCUTEJILHO

IEPECTAHOBKH IIEPEMEHHBIX.

Bropast pa3znesnenHast pa3sHOCTb PaBHa

P(x,xp) — P(xg,z
P(z,70,71) = ( Oi_xl(o 1, (4.5)

Ecnu x = x1, TO YuCIUTENH TaKXKe 00pANIaeTCs B HYJIb, 3HAYUT, OH
HAIleJIO JeJTUTCS Ha & — T1. lIpHU 3TOM moJsiy4aeTcsi MHOTOYJIEH CTe-
mean N — 2 1o KaxxaoMmy u3 Tpex aprymeHToB. OH cUMMeTpUYeH

131



OTHOCHUTEJILHO TIEPECTAHOBKH aPI'yMEHTOB. AHAJIOTMYHO TPEThS Pa3-
JeJieHHAs Pa3HOCTh

P(II?,.’EO,.’L‘]_) - P(.’Eo,.’lf]_,.’EQ)
T — T2

P(z,x0,z1,22) = (4.6)
€CTh MHOTOYJIEH cTeneHd N — 3 OT KaXXJ0ro U3 4eThIpeX apryMeH-
TOB.

IMpomomxum srot mponecc. Korna noakarouaercs: (N — 1)-s1 Tou-
Ka, mosry4daercst (N —1)-s1 pa3fesieHHast pA3HOCTb, SIBJISIIOIIASICST MHO-
rOYJIEHOM HYJIEBOM CTENEHH, T.e. KOHCTaHTHOM. [TosToMy mpu mox-
KJtoyeHuu N-ii TOYKY IpaBas 4acTh OOPATUTCS B HYJIb:

P(:I:,:Eo, ...,:I:N) =0. (4.7)

TakuM 06pa30M, MPOLECC OCTPOEHUS PA3JIEIEHHBIX PA3HOCTEMH
JIJIs MHOTOYJI€Ha NCYEPIIBIBAETCS: OH HE MOXKET UCIIOJIb30BATh JaJlb-
HeHIINe TOYKU TaOIULIBI.

®Dopma Hvromona. BoccTaHOBUM MHTEPIOSIUOHHBIA MHOTO-
YJIEH TI0 €ro Pa3IeieHHbIM pa3HocTaM. s sToro nepenumem dbop-
Myuisl (4.4) — (4.7) B caiegyromem Buze:

P(z) = P(x0) + (z — o) P(z, %0);
P(z,z0) = P(z0,21) + (z — 1) P(z, 2o, Z1);
P(z, x4, 1) = P(x0,1,22) + (x — z2) P(z, 20, 21, Z2), - - -;
P(z,zg,z1, ...,2n) = 0.
ToacTaBuB 37eCh KaXKIylo MOCAEAYIONLYI0 (POPMYJy B IpeIbl-

AYILYIO, IIOJIyYHM BBIpa’kKeHHWe MHOI'OYJIEHA Yepe3 ero pal3zeieHHbIe
Ppa3HOCTH:

P(z) = P(zo)+
N
+ Z (x —zo)(x —21) ... (x — Tp—1)P(z0, 21, - .., Zp)- (4.8)

n=1

31ech pa3jieneHHble PA3HOCTH B IPABO YaCTU COAEPXKAT TOJIBKO Ta-
Gy IMpOBaHHBIE Y3JIbl; Y3€J T B HUX HEe BXOAUT. [I0CKOIbKY 9TH pa3/e-
JIEHHBIE PA3HOCTH BBIPAXKAIOTCS Yepe3 TabyIMPOBAHHbIE BHIPAXKEHU ST
MHOr'0YJIeHA, ITO IIO3BOJISIET BOCCTAHOBUTH MHOrO4IeH B (N + 1)-M
y3Je.

VHTepIOIAIMOHHBIA MHOTOYJIEH [I0 ONPEJEJIEHUI0 COBIAIAET C
dyukumeit u(z) B (N + 1)-m BoiGpanHoM y3ie. Tem cambiM ero
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pa3sZiesieHHble Pa3HOCTH COBIAJAIOT C PA3JEE€HHBIMH Da3HOCTSMU
(4.3) dyuxuuu u(z). [TosToMy [J1si TOCTPOEHUST MHTEPIOJISALIHUOHHO-
ro muorowreHa (4.8) noncrasuM pasiesieHHble pasHoctd (4.3). DTo
Jiaer

u(z) = u(zo) + (z — Zo)u(z0,z1)+

+(z = zo)(z — z1)u(z0, T1, T2)+

coit+ (@ —zo)(z —21) ... (. —zN-1)u(z0, 21, ..., ZN) =
N (4.9)
= u(zg) + Zu(mo,zl, ooy Tn)Wn(T),
n=1
n—1
on(z) = [] (o~ 2.
k=0

Buano, uro dopmyna (4.9) npumeHrMa Ha IPOU3BOJILHON HEPABHO-
MEDHOM CEeTKe, a YHCJIO YJI€HOB MOXXHO YBEJIMYMBATH WU YMEHb-
[IaTh, €CJIM UCXOOHbIE TAOJIUIBI CONEPKAT AOCTATOYHO MHOTO TO-
YeK.

Juis Beraucsiennit mo dopmysie (4.9) Gepercst ucxonHas Tabnuna
m3 N + 1 y3ma z,, 0 < n < N. Ilo kaxnoit nape cocenHux y3-
JIOB BBIYHUCJISIETCS Pa3/€JIeHHAs PA3HOCTh IEPBOro mopsiika. Takux
pasuocTeit 6yner N. Ilo kax 1ot mape cocemHUX pa3JesieHHbIX Pa3-
HOCTe MePBOro MOPSIIKA BbIYUCIISETCS pa3iesieHHast Pa3HOCTh BTO-
poro mopsinka; ux oyner N — 1. IlpomomkuB 3TOT mpoiece, JOXO UM
JI0 eIMHCTBEHHOM pa3JeieHHOM pa3HocTu N-ro mopsiaka. Takum o6-
pa3oM, TabuMIa pa3desieHHbIX pa3HocTell OymeT TpeyrosabHoit. Ho
JIJIsT OKOHYATE/IbHBIX BBIYHUCIEHHHM OCTATOYHO XPAHUTD JIUIIb OJHY
BEPXHIOI0 CTPOKY Da3IeJIeHHBIX DA3HOCTeH BCEX MOPSIAKOB, BXOLs-
mux B dopmyny (4.9). OcranbHast 4acTh TAOJIUIBL SIBJISETCS IPOMeE-
XKYTOYHBIM PE3YJIbTATOM M CJLY?KHUT TOJIBKO JJIsi BHIYUCJIEHUS] 3TOMN
CTPOKH.

ITpumep 4.1. CoctaBum HaGOp HOPMyYI JJTsT BEIYUCIEHNSI CUHY-
ca B 1epBoit YeTBepTH. PaccTaBuM y3/ibl pABHOMEDHO C HYJIEBOTO IO
N-it. ITpu sToM ynobuee 3anucarsh GyHkumo Kak u(z) =sin(90°z/N),
z € [0, N]. Y3ibl Ipy 3TOM OKaXXyTCsi LEJIbBIMA YUCIAMA T = 7,
0 < n < N. Beruuciaum ajia kaxxaoro N TpeyrojbHble TaOIULbL Pa3-
JeJIeHHBbIX pa3Hocreit (mis N = 3 manHble npuBeneHs! B Tabi. 4.1).
B kaxx10it TabJuie BO3bMEM BEPXHIOI KOCYIO CTPOKY Pa3/Ie/IEHHBIX
pa3HOoCTEN BO3PACTAIOIIErO MOPSIAKA U MOJIYYUM CJIeAyoNue HHTED-
MOJIALIMOHHBIE (DOPMYJIBL:
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Tabnuma 4.1
Pa3aeneHHble pa3HOCTH

"=z, un Pasnenennsie paznocTu
1 1I 111
0 0,0000
0,5000
0,5000 —0,0670
0,3660 —0,0163
2 0,8660 0,1160
0,1340
3 1,0000

N =1, sin(90°z) = 0+ 1,00(z — 0),
ze0,1], §=0,24;
N =2, sin(45°c) ~ 0+ 0,707(z — 0)—
—0,207(z — 0)(z — 1), z€[0,2], d=0,028;
N =3, sin(30°z) =~ 0+ 0,5000(z — 0)—
—0,0670(z — 0)(z — 1) — 0,0163(z — 0)(z — 1)(z — 2),  (4.10)
z€[0,3], 8 =0,0028;
N =4, sin(22,5°z) ~ 0+ 0,38268(z — 0)—
—0,02913(z — 0)(z — 1) — 0,00823(z — 0)(z — 1)(z — 2) +
+ 0,00068(z — 0)(z — 1)(z — 2)(z — 3),
z €[0,4], & =0,00025.

st IPOBEPKHM TOYHOCTH COCUUTAEM IIO ITUM HOpPMysIaM 3Hade-
HUs CHHYyCa C IIaroM 1° u cBepuM ¢ MOAPOOHBIMU TPHUTOHOMETPUYe-
ckuMu Tabuiamu. Beruncaum morpemrsocta § atux dopmyn. Ouu
Takxxe npusesensl B (4.10). Buano, uro ysenndyenune N Ha equHUILY
YIIy4IIaeT TOYHOCTh MHTEPIIOJISIIIUN IPUMEPHO B JeciaTh pa3. Dop-
myaa (4.10) ¢ N = 4 MoxxeT 3aMeHUTH TaOJIHIly 3HAYEHUI CHHYCA C
Tpemsi 3HaYarumMu 1udpamu. Ananornanas dopmyna ¢ N = 5 mo-
JKeT y>kKe 3aMEHUTH TabJIUILy C YEThIPbMS IECATUIHBIMH 3HAKAMHU.

4.1.3. NorpewHocTb

IMosyynM CTPOTyIO OLEHKY INOTPEMIHOCTH HWHTEPIOJISIIMOHHOIO
mHorouseHa Hetorona. [ljist aToro morpeGyeM, 4To6HI CyIECTBOBAJIA
HenpepbIBHAs orpanndenHas npoussomsas uN D (z): [uN+D ()| <
< My 4. O603naunm norpemsocts d(z) = u(z) — Py (z). ITo onpe-
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JIEeJIEHNIO, TIOIPEIIHOCTh 00pallaeTcss B HyJlb BO BCEX y3J1aX MHTEp-
nonsimun: 3(z,) = 0, 0 < n < N. DTUM NOTPEMIHOCTD MOXOXKa Ha
MHOrOWIeH wy+1(z) (4.9)

N

on+i(z) = H (z — zx). (4.11)

k=0
ITosromy 6yzmeM ncKaTh HOTPEITHOCTD B CJIEAYIOIMIEM BUIE:

d(z) = u(z) — Pn(z) = q(z)on+1(2). (4.12)

CsoiictBa dyskuuu ¢(z) HaM Hew3BecTHHI. BBemeMm Bcmomora-
TeJbHYI0 OYHKIHIO

r(z) = u(z) - Pn(z) — ¢)on(2), (4.13)

3/1€Ch & pacCMaTpPUBAETCs He KaK IePEMEHHasl, a KaK [1apamerp, IIpu-
HaJylexkauit orpesky & € [a, 8], @ = min(zo, z), B = max(zn, x).

WUccnenyem nosenenue r(z) Takxke Ha orpeske = € [a,B]. PyHK-
musd u(z) nuddepernuupyema N + 1 pa3, a MHOrowrensl Py(z) u
onN+1(z) nuddepenuupyemsr mr0boe yucio pas. Ilosromy r(z) Tax-
xe nuddepenmupyema N + 1 pas; muddepenmupyemocru ¢(&) He
TpebyeTcs, TaK KakK 3/71eCh & — mapaMeTp, 1o Koropomy nuddepen-
MPOBaHME He IPOU3BOJYUTCH.

Ha orpeske [a, ] dyskius r(z) obpamaercst B Hyns N + 2 pas:
B (N +1)-Mm y3ne z = z,, 0 < n < N, B cuy ycJIoBUi HHTEPIIO-
JISIAM, & TAKXKe B TOYKe T = & B Cuity onpenesieHust byHkuu. Kak
M3BECTHO, MEX/Iy KaXKI0l napoii Hyseit r(z) jgexur Hyns r'(z), cie-
JOBaTeNIbHO, Ha [a, 3] uMmeercss N + 1 uysb r/(z). AHaIOrH9HO MEX Iy
KaxxJi0ii mapoit Hyseit ' (z) nexxur nyns r”(x), 3Hauur, Ha [a, 3] uMe-
ercsa N myneit r”(z) u . x. [Ipogoskas 3TOT MPoLECC, MOJLYIUM, 9TO
Ha o, B] uMeercs mo Menbireit Mepe onuu wystb (N1 (z). O6osHa-
YMM Ty TOUKY YEPE3 Ty.

IIponuddepennupyem N + 1 pa3 coorHomenue (4.13), moacra-

BUM B HETO Ty M y4TEM, 4TO PI(VNH)(:E) =0,a wg\l,vfll) = (N+1),

IOCKOJIBKY 3TO MHOTO4WIeHb! crerieHeit N u N + 1 COOTBETCTBEHHO.
Torma monmyyum

P (g,) = 0 = w4 (@) — (N + 1)!

Orciona nosyuaem q(&) = uN*tD(z,)/(N +1)! Tem camem |g(z)| <
< Mn41/(N + 1)! C yyerom 3TOrO0 HEpaBeHCTBa cOOTHOLIEHME (4.12)
IPEBPAIIAETCSI B OLEHKY

18(2)] = u(z) - Pr()] < %lwmmxn. (4.14)
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Ouenka (4.14) sBisieTcsi CTPOrOil MaXkKOPaHTHOM anpUOPHON OLEeH-
KO TIOrpEIIHOCTH. 3aMeTHM, 4YTO BeJUYuHYy Mp41 [AOCTATOYHO
OIIpEENIATH TOJBKO 1O OTPe3KY [a,f], Tak Kak B XOze JOKa3aTeslb-
CTBAa 3a MPEIEJIbl 3TOT0 OTPE3KA HE BBHIXO/IVM.

Ixempanoasyus. B ouesky (4.14) BXomuT MHOrOYJIEH
0N+1(Z), KOTOpBIN CPaBHUTEIHHO HEBENUK, €CIH T € [To, TN], T.e€.
JIEXKUT MEXK/IY y3/JaMU UHTEPIOJSIHUHA. DTOT CJIydail Ha3bIBAIOT UH-
mepnoasyuet B y3KOM CMBICJIE 9TOTO CJIOBA.

OpnHako BHe OTpe3Ka [Zg, Zn] MHOTOUIEH wN+1(Z) 6BICTPO BO3-
PAacCTaeT, TaK YTO MOrPENIHOCTb MOXKET CTATh OOJIBIION. DTOT CIIydai
Ha3BLIBAIOT dKcmpanossyuel. BuaHo, 4T0 sKCTpanosiuueit, ocobeH-
HO JIAJIEKO 3a TPAHHUIIbI HCXOIHOI'O OTPE3KA, NOJIb30BATHCS OMACHO.

Iopsadox mourocmu. OrpaHuYuMCs CIy4aeM COOCTBEHHO MH-
TepHonsAuMu: T € [Zo,Zy| BennunHa NMOrpemIHOCTH 3aBHCHT OT
pacmoJioxkenusi y3y0B. Haubosiee 4acTo NpUXOAUTCS WHTEPIIOJIUPO-
BaTh QyHKIUHU, TaOyJIMPOBaHHBIE HA PABHOMEDHOU CETKE C IIaroM
h. Torga muOrO4YIeH WN+1(Z) comepxkut N + 1 COMHOXUTEb, IPH-
4eM Kaxxplii He npeBoiinaeT Nh. I[logcraHoBKa 3TOM MaXXOpPaHTHI B
(4.14) yxynuiaer OLeHKY, 3aTO YIIPOIIAET €e BAL,

5(z)] < AL (N)N+L = O (RN, (4.15)
(N +1)!
IorpemHocTs yobiBaet, kak (N + 1)-s1 crenmens mara mpu h — 0,
T.e. umeeT (N + 1)-if IOPSIIOK TOYHOCTH. DTa OLEHKA IIOKA3BIBAET,
YTO JJIsl IOJIyYEeHHUs] XOPOIe# TOYHOCTH UHTEPIIOJSAIMY Hal0 6paTh
JOCTATOYHO IOIPOOHYIO CETKY.

Ouenky (4.15) MOXHO CyIIECTBEHHO YJIy4IINTh, €CJiU OoJee Je-
TaJIbHO Y4YECTh CTPYKTYPY IKCTPEMYMOB MHOTOWIEHA Wy +1(T) 1 Me-
CTOIIOJIOXKEHME TOUKH Z. Ec/in T pacmosiorkeHa MeX 1y CpeIHUMHU Y3~
JIaMM, TO TOTPEIIHOCTh 3aMETHO MEHbIIE, YeM MIPH PACIIOJIOKEHUHN
x BOMIM3M KpaiHUX y3/10B. [103TOMYy eciiu Mbl BHIOMpaeM y3J/ibl HH-
TEPIOJIANAKA U3 NOAPOOHOM TabiuIbl, TO CleAyeT BbHIOMpATh NIpH-
MEPHO OJVWHAKOBOE YHUCJIO Y3JIOB CIIPaBa W CJIeBa OT MCKOMOW TOY-
KU I.

Anocmepuopras ouerxa. VHTePHONANMOHHBIA MHOrOYJIEH
(4.9) comepXuT ciaraemble ¢ MHOrO4YjIeHaMu wn—1(z). [locemumit
CTOSIIMIA B CyMMe MHOro4wieH ectb wy(x). Herpyano 3ameruts,
YTO OLEHKa NOorpentHocTy (4.14) sBisieTcss MaXKOPaHTHOMN OIEHKOMN
caeayiomero ciaaraemoro. OTcroma BHIHO, 9TO KaXkJoe CjiaraeMoe
HHTEPIIOISIUMOHHOr0 MHOro4wreHa (4.9) siBisieTcss aCHMITOTUYIECKH
TOYHOU OIEHKOH IIOTPENTHOCTH CYMMBI BCEX MpPeAbIAYIIUX Cliarae-
MbIX. JIpyrumMu C10BaMu, HOrPEIIHOCTD MHTEPIIOSAIIMOHHOIO MHOT'O-
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yiena Hpl0TOHA MpUMEpHO paBHA EPBOMY OTODOILIEHHOMY CJIarae-
MOMY.

Pazymeercsi, 3Tu paccyX/aeHHsl CIpaBeIJIMBBI JJIsi JOCTATOYHO
MaJioro mara h. 3aTo Takasi OLIEHKa SIBJISI€TCSI alloCTepUOpHOiL. Bia-
romaps cTpykrype ¢opmbl HeoTOHA MOXKHO NMpUOABAATH K pacde-
Ty OJVH y3€eJ 33 APYTUM U OLEHUBATH BEJIUYUHBI [TOJIYIYAEMBIX IIPU
3TOM WieHOB. Eciin OHM OBICTPO YOBIBAIOT, TO Psi XOPOIIO CXOJUTCS.
MO>XHO OCTAHOBUThCS, KOT/Ia OYepPEIHOM WiieH OyJIeT MeHbIIe Tpe-
OyeMoro ypoBHd morpemrHoctu. Eciu xxe ciaraemblie yObIBAIOT MeI-
JIEHHO, TO IIar CJUIIKOM BEJIMK U HE MO3BOJISIET TI0JIy YUTh HAJIEKHOM
CXOIUMOCTH.

Tak, B npumepe 4.1 mpu N = 4 BUAHO, YTO pa3/ejIeHHbIE
Pa3HOCTH OBICTPO YOBIBAIOT C YBEJUYEHUEM IOPSIKA, & MHOrodJIe-
HBI Wp—1(z) HeBesuku. [ToaTomy craraemble yOBIBAIOT JOCTATOYHO
OBICTPO, ObecrieynBasi yI0OBJIETBOPUTENbHYIO TOYHOCTD. IIpu N = 3
yObIBaHME 3HAYUTEJILHO Xy2Ke, a pu N = 2 youiBanus HaKTHIeCKH
HET.

Crodumocmsb. HackoIbKO BBICOKYI0O TOYHOCTH MOXKHO ITOJIY-
YUThH C MOMOIIbI0 MHTEPIOJAITHOHHOro MHOrowiena? Ilpumep 4.1 no-
Ka3bIBAET, YTO TOYHOCTH HEOIPAHUYEHHO BO3PACTAET C YBEJIUICHUEM
cTeneHu MHorowieHa. OmgHako 3To He Bcerna Tak. Pyure B 1901 r.
TIPEIJTOXKUJT CIIEAY IO IPUMED:

w(z) = (14252271, ze[-1,1]; (4.16)

Ha 3TOM OTpe3Ke u(Z) UMeeT HeNpPEePHIBHBIE OrPAHUYEHHBIE [IPOU3-
BOJIHBIE CKOJIb YIOJIHO BBICOKOT'O MOPSAKA, TAK YTO YCJOBHUS CIIPa-
BEJIJINBOCTH OLEHKHM rorpemmHocTu (4.14) Buimosinensl. Pynre qpo6us
orpe3ok [—1, 1] Ha N MHTEpPBAJIOB U IIPH KaXOM APOOJIEHUH CTPOUIT
HHTEPIOJISAINOHHbIM MHOrOWwIeH N-it cterenu. Habiromanace crpan-
Hast KapTuHa. [Ipu yBesndyenun N MHOTOWIEHBI CXOOWINCH K u(Z) B
cpeziHeit yacTu oTpe3Ka, npuMepHo 1pu |z| < 0,57. Ho Ha kpasx or-
Pe3Ka CXOOUMOCTh OTCYTCTBOBaJIa. Mexay y3jaMu WHTEPIOJISAIIUN
MHOTOYJIEHbI CUJIBHO OT/IHYauch oT u(x) (puc. 4.1.), a ux sKcTpe-
MYMbI HEOTDAHMYEHHO BO3pacTayu npu N — 00.

9TOT npuUMep MOKA3BIBAET, YTO BLICOKUMH CTENEHSIMUA MHOTOYJIE-
HAa 10JIb30BaThCs oracHo. /ljist xopormx orneHok npu N — 00 HaI0
TpeboBaTh HE IPOCTO OrPAHUYEHHOCTH MMPOU3BOJHBIX, & PABHOMEP-
Hoii mo N orpanmvennoctu. Ilociensee TpeboBaHMe He BCEra JIETKO
[IPOBEPUTh.

Opnako onenkoit cxogumoctu (4.15) MOXKHO MOJIB30BATHCSL, €CIIH
GUKCHUPOBATH YHCJIO Y3JIOB U CTENEHH MHOTOUJIeHa N U yCTPEMIIATh
h x Hymo. [Ipu 3TOM NOrpenIHOCTh HEOTPAHUYEHHO yMEHBIIAETCS
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Puc. 4.1. Umoctpauuss npumepa PyHre (kupHast JuHUS — QyHKIMS
(4.16); TOHKME JIMHUM — HUHTEPIOJSIIHOHHBIE MHOTOWIEHH 4yt N = 6 u
N =10)

kak O(hN*1). IIpu pacuere no Tab/IHIIAM ITO O3HAYAET, YTO MBI IIe-
pexoguM K TabJiniiaM co Bce Hojiee MeJIKUM miaroM h, HO mMpu 3TOM
BBIOMpaeM OFHO U TO ke 4ucjo y310B N + 1. HamoMHuM, 9To mpu
9TOM peKOMeHIyeTcst OpaTh 3TH y3JIbl CHMMETPUYHO CIIPABa U CJIEBA
OTHOCHUTEJILHO UCKOMO# ToukM . PazyMeeTcs, 3TOT mporiecc peasib-
HO OI'DaHUYEH TeM, HACKOJIBKO ITOAPOOHbIE TAOIUIIBI HAM JOCTYIIHBI.

Ha mpakTuke noctynaroT cieayomuM odpazom. OrpaHuYMBaAIOT-
Cs1 He CJIMIIKOM BBICOKOI cTemneHbio MHOrowreHa N < 4 + 6. 3arem
MPOBOISAT pacudeT IO UMelonmMcs TabyiniiaM, BHIOMpast B Ka4ecTBe
mara h cHadaja pacCTOSIHUE MEXK/Y COCEIHUMH y3JaMU TaOIIUIII,
IIOTOM BJiBOE G6IIbIIy 0 Besn4uHy (T. e. 6epeM TOYKM TabIUIbI Yepes3
OIIHY), 3aT€M B TPU-YETHIPE pa3a 66iblryo Beauduny. CMOTpST, Ipu
KaKoM pa3Mepe miara h cjaraeMble HHTEPIIOISIIMOHHOTO MHOrOYJIe-
Ha yOBIBAIOT JOCTATOYHO OBICTPO, & MOCJEIHEE CJIAraeMoe He Ipe-
BBIIIAET AOIMycTUMOI norpemHocty. [Io aTum Tabaunam u ¢ stum N
MIPOM3BOJAT BCE JaJIbHEUIIINE PACUETHL.

Owubxu oxpyaaerus. [Ipu BeYuCIEHUN Pa3IeJIeHHBIX PDA3HO-
CTeif HA CETKE € MAaJIbIM IIArOM A MPOUCXOAMT BHIYMUTAHUE OIN3KUX
BesmmuuH. [Ipu 3TOM TepsiioTcst 3HavaIIne PP, T. €. TOABJISETCS
3aMeTHast omuOKa oKpyriieHusi. C yBeIMIeHHEM TIOPsiIKa pa3Ae/ieH-
HOM Pa3HOCTH OHMIMOKYU OKPYTJIEHUS] CTPEMUTEIHHO HapacTaioT. YT1o-
OBl COXPAHUTH IPHEMJIEMOE YHCJIO 3HAKOB, BHIYUCIEHHS HAJ0 IIPO-
BOJHUTBH C BHICOKOH pa3panHocThio. Ho maxke nmpu 64-pa3psiHbIX BbI-
YHCJIEHUSX pa3/iesieHHbie pa3HOCcTH 10 — 15-ro mopsiIKOB MOTYT OKa-
3aThCS MAJIO HAJAEXKHBIMH. JTO HEOOXOAMMO IIOMHUTD [IPX CAMOCTO-
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ATEJIbHOM HCIIOJIb30BAHUHU Pa3/IeJIEHHBIX Pa3HOCTEH (HAIIpUMep, IpH
Pa3HOCTHOM BBbIYUCJIEHMH IPOU3BOJHBIX ).

OpgHako npy BBHIYMCIEHUH 3HAYEHUH U () IO UHTEPIOJISILUOHHO-
My MHOT'OYJIEHY Ti-€ Pa3/ieJIeHHble DA3HOCTH YMHOKAIOTCSI Ha MHOTO-
4jieHbl Wy (z) — h™. CaM 3TOT MHOrO4JIeH MaJl, IO3TOMY BKJIAJ IIO-
IPEITHOCTH ITOrO CJIAraeMoro B OOy cyMMy OyIeT COOTBETCTBO-
BaTb TOYHOCTH, C KOTOPO# 33JaHbl TaOyJIMPOBaHHbIE 3HAYEHUS Ur,.
CiienoBaTeIbHO, HEHAIEXKHOCTh Pa3/IEIEHHBIX Pa3HOCTEN! BBICOKOTO
MOPsIAKA He CKAXKeTCsl Ha TIOrPEIIHOCTH CaMOM WHTEPIIOJISIIIHH.

4.1.4. O6parHas uHTepnonsauus

B npakTuke yacTo TpebyioTcs obpaTrHbie pyukuuu. Ho naxe ec-
JIM U3BECTHO SIBHOE BbIpaXkeHue pyHKImH u(x), HANTH SIBHOE BbIPA-
JKeHue Jjisi 06paTHOM (yHKIMH z(U) JATEeKO He BCEra BO3MOXKHO.
OpHAKO YKMCJIEHHO HaWTH OOpaTHYI (YHKIMIO O4Y€Hb Jierko. st
3TOro BhIOEPEM JOCTATOYHO MOAPOOHYIO CETKY Y3JI0B {Zy }, MOKPHI-
BAaIOIIYI0 BECh HEOOXOJMMBIi 1UANAa30H M3MEHEHHS apryMeHTa. BoI-
YHCJIsIS TPAMYIO (DYHKIHIO, COCTaBIIsieM TabuLy u, = u(x,). Meus-
€M CTOJIOLBI STON TAOJIUIBI MECTAMH U MOJIydaeM TaObIuLy (Up,ZTp)-
Ecan paccmaTpuBaTh 4 KaK apryMeHT, a £ — KaK (PYHKIHIO, TO 3TO
Oyner Tabimia 3HaYeHNH 00paTHO! DYHKIUH.

Tem cambiM ob6paTHas dyskuus z(u) TabyaupoBaHa. B y3nax u,
OHa m3BecTHA. [l MPOMEXKYTOYHBIX 3HAUYEHHUH U €e MOXKXHO HalTH,
CTpOsi 10 0OpaTHOIM Tab/Kile HHTEPIOJANMOHHbI! MHOrOWTIeH Hbio-
TOHA.

STOT npueM Ha3bIBAETCsE 0OPATHON MHTEPIIOJISIIIHENH.

Pewenue ypasrerusn. OOGpaTHYIO MHTEPIOJISIKAI0 MOXKHO HC-
HOJIb30BATD. 1JIsl PEIIeHUs] HeqmmHeHoro ypasaenus u(z) = 0. Ilycts
y2K€ M3BECTH& HEIIUPOKAsi OKPECTHOCTb KOPHS T«. BribepeM B 310
OKDECTHOCTH TPU — LIECTh y3JIOB Tp. CoctaBuMm Tabmuiy (Zn,up),
MepecTaBUM CTOJIOIbI U [IOCTPOMM HMHTEPIOJISIIMOHHBIA MHOIOYJIEH
P(u). Iloacrasnsis B Hero u = 0, mosty4uM NpuOIMKEHHOE 3HAUECHE
HCKOMOTO KOPHSL: T, =~ P(0).

ITpumep 4.2. Pemium ypaBHeHHE
u(z) = (1 +2)e”® — 2,5 =0.

He yTpyxnast cebst mOMCKOM MaJjioif OKPECTHOCTH KOPHSI, BO3b-
MeM Hayraj, TPU IJOBOJILHO YIAJIEHHbIE OT KOPHS TOYKH U COCTa-
BUM TabJuily oOpaTHON (yHKIHM U ee Pa3/IesIeHHBIX Pa3HOCTeit
(Taba. 4.2). IIpon3Benem BbIUUCIIEHNS], HCIIOJIb3Ysl HHTEPIOJISAIMOH-
HBIA MHOTI'OYJIEH BTOPOI1 CTENEHN:
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Tabununma 4.2
PasneseHHbie pa3sHoCcTH OoOpaTHOM QyHKIUH

Paznenenssie pa3HocTi
Un Tn
I II
—1,500 0,000
0,540
—0,574 0,500 —0,076
0,365
0,797 1,000

Zx = P(0) = zo + (0 — ug)z(ug, u1) +

+ (0 — up)(0 — ug)z(up, u1,uz) = 0,744.

Tounoe pemenne ects ., = 0,732..., Tak 4TO OMIKUOKA TIOTYIU-
Jack HebosbIoi. JIj1si OBBIILIEHUST TOYHOCTH B 3TOM CIIOCODE Iie-
J1eco0Opa3HO B3SITh HOBBIE Y3JIbI, OJIM3KO PACIIOJIOXKEHHBIE K IPy6O
HalIEHHOMY KODHIO T4. 3a LEHTPAJIbHBIA y3€J1 CIeyeT B3ITh T, U
IIOCTaBUTH OCTAJIbHBIE y3JIbI CIIPABA U CJIEBA OT Hero. B qaHHOM cJiy-
Yae MOXHO B3sTb CJIELYIOIUE TPU TOYKH: T., T+ £ 0,2. IlepBoHna-
qaJibHAs ceTKa umedia mar h = 0,5, HoBasi ceTka uMeet mar h = 0,2.
[orpermrocts O(h®) ymenbmuTcs mpuMepHo B 15 pa3 u cOCTaBUT
menee 0,001.

4.1.5. dpmuroBa unTepnonsuus

IIycte B Tabmuue 3aaHbl HE TOJNBKO Tp U Up, HO U 3HAYE-
HU IPOU3BOAHBIX JI0 HEKOTOPOTO MOPsiiKa. Torma MoXKHO OoTpebo-
BaTh, YTOOBI B y3JIaX MHTEPMOJISIIIUN COBMAJAJIA HE TOJBKO 3Ha4e-
HUS DYHKIMHN ¥ HHTEPIOSIIMOHHOrO MHOTOYJIEHA, HO U X COOTBET-
CTBYIOIIIME TPOM3BOHbIE. Takasi HHTEPIOJISIUS HA3bIBAETCS IPMU-
mo601, ¥ COOTBETCTBYIOIINA MHTEPIOJISIUOHHBINA TOJUHOM OyHemM
o6o3nayaTh QN ().

Psag Tetinopa. Ilockonbky 3Hadenusi GyHKIMHA U MHTEPIIOJSIITH-
OHHOro MHOrowieHa HeloTOHA B y3/1aX COBIAIAIOT, CPeIHIE HAKJIO-
Hbl Ha y4YaCTKaX MEXJY y3JlaMH TaK»Ke PaBHbI. BylieM MBbICIEHHO
cOMKaTh CoceHue y3Jbl Ty, — Tp—1, IPU 3TOM CPEIHHI HAKJIOH
CTPEMHUTCS K NPOU3BONHON. 3HAYUT, IIOCJIE€ COBMNAJEHUS IOJIYIUM
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MHOI'O4JIEH, MPABUJIBLHO IEPEAIONINM B TOUKE o HE TOJIBKO 3Have-
Hue MYHKIMY, HO ¥ 3HAYEHNE NePBOii mpon3Boauoi. CiusHue Tpex
y3J10B 00€CIeYnT IPAaBUIILHY O IEPEIaYy He TOJIBKO 3HAYEHUsT (DyHK-
[IVY ¥ HAKJIOHA, HO U KPUBU3HBI (BTOPOIi IPOU3BOIHOM) U T. 1.

IIpocnenum, kak mpeobpa3yeTcs HHTEPIOJIAIIMOHHBI MHOTOYJIEH
HrioToHa nipy C/IMSIHUM ABYX COCETHUX Y3JIOB:

N
u(z) = u(xg) + Zu(wo,xl, ey Zn) o (T),
S (4.17)
op(z) = H (z — k).
k=0

Korpa Bce y3mei ciuBatorest (xx — o,k = 1,2, ...), T0

(@) = (@ = 30)", (@031, -, Zn) — W /!
u (4.17) nepexonut B dopmyny Teisopa:

N @)

u(e) ~ Y "o (@ - 20)"

n=0

Psn Teitsiopa cxoauTcss BHYTpU KpPyra, paanyc KOTOPOrO paBeH
PaCCTOSIHUIO OT TOYKHU 10 biimxkaiiieit 0cob60ii TOYKH aHAJIUTHIECKO-
IO IIPOJOIKEHNSI U(Z) B KOMILUIEKCHYIO IUIOCKOCTh. 3HAYUT, 60JIbIIOE
3HaveHne r — g O6paTh Hepa3yMHO. [lo 3TOit mpuyYnHE MHOrO4JIE-
HOM DPMHUTA, IOCTPOEHHBIM Ha OCHOBE psifia Teitsiopa, moab3y0TCs
peIKo.

JdoxaavHuvili MHO204AEH. I/IHTepnonﬂLmonHmﬁ MHOTOY4JIEH
CTPOHUTCS 11O OTPAHMYEHHOMY HabOpY Y3JI0B Ty, 0 < n < N. IlosTo-
My HOPMAJIBHO OH JIOKAJIbHBINA. OJHAKO OH 3aXBaTHIBAET HECKOJIHKO
MHTEPBAJIOB. ByseM Ha3bIBaTh JIOKAJBHBIM (B Y3KOM CMBICJIE CJIO-
Ba) MHOTOYJIEH, KOTOPBIN UCHOJIb3yeT MHGMOPMANUIO O DYHKIUN U
€€ TTPOU3BO/IHBIX TOJILKO B TIAPE COCEHUX Y3JIOB.

IIpocreiimm siBasieTcs ciiy4ait, KOrJa B y3/1aX U3BECTHBI TOJIBKO
3Havenus pyukuuu. OYeBUIHO, TOT/IA 3TO MHOTOYJIEH TEPBOI CTe-
MIEHU, COBIIA,TAIOIIHIA C COOTBETCTBYIOIIMM UHTEPIIOJISIIIUOHHBIM MHO-
rowrenoM Hpiorona. OmHako ceityac ero yao0HO 3amucaTh B WHOM
dopme. Ob603HaUMM B KCIIOIB3YEMBIX y3ja uHaekcamu n = 0,1 u
BBEIEM JIOKAJIBHYIO [T€PEMEHHY IO

= [z - 0,5(z1 + z0)]/h, h=z1 —xz, &€[-0,50,5. (4.18)
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Torna
Q1(x) = 0,5(up + u1) + (u1 — ug)Z. (4.19)

Haunbosnee unTepecHbiM siBAsSI€TCS C/Iydail, KOTOa B y3JaX 3aJaHbI
3HaYeHUs (PYHKIUU U ee TIepBOM Mpou3BOoAHON. YeThlpeM nmapaMer-
pPaM COOTBETCTBYET KyOMYEeCKHN HHTEPIOJSIMOHHBIA MHOIOYJIEH.
Bynem uckats ero B crenytomeit popme:

Q3(z) = Q1(z) + (8% — 1/4)(a + bE). (4.20)

Bropoe cnaraemoe cripaBa oOpailiaeTcs B HyJIb Ha TPaHUIIAX UHTEP-
Bayia ipu § = £0,5, a Q1(z) B 3TXx TOuYKax obecrneunBaeT nepena-
4y 3Ha4YeHus: GYHKIWMU B y3JIaX To,Z1. TakuM obpasom, Q3(z) Tax-
JKe TIepelaeT y3j0Bble 3Hadenus pynkuuu. Ocraercs nepenaTb y3-
JIOBbIE 3HAYEHMS Tpou3BoAaHoi. luddepennupyem no , yauToiBasi,
uto d€/dx = 1/h. 3aTeM moacTaBseM rpaHUYHbIE 3HAYEHUS apry-
MEHTa ¥ MOJIyYaeM CJIeLyrOole COOTHOIIEHHUST:

vy = Q3(z1) = (1 — uo)/h + (2a + b)/(2h);
up = Q3(20) = (u1 — uo)/h — (2a — b)/(2h).

OTcroga HaxooUM HCKOMbIE KO3(D(PUIIUEHTHI:
a=(uj — u6)h/2, b= (u'l + u())h + 2(u1 — ug). (4.21)

Ioncrasus (4.21) B (4.20), mosyunm KyOu4ecKuii MHTEPIIOJISALUOH-
HBI/l MHOTOYJIEH DPMHUTA.

SToT npueM 060611aeTCss Ha MHOIOYJIEHbI BRICIINX cTeneHel. Ha-
npuMep, MyCTh B y3J1aX 3aJaHbl JONOJHUTEIbHO 3HAYEHHUs] BTOPBIX
IPOU3BOAHBIX. TOrJa MHTEPIOISUMOHHBIA MHOTOYIEH dpMuUTa 5-i
CTEIeH! HILEM B CJIEIYIOIEM BUE:

Qs(z) = Qs3(z) + (82 — 1/4)%(a + BE).

3necy Q3(z) onpenensiercss bopmynamu (4.19) — (4.21). Ananoruy-
HO NpeIbIAYIIEeMY JOKa3bIBaeTcs, 4To (s (z) npu mobbIx a, B nepena-
et 3Havenus u(z) u v/ (z) B oboux y3nax xo, 1. JABykparHo qudde-
PEeHUUpYs ¥ IPUPABHUBAS 3HAYEHHs BTOPBIX IPOM3BOAHBIX B y3JIaX,
HOJIy9aeM CHCTEMY JINHERHBIX yPaBHEHHHN Jyist o U 3.
Iozpewrocms. PopMaIbHO MHOTOYIEH DPMHUTA SBJISETCH
MHOrowieHoM HbioToHa ¢ KpaTHbIMHU y3namu. IlosTomy ajist Hero
CIpaBeJINBa allPUOPHAsi OLEHKA [IOrPENIHOCTH UHTEPIOJISIMOHHO-
ro mHorouyrena Hoprorona (4.14), rne B MHorouwren on+1(z) (4.11)
HY>KHO IIOCTaBJISATb KpaTHbIE y3Jbl. Hampumep, st Ky6udeckoro
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MHOTOYJIEHa Y3JIbl X(, L1 COJIbEM B IBYKDATHBIN y3€J o, & Y3JIbI
Tg, T3 CHEJAEM JBYKDPATHBIM y3JIOM Z1. 1OrJa IOoJyduM MakOpaHT-
HYIO OILIEHKY:

M.
|Rs| < ﬁ|‘04(fﬂ)|a ws = (z — z0)*(z — 1)
Ecmu MBI He HCIIONB3yeM IKCTpamonsnuio, To |we(z)| < h/16,
T.€.
Myh?
R3] < .
|Rs| < 3¢5

BungHo, 4To KyObuYecKui MHTEPIOJISIIMOHHBI MHOTOYJIEH JPMUTA
umeet TounocTs O(h?) 1o mary ceTku, Kak ¥ KyOGU4ecKuit HHTepIIo-
JIAIMOHHBINH MHoro4wieH Heorona. Ho B MHTEpIOISAIMOHHBINA MHOIO-
yen Hpoorona Bxomut w4(z) = (z — zo)(z — z1)(z — z2)(x — z3).
Jlerko mpoBepUTH, YTO HA PaBHOMEPHOU CETKE €ro IEeHTPAaJIbHBIH
skcrpemym paser 9h%/16, a xpaitame — eme Gosbme. Takum 06-
Pa30M, MHTEPIOJSIMOHHbI MHOTOYJIeH DPMUTA B JEBATh Pa3 TOY-
Hee WHTEPIOJIAIMOHHOr0 MHOro4wieHa HbploTOHa mpu TOM XKe Iiare
CETKH.

OpaHako 3TO yTOYHEHME He OecIIaTHOe: NJis MOCTPOeHUs Kybu-
YECKOTO WHTEPIIOJISIIMOHHOTO MHOTOYJIEHE DPMHUTA HUCIOJb3YEeTCH
BaBoe Oosibiiie HHPOPMAIIMK, YeM JJIsT KyOMIeCKOr0 MHTEPIIOJISIIU-
onHoro MHorowieHa Hriorona. Eciu undopMmanusi Bce paBHO uMe-
€TCs1, TOT/Ia BBIFOJIHEE TPUMEHSITH MHOTO4JIeH DpMuTa. Ecim ke uc-
M0JIL30BaTh OJIMHAKOBBIN 00beM MH(MOPMAIUH, TO IJIsI KyOUIECKOTO
MHorouiena HeloToHa HyKHO 6paTh BABOe MeHbIuii mar. [Ipu sTom
OH 110 TOYHOCTH OyzeT noutu BaBoe (B 16/9 pa3) mpeBocxoauTh UH-
TEPIIOJISIMOHHBIN MHOTOYJIEH DPMHUTA.

Ananornyubie cOOOparkeHus BEPHBI U JIJIsT MHOTOYJIEHOB BBICIIIMX
creneneit. [I03ToMy MHTEPIOIAIMOHHBIN TOJIMHOM JPMUTA TTPUME-
HSIETCSI CPABHUTEJIBHO PEJIKO.

4.1.6. MuoromepHas uHTepnonsauus

CyecTByeT HeMaJO GYHKIUN OT ABYX U OOJiee IEPEMEHHBIX, 3a-
JaHHbIX TabanyHo. HanmpumMep, naBiieHne BeliecTBa SIBJISIETCH (DYHK-
Iuel AByX MMePEMEHHBIX — €ro TEMIEPATYPHI M MJIOTHOCTH; IPOBO-
JAUMOCTD TJIa3Mbl B JIEKTPOMATHUTHOM I[10JI€ 3aBUCUT OT TPEX IIe-
PEMEHHBIX — TEeMIEPATypPhl U IIOTHOCTH IJIA3MBI, a TaKXe IOIe-
peYHOIl KOMIIOHEHTBI MATHUTHOTO MoJist. IIpu 3TOM ceTKU 3HaYeHUH
apryMeHTa OBIBAIOT CYIIECTBEHHO Pa3HbIX TUNOB. Ecmu mcxomubie
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Puc. 4.2. Tpuanrynsmus:

a, 6 — BapuaHTHl pa3bueHns

TabIMIBl TOJyYEHbl PACUETHBIM MIYTEM, TO 3HAYEHHUs APTyMEHTOB
[IPY 3TOM BBHIOHMPAIOT TaK, YTOOBI OHH OOPA30BBLIBAJIU PErYJISPHYIO
ceTKy (HampuMep, B pe3ysbTaTe IIepecedyeHusl JUHUM £ = const u
y = const). Ecsin xe Tabiuup! 00IyYeHsl B 9KCIIEPUMEHTAX, TO TOY-
K (z,y) HepeaKo 6ecropsiIOYHO pa3bpPOCaHbI Ha IIIIOCKOCTH, T. €. 00-
pa3yloT HEePEeryJIsipHYO CETKY.

Hepezyasapraa cemxa. Ilycts DyHKIHMS IByX MepeMeHHBIX
u(z,y) 3amaHa HA HEPEryJspHOH ceTke (In,Yn). B 3TOM citydae
OOBIYHO OrPAHUYMBAIOTCS TOJIBKO MTPOCTERIIMMHI CIOCOOAMU UHTED-
TIOJISIIIVIH.

st 3TOro cHavYa/a COeTUHSIIOT COCEIHUE TOYKHU TAaK, YTOOBI BCsT
[IJIOCKOCTb pa36miiack Ha TpeyroiabHuku (puc. 4.2). Takoe pa3du-
eHre HEOMHO3HAYHO. J[Jii MHTEPHOJISIUN HEBLITOIHBLI BBITSIHYTHIE
TPEYroJIbHUKH, Y KOTOPBIX XOTs OBI OIHA U3 BHICOT MHOTO MEHBIIIE
cooTBeTcTByIOUEH cTopons! (puc. 4.2, a). Ilenecoobpa3ubl pa3due-
HUSsI, Y KOTOPBIX BCE TPEYTOJbHUKH, HACKOJILKO 3TO BO3MOXKHO, O6J1u3-
KM K PABHOCTOPOHHUM (pHuc. 4.2, 6).

3aTeM OmpenessiioT TPEYrOJbHUK, BHYTPh KOTOPOIO IOMAIAeT
ucKoMasi TO4Ka (Z,y). OGO3HAYUM BEPUIMHBI TOTO TPEYTOJILHUKA
gepe3 r; = (;,y;), j = 1,2,3. Haxoxnaenue u(z,y) mo sTuM 3Ha-
JEeHMSAM U; ABJISETCA MHTEPIIOJANUeil B y3KOM CMbICTIe cioBa. Ecmm
TouYKa (Z,y) Jexkaja 6bl BHE JAHHOTO TPEYTOJbHUKA, TO UMEJIa Obl
MecTo 3KcTpanossnus. [lo omHOMepHO# 3a/1a4e U3BECTHO, HACKOJIb-
KO 3TO OITaCHO.

DyHKIMIO Ha BHIOPAHHOM TPEYTOJIbHUKE MOXKHO 3aMEHHUTH OTPE3-
KOM IJIOCKOCTH B TPEXMEPHOM IPOCTPAHCTBE (U, T,y ), IPOXOAsIIIEH
Jepe3 TPH y3JI0Bble TOUKH (Uj, Tj,Y;), j = 1,2, 3, T. e. NpHOIMIKEHHO
[IOJIOXKHUTH

u=a+bx+cy. (4.22)
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Jnst onpenenenusi KO3MDOUIMEHTOB MOLYYUM CJIEIYIONLYI0 CUCTEMY
Tpex ypaBHEHUH:
u1 = a + bz + ¢y,
u2 = a + bxa + cyo, (4.23)
ug = a + bxz + cys.

Yersipe ypaBHenusi (4.22) u (4.23) MOXXHO MHTEPIPETHPOBATH CJie-
AyromuM 06pa3oM. YeThIpeXKOMIOHEHTHBIH cTos6er (u, uy, ug, uz)T
AIBJISleTCA JTMHelHON KomGuHanuei# Tpex croa6buos (1,1,1,1)T, (z,
z1,22,23)7, (y,91,y2,y3)T ¢ HeKoTOpEIMU KO3bbunMenTamu a, b, c.
Ho Torma onpenenuresb, COCTABIEHHBIN U3 3TUX YETHIPEX CTOJIOLOB,
obpaIinaercs B HyJIb:

v 1 z vy

wolomom (4.24)
uz 1 zo yo '
uz 1 z3 y3

PaCKprBaﬂ 9TOT OIIpEeNeJINTEJIb I10 SJIEMEHTAaM IIEPBOTO CTO.H6IJ,a, I10-
JIyIUM
UA(rlﬁ ra, I'3) - ulA(ra ra, I‘3) +

4.2
+upA(r, r1,13) — usA(r, 19, T2) = 0; (4.25)
31€ech A — MUHOPBI 9JIEMEHTOB II€PBOro cTosona (4.24):
1 z1 n
A(ry,re,r3) =1 22 y2 (4.26)
1 z3 ys3

u 1. 1. [lepecTaBiisisi CTPOKM B MUHOPAX U MEHsIsl 3HAKH, TJe HeoOXxo-
JUMoO, ipeobpasyem (4.25) K clieayomeMy BULY:

u = [U1A(r, r2,r3) + ugA(ry,r,r3) +

+ ugA(ry,r2,r)]/A(r1,ra, r3). (4.27)

OTa dopMyiia onpenesnseT ypaBHeHUE IIJIOCKOCTH, IIPOXOASIIEH de-
pe3 TpH 3aJaHHBbIE TOYKH, T. €. IBJIFAETCS ABYMEpHOU JIMHEITHO! nH-
Teprosisiyeit mo TpeMm ToukaMm. [lo aHasoruu ¢ oqHOMEpPHBIM CJIy-
qaewm ee TorpentHocTs ectb O(h?), rme h — pa3mep HamboJbIIei U3
CTOPOH TPEYTOJIbHUKA.

Mmnozomeprocms. OnucaHHblif c10cob JIErKO MEPEHOCUTCS Ha
moboe uncio u3MepeHuit. Hanpumep, B TpexXMepHOM ciIydae Bce
MPOCTPAHCTBO pa3buBaercs Ha TerpasApbl. Hamo HaiiTu TeTpasap,
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B KOTOPBIA MNOMNajaeT MCKOMasi TOYKa (Z,Yy,Zz), 3aHyMEpPOBATb €ro
4eThipe BEpIIUHBL (Tj,Y;,%j), 1 < j < 4. Ilo HuM MOXHO of-
HO3HAYHO MOCTPOUTH JIMHEWHYI0 WHTEPIIOJSIUIO 10 aHAJIOTUYHBIM
dopmynaM, HO ¢ ompeaeaUTeNsIMHA MOpsifka Ha 1 Oosbire. Bme-
cTo onpeznenutens (4.26) mosiBisiercs onpenenuTeNnb 4-ro Mopsaka
A(ry,re,r3,rs), a B KB3APATHYIO CKOOKY B (4.27) BoiieT yeTBEpTOE
cjaraeMoe.

Buicorue nopadxu. Eciu Tounocts O(h?) memocraTouna, To
MOXKHO ITOCTPOUTH MHTEPIIOJIAIHUIO 60Jiee BHICOKOTO MOPSIAKA TOYHO-
cTH O(h3) u T. 1. [lapabosimyeckast HHTEPITOJISINS JOIXKHA UCIIOIb-
30BaTh KBaAPATUYHYIO (DYHKIHMIO ABYX IE€PEMEHHBIX:

ura+bz+cy+dz® + fzy + gy°. (4.28)

OHa comep>KHUT HIECTh CBOOOIHBIX KO3 (MUIMEHTOB, U It UX OIpe-
JleJIEHAsI HY>KHO BBIOPATh INECTb TOYeK (Ij,Y;), OKPYKAIOMMX HC-
KOMYI0 Touky. Purypa, COCTaBjeHHast U3 3TUX TOYEK, MOXKET UMETh
cnoxHyio dopmy. [TosTomy xopornuit BEIOOp 3TUX TOUEK — HENpPO-
cTas 33/1a4a.

Jlanee neficTByeM aHAJIOTMYHO JIMHEHHOMY CJjydar. Bwecto
(4.22) BosHukaer (4.28), a BMecTo Tpex ypaBHenuit (4.23) — ju-
HefHasl CHCTEMA U3 [IECTH YPABHEHUN. DT ypaBHEHUS SKBUBAJIEHT-
HbI OOPAIIEHUIO B HYJIb ONPEIEINTEJISI 7-T'0 ITOPSIIKA, COCTOSIIETO U3
cronbuos {u}, {1}, {z}, {v}, {z*}, {zy}, {v*}. On packprBaerca no
3JIEMEHTAM IIEPBOrO CTOJIONA, HO MUHOPHI IIPH 3TOM HMEIT 6ojee
CJIOXKHBIHA BU/I,

PeanuzoBats cooTBeTcTByMOMmME HOPMYJIBl HA KOMIIBIOTEPE He-
CJIO’KHO, HO BHIOPATH MOAXOMSIIUE AJIsi HHTEPIIOJISIIUYA TOYKY HEJIEr-
Ko. [ToaTomy mHTEpHONAIHEH BEICOKOTO MOPSIIKA TOYHOCTH HA HEPEe-
CYJSIPHBIX CETKAX ITOJIb3YIOTCH PEIKO.

Pezyasapras cemxa. PaccMOTpuM IpPSIMOYTOJIBHYIO IBYMEP-
HYIO CETKY, OOpPa30BaHHYIO JIUHUSIMU T = Tp, U Y = Y. LOYKH UX
nepecedeHust (Tn,Ym) ABISIOTCS y3JaMU PEryJsipHOil ceTku. Ecim
dyHKIHS TabyIMPOBaHA HA PETYJISIPHON CETKE, HHTEPITOJIMPOBATh €€
HAMHOTO IIPOIIE, X HETPYIHO CTPOUTH MHTEPIIOJISIIH BBICOKOTO I10-
PsAKa TOYHOCTH KaK IMPOU3BEAEHUE OHOMEPHBIX HHTEPITOJISIIMIA.

Hanpumep, mOoCTpoUM MPOCTEHRINYI0 HWHTEPIOJSAINI0 TOYHOCTH
O(h?). Ins sToro BbIGEpeM TaKue maphbl COCEIHUX Y3JI0B, YTOOBI BbI-
HOJIHSJIOCh T < & < Tptl U Ym < ¥ < Ym+1. 1€M caMBIM Haiige-
HBI BEPIINHBI Y€THIPEXYTOJbHON A4eiiKi, BHYTPh KOTOPOI monaja-
€T HCKOMasi TOYKa (Z,y). 3aMeTuM, 9TO MPOLECC OTHICKAHUS AYei-
KH 37eCh HECDABHEHHO IIpOllle, YeM B CJIy4ae HeperyJIsipHON CeTKu
(puc. 4.3).
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Puc. 4.3. Unrepronsauus Ha peryasp-
HOIl ceTke (MCKOMasi TOYKA — 3BE3-
JOYKA; [0 YeTHIPEM TOYKAM CTPOUT-

cs untepnonsamus O(h?); o Touxkam u AI[ " [[

Kpy»Kam — unTepnonsnus O(h?))

|
I

Bronb kaxx 10t CTpoKU Yy = const MPOBOAMM HHTEPIIOJIAIHAIO MHO-
rounenoM HeioTona mmo z. B manHOM ciiyyae 9T0 MHOTOYJIEH MEPBO
CTENeHN:

IL‘—LL‘n

u(x,ym) = ’lt(:l:n, ym) + [u($n+1sym) - u(mn, ym)] (4-29)

Tp+1 — Tp
¥ aHAJIOTUYHO JJISl Ypy+1. HaliieHHbIE 3HAYEHN ] HTHTEPIIOJUDPYEM T10
BEPTUKAJIY IO Y:

Y—Ynm
Ym+1 — Ym

[orpenrocts (4.29) ects O(h2), a (4.30) — O(hz). ITosromy nmosnHast

TIOTPEITHOCTD aHHOM anmpokcumaruu coctasuT O(h2 + hi).

ITopsimox MOrpenTHOCTH TakKo# ke, KaK NPU WHTEPHOJISIHUUA 10
TpeM y3JlaM Ha HeperynsipHoil ceTke. XOTs KaXKAbIi U3 MHOTO4YJIe-
HOB (4.29) u (4.30) umeeT nepByIO CTeneHs, moacranoBka (4.29) B
(4.30) maeT He TONBKO JIMHEHHBIE YJIEHBI, HO ¥ OJMH KBaJAPaTHYHbIA
YJIeH ~ TY.

AHaJIOTHYHO MOXKHO CTPOMTH HHTEPIOJSLMIO OOJiee BBICOKOM
tounoctu. Hanpumep, nnsa tounoctu O(h*) Hamo B3aTH MO 4eTbIpe
TOYKHM 10 Kaxaoii koopaunate (cM. puc. 4.3). IIpu arom mo crpou-
KaM ¥ BEPTHKAJIU CTPOSITCS KyOMiecKue HHTEPIIOJISIUOHHBIE MHOT'O-
wiensl HbioToHa. TakuM ciocoboM MOXKHO CTPOUTH TaKKe MHTEP-
HOJIALMIO, MMEOUIYI0 Pa3HYI0 TOYHOCTH 10 DAa3HBIM KOOPIUHATAM.
st 3TOrO MO CTPOYKaM M CTOJOIAM GEPYT Pa3/IMYHOE KOJIHIECTBO
TOYEK.

u(z,y) = u(z,ym) + [w(z,Yym+1) — w(z,ym)].  (4.30)

4.2. CNMNAWH-UHTEPNONAUNSA

4.2.1. Ucropuyeckan cnpaBka

s nocTpoenus: rpadukoB GYHKLUU 10 TOYKAM C TOMOIIBIO Jie-
KaJl CTaparoTCsl BHIOPATH JIEKAJIO, HA KOTOPOE MONMaJaeT KaK MOXK-
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HO Oousiblite To4dek rpaduka. Eire nydmmii pe3yabraT JOCTUTAET-
sl TIPM MCIIOJIb30BAHMHU THOKOro 6pycka (MeTassIndecKoi JINHEHKH,
HIOCTABJIEHHON Ha pe6Gpo), KOTOPBIii NMPUKJIAABIBAIOT K TOYKAM Ipa-
duka.

YpasHenune rubkoro 6pycka O6buT0 HamucaHo emie BepHysin.
[HToubepr npubaMKEHHO 3aMEHUJT PEIIEHHE STOTO YPABHEHUSI TIOJIHU-
HOMOM TpeThell cTerneHu. Mex Iy KaxXAoi mapoil COCeTHUX Y3JIOB
CTPOMJICS CBO# MIOJIMHOM, & B Y3JIaX COCETHIE MOJUHOMBI «CKJIEUBa-
JINCh» TaK, YTOOBI 00ECIIEYNTH MAKCUMAJIHLHO BO3MOXKHYIO IVIaIKOCTh
HHTEPIIOJISIIIAH.

Onucanublit TpueM GBICTPO PACHPOCTPAHUIICS U ObLT 0000IIEH
Ha CjIydail IMOJIMHOMAa OOJIbIIIEl CTENeHH M Ja’Ke HEINOJUHOMUAJIb-
HOM MHTEPNOJISLUA. DTOT IIPUEM — HHTEPIIOJUPOBaHNE (DYHKIMH
KYCOYHO-TIOJIMHOMHUAJIbHOM (DYHKIHEH MOJIyunsl Ha3BaHUE CIUJIaifH-
uHTepnossuyy (0T aHri. spline — rubkuit 6pycok).

ITycts 3amana cerka {,,0 < n < N}; Touku Z,, HA3BIBAIOT y3-
aamu crtaitaa. [lonunomuanbabiM crutaitHoM Sp(z) medekTa g Ha-
3bIBaeTCs DYHKIHsI, YIOBIETBOPSIONAs CIeLYIONM TPeOOBAHUSIM:

1) Sp(z) Ha KaXXIOM HHTEPBAJIE (Tn_1, ZTp) ABIAETCS IOTUHOMOM
CTeleHu p;

2) 3TH TOJIMHOMBI «CKJIEEHBI» BO BHYTDEHHHX y3jlaX TaK, 4TO
CIUTAH OCTAETCH HEIPEPHIBHBIM BMECTE CO CBOMMU P — ¢ MIPOU3BO/I-
HBIMH: S,(,k)(xn -0)= S,(,k)(mn-r-O), 0<k<p—-¢1<n<N-1

Yailme Bcero orpaHMUMBAIOTCA CIIaiHaMu aedekTa ¢ = 1, Korma
Pa3pbIBHA JIUIIB CTapliasi (p-s1) IPOU3BOLHAS, & BCE MJIAJIINE IIPO-
U3BOJHbIE HEIIPEPHIBHBI. B 9TOM cilydae roBopsIT IPOCTO O CIjIaitHe
CTENEeHH p, OIyCKasi yIIOMUHAHUE O JedeKTe.

Ecnu ciunaity B 3a1aHHBIX TOYKAX COBIAAAET C TaOYIMPOBAHHON
dyHKIMEH, TO TAKOH CIJIAfH HA3BIBAETCS WHTEPIIOJISIIIMOHHBIM.

IIpuBemeM npuMepsl MHTEPIOJSIMOHHBIX CILUIAHOB. JloMaHast,
MpOBeIEHHas Yepe3 3aJaHHbIE TOYKHU, COCTOUT U3 OTPE3KOB IPSIMBIX.
B y3nax oHa HempephIBHA, HO MI€pBasl MPOU3BOIHAS PA3PbIBHA. 3HA-
YUT, 3TO CILIaiH crenenu p = 1 nedekra ¢ = 1. Kybuueckuit uaTep-
HOJISIIMOHHBIA MHOrOWIeH IpmuTa (cM. mogpasa. 4.1.5) ckieeH u3
KyOHMYeCKHUX MHOTOYJIEHOB, & B y3J1aX HENPEPBHIBEH BMECTE C [T€PBOA
MPOU3BOIHOMN. DTO CILIaiH cTenenu p = 3 gedekra ¢ = 2.

4.2.2, Kybuueckuii cnnaiin

B sTtoM cnydae Ha KaxXIOM HWHTEpBAaJjie HHTEPIIOJISIIIUOHHBIN
CILTaiiH SIBJISIETCS MHOTOYJIEHOM Tperheil crenedu. Ero ynobHo 3a-
IIACATH B CJIEAYIOIIEM BHUIE:
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S3n(x) = ap + bp(z — Tp—1) + cn(z — :cn_l)2+

R (4.31)
+dn(z —2n-1)°, ZTn1<zT<zZH, 1<n<N,

3/1eCh KO3 UUUEHTHI Ay, by, Cp, dyy CBOM [JIST KAXKJOTO MHTEPBAJIA.
9tu k03hIUIMEHTHI ONPEEIIIOT U3 ycjoBuii B y3nax. QueBuaHO,
Kaxkaplii MHOrowreH (4.31) B cBoeM NpaBoM U JIEBOM y3JIaX JOJIXKEH
COBIIAIATh C TAOYJTUPOBAHHBIMYU 3HAUEHUSAMHU DYHKIUH:

S3n(Tn-1) = ap = up—1, 1< n <N, (4.32)

S3n(Zn) = @n + buhp + coh2 + dphd = uy,

4.33
hpn=2p —ZTp-1, 1<n<N. ( )

Yucso 3THX ypaBHEHMIT BABOE MEHBIIE YUCJIa HEU3BECTHBIX KO-
GbUIMEeHTOB, TO3TOMY JJIsl ONPEAEIEHHOCTH 3aJaYi HY>KHbI JIONOJI-
HUTEJIbHBIE yCIoBUA. JIJIs UX MOJIy4Y€eHUs BHIYUCIINM IIEPBYIO U BTO-
PYI0 Ipou3BOgHbIE MHOTOYJIeHa, (4.31):

St () = by + 2¢,(x — Tp_1) + 3dn(z — Tn_1)?,
Tpn1<zc<zH, 1NN,

S35() = 2¢p + 6dn(z — Tn-1),

(4.34)

(4.35)

norpebyeM HENPEPBIBHOCTH 3THX MPOM3BOAHBIX (T.e€. IJIaJKOCTH
crUiaiiHa) BO BCEX TOYKAaX, BKIIIOYasi y3uibl. IIpupaBHSIB BO BHYTpEH-
HEM y3Ji€ T, IpaBble U JIEBbIE IIPe/IeJIbl TPONU3BOIHBIX, ITOJIYIUM

bps1 = by + 2cnhpn +3dh2, 1<n< N -1 (4.36)
Cnt+1 =Cn +3dphy, 1<n<N. (4.37)

31ech BBEJEH [IOTMOJHUTEJNbHBIN KO3MDUINEHT Cn41, HMEIOIuit
cmsica 0,555 (z ). Tlostomy uncio ypaBaennit (4.37) Ha onHO 60J1b-
ure, yeM (4.36), a obliee 4KMCI0 HEU3BECTHBIX KO3 UIMEHTOB yBe-
JINYUJIOCH HA €IUHUILY.

Pagencrsa (4.32), (4.33) u (4.36), (4.37) obpa3syror cucremy 4N —
—1 ypaBuennit miist 4N + 1 Hen3BecTHBIX KO3ddunurentoB. HemocTa-
€T ellle IByX yPaBHEHHUI; HO X BHLIOOD HETPUBHUAJIEH, U €r0 0OCY UM
MO32Ke.

IIpeobpasosarue ypasrenudli. CHadala NPUBEIEM CUCTEMY
yPpaBHEHU K BUy, COAEPXKAIIEMY TOJIbKO KO3 MUIIMEHTHI Cy,. Y PaB-
nenne (4.32) cpasy naer Ham ko3GbbUIMEHTH! a,. W3 ypaBHeHwuii
(4.37) cnenyer

dn = (cnt1 — ¢n)/(3hn), 1< n < N. (4.38)
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[MopcraBum (4.38) B (4.33), OZHOBPEMEHHO HCKJIIOYHMB OTTYIA
Qn = Up—_1; TOTAA MOJIyYUM

Uckarounm Teneps u3 (4.36) Bewauns! by, u by, 41 ¢ nomomipio (4.39),
COOTBETCTBEHHO yBEJIMYMBAasi BO BTOPOM CJIy4ae MHIEKC Ha €IWHU-
1y, ucross3ysi (4.38) mius dp,. OcTaercs: cucreMa JMHERHBIX ypaBHe-
HUM 17151 K03 DUIUEHTOB Cpy, JIETKO IPUBOISAIIANACA K CJIELYIOMIEMY

BUJY:
hn—1cn-1 + 2(hn—l + hn)% + hnCny1 =
= 3[(“71, - Un—l)/hn - (un—l - un—Q)/hn-l]y 2<n<N

910 cucrema N —1 ypaBuenust 1jist N +1 HeM3BECTHBIX KO3 DUIHEH-
TOB C,. YDABHEHUSI MMEIOT TPEXAUAroHAJIbHBIN BuL. Ilo-npexxuemy
IBYX YpaBHEHU He XBaTaeT.

Kyb6uueckuii critaiftH oxX0oXK Ha KyOMYECKU MHTEPIIOJISAIMOHHBIN
MHOTO4JIeH, TIO3TOMY CJIeyeT oxuaaTh oT Hero Tounoctu O(h?). Ec-
Ji1 TabyJIMPOBAHbBI TOJILKO 3HAYEHMsT QYHKIUHU, TO JOTIOJHUTEIBLHBIE
YCJIOBHSI IPUXOAUTCS IIOAOMPATH TaK, YTOOBI HE HCIIOPTUTH STOTO MO-
pfKa TOYHOCTH. 3/1eCh BOBHUKAIOT [IB€ PA3/IN4YHble CUTYyauu: u(x)
MOXKET OBITH TEPUOJUUECKOM JINOO HEMEPUOAMIECKOIA.

ITepuoduuecrue eparuvnbvie Yycaosus. CHauaIa pACCMOTPUM
IIEPHOJUYECKYIO0 ¥ JOCTATOYHO IMNIaAKYI0 u(T), MJis KOTOPO# OTpe-
30K [Zg,ZN] sBAsiercs nepuomoM. Torma Ha 0BOMX KOHIAX OTpE3-
Ka (PYHKIIMS ¥ ee IPOU3BOIHbIE IPUHIUMAIOT OJIMHAKOBBIE 3HAUEHUS:
u@(z9) = u@(zN), ¢ = 0,1, ... (1pu 3TOM 0BH3ATENHHO HAIO TIPO-
BEPSATH UCXOAHYIO HHGMOPMAIUIO: €CJIH Up F# UN, TO JaHHBIE OIINO0Y-
Hbl). EcTecTBEHHO TakKe TpeGOBATH OT CILIaiHa, ¥TO0BI OH yI0BJIe-
TBOPSLJI AHAJIOTUYHBIM YCJIOBUSIM:

$§ (20 +0) = S (zn —0), ¢=0,1,2. (4.41)

TpeboBaTh HENPEPHIBHOCTH TPEThEl IPOU3BOIHON MBI yKe HE MO-
xeM. IIpu ¢ = 0 ycnosue (4.41) aBTOMATUYECKH CIIEAYET U3 YCIIOBUS
UHTepnosAnuu. 3HaueHus ¢ = 1,2 JAIOT IBa HEJOCTAIOUX yPaBHe-
HUsI

(4.40)

b1=bN+26NhN+3th?\r U Cl =CN41-

Uckiouns orcrona by, by,dy ¢ nomompio (4.38), (4.39), monyuum
rPaHUYHBIE YCJIOBHSA B CJIEAYIOLIEM BUIE:

(2¢1 + c2)h1 + (eN +2en41)hN =
= 3[(u1 — uo)/h1 — (uny — un—1)/hn], (4.42)
¢ —cy+1 = 0.
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Puc. 4.4. Crpykrypa MaTpuubl [js HaxX0XAeHUs K03ddhUIueHToB
cniaiza:

@ — INepuoauveCKne rpanuvHbl€ yCJIOBUS, 6 — ecTeCTBEHHBIE T'PaHU4YHbIE YCJIOBUS

3ameTHM, 9TO MepBOe U3 ITUX yPABHEHU SIBJISETCS IUKJIHIECKUM
3ambikanueM nenodku (4.40). domonuus ycnosusmu (4.42) ypas-
Henusi (4.40), momyuum cucteMy N + 1 nuHEHHBIX ypaBHEHHH [Jist
onpenenenus N + 1 k03¢ durueHToB ¢,. CTpyKTypa MaTpHULBI 9TOM
CcHUCTeMBbI IpUBeJieHa Ha puc. 4.4, a.

OTa MaTpUIA UMeeT HEHYJIEBble TPU JUATOHAJIU U TPU YIVIOBBIX
aniemeHnTa. COOTBETCTBYIOIIAS] CUCTEMA JINHEWHBIX YDABHEHUH JIETKO
pemtaercs MetogoM ['aycca 6e3 BbIOOpa IVIABHOIO 3JIEMEHTA C 00OXO-
JIOM HyJIei, MIu MonudUKaIuei Tak Ha3bIBAeMOH IUKJIMIECKOH ITpo-
roHK¥ (OOBIKHOBEHHAasI IPOrOHKA 37eCh He roauTcst). JlnaroHanbHbie
3JIEMEHTHI MATPHUIIBI IPe00JIaIAI0T, IOSTOMY AJTOPUTM OUY€Hb YCTOM-
YUB.

Haiins ko3 pUIueHTs! ¢,, OcTaBIInecs KO3(M@UIMEHTH! CILIaii-
Ha BBIYUCISAIOT 10 dpopmyiaam (4.32), (4.38) u (4.39).

Ecsin nepuonuyeckasi u(z) MMeeT HEIIPEPBIBHYIO YETBEPTYIO IIPO-
HU3BOJHYIO, TO HA PABHOMEDHOI CeTKe MOXXHO MOJIyYHTb CTPOTYIO
OIIEHKY TIOTDEITHOCTH:

[u(z) ~ S3(@)] < 5o Mah?, My =maxu®)(z). (143
Yucnennbiii koappUnueHT B 3TOU OlleHKE OYeHb MaJjl. 10YHO Ta-
KYIO e MOIDELIHOCTh UMeeT JIOKAJIbHBI KyOHMueCKHil MHTepHOJIsi-
IHOHHBIN MHOrowIeH dpmuTta (4.20). Ho myst ero mocTpoeHus: Hy k-
HO Taby/JIMpOBaTh B y3JlaX elle M NPOM3BOIHBIE U, & JJIs CIUIaliHa
3TOro He TpebyeTcs. ITO HAIVIAAHO AEMOHCTPHPYET IIPEUMYIIECTBO
criaiHa.
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Ecmecmeennvie epanuvnbie ycaosus. Ilycrs u(z) Henepuo-
aundeckast byHkIiuss. B aToM ciiyyae mocTaHOBKA IPAHMYHBIX YCJIO-
BUit HeoueBUAHA. HeynayHble yCIOBHSI MOTYT NPHUBECTH K CyIIle-
CTBEHHOMY CHHKeHHIO0 TouHocTu. Hampumep, IIlouGepr B 1946 r.

TIpe,IJIOUJT BEIBOAWTD U3 BAPHAIMOHHOTO ypasHenus | [SY(z)]2dz=

= min Kak caMO ypaBHEHHe KyOW4YecKOro CiiaiiHa, TaK U DaHNY-
Hble ycioBust K Hemy. Otcioma BbiTekasnn yciosusi Sj(zo) = 0,
S5 (zn) = 0. DTu ycnoBHsT PEKOMEHAYIOTCS BO MHOTHX y4eOHUKAX
1o cux nop. Tounsle snavenus u”(zg) u u”(zy), BoobwE roBops,
He PaBHBI HYJIIO. 3HAYUT, HOrpemHocTsb |S5(zo) — u” ()| Gyzmer co-
craBisaTh O(1) B rPAaHUYHONM TOYKE M, IO HENPEPBIBHOCTH, BOIM3U
Hee. COOTBETCTBEHHO MTOrPELIHOCTD |S3(wo) — /()| cocraBur O(h),
a morpemrsocTs |S3(zo) — u(z)| 6ymer O(h?) Bmecto O(h?)!
Hau6oJ1ee xopoIum J0MOTHUTETBHBIM YCIIOBUEM SIBJISIETCS] BAPH-
anponHoe ycsoBue. Hao MUHUMU3MPOBATH Pa3phIBbI TPETHUX IPO-
M3BOAHBIX CIUIafiHa BO BHYTDEHHHMX y3/1aX B CMBICJIE METOJa Hau-
MEHBIIMX KBaJparoB. Pa3peis Sj (r) B y3me z, NpONOpPLMOHAJEH
dn+1 — dy. Hanny4mive pe3ynbTaThl JaeT BADUALIOHHOE YCIOBUE

N-1

Z n+1 — ) /(hn + hn+1) =

n=1
1 N-1 (4.44)
g [(cn+2 — cns1)/Png1—

=1
—(cn+1 — ¢n)/hn]/(hn + An41) = min.

YcsoBue (4.44) Bmecre ¢ ypaBHenusimu (4.40) obpasyer 3amady
Ha YCJIOBHBIH 3KcTpeMyM. Ee MOXHO pemuTh METOOOM HeolpeJe-
JeHHBbIX MHOXuTeneil Jlarpanrka. Ho 310 mpuBomuT K AOCTATOYHO
CJIOXKHOMY JICOPUTMY.

Ectb onuH 4dacTHBIN ciy4ail, KOrga BMecTo Bcel cymmbl (4.44)
MBI OCTaBJISIEM TOJIBKO KpaiiHue ciaraeMple cn = lun = N — 1.
DTO IKBUBAJIEHTHO TPeGOBaHMUIO, YTOOHL S5’ () Obliia HENpephIBHA B
MPUTPAHUYHBIX Y3JI1aX Z1, TN_-1. 9TO AaeT d; = de u dy_1 = dy.
Bripasus ko3 dunpenTs! d,, depes ¢, mo (4.38), mosy4um cOOTHO-

eHUst
(c2 —c1)/h1 — (e3 — c2)/h2 = 0,

(en+1 —cn)/hn — (en —en—-1)/hn-1 = 0.

3

(4.45)

Cootromenus (4.45) u (4.40) o6pa3yroT cucTeMy JIMHEHAHBIX ypaB-
HeHu# 1711 K03 PuImMeHToB ¢,. Ee MaTpuna oTauyaeTcss oT Tpex-
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JIMarOHAJILHOM TOJIBKO IIEPBOi U mocsenHei cTpokoit (puc. 4.4, 6).
Takasi cucremMa JIerKO pemIaeTcsi MeToioM laycca IJjist JIEHTOYHOI
MaTpulbl 6e3 BbIOOpA IVIABHOIO 3JIEMEHTA, TaK KaK JUaroHaJIbHbIE
3JIEMEHTHI MPeobIaJaI0T. DTOT aJropuTM O4deHb ycroiyus. Ilocie
HaXOXKJIeHUs1 K03(DUIIUEHTOB ¢, OCcTajIbHbIE KO3 DUITUEHTHI BbIPa-
JKAIOTCS 4epe3 HUX TaK Ke, KaK K03 DUIMEHTh! 1epUOINIECKOTO
CIJIaiiHA.

[MorpemnocTs ecrecTsennoro crmaiaa ects O(h*). Ha mekoro-
POM DacCCTOSIHUM OT I'DAHUYHBIX MHTEPBAJIOB NPU 3TOM CIPaBe[-
JmBa oneHka (4.43). B6u3u rpaHMIbI OLIEHKA aHAJOTUYHA, HO C
HECKOJIbKO OOIBUINM YHC/IEHHBIM K03 dunmenToM. 10T K03hdu-
UUeHT ObICTPO cTpemuTcs K 1/384 mo Mepe ynajeHust OT rpa-
HUIIBL.

3amenanue. Boibepem B kadecTBe dyHKuumM u(r) KyOudeckuii MHO-
rowieH. MOXXHO CTpPOro JOKa3aTh, YTO KyOMYECKMil WHTEPHOJISIIUOHHBIH
CIIaH C eCTeCTBEHHBIMH JIOTIOIHUTEIbHBIMY ycioBusamH (4.44) nnn (4.40)
BOCIIPOM3BOJUT 3TOT MHOrO4IEH TOYHO. Mcnonb30oBanue Opyrux rpaHud-
HBIX YCJIOBUM He 00ECIeuYHMBAET TOYHOrO BOCIIPOM3BENEHHs KyOHUeCKOro
MHOTOYJIEHA.

4.2.3. O606weHnn

OnucaHHBIM CIIOCOO0M MOYXKHO CTPOUTD MOJTMHOMUAJILHbIE CILIal-
HBbI TPOU3BOJILHO crenenu p. KosmyecTBo MOMOMHUTENBHBIX (Tpa-
HUYHBIX ) yCJI0BuUii ipu 3ToM paBHo p— 1. [orpemHocTs Takux crutaii-
HOB TIpM IIPABIJIBHOM BBIOODE TPaHMYHBIX ycioBuit 6ymer O(hPH1),
KaK y MHTEPIOJISIIIMOHHOTO MHOTOYJIEHA P-I CTEIIEHH.

Ilpu p = 1 cnnaitn He TpebyeT rpaHUYHBIX ycaosuit. OH mpo-
CTO SIBJISETCsl JIOMAHOM, MIPOBEJIEHHOM 4Yepe3 y3JIbl, U Ha KaXXJOM
WHTEPBAJIE TOXIECTBEHHO COBIAJAeT C MHTEPIIOSAIMOHHBIM MHO-
rouieHoM mnepBoit cremeHu. [Ilpu p > 1 koacdduumeHT B OcTa-
TOYHOM YJIEHE MEHbIle, YEM y aHAJOTWMYHOTO MHTEPIIOJISIIMOHHO-
r0 MHOTOYJIEHa. DTO 03HAYAET KOJUYECTBEHHBI! BBIUTDHINI B TOY-
HOCTU. Bemirpbim 6ymeT Tem cujbHee, 4eM Bbime cremneHb p. On-
HAKO C [TOBBIIIEHWEM CTEIEeH! CILIaifHa CJIOKHOCTH aJITOPUTMa JIJIs
HaXOXKJ€HUsI ero KoddduiueHToB O6HICTPO yBEIMYMBAETCS, ITO3TO-
My Ha MPAKTHUKE Yallle BCEr0 OrPaHUYNBAIOTCS KyOMYeCKUM Criaii-
HOM.

Kpome nosmmHOMHUAIBHBIX CIJIAAHOB CyIIecTBYIOT U aApyrue. Ha-
NpUMep, JJIsi MHTEPIOJSIIH ObICTPO MeHSoUMXCsi GYHKIMA BMe-
CTO CTeneHel UCIOJIb3yI0T KOMOMHAINH 9KCIIOHEHT M1 rurepboJiu-
4eCKUX DYHKIWMIA.
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4.3. HENWHENHAS UHTEPNONALUSA

4.3.1. BbipaBHuBaHue

Ha ycnex uHTEpHOJISAIIN MOXKHO PACCYMTHIBATD IIPU PHOJIHKeE-
HUU (DYHKIMA ¢ He OYeHb OOJIBIINMHI IPOU3BOAHBIME, KOTJa MOXK-
HO HCIIOJIb30BaTh [TOJIMHOMBI HEBBICOKOH cremeHu. [iist 6picTpO Me-
HAmuXcsd QYHKIM, Takux Kak e, z > 1, mpuxoguTcss BbIOH-
paTh HEIPHEMJIEMO MAJIbIA Iar CeTKU h, nHave MHTEPHOJISIU 13-
€T IJIOXYI0 TOYHOCTD: BEJIMKH 3HAYEHUS IPOU3BOJHBIX, BXOASIINX B
OLIEHKY TOT'PEIIHOCTH.

YacTo CHUTyaluio MOXKHO MOIPABUTh, BLIOPAB yIa4HYIO 3aMEHY
[epeMEHHBIX TaK, 4TOObI HOBas (PYHKIMsS u3MeHssach cjaabo. Ha-
npuMep, B 3aja4e 6aJIMCTUKU KO3MMUIMEHT COTPOTUBIIEHHUS BO3-
JyXa P MaJIbIX 3HAYEHUSAX CKOPOCTH IIPOINOPIHOHAJIEH TEPBOIA CTe-
nenu ckopoctu: k(v) ~ v. Ilpu ckopocTsix mopsiiKa CKOPOCTH IIO-
neTa mapamoTucTa k(v) ~ v?, a IpE OKOJO3BYKOBBIX CKOPOCTSIX
k(v) ~ v3. B 331a9aX 0 MPOXOXKIeHNM MyYKa CBETa MM JaCTHIL Je-
pe3 MOTIJIOWIAIONIYIO cpefy ocjiabjieHne HOCUT APYroil XxapakTep —
3KCMNOHEHIMAJbHBIN.

B rakux cuTyanusix crapaloTcs HafiTH TaKoe IpeoOpa30BaHuUe Iie-
pemeHHbIX &(z), n(u), 94T06bI 3aBUCHMOCTD 1)(&) ObliIa 61M3KA K JIH-
HeliHOM. Takue nepeMeHHbIE Ha3bIBAIOT 8bLPasHUBaOULUMU. Ecin
BBIPABHUBAIOIIHE [TEPEMEHHBIE YIAJI0Ch HAWTH, TO UCXOAHYIO TabJIu-
1y {Zn,un} npeobpasyor B Tabmuiyy {Z,,n,}, BBIIOJHSIOT IO Heil
MHTEPIIOJIALWIO U BO3BPAIIAIOTCA K UCXOIHBIM [TEPEMEHHBIM.

Pazymeercsi, Bu mpeobpa30BaHusl IPUXOIUTCS MOAOHPATE C y4e-
TOM crienuUKHA KaxK 10 3aaaun. st BHIOOpa BHIDABHUBAIOIIUX T1€-
PEMEHHBIX CTAPAIOTCA WCIOJB30BATH AllPUODHBIE CBEIEHUSI O HPU-
poze 3anaun. Hanpuwmep, B 33qa4e 6a/UIMCTUKY 3aBUCAMOCTD k(v)
6/IM3Ka K CTENEHHOl, M03TOMY B IepeMeHHBIX & = Inv, n = Ink
3aBucuMocTb 1)(&) Gyner Giuska K snuHenHoi. Ecnn Takux coobpa-
2KeHuil HeT, TO TpoOyIOT noao6paTh NpeodpPa30BaHUE HA IIa3, CTPOS
npu 3ToM rpaduku 1(&) u 1obuBasfch X OIUIOCTH K NIPAMOIL.

ITpumep 4.3. Paccmorpum dyukuumio u(x), 3agauHy0 Tabur. 4.3.
Bunuo, 4yTto (pyHKIMSA OYEHb CHJIbHO MEHSIETCA OT OJHOTO y3Ja K
J[PYyroMy u pa3jieleHHbIe DA3HOCTH BBICOKUX MTOPSIKOB He MaJibl. 11o
3TOl TabJuIle COCTABISETCS UHTEPIOJISIMOHHBIN KybrndecKuil MHO-
roujeH HeioToHa:

Plz)=14+4(z-0)+11(z - 0)(z - 1)+

+22(z — 0)(z — 1)(z — 2). (4.46)
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Puc. 4.5. Touku u3 Tabi. 4.3 1 HHTEPNOJALUOHHEIA MHOrowreH (4.46) B
HCXOIHBIX IEPEMEHHBIX

[TocnenoBarenbHbie ciaraemeie B (4.46) He yOBIBaIOT, a CKOpee
Jaxe Bo3pactawor. Hanpumep, P(1,5) = 1 4+ 6 + 8,25 — 8,25 = 7.
9T0 MOKa3bIBAET OTCYTCTBHE CXOAUMOCTH. KpoMme Toro, 3ToT uHTep-
HOJISIUOHHBIN MHOTOYJIEH OKA3bIBAETCsl HEMOHOTOHHBIM (pHC. 4.5),
HECMOTPsI Ha MOHOTOHHOCTb CXOnHOM dyHkuuu. [TosToMy oxkugath
IPaBAONOI06HOrO PE3Y/IbTATA HE IIPUXOIUTCS.

BribepeM B KauecTBe BHIDABHHMBAIOLIMX IIEPEMEHHBIX & = T, N =
= lg u. IIpeobpa3zoBannasi Tabi1. 4.3 BBITISAUT CYIIECTBEHHO JIyYIIIe.
Paznenennbie pa3HOCTH GBICTPO YMEHBIIAIOTCS C YBEJIUYEHUEM IIO-
psaka. B cooTBeTCTBYIOIEM HHTEPIIOJISIMOHHOM MHOIOYJIEHE

n(€) = 0+ 0,6990(% — 0) + 0,0467(£ — 0)(E — 1)—

4.47
— 0,0080( — 0)(£ — 1)(£ — 2) (4.47)
Tabauma 4.3
HTepnionsinymsa B NICXOAHBIX M BBIPDABHUBAIOIIAX IEPEMEHHbBIX
T u Pasznoctu E=z | n=1gu Paznoctn
1 0 0,0000
4 0,6990
1 5 11 . 1 0,6990 0,0467
26 22 0,7924 —0,0080
2| 31 77 2 1,4914 0,0203
180 0,8329
3| 211 3 2,3243

155



ciaraemMbie ObICTPO yObIBaIOT. KpoMe Toro, HOBbIM HHTEPIOJISAIMOH-
HBIH MHOTO4YJIEH MOHOTOHEH B TPEOYEMOM [IHANIa30HE U3MEHEHUH ap-
rymenTa. Jljst Toro xxe aprymenra & = z = 1,5 ato mnaer n(1,5) = 0+
1,0485+ 0,0350 +0,0033 = 1,0866. B kauecTBe OrpeUIHOCTH MOXKHO
IPUHATH MOAYJb HOCJeqHero ciaraemoro 8, ~ 0,0033. Bosspama-
SICb K UCXOJHBIM II€peMeHHbIM, nosrygaeM u(1,5) = 12,21 + 0,8 %.

BuaHo, 94TO nepexoj; K BbIPABHUBAIOIIMM IIePEMEHHBIM ITI03BOJIUIT
[OJIYYUTh PE3YJIBTAT C HEIJIOXONH TOYHOCTBIO.

Konmpoas. B nansoM npuMepe KOHTPOJIbHOE 3Ha4YeHue T = 1,5
siByIsieTcst cepenuHoi naTepBatos (0,3) u (1,2). DTuM oTpe3kam co-
oTBeTcTBYIOT maru h = 3 u h = 1. JluHeltHass MHTEPIOIAIHUS TIO
KOHIIaM OTPe3Ka Ha CEePeIUHY WHTEPBAJa — 3TO MPOCTO MOJYCYM-
Ma 3HAYEeHW!l Ha KOHIAaX. Pe3y/nbTaThl TAKOW MHTEPIOJSIUN B UC-
XOOHBIX U BBIPDABHHBAIOIINX [TEPEMEHHBIX MTPEJCTABJIEHBI B Ta0. 4.4.
Wx MOXHO paccMaTpPUBATh KaK PE3Y/ILTAT PACYETA HA CrYINAIOIMAX-
cs1 ceTkax ¢ koadhdunuentom crymenus r = 3. [lopsimok TounocTH
JuHeWHOM unTepnossiuu p = 2. [Ipumenus meron Puuapacona, no-
JIyIUM KCTPANoNAnuio Ha h = (; 3KCTPaNOJUPOBaHHOE 3HAYEHUE
U PUYAPICOHOBCKAs OUEHKH MOTDEITHOCTH MIPUBENEHBI B TIOCJIEIHEH
crpoke Tabur. 4.4.

Bunzo, 94TO B MCXOIHBIX IEPEMEHHBIX IOI'DENTHOCTD IIPEBBIIIAET
CaMO HCKOMOe 3Ha4eHUe, T. €. Pe3yJIbTaT HenpueMiieM. B BeIpaBHU-
BAIOIIUX ITEPEMEHHBbIX PE3YJIbTAT Pa3yMeH, a OLEHKA MMOTrPEIIHOCTH
IIPU [epexojie K UCXOIHBIM ITIePeMeHHBIM cocTaBiser 2 %.

DTO SBJISETCS JOMOJHATEIbHBIM IOATBEPXK IEHHEM 11€J1ECO00Pa3-
HOCTH TIePeX0/1a K BHIDABHUBAIOIIUM [TEPEMEHHBIM.

O6o6werue. Ilepexon K BEIPABHUBAIOIUM IIEPEMEHHBIM ITOJIE-
3€eH B Pa3HOOOPA3HBIX CUTYaIUsiX, €CIU (PYHKIUsS OBICTPO MEHSeT-
csl OT OJIHOTO y3JIa CETKH K Apyromy. Ero mcmons3yior npu wHTEp-
HOJISIMM MHOIOYJIEHAMH, CILIAHAMM, JPYTUMHU BUAAMU (DyHKIIMIA,
MHOTOMEPHOU MHTEPIIOJISIVKN, CPEeIHEKBAIPATUYHON AMMPOKCHMA-

nuu u T. 1. [losromy mpexnae dem

Tabmuna 44 ,onomm308aTh TOT MM UHOM CITO-

Konrpons meronom co0 HHTEPIOJSIUA, CTOUT OIle-

Puriapacona HHUTb, HE BBIFOJHEE JIU IpeaBapH-

h | wis) o(L5) TEJIbHO TMEPEUTH K BHIPABHUBAIO-
MM IepeMeHHbIM.

3 106 1,1622 Hanpumep, npu pacuerax ra-

1 18 1,0952 30BBIX TypOMH, a3pOJUHAMHYECKO-

ro o0TeKaHusl, CONeJl PEaKTUBHBIX

0] 7+11 | 1,0868+0,0084 | rpurareneit Tpebyercss Tak Ha3bI-
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BaeMO€e YpaBHEHHUE COCTOSIHWS: 3aBUCUMOCTDb JABJIEHHUS P OT TEMIIE-
paTtypbl T u ninotHocTH p. VlcTHHHAS 3aBUCHMOCTb OY€Hb CJIOXKHA U
0OBIYHO 3a/1aeTcsa TabIuIelt Ha PeryaspHoil ceTke Prm = P(Tn, pm)-
3aBucumocTu PyHKIUU OT 0O0UX APryMEHTOB 31€Ch CPABHUTEJILHO
6m3KM K cTeneHHbIM. [103TOMY B KadecTBe BHIDABHMBAIOIIETO IIpe-
obpa30oBaHUs BBITOJHO OpaTh BOHOe Jorapudmudeckoe: { = lgp,
& =1gT, n = lgp. B Takux nmepeMeHHbIX 3a4aCTyIO0 AByMepHAas UH-
TEPIOJISIMS MHOTOYJIEHAMH [IEPBO CTENEHH Y2KE TAeT IPUEMIIEMY IO
TOYHOCTb.

4.3.2. PauunoHanbHas uHTepnonauus

MHorousieHsl, 0COOEHHO BBICOKO#H CTENEeHH, OBICTPO PACTYT IpU
yBesmdennu aprymenTa. CrjiaiiHbl — CKJIEKa U3 MHOTOYJIEHOB, ITO-
3TOMY K HHM 3TO B OIPEIEJIEHHOMN CTEIIEHH TOXKE OTHOCUTCs. Takum
06pa30M, MHOTOYJIEHAMH U CILIAWHAMU TPY/JHO IePeJaTh TOBEJIEHUE
dyHKIUHU Ha OOJIBIIOM OTpe3Ke, [aXke eCyIM 3Ta MYHKIMsS HECI0XK-
Hasl.

Hamnpuwmep, ecinu oTpe3ok —a < T < a BENHK, TO PYHKIUS
u(z) = arctgz BOJIM3U ero KOHIOB Mo4TH KoHcTaHTa (+7/2). Ilo-
npobyiiTe aNIPOKCUMUPOBATH TAKYI0 (DYHKIUIO MHOIOYJIEHOM.

MHoro4jieHaMu ¥ CIUIAfHAMEU HEBO3MOXKHO AIIIPOKCUMUPOBATH
TakKe (PYHKIHIO ¢ [oJIfocaMu, Hanmpumep u(z) = tgz, —n/2 < = <
<n/2.

Bo3MoXHOCTH HHTEPIOJISANMY CYLIIECTBEHHO PACIIUPSIIOTCS, €CJIH
HCIOJIb30BaTh AIIIPOKCUMAIIMIO PAIOHAIBHON QyHKIMEH — OTHO-
IIEHHEM MHOTOYWIEHOB:

Pn(
Qum

N M
u(z) ~ Py = Zanm", Qm = Z bnx™.  (4.48)
m=0

n=0

B8
v\_/

IToCKOJIbKY YHCIMTENIh U 3HAMEHATEb OIPEIEJIEHbI C TOYHOCTBIO JI0
00IIIEro MHOXKHUTEJIsI, TO OAUH U3 KO3 UIMEHTOB HAIO MOJIOXKUTH
paBHbIM 1 (kK03(bdunMenTHI g WK by MOTYyT O6PAIIATHECS B HYJIb,
HO 00a cTapiux KO3 UIMEHTa OTIUYHBI OT HyJs, TAK KaK OHHU
OIIPEJIEJIAIOT CTapIIUe CTENEHH MHOro4JjieHoB). /lasee Gymem mosa-
rathb by = 1.

PanumonanbHas QpyHKIMsS MOXKET MepesaTh Nojoc u(zr) ¢-ro mo-
psifiKa B TOYKE T: JUJIsl TOrO JOCTATOYHO, YTOOBI (QQpr(X) comepxKalio
MHOXKUTEND (£ — Z)?. MOXXHO ImepeaTh rOPU30HTAJIBHYIO aCUMIITO-
TuKy DyHKIUYM u(Z) IpU T — 00: AJIsl ITOrO AOCTATOYHO MTOJIOXKHUTH
N=M.
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Hazxootcdenue rosgduuyuenmos. PanmonanbHas dyHKIus
(4.48) comepxutr N + M + 1 cBobGoxublit ko3 duuent. Jdns ux
HAXOXKIEHUsI BHIGEPEM TaKoe JKe YHCJIO 3HAYEHUH TabyTupPOBAHHON
dyHkumn u 3aHyMepyeM ux noapsam: ug = u(zg), 0 < k < N+ M.
Hamnuirem ycjioBHsi MHTEPIOSIMK B BLIOPAHHBIX y3J1aX:

up = Pn(zk)/Qum(zk), OS kS N+M (by=1).

OTH ypaBHEHHs JIETKO TPeobpa3yIoTcs K ciieayoulei popme:

N M-1
Zan:c'g—uk mem?=ukw£4, 0<k<N+M. (4.49)
n=0

m=0

Coornomenust (4.49) sinsrorcst cucremoit N + M + 1 juHefRHBIX
YPaBHEHWUI [IJ1s1 OTIPEHESIEH U] TAKOrO 2Ke YHCjIa Ko3PDUIueHToB pa-
[UOHAJIbHOM MHTeprnoiAnud. MaTpuiia CUCTEMBI IIJIOTHO 3aII0JIHEH-
Hasl, ¥ PelIaTh CUCTEMY lLiejiecoobpa3Ho MeTozoM [aycca ¢ BeibopoM
IJIAaBHOT'O 3JIEMEHTA.

Ecnu dyHkuusa TabynmnpoBaHa Ha CETKE C YUCJIOM y3JI0B OoJbIe,
gyeM N + M +1, unu ecsid ee MOXKHO BBIYUCIIUTD B JIIOOBIX TPeOYEMBbIX
HAM TOYKAaX, TO BCTAET BOIIPOC O BHIGOPE y3/I0B MHTEPHONALUY { Tk }.
Korga orpe3ok onpenenenust GyHKIUNA KOHEYEH M HE CIIUIIKOM Be-
JIUK, TO 334aCTYIO0 Pa3MeINaloT y3J/bl Ty PABHOMEDHO IIO 3TOMY OT-
PE3Ky, BKJIIOYasi B YUCJIO Y3JI0B KOHIIBI OTpe3Ka. Eciu Ha KaKux-To
ydacTkax moBeeHue OyHKImH Oojiee CI0XKHOe, HA ITUX ydacTKaX
6epyT Gosee rycryio cerky. Ecnu byHkius 3amaHa Ha HEOrpaHU-
YEHHOM OTpEe3Ke, TO OCOOEHHOE BHUMAHUE YEJSIIOT TAKOMY BBIOODY
CTelieHell MHOTO4JIEHOB, YTOOBI IIPABUJILHO I€PENATh ACHMIITOTHKHI
dyskuuu. 31eCh MHOrO€ 3aBUCHUT OT ONBITA BHIYUCIUTEJIS.

Marpuna nuneinoi cucremsr (4.49) miorHo 3amosnHeHa. Ipu
YBEIMYEHUU YHCTIA KO3(DDUIMEHTOB ee 00YCJIOBJIEHHOCTH OOBIY-
HO ObICTpO yxymaercs. IlosTomy Oouibinoe 4mciio Ko3duimeH-
TOB HCIIOJIb30BaTh He peKoMeHayercs. [lo-BuaumoMy, pu pacyeTe
¢ 64-pa3psaHBIMUA YHCJIAMH 11€J1eCO00pa3Ho orpaHuyuBaThess N +
+ M < 10, X0Ts TIIATEIBHOrO HCCIEIOBAHUS ITOrO BOIIPOCA He MIPO-
BOJIUJIOCH.

IIpumep 4.4. PaccMoTpuM mocTpoeHHe palMoHajbHONW HHTEp-
TOJISIIUU OJ1s u(a:) = arctgz Ha mosynpsamoii 0 < z < oo. Cymre-
crByer npegen u(+00) = n/2. 9To o3Havaer, yTo B popmyte (4.48)
HykHO 6pars N = M. Kpome Toro, npu z — 0 dyskuus u(z) =~
¥ pa3JlaraeTcsl B PsiJ [0 HEYETHBIM cTeneHsiM . J{Jjiss Toro 4robbl
VAOBJIETBOPUTH 000MM TpeOOBaHUSIM, y/I00HEE ANIIPOKCHMHPOBATH
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e u(x), a ee xkBanpar: u?(xr) = arctg?z ~ Py(x?)/Qn(z?). Ona
YIOBJIETBOPEHHS TPAHUYHBIM yCJIOBUSM HAJIO TIOJIATATh

ap=0, ai/bp=1, aN=(1t/2)2, by =1.

Takum obpazom, cBoboaHbIME OcTatoTcs 2N — 2 napamerpoB. CToNb-
KO 2Ke Hy»KHO 6paTth y3/10B uHTepnosimu Ha (0, +00). [Ipu N = 1
JIOTIOJTHUTEJIbHBIX YCJIOBHH y2Ke He TpeOyeTcsi, 4TO IMOCJjie U3BJiede-
HUsl KOPHsI KBaJPATHOTO U HEGOJILIIIOro Npeobpa3oBaHusl JaeT

arctgz = z/+/1 + (2z/n)2.

Jaxxe Takoe rpy6oe npubsikeHue, rae elle He B3ATO HU OJHOTO
y3J1a MHTEPIIOJIAIUH, JAeT MOrpemHocTs He xyxe 12 %. Ilpu BBe-
JEHUU y3JI0B UHTEPIOJISALUA TOYHOCTb OBICTPO BO3pacTaeT (Harmom-
HUM, 4TO JIJIs Ka’KJIOTO CJIEJIyIOLIero yTOYHEHUS y3JIbl MHTEPIIOJIA-
LMK HY>KHO JOOABJISITH IIAPaMH ).

IIpumep 4.5. Annpokcumupyem u(z) =tgx Ha orpe3ke 0 < x <
< /2. OyHKIMS MMEET IMOJIIOC TIEPBOTO MOPsiKa IPpU T = Tt/2, mpu-
yem u(z) ~ (n/2 — z)~!; mpu z — 0 cHOBa u(Z) ~ T U pa3yaraercs B
PSiZI, 110 HEYETHBIM CTENeHsIM T. AHAJIOTUYHO puMepy 4.4 11es1ecoo6-
pa3Ho anmpokcumuposaTh u?(z). [Ipu 3TOM AJIa Tepesadn MoJIOCca
3HaMeHATeJIb JIOJIXKeH coflepKaTh MHOXHuTeNb (1/2 — z)2. TlosTomy
OyJeM HCKATh alllPOKCUMAIINIO B CiIeayomeil ¢popme:

B N z2 Py(z?) |
WE) = N L G (22

CoOTHOIIIeHNE CTEIEHEH STUX MHOI'OYJIEHOB MOXKET ObIThH IIpOU3-
BOJIBHBIM, HO OOJI2KHO BBIIIOJIHATBCA

Pn(0) ) Py(n2/4) 64

N+M2>=21.

Qm(0) 7 Qum(r%/4) ¥
Hanpumep, make He nmpuBJeKass HU OJHOTO y3Jla WHTEDPIIOJISITUH,
MoxHO B3aTh Py(z?) = 1 — (4/n® — 256/1%)2? u Qo(z?) = 1. D10
JaeT To4HOCTh He Xyxke 0,2 % Ha BceM OTpe3Ke HHTEPIOJUpPOBaHus!
OO6bI4HO yxKe yMepeHHble 3HaYeHus1 N U M TMO3BOJISIOT MOJYyYHTD
y2Ke O4Y€eHb BBICOKYIO TOYHOCTb.

PanynosanbHyI0 MHTEPIOJISINIO YaCTO UCIIOIB3YIOT IIPH COCTAB-
JIEHUYW CTaHJAPTHBIX MPOrpaMM [Jis CleNUaIbHbIX GyHKIui. Ecan
GbYHKIINA UMeeT KaKyH0-TO U3BECTHYIO HECTENEHHYIO ACHMIITOTHUKY
(HanpuMep, SKCHOHEHIMAJIBHYIO), TO €€ MIPEABAPUTENBHO BBIIEIs-
10T B BUJE OTAEJbHOTO MHOXKUTEJISA ¥ AlllIPOKCUMHAPYIOT OCTaBIILyO-
Csl 9aCTh.



(nasa 5

CPEAHEKBAAPATUYHAS ANNPOKCUMALUSA

5.1. OBLLINA CNYYAN

5.1.1. Bbibop HOpMbI

B rn.4 orMmewasioch, YTO [Jiss MHTEPHOJIALMHM TaOyJIMpPOBaHHON
dyHKIMH 0OBIYHO UCHOIB3YIOT TOJIBKO HEDOJIBIIOE YHUCIIO Y3JI0B CET-
KH, OJMKafImIX K HUCKOMOMY 3HA4YEHUIO apryMmeHTa . Ecam pac-
cMaTpuBaTh HOPMYILY MHTEPNOJISIIUHN O 3TUM y3JIaM MPU JIPYTUX
3HAUYEHUSX T, TO 3a NpelejiaMU BbIODAHHBIX Y3JI0B 3Ta (POpMyJia
OBICTPO TepsieT TOYHOCTh. TakKuM 06pa3oM, OHA OKA3BLIBAETCS IPU-
TOJTHOM JIUIIH B MAJIOM JUana3oHe 3HadeHuit aprymenta. s apy-
roro JUana30Ha 3HAYEHUH apryMEHTa HyKHO COCTaBJISATb AHAJIOTUY-
HYyI0 (OPMYIy, HO y2Ke IO HOBO# I'PYIINE Y3JIOB, T. €. C APYTUMHU YUC-
JIEHHBIMU KO3 PUTeHTaMHU.

Ecnu HyxHa enunas ¢opMmysia, UMeOIasi XOPOIIyld TOYHOCTD
Ha OOJILLIIOM OTpEe3Ke 3Ha4YeHWH ¢ < T < b, TO MHTEPIOJAIHUIO C
HEOOJIBIIUM YHCIIOM KO3 PUIUEHTOB NOCTPOUTD JAJIEKO HE BCETIa
ynaercs. Jlaxke crtaitH-uHTEPIOJISAIMS, XOTS OHa CTPOUTCS CPa3y Ha
00JIBIIIOM OTPE3KE, 00eCIeYNBAET BEICOKYIO TOYHOCTD JIMIND 33 CUET
KCIIOJIb30BaHUs OOJIBIIOTO YUC/Ia KO3 (PUIMEHTOB.

Ha npakTuke Tak»ke OYeHb BaXXHa CUTyauusi, KOraa pyHKIUsS B
y3J1axX 33JaHa C IOTrPEUIHOCTIMU: U, + 8,. Eciu norpemsocTu 3, He
OYeHb MaJibl (& JJisi SKCIIePUMEHTAJIbHO U3MEPEHHOH (DYHKIUM 3TO
OOBIYHO TaK), TO MPOBOAUTH ANIPOKCUMUDPYIOILYI0 (DYHKIHUIO TOY-
HO 4epe3 TOYKH U, OECCMBICIIEHHO: Ha pUC. 5.1 mpsiMasi anmpoKCH-
MHDYeT TOYKHU He Xy2Ke M 6ojiee pa3yMHO, YeM HHTEPIOISIIMOHHBIN
MHOTOYJIEH. DTO €eIlle OINH JO0BOJ, TpeOyoluii pa3paboTKu ApyTrux
CIoco60B anIIPOKCUMALMH.

IIpu HauyYuu OMMOOK Pa3yMHO IPOBOAUTE AMIIPOKCUMHUDYIONLY O
KPHUBYIO JIMIIIb TIOCTATOYHO OJIU3KO K TOYKAM Uy, , HOMYCKAsT OTKJIOHE-
HHA€ OT HHUX HA BEJIUYMHBI ~ O,. Omubky u3MepeHus W BbIYUC-
JIeHHUS O, 3a4aCTyI0 UMEIOT CTATUCTUYECKYIO npupony. [losTomy pa-
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Puc. 5.1. Annmpokcumanusi Todek IpPsIMOif (TOYKHM — IKCIEPHUMEHTAJIBHbIE

TOYKH; YePTOYKH — UX HOTPELIHOCTH; XKUPHAasl JIMHHS (IpsiMasi) — alIIpoK-

cuMauusi B HopMe Lo; TOHKasl JMHUS — HMHTEPIOJSIMOHHbIA MHOIOYJIEH
BBICOKO# CT€eIIeHH)

3YMHO MOHUMATh OJIM30CTH annpokcumupyoomeil dyakuun ®(z) K
nckoMoit GyHKuMU u(Z) B CMBICIIE KAKOR-TM60 MHTErpajbHOM HOP-
mb1. Hanpumep, ycnosue 6mu3octu B HopMe Ly, ecTs TpeboBaHue Ma-
JIOCTH
b 1/p
lu= 2z, = R= | = [ lulw) - 0(@)Pde| .

a
31€Ch P — HATYPAJIbHOE YHCJIO.

Takoe mpubIMKeHNe HA3BIBAIOT OJIM30CTHIO 68 cpednem. B rir. 1
OTMeYaJIoCh, 9T0 YeM GoJIble p, TeM cuIbHee HopMa Ly; mpu p — 0o
HopMa L, nepexonut B HopMy C.

ITokaxkem, uro He mOO6yI0 HOpMY L, pasymuo BeibupaTs. Hampu-
Mep, Boibepem p = 1. Paccmorpum dyskuuio u(z) = 1, 3amannymo
Ha orpe3ke [a = —1,b = 1]. IlonpobyeM HaiiTu npubimxerue u(x),
Hamty4iiee B HopMme L; dyukuusmu Buga ®(z) = cx. Has storo
HAJ0 PELIUTDh 33439y

1
1
lu— |z, = 3 J |1 — cz|dz = min.
-1

TtoT HHTErpaJl JIEKO BBIYUCJIAETCA; OH DPaBEH

1 npu ¢ < 1;
u—®|, =< c2+1
| Iz, ctl >1 mpulc| > 1.
|2¢|
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Taxkum o6pa3om, 060e 3HadeHue |c| < 1 siBIsleTCST MUHIMHI3H-
pytouuM. Haunnydmee npubsin>kenue CymecTByeT, HO OHO He €JuH-
cTBeHHO. [IpakTHYeCcKoii M0JIb3bI OT TAKOTO «HAMJIYYIIEro» MPHOJIN-
YKEeHHUsI O4YeHb MaJIo.

N3-3a mogoOHBIX HENMPUATHOCTEH HOpPMY L] B NMPUKJIaIHON Ma-
TeMaTHKe OOBIYHO He UCIOJIb3yI0T. Hanbosee ynorpebuTebHOM sIB-
Jsercsa HopMa Lg; ee Ha3bIBAIOT TakKe I'myibbepToBoil. BimsocTs B
CMBICJIE 9TOU HOPMBI HA3BIBAIOT cpedHexsadpamuyHoli HIU30CTHIO.
Hautee B 3T0i1 ri1aBe Mbl OyZieM ITOJIb30BAThCS TOJBKO HOPMOIA Lo.

Hcnonbp3yem HeMHOTO HoJiee obliee OnpeieieHre HOPMBI C BECOM
p(z). st aTOrO BBEEM CKaJsIPHOE IPOM3BEIEHHE IBYX KOMILIEKC-
HO3HAYHBIX (DYHKIMIA BELECTBEHHOro aprymenTa u(z), v(x), onpe-
JEeJIEHHBIX Ha OoTpe3ke a < T < b:

b
(v,u) = Jv*(m)u(x)p(x)dm, p(z) > 0. (5.1)

3nech 3Be3M0YKA O3HAYAET KOMILIIEKCHO-CONPSIXKEHHYIO BEJIMYUHY.
I'unsbepToBa HOpMa BHIPAXKAETCS Yepe3 CKAJSPHOE POU3BEIEHIE:

lullz, = v/(u,w). (5.2)

3ameTruM, 4TO MBI HE BeTaBJsieM AeauTenb b — a B (5.1), moToMy 4ToO
€ro MOXKHO y4eCTh MHOXKUTeJIEM IIpH BEIOOpE p(Z).

5.1.2. Annpokcumaumsa 0600uieHHLIM MHOro41eHoM

Bribepem Ha [a, b] cucreMy sMHENAHO He3aBHCHUMBIX (YyHKIHI
{om(z),m =0,1,2, ...}, o6pasyromux 6a3uc. CocTaBUM U3 HaYAIb-
HOI'0 OTPE3Ka ITOU CHCTEMBI OOOOIIEHHBIN MHOTIOUJIEH

M
Dp(z) = E Cm@Pm (). (5.3)
m=0
IlocTpouM Hausydiliee CpegHEKBAAPATUYHOE MPUOIIKEHNE HCKO-
Mo#t ¢yHKnun u(x) TaKuM MHOrowieHoM. st aToro morpebyewm,
9TOOBI BBITOJTHSIJIOCH

||<I>M—u||%2 = (®m —u, Py —u) = min. (5.4)

Meuorounen ® s (z) suHeitHO 3aBUCHT OT KOIDDUIHEHTOB Cppn,, IOITO-
My dopma (5.4) siBAsieTcst KBaAPATUIHON dyHKIHEH 3THX K03Dbu-
uueHToB. [lJisi HAX0XKJEHUsI ee MUHUMYMa HaJI0 IPUPABHATDH HYJTIO
€€ YaCTHBIE IIPOU3BOIHBIE TI0 BCEM KOI(PDUITUEHTAM Cpy, .
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IMockonbky dopma (5.4) cuMMeTpH4YHA OTHOCHTEIBHO COMHO-
XKUTeJIel CKaJSIPHOrO MPOM3BEAEHUsA (C TOYHOCTHIO J0 KOMILIEKC-
HOI'O COIPSI)KEHHSs, YTO HECYIIECTBEHHO), HOCTATOYHO auddepen-
OUPOBATH TOJIbKO MEPBBI M3 COMHOXUTEJEH. YUUTHIBas, YTO
0P (z)/0cm = @m(x), mOTyUInM ypaBHEHUST

M
(cpm,fbM—u)E(cpm,chq)k—u)=0, 0<m< M. (5.5)
k=0

OTH ypaBHEHUs [TPeodpa3yIoTCs K CIeAyIOMEMY BULY:

M

Z (¢m; Pr)ck = (Pm,u), 0<m <M. (5.6)
k=0

Iosyunnace cucrema u3 M + 1 ypaBHEHUsT [J1s1 ONIPEIETIEHUSI TAKOTO
Ke 4ncia KO3OOUIUEHTOB Cpy, .

Omnpenenurens cuctembl (5.6) COCTOUT U3 CKAJISIPHBIX MTPOU3Be-
JeHuit (@, @), T. €. ITO OnpeneauTensb ['pama nyis cucTeMsl GyHK-
it {¢m(z),m =0,1,2, ...}. IlockonbKy pyHKIMH JTHHEHHO He3a-
BHUCHUMBI, OIIPEIEIUTENb ' paMa OTJIUYEH OT HyJ/s, TAK YTO JIMHEH-
Has cucreMa (5.6) uMeeT peleHue, IpUYeM eAUHCTBeHHOE. TeM ca-
MBIM HaWJIy4lilee CpeIHEKBaIPATHIHOE TPUOIIKeHe 00001IEHHBIM
MmHoroujieHoM (5.3) Bcerga cymecTByer u eauHCTBeHHO. POPMyIIBI
JIJIST HAXOXKIEHUsI ero KO3 (MUIMEHTOB HECTIOXKHBL. JTO TOKA3BIBAET
MIPEUMYINECTBO CPEIHEKBAIPATUIHOIO IPUOIIMKEHHST TIepeJT APYTH-
MU TTO/IXOaMH.

N3BectHO, yTO MaTpuna ['paMa sIBJIsSIeTCS MOJIOXKUTEIBLHO OIpPe-
JIeJIEHHOM, ¥ BCE €€ IJIABHbIE MUHOPBI MTOJIOXKUTEIHHO OIPEIE/IEHBI.
9710 03HayaeT, YTO mpu peuieHuu cucrembl (5.6) meromom laycca
IJIaBHBIE 3JIEMEHTHI ABTOMATUIECKHU OKAXYTCS Ha TJIABHOM JUArOHa~
JId, T. €. BBIOMPATh [VIABHBIM 3JIEMEHT HE HAIO.

5.1.3. HeopTtoroHanbHblie 6a3ncebi

IIycte cucrema ¢yHKumi {¢,} HEOPTOroHaJbHA B CMBICIE
cKaJisspHOro mnpousBeneHusi (5.1), mopoxzparomero Hopmy (5.2):
(9m, k) # 0. Torma maTpuna I'pama GyneT IIOTHO 3alOJIHEHHOIA.
Kak npaBuiio, 00yCJIOBJIEHHOCTb ee OyJeT IJIOXOM, MPUYEM O4YEHb
6bICTPO yXyamatomeiicss ¢ yBeaudeHueM mopsinka M o06061eHHOro
MHOTOYJieHa. B 3ToM ciiydae mpu pemreHuy JTUHEHHON CUCTEMBI Me-
TomoMm l'aycca miam ji0ObIM IpyruM OyHEeT OYeHb CHIIBHO TEPATHCS
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TOYHOCTbH U3-3a OITUOOK OKPYIJIEHUs. BhIunciieHus: npu 3ToM 0bsi3a-
T€JIbHO HY>XHO IIPOBOJUTH C IIOJTHOU Pa3psHOCTBIO, JOCTYIIHOH Ha
koMmmnbioTepe. Ho 1 9TOro MoxeT oka3aThbCs HEIOCTATOYHO. PacueTst
Ajst 6onbmux M mpu 3TOM He yaaeTcs mpoBecTH. [1o3ToMy HesiCHO,
HACKOJIBKO XOPOIIYI0 TOYHOCTb AMMTPOKCUMAIIH MOXKHO 00ECIIeYUThD.

OtmeTuM eme oHy HenpuaTHOCTE. KoaduimeHTs 06001eHH0-
T'0 MHOTO4JIEHA Cp, 3ABUCAT OT BEIOPAHHOTO MOPSIIKAa MHOTO4JIeHa M ;
[TO3TOMY HMX CJIEIOBAJIO ObI 0003HAYATh KaK Cmpr, 0 < m < M. Ec-
JI1 MBI YBEJIMYUBAEM TOPSIIOK MHOTOUWJIEHA U HAXOJUM CJIEIYIOUIEe
NpuUOIMIKEHUE, TO IPU 3TOM HE TIPOCTO T0OABJISIIOTCS HOBBIE CJIara-
emble B cyMMy (5.3), HO U MeHSIIOTCsI KO3 (MUIMEHTHI TIepe]; BCeMU
MPeIbIIY UMY CJIATAEMBIMH.

OmubKyM OKPYIVIEHUsI [IPU PEIeHNH JIMHEWHON CUCTEMBI CKa3bl-
BAIOTCS B IIEPBYIO OYepeIb HA 3HAYEHUAX KO3(DDUIIMEHTOB Cpypr- Ec-
JI1 TOCTPOUTH TpadUK 3aBUCUMOCTU KOIDDUIIMEHTOB Cppsr OT M
(M > m), To ucTHHHAS 3ABUCUMOCTb J0JKHA OBITH I1aBHOH. OxHa-
KO pacyeTHas 3aBHCHUMOCTh U3-3a OIIMOOK OKPYIJIEHUS] CTAHOBUTCSI
HeIlJIABHOI y2Ke pu yMepeHHBIX M . HecMoTpsi Ha 3T0, MOrpenHocTh
ANMIPOKCUMAIUH €Ille HEKOTOPOE BPEMSI ITPOJIOJIXKAET YMEHBIIATHCS C
poctoM M ; Ha Helt OIMOKN OKPYTJIEHUST CKA3bIBAIOTCS 3aMETHO 103~
XKe.

ITpumep 5.1. PaccmorpumM anmpokcumanuio u(z) Ha OTPe3Ke
0 < z < 1 cucremoit creneneit ¢p,(z) = 2™, m = 0,1,2, ... Cka-
JIIPHOE IIPOM3Be/IeHHe Ha TOM OTPe3Ke BO3bMeM ¢ BecoM p(z) = 1.
Torna

1

o) = [ 274
0

1

Bunno, uTo Bce 6a3ucHble QYHKIUH IONAPHO HEOPTOTOHAJIBLHEI.

Marpuia, coctaBieHHas 13 371eMeHTOB (5.7), Ha3bIBAETCS MATPH-
ueit I'nnbbepra. Ee 06ycI0BIEHHOCTS CTPEMUTEIBHO YXY/AIAETCS C
poctoMm M. IIpsiMbie 4mc/IeHHBIE PACYETHI METOAOM ['aycca mokas3bi-
BaIOT, YTO IpH yBeJudeHun M Ha eqUHUILY HOTPEIIHOCTh OKPYrJie-
HUS Bo3pacTaeT npuMepHo B 30 pa3, YTO XOpOIO BUAHO U3 puc. 2.3.
910 03HauaeT, 4YTo npu 64-pa3psiTHBIX BEIYUCICHUAX yKe 1y M =6
KO3 PUIMEHTHI Cpy jy BBIYUCJISIIOTCS JIMIIIb C BOCEMBIO BEPHBIMY 3Ha-
KaMH, a OCTaJIbHbIE BOCEMbB Tepsitorcs. g M = 12 B koadpuiimeH-
TaX Cp)f BOODIIE HE OCTAETCS HU OJIHOTO BEPHOTO 3HaKa!

Tem cambiM cucreMa, cremneneit Ha orpe3ke 0 < z < 1 Hempu-
TOJTHA JJIsI IOy YE€HUSI AIIIPOKCUMAINHU C OOJIBIIIKM YHUCJIOM YJIEHOB.
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PeasibHO cienyer orpanuuuBaThes crenensimMu M =~ 3 + 4, a 310 He
obecnieynBaeT BLICOKOM TOYHOCTH. Ele ciioxkHee 00CTOUT €10, eClIn
6epercs cucreMa creneHeit Ha oTpe3ke 0 < a < ¢ < b. Obycnosien-
HocTb MaTpunbl ['paMa Gymer Tem xyxe, yeM 6Gimxke b/a k 1. Do
06CTOATEILCTBO HACTOPAXKUBAET, TAK KaK OOJIBIIUHCTBO IIPAKTHYIE-
CKHX 00pabOTOK 3KCIIEPUMEHTAJIbHBIX JAHHBIX OCHOBAHO HA, AIIIPOK-
CHMAIIUM CUCTEMOH CTEIEHE.

ITpumep 5.2. [1nsa pa3yiokeHHd IO CHCTEMe CTele el Ha OTpe3-
Ke a < T < b HETPYAHO NPEJIOKUTD IIPOCTOM CII0CcOH, CYIIeCTBEHHO
YMEHBIIAONMHIA OITNOKH OKpyTiIeHus. JIjIs 3TOro Ha4aJi0 KOOpAUHAT
nepeHocAT B T049Ky Z = (a + b)/2 u macmrabupyror. Torna 3amada
CBOJUTCSA K aIllIPOKCHMAIUU IO CHCTeMe CTelleHed Ha CHMMETpHY-
HOM oTpe3ke —1 < z £ 1. MaTpuyHbie 3/1eMEHTHI IPH 3TOM PaBHBI

+1
2/(m+k+1) npum + k — geTHOM;
(m, Px) = fxm+’°dz = 0/ ( ) mp

-1

npu m + k — He4eTHOM.

Basucubie byHKIMH pa3HON YETHOCTH OKAa3BIBAIOTCS OPTOrO-
HAJIBHBIMH, ¥ IOJOBHHA 3JIEMEHTOB MaTpHubl ['pama obparmaercs
B Hysb. [l 3TOrO Cciy4yasi yBeiaudenve M Ha eOUHUIYY yBeIAYU-
BaeT OIMUOKM OKPYTJIEHUS MDY DEUIeHUN JTUHEHHON! CHCTEMBI JIUIIb
NpUOIN3UTENBHO B IATh pa3. (IMeHHO 3Ta MaTpHIla UCIIOJIL30BaHA
nst puc. 2.3.) Bee 3navamue nudpst K03bGUIMEHTOB ¢y, s TP BbI-
YHC/IeHUsIX Ha 64-pa3psaHOM KOMIIBIOTEpe Tepsorcs npu M ~ 25.
B npakTuyeckux BHIYUCTIEHUSAX MOXKHO 6€3 pucka 6patb M = 6 + 8
¥ C HEKOTOPO#t ocTopoxxHOCThI0 M = 10 + 12.

5.1.4. OptoroHanbHblie CUCTEMDbI

ITouck Hawmmydiei cpegHEKBaAPATUYHON AIIPOKCUMAIINH Kap-
JWHAJBHO YIPOIIAETCs, €CJIU YIOAETCS BOCIIOJBH30BATHCH OPTOrO-
HAJIbHBIM 6a3uCcoM: (P, 9x) = 0 pu k # m. B sTom ciyuae maTpu-
na I'paMa oproronasbHa, u pelnieHue JuHeERHOM cucreMsl (5.6) cpa3y
3alMCBHIBAETCS B SBHOM BHIE:

cm = (9m, )/ (@m, Pm)- (5.8)

PaznioxkeHue mo OpTOroHAJbHOMY 0a3UCy HA3BIBAIOT 000OIIEHHBIM

pagoMm Dypwe, a k03bIUIMEHTDI ¢, SABISIOTCS 000DIIEHHBIMA KO-
addburmentamu Pypre.

Jlenenue ¢ miaBaromeil TOYKOR BBIMOJHSETCS MPAKTUYIECKH 0e3

ommbok okpyrienusi. [Ipun oproronansHoOM 6a3rce MOXKHO OPaTh JIO-

6y10 cTeneHb 06001IIeHHOr0 MHOTOYIeHA M, He Tepsisi TOYHOCTH. DTO
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MO3BOJIFET MOJIb30BaThCA 00JIbIINMHU M ¥ T0OMBATBHCA O4YEHb MAJIOHi
morpemntHocTy. [logo6HbBIE pPa3/10KeHus O4EHDb BHITOIHBI IIPH COCTAB-
JIEHUY TIPELU3NUOHHBIX AIIIPOKCUMAIINN IS CHEIUAJIbHBIX HJIH JPY-
FUX TPYJIHO BBIYMCIUMBIX DYHKIIMIA.

U3 dopmyisr (5.8) BUIHO, YTO KOIDDHULMEHTHI C;y, 3ABUCAT TOJb-
KO OT CBOEro MHAEKCa m 4 He 3aBucaT oT M. [losTroMy npu yBenude-
Huu M B 0000IIEHHBIN MHOIOYJIEH JIMIIBL NOOABJISIOTCA HOBBIE CJIa-
raeMble. PaHee HaiinenHble Maamue KO3 OHUIUEHTHI IPU 9TOM He
MEHSIIOTCS.

IIozpewrocms. Ecin dyskuus u(x) ymoBieTBopsieT ompeze-
JIeHHBIM TPeOOBaHUSAM (3TO MOTYT GBITH TPEOOBAHMS HEIPEPHIBHO-
CTH ¥ OrPDAHMYEHHOCTH BMECTE C HEKOTOPBIM YUCJIOM CBOMX IIPOU3-
BOJHBIX), TO ee 0600ueHHbIH psig Pyppe cxomuTcs K Hell B HOpMe
Lo. Ilpu BHINOJIHEHNU YKA3aHHBIX TPeOOBaHWi 3anuiieM u(r) B BU-
[le CyMMBI GECKOHEYHOTO psifia U BBHIYTEM OOOOIIEHHBI MHOTOYJIEH.
Y4uTeIBas HE3aBUCUMOCTbD Cp, OT M, IOy YuM

(o9}

Su(@) —u@) = Y. cmfm(@): (5.9)

m=M+1

Bo3Bozs ckajsipHO B KBaJAPAT NIPABYIO U JIEBYIO YaCTH 3TOIO PaBEH-
CTBa M YYUTHIBas OPTOrOHAJIBHOCTH Oa3Kca, MOJIyYUM TaK Ha3bIBaE-
Moe paBeHcTBO [lapceBaJis

oo

18x(@) —w@li, = D lenl*(om: om)- (5.10)

m=M-=+1

OHO sIBJIsIeTCs OLIEHKOM MOrPEMIHOCTH anlpoKCuManuu. BuaHo, 4To
4yeM ObICTpee yObIBalOT KO3(DHUIMEHTHI Cpp, TEM BBHIIIE TOYHOCTbD.
JaJjiee mokaxxkeM, 4TO CKOPOCTb YOBIBaHHS KO3(D@DHUIMEHTOB C,, 3a-
BHUCHUT OT IVIaJAKOCTH MyHKIMH U ().

CyecTByIOT pa3jMYHblE CHUCTEMBI OPTOTOHAJBHBIX (DYHKIIMIA.
s dyHKIui omHOR mepeMeHHOR HanboJiee M3BECTHBI KJacCH4e-
CKH€e OPTOrOHAaJIbHbIe MHOro4IeHb! Jlexxanapa, YebbIleBa mepBoro
¥ BTOPOro poza, Jlarrepa u 9pMmura, a Tak»Ke TPUTOHOMETPUYIECKHE
MHOTOYJIeHBI. IMeroTCs OpTOroHajIbHbIE QYHKIMH OT ABYX U TPEX
[epeMEHHbBIX, YaCTO NPUMEHSIEMbIE B TEOPETHYECKOH pusuke. ITU
CHUCTEMBI OOBIYHO HCIIOJIL3YIOTCS, KOTa HYXKHO IIPOBECTH TOYHBIE
(aHAJIMTHYECKHE) BHIYMCIICHHS.

OpaHako [Ji YUCJEHHBIX PACYETOB OOJIBIIUHCTBO 3TUX CHCTEM
HeynobHo. TpebyeTcss HAXOOUTH MHOTOYJIEHBI BBICOKHUX CTEIEHeH
M ~ 20 + 100. fIBHBIe BBIpaXKeHUS OJI HUX 3349aCTYIO 3aIIUCHIBA-
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I0TCsI 04YeHB CJI0XKHO. CyIIeCcTBYIOT peKy pPEHTHEIE BEIDAXKEHUS] MHO-
rO4JIEHOB BBHICHIEH CTENEHN Yepe3 HU3IINE, HO BLIYUC/IEHUS 110 COOT-
BETCTBYIOIUAM (POpMYJiaM MPUBOLSAT K OYeHb OOJIBIIION ToTepe TOY-
HOCTH U3-3a omubok okpyrienus. ¥Yxxe npu M ~ 10 ona 3aMeTHa,
a npu M ~ 20 craHosurcs katacTpogudeckoit. Kpome toro, camo
BBIYHCJIEHHE MHOT'OYJIEHA BBICOKOI CTENEHH JarKe DU TOYHO U3BECT-
HBIX €ro K03 (PHUIIMEeHTaX TOXKE MOXKET IIPUBOAUTD K GOJIBINOI MoTe-
pe TounocTH. I103TOMY Ha paKTUKE YAOOHBI TOJILKO T€ CUCTEMBI, B
KOTOPbIX 6a3ucHBIE (PYHKIMY BBICOKUX HHIEKCOB MOXKHO BBIYMCIIUTH
Ha KOMIbIOTepe 63 CKOJILKO-HUOYIb 3aMETHOM MOTEPH TOYHOCTH.

Takux cuctem oyeHb MaJjio. B mepByio odepeab 3TO TPHUIOHO-
MeTpudeckue MHOro4ieHsl. CTaHaapTHbIE IPOrPAMMBbI BbIYUCJIEHU ST
sin mx ¥ cos MZ He JAIOT 3aMETHBIX OMMUOOK OKPYIJIEHUS JarKe IIPU
04eHb 6OIBIIUX .

Cpenu anre6pandecKux OPTOTOHAJBHBIX MHOTOYJIEHOB YIOOHBI
MHOTO4JIeHbI eObIlleBa NMepBOro poja, KOTOPhIE MPOCTO BhIPaXka-
I0TCs Yepe3 TpuroHoMerpudeckue pyukiuu. Muorousens: Heboime-
Ba BTOPOT'O POJia TaKKe BBIPAXKAIOTCH Y€PE3 TPUTOHOMETPUUYECKHUE
GbyHKIMY, HO OHU MeHee YIO0OHHI.

5.1.5. Meroa HaumeHblNMX KBaapaToB

IIpu 06paboTKe SKCHEPUMEHTAJIBHBIX JAHHBIX BO3HUKAET CJIEIY-
Iolljas TUNOBast 3afa4a. B Toukax {z,,0 < n < N} uaMepens! 3Ha-
YEeHUsI Uy, UCKOMOI DyHKUNM u(Z) ¢ aGCOTIOTHBIMU IO PENTHOCTSIMH
3. TpebyeTcst annmpoKCUMIPOBATD U (L) 0600IIEHHBIM MHOTOYJIEHOM
® s (z) Hammyumum obpasom. IlonpasymeBaercs, 9TO YUCIIO IKCIIE-
PHMEHTAJIbHBIX TOYEK JOCTATOYHO BEJIUKO, TAK YTO MOXKHO HAIESATh-
Cs1 Ha XOPOIIYIO AIIPOKCUMAIHIO0 0600IIEHHBIM MHOTO4JIEHOM HEBBI-
cokoro nopsiaka M < N.

OKCNEepUMEHTAIbHYIO OLIEHKY MOrPEIIHOCTH O, MOJIyYaloT, IIpPO-
BOJZISI HECKOJIBKO M3MEDEHMIA B KarXK 10 TOYKE T, U BHINOJIHSS yCPe-
Henre (cM. 1.2). IlosTomy Benuuuna 3, sBIsIeTCS HE MaXKOPAHT-
HOM OLIEHKOI OTrPEIIHOCTH, 8 CTATUCTUIECKON. DKCIIEPUMEHTATOPBI
IPHUHIMAIOT 3a 8, 0nHO (pexe [Ba) CTaHIAPTHBIX YKJIOHEHHUS; JaJlee
OyZeM CYUTaTh, YTO MPHUHST OIUH CTaHAAPT. [loaTOoMy 1esrecoobpas-
HO PacCMaTPHUBATh He aOCOJIIOTHOE YKJIOHEHHE UHTEPIOJISAIOHHOIO
MHOIO4JIEHa OT U3MEDPEHHOrO 3HAYEHUS], & TAK HA3BIBAEMOE HOPMH-

POBaHHOE:
Ap = [Pum(zn) — ug)/dn. (5.11)

Ecan |Ap| < 1, TO OTHOCHTENILHOE YKJIOHEHNE HE MPEBBIMIAET CTaH-
JapTHOTO, U aNIPOKCUMAIHIO B JAaHHON TOYKE MOXKHO CHUTATD XOPO-
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meil. Besimuuna 3, sABIs€TCS HE MaXXOPAHTHOM OIEHKOM MOTPENIHO-
CTH Uy, & CTATUCTHIECKON (HATIOMHUM, YTO MbI IPUHSIIA ONUH CTaH-
napt). IlosToMy 1o npaBusIaM CTATUCTUKY ANIPOKCHMAIIIO MOXKHO
CYMTATh JOCTOBEPHOIL, eciiut |A,| npeBbimaeT 1 ¢ BEPOITHOCTHIO He
6osee 38 %, 2 — ¢ BepoaTHOCTBIO 5 % u 3 — ¢ BeposATHOCTBIO He 6O-
see 0,5 %. IlosToMy B KauecTBe yCJIOBUsI HAMJIydIleld anmpoKCHMa-
LIMH 11eJ1eCO00Pa3HO BEIOPATD CJIEYIONIUM KpUTEPUA:

N

2 1 2 1 Y 3 (1711) — Un 2 .
A J_V——-——MZAnzN—MZ 5 =min, (512)
n=0 n=0 n

31ech A ecTh CpeHee HOPMUPOBAHHOE YKJIOHEHUE B PACYETE HA OJTHY
Touky. B 3HaMeHaTe e U3 moaHOrO yKcaa Todek N + 1 BerunTaercs
YHCJI0 CBOOOMHBIX mapaMeTpoB M + 1, TaK Kak 3HAYEHHUs ITUX T1a-
pPaMeTpOB He ABJAIOTCA abCOMIOTHO TOYHBIMM, & CAMH TIOJIYYaIOTCSI
pu 06paboTKE TOTO K€ FIKCIEPUMEHTATHLHOIO MaTEPHAJIA.

3ama4da ABJISETCA IIOMCKOM HAWMJIY4IEero MpUOJIUKEHUsI, HO HE B
ruyib6epToBoit HopMe Lo, a B €ro ceroyHoM aHajore ly. DTa HOp-
Ma, OTIpeeJISAeTCa Yepe3 CeTOYHOE CKAJIIPHOE NMPOW3BEIEHME, KOTO-
poe 0603HAYMM YTJIOBBIMU CKOOKAMM:

N
UnUn
<U7u> ZZ 52 “u”lz = (u,u). (5.13)
n

n=0

3mech He BBOOUTCS 3HAMEHATENb aHaJoruyto ¢gopmye (5.12), tak
KaK 3TO TOCTOSIHHBIA OOIIMI HesIuTesb, He BJIMAIONIMIA Ha IIOCJIe-
nayiomue Boikiaaaku. @opmysa (5.13) HanucaHa 1Jis BEECTBEHHBIX
dyHKIMi; 1151 060011IeHUsT HA KOMILIEKCHBIE DYHKIIUU B CyMMe Ha O
3aMEHHTb U, Ha Vj,.

Pemenue 33124 MUHUMU3AIUHI C UCIOIH30BAHUEM CKAJISIPHOTO
npoun3Benenus (5.13) mpoBOOUTCS AHAJIOTMYHO M3JIOXKEHHOMY B IO~
pa3z. 5.1.2 u maer nuHeiHYIO CUCTEMY

M

> (Gms Gk)ck = (@mou), 0<m < M.
k=0

Jlerko BHAETH, UTO MATPHIA 3aBUCUT TOJIBKO OT BEJIUYUH T, U O,
HO HE OT Uy,. Jjis Tpon3BOJIbHBIX HAOOPOB T, U d, Oa3ucHble DyHK-
MM OKa3bIBAIOTCS HEOPTOrOHAJBHBIMY, a MaTpuiia I'pamMa — miI0THO
3ar0JIHEHHOM U YAIlle BCETrO IJIOXO 00ycyoByeHHoM. [loaToMy BhIOHU-
pPaTh MOPsIOK 0O6OOIIEHHOrO0 MHOTOYJIEHa, HAI0 OCTOPOXKHO.
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Ha npakTuke peKOMeHIyeTCs CJIedyolas npoueaypa. Beioupa-
IOT HEKOTODBIH 6a3uc {¢m(z)}, crapasch y4ecTb 0COGEHHOCTH MO-
BelieHUst OYHKIMK u(T), €CJIM OHM U3BECTHBL. B mpoTuBHOM ciiy4dae
IpoOyOT HAWTH BbIPaBHUBAIOLIUE [I€EPEMEHHbIE U paboTaTh B HHUX.
3areM BBIOMpAIOT IjIs Havaja odeHb majoe M = 0 wim 1. Haxo-
OST COOTBETCTBYIOIINE KOI(DDUIIUEHTHI C;p , Oy UAIOT 0000IIEHHBIM
mHoroueH @ s (z), nogcraBisior ero B (5.12) 1 BHIYUCISIOT CPeHee
HOPMUPOBaHHOE YKJIOHEHHE A.

Ecnu okazanocs A < 1, To M0 npaBUJIaM CTATUCTHUKHY TOJIYYEH-
Hasi alIPOKCHMAIUs JTOCTOBEPHO OIMCHIBAET IKCIIEPUMEHTAIbHBIN
MaTepuas (TOYHee, OHA JOCTOBEPHA C BEPOATHOCTHIO 62 %), u BbI-
YUCJIEHUS MOXKHO ITPEKPATHUTh.

Iycts A > 1. Torma anmpoKCUMAITUIO HEJIb351 CYMTATh JIOCTOBED-
Hoit. Cireryetr M yBenu4uTh Ha 1 ¥ IOBTOPUTH OMMCAHHYIO [IPOLIELY-
py. IIpu kaxxgom yBesimuenun M HOpMupoBaHHOE yKJjoHeHue A(M)
YMEHBIIIAeTCsl, ¥ B KOHIIe KOHIIOB BbIMOJHUTCS yciaoBue A < 1. ITo-
JIy4eHHbI} IPU 3TOM 060611eHHbIH MEOrOWIeH P s () obecrieunBaer
JIOCTOBEPHYIO ANMPOKCUMAIIUIO SKCIIEPUMEHTAJIHHOIO MATEPUAJIA.

Hanee ysenuuuare M He ciaenyer. C yBenuyenueM M MHOro-
uned ®ps(x) Gyzmer Bce Giinrke K MI3MEPEHHBIM 3HAYEHUIM (DYHKIINH,
anpu M = N gaxke TOYHO NpoUaeT depe3 Bce TaOy/IMPOBAHHbBIE
3nayeHus (cM. puc. 5.1). OnHako ucTUHHBIE 3HAa4YeHUus Uu(T,) HaM
HEU3BECTHBI, 8 MPUOJIUKATH Uy, C TOUHOCTHIO OOJIBIIE, YEM TOYHOCTH
“3MepeHuit, 6eCCMbICIEHHO.

Ecnu nns naiinennoro 3uadenusi M Bouinosiasierca M < N, npu-
4yeM OIIMOKM OKDYIJIEHHs ellle HE CKA3bIBAIOTCS, TO IMOCTPOEHHBIN
® () caemyer cyuTaTh XOPOWIMM NPUOJIVXKEHUEM, a JAHHOE 3Ha-
yenne M — ontumansHBIM. Ecnu ke npornecc 3akonyuics npu M,
cpaBauMoM ¢ N (M ~ N/2), 1o pe3ysbTaT ClieyeT CYUTATh Heyaad-
HbIM. B aToM cirydae cucrema dynkuuit @, (z) mioxo npucrocobJie-
Ha JJIs alnnpokcuManmu ucxoqHoit ¢dyukuuu u(z). Hamo BeiOpath
Apyroit 6a3uc.

Kpome Toro, umeercs ere oiHa TPYJIHOCTE: naxe mpu M < N
M3-33 HEOPTOTOHAJIbHOCTH 0a3uca OUIMOKH OKDPYIVIEHHS MOTYT CY-
[IECTBEHHO UCKA3UTh KO3 (UIMEHTHI ¢p,. Ha Besmumue A ommbku
OKDYTJIEHNUSI CKa3bIBAIOTCSI 3aMETHO MO3/HEee, I03TOMY TaKasi CHTY-
aInys 0COOEHHO TPYAHA Jisi JUATHOCTUKU. JIJisi pereHust JuHeHHOM
CHUCTEMBI PEKOMEHIYETCs] IPUMEHSITh T€ CTAHJAPTHBIE IPOTPAMMBI,
B KOTOPBIX IIOILYTHO YKa3bIBAETCSI O0YCJIOBJIEHHOCTh MATPHIIBI.

OmnucaHHYyIO IPOIEAYPY HA3bIBAIOT METOAOM HAUMEHBIINX KBAJI-
patoB. IMeHHO ee HanboIee YACTO UCIIOJIB3YIOT IPH 06PAOOTKE IKC-
MEPUMEHTAJIBHBIX JTAHHBIX.
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5.2. TPUTOHOMETPUYECKUA PAA ®YPbLE

5.2.1. Obwue cdopmynbi

Ecnmu dbynkuus u(z) nepuogudeckas u JOCTATOYHO [VIQKasl, TO
OJHMM W3 JIy4IIHX CIIOCOGOB €€ allPOKCUMAIIAHY SIBJISETCS PA3JIoXKe-
HH€ B TpUuroHoMerpudeckuii psag @ypbe Toro xe nepuoga. Popmasib-
HO 3TOT CIOCOG MOXKHO IIPUMEHSATD U K HEIIEPHOANYIECKOH (DyHKITHH
u(z), 3amaHHON Ha OTpE3KE [a, b]. Ljist 3TOro Hy>KHO MPUHSATH OTpPe-
30K [a,b] ¥ meproguYecKy NPOAOIXKUTE (DYHKIHIO 38 [IPEJeJIbl ITO-
ro orpeska. IIpaBaa, TaKoe IepUOAMYECKOE IPOIOIKEeHNEe (DYHKIUY
u(x) 6yner B 00IIEM CIIy4ae Pa3pPbIBHO.

Bribepem cepeauHy oTpeska [a,b] 3a Hayas0 KOODAMHAT M IIPO-
BeZleM MaciuTabupoBaHue. Torna MOXKHO CUATATDh, YTO (PYHKIIUS 3a-
JlaHa Ha OTpe3Ke [—T, nt|]. Tpuronomerpuyeckuii psiy Pypre Ha ITOM
OTPE3KEe COCTOUT U3 CJIeLYIONUX (DYHKIHUIA:

Pom(z) = cos'mx, m=0,1,2 ... (5.14)
1 Qom—1(z) =sinmz, m=1,2,3...;

o4eBuaHO @o(z) = 1. Jlerko nMpoBepHUTh, YTO 3TU (PYHKIMU OPTOrO-
HaJIbHBI Ha IIEPHOZE ¢ BecoM p(z) = 1:

T 0 npum #k;
(s 9 = f@m(x)@k(x)dr —{r wum=k>1 (5.15)
“r 2n mpum=k=0.

Koadpdpunmentor @ypoe onpeaensrorces obimeir hopMyIioi:

T
Cm = J u(z dzx. (5.16)
(Pmy <Pm K

3ameruM, 4TO Ga3uMCHbIe (PYHKIHUM SINMI U COSMI OTIUIAIOTCH
JAPYT OT Apyra TOJIBKO (a30i, HO He NJInHOM BoiHBL [loaToMy oHH,
B CYIIHOCTH, PABHONpPABHbI. V] MOIK/II0YATh UX B AIIPOKCHMAIHUIO
HY>KHO Cpa3y mapoi, a He nooguHouke. Torna oboOIEHHBIN MHOTO-
YIEH 11eJ1ecO00Pa3HO 3aIIUCATH B CJIEAYIONIEM BUIE:

M
Sry(z) = Z (com—1 sinmz + com cOs mx), (5.17)

m=0

HECKOJIbKO oTimyHOM ot (5.3). Pasymeercs koapduunenr c_1 = 0.
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Bripaxxenue norpemsoct# (5.10) mpuHUMaeT BIA

o0
1oa —ullf, =7 Y (Bno1+m)- (5.18)
m=M+1

5.2.2. CxognmMocCTb

ITycte u(x) BMecTe cO CBOMM NEPHOAMYECKMM IPOJOJIXKEHH-
€M UMeeT p MPOU3BOAHBLIX, IPUYEM p-s1 POM3BOJHAs KYyCOYHO-HE-
OpephbiBHA ¥ OrPAHWYEHHA, a MJIaJlIMe HeNpepbIBHBL. Ilomyunm
JJIsT 3TOrO CJIy4asi OIEHKH CKOPOCTH yObIBaHUsSI KO3 ODHUIMEHTOB.
Orpannuumcst Ko3pUIMEHTAMH Coyy—1; OLEHKH JJIsT KO3 DUIUEH-
TOB Cgy, MOJIHOCTHIO AHAJIOTMYHBI. MHOTOKPATHO IIPOMHTErPUPYEM
[0 YACTAM HHTErPajl B BbIpaXXeHWH st Koddduuuentos (5.16).
IIpu sTOM y4TeM, YTO B CHJIy NEPUOAMYHOCTH U HENPEPHIBHOCTH
u@ (=) = u@(n), 0 < ¢ < p — 1. IosTomy uieHsI, OCTAIOMMECS
BHE MHTErPAJIOB, TOYHO COKpamatoTcs. [lomyynm

g hg
TCom—_1 = fu(m) sin mzdr = % J- u'(z) cos mzdr =
—T —n
1 n
=-— fu”(m) sinmzdr =...= (5.19)

-x
T
1 COS M
— 4 (p)
= :l:mp f u'P(x) {sinmx} dz
-7

3nech BLIOOp QYHKIMHU M 3HAKA B MMOCJIEAHEM BHIPAXKEHUU 3aBUCHUT
OT YETHOCTH P.

Coorsomenne (5.19) moO3BOJISIET CHENATH OUEHKY: |Com—1| <
< 0,5M,/mP, roe M, = max |uP)(z)|. Bonee meTanbHOe paccMoTpe-
HUe C y4eToM KycodHo#t HempepsiBHocTH uP)(z) mo3Bonser cuenats
6oJiee cuIbHYIO OLleHKY. PazobbeM nocsieuuit uaTerpad B (5.19) na
€yMMy HHTErpaJioB 1o oTpeskaMm HenpepbBHocTH ©P) (). Pacemor-
PHM OI¥H Takoi orpe3ok [a,B]. ITo Teopeme Beiiepmrpacca nenpe-
PHIBHYIO Ha 3TOM oTpe3ke uP)(z) MOXKHO €O CKOJIb yrOIHO BEICOKOM
TOYHOCTBIO 3aMEHUTb MHOTOYJIEHOM JIOCTATOYHO BBICOKOW CTEMEeHU
P(z). Torna uHTErpas MO OTPE3KY OLEHUBAETCS UHTETPHPOBAHUEM
[0 YaCTSIM:
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g g
Ju(p) ) cosmzdx = JP cos mzdzr =

o

B 1 t
- = JP’(m)sin mzdz = >
o m m

o

1
= —P(z)sinmz
m

CyMMupysi TaKHe OLIEHKH 110 OTpe3KaM u nozcrasiss B (5.19), mo-
Jly4aeM OKOHYATEJIbHYIO OLIEHKY:

Cam—1 = const/mPtL, (5.20)

Taxum obpazom, koabdunuerTH Pyphe YOBIBAIOT C POCTOM M TEM
6bicTpee, yeM rnaxe byHkiws u(z). Ecou dbyskuus u(z) aums
KYCOYHO-HEIIpePBIBHA, T.€. p = 0, TO com—1 = O(1/m). Ecan u(x)
HENPEPBIBHA, & ee MepBasi NPOU3BOJHAS KYCOYHO-HENPEPHIBHA, TO
cam-1 = O(1/m?) u . 1.

OTcrona HETPYHO CIeNaTh OLEHKY CKopocTu cxopumoctu. [Toa-
craBuB Ko3dduments! (5.20) B paBencTso [lapcesans (5.18), mouy-
YUM

lu — ®ar]|2, < const Z m~(+2), (5.21)
m=M+1

CyMMy HETPY/HO OLIEHHTH, 3aMEHUB €€ 110 HPOPMyJIe CPEIHUX UHTE-
rpasioM (cM. moapasz. 3.1.5)

+o0 d 1

(2p+1
f - M +1/2)° (2p+1), (5.22)
M+1/2

IIpenebperas pasuuueit Mexxxy M u M + 1/2 u u3Bnekasi KOpEHb
KBaIPATHBIH, TIOJIyYUM OKOHYATEJbHYIO OLIEHKY

const

W. (5-23)

llu — ®umllz, <
ITopsimok ToyHOCTH OKa3aJics nosyneabiM. OH TeM Bblle, YeM Iia-
ke byskuus u(z). Jisi pa3pbeiBHOI DYHKIUH NOPSIOK TOYHOCTH B
HopMe Lo paBeH 1/2; nisi HenpephIBHO#M DYHKIMA ¢ KOHEYHBIM Da3-
PBIBOM [IE€PBO# IPOU3BOAHOM COCTaBIsIET 3/2 U T. 1.
MoxkHO mosiyuuTh OLEeHKY U B HOpMe C u3 0OLIEr0 paBeHCTBA
(5.9). ITockosbKy mJist TPUrOHOMETPUYIECKUX DYHKIWHA [P (z)| < 1,
To u3 (5.9) u onenku (5.20) ciaexyer
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(o9}

lu — @arllc = max ju(z) — em(@)| < Y (leam—1] + leam]) <

m=M+1
> 1
< const Z Pt
m=M+1

Ilocnenusisi cymma nipu p = 0 pacxomurcst. [Ipu p > 1 ona anajoruy-
HO OLIEHUBAETCS HHTErPAJIOM. DTO JaeT

const

lu—®umlic <
Cxomumocts B HopMe C ggist p = 0 orcyTcTByer. st HenpepbIBHOR
bysrkuuu ¢ pa3prIBHO# NepBoi Npou3BoLHOI (p = 1) uMeercs: cxo-
auMocThb B HopMe C' ¢ IEPBBIM MOPSIIKOM TOYHOCTH M T. [I.
Bweodv. Ecin dysknus u(xr) nepuojguyeckasi U HENPEPHIB-
Hasl, TO JIy4YIlIMM CIIOCOOOM ee anmpOKCUMAIMH SIBJISIeTCS Pa3JioXxKe-
Hue B TpuroHoMmerpudeckuii psg Pypre. Henepuonuyueckyio dpyHk-
o u(z) POpMaNbHO MOXKHO Pa3JIOKUTH B TPUTOHOMETPUYECKHH
psan @ypbe, HO 3TO 0YEHb HEBHINOAHO. llepuoaMyYecKoe MPOHOIKe-
HUe Takoil (PyHKIMH, BOOOIE roBopsi, pa3pbiBHO. CXOQMMOCTh TPH-
FOHOMETPHUYECKOTO Psifia OyIeT OYeHb MEJJIEHHOM, a BOIM3M TOYeK
paspbiBa — HepaBHOMepHOi. Hampumep, paccmorpum u(z) = z,
—n < z < 1. Koadpdurmentsr @ypoe (5.16) B 9TOM cirydae BbIImC-
JIAIOTCS TOYHO:

com =0, com-1= 2(_1)m+1/m. (5'25)
u(z) 4
2l
0 1 1 1
0 1 2 3z

Puc. 5.2. 9ddexr I'n66ca (nokazana nososuHa orpeska 1 P4o(z))
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Bugso, uro k03 dunueHTs yOBIBAIOT MEAJIEHHO B COOTBETCTBUM
¢ Teoperudeckoii ouenkoii (5.20). Ha puc. 5.2 noka3ansl pyHKuus
u(x) u ee Tpuronomerpudeckuii Muorowies P40 (z). B uenrpanbuoit
YaCTH OTPe3Ka MHOTOYIEH XOPOIIO ANMPOKCUMUPYET DYHKIIMIO, HO
BOJIM3M TOYEK Pa3pbIBa BUAHBI OoJibiuue ocupasiuuu. [lpu ysennye-
HUHU M 30Ha 3TUX OCUUJLIALMIA yMEHBIAETCS, HO aMILJIUTY13 MAKCH-
MaJIbHOM ocumJuIsAuy He yopiBaeT. OHa crpemutces K ~ 9 % oT am-
IUTUTYAB! pa3pbiBa GYHKIUN IEPUOAUYECKOTO MPOJOIKEHUS u(T).
9T0 ABNeHNe HA3LIBAIOT 3 dexToMm I'nboea.

5.2.3. Bbiuncnexune ko3acgcuumventos

st annmpokcuMaluu KOHKpeTHo# dyHkuuu psigom Pypbe HyxK-
HO BBIYUCJIUTH KOI(DDUIHMEHTHI Cp,. OHU BBIPAXKAIOTCS Yepe3 MHTe-
rpaJsl (5.16) or npousBeneHusi u(x) u ¢, (). Kak npasuio, Bbrauc-
JIATb 9TU WHTETPAJIbl B IBHOM BUE He ynaercs. IIpuxomuTcst mosib-
30BaThCs KAKMMU-JIMO0 KBaapaTypHbiMu opmynamu. Ho Bbrauciie-
HYe HHTErpaJjia Mo KBaIpaTypHOi ¢ opMyie, T. €. 3aMeHa MHTerpaJia
JIUCKPETHOM CyMMO#, 03HAYaeT BBEIEHUE HOBOTO CKAJISIPHOTO MIPO-
u3BeneHusi. Torga ¥ caMo HaWIydiee NPUOIIMKEHNE HYKHO UCKATh
C JaHHBIM OIPEIEIEHNEM CKAJISIPHOrOo npou3BeaeHusi. CienoBaTesib-
HO, HEOOXOIMMO 371eMeHTh! MaTpullsl I'pama (@, Qk) BBHIUUCIATH B
CMBICJI€ HOBOT'O CKAJISIPHOT'O NIPOU3BENEHUS (Qm, Pk ). Hecobionenne
3TOro TpebGOBaHMs IPUBEIET K TOMY, YTO HalJIeHHOE NPUOINKEHNE
OKAXKeTCsl He HAWJIYYIIHMM, a BCE OLIEHKH €ro CXOAWMOCTH CTAHYT
HECTPOTHUMH.

Pasromeproie cemxu. Haubosee mpocThl BLIYUCIEHUSI, €CJIN
u(z) yxe TabynupoBaHa (b0 ee MOXKHO TabyIMpPOBATh) Ha PABHO-
MEpPHOI ceTKe T, = —n + nh, h = 2n/N. Bynem annpoxcumuposaTh
J1I00BIe HHTErPaJibl (POPMYJIOH Tpamerii:

T

Jv(:c)da:=h % +Z n+— . (5.26)

—n

B nmogpasza. 3.1.5 6pu10 MOKa3aHO, 4TO €Cau v(T) — mepuogude-
ckasi (QYHKIUS, UMEIOIIAasi P HENPEPLIBHBIX IMPOU3BOJAHBIX, TO IIO-
rpenrHocTs dopmysisl Tpanenuit ects O(hPH1).

Iepuomnueckue 6a3ucHble byHKUMH (5.14) UMEIOT CKOJIb YTOAHO
MHOTI'O HEIIPEPBIBHBIX MPOU3BOAHBIX. [109TOMY 1151 HUX ¥ UX IIPOU3-
Benenuii popmysna Tpamenumit (5.26) okaswiBaeTcs TouHoi. Tem ca-
MBIM, IIPH CETOYHOM OTNPEAEJIEHNH CKAJISAPHOrO IIPOU3BEICHNUST MAT-
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PUYHBIE SJIEMEHTHL (P, Pk) COXPAHSIOT CTApble 3HAYEHUS (P, Pk)
(5.15).

Ocraercst BBIYMCIUTH UHTErPaJibl 0T v(Z) = u(x)@m(z) mo dop-
Myute Tpamnenui (5.26). 9o maer

g N-1
Com—1 = N E Uy, SIN MTy,,
n=1

N-1

2 [ u UN
Com = N —22 cos mxg + nE_l Up COS MTy + > cosmzy |, (5.27)
1 [ ug sy uN
o=ylz 2wty

3aMeTHM, YTO MbI XOTHUM onpeneantsb 2M + 1 koapduuueHt ¢, o
N + 1 Taby/iupOBaHHOMY 3HAYEHMIO Up; €CJHU Xe u(zr) mepuomude-
CKasi ¥ HEIpPEpbIBHAs, TO Uy = UN, TAK YTO (PAKTHYECKOE HHCJIO
TabynupoBaHHBLIX 3HadeHwuit ectb N. IlosaTomy ciemyer TpeboBaTh
2M + 1 < N. Insa nonydeHus pa3yMHBIX Pe3YJIbTATOB XKe€JIAaTeJb-
HoO 6outee cusibHOE TpeboBanne N/M < 4 + 6.

KBanparypHasi popmyJia Tparenuii Ajisi HelIepUOAUIECKUX DYy HK-
Ui OTHOCHTCS K JOCTaTO4YHO rpyopiM. OgHAKO s mepHomude-
CKMX p-Tagkux GyHKIuil ee mopsamok TounoctH ecTb O(hPTL) =
= O(N7P7!). IlorpenHocTs TPUTOHOMETPHYIECKOrO MHOTOYJIEHA
® /() B HOpMe C cocraBasier O(M ~P). Ilockossky M < N/2, no-
MIOJTHUTEJIbHAS IO PEITHOCTD, BHOCHMAsi KBaIpaTypHbIME (hopMyia-
MU [IPY BHIYUCIIEHIH KOIDDUIHEHTOB Cyy,, OKA3BIBAETCSI MEHDIIIE T10-
rpemHocTH camoro Muoro4wieHa ®ps(z), T.e. He yxymauiaer obuiero
[TOPsiIKa TOYHOCTH.

Dopmyav, Becceas. Ecnu TabynupoBaHHble 3HaUYeHUs PYHK-
1y u(Z) U3BECTHBI C BHICOKOM TOYHOCTBIO, TO JOILYCTHMO HCIIOJIB30-
BATh HE CPEIHEKBAIPATUYHYIO ANMPOKCUMAIHIO, & UHTEPIIOJISIHUIO.
Ha paBHOMEPHBIX CETKaX COOTBETCTBYIOIUE (POPMYJIBI HHTEPIIOJISI-
mun nosyvarorcest u3 (5.17) u (5.27), ecim N 4eTHO, u BbIOpaHO
M = N/2. Takue dbopmynsl HasbBaoT dopmyrnamu Beccens. Mx
4YaCTO HUCIOJB3YIOT B PAAUOTEXHUYECKUX 33/1a4aX JIJIS AlMPOKCUMA-
LMY TIEPUOJUYECKUX CUTHAJIOB, H3MEPEHHBIX Y€pe3 PABHbIE IIPOMe-
KYTKH BPEMEHHU.

®opmyssl Beccenst pa3yMHO IPHMEHSITH TOJBKO K (DYHKIHH, 3a-
IaHHOI Ha cBoeM mepuone. Eciu ke ug # un, TO IPUMEHEHUE STHX
dopMmyn naer HepasdyMHbie pe3ynbTaThl. I'paduk @ pr(x) umeer 3Ha-
YUTENIbHbIE BCILIECKH BOJU3U IPAHULL HHTEPBAJIA.
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Hepasromeprwvie cemxu. Hepenko 6piBaeT, 4T0 QyHKIMS yaKE
Taby/nupoBaHa Ha ceTKe {Ip,0 < n < N}, KoTopasi siBjIsieTCs] HepaB-
HOMepHO#. B 3TOM ciy4ae Ojis anmpOKCUMAIMN HHTEIPAJIOB B CKa-
JISIDHBIX [IPOU3BEJIEHUAX NMPUXOAUTCH MOJb30BATHCA KBaJAPaTypPHOM
dopmyItoit Tpameruit Ha HEPaBHOMEPHOM CETKE:

T

N
f v(z)dx = %; (un + Un—1)hn. (5.28)

—T

HamoMHuM, 9TO morpenrHocTs 31o# dhopmyast ects O(Mah2 .. ). Bo-
Jiee TOYHOI HOPMYIIBI Ha TPOU3BOJIbHON HEDABHOMEPHOM CETKE HET.
B sToM ciy4ae Bce ckajisipHblE TPOU3BEJEHUsS] HEOOXOAUMO BBIYUC-
JIATH B CMBICJIE yKa3aHHOM dopmyusl (5.28). B gacTHOCTH, 1151 BBI-
YUCJIEHUST MATPUYHBIX 3JIEMEHTOB HaJI0 MOJIaraTh V() = @ (Z) @k ().
Teneps Bce MaTpuUYHBIE 3JIEMEHTHI OyyT, BOODIE TOBOPS, OTINY-
HbI OT Hyns. TeMm caMbiM Oa3ucHble (DYHKIMHM OKAXKYTCS HEOPTOIo-
HaJIbHBIMU B CMBICJIE CETOYHOI'O CKAJISIPHOTO [IPOU3BENEHUs], MATDH-
na I'pama OyIeT MIOTHO 3allOTHEHHOHN, a JJIs BBIYUCJIEHUS KO03d-
PULHEHTOB ¢y, IPUAETCS UCIOJIB30BATH OOILYIO JUHEHHYIO CUCTEMY
(5.6). OmHaKo MOJIOXKEHME 37eCh HE CTOJIb MJIOXO0, KAK [Jisi HEOPTO-
FOHAJIbHBIX cucTeM byHKImiA. Bynem cuurtars, uro cetka {z,} pa-
3yMHa, T. €. BCE IIaru CeTKU JOCTATOYHO Mayibl: max h, < 1. Torma
3JIEMEHTBI CETOYHON MATPHIIBI (P, Pk ) OTIMIAIOTCS OT TOYHBIX 3HA-
venuit Ha Bemmauael O(h2 ) < 1. BHauuT, AUATOHATLHEIE MATPHY-
Hble 3JIeMeHThI OyayT OJM3KM K T, 8 HeIuaroHaJbHble — OJIU3KM K
HYJIIO.

Takast MaTpuIa fae npu OOJBIINX MOPSIIKAX OKA3bIBAETCH XO-
poiuo obycioBnenHoi. Cucrema GyHKIUI NOTYIaETCS IOYTH OPTO-
roHaJsbHO. Tpuronomerpudeckuit MHOrousies P s (z) Beruucisiercs
6e3 3aTpyIHEHMi, a BIUSHUE OUINOOK OKDPYIVIEHUS NPEHEOPEKMMO
MaJio. O1HAaKO TEOPETUYECKYIO OLEHKY TOYHOCTH JaTh B 3TOM CJIy-
Jae HaMHOTO TPyJHee.

Mnozomeprocmsb. Paznoxenue B psin @ypne jierko 06061maeT-
s Ha cJiydait GyHKIMY IBYX IEPEMEHHBIX U(Z, Y), 38 JaHHOM Ha Ipsi-
MoyroJbHUKe. JInHeiiHbIM npeobpa3oBaHieM IEPEMEHHBIX ITOT Mpsi-
MOYTOJIbHUK MOXKHO [IPUBECTH K KBaJpary [-n<z <, —n < y < 7.
B kadectBe 6a3uca Bo3bMeM NpOU3BeIeHHE OTHOMEDPHBIX psiioB Dy-
pee (5.14):

bk (T, Y) = om(2)Px (y)-

CkaJyisipHOe IPOU3BeIEeHNE eCTECTBEHHO ONPENeIsieTCs Yepe3 UH-
TerpaJ mo KBaapaty. Herpynuo ybeauTbcs, YTO IBYMEpPHBIi 6a3uc
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oproroHayet: (Pmk, Ymrkr) = 0, ecmu m # m’ unu k # k'. Ilostomy
Marpuna I'pama muaroHasibHa, a K03 MUIMEHTH IByMEPHOTrO pas-
JIOXKEHH S HAXOAATCs 6€3 MoTepyu TOYHOCTH IIPH JIIOOOM YKCJIe YJIEHOB
psana.

OnucanHbIi cocob ecTecTBEeHHO 06061aeTCa Ha 60JbIIee YUCI0
[MEPEMEHHBIX.

5.2.4. O paBHOMEpHbIX NpUBANKEHUAX

N3 uznoxxenHoro B 5.1 u 5.2 cireyeT, YTO aJITOPUTMBI HAXO0XK 1€~
HUSI HAWJIYYIIUX CPEIHEKBaIPATUYHBIX IPUOIMKEHUH OYEHb MPO-
ctel. TouyHOCTD HAMIIYYINNX CPETHEKBAAPATHYHBIX TPUOIMKEHUH
TaK»Ke OKa3bIBajach xopoiueii. I[lo kpaiiHeit Mepe, 4Jisi OPTOrOHAJIb-
HOT'0 MJIY NOYTH OPTOTOHAJIBLHOrO 6a3uca. Xopoliue OIEHKH ITOrpeli-
HOCTH TOJIy 9aJIUCh B HOpMe Lo, a oreHku B HopMe C' ObLIM HE HAMHO-
r'o XyXKe.

Opanako HopMma C' cuiibHEE HOPMBI Lg, MO3TOMY B MaTeMaTHde-
CKOIf JIUTEpaType, HaunHas ¢ Kjaaccudeckux pabot 1. JI. Uebwiiena,
MHOT'O BHUMAHUS YIE/ISeTCs IOCTPOEHUIO AT POKCUMAIIHi, HAUITY Y-
mnx B HopMme C. Takue anmpoKCUMaUK HA3bIBAIOTCH HAUIIY YIIMMHA
pasHomepHbiMU. 1109TOMYy HHTEPECHO COMOCTABUTH TOYHOCTH yKa-
3aHHBIX JABYX THUIIOB HAMJIYYLINX IPHOIHKEHHUH.

Mpb! 0003Ha4YaJ I TPUTOHOMETPHUYECKHI MHOIOYJIEH HAWJIYyYIle-
ro CpeIHeKBagpaTH4YHOro npubsmkenus: yepe3 Py (z). Obo3nauum
aHAJIOTMYHBIM TPUTOHOMETPUYECKHU MHOTOYJIEH HAMJIYYINero paB-
HOMepHoro npubsimkenus: yepe3 V¥ s(z). Ilo camomy omnpenesenuro
3THUX MHOTOYJIEHOB, KaXXIbIH U3 HUX JAET JIyYIIyI0 TOYHOCTh B CBOEi
HODMe:

lu—@upllc 2 lu—¥Yumlle, BHO |lu—PurmlL, < |lu—YumlL,.

KakuMm 6ymer COOTHOIIEHHE MOTPELIHOCTEH, JABAEMBIX KaXKIbIM
MHoroujieHoMm B HopMe C?7 151 TPUrOHOMETPHUYECKHUX MHOTOYJIEHOB
OBLIIO ITOKA3aHO, YTO

llu — ®arlle < (4,5 + In M)||u — ¥ psllc- (5.29)

st GyHKIEH C JOCTATOYHBIM YKMCJIOM HETIPEPBIBHBIX MPOU3BOAHBIX
0OBIYHO y2kKe Mopsinku MHOrowieHoB M = 10 + 20 obecrieunBaroT
OYEHb BBICOKYIO TOYHOCTD. JlaxKe 11 pa3pbIBHBIX PYHKIMMA OOBIYHO
xBataeT M < 100. IIpu 3ToM MHOXKuTENb B (5.29) HE MpeBbHIIAET
7 + 9. IlosToMy HawWsyd4Inne PaBHOMEDHbIE MPHOJIMXKEHHS IaXKe B
cBoeii HopMme C' [ArOT JIUIb HESHAYNTE IbHBIN BHIUTPBIII B TOYUHOCTH
(a B HOpMe Lo OHM IIPOUTPHIBAIOT).
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CxofHbBIE OIIEHKH IOJIyYAJUCh U JJIS HEKOTOPBIX JAPYTUX CHCTEM
6a3uCHBIX PYHKIMIA.

ANropuTMBbI Ke HaXOXKIEHUsS HAMIYUYIIAX DABHOMEDHBIX DU~
OJIM>KEeHUN JOCTATOYHO CJIOXKHBI. Kpome Toro, audgepeHinupoBa-
HME MHOTOYJIEHOB HAWJIYYIIHX PABHOMEDPHBLIX MPUOJIMKEHU yiKe
J1J11 IePBOi IIPOU3BOIHOMN JaeT OOBIYHO CYIIECTBEHHO XYIIIYI0 TOY-
HOCTb, Y€M JJjIs HAWJIYYIINX CPeIHEKBaIPATUYHBIX [TPUOJIMKEHUH.
g crapimux Npou3BOLHBIX 3TO elle 3aMeTHee. [loaTomy Ha mpak-
TuKe HanboJiee ymoTpeOHTeIbHbI HAWJIY YIllie CPEeIHEKBaIPATUIHbIE
UpPUOINKEHUS .

5.3. Pa4bl NO MHOTO4YNEHAM 4YEBbILLEBA

5.3.1. Muorouneunsl T,,(x). Boiuucnenue

Muorowrenst Yebbimesa I poga T, (x) ierko u ycTo4uBO BbI-
YUCJSIOTCS Y€Pe3 TPUTOHOMETPUYECKYIO (hOPMY 3aImucu:

Tim(z) = cos(marccosz), z € [—1,1] (5.30)

C HCIIOJIb30BAHHEM MOIIPOrPaMM KOCHHYCA M APKKOCHHYCA. ITa
¢dopma rogurcst TosbKO BHYTpH oTpe3Ka [—1, 1], 3a ero npexenamu
OHA& IIPUBOJIUT K BHIYHCJIEHUSIM C KOMILJIEKCHBIMM Betnuudamu. Oop-
Mmyana (5.30) ouens ycroiunsa naxxe npu m ~ 100 u Gosnee. Yoenum-
Csl, 9YTO OHA, JaeT MHOTOYJIEH M- cTeneHu. BBemeMm ciemyromiue 060-
3”HaueHus: 6 = arccosz, T = cosf = (eie + e"ie) /2. Ilocnennee pa-
BEHCTBO MOXKHO 3aIIMCaTh B caexyomeii popme: €29 — 2ze¢® 41 = 0.
9T0 KBaAPATHOE yPaBHEHHe OTHOCUTENBHO €| ero pemrennem Gymer

e =z+iv/1-22, -1<z<1

3meck 1151 € HAO B3ATh 3HAK «+», 8 3HAK «—» COOTBETCTBYET €
C y4eToM U3JI0KEHHOTO,

Tin(z) = cosm = (™ + e ™0y /2 =
= [z +iV1—22)™ + (z — iv/1 - 22)™]/2.

Ecau Bo3BecTn KaxXXJ0€ BbIpa>X€HHue B KPYTIJIbIX CKOOKax B m-10 CTe-
II€Hb U CJIOKUTh, TO YJIEHBI C HEYETHBIMHU CTEIIEHAMHU, COAECPKal[He
MHHMOCTBb U KODHH, HMEKT IIPDOTHUBOIIOJIO2KHBIE€ 3HAKU U COKpalla-
10TCs. B pe3ysibTaTe 0OCTaHETCs] MHOTOYJIEH M-I CTENEHH.

Ho nenocpencTsenHo mosib3oBaThest popmystoit (5.31) must BbI-
yucsenust Tp, (z) He ciaenyer. Ona Gyner nosesna, ecau |z| > 1. To-
[Ia IOoJ, KOPHEM IOJIyYHTCsI OTPHIATE/IbHOE YHUCJIO, U, BHOCS % IO
3HaK KOpPHH, MbI IIOJIyYUM

6 —10

(5.31)
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m@)=[(z+Vz2-1)"+(z—-Vz2-1)"]/2, |z|>1. (5.32)

®opmyina (5.32) — ycToWYMBBINA CHOCOO BBIYUC/IEHUS] MHOTOYJIEHA
YebbmeBa njs1 |z| > 1 yepe3 moanporpaMMsel KOPHS ¥ CTEIEHH.

He cnenyer monb3oBatbest 3amucbio 1, () B dopme 06bIaHOrO
MHOrO4JIeHa. Bo-mepBbIX, MOJyYUTh TAKYIO 3AMHUCh IS MHOTOYJie-
HOB BBICOKHMX CTEIeHe# JOCTATOYHO CJIOXKHO. Bo-BTODBIX, BhIYHCIIE-
HHUs 10 Takoit dopmyne npu creneHsax m > 10 + 20 npuBoZAT K
HerpreMJieMo 60JIbIIUM OIIUMOKaM OKDYTJICHUSI.

Opmozoraabrocmsb. Muorownensl YebblieBa OpTOrOHAIbHBI
Ha orpeske [—1,1] ¢ Becom p(z) = 1/v/1 — 22, KOTOpBIA HENpPEPHI-
BEH BHYTDH OTpe3Ka U 00paiiaercss B 6eCKOHEYHOCTb HA €r0 KOHIaX.
[Tposepum 3T0. BBIuMCINM CKANISIPHOE IPOM3BEIEHUE C YKA3ZAHHBIM
BECOM:

1
dz
(T, Tk) = Jl T (2)Tk( )ﬁ =
5.33
B T npu k =m = 0; ( )
=Jcosmﬁcosk6d6= n/2 upuk=m > 0;
0 0 npu k # m.

OpTOroHasbHOCTH MHOTOYIEHOB 11, (Z) ¢ yKa3aHHBIM BECOM JOKa-
3aHA.

Ircmpemanvrbie ceoticmea. MHOro4ieH m-ii CTeneHn nuMe-
er m Hyiaeii. U3 dopmynsr (5.30) BUIHO, YTO BCe HYIM MHOTOYJIE-
Ha T, (z) BemecTBenHsl, jiexat BHyTpHU (—1, 1) U onpezaesnsoTcs Mo

dopmyne
Tmn = cos(n(n —1/2)/m), 1< n< m. (5.34)

STHU HYJIM PACIIOIOKEHBI CDABHATEJIHHO PEAKO BOJIM3H CepeIHHbI
MHTEpBaJIa, U CTyIIAIOTCst BO/In3u ero KoHuoB. JlanHbi 3ddekT BbI-
paXKeH TeM CHJIbHee, YeM BbIIIIe CTENEHb MHOTOYJIEHA M.

DKCTPEMyMbI MHOT'OYJIEHA PACIIOJIOXKEHBI MexX 1y HysasiMu (5.34)
Y [I0IIePEMEHHO NPUHUMAIOT 3Hadenus 1; —1. Kpome Toro, Ha KoHIax
MHTEepBaJla MHOTOYJIEH IPUHUMAET TaKue ke 3HadeHust: T (1) = 1,
Tm(—1) = (—1)™. Bo Bcex ocTasbHBIX TOYKax OoTpe3Ka [—1,1] BbI-
nonusiercst |Tp(x)| < 1. Ilostomy muorousens! Tp,(z) Ha3bIBaoOT
MHOTOYJIEHAMH, HalMeHee yKJIOHSIIOINUMAUCS OT Hyisi. Eciu He BbI-
XOZUTH 3a Ipenensl orpe3ka [—1, 1], To MHorowrens Yebbimena I
poZa OKa3bIBAIOTCS OYEHb OXOKUMH Ha QPypbe-rapMOHHKH.
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Bue orpeska [—1, 1] Bomonusiercs |Ton(z)| > 1, npuuem mMoayis
MHOrO4IeHa GBICTPO BO3PACTAET 10 MePe yAaJIeHHs OT IPAHUIbI OT-
pe3ka. JIuddbepeHnupyst MHOrO4JieH B TPUTOHOMETPHYECKOi hopmMe
(5.30), HeTpynHO yOeAUTHCS, YTO

T (£1) = (£1)™,
Tr(%1) = (£1)™Hm?,
Ty (1) = (£1)™ 2 (m? ~ 1)/3,
TV (£1) = (£1)™3m2(m? — 1)(m? — 4)/15.

(5.35)

IIpu Gosbiinx M TPOM3BOAHBLIE B TPAHHUYHBIX TOYKAX BEJIMKHU.
Yewm BbIIIE TOPSIOK TPOU3BOIHOM, TEM ITO CUJILHEE BHIPAXKEHO.

5.3.2. Pasnoxenune no T,,(x)

B nozpasa. 5.2.2 noka3ano, 4To Henepuogmyeckas pyHkIws u(x)
IJIOXO pa3sJjiaraercs B Tpuronomerpuueckuii psig Pypwe. Cxomu-
MOCTb MeJ|JIeHHasi, & BOJIM3HM TOYEK pa3phiBa HEpABHOMepHasi. MHO-
rowiensl Tp,(Z) OPTOrOHAJNBHBI, IO3TOMY OHHM rOPa3/0 JiydIle MOA-
XOJISIT JIJIS AllIPOKCUMAINH Herlepuoandeckoit yukmnuu. [Ipeasapu-
TEJIbHO yA0OHO OTPe30K 3aJanust (pyHKIMH JIMHEHHBIM Tpeobpa3oBa-
HMEM apryMeHTa IiepeBecTy B 0Tpe3ok [—1,1]. Toraa Ha sToM oTpes-
Ke Pa3JI0’KEeHNEe UMEET BUL

M
u(z) =~ dpy(z) = Z cmTm(z), (5.36)

m=0
rae ko3 duuueHTs 0606menHoro psga Pypne

1

N T Tr) (T Tom) f u(@)Tin(®) =5

-1

(5.37)

Paccmorpum, Kak BHIYUCIATH MHTErpadisl (5.37). fIBHO ux B34ThH
MOXKHO TOJIbKO B HCKJIIOYUTEJNBHBIX CIIy4asax. B oCTajJbHBIX TPUIET-
Csl BBOAUTDH CETKY U HCIIOJIb30BaTh KBaIpaTypHble ¢popMyibl. Ilpu
9TOM BO3HMKAET JBA BAPUAHTA.

Cneyuaavras cemxa. Ilycts dyHkuys u(z) 40CTATOYHO IIa-
Kasi 1 MOXKHO CPaBHUTEJIBHO MPOCTO BLIYUC/IUTDL €€ B JII000M TOY-
ke. Torma memecoobpa3sHo UCMOB30BATH NMPEIU3UOHHBIE KBAJIPATY-
pbl OpMmuTa — yacTHBIH ciaydait ¢popmyn aycca— Kpucroddens
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nnist Beca 1/y/1 — z2 na orpeske [—1,1] (cM. nogpasz. 3.1.5). Bosb-
MeM CeTKy 4e0bIIeBCKUX y310B (5.34) st MHOrO4JIeHa JOCTATOYHO
6osibmioil crereru N. Ecnu mpenrosiaraeTcs UCIOIb30BATh CYMMY
(5.36), comepxkangyio M + 1 maorounen Yebpimesa, ToO HEOOGXOIUMO
BbiOpaTh N > M + 1; g5 motydeHus: XOPOIINX PE3YJIBTATOB PEKO-
MeHayetcs: 6osee cunbHOe TpeboBanne N > (2 + 3)M.

HanomuuM By KBagpaTypHO#t GOPMYIIbl DpMUTA:

v(z) ~
\/iT:c_d NZ ZNn), (5.38)

a:Nn=cosn(n—N1/—2), 1<n<N.
HorpemsocTs 3T0# opMyiisl nponopuponansa max [vN+T1(z)| ¢
04eHb MaJleHbKUM Koaddunmentom. [Tosromy bopmysa (5.38) maer
XOpOIIUe Pe3YJIbTATHI [Jist U(Z) C He CJIUIIKOM OOJIbINMMU BHICOKUMHU
[IPOM3BOAHBIMU.

MpuI B3si1 cKajisipHOe npousBesnenue (u, Ip,) B CMbIC/IE CETOYHO-
ro uHTerpaJja. Tak Kak Bce CKaJsipHbIE IPOU3BEIEeHUs JOJIXKHBI ObITh
B3ATbI B OJJUHAKOBOM CMBICJe, TO npoussenenue (Tp,, Tx) Takxke Ha-
J10 6paTh B CMbICiIe KBaaApaTypHO# (popmysst (5.38). Ho musa naper
MHOro4eHOB UebhIleBa CeTOYHbINH MHTErPAJ B CMBICJIE KBaIPATYyP-
HON hopMysIbl DPMUTA COBMALAET C TOYHBIM 3HAYEHUEM IJIEMEHTA
Marpuibl 'pama. DTO jIerko npoBepsieTCsi TPUrOHOMETPUYECKO 3a-
MEHOH NEepEeMEHHBIX: B 3TOM CJIlydae CEeTKa 10 I NEPEXOJUT B PaB-
HOMepHYIO ceTKy 1o 0, a dopmyna Dpmura — B HopMyJly CpegHUX
no nepemenHoi 6. OHa Tak K€ TOYHA Ha PABHOMEDHOM CETKe, KaK U
dopMysa Tpamenuii:

n(n —1/2)

TNn = €08 —————, Onn = arccos TN, =

n(n—1/2)
N )

<Tm>Tk an)Tk(mNn) =

||M2

N
= % > cos(mbn) cos(kOnn) = (T, Ti).-
n=1
CirleoBaTeILHO, MOXKHO MOJIB30BATLCH 3aPaHee BbIYUCIEHHBIMA
ckanspHbIME npou3BeneHusmu (5.33). Takum obpasoMm, cnenuasib-
Has CeTKa 11 MHorouwieHoB Yebbimesa I poma aHaJIOrMYHA IO CBOIA-
CTBaM PaBHOMEDHOIi CeTKe IIjis TPUrOHOMeTpHUYecKoro psaa @ypbe.
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TeM caMbIM HENOCPEACTBEHHO BBLIYHC/ISATH HA 3TON CETKEe HYXKHO
TOIBKO (T, u).

Ha cnenmabHolM ceTke MHOrOWIeHbI ebbimieBa I posia ocratorcs
OPTOrOHAJbHBIMM, a JIMHEeWHAast CUCTeMa, JJIs onpeesenus Koaghdu-
LIMEHTOB Cp, MO-IPEXKHEMY OPTOTrOHAIbHA. TeM caMbiM

em = (Tm, W)/ (T, Trm)-

OmuboK OKpYyIJIeHNs P STOM IIpaKTHU4decKu HeT. [loaTomy ucnosb-
30BaHMeE CIEIUAIBLHON CeTKH MO3BOJISIET CTPOUTD pasioxeHus (5.36)
BBICOKOM TOYHOCTH C OOJIBIIUM YUCJIOM 4JIEHOB.

IIpouseoavras cemra. Yacro cetka {z,,1 < n < N}, Ha Ko-
TOpO# 3aaaHa PYHKUMS, ONpeesieHa 3apaHee (IPaKTHIECKH BCETIA
OHa BKJIIOYaeT 'PaHWYHbIE TOYKHK). Toraa mojiokeHne 3aMeTHO Xy-
JKe: Mbl HE MOXXEM TMOJIb30BaThCs (popmysoit Ipmuta. CraysipHoe
npou3ssegenune (1,,, u) Ha10 BEIYUCIISTH 10 HEKOTOPO#i APYToit KBaI-
patypHoit dopmysne. Ha kpasix oTpe3ka NOObIHTErpajbHOE BBIPA-
JKeHHe ¢ ydeToM Beca p(z) obpamaercss B 6eckoneuHocTb. Iloaro-
My OpPMyJTy Tpameuuit IpIMEHSITh HeJIb3sl, & APYTUX CTaHIaPTHBIX
dopMyn, BKIIOYAIOMKUX KOHIbI OTPE3Ka, /1JIs1 IPOM3BOJIbHOM CETKH Y
Hac HeT.

Pazymuee Bcero mepeiitu K nepemenHoi § = arccos z. Torga ot-
pe3ok —1 < z < 1 nepexomut B 0 < 6 < n, MHOrounens! Tp,(z) — B
cosmb, a Bmecto Beca p(z) = 1/v1 — z2? nosiBnsiercs Bec p(0) = 1.
3a/1a4a CBOAUTCS K ANIPOKCHMAILMKA TPUTOHOMETPUYECKUM MHOTO-
YJIEHOM IIPY CKAJISIPHOM MpPOU3BeeHuH Ha cetke {0, = arccosz,}.
OTa 3ama4a yKe paccMOTpeHa B moapasi. 5.2.3. Cuexyer onpene-
JIUTb CKAJISIPHOE IPOU3BeieHUe 0 GOPMYJie Tpaleuii:

al 6n - en—l
<u’v> = Z —2‘(unvn - un—lvn—l),
n=1

[pUMeHsisl ee K npousBeeHusM (cos mb, cos kB) u (cos mb, u).

Oyukuuu Tp,(z) OyayT Auinb MOYTH OPTOTOHAJIBHBL B CMBICJIE
atoii ceTku. Ho cpaboraer TO ke MpPaBWJIO, YTO U JAJII OOBIYHBIX
psanoB Dypbe: HeAMaroHaJbHbBIE 3JIEMEHTHI MATPULBI OyIyT MaJIbl.
Martpuna I'pama OyzeT MmJIOTHO 3alOJHEHA, OJHAKO OOYCJIOBJIEH-
HOCTb JINHEWHOM cucTeMsbl O6yaeT xoporueit. Ciie10BATEIHEHO, MOXKHO
6paTh HECKOJIBKO JIECSTKOB YJIEHOB PSIA.

B sTroM ciyyae To9HOCTH (POPMysIbI Tpamenuii OyIer He O4YeHb
xopormeit. Haubosee yacTo BcTpedaeTcst paBHOMEpHasi ceTKa {zp}.
ITpu nepexoze k {0,} ceTka cTaHeT pe3KO HEPABHOMEPHO#: BOIM3H
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rpasun 6yayT Gosiblie UHTEpBaJbl. HepaBHOMEPHOCTD BbIPAXKEHa,
TeM cuibHee, yeM 6onbiie N. 9T0 06CTOSTENBCTBO 3aTPYAHSIET UC-
noJib3oBanue 6osbmux N U M| 4TO IPEnsiTCTBYET MOJLy YEHHUIO OY€Hb
BBICOKOI TOYHOCTH MPH MIPOU3BOJIBHBIX CETKAX.

Czxodumocms. Ilepexon k nepemennoit § mos3sosster ucciremo-
BaThb CXOAUMOCTD pa3noxeHus u(z) no Tn,(z). Bce nokazarenscTsa
IIPOBOJASITCSI IO TOM XKe CXeMe, YTO U NP PA3JIOKEHUH IePHOInuYIe-
ckux byHKumi B psaabl Pypbe ¢ eIUHCTBEHHBIM yTOuHEHHEM. 1Ipu
MHOTOKPATHOM B3SITUM HHTErpaJja M0 4acTaM aHaJorudHo (5.19)
rPaHUYHBIE WIEHBI TOXKE COKPAIIAIOTCs], HO HE BCETJA B CHJIY [I€PHO-
JUYHOCTH.

B camom pgene, Temepp HHTerpupyercss mo df BbipakeHue
v(8) cosmB, rme v(6) = u(cos6). IIpu UHTErPUPOBAHUHU MO YACTAM
BHe wuHTerpaga  BosHumkaioT wienbl v(29)(0)sinmf  wmmm
v(2e-1) (6) cos mf. Ynens! nepBoro Tuiia 06pamaTCs B HyJIb Ha [IPe-
nmenax uHTerpupoBanus 6 = 0 u 6 = n Gnaromapsi obpalieHu0 B
HyJIb CUHycCa. YJIeHBl BTOPOTO THIIA CONEPKAT HEYETHBIE IIPOU3BO/I-
uole v(0). Ho v(8) = u(cosB) npu 8 — 0 pasnaraercs B psiz, conep-
JKaIuit TOIbKO YeTHbIe crenenu §; mosromy v(24~1)(0) pasnaraercs
B psifi 110 HedeTHbIM crenedsM (0), u obpamaercs B Hysib npu 6 # 0.
To e npoucxoaut npu 6 = n. [losTOMy 4YsI€HBI BTOPOTO THUIIA TAKXKe
00pAIIAlOTCs B HyJIb HA TPAHULAX UHTETPUPOBAHUSI.

B pesynvrare mokaswiBaeTcsi, 4TO Ayt GyHKuuu ¢ p — 1 Hempe-
DPBIBHOI U p-Bi KyCOYHO-HENPEPBIBHOM NPOU3BONHOW NIPH TOYHOM
BBIYHCJIEHUU WHTETPAJIOB B CKAJISIPHBIX MPOM3BEIEHUSIX II0JIydaeT-
cs ¢ = O(m™P~1); morpemnocTu anmpokcumanuu B Hopmax C u
Ly okaspBatorcs O(M~P) u O(M~P~1/2) coorBercrsenno. Onga-
KO 3/eCb He TpeOyercsi MEePUOAMYECKOro IPOAOJIKEHUsI (DyHKIWH,
nostomy Hecomagenue u'?(—1) ¢ u(?(1) me paccmarpusaeTcs KaK
Pa3phIB U He YyXYJIIAeT CXOAUMOCTH.

Ha cnenuansHoit cerke (5.38) BK/aJ NOTPELIHOCTH KBaJApa-
TYp MaJl U He CHMXKaeT YKa3aHHOW cKopocTu cxomumoctu. Ho mo-
IPEIIHOCTD Ha IIPOU3BOJILHOMN CETKE MOXXET OKa3aThCs CyIECTBEHHO
6omb1e.

U3 npuBeneHHBIX 31€Ch OLEHOK BHIHO, YTO CXOAUMOCTBH PA3JIo-
JKEHHUsI OBICTPO YJIy4IIaeTCsl DU MOBBIMIEHUH [VIAIKOCTU (DYHKIMA
u(z), T. . pacTeT KOJIUIECTBO MMEIOLIUXCS Y Hee HEIIPEPBIBHBIX MIPO-
u3BoAHbIX. [losTOMy pasiioxenue no MHorouseHaMm Yebbimesa Mo-
JKET OKa3aThCsi OCOGEHHO BBITOAHBIM IJIsi (DYHKIUIN BBICOKOM TJIaJ-
KocTHU. B 3TOM ci1y4ae MOXKHO CTPOUTD IPEIIU3UOHHBIE AIIIIPOKCAMA-
1y (C MOrPEIHOCTHIO, OIN3KOM K OMINOKAM OKDYTJIEHHS ), IPUYEM
IIPY YMEPEHHBIX YHCIIaX WIEHOB V.
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5.4. METO4 OBONHOIro NEPUOOA

5.4.1. UcknioveHne pa3pbiBos

Pazsoxxenune nenepuomuyeckoit MGyHKINK IO MHOrO4YIeHaM He-
OBIIIEBa TO3BOJISIET TMOJYYUTH XOPOIIHE ANMPOKCUMAIMU CaMOMi
dyukuuu u(zr) Ha 3amanHOM orpe3ke. OmHako MHOro4ieHsl e-
ObIllIeBa BBICOKHX MOPSIIKOB MMEIOT OYEHBb OOJIBbINKME MPOU3BOMHBIE
BOJIN3U TPAHUI] HCXOAHOTO OTPE3Ka. ITO MPUBOIUT K JBYM HEIPH-
ATHOCTSIM. Bo-niepBbIX, psifi 4J1s Ipou3BOAHON U (Z), HOMyYaomuiics
nuddepennppoBarneM psifa 11st u(x), MII0X0 CXOAUTCS BOIM3H Ipa-
HHII OTpe3Ka. Bo-BTODPBIX, psif 1uisi u(Z) II0XO0 3KCTPALIOIUPYETCS 32
CPAHUIBI HCXOAHOTO OTPE3KA.

s nepuogmyeckux raaakux (QyHKIUuM 9TH TPYJHOCTH HE BO3-
HUKAIOT. DKcTpanosisuus ux psana Pypbe 3a npesesl 0Tpe3Ka Tpu-
BHUAJIbHA B CHJIy IEPUOAMYHOCTHU KaK DyHKIMH, Tak U psaa. [lowren-
Hoe auddepennumpoBanue psiaa Pypbe He CHIIBHO yXYIIIAET CXOIH-
MOCTb.

ITosToMy 3aMaHuMBa Uaest — HaNTH OOJIee yOAYHBIM CITOCOD TpU-
MeHeHns psina Pypre K HemepuogudeckuM dyukiusM. Hanpumep,
XOPOIIO U3BECTEH CIOCOO HEMPEPHIBHOIO MEPUOAMIECKOTO MIPOI0JI-
JKEeHHsl HEelPEpBIBHON Hemepuoandeckoil dbyHkuuu u(z), 3aJaHHOM
Ha a < ¢ < b. [nsa sToro 6epyT QYHKIMIO C TEM KE T'PAHUIHBIM
CKAYKOM:

[u(b) — u(a)](zx —a)/(b— a). (5.39)

Broruuras ee u3 ucxonHo# QyHKIINM, TOTYYAIOT
v(z) = u(z) — [u(d) —u(a)](z —a)/(b—a), a<z<b (5.40)

Qyukiys v(z) HenpepbIBHA BMECTE CO CBOMM INEPUOAMYIECKHUM IPO-
JoJpKeHueM, mockoubky v(a) = v(b) (puc. 5.3).

Ecnn pasnarars u(z) B pag @ypee, To cxonumocts B Hopme C
oTcyTcTBYyeT, a B HOpMe Ly cocrasisier O(M~1/2). Oxnaxo psg @y-
pbe st v(Z) CXOOUTCS Ha MOPSIOK JIydlle: IOrPEIIHOCTh B HOPMe
C cocrasasier O(M™1), a B Hopme Ly ects O(M ~3/2). No6apnss x
psany Dypoe s v(z) dysxnuio (5.39), mosydaeM anmpoOKCUMAIMIO
u(z) ropa3zo Jiydieit TOYHOCTH.

ITepuomnyeckoe npogomkenue v(x) UMeeT pa3pbiB MEPBOI MPO-
U3BOJHOM, 9TO HE IO3BOJISET T0OUThCH Gojiee OBICTPOM CXOOHUMO-
cru psiga Dypoe. Ilyers u(z) uMeeT HenpepHIBHYIO IPOM3BOAHYIO,
U HAM M3BECTHBI paHWuHble 3HadeHus u'(z). Torma MOXHO Haii-
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Puc. 5.3. Paznoxenue byukuuit B u(z),v(z)

pan @ypee (CIUlOMIHAA JIMHUA —

u(z), mrpuxosas aunus — v(x)

M UX NEPHOJUYECKHE MPOJOJIKe- u(z)
HHUs)

T ckadok v'(b) — v/(a) u ynanmuts ero. [Ijsi 3TOr0 Hy>KHO JAOMHO-
JKUTh CKa4OK yXKe He Ha JIMHEHHYI0, & Ha KBaJAPaTH4YHYIO (QyHK-
o (z — b)(z —a)/(b— a). oayyurcs ocTaToK, MEPHOIUYECKOE
NPOJOJI)KEHNE KOTOPOTO HENPEPHIBHO BMECTE C MEePBOM MPOU3BOJI-
Hoii. Jlsis1 aTOrO OCcTaTKa cxomumocTh psga @ypoe eme myqme. IIpo-
IIECC MOXKHO IIPOIOJIXKUTh, €CJIA U3BECTHBI 60J1€€ BHICOKHE IIPOU3BO/I-
Hble Ha rpanunax. OJHAKO HA IPAKTHUKE OOBIYHO u(Z) 3a1aHa TOJIb-
KO Tabsuuel. B 3TOM ciy4ae rpaHuYHbIE IPOM3BOJIHBIE HEM3BECT-
Hbl. Kak 06001uTh IpieM peKypPPEeHTHOTO UCKJII0YEH s TPAHUYHBIX
Pa3pBIBOB Ha TaKo# ciay4aii?

5.4.2. OBoiiHoiA nepuop,

ITycts u(xz) — Henepuonuyieckas byHKIMSA, 3aaHHAs] HA OTPE3-
Ke a £ T < b, HenpepbIBHass HA HEM BMECT€ CO CBOMMH P IIPO-
U3BOAHBIMH. JIMHEHHBIM HpPeoOpa30BaHMEM apryMeHTa IepeBeleM
9TOT OTPe30K B [—7/2, 1/2]. MbicienHO nponokuM u(z) Ha BABOE
66BN OTPE30K [—T, T TaK, YTOOBL: 4) 3TO MPOJOJIKEHUE COXPAHSI-
J10 P HempPepHIBHAIX Mpou3BoAHbIX; 6) u(?) (1) = ul®(—x), 0 < ¢ < p.
Torma u(z) OymeTr UMeTh P-I1aIKOe NePUOTUIECKOE TPOJOJIKEHUE C
nepuonoM 2xn. Takoe NMpOJO/KEHNE MOXKHO CAEIATh GECUYUCTIEHHBIM
KOJINY€CTBOM CIOCOOOB.

D10 npomosKeHue u(T) MOXKHO PA3JIOKUTh B XOPOILIO CXOSIIHA-
cst psii Pypbe Ha orpeske [—7, ). OZHAKO BO3HUKAET HEONPEeTIeH-
HOCTH C BOBMOXKHOCTBIO PA3/INYHBIX CIIOCOGOB mpoaosiKeHust. [ToaTo-
My pa300beM CHCTeMy TPUTOHOMeTpUYecKux yHKIMIA HA B MOJ-
CHCTEMBI:

{¢om(z),m=0,1,2, ...} =
= {1, sin 2z, cos 2z, sin 4z, cos 4z, sin 6z, cos 6z, ...}

{q’k(l‘),k: 1,2, ,K}:
= {sin z, cos z, sin 3z, cos 3z, sin 5z, ...}.

(5.41)

(5.42)
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IlepBas moacucTeMa COOEPXKHUT TOJILKO YETHBIE TADMOHHMKH, BTO-
pasi — TOJIbKO HeueTHbIe. JIerko BuaeTs, uro noacucrema (5.41) sis-
JISIeTCs1 TPUTOHOMETPUIECKUM 5a31COM Ha HCXOJHOM OTpe3Ke [—1/2,
n/2]. B npuHIMnIEe 3TON MOACHCTEMBI JOCTATOYHO JJIsi PA3JIOXKEHUS
nckomoit dyakuuu B psg @ypbe Ha 3TOM oTpe3ke 6e3 KaKux-jaubo
HCKYCCTBeHHBIX ponoskenuit. Iloncucrema (5.42) npu 3TOM He Tpe-
6yercs. OgHako cxoquMocThb psiga @ypbe GyaeT o4eHb IIIOXO0i, Tak
KaK OH COOTBETCTBYET Pa3PbIBHOMY IIE€PHOAMYECKOMY IMPOLOJIXKE-
HHIO.

TlonpobyeM annmpoKCUMHUPOBATH UCXOAHYIO DYHKIIUIO, HCOJIb3Y S
obe MOICUCTEMBI:

2M K
u(@) ~ By (z) + Uk () = D emPm(@) + Y ardr(z).  (5.43)
m=0 k=1

31ecy mepBasi CyMMa IPEJCTaBJIsieT COOOM psifi O (DYHKUUSAM OC-
HOBHOrO nepuozna [—n/2,n/2]. Kak ormedanocs B 5.2, 4ieHbl B 3TO#
CyMMe Hy2KHO 100aBJ/ISTh IAPAMU: CAHYC ¥ KOCUHYC OJJUHAKOBOI Ya-
crorbl. Bropasi cymma B (5.43) ecTb psi 10 GYHKIUAM TOJIBKO yIBO-
€HHOro nepuona [—n, n]. Vx uesecoobpa3no go6aBiaTh HE NapaMH, a
0 OTHOM.

Ilomoxxum K = 1, T.e. BO3bMEM TOJILKO OfHY (DYHKIHIO YIABO-
enHoro nepuona ¢1(z) = sinz. Ha KoHIlax OCHOBHOrO mepHona
$1(n/2) =1, Y1(—n/2) = —1. Ionoxum a; = [u(n/2) — u(—n/2)]/2.
Torna cnaraemoe aji(x) 6yner anamorudusiM (5.39): ero rpanny-
HBIN CKAYOK TakoB ke, Kak u Juisi u(z). [TosToMy ¢ ero momompio
MOXKHO UCKJIIOYUTh TPAHUYHBIA PA3pPbIB allPOKCUMUPYEMOit (byHK-
vd u(Z) ¥ yIy4IIUTh [IaJAKOCTh OCTATKA.

AHajorn4HO ¢ MOMOIIBIO Y2 (Z) MOXKHO MCKJIIOYHTH IPDAHUIHBIHA
cka4ok u'(z). C momompio cienyoomux 4iaeHoB (i (z), HO Gosee
CJIOXKHBIM CIIOCOG0M MOYKHO UCKJIIOUNTD TPAHUIHBIE CKAUYKH BBICIIAX
NPOU3BOIHBIX.

Jlyisi HemoCpenCTBEHHOTO WMCKJIIOYEHUsI Hy»KHa HHGMOpMAIWs O
rpannunbix 3Hadenusx u(? (z). Ee, kak npasuio, uer. Jamee Gyer
TIOKa3aHO, YTO MOXKHO 000iTHCH 6e3 Hee. Bonpoc o nenecoobpaznom
Boibope M u K Takxke 06CyauM MO3XKe.

5.4.3. Hanny4wee npubnunxexne

Bynem uckaTth k03 DUIUEHTHI 000UX TUIIOB Cp, U Af U3 YCIIOBHUSI
obecrieueHnsT HAWIYYIel annpokcuMmanuu B HopMe Lo. ITockonbky
ucxonHasi (GYHKUHUsS 3aJaHa TOJBKO Ha [—7m/2,m/2], To ckajsipHOe
MIPOU3BEIEHHE ONPEIEINM Yepe3 HHTErPAJI TI0 3TOMY OTPE3KY:
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n/2

(u, v) = f w(z)o(z)dz. (5.44)
—n/2

VYeioBre HanTy9ero npubInKeHus: IPUHUMAET BUJL
|®rr + T — u||2L2 =@y + ¥k —u, Py + Vg —u)=min. (5.45)

Ckansipaoe npousBeznenue (5.45) siByisieTcsi KBaAPATUIHON DYHKIM-
eit or k03 DuUIMEHTOB 000MX TUNOB. JlJIsi HAXOXKJIEHNST MUHUMYMa
HY>KHO IIPHPABHSATDH HYJIIO IPOU3BOIHEIE O BCEM KO3 DHUIMEHTaM.
YuursiBas, 910 0Pp/0cm = @m u OVk /Oar = (i, U BbINONHSS
BBIKJIaJIKH, aHAJIOTMYHbIE IPUBEIEHHBIM B IOApa3M. 5.1.2, noixy4yum
JBe I'PYIIbl ypaBHEHUN:

2M K

Z (@m,@1)cr + Z (‘Pm’q’q)aq = (¢m,u), 0<m<2M;

ey = (5.46)
D Wkgda+ Y (bkdg)ag = (bk,u), 1<k<K.

1=0 g=1

OTu rpynmnbl 06pa3yioT CUCTEMY JIMHEWHBIX YDaBHEHUN MNOPSIKa
2M + K + 1 pnst onpeesieHusi TAKOrO XK€ YHCJIa HEeM3BECTHBIX KO3(h-
dunuenTos c;, a,. Bece dynkuun ¢, Y muHeitHOo He3aBucuMsl. Ilo-
3TOMY OIpeNeNTENb MaTPuUIlb! I'pama Beeit cucremsr (5.46) oinyen
OT HYJIfl, & CHCTEeMa UMeeT pellleHue, IPHYeM eIHHCTBEHHOE.
PaccMmorpuMm cTpykTypy Marpuns! I'pama. Ona cocTouT u3 sie-
MEHTOB TPE€X THUIIOB M Da30MBAETCs Ha 4YeThIpe KJjeTKu (puc. 5.4).
OTH 3JIeMEHTHI JIerko Berdmcisiiorcs. Ilogcucrema {¢n,} oproro-
HaJbHA, H B [IEPBOI KBaIPATHOM KJIETKE 3aII0IHEHA TOJIBKO JHATrO-
HaJIb!
T npum = [ = 0;
(pm,¢1) = (/2 mpum=1#0; (5.47)
0 npu m # l.

IMoncucrema {{;} Takke oproroHaspHa, a BTOpasi KBaJpaTHAas
KJIETKa JHarOHaJIbHA!

n/2 upumk = g;

(ks g) = {0 ik % q (5.48)

Onnako noncucreMsl {¢n,} u {{x} B3anMHO He MOIHOCTHIO OPTOrO-
HasbHbl. CHHYC KaXKI0M II0JCHCTEMBI OPTOrOHAJIEH JIFOOOMY KOCHHY-
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¢ o o o o o o o o|fo e o Puc. 54. Marpuna I'pama cucre-

O @€ 0 o0 o o o o olle o e MBI (546) M = 4, K =3 (CBET-

Jible KPY>KKH — HYJIeBble dJIEMeH-
THI, TEMHbIE — HEHYJIEBbIE)

° o [ ] o L] o L o e||o L o

o [ o [ o ] o (] ojlo o (]

Cy ApYroii IOACHCTEMBI B CHIIy UX pa3yindHoi yeTHOCTH. OCTaIbHbIE
CKaJIsIpPHBbIE TIPOU3BEIEHNS HE DABHBI HYJIIO:

(P2m, P2k—1) = (P2m—1,%2k) = 0,
(p2m., Y2x) = (cos 2mz, cos(2k — 1)x) =
_ (=)™ 4k - 2)
T 4m? — (2k — 1)2” (5.49)
(p2m—1,Y2k—1) = (sin2mz,sin(2k — 1)z) =
_ (—=1)™k4m
T 4m?2 — (2k —1)?°

Takum 06pa3oM, MPSIMOYTOJIbHbIE KJIETKA B3aUMHO CUMMETDUY-
HbI U 3aII0JIHEHBI B IIAXMATHOM ITOPSIJIKE.

Hanomuum, uro marpuna ['pamMa cuMMeTpudHast U MOJIOXKUTEIb-
HO OMpe/IeJIEeHHAs] BMECTEe CO CBOMMH IVIaBHbIMU MuHOpamu. IlosTomy
meron 'aycca nnst Hee He TpebyeT BEIOOpA IVIABHOTO djIeMeHTa. B Hell
O4Y€Hb MHOI'O HyJI€il, KOTOPbIE Hy>KHO OOXOAUTH JJ1si SIKOHOMHUYHOCTH
Bblyuc/ienuit. st Takoit MaTPUIBI HEJIECO0OPA3HO COCTABIIATD CITe-
UAJbHYIO0 IPOrPAMMY METOMA UCKIIoUeHut. MOXXHO 3aMEeTUTBh, 4TO
YeTHbIE U HeueTHbIE KoaddunueHTs! B cucteme (5.46) He «3auemnis-
I0TCsI» IpYT 3a apyra. I103ToMy MOXHO BHIOpATb OTIEIBHO YE€THBIE
U HeYeTHbIE CTPOKH CUCTEMBI, U Pa30OUTH ee Ha 1Be HE3aBHUCHMBbIE CHU-
CTEeMBI ypaBHEHHU MEHbIEH pa3MepHOCTH. Takoi crocod perieHust
CYIIECTBEHHO 3KOHOMUYHEe U TPEOyeT MEHBIIIEro 00beMa OIepaTHB-
HOU IaMATH.

Ob6ycaosaenrHocms. HamoMHM, 9TO IpU HOJIHOM OTCYTCTBHU
BTOpO# noacucteMs! (K = () y»e TOJIBKO mepBasi MOACUCTEMA IIPU
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Ta6bnuma 5.1

IIpenensHoe M nnsi MeTona ABOITHOro mepuoAa npu
64-paspsaubix Beraucienusx (3 = 10716)

K

0 1 2 3 4 5 6 7

1 oo | 171000 | 399 | 41,0 | 144 | 7,7 | 51 | 38
1074 | oo | 7940 71 | 147 | 67 | 42 | 3,0 | 24
1078 | oo | 1710 33 | 88 | 46 | 3,1 | 24* | 2,0*

M — 00 0becnieynBaeT CKOJIb YTOAHO TOYHYIO AIIPOKCUMAIMIO U(Z)
B HOpMe Lo. 3HauuT, ecnu B3aTh M — oo u K > 0, To 3a1a4a Ha-
XOXKJIeHWsl Haujydniero npubivxkenus (5.45) okaxkercsi mepeorpe-
nenennoii. CooTBeTCcTBEHHO MaTpula I'pama npu 6onbmux M u ga-
ke HebosbIux K OyIeT m10xo 00yC/I0BIEHHOIA.

Bouee mompobHbIil aHaIN3 MOKA3BIBAET, YTO IPU yBeaudeHun M
00yCJIOBJIEHHOCTh MEJJIEHHO YXYALIAETCs, a ¢ pocToM K yXymmraeT-
cs1 KaTacTpodUIecKu: OINOKa €TUHUYHOTO OKPYTJIEHHUS O YBEJIUYH-
Baercs B ax (2M)2K~1 pa3, rme ag ~ 1. Pacuer ¢ BoiGpannbiM K
03HAYaeT, YTO IKCTpAIoupoBanHas GyHkims u(z) umeer K Henpe-
PBIBHBIX NPOU3BOAHBIX. IloaToMy KO3bDHUIIMEHTHI ee pa3JIOKEHUs
IIO IIepBOii NoJcUCTeMe yOBIBAIOT Kak [3/ m&+1; 3necy koapdurment
B zaBucut ot uK)(z). Ectu MbI X0TUM BBIYHCIATH K03 dHUIHEHTE
PA3JIOXKEHUS C MTOTPENIHOCTHIO €, TO JJIsi HAMMEHBIIIETO, T. €. TOCJIE -
Hero, K03 dHUreHTa PA3/IOKEHNUsI HY>KHO [IPUPABHATD 2KeJIaTe b
uyto omubky eB/MX*! k norpemmoctu oxpyrienms §(2M)*K-1.
Otciona nojsiy4yaeM mpeiesibHO momycTumoe M:

M < [(/3)(B/ax )]/ CF) . 2= /(3K). (5.50)

Otim4ueM ag OT eZUHUIBI 31€Ch MOXKHO NpeHebpeys. Benuuny (3
OLIEHUTH TPYIHO, HO €€ BJIMSHUE Ha Pe3yJIbTAT He OUYeHb BEJIUKO H3-
3a BO3BEIEHMs B OJIM3KYIO HYJIIO CTelleHb. EC/IM HAM HY>KHO XOPO-
IO AIIIPOKCHMUPOBATH JINIIh (DYHKIIHIO, & 3HAYEeHHE KO3PDUIINEH-
TOB ee Pa3JIOXKeHUs HECYIIECTBEHHO, TO JOIIYCTUMO IPHHSTD € ~ 1.
(Owmubka nocsenuero koadburpenrta 6au3ka K HeMy camomy.) Ec-
JTM HY>KHO XODOIIO BEIYHUCIATH KO3(PDUIHEHTEI, 1e1ecO06Pa3Ho TI0-
naraTh € ~ 1074 + 1076, Onenka npenensroro M pjis 3TuUX Cly4aes
nipu 64-pa3psiAHbIX BBIYUC/IEHUSX IPUBeAeHa B Tabu. 5.1.

HanomuuM, 4To ynciio GyHKumit nepBo#t noacucremst {@., } pas-
HO 2M + 1 (B kuleTkax Tabiu. 5.1 OHM mOMEYEHBI 3BE3LOYKAMH),
2M + 1 £ K; uMH 1IOJIb30BAThCS HELEJIeCO0OPa3HO.
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it KOMITBIOTEPOB ¢ GOJIbIIEH Pa3PSAHOCTHI0 MOXKHO yBEJTAYH-
BaTh 3HaueHus: M corsacHo onerke (5.50). Mcnonb3oBaTs BbIYHCIIe-
HUs ¢ 32 pa3psiiaMu He CJIeJyeT — OIMMOKN OKPYTJIEH!UsI DU BHIYHUC-
JIEHUH Cp,, Q) HEIIPUEMJIEMO BEJIMKHU U HE [TO3BOJISIIOT IOCTUYb PAa3yM-
HOU TOYHOCTH.

ITozpewrocms. B moapasa. 5.4.2 oTMe4ajoch, 9T0 MOXKHO BBI-
6paTh k03bdunueHTs! nepes GyHKuusaMu Py (z) Tak, YTOOBI a1 UC-
KJIIOYaJI0 TPAHUYHBIA CKA4YOK caMoit (DYHKIUH, & A — IPAHUIHBIN
cKa4oK u'(Z) u T. 1.

ITycts u(x) umeeT Ha oTpe3ke [—n/2, /2| JOCTATOYHO MHOIO He-
npepbIBHBIX NMpou3BoaHbIX. llonoxkum K = 1 u BbIOEpEM a; Tak,
4TOOBI MCKJIIOYUTH PaHUYHbIH ckadoK u(z). Torma nepuoguyeckoe
MPOAOJIXKEHHE OCTATKA OYIET HEIIPEPLIBHBIM, HO C Pa3PbIBOM IIEPBOii
npousBonHoit. Ciie/ioBaTe/IbHO, IPU yBeJndeHUH M 1epBasi MOJCH-
crema 06eCIeduT CXOAUMOCTD ¢O cKopocTbio O (M —3/2) B HOpMe Lo u
O(M™1) B HOpMe C.

Ecnu nns Toit ke dpyHKIMM BLIOPATh a1 U3 YCIOBUS MUHUMHU3A-
uuu (5.45), TO MOrpeIHOCTH B HOpMe Ly MOXKET TOJIBKO YMEHbUIUTh-
Cs1 TI0 CPABHEHUIO C TEPBBIM BHIOOPOM, MIOCKOJILKY TENEepb MbI CTPO-
UM HaWJIydiiee npubmkeHne B HopMe Lo. 3HAYUT, IOTPEITHOCTH B
HopMe Lo Gyner He xyxe, yem O(M ‘3/2). Ecnu y4gects cBsi3b (5.26)
MeXK Iy HAWIydIIuMu npubukenusMu B HopMax C' u Lo, TO 11Jis1 HO-
BOT'O criocoba BLIOOpA a1 MOTPENIHOCTh anmnpokcuMmanuu B Hopme C
6yner ue xyxe, veM O(M ~11n M).

Ananornynnie coobpakenus: crnpaseqausbl gasa K > 1. Ha ux
OCHOBE MOXXHO JTIOKa3aTh CJIELYIOILYI0 TEOPEMY.

Teopema 5.1. Ilycrs u(z) HenpepbiBHA CO BCEMH CBOMMH IIPO-
uzsomueiMu 10 u(P) () BKiTIOUKTETBHO Ha OTpe3Ke [—1/2, /2], i BbI-
6pano K < p + 1. Torga nHaunyuiree npubnuxenue (5.45) umeer
norpemsocts O(M ~K=1/2) g wopme Ly 1 O(M X In M) B HOpME C
Ha 9TOM OTPe3Ke, BKJII0Yasl [PAHUYHbIE TOUKH.

Bugno, yro yBennmdyenne K u M mo-pa3HOMY BJIUSIET HA CXOU-
MOCTb. YBejudeHne M SKBUBAJEHTHO YBEJIMYEHUIO YUCJIA YJIEHOB
Kynaccudeckoro psga Pypre. YBenandenue K ot 0 1o p + 1 3kBu-
BAJIEHTHO NOBBIIIEHUIO TVIAOKOCTU MEPUOJUYECKOTO IIPOMOJIKEHUS
u(z), T. €. HCKIIIOYEHUIO TPAHMYHBIX CKAYKOB (DYHKIIUH U €e IPOu3-
BOJHBIX. DTa MPOIE/LyPa MOBBIIIAET CKOPOCTh CXOAMMOCTH KJIACCH-
geckoro psaa DPypoe. Beccmbicaenno 6parh K > p + 1: riiagkocTb
[IEPUOJUYIECKOTO MPOAOIKEHUSI IIPU 3TOM HE YJTy YIIaeTCs.

Bwibop. O6cynum Boioop M u K. Eciiu npoBOAUTS BEIYUCIECHUS
¢ 6ECKOHEYHOIl pa3psaHOCThIO, TO cenoBajo 6u1 6pate K = p + 1.
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OnHako mpu KOHEYHOH Pa3psSAHOCTH BBIYHMCIIEHHN (DaAKTOP MIIOXOi
06yCJIOBJIEHHOCTH MOXKET CTaTh pemiaionum. s xopoureir TouHO-
CTH HeOOXOMUMEI ellle u 6oJbInue 3HaYeHuss M, a OHU OrpaHUYEHbI
st kaxxaoro K (em. taba. 5.1).

IlosToMy Ha mpakTuke noab3yrTcs HeboabimMmu K. Pekomen-
ayercsa cnenyromiaa npoueaypa. Cuagana mosaraior K = 1 u Ha4n-
HatoT yBequ4duBath M. Ins kaxkgoro M HaxomaT Ko3(ddUIHEHTHI
U HENOCPEICTBEHHO BBIYUCISIOT MOJIyYEHHYIO B HOpMe Lo morpen-
HocTb 110 popmynam (5.45) u (5.44).

3areMm BoIOMpalOT K = 2 W NOBTODPSIIOT TOT XK€ IPOLECC yBe-
nuyeHuss M, He Tepexois NPeNejbHO JAOIMYCTUMOro 3HAYEHUs U3
Tabi. 5.1. [Iponenas Takue pacyeTsl 4J1s1 pa3HbIX K , BBIOMPAIOT Hau-
JIyYIIU# C TOYKH 3PEHUST TOYHOCTH M IKOHOMHYHOCTH DE3YJIBTAT.
Tlox 9KOHOMUYHOCTBIO 30€CH IOHUMAETCS MAJIOCTh YHCJIa YJIEHOB B
OKOHYATEJIbHOM pa3iioxkeHnu (5.43). MOXHO OrpaHUYUTHCS yIPO-
LIeHHO# mpoueXypoii. Eciin Hy»>KHa, Ipenu3nOHHAs ATTPOKCHMAIIUS
IJIABHO MeHsIomIeics pyHKImu, TO nejiecoodpasto B3saTb K = 3. Ec-
s hyHKIUSI UMEET JIOCTATOYHO CJIOXKHOE NOBeIeHre (MHOIO 3KCTpe-
MYMOB, I1eperu6oB u T. I1.), TO Jry4ite B3aTh K = 2 niu naxe 1. B no-
cJIeJHEM CJIy4ae TOYHOCTD AMIIPOKCUMAIIUY B v OYIeT BHICOKOM.
Pazymeetcs, BO Bcex ciydasix 3HadeHust M orpanudens! Tab. 5.1.

Ixempanoasuyus. Teopema naer oneHKY MOCPEIIHOCTH TOJLKO
Ha ucxoxHOM orpe3ke [—n/2,1/2|. IlycTh HaM U3BECTHO, YTO HCKO-
Masi PYHKIMS JOCTATOYHO TVIaJKasl U CyIIECTBYeT BHE 3TOIO OTPE3-
ka. KakoBa OyIeT MmOrpenHocTh MOCTPOEHHOM alIPOKCAMAIUNH DU
|z| > n/2, T. . BO3MOXKHA J1 pa3yMHasi SKCTPAIIOJISIUS 33 [IPEEIIbI
HMCXOOHOTrO OTpe3Ka?

IIpakTuKa pac4eToB MOKA3bIBAET, YTO PA3yMHAs SKCTPAIIOJISIIHSI
Ha HeGOJIBILYIO JOJII0 AJIMHBL ucxoqHoro orpeska (10 —20 %) 3aua-
cTyio Bo3MOXHa. TeopeTuyecku 3TOT Bompoc He uccienosaH. Ilo-
BUIMMOMY, JIOIYCTUMBbIE MPEIEbl SKCTPAIOJSIUA TEM IIHUDE, YeM
JaJplie OTCTOAT OT MCXOMHOIO OTPE3Ka OCOObIE TOUKM aHAJIMTHYE-
CKOTr'O NIPOZIOJIKEHUSI U(Z) B KOMIIJIEKCHYIO IIJIOCKOCTb.

5.4.4. BbiuucneHue ckanspHbix NpoussBeaeHUin

CkasisipHBIE TPOU3BENEHHS (Pm, 1) U (Pk, U) B CMBICTIE HHTETPaJIa
(5.44) UMb B UCKIIIOYATEIBHBIX CIy4asiX YAAETCs BBIYUCIUTD TOU-
Ho. Ha mpakTuke NpUXOOUTCS 3aMEHATh WHTErpaJjl KBaJApaTypHO
dopmysoit. HamoMHMM, 94TO B 3TOM Cilydae HEOOXOAMMO IO TOii XKe
KBaIpaTypHOU pOpPMyJie BBIYHCIATH BCE JIEMEHTHI MaTpHUIB! I'pa-
Ma (5.46).
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ITycrs dbyukims u(z) TabyaupoBaHa Ha TPOM3BOJILHOM HEPABHO-
MepHoii ceTke {Zn,0 < n < N}. IIpu 9T0M eCTeCTBEHHBI CIIeAyOIIHUe
TPeGOBaHUS HA CETKY: &) TOUKH Lo U TN SIBJISIOTCS TPAHUIIAMH OT-
pe3ka; 6) TOYKH I, PACHOJIOXKEHBI JOCTATOYHO ILIOTHO HA OTPE3-
K€, T.€. MAKCUMAJIbHBIA U3 [IAroB HEBEJIHK: Max(Tp, — Tp—1) K T.
B stoMm ciaydae onTuMmasnbHa HopMyia Tpamenuii:

N
(vyu) = Z (unvp + Un—1Vn-1)hn/2, hp=1zp —xpn—1. (5.51)

n=1

Teneps nr06ast mapa 6a3ucHbIX hyHKIMH, BOODIE TOBOPS, HEOPTO-
rOHaJIbHa B CMBICJIE CETOYHOTrO CKAaJIIPHOTrO mpou3Benenus (5.51).
Marpuna I'pama (5.46) craHeT MIOTHO 3aMOJIHEHHON (HO MO-TIPEX-
HEMY CHMMETPHUYHON U HOJIOXKUTEJIbHO onpenaeseHHoi). Pemars ee
TPHUAETCS OJIHBIM MeTo/ioM ['aycca 6e3 BbIGOpa rIIaBHOTO 3JIEMEHTA.
IorpermsocTs dbopMys Tpanenuit (5.51) Hesesuka: O(max h2).
ITosToMy ceTouHbIe MATPUYHBIE JIEMEHTHI OyIyT OJIN3KYU K UX MHTE-
rpajbHBIM aHajioraM. B MaTpuiie Ha puc. 5.4 cBeTJIBIM KpyKKaM Oy-
JyT COOTBETCTBOBATH MaJible 3ieMeHThl O(max h2 ), a 3HaYeHus 3J1e-
MEHTOB, COOTBETCTBYIOIINX TEMHBIM KDPYKKaM, MOYTH HE U3MEHSIT-
csi. OByC/IOBJIEHHOCTD MaTPUIlbl ['paMa JIMIIb HEMHOTO yX Y/ IIIUTCS.
s cTpaxoBKU OT OMIMOOK OKPYTJIEHHS HY>KHO OCTaHaBJIMBATh
pacyeT NpPH HECKOJIbKO MEHbIIMX 3Ha4YeHusix M, 4eM yKa3aHO B
Tabu1. 5.1. Yucio y3/10B ceTKH [OJKHO OBITH OOJIbIIIE YHCJIAa CBOOOI-
HbIx mapameTpoB: N +1 > 2M + K + 1. OgHako BBIYHUCIEHUS HA I'Pa-
HHU 9TOr0 HEPABEHCTBA PHUCKOBAHHBI U3-3a TEX K€ OLINOOK OKpyIJIe-
uusi. Ha npaxTuke peKOMEH[yeTCsi KCIOJIb30BATh JJOCTATOYHO 0O0JIb-
1II0€ YHCJIO Y3JI0B CeTKH, XoTs 661 N 2> (2 + 3)(2M + K).
PaesromepHrvie cemxu. Boiiee GiiaronpusiTeH Jjist BbIYUCIEHUS
cily4aii paBHOMEpHO# ceTKHu T, = —1/2 + nn/N. [Ipu sToM 3nemen-
Tl MaTpHIbl ['paMa BBIYKCIISIOTCS B SIBHOM BHJIE€ QHAJIOTMYHO TO-
My, KaK 9TO [I€JIaJI0Ch [Jisi Kjaaccuieckoro psina @ypbe. CooTHoMIE-
HUST OPTOIOHAJILHOCTH [JIsi 0a3uCHBIX DYHKIMI OCTAIOTCS TEMH 2XKeE,
YTO MPH MHTErPAILHOM CKAJISIPHOM IIPOM3BEJECHUH, TaK YTO CTPYK-
Typa MaTpuusl ['pama ToyHO cooTBercTByeT puc. 5.4. [lyisi smemeH-
TOB (Qm, ¢1) ¥ ({k, P¢) OCcTaIOTCA CIpaBeAIMBLIME GOpMYIIbI (5.47) 1
(5.48). @opMyiIbl 1151 3JIEMEHTOB (P, ;) HECKOIBKO YCIIOKHSIOTCS
10 cpaBHEHUIO ¢ (5.49), HO UX TaKKe MOXKHO 3aIHMCaTh B IBHOM BHJIE.
Ha npakTuke peKOMeHJyeTCsl IIPOBOJUTDH BBIYUCJIEHUS CIIELYI0-
M obpaszoM. CHadana B MaTpuie ['pama HY>KHO MPOCTaBUTH HY-
JIEBbIE 3JIEMEHTBI B COOTBETCTBHMM C PUC. 5.4, 3aT€M JUArOHAJIBbHBIE
JIEMEHTBI (P, Q1) 4 (Pk, Pg), UCIONB3YsT NX MHTErPAJIbHBIE 3HAYE-
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HUA (Pm, 91), (Yk, Pq). HeHyneBoie seMeHTHI (@, Yi) U IpaBble Ya-
cTh (Pm,u), (Pk, u) BeIuHCASIOT IO popMyte Tpanenwit (5.51).

5.5. ANNPOKCUMALMUA CNAANHAMU

5.5.1. B-cnnaiiubi

B kauecTBe annpokcumupyomux GpyHKIUNR MOXKHO OpaTh Crjiaii-
Hbl. OIHAKO [JIsi TOCTPOEHMS ANNPOKCUMANUN, HAMIYYIINX B HOD-
Me Lo, joKasbHast (pOpMa 3alUCH CIJIafiHA, NPUBEIEHHAS B IO-
pa3n. 4.2.2, HeynobHa. AJITOPUTM [1J1s1 HAXOXK I€HUsI KO3 PUIMEHTOB
HaWJIyqlIero JOKAJIbHOIO CIVIaifHa IPH 3TOM OKa3bIBA€TCs MCKJIIO-
YUTEJIBHO 'POMO3IKUM. Y HUBEPCAJILHOM 3aIMCH TaAKOro ajJrOPUTMa
JIJIs1 IPOM3BOJILHOM CTEIEeHH CIJIaifHa p IOKa He nocTpoeHo. ['opa3no
TIPOIIE CTPOSATCS aJITOPUTMBI J1J1s1 TAK Ha3bIBaeMoit 6a3ucHO GOpMBI
3aIluCH CcllIalHa.

BasucubIM ciutaitioM (uin B-criiaitHOM) Ha3BIBAIOT CIIANH C y3-
aamu {T,,0 < n < N}, OT/IN4HBIA OT HyJIs HA MUHAMAJILHOM KOJIH-
YeCTBE MHTEPBAJIOB (MM, KAK TOBOPSIT, HA MUHUMAJIbHOM HOCHUTEJIE).
Bae 3Toro Hocuresiss OH paBeH HYJIIO, HEIIPDEPHLIBEH BMECTE CO CBOEM
(p — 1)-it mpou3BoHOIL Ha HOcUTeNe (BKIIIOYAsl IEPEXO], B HyJIEBOi
oH Ha KOHIIAX HOCHUTEJISA); & €ro P-si MPOU3BOAHAS PA3PHIBHA B y3-
nax. BasucHslii crtaity p-it crenenn gedekrta 1, HOCUTENb KOTOPOro
HAYNHAETCS B y3JI€ Tp, OyaeM ob6o3HauaTsh depe3 Bp,(r). Paccmor-
PHUM, KaK CTPOSITCSI TAKK€ CILIAHbI Pa3HBIX CTENEHEH Ha CETKE.

Haunewm co crenenu cmnaitna p = 0. Takoit cnaitH Ha KaXXIa0M
UHTEPBAJIE SBJISETCS MHOTOYIEHOM HYJIEBOU CTENEHH, T. €. KOHCTaH-
toit. Ero nedext paBeH 1, ciemoBaTesibHO, BO BCEX y3/1aX OH pa3-
pbiBeH. MOXKHO TOCTPOUTS CILIaiiH HyJIeBoii creneru By, (z), oting-
Hblil OT 0 Ha OHOM MHTepBaJie (T.€e. ero HOCUTENIEM SIBJISIETCS OJUH
uHTepBaJ). s 3TOr0 nosiaraeM, 4To jieBee TOYKH T, CIVIANH PaBeH
0. Ha unrepsase (zn, Tn+1) 9TO HeHysIeBast KOHCTaHTa. [IpaBee ToY-
KU Ip41 CILIaMH cHOBa paseH 0 (puc. 5.5). Ha Bcem oTpeske [zg, zn]
cymecTByeT N TakuX CILUIAMHOB, 10 OMHOMY Ha KaXkJIOM HHTEDBAJIE.

Cnnaits nepBoit crenenu (B, (T)) COCTONT U3 MHOTOYJIEHOB IIep-
BO#l CcTeneHH, T.e. JuHEHHbIX KyckoB. OH HENpEpPHIBEH, HO B y3JiaX
HMeeT Pa3pbIB NePBOi npoussonHoit. Tem caMbiM, 3T0 TomaHast. ITo-
crpouM ee. CHOBa MOJIOXKHMM CILIaiiH paBHbIM ( JieBee TOYKHU .
W3 Touku T, NpOBEAEM MEPBOE 3BEHO JIOMAHON 10 TOYKH Lp+1 (CM.
puc. 5.5). IIpoo/mKuTh HyJIeM CILUIAHH U3 TOYKY Ty HEJIB3SI — IO
JIyYUTCsl pa3pbIBHASA JIMHUAS BMECTO HenpephiBHOM. [ToaTomMy u3 Tou-
KH Tp4+]1 MOCTPOMM BTOPOE 3BEHO JIOMAHOMW, NMPUXO/sIee B HYJb B
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To ZTn Tpp IN

Ty ZTp Tny1Tpi2Tn43 IN

Puc. 5.5. B-ciutadinb qoisi p = 0,1, 2 (WTpuXoBble JIUHAM COOTBETCTBYIOT
CZIBUTaM HOCHUTEJIs)

TOYKE Tp42. Terepb MOXKHO [OJIOXKUTH CIIJIaifH PaBHBIM HYJIIO IpaBee
TOYKH Tp42: HENPEPBIBHOCTD cobimoneHa. Hocurenp Takoro criaitna
COCTOWT U3 ABYX COCEIHUX HHTEPBAJIOB.

OxHaxko Terepb BO3HUKAET HEKOTOpasi HEOJHO3HAYHOCTh. Crutaitn
B, N-1(x), HauMHAIOWMIACS B y3J1€ TN_1, CBOEi BTOPOJ IIOJIOBUHKOM
BBIXOJUT IIpaBee TOYKHU Zpy. Kpome Toro cymecTByeT cIlaiiH, KOH-
YaIOIIUNACA B TOYKE T1, €T0 I€PBasi IOJIOBUHA JIEXKHUT JIEBEE TOUKH I,
a caM CIUIaitH crenyeT obo3Hadars By _i(z). Takum obpasom, mos-
HOe 4HCJIO cIIaifHOB paBHO N + 1, T. e. GosIblile YMC/Ia MHTEPBAJIOB
ceTKH. JI19 mOCTpOeHUs «BBLIE3AONINX» 33 I'PAHUILY CILUIAfHOB IIPU-
XOAUTCS NOTOJIHATD CETKY ABYMsI DUKTUBHBIMH y3JIaMHU L1, TN+41-

Amnanoruyso crpoutcs ciwiaie By, (x) crenenu p = 2. Jlesee To4-
KU T, Oepercs TOpU3OHTAJIbHBINA HYJIEBOH y4acTOK. B Touke x, K
HEMY TIJIaJKO, HO C Pa3pbIBOM BTOPOil IPOU3BOJHON «IIPUKJIEUBAET-
cst» KycodekK mapaboJibl, uayiuii BBepx. B Touke T, «IpUKIIENBa-
eTcsi» BTOpO# nmapabosmdeckuit yqacTok. Ha 3ToM Henb3st ocTaHo-
BUTbHCH, TaK KaK 3TOT YYACTOK IPUXOIHUT K OCH abOCIMICC C HEHYJIEBOMA
nepBoit mpon3BoaHoii. [Io3TOMy K HEMY B TOYKE Iy IVIQJKO «IIPH-
KJIEMBAETCS» TPeTHii napabosnyeckuit y4acToK. OH H0JIKEH TPHA-
TH B TOYKY Tp+3 C HyJIEBOI pou3BoaHOi. Tora npaBee TOYKY Ty 43
OH TJIaJIKO IIpojoKaeTcs HyneM. Takum o6pa3oM, napabondecKuii
CIUTaiiH UMeeT HOCUTEJIb U3 TPeX COCEIHHX MHTepBaJjoB. Uucio Ta-
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Kux criaiHoB paBHO N + 2. JIjist MX mMOCTPOEHUsI HY>KHO BBOIHUTH
elle ABa (GPUKTUBHBIX y3JIa: T2, TN4+2-

OmnucaHHbIM CITIOCOG0M MOXKHO CTPOHUTD CILIAMHBI 60JI€€ BHICOKUX
CTeleHeN.

Henvie gpopmyant. ns ynobersa 3anucu GoOpMys BBEIEM TaK
HAa3bIBAEMYIO YCEUEHHYIO CTereHb — 0000IIeHHY0 DyHKIHIO XeBu-
caitna (puc. 5.6):

¢ mpu g > 0,

P = = .
& =10 i <0 0,1,2, (5.52)

OTa QyHKIMsA HENPEPHIBHA BCIOAY BMECTE CO CBOMMH IIPOM3BOIHBI-
Mu BILIOTh 10 (p — 1)-it. Ee p-si mponsBogHasi pa3phiBHA B TOYKE
& = 0. [TosToMy ee Ha3BIBAIOT TAKXKE IJIEMEHTAPDHBIM CKAYKOM p-it
NPOU3BOAHOM (UM P-ii CTEIIEHH).

B-crutaifHbl JIErKO 3aIUCHIBAIOTCS Ye€pe3 000OIIEHHYIO (DYHKITHIO
Xesucaiina. 115 HysIeBOM CTENEHH CILJIAH Ha CBOEM HOCHTEJIE DABEH

(x — :cn)g_ =1 npuz, <zZ< Tni,

By, (z) = 0<ngN-1
0 BHE HOCHUTEJIs,
(5.53)
CrunaitH nepBoii cTeneHu (JIMHEHHDIN) HA CBOEM HOCUTEIE PaBeH
(z - mn)-l{- (Tn+2 — Zn)(z — $n+1)—1F
Bl’n(x) = - )
Tn+1 — Tn (xn+1 - zn)(xn+2 - xn+l) (554)

Tp < T K Tpy2

1 obpauiaercss B HyJb BHE HOCUTENS (Tp,ZTnio). Ilapabosmyeckuii
ciiaiiH (p = 2) Ha CBOeM HoOCUTEJE (T, Tn+3) AMEET BAL

_ (z —zn)}
Bon(z) = (Tnt1 — Tn)(Tnt2 — Tn)
B (Tne3 — Tn) (T — Tnp1)
(Tnt1 — Tn)(Tnt2 — Tnt1)(Tn+3 — Tnt1) (5.55)
(Tn+3 — Tn)(T — Tnt2)d
(Tn+2 = Tn)(Tn+2 — Tnt1)(Tnts — Tnt2)’
Tn < T K Tpy3,

+

U Tak)ke oOpamiaercst B HyJb 3a NpeJejaMHu OTPe3Ka (Tp,ZTn+3)-
C yBesIMu€eHMEM CTEIeHH CILIARHA ITU YACTHbIE (POPMYJIbI CTAHOBSIT-
cs1 Bce 60J1ee TPOMO3IKHMH.
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(yceuennas crenens) s p = 0,1,2, ...

&t p>2 Puc. 5.6. O606mennas dbynkius Xesucaiiga
/p =1
p=0

3

MozxxHo 3anucaTs nogo0HbIE HOPMYJIBI B OOIEM BUJIE JJIsI TPOU3-
BOJIbHOH CTeIleHU CILJIaiiHa p

p
Bpn(z) = Z bpnk(T — Tnik) IPK T € (T, Tngpt1], (5.56)
k=0

KOTOpasi 00paIlaeTcs B HyJIb BHe HOCUTENS (Zr, Tnip+1). 3MECH

p+1

bprk = (Tnip+1 —Tn)/ || @nst — Tnsi),
1=0, 14k

0<k<p, -p<n<N-1

(5.57)

Buaso, 4o crunaits p-it creneHn umeet Hocutesb u3 (p+1)-ro cocen-
HEro uHTepBaJja. Yucyio pa3nudHbIX 6a3UCHBIX CIUIANHOB p-ii cTeme-
HM Ha BCEM OTpPe3Ke [Zo, x| paBHO N +p, a [|jIs1 ©X IOCTPOEHUS HAJI0
BBECTH 0 P (PUKTUBHBIX y3JIOB CIIPaBa u CiieBa: {Tn, —p < n < N +
+ p}.

AHaymusupys 3HaKu coMHOXHTeJe# B (5.57), HETPYAHO ycTaHO-
BUTb, 4TO Sg0 by, = (—1)F, . e. HyneBoit wien B cymme (5.56) mosto-
JKUTeJIEH, a Jlajiee 3HaKu depenyrorcsa. QdeBuiHo, B-cruialiH onpe-
JIEJISIETCsI C TOYHOCTBIO JJO MOCTOSITHHOTO MHOXKHTEJISI. TOT MHOXKHU-
Tesib B popmystax (5.53) — (5.57) BeibOpaH Tak, 94TOOBI IIOMAIb MO,
rpaduKoOM crjIaiiHa paBHSJIACH

Tn+p+1

Bpn(2)dz = %T%;%' (5.58)

Tn

Ha paBuomepHoit cetke h, = Tpy1 — T, = const = h Bux K03d-
GHUIMEHTOB CHJIBHO YIIPOIIAETCS:

b = DM+ 1)
Pk hklp+ 1 — k)
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a wIowaab moj rpaduKoM CIiaiiHa npocto paBHa h. Otcrioma Bui-
HO, 4YTO XOTH JJIMHBI HOCUTEJIEH CIJIaiHOB Pa3HbIX CTENeHell paBHBI
(p + 1)h ¥ ZOBONBHO CUIBHO PA3IUYAIOTCS, 3P DEKTUBHBIE IUPUHBIL
rpa¢HKOB CILTAHHOB Ha CAMOM JieJie OJIM3KH.

Pacuer B-craitHoB 1o ykasauubM ¢opmynam (5.56), (5.57) xo-
POILIO IPOBOJIMTCS JIjisi HEBBICOKMX cTeneHel p < 5. [Ipu manbHei-
IIEM YBEJUYEHUH CTEleHH HaYMHAIOT 3aMETHO BO3PACTATh OMIMOKH
OKDYIJIEHUsS] M3-33 CJIOXKEHUs 3HAKOIEPEMEHHBbIX 4eHOB B (5.56).
IIpu p > 10 3Tu OIMOKHU CHUIBLHO CKA3BIBAIOTCH HA BBIYUCJICHHSX,
a npu p =~ 20 craHOBaATCA KaracTpodudecku donprumu. Ilostomy
JaHHble (DOPMYJIBI IIEJIECOOOPA3HO UCIIOIL30BATH JIUIIb IPU HEOOTH-
LIHUX CTENeHsX CIIaiiHa.

Pexyppenmuuiti anzopumm. CyliecTByeT peKypPPEHTHBIH aJI-
FOPHUTM, BbIpaXXalomuil 6a3ucHbIi ciuiaiin (p + 1)-it crenenu yepes
ABa 0a3uCHBIX crjaitHa p-it cremenu. IIpuBenem sty dopMmyny 6e3
BBIBOJIA!

(z = zn)Bpn(z) | (Tntpt2 — T)Bpn+1()

Bptin(z) = + . (5.60)

Tntp+l — Tn Tn4pt+2 — Tn+l
®@opmyiny (5.60) MOXXHO HEIIOCDEICTBEHHO IPOBEPUTDH HA CIUIAHHAX
BILIOTB JI0 BTOPOIi creneny, ucnonb3ys (5.53) — (5.55).

Anropurm (5.60) MOXXHO yHIOTPEOIATH [JIsT BHIBOJA YCTONYHUBBIX
SAIBHBIX (DOPMYJI BBIYUCJIEHUS CILJIAfiHOB Oojiee BBHICOKHX CTENeHEN.
OHako Takue GPOPMYJIBI Oy YAIOTCS CIMIIKOM FPOMO3JKUMH, 8 UX
KOMITAaKTHOT'O OOII[ero BU1a He HAMIEHO.

Anroputm (5.60) BBIFOJHO WCIOJIB30BATH COBEPUIEHHO HHAYE.
MoOXHO B34Th 3HAYEHHs CILUIAKHOB HyJeBo¥ crenenu (5.53) mis 3a-
JaHHOrO 3HAYEHUS T, & 3aT€M PEKYPPEHTHO MOBBIIIAs P Ha €IUHUILY,
BBIYUCJIATH 3HAYeHus B-crnaiiHa Ipyu JaHHOM T JO TeX IMOP, ITOKa
He JIoiaeM 0 CIUIaiiHa Hy>XHOM cTermeHH. Takoif aJlrOPpUTM ropas-
a0 6ojiee yCcTONYMB, YeM HEINOCPEJICTBEHHOE BBIYHCJIEHUE CILIAHHA
no ¢popmysnam tuna (5.53) — (5.57). Ero ommbku oKpyryieHus mpe-
HEeOPEeKUMO MaJibl, 110 KpaiiHeil Mepe 10 p = 20, 4TO MPEBOCXOIUT
oTpe6HOCTH OOBIYHON IPAKTHKH.

5.5.2. CpepHekBagpaTuyHas annpokcumaums

Obiee BoIpaXkeHwe JJjisi CILUIAfiHA Ha BCEM OTDe3Ke [Zg,Tn] Co-
|{CTaBJIETCA KaK JINHEHHAs KOMOMHAIMA OAa3UCHBIX CILJIAMHOB IT0 BCEM
HocUTEsAM. [Ipy 3TOM HaHO BKJOYATh B CyMMY B-criaifHbl, BBIXO-
- Jsilipe 3a TPAHUIIBI OTPE3KA:

N-1
Sp(@) = Y cnBpn(a). (5.61)
n=-—p
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3TO BBIpAXKEHUE €CTh 0OODIIEHHBIM MHOIOYJIEH, 8 €ro 0a3MCOM SIB-
ssieTcst Habop 6a3uCHBIX CILUTAfiHOB p-it cremenu. XoTs B-criaiHbI
CTPOSITCSL Ha pacIIupeHHoi ceTke {Z,,—p < n < N + p}, nonb3o-
BaThbcs Gopmyoii (5.61) ciemyer TOIbKO Ha OTPE3Ke [Zg, Zx].
AnnpokcuManuio crjiafiHaMu, HAWIydinyio B HOpMe Lo, HaIO
CTPOHUTH 10 OOBIYHBIM IPABUJIAM, OMMUCAHHBIM B 5.1. Bee ckansipabie
[IPOU3BEIEHHUS [IPU ITOM OEPYTCS [0 UCXOAHOMY OTPE3KY:

TN
(Byms Bym) = f Bon(z)Bym(c)dz, -p<nm<N—1 (562

Zo

Ananoruyno 3amuceiBaercs (Bpp,u). Jdnst Haxoxaenust N + p Ko-
3 DUIMEHTOB ¢, MTOJyYAETCH CUCTEMA TAKOI'O XK€ YHUCJIa, JTUHEHAHBIX
YpaBHeHHUit

N-1
Z (BP"’ Bpm)cm =(Bpn,u), -p <m < N —-1.

m=—p

W3 puc. 5.5 BugHO, 4TO CILTaitHBI HYJIEBOM CTENIEHN OPTOrOHAJb-
HBIL JIPYT APYTY: HOCUTENH ciiaiiHa By, He NepEeKPHIBAETCS IaXe C
HOocuTesleM O6mxKaidimero cocega By 41, He roBOps yke o 6osee na-
sekux. IToaromy ckassiproe npoussenenue (5.62) 06oit napsl pas-
JIMYHBIX CIJIaitHOB By, paBHo Hy/0. Matpura I'pama npu stom nua-
COHAJIBHA, ¥ HAXO0XIeHUE KO3PDHUIIUEHTOB ¢, IPOU3BOIUTCS 6€3 Io-
Tepu TO4HOCTH. Ho 3TOT cily4ait HEeMHTEpECEH JUisl IPAKTUKU U3-33
MaJIOii CTelleH! CILIaiiHa.

IIpu p = 1 HOCUTENb Kaxka0r0o B-criaiiHa mepeKphIBaeTCs ¢ HO-
CUTEJISIMA OIHOrO IMPABOTO U OAHOrO JjieBoro cocema. C Gosee ma-
JIEKAMHU COCEISIMU IepeKpbITUsl HocuTesst HeT. [losToMy B KaxIoit
CTpOKe MaTpulibl ['paMa OTJIUYHBIMH OT HyJsl OYyAYT TOJILKO TpU
CKaJISIPHBbIX IIPOM3BeJeHus:: auaroHaibHoe (Biy, Bi,) U aBa cocen-
HUX (Bin, B1n+1). Matpuna I'pama oka3sbiBaercst TpexauaroHaJb-
oM. I3 cnaboro mepekpbiTusi rpadUKOB COCEOHUX CILUIANRHOB IMPU
p = 1 (cM. puc. 5.5) BUAHO, 94TO CKaJISIpDHOE IPOU3BEICHUE HA TJIaB-
Holi 1uaroHasu 6yneT cuibHO mpeobiagaronmm (cM. tabm. 5.2), mo-
3TOMY TpeXAHaroHaJbHas JIMHEeWHas cucTeMa Ajisi Ko3bdunueHTos
Cn YCTOWYHUBO peIIaeTcsi MeTonoM l'aycca Ui mpOroHKOM.

s p = 2 kaxapiit B-crutaitH nmepekphiBA€TCs C ABYMS IIPABBI-
MH U ABYMS JIEBBIMU cocesiMu. HeHyneBbie a/ieMeHTHI Oy T y2Ke Ha
nsATH auaroHansx: (Bop, Bon), (B2n, B2nt1) u (Ban, Bant2). Ilepe-
KDBITHE C cocensiMU 0oJjiee CHIbHOE; OHAKO MOXKHO IIOKa3aTh, YTO
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Tabnuna 5.2
OGycJI0BJIEHHOCTh BBIYUCJ/IeHUsT B-cruiaiiHa

p 1 2 3 4 5 6 7
(Bn,Bn)/ Y (Bn, B) | 2,000| 1,222 0,921 | 0,756 | 0,650 | 0,575 | 0,520
n#k
Honyctumere N 00 00 200 | 125 80 65 50

npeobiafaHue [IaBHON JUArOHAJHN enfe coxpaHnsercs. [losromy nu-
HeliHas CUCTeMa C NATHAMATOHAJIBHOM MaTpuuei I'pama ycToituuBo
pemaercst MeronoM [aycca.

IIpn p = 3 marpuna ['pama cemumuaronannuasi. [lepekpbiTue
C cocensIMM HACTOJIBKO 3HAYUTENbHO, YTO IPEOOJIaJaHUs TJIABHOM
auaroHau yxe HeT. [Ipu penreHuu TUHERHOM CHUCTEMBI HAKAIIMBA-
10TCs1 OMMOKYM OKPYTJIeHUs, HO elle cj1abo. VIx HakomieHne MOXKeT
CKa3aThCsl TOJIBKO TIpH Gosbimux unciax y3uoB N. [Tostomy xy6u-
YECKUM CILIAHOM MOXKHO 6€30I1aCHO II0JIb30BATHCS.

Ilpu nanbHeiiieM yBeJINYEeHUN CTENIEHH P KOJUYECTBO AUATrOHA-
neit B matpune ['pama BospacraeT (0HO paBHO 2p + 1), a ee 00ycsI0B-
JICHHOCTh yXyauiaercs. [losTomy GogbIIUMU p HAIO MOJIB30BATHCH
ocTopoxkHO. B Tabi1. 5.2 npuBeneHbl OTHOIIEHUS] IUATOHAJIbHBIX KO-
3 bUIMEHTOB K CyMMe HeIUArOHAJILHBIX IJIsl CIydas paBHOMEPHOMN
CEeTKH, ¥ IONyCTUMbIe Yucyia N B 3aBUCHMOCTH OT CTEIEHH CILIaiHA
1ipu 64-pa3psioHBIX BBIYACIEHUSIX.

IToBblieHNe yKa3aHHBIX PeAeIoB /N OMacHO U3-3a CHJILHOTO Ha-
KOILIeHUs1 onO0K okpyriieHusi. OnHako npu MeHbmux N ycToinyu-
BOCTb aJITOPUTMAa OCTAETCSI XOPOIIIEiA.

Bouiwucaernue cKaAapHur npoudeedenuti. DIeMEHTH MaT-
puipl I'paMa MOXKHO BBHIYHC/IHTH TOYHO, ONHAKO JEJATh TO HEIle-
secoobpasno. Bee paBHO 1Jist pa3JIMYHBIX UCXOAHBIX DYHKIUi u(T)
CKaJISIpHbIE Tpou3BeeHus ( Bpy, &) TOUYHO yOACTCS BHIYHC/INTD JIUIIb
B HCKJIIOYUTEJNbHBIX ciaydasx. OObIYHO MPUXOAUTCH TOJb30BAThCS
KBaAPaTypHbIMU opMysiaMu, ocobeHHO ecin dyHKuus u(z) Taby-
nupoBaHa. [lycts bynkuus 3amaHa CBOUME TaOJUIHBIMU 3HAYEHUSI-
mu uj = u(z;), 0 < j < J. Touknu z; HEKaK He CBS3aHBI C PACIIOJIO-
JKEHHMEM Y3JIOB CIUIaiiHa T, (x0Tst Touku ¢ j = 0 u j = J ecTecTBeH-
HO JOJIKHBI OBITH KOHI[aMK O0Tpe3Ka). Kak BeIOpaTh KBaAPaTyPHYIO
dopMyITy 1711 CKAJISIPHOTO IPOU3BEIEHUS !

Eciu MBI BCHIONB3yeM CILIaH p-i CTENEHH, TO HESBHO MPEIIO-
naraeM, uto cymecTByer HempepbiBHas u(P~1(z). BeccMbicieHHO
OpaTthb crtaiiH 6osee IyIaIKUM, 4eM ucxonHasi GyHKuus. B aTom ciy-
Yyae pa3yMHO IOJIb30BATHCS KBaAPATyPHBIMU DOPMYIaMU TOYHOCTH
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Br10Th fo O(hP~1). Ecnu cetka {z;} pasHOMepHas, To Takue dop-
MyJibl BBICOKOTO IOPSiIKA TOYHOCTH 3a4YaCTyI0 MOXKHO MOI06paTh
(mampumep, dopmyna Cumncona ajs p = 5). Eciu xe ceTka Hepas-
HOMEPHA, TO MPUIETCS OrPAHUYUTHLCS (POPMYJION TpATEIHiA.

Jnst nojiy4eHust pa3yMHBIX Pe3yJIbTATOB YHCJIO TabyITMPOBAHHBIX
3HaYEeHUH (PYHKIUU JOJKHO OBITH MHOTO 0OJIbIIIE, YEM YHCJIO Mapa-
MeTpoB ciiaiina J > N + p (xors 6bl B ABa-TpH pa3a).

Y3ant cnaatina. Ecin Toukn {z;} HaMm 3a1aHBI, TO y3J1bI CILIAM-
Ha {Z, } MBI MOXXeM BbIOpaTh camu. VI3 mpeapiayIero BUgHO, 9TO UX
YNCII0 OOJKHO ObITh N K J. OgHako 3Toro HemoctaTouyHo. Heob-
XOIMMO el1le, YTOObl BHYTPb KaXKI0rO UHTEPBAJIA [Lp, Tnt1] MOHATIO
JIOCTATOYHO MHOTO TabyJMPOBaHHBIX TOYEK T; (XOTs ObI ABe-TpH).
Henonyctumo, 4T0o6b! B KaK0i#-1160 U3 HHTEPBAJIOB [Ln, Tn41) HE HO-
naJio 66 HA OJHOM TOYKHM ;.

INozpewrnocmsb. Eciu ckansipHble TPOM3BeIeHUsI IOHUMATh B
CMBICJIE TOYHOTO MHTErpupoBanus (5.62), a y3ib! crutaitna {z,} 06-
Pa3yoT PAaBHOMEPHYIO CETKY C IIaroM h, TO MOXKHO IOJIy4YHUTb TEO-
peTHUYeCKHe OIEHKHU IMOTPEIIHOCTH HAWJIYdIlero CpeJHeKBa paTuyd-
Horo npubmkenus. IlycTs u(Z) MMeeT p HENPEPHIBHBIX MPOU3BOJ-
HBIX U allPOKCUMUPYETCs CIUIaiiHOM p-it crenenu. Torma ajisi caMo-
IO CIIafHA ¥ €ro ¢-X NPOU3BOAHBIX (¢ < p— 1) cnpaBenJuBSI CleLy-
IOIAE ACUMIITOTHYECKH TOYHbIE ITpU h — () OLIEHKH MTOTPEIIHOCTH:

a) B KaXK[IOM UHTEPBaJIe

Tnt1 Enil
(539 (2) — ul@(@)2dz ~ (Bp—gh?~*1)? f [u® (2)dz;

(5.63)
6) Ha BCceM OTpe3Ke

IS5 — u@ |, ~ Bpogh?~ I [P, (5.64)

Kosddunpentsr sTux dopmyn (Tounee, 1/B,—4) npencraBieHsl B
Tabu. 5.3. U3BecTHA aCHMIITOTUKA:

Bp—g — V2/(20)P™9*! mpu p—g— oo.

DaKTHYECKH OHA YK€ XODOIIO BHINOJIHsieTcs ipu p — ¢ > 1. Ta-
KUM 06pa30M, ¢ yBeJIMUeHUEeM CTEIIEHH CIIaiiHA He TOJIbKO BO3pacTa-
€T MOPSJOK TOYHOCTH, HO M OBICTPO YMEHBIIAETCS OCTATOYHBIN KO-
abdumuent. XoTsa CIUIaitH p-il CTENEHM MMEET TaKO# Ke MOPSIOK
TOYHOCTH, KaK ¥ MHTEPIIOJIANOHHBIN MHOTOYJIEH, HO KO3 PUIHEHT
B OCTATOYHOM 4YJIEHE y HET'O MEHBIIE; 3TOT BBIUTPHIII TEM CHUJIbHEE,
4yeM BbIIIIe CTeNeHb CILIaiiHa. TakuM 06pa3oM, cpeHeKBaApaTUIHbIE
CIUTaHBI ABNAIOTCS 3D EKTUBHBIM CPEICTBOM ANMPOKCUMAIHH.
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Tabnauua 5.3
Koaddunuenrs! B dhopmynax (5.63), (5.64)

pP—q 1/Bp—q pP—q 1/Bp—q
0 2v/3 4 1444/2 310
1 125 5 30240,/1 430/691
2 12/210 6 8 640+/1 001
3 240v/21 7 1 209 600+/7 293/3 617

Mnozomeprocmsb. B MHOroMepHOM citydae MOXKHO HOCTPOUTH
CILJIAMH B BUJIe IPON3BEJEHNUSI OMHOMEPHBIX B-citaitnoB. Hanpumep,
ABYMepHBIH B-crutaifH nepBoii cCTerneHn eCTh IPOU3BEIEHNE IBYX OJI-
HOMEPHBIX JINHEHHBIX CILUIA#HOB (cM. puc. 5.4 g p = 1) mo = u y.
I'paduk Takoro cmjiaiiHa UMeeT BUJ YETHIPEXT'DAHHOM MTUPAMUIBI C
OCHOBAHMEM 2 X 2 UHTepPBAJIA.

OnmHako Takue 6a3MCHI CYHIECTBEHHO JAJIbIIE OT OPTOrOHAJIBHO-
CTH, Y€M B OJHOMEPHOM ciydae. Hanpumep, Hocuress (OCHOBaHME
OIUCAHHOMU BBIIIE TMPAMHU/IbI) IEPEKPBHIBAETCS HE C JBYMS COCEIHH-
MM HOCHUTEJISIMU, KAK B OJJHOMEDHOM CJIy4ae, a ¢ BoceMblo. IIponeHT
3anoyiHeHusT MaTpullbl I'pama cranoBuTca Gosibiie. Ee cTpykrypa
YCJIOXKHSIETCS: JJIsl JIUHEIHOro CIJIaifHa B IBYMEPHOM CJIydae BMe-
CTO TpeX AWaroHaJeil Nojy4aeTcs AeBsATh, IPUYEM PACIOJIOKEHHBIX
HE PsIIOM, & 00Pa3yIOIIKUX OYeHb IIHPOKYIO JIEHTY. ITO He M03BOJISIET
3¢ beKTUBHO HCIIOIBL30BATH JIEHTOYHBIN BapuaHT MeTona [aycca.

CaMoe HempUsITHOE B APYrOM: DE3KO YXYALIAETCs ODYCJIOBJIEH-
HOCTD JIMHEHOM CUCTEMBI. Y3Ke IIpu p = 1 OTCYyTCTByeET npeobiiaaa-
HUe JUArOHAJIBHOIO 3JIEMEHTA, I03TOMY K MPSIMOMY Pa3JIOXKEHHIO I10
AByMepHOMY 0a3ucy mpuberaTh HEBHIMOAHO. Jlydile HCIOJIL30BATH
[I0CJIEJOBATEIHLHOCTH OHOMEDPHBIX PA3JIOXKEHHIA.

Jns 3TOro moctynaroT ciaeayomum obpazom. CHavasa pasiiara-
10T GyHKIuo u(z,y) Mo criaiiHaM omHOM nepemenHoi ot z. [lomy-
9a10T KO3 DUIMEHTHI PA3JIOKeHUS Cp (Y), KaK DYHKIUKM BTOPOH Iie-
pemenHoit y. IToToM mpoBoZAT pa3yoxkeHue 3TUX KOIDDHUIHNEHTOB
¢n(Y) MO ONHOMEDHBIM CILIAfHAM OT IIEPEMEHHOH Y.

JocTonHcTBa 3TON MpOLEAYPHl COCTOSAT B CjexyoueM: 1) oHa
GoJiee ycToiumBasi; 2) JIErKO IPUMEHSIETCS K CILIAHAM IPOU3BOJIb-
HOIi cTemneHy; 3) ecTeCTBEHHO 00061Iaercs Ha Cirydail 60JIbIIero yuc-
Ja nepeMeHHbIX. OTHAKO y Hee UMeeTCsl HeJOCTATOK — IPOU3BEe-
HUe€ IBYX OJHOMEDHBIX PA3JIO’KEHH He SKBUBAJIEHTHO IIPSIMOMY JBY-
MEpHOMY Da3JIOXKEHHIO, TTIOCKOJIbKY 6a3ucHbie (PYHKIUU HE OPTOro-
HaJIbHBI.
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5.5.3. KoHeuHble 3nemeHTbI

B siurepaType MHOrO BHUMAHUS YIEISIOT TAK HA3LIBAEMOMY Me-
TOXY KOHEYHBIX 3JIEMEHTOB (€ro Ha3BbIBAIOT TAKXKE IPOEKIUOHHO-
ceTo4YHBIM). B HEM UCIOJIB3YyIOT pa3iioXKeHue ONHO-, ABYX- U TPEX-
MepHbBIX DyHKIMM 10 6a3UCHBIM DYHKIUSIM, ONPEAEIEHHBIM Ha KO-
HEYHBIX HOocUTeJIsIX. Takue 6a3ucHble QYHKIIUN HA3BIBAIOT KOHEYHBI-
MH 3JIEMEHTaMH.

CaMo pa3zyioXeHue MOHMMAIOT B PA3HBLIX CMBIC/IaX. DTO MOXKET
OBITH HAMJIYYIIas ANIPOKCUMAIMs B HOpMe Lo, yIOBIETBOPEHUE HE-
KOTOpOMY U epeHINATBHOMY YPABHEHUIO, MUHUMU3AIUS HEKO-
TOPOTO CHENUATHLHOIO (PYHKIIMOHAJIA OT JAHHOTO PA3JIOXKEHUS U T. II.

Buano, uto B-CIuiaifiHbl SIBJISIIOTCS YACTHBIM CJIy4aeM TakKuX KO-
HEYHBIX 37eMeHTOB. OHM MMEIOT OCOOEHHO IPOCTOM BHJ, M IITHPO-
KO HCIOJB3YIOTCS B JaHHOM MeTome. OCoGEHHO 4acTo U3-3a CBOEro
OY€eHb [IPOCTOrO BUIa yIOTPEOJISIOT INHERHbIE B-CILIaitHbl, HECMOT-
psS Ha UX HEBBICOKYIO TJIaJKOCTh. KOHEYHBbIE 3JIeMEHTHI BBICOKOM
[JIaKOCTH IPUMEHSIIOT 3aMeTHO pexke. [1o cyiecTBy MeTon KOHeu-
HBIX 3JIEMEHTOB OJIM30K K PAa3HOCTHBIM cxeMaM. Ilo ucropuueckum
IPHYUHAM OH PA3BUBAJICS CHAYAJIA CAMOCTOSTENHHO, HO IIOCTEIIEHHO
M3JI0KEHUS 3TUX METOIOB BCe OOJIbIIIe U OOJIbIIIe COMUKAIOTCS.

5.6. ANMNMPOKCUMALINA KPUBbIX

5.6.1. NapameTrpusauus xpusoii

OTtnuure anmpoOKCUMAIMKA KPUBOM OT alIIPOKCUMAIUAN PYHKIIUA
COCTOUT B TOM, YTO KPHBas MOXET OKa3aThCs 3aMKHYTOMH, C BO3-
BPATOM, NMETHh GECKOHEUHYI0 HPOM3BOJHYIO U T.II. B aTOM cityuae
HEBO3MOXKHO AIIIPOKCHMHUPOBATH UCKOMYIO KDHUBYIO J1I000# sIBHO
dyHKIUEH, B TOM YUCJI€ MHOTOYJIEHOM HJIH
OTHOIIEHHEM MHOTO4IeHOB (puc. 5.7). Jdaxke
B CJIy4ae OJHO3HAYHBIX OBICTPOMEHSIIOMINX-
cs1 GyHKIMI IPOCTEMIINE IBHBIE AIIIIPOKCH-
MAIIUM MOTYT OKa3aThcs Henmpuroaubeivu. Ha
puc. 4.5 (cM. 1. 4) BUAHO, YTO UHTEPIIOJIS-
IIMOHHBIA MHOTOYJIEH OKa3aJICSI HEMOHOTOH-
Puc. 5.7. Kpupas, xo- HPIM XOTA HCXO/IHAT 3aBUCHMOCTD 6bL11a MO-
Topylo  HeBo3MoxkHo HOTOHHOM.

ONUCATH  OIHO3HAYHOIN PaccMoTpuM f1j1st 06LTHOCTH TPEXMEPHOE
dynkmeit rocTpaHcTBo. [IycTs KpuBas 3a7aHa TOUKaA-
MU Tn,Yn,2n, 0 < n < N. Haubonee ymob-

Y

z
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a z 6 t
Puc. 5.8. Ilapamerpudeckoe mpeCcTaBjIeHAEe KDHBOH:

a — ymensa y(z); 6 — ee HeyIayHas IApAMETPH3ALMs tn, = T

HO HCHOJIH30BaTh IapaMeTpUYecKoe MpejcTaBlIeHne KpuBoil. Bee-
JeM napameTp t, MOHOTOHHO BO3paCTaoUMi BAoJb KpuBoii. Jomu-
eM K TabJIuie ero 3Ha4eHusI B y3J1aX ¥ pa300beM ee Ha OTHOMEPHbBIE
tabmuupl (tn, Zn), (bnsYn)s (En, 2n). Jadiee eTporM annpoxkcuManuo
Kaxk 10t Tabuuupl Z(t), y(t), 2(t). I3mensist ¢, MOXKHO BHIYUCIIUATD JIIO-
60e 4KCIIO MPOMEXKYTOUHBIX To4ueK. [loaToMy maes BBecTH napaMerp
¥ IOCTPOUTH OZHOMEDHBIE ANNPOKCHMAIIMH BECbMa MPUBJIEKATE b
Ha, TeM DoJjiee, YTO 3TOT CHOCOO MPUMEHUM K JII00OMY UHCILy U3Me-
penuit.

Pazymeercsi, He Bcakuit cniocod BBeJEHHS IapaMeTrpa MPHUFO-
ned. Hampumep, Henp3s 6paTh B KaueCcTBe MapaMeTpa HOMEp TOY-
KU Ha KpuBoil t,, = n. Bo3bMeM oTpe30K nmpocTeiiniei 3aBUCUMOCTH
y(z) = z. IlycTs Ha nepBO#t YacTH OTPE3Ka MOCTABJIEHH GJIN3KO pac-
[IOJIO’KEHHBbIE PABHOQTCTOSIIHME TOYKMU, & HA BTOPOW YacTH — TOXKE
DPaBHOOTCTOSIIME, HO ropa3no 6osee penkue Touku (puc. 5.8, a). To-
raa rpacduku z(t) u y(t) 6yayt tomansiMu (puc. 5.8, 6), XOTs HCXOA-
Hasi KpuBas ObLi1a FIIagKoif.

Korna KpuByio pUCYIOT 110 TOYKaM C IIOMOIIIBIO JIEKaJa, JUCT Oy-
Maru MOXHO BEpPTEPb, KaK HaM yJOOHO. 3HAYHUT, Mbl UHTYHUTHBHO
TpebyeM, 4TOOLI KpUBasi HE MEHSJIACH NIPU MaPAJLIEIbHOM IIEPEHOCE
HJIY [TOBOPOTE Oceif KOOpAUHAT. MaTeMaTudecKu 3TO 03HAYAET, YTO
NpH ONMCAHWU KPUBOH CJIEIyeT IOJIb30BAThCS YHCTO NeOMeTpHUe-
CKUMH TOHSATHUSIMU: JJIMHOM, KpUBU3HOH 1 T. 1. IlosToMy B KadecTBe
napameTpa [1ej1Ieco00pa3HO BHIOPATh r€OMETPUYECKY IO BEJIUINHY.

W peanbHbiit cr1ocod — B3ATH 3a MapaMeTp MJIMHY AyTH KPHBOM.
Ho pnst sToro HyxHo 3HaTh BuA KpuBoil. Ha mpakTuke 6epyT onHy
U3 CJIEAYIOINX XapAKTEPUCTUK KPUBOM, KOTOPbIE HETPYAHO ITOCTPO-
HTb [10 TOYKAM: JJIUHY XOPAbl WU JJIMHY AYTH OKPYKHOCTH (BTOPOi
C1oco6 CyIECTBEHHO TOYHEE).
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5.6.2. Xopaa

7151 IpOCTOTHI 3aIMCH OrPAHUYMMCS CJIy4aeM ABYX IIEPEMEHHBIX
u OyneM 00603Ha4YATh TOYKH KaK KOODAMHATAMM, TAK M PaJNyCOM-
BEKTOPOM (Zn, Ypn) = I'p. IIpocreiimum npubiukeHneM K AJIUHE Y-
TH KPUBOH Iy, 41 MEX/Iy IBYMS COCETHUMH TOUKAMH I'y, U T'py1 Oyner
JUTHHA XOPABI I 41, COEUHSIONIEH 3TH TOYKH:

l_’n,n+1 = |rn+1 - rnl = \/($n+1 - 51711)2 + (Yn+1 — yn)2' (5.65)
TouHOe 3HaYEeHMe JJIMHBI JyTH MEeXy AByMsl TOUKAMH PABHO

tnt1 Tn4l

st = [ a0 + 0= | VI E@de. (5660
tn Tn

CpaBHUM, HACKOJIBKO OTJIMYAIOTCS JJIMHBI JlyTH U XOPIBI.
Iozpewrocms. Il HAXOXKIEHUS MOrPELIHOCTH BBEIEM JIO-
KaJbHYI0 CUCTEMY KOODAMHAT. 3a HAYaJI0 KOODAMHAT BO3BMEM 7-10
TOYKY KPHBOH, a 3a 0Ch abCIICC — KacaTeJIbHYI0 K KPUBOi B 3TOU
touke. Bynem o6o3nauaTh depes y(z), Yz (), Yzz(x) 1 TAK Haee Te-
Kylye 3Ha4eHus: (PYyHKIUU U ee IPOU3BOJHBIE BIOJIb KPUBOM, a de-
pe3 Y, Yz, Yzzr U TAK Jajlee — UX 3HAYEHUS B N-if Touke. B cuiny BBI-
6opa koopauHaT y = 0 u y, = 0. IlosTomy pa3noxenus dpyHKIUN U
mepBoil NpON3BOHOM B psia Teitiopa MpUHAMAIOT CJIEAYIONTUHA BUI:

1 1
y(x) = 51"2'!/3::1: + '61'3yzz:c + 0(1'4)’
| (5.67)
y:c(ff) = TYgz + §x2yzzz + 0(173)-

IMoncrasus paznoxenue (5.67) B bopmyny (5.65), mosyyum gu-
HY XOP/bI JJIsi IPOU3BOJIBHOIO APTyMEHTA:

- 1 1
(@) = 2+ 5250 + T30 Yeelizon + O(2%).  (5.68)
Takasi e noacraHoBka B (5.66) maer quny gyru:
1 1
l(z)=z+ Ea::"yfm + §x4yuyzu + O(z%). (5.69)

CpasuuBas gymssl (5.68) u (5.69) mexny coboit, HaliieM ux OT-
HOILIEHHE:

i(z)/i(z) = 1— %:Ljygz + 0@, (5.70)
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9T0 03HAYAET, YTO OTHOCUTEJIbHAS [IOIPEIIHOCTD JJINHBI IIPA 3aMEHE
nyru xopnoit ects O(z2).

Bugno, uro npubsmxkenue xoppoit (5.65) mmeer BTOpPOi mopsi-
JIOK TOYHOCTH. Takasi TOYHOCTh CYHUTAETCS HEBBICOKON. DTOT CHO-
cob xopoiio paboTaer Ha y4aCTKaX MaJiO# KPUBHU3HBI, KOTJA JIMHA
XOpZbI CTPEMHUTCH K JjIuHe nyru. Eciau kpususna 6osbmas (Hanpu-
Mep, npoduib Kphlla CaMojieTa B PaiioHe mepenHeld KPOMKH), TO
3TOT cnocob CTAHOBUTCSI HE CJIMIIKOM aKKypaTHhM. Ha yuyacTtkax
60/1bI10/1 KPUBU3HBI HEOOXOAMMA OY€Hb MOApPOOHas ceTka. B mpo-
TUBHOM CJIy4ae allIpOKCUMUPYIOIast KPUBasi MOXXET UMETD «BbIOPO-
Cbl» — MaJjioMaciTabHble GOPMbI, KAYECTBEHHO HE [IPUCY LIIME UCXOI-
HOI KpHUBOI.

3ameuwarue. BTopo#i mopsiiok TOYHOCTH OTHOCHJICSI K BBIYHUCJIEHHIO
camoit nuHbl. OZHAKO apaMeTPU3alysi KPUBOM BHINIOJIHSETCS B [IEPBYIO
o4epelb Ay JajIbHEANIe! anIpOKCHMAlMU B TapaMeTpudecKoi dbopme.
3aMeTnM, YTO TaKasi alllIPOKCUMAIMs He H3MEHUTCsl, €CJIA IAPAMETD YMHO-
JKUTh HA KOHCTAHTY. 9TO OTKPBIBAET BO3MOXKHOCTb YBEJIMYEHHS MTOPSIIKA
TOYHOCTH IIOCJIE/lYIONIeH alpoKCHManyy Ha 1.

Ilycrs cerkm {t,} u, coorBercTBeHHO, {T,} KBasMpasBHOMepHHI. Pomb
Inuebl uHTepBaia B (5.70) urpaer BeawunHa . [l KBa3MPaBHOMEPHBIX
CEeTOK OTHOIIEHHs JJIMH COCETHHX MHTepBajoB paBHbl 1 + O(z). Besnun-
HBI Yzz B COCETHMX MHTepBaJlaX TaK>Ke PaBHBI ¢ ToyHOCThI0 10 O(z). Ilo-
3TOMy OTHoweHus [/l B cocenHnx nHTEpBayiax OYIyT COBHAAATb C TOYHO-
creio O(z3). DTo 03HAUAET, YTO HA KBA3MPABHOMEPHOU CeTKe TNapaMeTpH-
3ALMIO JJIMHAMH XOPJ, MOYKHO HCIIOJIb30BATS JJIsl IOCTPOEHHsI AlIIPOKCHMa-
Ui KPUBBIX, MMEIONIUX TPETUH NOPAIOK TOYHOCTH.

5.6.3. OxkpyxHocTb

Bouee BBICOKYIO TOYHOCTD MO CPABHEHHUIO C XOPIOH JaeT IpoBe-
J[eHNEe OKPYXKHOCTH Yepe3 JIBE JIaHHbIE TOUKHU U TPETHIO, COCEIHION
crpaBa WM cjieBa. Yepes 3T TP TOYKH (CUUTAsI, YTO OHU HE JIEIKAT
Ha OJ{HOM IIPSIMOil) MOXKHO TIPOBECTH €IMHCTBEHHYIO [LJIOCKOCTh. By-
JIeM PacCMaTPHUBaTh 33184y B 3TOM IJIOCKOCTH, T. €. IO-IIPEXKHEMY B
JBYMEpPHO# nocTaHoBke. [IpuBeneM BBIBO, (pOpMYyII.

BosbMeM Tpu cocemHue TOYKH C PaauyCaMH-BEKTOPAMH Ty_1,
Tp, T'ny]. BBEIEM COEOUHSIONME MX BEKTOPBL: T'y = TIpi] — Iy,
r. =r,—Trp ] UT = Ipy) —Irp1 = r_ + r;. locTpoum ue-
P€3 3TH TOYKH OKPYKHOCTH, IIEHTP KOTOPO# 0003HaunM uyepe3 O,
a paguyc 4epe3 R (puc. 5.9). IlenTpasbHelii yrou, onuparonmiics Ha
XOpAy Ty, 0003HAUYMM Yepe3 204, a Ha XOPAY r— — 4Yepe3 20_. Yo
MEXJy BEKTOPAMH I' U I'_ ONUPAETCH Ha XOPAY Ty, & €ero BEpPIIWHA
JIEXXUT Ha OKpYyKHOCTU. [[09TOMY OH BIBOE MEHBIIIE COOTBETCTBYIO-
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Puc. 5.9. Annpokcumanus ayroi
OKPY>KHOCTH

II[Er0 EHTPAJIHLHOTO YIJIa, OMUPAIOLIETOCS Ha TY K€ XOpAY, T.€. Pa-

BEH A4 .
OueBuHO, NJIMHBI XOPA, — 3TO JJIMHBI COOTBETCTBYIOIUX BEKTO-
poB: =l 1n = |r-| = |rp — Tp_1| I’Il+ = lnn+1 = |ry| = |rny1 -

— rp|. CaMu 3TH BEKTODHI U UX [JIMHBI JIETKO BBIYHMCJISIOTCS IO KO-
OpIuMHATaM TOYeK. YTOJI &y OIpeJessieM U3 BEKTOPHOIO IPOU3Be-
JIeHVsI BEKTOPOB r U r_: [r_,r| = |r_||r|sina;. [ToacraBass coxa
I = r_+Tr} U yJ4UTHIBasi, YTO BEKTOPHOE pou3Beenue r_,r_| = 0,
TIOJIy 9MM JIJIs ICKOMOT'O YIJIa CJIEAYIOIIEe BEIPasKEHUE:

sinos = [r, v+ ]/(fr—]Ir])- (5.71)

Ota dopmysna ynobHa TeM, YTO IPH BBIYUCJIEHUSX IO HEH HE MpPo-
HCXOAWT MOTEPU TOYHOCTH JaXKe B CJIydae MOAPOOHOM CeTKH, Koraa
CcaM¥ UHTEPBAJIbl MAJIBI, & BEKTOPHI XOPJ MOYTH [1aPAJIIeIbHEL.

W3 puc. 5.9 BuaHo, uto |r4 | = 2R sin ay. OTciona paauyc oKpyx-
HOCTH PaBeH

R=|ry|/2sinay. (5.72)
OGo3HAYMM [JIHHBI YT OKPYXKHOCTel depe3 |_ = I, 1, uly =

= Iy py1. OueBugHo,
I, =2Ra; = |ry|oay /sinag. (5.73)

ITo popmynam (5.71) — (5.73) mocsie10BaTENLHO ONPEAETISIEM o4,
Rul,, TeM caMBIM HaXoJs JUIMHY [IyT¥ OKDY>KHOCTH, & MOIYTHO —
kpuBu3Hy 1/R. 3amenus B ¢opmynax (5.71) — (5.73) unnmekc «+»
Ha «—», MIOJIy4YUM JJIHHY BTOPOI'O yYaCTKA OKPYKHOCTH li_.

Ioepewrocmsb. CpaBHAM [JIUHY JyTU OKPYXKHOCTH |4 C UCTUH-
HO# JyiMHOM qyru Kpusoit . BribepeM Ty ke JIOKAJIbHYIO CUCTEMY
KOODZAMHAT, YTO U IIPU MCCJIEJOBAHUY IIOTPELIHOCTH JJIMHBI XOP/bI B
noapa3z. 5.6.2. [Ipupamenus aprymenTos mist (n+ 1)-ii u (n — 1)-i
TOYeK 0003HAYNM Yepe3 T4 U T COOTBETCTBEHHO (OUEBHIHO, 3HAKU
T4+ ¥ x_ OyIyT IPOTHUBOIOJIOXKHBIMH ). TOrna BEKTOPHBIE BEJINYHHBI,
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sxomsmue B (5.71) — (5.73), BeIpaxKaioT yepe3 KOOPAUHATHI ClIeLyI0-
muM obpa3om:

[t ry] = zy(zy) —zry(z-), [r-|=4/22 +y2(z-),

r4l = /2% +92(a4), (5.74)
Ir| = (21 —2_)? + [y(z4) — y(z_)]2.

Ot bopMynbl yI06HBI 1JIsi IPAKTUYECKUX PACYETOB AJIUHBI [1y-
ru. Paznoxum Bee dynkuunu y(z+) B paaer Teitnopa cornacHo (5.67).
IMoxcraBuB 3Tn pasioxenus B (5.71) —(5.74), nonydum npubiu-
YKEHHbIE BBIPAXKEHU JUJIs YIJIa ¥ AYTH OKPY>KHOCTH

. 1 1
sinoy = =24 |Yoz + (T4 + T2 )Yz + O(mz) )
2 3
) (5.75)
%11(41:-}- + z—)y:c:cyzz:c + 0(375)
Jlst oTHOLIEHUsT JUIMH OyT OKPYKHOCTH (5.75) ¥ TOYHON KPUBOK
[OJIyYaeM CJeAyIolnee BhIPaXKeHHe:

~ 1
Ly=z,+ 6(37-!-)33/12;1: +

l+/l+ =1- 7—12I3_(£E+ - 2m—)yzzyz:m: + 0(1'4) (576)
DTO OTHONIEHHE OTIMYAETCS OT 1 Ha BeuuuHy ~ 3 (B OLEHKY 3TO-
ro WieHa BXOIAT 00a nmpupamenus 4 u z_ ). CiieoBaTeabHO, ayra
OKDY2KHOCTH AIIPOKCUMUDPYET UCTHHHYIO AYTY C TPETHbUM MOpSsiI-
KOM TOYHOCTH.

TeM caMbIM HOPsimOK TO4HOCTH (5.74) Ha eAMHULY BBILIE, YEM
JUISL UTAHBL XOPJbl. DTO y2Ke HeIIoXasi TOYHOCTh. Il0CKOIbKY ayiuHa
JIyTH OKPY?KHOCTHU BBIYHMCIISIETCS IIPOCTO, STOT CIIOCOD CIIELYET PEKO-
MEeHJIOBATb JJIsl IPAKTHKH KaK [ePBOOYEPEIHOIL.

Hmuny ayru I = I, p41 MOXKHO BBIYHCIIHTE 3THM CIIOCOOOM JIBa-
>KJIBI: ONUH Pa3 C UCIOJIb30BaHUEM JIEBOTO cocena — (n — 1)-it To4-
KH, ¥ BTODOii pa3 — M0 mpaBoii cocemneit (n + 2)-it Touke. O603Ha-
YMM 3THU JBa NPUOIMKEHHS K JJIMHE HCKOMOW Iyrd Yepe3 l~ﬁr u lZ’F
cooTBercTBEHHO. CyIIECTBYET aJIrOPUTM, BBIYUCJISIONIMNA [0 3THM
MpUOMKEHUSIM U Jpyroit nHPOpPMALMHK O TOYKax 6ojiee XOpoImmit
pesymbTaT oTHOcHTebHOM Touroctu O(I4). OmHaKo sTOT aMropuTM™M
ropasmno 6oJiee CJI0XKEH.

Konmpoas. [locTpouM HeCIOXKHBIN IPAKTUYECKHII CIIOCOD KOH-
TPOJIA JOCTUTaeMOi TOYHOCTH. [j1s 9TOro MCIOIb3yeM JJIHHY XOp-
apl I = |ri| u oba mpubmuxkenus K ayre okpyxkuoctu U, u I].
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ITockonpKy nMHA OKPYKHOCTH €CTh ropa3fo Jiydllee HPHOIHKe-
HHUe K UCTUHHOU JJIMHE AYTH, YeM XOpJa, TO aCHMITOTHYECKH TOY-
HOI OILIEHKOM JIOKAJIbHO IIOIPENIHOCTH XOPAbI ABJISETCH BeTHYHHA
I+ — 4. 9T0 HE OTHOCHUTEILHAS IOTPEIIHOCTh, a abcooTHaA. B moza-
pa3z. 5.6.2 moka3aHO, YTO OTHOCHUTEJIbHAS IIOIPENIHOCTH HMEET BTO-
poOii MOPSIIOK MAaJIOCTH; CJIEJOBATEIbHO, aOCOMIOTHAS IOrPEIIHOCTD
UMeeT TPETHii IOPSIOK MAJIOCTH:

Iy —ly=00)=0).

JBa onpenenenus qyru okpyxHoctu [, u I/ oTamyaorcs Ha Be-
JUYUHY 60Jiee BBICOKOTO MOPSIKA MAJIOCTH:

7 /A 4N\ 74
KoM6uHUDYS 3TH OIIEHKH, IOJyYHM CJIEAYIONINi KPUTEPHii:
mn I 7 T T
=l <y = < (1)~
Hpn BBIIIOJTHEHHUH 3TOr'0 YCJIOBHUA MOXKHO YBEPEHHO IMOJIb30BATHCA
JII00OBIM U3 JBYX NPUOIMAKEHUH K UIMHE JyTH OKPYKHOCTH. B 3TOoM
Cl1y4ae B Ka4eCTB€ OKOHYATEJIbHOI'O 3Ha4YEeHUd OJINHBI AYyTH U €€ I10-
IPEIHOCTH MOXKHO IIPHUHATD
1
2
OrMmeTnM ciaenympiuee: 1) KpI/ITepI/Iﬁ MO2>KHO 3aIllucaTh TOJIBKO
BO BHYTDPEHHUX MHTEPBaJIaX, TaAK KaK rpaHUYHBIN HWHTEPBAJI UMEET
JIMIIIb OOHOI'0 COocena, 2) JIeBO€ HEPABEHCTBO KPHUTEPHUA MOXKET He
BBIIIOJIHATHCS BOJIU3U TOUYKHU nepern6a KpI/IBOI'/'I, TaK KakK TaM pagnyc
KPHBHU3HBI R—0mn XOopJa IMMOYTH HEOTJIMYUMaA OT OKPY2KHOCTH. Hos
IIOCJIEJHEM CJIy4ae M XOpAa, U OKPY>KHOCTb O4Y€HBb XOPOIIIO HpH6JIH-

2KaI0T UCTUHHYIO KPUBYIO, TaK YTO HaileHHBIE IJIMHBI U TaM obec-
[I€YNBAIOT XOPOIIYIO TOYHOCTE.

- - . 1. -
o= 5+ 1) & T~ T

3amevarue. B 3aMeuannu x moapasa. 5.6.2 oTMeyasiach yiryduleHHAas
ANNpPOKCUMANUs [VIaJKOM KPUBOU, €CJIH CeTKa KBa3UPABHOMEDHA. JTO OT-
HOCHTCsI U K IIapaMeTpu3auuu ayraMu okpyxxHoctu. Ha kBaszupaBHOMED-
HO#t ceTke oTHoueHus (5.76) B COCEQHUX UHTEPBAJIAX OTJINYAIOTCH MEXKIY
coboit Ha Besuuuny O(z?). B aToit cuTyanuu ¢ mOMOIIBIO TapaMeTPU3aUH
JIJIMHOM OKPY2KHOCTH MOXKHO CTPOUTBH aNlIIPOKCHMAIUU HCXOIHOM KPHBOMU,
HMMeIoIIye YeTBEPTHIH OPSJOK TOYHOCTH.

Mmnoezomeprocms. BeiBon ajumH Ayrd OKPY>KHOCTH ¥ XOPJIbI
GOpMAaIbHO IPOBOIMIICS JJIs TOYEK, JIEXKAITUX B OTHON IJIOCKOCTH.
Ho nyisi HaxoXKIeHusi 3TUX AJIMH HA CAMOM JeJjie CTPOUTD 3Ty ILIOC-
KOCTh HeT HeobxomumocTH. Bce dopMysbl HanucaHbl B BEKTOPHOM
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BHUJE, U B HUX IPSIMO MOXKHO IIOACTaBJIATb MHOIOMEPHBIE€ BEKTODHI.
ITosToMy ommcaHHBIi ITOAXOI Ja€T IPOCTHIE U yI0OHBIE CITIOCOODI a-
paMeTpHu3aldd MHOroMepHO# Kpusoil. [Ipu 3ToM HalieHHbIE mapa-
METDHI ABJISIOTCS TeOMETPUIECKUMU XapAKTEePUCTUKAMU KPUBOU U
He MEHSIIOTCH [IPU ITOBOPOTaX U TPAHCJSILUAX CUCTEMBI KOODAUHAT.

5.6.4. Annpokcumauus

BepneMcst K paccMOTpeHUIO TabyIMPOBAHHON KPUBOH (Zn,Yn,2n ),
0 < n < N.Ilapamerp t €CTEeCTBEHHO BBECTH C IIOMOUIBIO IJIMH AyT
okpyxHocTeit: tg =0, tn41 —ty = lpper mpun = 0,1, ..., N — L.
OTOT mapaMerp SBJSETCS MOHOTOHHO BO3PACTAIOIIUM BJOJb KPH-
Boii. McxonHasi Tabnuia pa3bMBaeTCs HAa HE3aBHCHMBIE TaOJIHIIBI
(tn,xn), (tnsyn), (tny2n). OcTaeTcst MOCTPOUTH ANNPOKCHMALIUIO KaXK-
no# u3 3Tux Tabsauil. JdJis 3TOro MOXKHO HCIIOJIb30BaTh Pa3JIMYHbIE
CII0COOBI MHTEPIOJIAIUA U CPEOHEKBaAPATUYHON ANMPOKCUMAIINH,
OIIMCAHHBIE B IJI. 4 U 3TOM IJIaBE.

M&1 mipeammosiaraeM, YTO UCXOOHASI KPUBAS HOCTATOYHO TJIaIKas.
HanmoMHuM HeKoTOpBIE HAHHBLIE paHee peKoMeHAauuu. Eciu ducio
To4yek N MaJio, TO JiydIlle UCIIOJIb30BATh HHTEPIIOJISAHUIO, €CJIU BEJIU-
KO — CPeIHEKBaIPATUYHYIO allllpOKCUManuio. B ciyyae 3aMKHYTO!
kpuBoit z(t),y(t), 2(t) 6yayr nepumonudeckumu PpyHKIUSIMA U CJe-
LyeT WCIIOJIb30BATH PA3JIOXKEHUE B TPUrOHOMeTpudeckuit psig Dy-
pbe WJIH CILJIAfHBI C IEPUOAUYECKUMU I'PAHUYHBIMH YCJIOBUSIMH. Ec-
1 QYHKIMH HEMEPHUOANYECKHE, TO JIYYIlle IPUMEHSTH METOL, ABOM-
HOTO MEPHOIA, PSAL IO MHOro4jeHaM UeOblleBa MM CILUIANHBI C
€CTECTBEHHBIMU I'PAHUYHBIMU YCIOBUSIMH.

Omnuiem ¢hopMaIbHYIO IPOLELYPY AIIPOKCUMAINHK Z(t) HEKOTO-
pbIM MeTomoM. Hampumep, Ij1si OmpeeieHHOCTH BBIOEPEM aIlIpoK-
CHUMAaIIHIO0 OTPe3KOM psiia Pypbe

2M
z(t) = Y cmml(t) (5.77)
m=0

(em. 5.2). Koaddunuents: Pypbe ¢, BEIYUCINM 10 KBaJAPATYPHOI
dbopmyne Tpanenuit Ha ceTke {t,}:

1 al ln —tn—1
Cm = ”‘«P “2 Z 2 [zn(Pm(tn) + zn—l(pm(tn—l)L
m —
" (5.78)
tn —th—
lom* = ; T @ (tn) + @ (tn-1)]-
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W3 (5.78) BuAHO, 9TO ¢, IMHENRHO 3aBUCAT OT y3JIOBBIX 3HAYEHUI
uckomoit byukuuu {z,}. U3 (5.77) caenyer, uro z(t) 1uHeitHo 3aBU-
CHT OT C, H, CJIEJIOBATENILHO, OT BEJIMYUH {Zy}. DTy 3aBHCHMOCTD,
BBOZs BeKTOp t = {to,%1, ... tN}, MOXXHO CHMBOJIMYECKH 3AIIUCATH B
CJleyIoleM BUE:

N
z(t) = an(t;t)zn. (5.79)
=0

Dopmynbl gyt K03hdUIMEHToB an(t;t) HOBOJBLHO I'DOMO3IKH U
31€Ch HE NMPHUBOAATCH. 3aBUCHMOCTH OT t Bomwuia B (5.77) u3 3aBU-
CHMOCTH @y (t), & 3aBUCHMOCTD OT t — U3 KBaAPATYPHO#N HOPMyJIBI
(5.78). BaxxHO OTMeTHTD, 4TO BHJ KO3(DGMUIHMEHTOB a,(t;t) He 3a-
BHCHT OT BEJIUYUH Zp. OH 3aBHCUT TOJIBKO OT BBIODAHHOr'O crocoba
annpokcumanun (6a3uca @n,(t) u yucsia YieHoB B 3ToM 6a3uce) u
3alaHHOM ceTKH {tp }.

Ecsn anst 3aBucumocreit y(t) u 2(t) BeIOpan TOT ke crocob amn-
IIPOKCUMAIIMH, IPUYIEM C TEM 2Ke YHCIIOM 4YJIEHOB, TO OKOHYATEIbHbIE
dopMysbl OYIYT )it HUX TOYHO TAKUMHU XKe M C TEMH XKe Koxpdu-
IEHTaMH an, (t;t):

N N
y(t) =D _an(t;t)yn, 2(t) =D an(t;t)zn. (5.80)
n=0

n=0

Ecnu e nis Hux BhIOpaTh JubO APYroil BUJ, allPOKCUMAIAH,
Ju6o TOT XKe BUJ AlIIPOKCUMAIH, HO C APYTHM YHCJIOM 4JIEHOB, TO
BMeCTO an(t;t) B dopmymax (5.80) GyayT crosaTs apyrue kosadbdu-
[UEHTHI.

®opMasIbHO MBI UMeeM IIPaBO IS KaXXIoil 3aBucuMocty z(t),
y(t), z(t) BeIOMpaTH CBO# cnocob anmpokcumanuu. OIHAKO 3TOro
JenaTh He nejlecoobpa3no. BaxHo cobionaTh ciemyroiee MpaBu-
s10. [Iist Bcex Tpex 3aBucuMoctei z(t), y(t), z(t) cienyer: 1) ewvibu-
pams o0uH u Mom sHce 6ud ANNPOKCUMAUUY; 2) UCTIOABIO-
8aMb 00UHAKOBOE YUCAO HAEHO8 8BIOPAHH020 8uda annpox-
CUMAYUL.

Hecob6:ronenue 3TOro npaBuiia MpUBEAET K TOMY, YTO IOCTPOEH-
Hasl KpUBasi He OyleT yIOBJIETBOPATH TPEOOBAHUIO POTALMOHHON M
TPaHCJIAIMOHHOM MHBAPUAHTHOCTH.

[IpuBemeHHbIE PACCYKIEHUS CIIPABEJIMBLI IS ANIIPOKCAMAIIH
(5.77), nuueitnoii no xosddbunmentam. [Ipasuio He npuMenuMo K
palMOHAJBHON MHTEpHONAmMK (CM. noapas3f. 4.3.2) U MeToay BhI-
paBHuUBaHUs (CM. moapa3a. 4.3.1), MOCKOIbKY B HUX 3aBUCUMOCTD OT
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k03bduipienToB HemuHeHasi. OHAKO J1s1 BCEX OCTAJIbHBIX CIIOCO-
60B anmpoKCUMAIlNY, PACCMOTPEHHBIX B IUI. 4 ¥ JAHHO# rj1aBe, pac-
CYXJI€HUS OCTAIOTCH B CHUJIE.

5.6.5. PoraymoHHas vHBapuaHTHOCTb

ByneMm cuntaTh, 4TO annpoKCHUMAaIuy BeeX KOODIUHAT IMOCTPOE-
HbI €IMHOOOPA3HO COTIACHO CPOPMYINPOBAHHOMY B moapa3sj. 5.5.4
npaBuy. BBEIEM BEKTOPBI-CTPOKH X, y,Z TaOyJMPOBAHHBIX 3HAYE-
HUIl KOODIUHAT M BEKTOP-cToiiben a(t; t) koo PUuueHToB anmnpok-
cumanuu pa3mepHocta N + 1:

“ag(t;t
x = (20,Z1, ---,ZN), a(ljgt'tg
y:(yanl,---,yN), a(t;t): ..’.
z=(zo,z1, ...,ZN), a (t;t)

Torma annmpoKCHMaIUK MOXXHO 3aIMCATh B BUIE CKAJISIPHBIX IIPO-
U3BEAeHUN

N
z(t) = [x,a(t; t)] = Zmna(t;t),
n=0

N

y(®) = [y, a(t:)] = 3 gnan(t 1),

n=0
N

t) = [z,a(t;t)] = Y _ znan(t,t).
n=0

W3 nabopa koopauuart z(t), y(t), 2(t) cocTaBUM TpexMepHBIii BEK~
TOp-cToJber;:

x(t) (x,a(t; t))
r(t) = {y(®) | = | (v,a(tt)) ). (5.81)
) (z,a(t; t))

BsenmeM npsMOyronbHy0 MaTpUIy HAa4YaJIbHBIX JAHHBIX R, nMe-
oLy pa3MepHocTh 3 X (N + 1):

Zo,T1y ---H,IN
R= Yo, Y1, -- - YN
20,21y -++ 92N
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BcnomuHnasi ompesienieHre CKaJISIpHBIX MTPOM3BEIEHUI, TIepenu-

weMm (5.81) B BHIE
r(t) = Ra(t; t); (5.82)

YMHOXKeHHEe B NpaBoil yacTu (5.82) mMpOM3BOIUTCS 110 IPABHJIAM II€-
PEMHOXKEHHS IpSAMOYToJbHbBIX Marpull. @opmyna (5.82) maer Ham
HCKOMYIO TPEXMEDHYIO KDHUBYIO depe3 MATDHILy TalyJIHMPOBaHHBIX
KOODAHMHAT U cToj10el K03 dUIneHTOB anmpoOKCUMAIIAHN.

IloBopot sncTa 6ymaru, Ha KOTOPOM MTOCTABJIEHBI UCXOIHBIE TOY-
Ki (WM TIOBOPOT TPEXMEPHOTO NPOCTPAHCTBA), O3HAYAET, YTO MC-
XO[IHAsI OPTOTrOHAJIbHAS CHCTEMa KOODAMHAT Npeobpa30BaHa B ApY-
YO OPTOTOHAJBHYIO CHCTEMY KOODAHHAT C IOMOIIBIO YHHUTaPHON
(oproronanbaoit) marpunsl U nopsigka 3 x 3. CaMu KOOpIHUHATHI
¥ MaTpUIa TabyJMPOBAaHHBIX KOODAMHAT NP 3TOM NPeoOPa3yIOTCs
cilegyomuM 06pasoM:

r'(t) = Ur(t), R =UR.

YTo6Bl MOJIYYHUTH AMMIPOKCHMAIIMIO B HOBBIX KOODAWHATAaX, Ha-
JI0 YMHOXXHUTb MATPHILy MpeoOPa30BaHHBIX TabyJMPOBAHHBIX KOOD-
nuHaT R’ Ha TOT X)e cTonbel K03 GUIMEHTOB aNlPOKCAMAIAHN:

r'(t) = R'a(t;t) = URa(t; t). (5.83)

B cuty acconpiaTHBHOCTY YMHOXKEHUS] MATPHIL B IIOCJIEIHEM IIPO-
U3BEJIEHUN TPEX MATPHI] CHAYAJIa MOXKHO NEPEMHOXKHUTH BTOPYIO U
TPETHIO MATPHIILI. DTO JAET

r'(t) = U(Ra(t; t)) = Ur(t). (5.84)

ITocnenuee npoussenenue B (5.84) o3Ha4YaeT IPUMEHEHHE MATPHUIBI
IIOBOPOTa K TOI KPHUBOM, KOTOpas ObLjIa NOCTPOEHa B MCXOTHBIX KO-
opauHarax. [Tosromy cpasaenue (5.83) u (5.84) o3HavaeT cienyio-
Iee: €C/IM Mbl CHAa4YaJla MOCTPOMM aIIPOKCUMHUPYIOILYI0 KPUBYIO U
[IOTOM TOBEPHEM JIUCT GyMaru, TO MOJIyYUM TOYHO TOT K€ PEe3yJib-
TaT, KaK ecju Obl CHaYaJla [MOBEPHYTb KOODAMHATHI, & IIOTOM TEM
JKe CII0COGOM MOCTPOUTDH B HUX ANMPOKCUMUPYIOILYIO KPUBYIO. DTO
CBOMCTBO Ha3bIBAETCS] POTAIMOHHON MHBAPUAHTHOCTBIO.

Mbl noka3aaW, 4TO €CJM JJIs TapaMeTPU3alliM KPUBOH BbI-
OpaTh POTALMOHHO-UHBAPUAHTHBII apaMeTp (TakKoi, KaK JJIMHA 1y-
'l OKPY>KHOCTH WJIU XOD/bl) ¥ IPUMEHHUTD AJisi KaXK A0 KOOPANHATHI
OJIMH ¥ TOT XK€ JIMHEWHBIA Coco6 anmpoKCUMAIK C OJAUHAKOBBIM
YHUCJIOM [ApaMETPOB, TO IMOJIyYeHHasi KpuBasi OyJeT pOTAIMOHHO-
uuaBapuanTHOH. HeTpynHo BumeTh, 4To Takasi KpuBasi OyI€T TaKKe
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Tabaunma 5.4

OmnopHbIe TOYKHU A1 IpuMepa 5.3; z,y — MCXOAHasi KpUBasi;
z*,y* — moBOpOT KoopAuHAT Ha 45°

n Tn Yn z:r. y:z

0 0 0 0 0

1 g 0,5 E-1/2)/V2 | E+1/2)/V2
2 1 1 0 V2

TPAHC/IALMOHHO-UHBAPHUAHTHOMA, T. €. He OyIeT MEeHSATbCS IPU CIOBU-
rax HaydaJja KOOpIMHAT.

HecMoTpst Ha TO 4YTO BBIKJIAQAKKM ObLIM NMPOBEIEHBI IJIsI CJIydasi
TpexX MPOCTPaHCTBEHHBIX U3MEPEHUiA, BCce (pOPMYJIbI U BBIBOABI CIIPa-
BeJIJIUBLI [IJIs1 IPOCTPAHCTBA MPOU3BOJILHOM Pa3MEPHOCTH.

IIpumep 5.8. 3apaaum kpuByio y(Z) Ha IIIOCKOCTH TPEMSI OTIOD-
HbIMU Toukamu (Tabu. 5.4). Ilosoxenue cpeiHell TOYKH 3aBUCUT OT
BeMuuHbl § € (—00,00). [l annmpokcuManuy KpuBoOil BhIGEDEM B
KadyecTBe apaMeTpa JJIUHBI XOPJ; 9TO JaeT

t1 —to = /&2 + 0,25, (1-28)2+0,25.

B moapaza. 5.6.2 oTMedasioch, 4TO Takasi IapaMeTpU3alis 1103~
BOJISIET CTPOUTD ANINPOKCUMAIUNA TPETHEro Nopsiaka Touynoctu. Ilo-
9TOMy ISl almpoKCHMaImu 3asucumoctedt z(t), y(t) Bo3bMeM HH-
TEePIOJISLMOHHBIN MHOro4wieH HoloToHa BTOpPOI# cTenenu, obecredn-
BAIOINHi TPETHIt TTOPSIOK TOYHOCTH, C y4eToM tg = g = Yo = 0 OH
NPUHUMAET CIeayIOIuil BUM:

to =0, to—t1 =

Y
1,0

0,5 0,75 |f 1,0 1,25
0,5

0 1,0 T

Puc. 5.10. IlapameTpudecKkas AIMPOKCUMAIUs KPHBOH IO TPEM TOYKaM
(cM. mpumep 5.3)
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(t) =t—+
®) t1 to ta—1t ty

T tt—t1) (.122—171 _ﬂ)

u anajoruuno 1yisi y(t). CooTBeTCTBYIOMME ANNPOKCUMALMOHHBIE
KpuBbIE 1Jjia cepuu 3Hadenwmit £ = 0,5;0,75;1,0; 1,25 npuBeneHsl Ha
puc. 5.10.

Buzgno, 4To Bce 3TU KpUBbBIE UMEIOT KAYECTBEHHO PAa3yMHBIH BU,
Ecnu ke annpokcuMupoBaTh 1apaboInyecCKUM MHOTOYJIEHOM HEIIO-
CPEACTBEHHYIO 3aBUCUMOCTH Y(Z), cobiroas yKa3aHHBIA B Tabi. 5.4
MOPSIIOK TOYEK, TO AJjisl 3-i U 4-#1 KpUBBIX 3TO CAEJIATH HEBO3MOXKHO.

B manHOM mpuMepe BBINIOJIHEHBI YCJIOBUSI POTALMOHHO WHBapH-
aHTHOCTH. MOKHO MOBEPHYTh HCXOAHBIE KOODAWHATHI Ha HEKOTOPDIi
yroJt; IJisi IOBOPOTa Ha 45°HOBbIE KOOPAWHATHI TOYEK TaKXKe IIpHuBe-
Aeubl B Tabu1. 5.4. Eciiv MOCTPONTH.HO 3TUM TOYKAM KPUBbBIE TEM K€
criocoboM, To pu 0OpPATHOM MOBOPOTE HA 45°0HM TOYHO. COBHAIYT C
KPHUBBIMH, IPUBEIEHHBIMHU Ha puc. 5.10.



nasa 6

YNCNEHHOE ANDODPEPEHUMPOBAHUE

6.1. NPON3BOAHAA MHOIO4YJIEHA HBHOTOHA

6.1.1. O6bwue cdopmynsi

Oyukuuo npuxoautcs audpepeHInpoBaTh YUCIEHHO, €CIIH €€
AHAJIUTHYECKOE BbIPaKeHNe CJIOXKHO HJIM OHa 3aJaHa Tabuuieit cBo-
ux 3Havenuit. Korna cnocob Beruncienus: GyHKIUN 3a0aH, HO OY€Hb
CJIOXKEH, TaKXXe [pPeJBAPUTEIbHO BBIUMCISIOT HEKOTOPYIO Tabuiu-
1y ee 3HadeHuil. TabmUIly anmpOKCUMHUPYIOT JOCTATOYHO IIPOCTOIM
dyskumeit (cM. 1. 4 1 5) u muddepeHUpPYOT yXKe 3Ty (DYHK-
nuio. IIpu 9TOM BBIIENAIOT BE TPYIIBL Crtocob0B: auddepeHippo-
BaHNeE WHTEPNOISINY U JuddepeHIpoBaHie CpeIHEKBaIPATHIHON
ANMMPOKCUMAIIHH.

ITycts MBI pacmonaraem Tabmnuueit 3HadeHnit GyHKIU: (Zn, Uy,)
0 £ n < N, gucno y3i0B cetku N HeBesuko. B aToM ciyuae pa3ym-
HO TpuberHyTh K umHTepnoagaiuu. I[Ipomnie Bcero ncmonb30BaTh UH-
TEPIOJIAIMOHHBIH MHOTOWIeH HiloToHA:

N
u(z) = u(zo) + z u(Z0,Z1, - -, Tn)on(T),
S (6.1)
wn(z) = H (T — zk).
k=0
3zmecs u(zg, Z1, - .., Zn) — pasmeieHHble pasHocTH. [lowieHHO po-

muddepeHupyeM ¢ pa3 MHorodseH (6.1) u y4reMm, 9T0 HpOU3BOL-

HbI€E MHOTOYJIEHOB mﬁ{ﬂ (z) obpamatorcst B Hyas npu ¢ > n. Torga
TTOJTY UM
N

u@(z) = Y u(zo, 71, .. ., Tn)0 (). (6.2)

n=q
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OueBuaHoO, wgq) = ¢! InddepenimpoBanue CIEAYOUUX YIECHOB
CyMMBI J1aeT 60Jiee rpOMO3IKUE BhIpaXkKeHus. JIjisi IepBoit U BTOPOIA
IPOU3BOIHO MOoYIeHHOEe auddHepPEeHIMPOBAHNE IAET

n—1 n—1 © ((1))
wn(T) = Z H (x—zk) = Z :c_n—T; (6.3)
1=0 0<k<n—1,k#L 1=0 !

(@) =2 > 11 (z — ). (6.4)

o<I<mn—1 0<k<n—1,k#lm

®opMysIbl [JIst CTAPIIUX IPOU3BOIHBIX MUIIYTCS AaHAJIOTUYIHO, HO UX
BU[ 6OJiee CJIOXKEH, IO3TOMY 3/1€Ch UX HE IPHUBOIVM.

ITycTs miaru ceTKu MaJjibl, HE CUJIBHO PA3JIMYAIOTCS 10 BEJIMYUHE
n 6umm3ku K h < 1. Torma n-e cnaraemsie (n < g) B (6.2) y6siBatoT
kak O(h™™9). IlepBoe cinaraemoe ects O(1), Bropoe — O(h) u T. &
Hocnemuee ciaraemoe ectb O(hN 7). YTOOBI IOy IUTH BBIPasKeHUe
s g-if pou3BOAHOM, HeoOxogumMo N > ¢, T.€. HaJ0 BOCIOJIB30-
BaTbCs HE MeHee 4eM ¢ + 1 TOUKOIA.

Ecsiu cnaraembie B (6.2) yObIBAlOT HOCTATOYHO GBICTPO, TO MO
aHAJIOTHHU C CAaMUM MHOro4ieHoM HploTOHa MOXXHO paccMaTpuBaTh
[IepBO€ U3 HEeyYTEHHBIX CJIAraeMbIX KaK aCHMITOTHYECKH TOYHYIO
OLIEHKY TorpenrHocTu. st pyHKIHIA, IMEIOIUX JOCTATOYHOE YHUC-
JIO HEIIPEPBIBHBIX OTPAHNYEHHBIX IIPOU3BOAHBIX, 9TO MOXKHO CTPOrO
[I0Ka3aTh aHAJIOTUYHO TOMY, KaK 3T0 ObL10 crenano B ri. 4. OgHako
Y3JIbl MHOTOYJIEHOB Wy, () PACIIOIOXKEHBI HA MAJIBIX PACCTOSIHUSIX II0-
psiaka h. IlosToMy g-e mpou3BOgHbIE ITUX MHOTOYJIEHOB OYAy T OBICT-
po pactu ¢ yBesaundeHueM ¢. CiienoBaTesIbHO, YObIBAHHE CIAraeMbIX
B (6.2) OyzeT TeM MemsieHHee, yeM GosibLie ¢. DTO SIBISETCS CJIE[I-
CTBHEM 00I1ero npasuia 00 yXy/JIIEHUN CXOAMMOCTH [PH [OYJIEH-
HOM nuddepenimpoBanun. COOTBETCTBEHHO, €CJIM OTPAHUYUTHCS B
(6.2) TonbKO MEPBBIM 4i€HOM, TO To4HOCTb Oyzer O(h), ecniu BTO-
peiv — O(h?) u T. 1. B wacTHOCTH, orpanu4uBasichk B (6.2) omHUM

cJiara€MbIM U YYUTBIBaAdA, YTO (J)gq) = q!, II0JIy9YUM
w9 (z) = qlu(zo, -..,z4) + O(h). (6.5)

®opmya (6.5) naeT npuOIU3UTEIBHYIO CBSI3b ¢-i Pa3/IeIeHHOMN pa3-
HOCTH C @-¥ IPOU3BOJHOM.

OnHako HAIIOMHMM, YTO HHTEPIIOJISAIMOHHbIH MHOro4wIeH HpioTo-
Ha BBICOKOI1 CTeIIeH! MOXKEeT He TOJIbKO IIJIOXO CXOOUTBCS, HO M PaCX0-
IUTbCS Jaxke IJist GYyHKIuUM ¢ HEOrPAHUYEHHBIM YHCJIOM HEIIPEPHIB-
HBIX IPDOU3BOJHBIX.
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Ha npakTtuke 6e3onacHbIM cunTaeTcsd ucmoab3opanne N < 6 = 8.
YT065!1 cymma (6.2) mMesa x0Tst bl ABa-TPY CJIaraeMbIxX JJisi obecre-
YeHUs yIOBJIETBOPUTEIHHOTO MOPSIAKA TOYHOCTH, IPUXOAUTCS Orpa-
HAYMBATHCHA BBIYHCJIEHUEM TOJBKO MJIAIIINX MPOU3BOLHBIX IOPSI-
KOB ¢ = 1 + 2 u jqumb n3penka q = 3 + 4.

ITpumep 6.1. B nonpaza. 4.1.2 cTponuch HHTEPNIOJSIIIMOHHbBIE
MHOTO4JIEHBI /7151 BBIYUCJIEHHSI CHHYCa B IepBOii YeTBepTH. IlocKob-
Ky A5t nudPepeHIIpOBaHus HYKHO OO0JIbLIE Y3JI0B, BOCIIOJIB3yEeMCSI
dopmymoit (4.10) ¢ N = 4:

sin(22,5°z) =~ 0 + 0,38268(z — 0) — 0,02913(z — 0)(z — 1)—

—0,00823(z — 0)(z — 1)(z — 2)+
+ 0,00068(z — 0)(z — 1)(z — 2)(z — 3), =z € [0,4].
Huddepennupys mociieiHee BhIpaKeHHe, MOy YaeM

dsin(22,5°)

dz
—0,00823(3z2 — 6z + 2) + 0,00068(4z> — 18z2 + 22z — 6),
d?sin(22,5°z)

dx?

~ 0,38268 — 0,02913(2z — 1)—

~ —0,02913 - 2 — 0,00823(6z — 6)+

+ 0,00068(122% — 36z + 22).
B ckobkax cTOST MpOU3BOIHBbIE MHOIOYJIEHOB w%q) (:c), BHUIHO UX BO3-
pacranue. TouHocTh 3TUX DOpMyn HeBbicOKa. Q4UeBHIHO, CIedyIO-
Y10 TIPOU3BOAHYIO MCKATh IO YeTHIPEM TOYKAM yXe Helesiecoob-

pa3Ho.

6.1.2. Mpocreiiwmne cny4am

SanwuureM hopMyIIbl JJIst IEPBO M BTOPOi IPOU3BOAHBIX HA IIPO-
HU3BOJIbHOIM HEPAaBHOMEDHO# ceTKe. BhImmiieM MHTEpIOISIMOHHBIMA
MHorousied HrioToHa, orpaHnynBasich HEOOIBITUM YUCJIOM YJIEHOB

u(z) = u(zg) + (z — zo)u(zo, 1)+
+ (z — zo)(x — z1)u(zo, 1, T2) + O(h3),

rae Hu3nive pa3aesieHHble Pa3HOCTHA PAaBHBI

(6.6)

u(zo, 1) = (uo — u1)/(z0 — 1),
u(zo, z1,22) = [(uo — u1)/(zo — 1)— (6.7)
= (w1 — u2)/(z1 — x2)]/ (w0 — T2).
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Huddepeniupys (6.6), monyanm

v () = u(zo, 1) + (22 — 2o — z1)u(20, 1, 22) + O(h?),  (6.8)
U’ (z) ~ 2u(zo, z1,2) + O(h). (6.9)

TounocTp 3THX (POPMYT HEBBICOKA, OJHAKO MX MNOCTATOYHO YaCTO
yIoTpebJISIIOT TIpU pacyeTax Ha HEPABHOMEDHBIX CETKAX.

Keasupasromeproie cemru. llpy HanucaHud pa3sHOCTHBIX
CXeM IPUXOAUTCS BBIYUCIISTH TPOU3BOAHY O HE B TPOM3BOJILHOM TOY-
Ke X, a B y3Jle WM IOJIyLeJOd TO4YKe CeTKHU. Ha mpOM3BOIBLHOM
HepaBHOMEPHOii ceTke (hopmyusl (6.8) u (6.9) coxpaHsIOT TP 3TOM
YKa3aHHYI0 B HUX TOYHOCTH. OHAKO €CJIM CEeTKa KBAa3WPaBHOMEP-
Hasl (YTO mpeanosaraeTcs Jajiee), a NPOU3BOJHYIO HAXOAAT B LIEH-
Tpe CUMMETpUM BbIOpaHHO# KOHMUrypaluy y3/10B, TO TOYHOCTh HO-
BeiaeTcss. OGBIYHO [IPH 9TOM HYMEpYIOT TOYKH He OT HyJeBoi. Jljs
TIOCTPOEHHUs BTOPOii TPOU3BOINHOM BHIOUPAIOT y3abl N — 1,n,n+ 1 u
3aIHCHIBAIOT

ul/($n) — 2 (un+l - u'n _ u’n - u’n,—l) +O(h2). (6.10)

Tn+1 — Tp—-1 \Tn+1 — Tn Tn — Tp—-1

s mepBoit TPOU3BOAHON OrPAaHUYUBAIOTCS NEPBON pa3leseH-
HOM Pa3HOCTbIO; UCIIOJIB3YIOT OBa BApDUAHTa 3aIlUCH:

’ Un+1 — Un 2
n = — h 11
U (Tp11)2) P +O(h%) (6.11)
" u — U
U (zn) = =21 4 O(R?). (6.12)

Tp+l — Tp-1
B cupaBennuBocTr 3THX HOPMYIT MOXKHO YOEIUTHCS OJHUM U3 JABYX
criocoGOB: a) HEIOCPEICTBEHHBIM pasyiokeHueM B psix Teitropa,
6) B34Tb NEPBBI OTOPOIIEHHBIH YieH 06ImuX GHOPMyI U yOeauThCs
B €r0 COOTBETCTBYIOILEH MAJIOCTH.

Hanpumep, aiis nosydenust (6.11) 661710 0TOPOIIEHO BTOPOE CJla-
raemoe B (6.8). B Hem crour MHOXMTENL (2 — 20— 1) —
— (2Zp41/2 — Tny1 — Tn). B monpasz. 3.2.3 nokasaHo, 4TO Ha KBa-
3MPABHOMEPHBIX CETKaX 3TOT MHOXKHTeNb cocrasuser O(h?).

YnorpeburesibHA TaKXKe 3aNKUCh ITUX (DOPMYJI YEPE3 IArU CETKH
hn = Tn — Tp—1. Torma nepBasi mpou3BoOAHAS B MOJIyUEJIOH TOYKE
3AIUIIETCS KaK

u;—1/2 = (Un — Un—1)/hn + O(R?),

218



MpUYeM BTOPOU MOPHAIOK TOYHOCTH ODECIEUYMBAETCS HE TOJIBKO Ha
KBa3UPaBHOMEPHOI ceTKe, HO U Ha IIPOU3BOJIbHOW HEPABHOMEPHOIM.
Bropas npousBonHas B 11€JI0M y3J1€ paBHA

Up = 2(U;+1/2 - “;1—1/2)/(hn+1 + hn) + O(R?);

TaKasi TOYHOCTb obecredeHa JIMIb Ha KBa3WPABHOMEPHOH CeTKe, a
Ha, MPOU3BOJILHOW HEPABHOMEPHOU CETKe TOYHOCTH CHHXKAETCS IO
O(h). Jnst nepBo#t mpou3BOIHOM B y3JIe OJE€3HO TaK>Ke BBIPAKEHNE

u:l = (hn+1U:1_1/2 + hnU;+1/2)/(hn+1 + h'n) + O(h’z)’

MpUYEM TaKasi TOYHOCTb COXPAHSAETCH Ha IMPOU3BOJIbHON HEpaBHO-
MepHoit ceTke. UHOrIa yI00HBI 3KCTPAIOIAIMOHHBIE (DOPMYIIBI

1
Uy = “;z+1/2 + §hn+1u£'l + O(h?),

1

TaK>kKe COXpaHLAIoIIe BTOPO MOPAAOK TOYHOCTH HA IPOU3BOJILHONU
HEPABHOMEPHOI1 ceTKe.

Pasromephnsie cemxu. Ha paBHOMEPHBIX CeTKax IPOU3BOTHbIE
B y3J1aX U IOJYIEJIbIX TOYKaX CeTKHU 3aIUChIBAIOTCA €llle IIPOIIE:

u(zy) = Untl — 2:; + Un-1 + O(h?), h = const; (6.13)
u — U
W (Eny1/2) = ="+ O(h?); 61
w(2n) = TH_L 4 O(R).

91u popMyIbl 9ACTO UCIOJBL3YIOT B BBIYUC/IATENILHON MPAKTUKE.
Ha 0 TOMHUTD, 9TO IPUMEHATH UX K HEPABHOMEPHBIM CETKaM HEJIb-
351: y2K€ HA KBA3UPABHOMEPHBIX CETKAX UX TOYHOCTh YXYIUIAETCS 10
O(h), a Ha TPOU3BOJILHOMN HEPABHOMEDHOI CETKE IIOrPENIHOCTD POp-
Mmysbl (6.13) cocraBnsier O(1)!

6.1.3. HeorpanuuenHas obnactb

CyiecTByeT HEMaJI0 3a0a4 A1 guddepeHnrnanbHbIX YPaBHEHUI
B HEOTPAHUYEHHOM 00/lacTi. B HUX 0OBIMHO MPUCYTCTBYIOT MEPBBIE
¥ BTOpbIE mpou3BoaHble. B mompasn. 3.2.3 ObLIM ITOCTPOEHBI KBa-
3UPABHOMEDHBIE CETKH C KOHEYHBIM YHCJIOM Y3JIOB, MOKPBIBAIOIITE
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HEOTPDAHUYEHHYIO 00J1aCTb. MOXHO HCIOJIb30BATh TAKUE CETKH JJIsi
HAIMCAHUS IPOU3BOJHBIX.

HamoMHIM, YTO TaKue CETKHM CTPOSITCS C IIOMOIIBIO peobpas3o-
Banus £ = (&), uMeromero mosroc (mMoJoca) Ha KOHIAX OTPE3Ka M0
Z. Hanipumep, 1151 TOTyIpsIMO#t IIPUTOJTHO CJIEAYIOIIEE IPEOOPa30Ba-
HHe:

0<z <00, z(])=cE/(1-EH™ ¢>0, m>0, 0<E<L1

PaBHomepHoii ceTke &, = n/N COOTBETCTBYyeT KBa3MpPaBHOMEpPHasl
cetka z, = z(&,). Ee nocienuuit y3en ectb 6€CKOHEYHO yIasieHHAS
TOYKa TN = +0Q.

CrangapTtHbie GOPMYIIBI 7151 BBIYHCIEHUS IPOU3BOAHbIX (6.10) —
(6.12) B nocsiesHeM nHTEpBaJIe (POPMAJIHHO IPUMEHSTH Heb3si. Ha-
MpUMEpP, 10 HUM IIOJIyYaeTCs ujv_1/2 = (uny —un-1)/(zNn —
—zN-1) = 0 npu 1I00bIX 3HAYEHUAX DYHKIUH, IIOCKOJIBKY LN = 00.
To ke TPOUCXOTUT CO BTOPOIT IPOM3BOIHOA: u’l(,_l = 0.

st mpeomoJieHusi 3TOR TPYJHOCTH BBOIAAT HHOE OIpEIeSIeHHE
mara ceTkd. Bmecto hy, = T, — Tp—1 ¥ hy + Apy1 = Tyl — Tn—1
[10J1aratoT

/

_ idfv(in_l/z) _ Tn_12

Takoe nepeonpeneneHne Hy>KHO CAEJIATh BO BCEX MHTEPBAJIaX KBa-
3MPABHOMEDHOM CETKH (& He TOJILKO BOJIN3M OECKOHEYHO YAAIEHHON
Toukn). Torga nepeonpeneneHHble 3HAUYEHUs IEPBOii U BTOPOI pa3-
HOCTHBIX [TPOM3BOIHBIX OY1yT

hn 4+ hni1 = zac’ . (6.15)

hn Nn

N N
u;_1/2 = m(un - un—l)a u:l ~ E(un+1 - un—l); (616)
N
up ~ :U—/('u;l_H/2 — Up_1/0)- (6.17)
n

®opwmyiter (6.16), (6.17) umeror Tounocts O(N~2). OHu MO3BONAIOT
HANTH MPOU3BOAHBIE BO BCEX BHYTPEHHMUX LIEJIBIX U MOJIYIEJbIX Y3-
JIax.

Hepezko Tpebyercs: mepBasi Ipou3BoaHas Ha rpanuIie uyy . [Tomy-
4uM 115 Hee popmyy Tounoctu O(N~2). Jljns 3Toro Bo3bMeM JBY-
yieHHyo dopmyiy (6.8), 3amenum B Heii ungekce 0, 1, 2 Ha N — 2,
N—1, N, 0onoXuM £ = Iy ¥ Iepeonpeaenm maru coryiacHo (6.15).
Ucnons3ys o6o3navenus (6.16), momydum

/

Uy R Uy_1/9 + Ty_12un-1/(2N). (6.18)
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Ha seBoit rpaHMile MOXKHO HAIIMCATH AHAJOTHYHYIO (POPMYIY IJist
ug.

OtmeruM eme oauH crocob BHIBOAA HOPMYIT Jjisi TIPOU3BOIHOMN
B IDaHUYHOMN TOYKE (JJIsi ONPEIEIEHHOCTH, B TOUYKe Z¢). [loacraBum
B dbopmyunsr (6.3), (6.4) 3Hadenune z = zy. Torma B mpousseseHusx
obpalarTcsi B HyJib Bce COMHOXKuTenu ¢ k,m = 0. 9to maet

n—1 n—1
wp(zo) = [ (@o—zx); wp(za) =2 ]  (zo—as)
k=1 1=1 1<k<n—1L;k#l

st crapmux NpoM3BOIHBIX o)g])(xo) BBIPAXKEHUS CYIIIECTBEHHO

ciaoxuee. OgHako Momo6GHBIM 06pPA30M MOXKHO HCIIOJIB30BATH JIs
BBIYHCJIEHUS] TPOU3BOIHO OOJIbIIIee KOJIMYECTBO Y3JI0B.

6.1.4. CryweHnue cetok

Tounocts mnpocreinmx dopmysn (6.10) —(6.14) cpaBHUTENIBHO
HEBBICOKA, a mocrpoenne GHopMmyn Gosiee BBHICOKOrO MOPsiiKa TOY-
HOCTH C MOMOIIBIO y4eTa CJELYIOIUX YJIEHOB WHTEPIOJISIMOHHO-
ro muHorowieHa HeioToHa oka3biBaercs oyeHb rpomo3akum. Ho Ha
PABHOMEDHBIX U KBa3UPABHOMEDHBIX CETKAX MOXHO IMOJyd4aTh 6o-
Jiee BBICOKUH MOPSA0K TOYHOCTH METOAOM CTYILIEHHS CETOK.

Hanpumep, nanumeM ¢opMyny Ijisi IepBOii IPOU3BOAHOM, HC-
HOJIb3ysl JBe Pa3Hble BHIOOPKY TOYEK, CHMMETDHYHBIE OTHOCUTENLHO
y371a Zp:

i ~ Up+1 — Up-—1 i~ Un42 — Up—2

~ 9y ~ .
Tn+1 — Tp-1 Tn42 — Tn-2

Ob6e oHu MMeIOT MOPsiiOK ToYHOCTU p = 2. Ha kBasupaBHOMepHOl
CeTKe IepBasi 3 HUX COOTBETCTBYET PAacCUETy C YHUCJIOM y3J0B NV, a
BTOPYIO MOXKHO DacCMaTPDHUBAaTh KaK pacyeT Ha CETKE TOr'O XKe ce-
MENCTBa, HO C YUCJIOM y3j10B N/2. 3Ha4YnuT, OHU SABJSIOTCA NpUOIIH-
2KEHUsIMU TIepBOY MPOU3BOOHON, BBIYMCJIEHHBIMU 110 OOHON U TOH 2Ke
¢dopMyJie, HO Ha ABYX PA3HBIX CETKAX C KO3 PUIMEHTOM CryIIEHHUS
r = 2. [losToMy MOXHO mpoBecTH yToYHeHUe 110 dpopmyre Puuapm-
COHa, IT0JIaras B Heil r = 2 u p = 2. IT0 Jaer

4 _/ 1 ~/ 4 Up+1 — Up—1 1 Un+2 — Un—2
~ Uy, — sl, = o - = .

3Tnt1 —Tn-1 3 Tni42 — Tn2

Mo>kHO nOKa3aTh, YTO NOPsIJOK TOYHOCTH NoBbINIaeTcs Ha 2. [TosTo-
My dbopmyma (6.19) umeer Tounocts O(h?). Ha paBHOMepHOiT ceTke
OHA IIEPEXOAUT B CJIEAYIOIIEe BhIPaKEHHE:
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y = |2 (s — tne1) — = (g2 — tn_2) | + O(hY).
h|3 12
AHajoru4Hoe yTOYHEeHHE MOXKHO IIPOBECTH B TOUKE Ty 4 1 /2. 3/1€Ch
CUMMETPUYIHBbIMHA Opr)KeHHﬂMH ABJIIAKOTCA Hapr InyTn+1 A Tp-1,
Tnyo. BTOpO# OTPe30K BTpOe AJMHHEe MEPBOTO, MO3TOMY T = 3.
VYTouHeHHOe 3HaYeHUe MPOU3BOIHOM PABHO

JUny1 — Up _];un+2 — Unp-—1

/
u, ~ - — .
n+1/2 8Tny1 — Tn 8Tny2 — Tn-1

HeTrpynHo 3anucaTh 3TO BhIpaKeHHE Ha pPABHOMEPHOI ceTKe.
HJtst BTOpO#i IpOM3BOAHOM OTPAHUYUMCS CJIyYa€M TOJIBKO PABHO-
MEepHOH CeTKU:

o 2up + Up—1 G s U2 T 2up + up—2

" h2 roon 4h? ’
STa mapa GopMys UMeeT MOPSAI0K TOYHOCTH P = 2, a KO3P(DUIIUEHT
CTYIIEHUS CETKU COCTABIIsIET I = 2. YTouHeHue no Pudapcony gaer

4 1
u = g — gﬁ;; + 0t =

n_3n

dupyr — 2Up +Up—1 1 Upy2 — 2up + Up—2 4
_4 _1 h4).
3 B2 1 2 O

HamomuuwMm, uto popMysisl, paccuuTaHHble HAa h = const, HeIOITy-
CTHMO IPUMEHSATh K HEPABHOMEPHBIM CETKAaM.

6.1.5. Crapwwue npounssoatsbie

B pemenusx Takmx NpHUKIaIHBIX 33734, KaK M3rHO ympyroro
6pycka, TpebyIOTCs IIPOU3BOAHbBIE BIUIOTH IO YE€TBEPTON. Bhipaxke-
HOS JJIs HAX Ha HEPABHOMEPHBIX CETKaX O4eHb rpomosakue. On-
HaKO Ha PABHOMEPHBIX CETKaX COOTBETCTBYIOIINE (DOPMYIIBI UMEIOT
npocroit Bua. I[Tokaxkem, Kak UX CTPOUTb.

Tperbst mpou3BOIHAs MOXKET PACCMATPUBATHCS KaK MMPOM3BOJI-
Has oT BTopoii. [loaToMy nJist Hee MOXKHO HANMUCATH CIEAYIOILYIO ar-
ITPOKCUMAIIHIO B ITOJIyLIEJION TOYKE:

" "
" o Uny1 — Uy
un+1/2 ~ h :

ITogcTaBuB BMECTO BTOPBIX IPOM3BOAHBIX dopmyiy (6.13), rae
AJIS Uup | HAJO CABUHYTH BCE MHIEKCHI Ha 1, OJIy M

" ~ Un+42 — 3un+1 + 3U/n, —Un_4
Upy1/2 = h3 .

(6.20)
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YeTBepTyo IIPOU3BOAHYI0 MOXXHO DACCMATDPUBATH KaK BTOPYIO
OT BTOPOi# MPOU3BOJHON. DTO AAET B HEJIOM y3JI€

" " "
Upy1 — 2un + Up_1 ~

(4)
(73 ~ ~
" h? (6.21)
 Un+2 — dupy1 + 6up — 4up_1 + uUn_2
~~ h4 .

Jlerko 3amMeTuTh OOIIYI0 3aKOHOMEDHOCTL HANMCAHUS (OPMYJT
(6.13), (6.14) (6.20), (6.21): 1) npousBoaHAsT HEYETHOrO NOPsiAKA Oe-
peTcsi B TOJIYLEJIOM y3Jie, YETHOTO — B IIEJIOM; 2) OKPY2KaloIue y3-
JIbl BBIOpaHbl CAMMETPHYHO, & UX YHCJIO HA €IMHHUILY OOJIbIIe TOPSi/I-
Ka MPOU3BOAHOM ¢; 3) nepeJ y3JI0BbIMA 3HAYEHUSIMH U CTOSIT OUHO-
MuaJibHbIE KO3(DOMULMEHTDI 1J1s1 CTENIEHH ¢, 3HAKH KOTOPBIX Y€pey-
forcsi; 4) crenesb h B 3HaMeHaTesle paBHA MOPSIAKY IPOU3BOMHOIM.
Paznoxenunem B psaa Teitsiopa MOXKHO ITOKa3aTh, YTO TOYHOCTb BCEX
stux dopmyn ects O(h?). Do ouyeBMaHO U3 cuMMeTpuM BOpMYII,
MOCKOJIbKY YJIEHBl HEYETHOTO MTOPSIIKA TOYHO COKPAIIAIOTCS.

6.2. AN DEPEHUWPOBAHUE UNHbLIX
ANMNPOKCUMALMI

6.2.1. NHTepnonsaumMoHHbLIA CnnaiH

IIycts dyHKUus 3amaHa B GOIBIIOM AUaa30He 3HAYEHUH apry-
MEHTa, TaK YTO MMEETCsl MOoApobHast Tabmua (Tn,us), 0 < n < N ¢
N > 1. B aToM cily4ae OKOJIO KaXKI0T0 y3J1a UCIIOIb3YETCsI CBOM JIO-
KaJbHbIi MHOro4jeH HoioToHa. /IBa MHTEPIOJISIMOHHBIX MHOTOYJIe-
Ha, IIOCTPOEHHBIX 10 COCEIHUM IPYIIIaM y3JI0B, CTHIKYIOTCS B 00IIIEM
y3Jle HelPEPLIBHO B CUJLy yCJoBUs nHTepnojsinui. OQHAKO UX IIPO-
U3BOJHBIE B 3TOM y3JjIé MOTYT OKa3aThCs HecoBmagaromumu. Toraa
ANMpPOKCUMAIUs IIPOM3BOIHON Ha BCEM OTPE3Ke OKAXKeTCsl Pa3pbIB-
HOH.

OTUX TpyIHOCTEH MOXHO M30€XKaTh, aPOKCUMHUDYs u(X) HUH-
TEPIOJIANUOHHBIM cIIaiHoM. [1yCcTh AJisi OnpeIeIeHHOCTH B3ST KY-
Guueckwuii crais S3(x), mocTpoeHHsIH B mogpasf. 4.2.2. Ero neppas
M BTOpasi MIPOM3BOIHbIE HEMPEPHIBHBI BCIOAY, BKJIOYas y3Jbl. Ha-
[TOMHHM BBIDAyKEHHUs J1J1s1 CIUIAfHA U €r0 IPOM3BOAHBIX:

S3n(z) = an + bp(z — Tp—1) + cn(z — Tn_1)? 4 dp(z — 2r_1)3,
In1<z<zZp 1<n<KN;

S5, (z) = by, + 2 (T — Tp—1) + 3dn(z — Tn1)?,
Tno1<zx<xp, 1&£<n<KN;
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S5.(x) = 2¢, + 6dn (T — Tp—1), Tp-1<T<Tp, 1NN,

Tperbsi TpoM3BOIHAS PA3PBIBHA (KYCOYHO-IIOCTOSIHHA), ¥ II03TO-
My He IIpefcTaBjsieT uHTepeca. [lorpenHocTs camoro cnaifHa npu
BbIOODE MEPHOANIECKHIX HJIA €CTECTBEHHBIX IOMOJHUTENbHBIX YCII0-
Buit cocraBiser O(h*). [lorpemHoCTs €ro MEpBOi M BTOPO# ITPOU3-
Bomubrx coctabiser O(h3) u O(h?) coorBercTBeHHO.

HocTonscTBa 3TOrO cnocoba cocTosiT B cieayromeM: 1) crocod
[O3BOJISIET HANTH MIPOM3BOJHBIE C YKA3aHHBIM MOPSIAKOM TOYHOCTH
B [IPOM3BOJILHOM TOYKE, & HE TOJILKO B y3JIaX; 2) JAeT 3Ty TOYHOCTh
HE TOJIbKO Ha PAaBHOMEDHBIX CETKaX, HO U Ha KBa3MPaBHOMEDHBIX, a
TaK>K€ Ha JOCTaTOYHO [IPOM3BOJIbHBIX HEDABHOMEDHBIX CETKaX, ec-
JI OHM HE COIEPKAT OOoJIbIINX UHTEPBAJIOB. IuddepernupoBannemM
MHorowieHa Hpl0TOHA TaKMX pe3ysbTaTOB JOOUTHCS He yIAeTCH.

6.2.2. MeTtop BbipaBHUBAHUSA

Ecnun dyHkuusi 6bICTPO MeHSIETCS OT OJHOTO y3Jia K IPYyroMy,
TO JJ1s1 MHTEPIOJISIIK CJIeAYeT MoJ00paTh BHIDABHUBAIOIINE IIE€PeE-
MenHble N)(u), §(z) (cM. moapa3z. 4.3.1). duddepenunposaTs TakXke
cjenyeT B BhIpaBHUBAWONMX nepeMeHHbIX. Haiins uuciieHHO ucKo-
My1o To4ky & u dn/dE B naHHO# TOUYKe, ImepeiiieM K IPOU3BOAHOMN B
HCXOIHBIX IEPEMEHHBIX C TIOMOIIBHIO TOYHOIO COOTHOIIIEHU ST

du dndf /dy

dz  didz/ du’
IIpousBonusie di/dz u dn/du HaxonsaT auddepeHnnpOBaHHEM TOY-
HbIX (POPMYJI BHIPABHUBAIOIIUX TPE0OPA30BaHUi. AHAJIOTHYHO MOX-
HO BBIYHCJSATb U OoJjiee BbICOKMe IpousBoauble. OIHAKO yxKe MJist
BTOpO# NpOM3BOAHON aHajioroM (6.22) OyzeT BecbMa IDOMO3IKOE
BbIpaxkeHue. [103ToMy ¢ moMoupI0 MeTOa BEIDABHUBAHUS HA IPaK-
THKE BBIYHUCJIAIOT TOJIBKO IEPBYIO IIPOM3BOAHYIO.

(6.22)

ITpumep 6.2. Bepuemcsi k npumepy 4.3. [ljisi HEro B UCXOMHBIX
TepeMeHHBIX MoYJieHHoe Aud depeHImpoBaHne KyONIecKOoro nHTep-
MOJIIIIMOHHOr0 MHOro4jieHa HbIoTOHA aeT ciiemyoliee BLIpaXKeHHE:

P'(z) = 44 11(2z — 1) + 22(32% — 62 + 2).

KoaddunmeHTs! B 10cIe10BaTEIBLHBIX CJIATA€MBIX HE YOBIBAIOT, TaK
YTO HA Pa3yMHBbIH PE3YJILTAT PACCYUTHIBATH HE IPUXOIUTCSI. 3aTO B
BBIPABHUBAIOIINX [IEPEMEHHBIX IOJIyYaeM

7' (€) = 0,6990 -+ 0,0467(2E — 1) — 0,0080(382 — 6F + 2);
7'(1,5) = 0,7944.
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Tabnaunma 6.1
dnddepernmpoBanue B BbIDAaBHNUBAIOIINX IEPEMEHHbBIX

h () (8

3 70 0,7748

1 26 0,7924
OKkcTpeMyM 20,5 £ 5,5 0,7946 £ 0,0022

3necy yobiBaHue K03(hUIIMEHTOB cilaraeMbix Hemioxoe. [lepe-
XOJI K MICXOIHBIM [IEPEMEHHBIM [TPEJIaraeTCst YUTATENISIM CAENATh Ca-
MOCTOSITEJILHO.

Kowmponas. B npumepe 4.3 cerka comepxana y3iasl 0,1,2,3.
Touka z = & = 1,5 aBnsieTcsa cepeauHOi ABYX CUMMETPUYHBIX MH-
TepBaJIOB ¢ OTHoweHWeM maroB 3 : 1. B sToMm ciaydae mpoussoz-
HYIO0 MOXKHO HaXOOUTh MO mpocrteiimeit popmysne (6.14). [Tostomy k
MPOM3BOJHBIM B HCXOIHBIX M BHIDABHUBAIOIIHUX IIEPEMEHHBIX MOXHO
[IPUMEHSATh yTOYHeHHe o Puuapacony, nosarasp = 2 u r = 3. Pe-
3yJIBTATHI IPEACTaBIeHbI B Tabi. 6.1. Buano, 4To B MCXOTHBIX mepe-
MEHHBIX MOTPEIIHOCTh OFPDOMHASI, & B BHIDABHUBAIOIINX — HEBEJIUKA
u obecrednBaeT TOYHOCTD nopsaaka 0,5 %.

3amenarue. [Insa yTod4HEHUH B TOYKAX, IPOMEXKYTOYHBIX MEXKIY y3-
snaMy, merol, PuyapicoHa He Bcerga mpuMeHuM. B npumepe 6.2 Touka
z = 1,5 nenuna oba orpeska [1,2] u [0,3] Touno momosnam, To ecth GbLaa
JJIs HUX TIoJIyuesiol. B stux ycioBusix Meron PHuapacoHa HCIOJIB30BATD
MoxkHO. OJHAKO eC/iu B3SITh APYTYIO TOYKY, Hampumep Z = 1,2, To oHa Je-
JIUT OTPe30K [1,2] B oTHOmeHun 1 : 4, a oTpe3ok [0, 3] B oTHOWIeHNH 2 : 3.
9T0 pa3Hble OTHOIIEHHUS], ¥ B TAKOU CUTyalliy IPUMEHEHHe MeToa Pugapa-
coHa 66110 OB rpy06Oit omubkKoi. 151 ero ucnons30BaHUS COCEAHIE CETKH
BCEr/a, JOJKHBI OBITh OJOOHHI.

6.2.3. CpepHekBagpatuyHoe npubnuxxexue

Hausnydmryio annpokcuMaiuio B HopMme Lo 1al0T KpUBBIE HETOYHO
[IPOXOJISAIIUE Yepe3 3aJaHHbBIE TOYKH; OHH CJIETKA CIVIAXKUBAIOT MeJI-
KH€e OCIHUJLIAIMA UCXOOHBIX KpuBbIX. [losTomy muddepeniuposa-
HUE CPEHEKBAIPATHIHBIX PUOIMKEHUN OOBIYHO JaeT JIydIlne pe-
3yJIBTATHI, 4YeM AU QEPEHIINPOBAHNE HHTEPIIOIANUOHHBIX TPUOIIH-
xenuit. O6mas dopmyna nuddepeHnumpoBanust 06001IEHHOTO MHO-
ro4JieHa MMeeT BU[

M
u@(z) ~ 0 (z) = Y empl@ (2), (6.23)

m=0
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T.e. cymMa auddepeHuupyeTcs MO4YJeHHO. PacCMOTpuM BaXKHel-
[IMe CJIyYau.

Pad Pypve. HanomuumM, uro mist psga Pypwe Qom—1(z) =
= sin(mz), @am(z) = cos(mz) u cymmupoBanue B (6.23) BemeTcst
He 10 M, a no 2M. IlockonbKy

dsmd—(zmx) = mcos(mz); dc%imz) = —msin(mz),  (6.24)
TO Kaxk0e quddepeHnupoBaHne IPUBOAUT K yMHOXKEHHIO K03bdu-
[MEHTOB Psifia HA M, 3aMEHE CHHYCOB Ha KOCHHYChI U CMEHAM 3Ha-
ka. Tem cambiM kK03bunuenTs Pypre IJjIs1 TPOU3BOAHBIX YOBIBA-
0T MejiJIeHHee, YeM Jjis UcXonHoi ¢dyHkuuu. HanmomuuMm, dro ajs
P pa3 HempepbiBHO auddepeHuupyeMoit u(Z) BBIMOJHSIOCH Cp =
= O(m~®*1). Buauur, aas npoussomuoit u(?(z), ¢ < p, BemuuHHEI
ko3 burmentoB Pypoe OyIyT O(m‘(p_q"'l)).

CxomumocTts psiga Pypbe Aj1si MPOU3BOAHBIX COOTBETCTBEHHO
yxyamaercs. VI3 mosy4eHHON cKOpocTH yObIBaHUs KO3 PUIIMEHTOB
aHAJIOTUYHO IOAPa3 . 5.2.2 cliedyIOoT OLEHKHU

“u(Q) _ Qggf)uh = O(M~(P-2+1/2))

1 [u?@ - 2Q)c =0 "), ¢<p.

OTMeTuM BaxKHOe 06CTOSTENBCTBO. Jljisi mepuoaudecKoit MyHK-
LMY TPAHUI] OTPe3Ka HaKTHUIeCKH HET, TAK KaK JII00YIO TOYKY MOXKHO
MPUHATH 3a Ha4aJo nepuoaa. [losToMy psii omMHAKOBO XOPOIIO CXO-
JUTCH B JIFOOOM TOYKE, BKJIIOYasi TPAHUYHBIE TOYKU OTPE3KA. ¥YXYI-
[IEHNE CXOAUMOCTH B HOpMe C MMeeT MECTO JIMIIb B TOYKAX Pa3phl-
Ba CTapIlel CyIEeCTBYIOMEN MTPOU3BOIHON. DTO BHIFOAHO OTIMYAET
TpUroHoMmerpudeckuii psg @ypre oT APYrUx psoB.

Psd no T, (x). Psan qns ¢-it npou3BogHOM HAXODUTCS 10 ObIIe
dopmyue (6.23). BoipaxeHust 1jist epBbIX TPOM3BOAHBIX 3AIUCHIBa-
IOTCsI ITPOCTO:

() = Un(z) sz _ TM; 6 = arccos z. (6.25)
do do sin 6

OrtHoueHne CUHYCOB — 310 MHorowieH Jebwimesa I1 poxa. Axajo-
IHYHO MOXHO IIOJyYUTb BbIpakeHusi ausi @) (z), omHako oHO Oy-
IeT 6oJiee TPOMO3IKUM; IIO9TOMY IBYKpaTHOe auddepeHnupoBaHue
HCHOJB3YI0T 3aMeTHO pexe. I1o 3Toit npuunHe Gosbline KPATHOCTH
auddepeHIIPOBaHUS MPAKTHYECKH HE IPUMEHSIOTCS.

Paznoxenne camoit dyHkuun B psag mo T, () MOXKeT XOpOoIo
cxomuThess BO Bcex Toukax. OmHako B moapaszn. 5.3.1 mokasaHo,
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YTO MPOU3BOJHBIE ITUX MHOTOYJIEHOB OY€Hb BEJIMKH BOJU3M FDAHUI]
orpe3ka. Eciau qns TpuroHomerpudeckoro psaa @ypbe ogHOKpAT-
Hoe nuddepeHnupoBanye 610 SKBUBAJIEHTHO YMHOXEHUIO Py (T)
Ha M, TO JJisi MHOTO4YJIeHOB UeOwleBa Kaxjoe nuddepeHnnpo-
BaHHe 9KBUBAJIEHTHO YMHOXKEHHUIO Ha M B CPeIHell 9aCTH OTpe3Ka
u Ha m? B6IM3M rpaHHUI OTPe3Ka; 3To BumHO u3 (5.35). Jna mep-
BOIf mpou3BoaHOR u3 (6.25) HEmoCpeICTBEHHO BUIHO 00lLIee YMHO-
JKeHue Ha m; a BOiu3u rpanunpbl npu 6 — 0 u 6 — T packpsi-
THE HEOIPeIeJIEHHOCTH OTHOIIIEHHsI CHHYCOB IO mpaBuity Jlonurans
JlaeT JOTIOJIHUTENbHBIA MHOXKUTEb M. [103TOMy CX0OUMOCTD psiIOB
JUJIsI IPOU3BOJHBIX OYIeT 0COOEHHO OBICTPO YXyAATHCS BOJIN3M rpa-
HUI[ OTPe3Ka, IPUYEM T€M CHJIbHEe, YeM BhIIlle NOPSI0K ITPOU3BOI-
HOH.

ITiroxast CXOAMMOCTb PSIIOB J1J1s1 IPOM3BOAHBIX BOJIU3M IPAHUIL OT-
pe3Ka 00BIYHO HE TIO3BOJISIET PACCUUTHIBATD HA XOPOIILYIO SKCTPAIIO-
JISIMIO 3 MTPEeJeIbl OTPE3KA.

sotinoti nepuod. JuddepeHimpoBaHue BHITOJIHSIETCS MO 00-
weit dopmyne (6.23), roe HAXOXK/IEHUE NMPOM3BOAHBIX OT TPUTOHO-
MeTpudecKux GyHKuui @m(z) u i (z) anamormuno (6.24). Ocra-
€TCsl BBISICHUTH CKOPOCTh CXOIMMOCTH IIOJIyYeHHBbIX PsnoB. Bymem
MPEIoJIaraTh, YTO Ha UCXOTHOM OTPE3KE CYNIECTBYET HEIIPEPLIBHAS
u(P)(z), npuuem B3siTO uMcIIO byHKIMI ABOMHOrO mepuoma K < p +
+ 1, a yncio nap ciaaraeMbix GYHKIUM ocHOBHOro nepuona M > K.

HamoMuuM, uro moakirodenne K yHKIui 1BOMHOrO mepuoia
SKBUBAJIEHTHO MCKJIIOYEHHUIO Pa3PhIBA B IIEPUOIUIECKOM ITPOIOIIKE-
Hun camoii dyukiun u ee K — 1 npoussonusix. Torma npu buk-
cupoBaHHOM K u Bo3pacTtaHuud M psii CXOOUTCS HE Xy»Ke, 9eM JJIs
nepuoauyeckoit dyukuuu ¢ K — 1 HenpepsIBHOU Ipou3BonHO#i. Tem
CaMBIM TIOIPENIHOCTH PA3JIOXKEeHUsI OyayT

25 + Wi —ul |z, = O(a~Kat2),

|2 + ¥ — u@|c =oM~K-9), g<K-1<p.

CxonuMocTb BO/IM3M IPaHUIl OTPe3Ka OyIeT HECKOIBKO XyKe, YeM Y
TpPUrOHOMeTpHuYecKoro psina Pypwe Jjis nepuoaudeckoit GyHKIuH,
TaK KaK IPAHUIIBI 3/1€Ch SIBJISIOTCH UICTUHHBIMHY, & He (pOpPMAaJIbHBIMH.
OaHaKO CXOAMMOCTh ropa3 o JIydille, YeM JJisi Pa3JIOXKEHHUs TI0 MHO-
rowreHaMm Yeboiiesa, a GOPMyYJIbI IJIsi MHOrOKpaTHoro nuddepen-
IUPOBaHMs MPOCTHI. [[03TOMY METOM JBONHOrO TEpUOA TO3BOJISIET
XOPOIIIO MPUOIMAKATH CTAPIINE IPOU3BOIHbIE.
Cpednexsadpamuunvili cnaatin. o mOCTpoeHUs Cpe-
HEKBaJPATUYHBIX ANMPOKCUMAIUH HCIOJb30BAINChH DA3JIOXKEHUS
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dyukupuu u(z) mo B-cruaitnam p-it crenenn (cm. 5.5). Juddepen-
nupys passioxkenue (5.61), mosyunm

S(q) Z Cn B(a)
n=-p

3ameTuM, 4TO ycedeHHas creneHs (5.52) nuddepenupyercs npak-
THUYECKM KaK OOBIYHAS:

_P_ Pq —
dqu ( )E qu) p_0’1a2a”'

Torna auddepennuposanue popmyist (5.56) maer

B (z) = p! Z bprk(T — Tntk)i T TPH T € (Tn, Tnypril;
(p—q)! | k=0
0 BHE (Tn, Tntp+1)s
gsp
(6.26)

Pacuer mo ¢opmyute (6.26) ycroityus npu p < 6, 115 60IbIIKX 3HA-
4YeHU# P BO3MOXKHO HaKOILIeHHE OUmbOK OKpyrieHusi. Kosddumm-
eHTBI bynk B (6.26) BeraucIsIoTCH O popmyste (5.57).

Ecnu HeobxomuMo npoBecTH pacyeTs 41t 60J1ee BBICOKMX CTelle-
Helt citaitia, To HaJo auddepeHIpOBATh PEKYDPEHTHOE COOTHO-
wenue (5.60). s nepBoit NpoM3BOAHOI 3TO AaET

By (5)= E 2 l0) )
n+p+2 — Tn (627)
+(wn+p+3 T)B n+1() Bp,n+1($).

Tn+p+3 — Tn+l

HauunaTh pacuer HaJ0 €O CIJIai{HA IEPBOI CTEMEHH, B3B B Ipa-
Bo#t yactu By (z) cormacHo (5.53) u Bj,(z) = 0. PexyppenrHbie
dopMyabl IJIsT CTapIIMX MPOU3BOAHBIX OoJsiee rpomozaku. Ux He-
TPYAHO 3amucaTh, quddepenuupys (6.25).

HamomuuM, 4TO crutaifd p-it cCTeneHn 11es1ecoobpa3Ho MPUMEHSITh,
eciu u(x) UMeeT He MeHee p + 1 HenpepbIBHBIX MPOU3BOAHBIX. [1o-
TPENIHOCT g-# MPOU3BOqHOM B 3TOM carydae ecTb O(hP~911); acumm-
TOTHYECKM TOYHAs OLEHKA 3TOi morpemHocty npusegeHa B (5.63),
(5.64). Iopsimok TouHOCTH 3TUX (HDOPMYJI TAKOB XK€, KaK U JJIsl MH-
TEPIOJISIIIUOHHBIX MHOTOYJIEHOB CTENEHH D, OMHAKO KO3 (PUIIMEHTHI
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B OCTATOYHBIX 4eHaX UHble. [Iy1s cTapieil HeHyneBOi NPOU3BOI-

HOIA S;(,p ) (z) oHM TaKOBBHI XKe, KaK Jyisi HHTEPIOJISIMOHHOIO MHOTO-
wieHa. Ho [iss mpou3BOgHBIX TOpsiAKa ¢ < P 3TH KO3 PUIMEHTHI
MEHbIIIE, YeM y MHOTOYJIEHA; YeM MEHBIIE ¢, TeM CHJIbHEE STOT BbI-
UrPHIIT B TOYHOCTH. Hanbosibiuit BLIMTpHINT JocTUuraercs npu q = 0,
T. €. JJIs1 caMoro criaitua Sp(z). YeM Bolie cTeneHs CIIaiiHa p, TeM
60JibIlle BHIMTPHILI B TOYHOCTH. [103TOMY, CTPOSI CpeJHEKBA,IPATH Y-
HBIE CIJIAWHBI BBICOKMX CTENEHEN, MOXKHO XOPOIIIO AIPOKCHMHPO-
BaTh HE TOJILKO (YHKIHIO, HO U €€ JIOBOJILHO BBICOKHE MPOM3BO/I-
HBIE.

3ameuvanue. B nogpasn. 5.2.4 orMedasioch, YTO Haujydllee CpeaHe-
KBaJpaTHYHOe NpUO/INKeHre OObIYHO BHITOHEE HAUJIY YIITNX PABHOMEPHBIX
IPHOJIMXKEHNA [JI ANNpOKCUMAaNUU (QYHKIHUA. ITO NPEUMYIIECTBO €Ille
cuiibHee npu auddepeHnupoBanuy annpokcuManuit. Psasl, naronme Han-
Jiy4iiiee paBHOMEPHOE MTPUOJINKEHNE, TJI0XO0 AU depeHIMPYIOTCS: TOYIEH-
Hoe nuddepeHnrpoBaHe 0OBIYHO IPUBOAUT K MEJJIEHHO CXOASAIIMCS UITH
Jake PACXOISIIUMCS PSIaM Y2Ke JJIsl IepBoit npou3Bonuoi. s crapuux
TIPOU3BOJHBIX [TOJIOXKEHUE yCyTybiisieTcs.

6.3. HEKOPPEKTHOCTb YNCNEHHOIO
ANODEPEHUNPOBAHUA

6.3.1. AuddepeHumpoBaHme UHTEPNONALUOHHOTO
MHOro4s1eHa

Onepanust nudepeHIpoBaHus IBISETCS HEKOPPEKTHOIM. [Ipo-
WILTIOCTPUPYEM 3TO Ha nmpuMepe. [locTpoum cienyiomee 6eCKOHETHO
MaJioe Bo3MyIeHue GpyHKuun u(zx):

1
du(z) = 5 sinw?z, © — oo.

Tora BO3MyIIEHHe EPBOii MPOU3BOIHOM paBHO du’(T) = w cos w2x.
Bunaso, uto

1
Bu(@)lc = = <1, [3u'(@)llc =w>1.

SHaYUT MOXKHO NON0OPaTh TAKOE CKOJIb YTOJHO MaJIoe BO3MYIIIEHHE
GbyHKIMY, 9TO BO3MYIIIEHHE TPOU3BOAHOU OyIET CKOJIb YTOOHO 60IB-
mmM. TakuM obpa3om, omepauusi qudHepeHIuPOBAHNS SIBJISIETCS
HEKOPPEKTHOM.

B uucnennom gucdepeHuInpoOBaHNM ¢ TOMOIIBIO WHTEPIIOISIIN-
OHHOT'O MHOT'OYJIEHA HEKOPPEKTHOCTD IIPOSBJIAETCS CJIEAYIOIINM 00-

229



Su®

h

Puc. 6.1. ITorpemsocTs yncieHHoro muddepeHuupoBaHus

pasom. Ilyctb MBI x0THM HaiiTi u'(x) mo aBym Toukam. Ecim stu
TOYKM yAaJieHbl APYT OT ApYyTa, TO BEJHUKH IIar h ¥ MOrpenrHoCThb
anmpokcumanuu (cM. 6.1). YTo6bl yMEHBIINTD MOrPEIIHOCTD, HAI0
cbmmxkaTh Touku. Ho Torna 3uavenune hpyHKIUA B 3THX TOYKAX MAJIO
Pa3INYalOTCsl. BbIYNCIIEHNsT TPOBOASITCS C KOHEYHBIM YHUCJIOM 3Ha-
KoB. IlosToMy mpu BbIuMTaHMM OJIM3KHUX 3HAYEHUI CHUIBLHO BO3pAacC-
TalOT OLIMOKM OKPYIJIEHHs, © B PA3HOCTHU MOXET OCTAThCs MAaJioe
YHCJIO IOCTOBEPHBIX 3HAKOB.

C 3T0i1 TPYJHOCTBHIO JaBHO CTOJIKHY/IMCH BHIYUC/IUTEIH IIPH YHC-
JeHHOM audbdepeHInpOBaHUN TaOyINPOBaHHBIX hyHKIMH. OHM BbI-
paboTay CIEeAYIOUYI0 PEKOMEHIALUIO: BHIOUpATh mar h HeOOJb-
UM, 9TOOBI OIKMOKA AIIIPOKCUMALIMH ObLIa HEBEJIHUKA; HO HE CJIMII-
KOM MAaJIbIM, YTOOBI ONINOKH OKDYTJIEHHUS €Ille HE CKA3bIBAJIKCH OBI.
OueHuM ONTUMAJIBHYIO BEJIMYUHY 1ara hg, AJis IPOCTOTHI MPEIIIO-
Jlarasi CETKy PaBHOMEDHOM.

Iycrs Beruncasiercs mpoussogsas u(? (z) no dbopmye TogsoCTH
O(hP). Takast popmyna ucnonb3yer p + g + 1 Touky rabauis. O6o-
3HAYUM XapaKTEPHbIE BEJINYUHBI OIIUOOK OKPYIJIeHUs Yepe3 €. Xa-
paKTepHas 3aBHCHMOCTH TorpemsocTs du(? or mara moxasaHna Ha
puc. 6.1. B npaBoit yacTu mar JOCTaTOYHO BEJIUK, OMINOKH OKpYTJIe-
HUS HE CKa3bIBAIOTCsI, M MIOIPENIHOCTH 0OYCJIOBJIEHA ATIIPOKCHMAIIH-
eit: 5u(® ~ ahP. B 1eBo IOIIOBUHE AT HACTOJIBKO MAJI, YTO npeoo-
JIafal0T OMHUOKY OKPYTJieHus. VIX MOXXHO OIIEHUTDH HE AaCUMIITOTHYE-
CKH, & JIUIIb [0 MOPSAAKY BEJIMYUHEL.

N3 dopmyan (6.13), (6.14), (6.20), (6.21) BugHO, YTO MaJible pa3-
HOCTH y3JIOBBIX 3HadeHMi byHKIWH fensitcst Ha h9, Tak uro dul? ~
~ €¢/h9. 9TO COOTBETCTBYET BO3PACTAHMIO OIIMOKY IIPX YMEHbIIEHUH
h. OniTuMaJieH TOT Lar, IpH KOTOPOM IIOTPEIITHOCTH aIllPOKCUMAIUN
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¥ TIOTrPEeIIHOCTb OKPYIJIeHUs1 IpUOIM3UTENIbHO paBHBL: €/hd ~ ahP.
9To maer

ho ~ (/)Y@ 34D () ~ e/ P+ o/ P+a) (6.28)

IIpu h > hy morpenHOCTs perynsipHo YOBIBAET C yMEHBIIIEHNEM IlIa-
ra. [Ipu h < hg morpemrHocTs BO3pacTaeT C yMEHbIIEHHEM IIara,
pUYeM HEPETYJISIPHO.

Ipu 64-pa3psanbix BbYucIeHusx € ~ 10716, Ecou ana o/ (z)
B3ATb opmyy Tounoctu O(h?) ¢ a ~ 1, To momyuum hg ~ 1075, a
du’ ~ 10710, Bosiee BbICOKO#H TOUHOCTH HOOGUTHCS HEBO3MOXKHO. Ec-
JIM 11 TO# e TIPOM3BOIHON B3ATH dopmyay Tounoctu O(h?), To
Gymer hg ~ 1073, a du’ ~ 10~!2; npemenpHast TOYHOCTH BO3POCIA, HO
OIHOBPEMEHHO YBEJIMUMJICS ONITUMAJILHBIN I1ar, a OpaTh 1mar MeHb-
111 ONITUMAJIBHOTO HEeNIb3s (00 9TOM HEPEAKO 3a0bIBAIOT).

Konwmpoas mourocmu. Ilpexme yeM mpoBOAWTH BBIYMCIIE-
HHsI, HEOOXOAMMO OLIEHUTh hg U PaboTaTh C MIAroM 3aBeIOMO 6GJIb-
muM hg. Eie 6osiee Hate)KHbIE PE3YIBTATHI IOJIYYaIOTCsI DU CJle-
nayromei Taktuke. CHavaia MPOBOAST BHIYUCIIEHUS C 3aBEIOMO I'DY-
6bIM 11aroM h. 3aTeM yMEHBINAT h JO TeX Mop, MOKa BBIYMCJIEH-
Hast u(?(z) MOHOTOHHO CTpeMmHuTCs K HEKOTOpoMy mpezeny. Cko-
POCTb CTPEMJIEHHUSI IIEJIECO00PA3HO OIIEHUBATH IO MeTonaM Puyapa-
cona wm JiitkeHa. OHa [OJKHA COOTBETCTBOBATH P-MY IOPSIIKY
toyHocTu. Korga 3ToT 3aKOH HapyIiaercs, JajibHeliiee yMeHbIle-
HUE 111ara CJIeIyeT IPEKPaIlaTh.

TTockonbky 6paTh mar MeHbIIE OITUMAJIBLHOTO hg HEIB35, & 3TOT
Iar CPaBHUTEJIBHO BEJIMK, TO MHOT'O Pa3 CT'YCTHTD CETKY HE yIaCTCSL.
COOTBETCTBEHHO MHOT'OKPATHOE TTOBLIIIIEHNE TOYHOCTH TOXE Hepe-
anbHO. Bo3bMeM HavasbHbll mar B 10 — 100 pa3 kpymnHee, yeM rpy6o
oneHeHHbIt hg. Hampumep, njs BeIYKC/IEHNs TEPBO# TPOU3BOIHOM
pa3yMHO B3aTh hi ~ 1073, YMeHbIIaTh Al CETKH YI06HO B OJHO
U TO K€ YHUCJIO pa3, HO He 00s13aTesIbHO B 1esioe. Hanmpumep, MOXKHO
B3sTh 1 = /2 mumm r = 1,5. IlocTporM mociie10BaTeIbHOCTD IAroB

hy~1073, hy=hy/r, ha=hg/r,... (hx > hg).
IIycte MBI BBIYHCISIEM NEPBYI0 HpPOM3BOAHYI0. Bo3nmeMm njist Hee
CUMMETPHUYHYIO Pa3HOCTD:
u(z + hg) — u(x — hg)
2h ’
PI/I'—Iap,U;COHOBCKOG YTO4YHEHME 110 OBYM COCEOHUM CETKaM lT)k nu
OILI€HKa IIOI'PE€HIHOCTH Bk PaBHBI

wi = u' (x5 hg) = k=1,2,... (6.29)

_ Wi — Wg—1

W = wg + O, O = 1 k=23, ... (6.30)
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3mecs p = 2 eCTb TEOPETUYECKUH MOPSIIOK TOUHOCTH UCXOIHON pa3-
HOCTHOM popMysibl. DbDEKTUBHBIN MOPSIIOK TOYHOCTH BHIYUCIISET-
cs IO TPEM CeTKaM:

_ ln(Sk_l/Bk)
= ————*

T, k=34, (6.31)

Eciu 3HayeHUe Py Majo OTJIMYAETCS OT TEOPETUYECKOTO 3HAYEHUS
p = 2, TO B Ka4eCTBe OTBETAa MOXHO OpaTh 3HauYeHHEe Wy C OLEH-
Koit morpertrocTH 8k (6.30). MokHO yMeHbIIATS AT hy, 4O TEX NOp,
[IOKa 3HaYeHue Py 6Ju3Ko K TeopeTrndeckoMmy. IIpu 3TOM O1eHKH mo-
I'PeUIHOCTH OyIyT yMEHbIIATHCS OT OJHOM CETKH K IPYyroi mpubiu-
3UTEJIBHO B TP pa3, T. €. TOYHOCTh Pe3yJIbTaTa OyIeT MOBLIIIATHCS.

OmnucanHasi OpoUeAypa AOBOJBHO I'DOMO3JKA U CPABHHUTEBHO
TpynoeMka. OHAKO MPU CKOPOCTH COBPEMEHHBLIX KOMITBIOTEPOB 3TO
OOBIYHO HECYLIECTBEHHO. 3aTO OHA MO3BOJISIET HAJEXKHO BBIYUCIISATH
Pa3HOCTHBIE IPOM3BOAHBIE, JaBasi BLICOKYIO TOYHOCTb ¥ FaPAHTUDYS
OLIEHKY [TOCTUTHYTOM IOTPEIITHOCTH.

Buipasnuearue. He cnenyer 3abbIBaTh O mepexojie K BHIPAB-
HUBaOUMM nepeMeHHbIM. OH CYIIECTBEHHO OC/ab/isieT HEKOPPEKT-
HOCTb 33J]a491 YUCJIEHHOrO nuddepenuupoBanus. B camoMm aete, ec-
JI1 B UCXOMHBIX EPEMEHHBIX (PYHKIIUS CUJILHO MEHSIETCSI OT OJIHOTO
y37a K JPYroMy, TO B BHIDABHUBAIOIIUX — CJ1ab0. DTO SKBUBAJIEHT-
HO TOMY, 4TO K03 HUIMEHT o B OIEHKE OMIMOKH anmpOKCUMALMK
yMeHblIaeTcs: Ha nopsinku. 113 (6.28) BuaHO, 9TO IpH 3TOM ONTH-
MaJIbHBIN mar hy 3aMeTHO BO3PACTAET, & HAMJIYUIlas JOCTHXKAMAs
TOYHOCTD CYIECTBEHHO YJIy YIIAETCSI.

6.3.2. Ounddepernymnposanmne pspos

Haunnyumue cpenHekBaIpaTU4Hbie NPUOINKEHUS CTIIAXKUBAIOT
HMCXOJHYIO KPHUBYIO, U 3TUM YMEHBIIAIOT BIUSHUE HEKOPPEKTHOCTH
nuddepennmpoanusi. OIHAKO B HUX €CTb JPYToi HCTOYHUK HEKOD-
pekTHOCTH. HeonbITHBIE BBHIYMCIMTENM IJIsI TIOBBIIIIEHUSI TOYHOCTH
CTapaloTCs MPOCYMMHUPOBATH BO3MOXKHO OOJIbIIIEE YHCJIO YJIEHOB Psi-
na. ITocKoNbKY 4JIeHbI Psifia MOT'YT UMETh Pa3Hbie 3HAKH, TAKOE CyM-
MHPOBaHHUE CaMO IPUBOIUT K HAKOIJIEHHUIO OIMOOK OKPYIJIEHUsI (CM.
MPUMED C KOMIIBIOTEPHBIM BBIYMCJIEHHEM CHHYCA B TPEJUCJIOBHH:
sin 2 550° = 29,5).

Koaddpunpments 0600111€HHOrO0 MHOI'OYJIEHS Cy, BBIYUCIISIIOTCS HE
TOYHO, & C HEKOTOPBHIMH MOrpemtHocTaMu A,,. HacTh 310l morpermr-
HOCTH CBsi3aHa C OIIMOKaMM TaOyJMpPOBAaHHON (DYHKIUU U OIIUO-
KaMHu npu BbluuciieHun KoadoduumentoB. Ho naubosbmasi 4acth
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3TOM OLIUOKH OOBIYHO SIBJISI€TCS MOrPEIITHOCTHIO KBaAPATy PHO#M op-
MYJIBI, C TIOMOIIBIO KOTOPOM BBLIYHC/ISIIOT CKAJISIDHBIE TIPOU3BEJE-
Husi. OHa MOXKET Ha MHOTO MOPSIAKOB MPEBBIIIATH YPOBEHD OMIMOOK
OKPYTJIEHHSI KOMITbIOTEPA. B uTOre camM 0600IIEHHBIM MHOTOYJIEH U
€ro MPON3BOJIHbIE BLIYUC/ISIIOTCS C MIOTPEITHOCTSIMU

8<I>(Q) Z AmCP(q) (z).

Korna mbl npubaBiisieM K MHOTO4JIeHY IOIOJHUTENbHOE M -€e ciia-

raeMmoe, To, C OJHOM CTOPOHBI, YMEHbBIIIAEM OIIUOKY aNMpOKCUMAIINH

Ha cMcpggf) (z), ¢ apyro#t — ko3 duIKeHT U3BECTEH C OMMOKOM, HO-

9TOMY BHOCHTCSI JOTIOJIHUTEJIbHAs MOIPEUIHOCTh A Mcp(Q) (z). Benn-
YUHBI KO3 PUIMEHTOB C;y, B CPETHEM JOCTATOYHO OBICTPO YOBIBAIOT
(uHaue cxomuMOCTH psia He Gblia Ob1 obecriedena). Bemumuunsr A,
OOBIYHO MMEIOT IPUMEPHO OAMHAKOBLIM ypoBeHb. O4eBHAHO, MMeET
CMBICJI CyMMHPOBATh PsiJi 10 TE€X IOP, MOKa

lem| > |Aml, (6.32)

T.e. CyMMHPOBATH 0 TOTO MOMEHTA, MTOKa I00aBjIeHNe HOBBIX CJIa-
raeMbIX yJydiuaeT ToYyHOCTb. Ecim kpurtepwii (6.32) HapymieH, To
npubaBAATh JasibHelne 4ieHbl 6€CCMBICIIEHHO B OITacHO: MOrpel-
HOCTb MOXET KaTacTPOMUIECKH BO3PACTH.



Fnasa 7

CNEKTP MATPULbI

7.1. NPEOBPA30BAHNE NOAOBUA
7.1.1. Teopus

Cnexmp. Haubosee TpyaHoi 3aa4eit IMHERHON anrebphl siBJIsI-
eTCsl TaK Ha3bIBaeMasd ajredpandeckas mpodjaeMa cOOCTBEHHEBIX 3Ha-
yenwmii. [lycTs 3amana kBanpaTHas Matpuna A nopsinka N (ee 3Je-
MEHTBI MOT'YT OBITh KOMIUIEKCHBIMHE). PaccMOTpuM cucreMy JMHEH-

HBbIX YPaBHEHU
Ax = \x, (7.1)

rae X — N-MepHBIil BEKTOP; A — YHCJIO.

Ecnu cymecrByer uuciio A, Takoe, 4to cucrema (7.1) umeer He-
TpuBMaJIbHOE pemenue (x # 0), To A Ha3bIBAIOT COOCTBEHHBIM 3HAYE-
HHEM MaTPHIIbl, & X — COOTBETCTBYIOIYM COOCTBEHHBIM BEKTOPOM.

3anaya HaXOXK/JEHHUs] BCEX COOCTBEHHBIX 3HAYEHMI M BCEX COO-
CTBEHHBIX BEKTODOB MAaTpHUIbI A HA3bIBAETCH MOJHOM MPOGJIEMO
cOOCTBEHHBIX 3Ha4YeHuil. Eciin Hy>KHBI TOJIBKO HEKOTOPBIE A H X, TO
FOBOPST O YaCTUYHOM mpobJiieme.

HanoMHMM HEKOTOpBIE 3JIEMEHTHI TEOPHH, U3BECTHBIE U3 KypCa
snuHelHON anrebpol. [lepenunmem 3anaqy (7.1) B caemyiomeM Buae:
(A —AE)x = 0. Ilockonbky X # 0, TO B KPyIJIbIX CKOOKax CTO-
UT BBIPDOXKJeHHast MaTpuua, u det(A — AF) = 0. Ho onpeaesurens
N-ro nopsiika TaKo# CTPYKTyPbl €CTh MHOTO4JIeH IN-# cTerneHu oT A
¥ 33J]aua CBOIUTCS K HAXOXKIEHUIO ero KopHei. OH umeer poBao N
KOpPHE# (C y4eTOM KPATHOCTH, €CJIM CPEU KOPDHEH eCTh COBIAIAIO-
mue). Takum obpasom, marpuna N-ro nopsinka umeer N cobCTBeH-
HBbIX 3HaYeHUM.

CobcTBeHHbBIE 3HAYEHNUST MOTYT OBITH KOMILIEKCHBIMY, aXKe €CJIU
maTpuia A BemecrBennas. Eciu marpuna A spmutoBa (A = AH|
T. €. Apm = Ay, [7€ * 03HAYAET KOMILIEKCHOE COIIPSIXKEHHUE), TO BCE
ee cOOCTBEHHbIE 3HAUEHUs BEIIIECTBEHHBI, AK€ €CJIU JIEMEHTHI MaT-
PHUIbI KOMIUIEKCHble. HalmoMHMM, YTO DMUTOBA MaTPHIA C Belle-
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CTBEHHBIMH 3JIEMEHTAMH — 3TO IPOCTO BEIECTBEHHAs CUMMETPHUY-
Hasl MaTpUIIA.

Koco3spMuToBoit Ha3BIBAIOT MAaTpHILy, 3JE€MEHTHI KOTOPO# yHO-
BJIETBOPSIOT COOTHOIIEHUIO Apy = —a,,. KOCOIpMHUTOBA MaTpHLa
C BEIIECTBEHHBIMH 3JIEMEHTAMHU — 3TO KOCOCUMMETPUYHAS MATPHIIA.
IIpu yMHOXKEHUH BCEX JIEMEHTOB Ha 1 TaKas MaTpHIlA IIPEBPAIAET-
cs1 B 3pmuToBy. [losToMy Bce coOCTBEHHBIE 3HAYEHUS KOCOIPMUTO-
BbIX (KOCOCHMMETDHYHBIX ) MATPHUL] YUCTO MHUMBIE.

ITpuxaadnvie 3adavwu. Umerorcs aBe Gosbllive TPYIIBI TPH-
KJIAJHBIX 33734, MPUBOLSAIMMX K HAXOXKJEHUIO CIIEKTPa MATPHIHI.
Opna rpynma BKJIIOYaeT pacdeT KOHCTPYKIMiA, COCTABJIEHHBIX W3
TPEYTOJIbHUKOB: (hepM 2KeJIE3HOJOPOXKHBIX MOCTOB, HECYIIUX KOH-
CTPYKIIHi KOPIIYCOB KOpabJieit, CaMOJIeTOB, PAaKeT, aBTOMODMIIEH, Ky-
MOJbHBIX ITepeKpbITHil u T.1. COOCTBEHHBbIE 3HAYEHUs] MATPHI B
3TOM CJIy4ae MMEIOT CMBICJ YaCTOT COOCTBEHHBIX KOJIeOAHUN ITHX
KOHCTpYyKIuii. Pe3oHaHc X0oTs ObI OmHOMW COOCTBEHHOU 4YaCTOTHI C
BHEIIHUM BO3IEUCTBUEM MOXKET IIPUBECTH K PA3PYIIEHUIO KOHCTPY K-
uuu (daarrep cran npuanHOM rubem MHOrUX camoJeros). [losTo-
MY B TaKUX 3aJa49aX HEOOXOOMUMO BBIYHUCIISITH BECh CIIEKTD MATPHIIHI,
a caMa MaTpHIa SIBJISETCS JOCTATOYHO NPOM3BOJIbHON. THUMHYHBIE
nopsiaky Takux marpun N < 100.

Bropas rpynna 3ama4 — 3ama4u o criekTpe gudepeHnnaabHbIX
yPaBHEHHU# ¢ 3aJaHHBIMHA KPaeBbIMU yCJOBUsiMH (KOjiebaHUs CTPY-
HBbI, ynpyroro 6pycka u T.1.). MaTpuia BOBHUKAET MPU AIIPOKCH-
Mauun audPepeHInaibHOrO YpaBHEHUs pa3HOCTHOM cxemoi. [lo-
PANOK MAaTDHIIBI PAaBEH YUCJIY Y3JI0B PA3HOCTHON CETKH U MOXKET
opiTe orpoMHbIM: N ~ 1 000 u 6omee. CaMu MaTpHIBl OKa3bI-
BalOTCS CUMMETPUYHBIMU U €100 3allOJIHEHHBIMH (HEPEIKO Tpex-
IuaroHaJbHbIMM). VX Hu3mme coGCTBEHHBIE 3HAUEHUs XOPOIIO all-
MPOKCUMUPYIOT COOCTBEHHBIE 3HAYEHNs N1 DEPEHITNAIBHOTO YPaB-
HEHWS; UX BBIYHCJIEHHEM OOBIYHO OTPpaHUYMBAIOTCH. BepxHue cob-
CTBeHHble 3HAYEHUs MATDHIbl JaJIeKH OT COOTBETCTBYIOHMIUX COD-
CTBEHHBIX 3Ha4YeHui quddepeHnnalLHOTO ypaBHEHNSI, TAK YTO UX
BBIYHCIIATH HGeccMbIcieHHO. i 94uCcTO MaTEMATHYECKHX 1iejiel Obl-
BAeT HEOOXOOMMO HAWTH HaubOoJibIllee U HAMMEHbIIIEe COOCTBEHHOE
3HAYEHUE.

Cobcmeennvie sexmopvi. OueBUIHO, COOCTBEHHBIE BEKTOPHI
OIpEJEJIEHbI C TOYHOCTHIO 0 YMCJIEHHOIO MHOXKHUTEJISI. DTOT MHO-
JKUTEJIb OOBIYHO HAXOJST U3 YCJIOBUSI HODMUPOBKH (X, X) = 1. Jlaxke
TPU 3TOM JJIsi BENECTBEHHBIX COOCTBEHHBIX BEKTOPOB MHOXKHTEJIb
BBIYMCJISIETCS C TOYHOCTBIO JI0 3HAKA, & JIJIsl KOMILJIEKCHBIX BEKTOPOB
C TOYHOCTBIO 0 MHOXKHUTeJIS 2.
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Hst mo6oit MaTpunpl KaXxIoMy npocToMmy (HEKpaTHOMY) co6-
CTBEHHOMY 3HAYEHHUIO COOTBETCTBYET OJMH U TOJILKO OOUH COBCTBEH-
bl BekTOp. CoOCTBEHHBIE BEKTOPBI, COOTBETCTBYIOIINE Pa3/INy-
HBIM IIPOCTBHIM COOCTBEHHBIM 3HAYEHUSIM, JIMHEHHO HE3aBUCHMHI (€c-
JIH MaTPHIa SPMUTOBA, TO 3T BEKTOPHI OPTOTOHAJbHBI). [loaToMy
€cJii Bce COOCTBEHHBIE 3HAYEHUSI MATPHUIIBI HE KPATHLIE, €6 COOCTBEH-
Hble BEKTOPBI 00pa3yioT 6a3uc.

CobcTBEHHOMY 3HAYEHHMIO KPATHOCTH § MOXKET COOTBETCTBOBATb,
B 3aBUCHMOCTH OT THIIa MATPHIILI, OT OJHOTO IO ¢ JIMHEHHO He3a-
BHCHMBIX COOCTBEHHBIX BEKTOPOB. Ecin xors 661 y OOHOro U3 KpaT-
HBIX CODOCTBEHHBIX 3HAYEHMI MATPHUIBI YKCJIO COOCTBEHHBIX BEKTO-
POB MEHbIIIE KPATHOCTH COOCTBEHHOI'O 3HAYEHMs, TO COOCTBEHHBIE
BEKTOPHI 9TOI MaTpHUIlbl He 0Opa3yioT Hba3uca.

Ecnn marpuina 3pMuTOBa, TO g-KPATHOMY COOCTBEHHOMY 3Hade-
HHUIO COOTBETCTBYET POBHO ¢ JIMHEHHO HE3aBHCHMBIX COOCTBEHHBIX
BeKTOPOB. VX Bcerma MOXKHO OPTOrOHAJIM3MPOBaTh. K mpounm cob-
CTBEHHBIM BEKTOPAM MATPHIILI OHH OYI4yT OPTOrOHAJIbHBI, IIOCKOJIb-
KY COOTBETCTBYIOT APYTrOMY COOCTBEHHOMY 3Ha4eHHIO. Takum obpa-
30M, COOCTBEHHBIE BEKTOPHI 3PMUTOBOM MATPHIILI 00Pa3yI0T OPTOro-
HaJIbHBIM 6a3uc.

2Kopdarosw noomampuuyws.. B xayecrse npumepa paccMoT-
PHM TaK¥e MATPUIIBL Y€TBEPTOrO IIOPSAIKA:

a 0 0 0 a 100
0 a 00 0 al 0}
A_OOaO’G4_00a1’
0 00 a 000 a
(7.2)
a 000
0 al O
B—OOal
000 a

¥ xaxka0it U3 HUX XapaKTePUCTUIECKOE yPaBHEHNE IPUHAMAET BULL
(a —A\)* = 0. CnenosaresbHO, €CTh COBCTBEHHOE 3HAYEHHE A = @
kpatHoctu ¢ = 4. OnHaKo y mepBoit MaTpuiibl A €CTh YeThIpe Jiu-
HEWHO HEe3aBHUCUMBIX COOCTBEHHBIX BEKTOpa

1 0 0 0
0 1 0 0

€ = 0l €2 = ol €3 = 1l €4 = 0 5 (73)
0 0 0 1

3TO JIETKO NIPOBEPHUTH, OOYEPEIHO MOCTaBIIsIst BEKTOPHI (7.3) B pa-
BEHCTBO (7.1).
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Y BTOpOIi e MaTpUIbl UMEETCS TOJILKO OJMH COOCTBEHHBIN BEK-
Top e;. B camom zieste, mycTh €e COOCTBEHHBIN BEKTOP X UMEET KOM-
HOHEHTHI Tp,; TOrAA ypaBHeHue (7.1) mpuMer /it Hee BUL

0100 T o
10010 T2 | _ | Z3 | _ —
(G4 —AE)x = 000 1]|{zs] =]z =0, A=a.
0 00O T4 0

Orcrona 3 = z3 = 4 = 0, a 3 = 1 B cuily yCJI0BHSI HODMHDOBKH.
Bropyio Marpuny (G4 Ha3BIBAIOT MPOCTON KOPAAHOBOM (HMJIK KJiac-
CHYECKOii) MaTpUleH.

TpeTbs MaTpUIla NMEET TAaK HA3BIBAEMYIO KAHOHHYECKYIO XKOP-
JaHoBy (hopmy (IO AUATOHAJIN CTOST JIMOO YHCIa, THO0 XKOPIAHOBBI
OAMATPHIBI, & OCTAJIbHBIE 3JIEMEHTHI paBHbI Hy/0). Ee cobcTBeH-
HBIMHM BEKTOPAMH SIBJIAIOTCS €] U €2; B 3TOM JIETKO YOEeIUThCS C IO-
MOIIBIO BHIKJI3JKH, aHAJIOTUYHOM TOJIBKO YTO IPOJIETaHHOM.

Obycaosaernrocms. OmmbKH MATPUYHBIX JIEMEHTOB MOTYT
ObITh onmacHbIMU. PaccMoTpuM Takoit npumep. Bo3pmeMm xopaaHo-
By marpuny Gy nopsinka N, anasiornunyio (7.2). Cnerka uameHuM
ee, MOJIOXKHUB yTJIOBOM 3JIEMeHT gn; = € < 1 BMeCTO 4HCTOro HyJid.
Torma xapakTepUCTHYEeCKOe ypaBHEHHE IPUMET CJIeAYIOIIUN BU;

(a=NV = (-)Ne =0,

YTO JIErKO MPOBEPSIETCS PA3JIOXKEHHUEM I10 IEPBOMY CTOJIOIy. TO Xa-
PaKTEPUCTUYIECKOE YPAaBHEHHUE JIETKO PEIIAeTCs:

A=a+e/VN, (7.4)

Bemmunny €/N nano nornmars B cMbiciie DyHKIMH KOMILIEKC-
HOTO IIEPEMEHHOrO: OHA MMeeT N pa3JIMYHBIX KOMILJIEKCHBIX 3Ha-
yenuii. TeM camMbiM, BMeCcTO N-KPaTHOrO KOPHS A = @ BO3MYIIEH-
Has MaTpuiEa uMeeT N pa3IUYHbIX COOCTBEHHBIX 3Ha4YeHUM. Bo3b-
meM € = 10716, uro cooTBeTcTBYyeT omMGKaM OKpyrieHHs npu 64-
pa3psinHbix BbluuciieHusax. Torma npu N ~ 100 Bo3MyleHue cood-
crBennoro 3uagenus |¢|'/V = 107016 ~ 0,7. Ono coscem He MaiIO.
9TO0 cBUAETEILCTBYET 06 OYEHBb ILIOXOM OOYCJIOBJIEHHOCTH 33Ja4H.
IIpu HacTOIBKO MI0XO0H 06YCIIOBIEHHOCTH 33/1a4y PELIATH YHCIEHHO
MPAKTUYECKH HEBO3MOXKHO.

OxHaKo pacCMOTPEHHBIH City4daii Ob11 HeTUIUYHBIM. Eciiu B 2K0p-
JAHOBOU MaTPHIIE IOPSITOK HEBEJIUK, UJIM TOPTUTCS 3JIEMEHT, PACIIO-
JIOXKEHHBIH OJIM3KO0 OT JUATOHAJIH, TO 00YCIOBJIEHHOCTH OYAET CyIe-
CTBEHHO JIyYIIIe.
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CobCcTBeHHBIE 3HAYEHUS SPMUTOBOM MATPHUIIBI yCTOUYUBBI 110 OT-
HOIIEHHIO K BO3MYIIEHUIO JTIIOOBIX 9JIEMEHTOB.

IIpobsema ycToM4yMBOCTH COOCTBEHHBIX BEKTODPOB elle OoJiee
cyoxxHa. B paccMOTpeHHOM mpuUMepe UCXOJHAS XKOPAAHOBa MAaTpPH-
113 UMeJIa OOUH COOCTBEHHBIN BEKTOD, a BO3MYyIIeHHAs — N JinHe-
HO HE3aBUCUMBIX COOCTBEHHBIX BEKTOPOB. TakuM 00pa3oM, uMmest je-
JIO C MATpPHIIEH HEM3BECTHOM CTPYKTYPbI, HAJI0 COOIIOJATH OCTOPOXK-
HOCTb.

ITodobue. CobCTBeHHBIE 3HAYEHUS OYEHb JIEFKO HAMWTH, €C/id
MATPHIA SIBJISIETCS JUATOHAJIBHOU (Qpm = 0 mpu n # m) unm Tpe-
YTOJIbHOIM (Apm =0 npu n>m st BepxHe TpeyroybHoii). Xapakre-
PHCTHYECKOE ypAaBHEHHE TAKON MaTpHULbl uMeeT BUL | [(ann, —A) = 0,
TaK YTO COOCTBEHHBIE 3HAYEHUS] PABHBI IMArOHAJILHBIM 3JIEMEHTAM:
A = anp. Ilouck cOOCTBEHHBIX 3HAYEHMIT 00JIErd4aeTcs TaKxXKe, ec-
JIM MATPHUIIA SABJISETCH TPEXIUATOHAILHOMN UJIN TTOYTH TPEYTOJIHLHOM.
[TosTomy Bo3HuKaeT Bonpoc: «Henn3st i yIpoCTUTDL BUIL MATPHIIHL,
He U3MEHSIS ee creKTpa’»

Takoe ympolneHue MOXHO JejiaTh mpeobpa3oBaHMeM MOA0OHUs.
Bo3bMeM HeKOTODPYIO HeocobeHHy 0 MaTpuryy F' (T.e. det F' # 0). Ta-
Kas MaTpHIa uMeeT o6patHyio F 1. [IosToMy ¢ HOMOLIBIO MATPHIIBI
F M0>XHO IpOBOAUTD MPsiMOE U 0OpATHOE Mpeodbpa3oBaHust 0a3UCOB.
TaxoMy npeobpa3oBanuio 6a3uca COOTBETCTBYET CJIEyIOIIee peod-
pa3oBaHue MaTpuIlbl A:

B =FAF} (7.5)

€ro Ha3bIBAIOT TPe0OPAa30BAHUEM MTOAOOHUS.

Teopema 7.1. IlpeobpasoBanue momobusi HE MEHSIET CIIEKTPA
MAaTPHIIBI.

LHoxasameavcmeo. Ilycts u n y — cobcTBeHHOE 3HaUeHHE U COb-
cTBeHHbIM BekTOp MaTpuip! B. [Tocieqnee o3nadaer, 4ro

By =uy.

[oncrasus ciopa (7.5), monydaem By = FAF~ly = uy. YMHOXUB
3TO paBeHcTBO caeBa Ha F 1, momyuum AF~ly = uF~ly. Ilocnen-
Hee O03HAYaeT, 4TO [ SBISETCs COOCTBEHHBIM 3HAYEHHEM MAaTPUILIbI
A, a F~ly — cooTBeTcTByOmuM COGCTBEHHBIM BEKTODOM: U = A,
Fly =x. |

Kaxk u3BecTHO, pa3/ioKeHUs 10 HEOPTOrOHAJIBHBIM 0a3ucaM MO-
I'yT OIPUBOJUTH K OOJIBIINM ITOTEPsiM TouHOCTH. Bo n3bexxanue 3T0oro
CTOUT paboTaTh C OPTOroOHAJIbHbIMU 6a3ucamu. [losToMy ymo6HBI He
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J00ble peobpasoBanusa nmogodbusa. Crenyer BHIOMPATL TAKHE MAT-
puipl F'; KoTopbie Tpeobpa3yoT OPTOrOHAIbHBIHM 6a3UC TaKXKe B OP-
rToroHasbHbIH. Takne MaTpuup! (BooGIIE rOBOPS, C KOMILIEKCHBIMU
3JIEMEHTaMH ) Ha3bIBAIOT YHUTAPHBIME 1 0603Ha4daoT U. BemecTBen-
HYIO YHUTAPHYIO MATDHILy HA3BIBAIOT OPTOTOHAJILHOMN. YHUTADHBIE
MaTPHIIBI yIOBJIETBOPSIOT cooTHomenmo U1 = UH.

YHutapHoe mpeobpa3oBaHUEe MOAOOHS HE TOJBKO XOPOHIO 00y-
CJIOBJIEHO, OHO €Il COXPaHsieT 3pMUTOBOCTh MATPHII; B CAMOM JeJI€,
nycts A = A¥ — spmuropa marpuia. Toraa

BH = (AU )YE = (U 1)HAHUH = UAU! = B.

IIpu 3TOM KCIT0JIL30BAJIOCH IIPABUJIO B3SATUS SPMUTOBA COTPSIIKE-
HMS OT IPOU3BEIEHHUS: IEPECTABUTh COMHOXKHUTEIU B OOPATHOM IIO-
PsiIKe U OT KaXKI0rO B3ATb 3PMHUTOBO COIPSIXKEHHOE.

3adacTyio A/l Hy>KHOrO YNPOIIEHHsI MAaTpuubl A OJHOro Ipe-
obpa3oBaHMs TOAOOMS OKA3BIBAETCA HEJNOCTATOYHO, M IMPUXOIUT-
cs MPOBOAUTH IEMOYKy mpeobpa3oBanuit Ug. DTO SKBHBAJIEHTHO
MPOBEIEHNIO OTHOro mnpeobpa3oBanus momobus ¢ Marpuueit U =
= Uk ... UsU;. Ecnu Kaxx10e U3 npeodpa3oBaHuii ObLJI0 yHUTAPHBIM,
TO ¥ pe3yNbTHUPYOlIee Ipeobpa3oBaHue OyAET YHUTAPHBIM.

7.1.2. MeTop otpaxeHuit

K coxanenuto, He CymecTBYeT TaKOH KOHEYHOM IIEMTOYKHU MTPeod-
pa3oBaHMit M0a00UsI, KOTOpPas MIPUBOAUIA OBl MPOU3BOJILHYIO MaT-
puly A K AMaroHaJIbHOM MJIM BepXHeil TpeyrosbHoit ¢dopme. OmHa-
KO UMEIOTCH KOHEYHbIE LIENOYKH, KOTOPBIMU MOXKHO IPe00pPa30BaTh
MPOU3BOJILHYI0 MATPHUILy K BEPXHEN MOYTH TPEYroJibHON ¢dopme, a
3PMHUTOBY — K TpeXIuaroHaJIbHON. Takue IEMOYKH MOXKHO COCTa-
BUTh U3 JBYX KJIACCUYECKHX BHJIOB YHHTAPHBIX MPEOOpa30BaHUIA:
BpAIlleHUsI CHCTEMbI KOODAUHAT U 3€PKAJbHOr0 oTpakenusi. CaMbiM
OBICTPBIM U3 H3BECTHBIX M OJHOBPEMEHHO HanboJjiee yCTOWYNBBIM SIB-
JIleTCs METOJ, OTPaXKeHuil, peayioKeHHbIi Xaycxonaepom (1958).

Ompaoicerue. IIpousseneM B N-MEpHOM BEKTOPHOM ITPOCTPaH-
CTBe OTPaXkeHHe OTHOCUTEIHHO HEKOTOPOI THIIEPIIJIOCKOCTH, TPOXO-
Isiieii yepe3 Ha4vaj0 KoopauHaT. [Ipeobpa3oBaHue OJHOCTHIO OIpe-
JIEJISIETCS 3aJaHHEM HOPMAJIM W K THIEPILJIOCKOCTH (B 00LIEM Cliydae
3TO KOMILIEKCHBIH BeKTOD). [JJaHHas HOpMaJib €CThb HOPMUPOBAHHBIH
BEKTOP-CTOJIOE. YCIOBHE HODMUPOBKH UMEET B,

N
(w,w) =wlw = zw,*lwn =1, (7.6)
n=1
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Yi y Puc. 7.1. OTpakeHue BEKTOpa,

Y

raoe WH — BEKTODP-CTPOKa, 3PDMUTOBO COIIPsI2KEHHAA K CTOJ'I6IJ,y.

Bos3bMeM mpou3BOJIbHBIN BEKTOD Y U Pa3JjIOXKKUM €ro Ha JBe CO-
CTaBJISIONIME: TAaPaJIIebHO HOpMaJK y; = W(W,y) U IepIeHIuKY-
JisipHO eit. [Ipu oTpakeHnu BEKTOPA €ro COCTABJISIIONIASI, TIEPIIEHTU-
KYJIsIpHAsi HOPMAJIM, OCTaeTCsl HEU3MEHHOI, a MapaJlyieJIbHas MEHSET
3HaK (puc. 7.1), M03TOMY OTpParXKEHHBI! BEKTOD Z OTJINIAETCs OT HC-
XOJHOT'O Ha YABOEHHYIO BEJIMIUHY MapaJsijieIbHON KOMIIOHEHTHI:

z=y-2w(w,y) =y - 2wwly =y — 2(wwil)y.

9T0 mpeobpa30oBaHHE BEKTOpPAa MOXKHO 3alHCAaTh B KAHOHHYECKOH
dopMe YMHOXKEHUS HA MampPuyy ompadxcenun R:

z=Ry, R=E-2ww’,

IIIe YMHOXKEHUe CTONIO1a W CIIPaBa Ha CTPOKY TOM e JauHb Wi 1a-
€T 10 IPaBUJIAM YMHOXEHHS MPSIMOYTOJIbHBIX MATPHUIL KBaJAPATHYIO
MaTpuiy nopsigka N.

HccnemyeM cBoitCTBa MATPUIIBI OTPAXKEHHSI. DTa MATPUIIA SPMHU-
TOBA, YTO HEINOCPEICTBEHHO BHITEKAET U3 CJIELYIOMIEH HEMOYKH Ipe-
obpazoBaHmii:

R = (E-2ww)H = E —2w)HwH = E—2ww? = R. (1.7)
BosBeneM MaTpuily oTpakeHusi B KBaIpaT:
R? = (E - 2ww!)(E - 2ww!l) = E — aww? + awwHwwll,

IIpeobpa3yeM mocjiennuit 4jieH MpaBoOdl YacTH, HCIOJB3Ysl aCcCO-
[IMATUBHOCTH YMHOX€EHUs] MATPHI] U yCJIOBHE HOPDMUPOBKH (7.6):

wwiwwl = wwHw)w? = ww.

Toma NOCJIETHUI YJIEH COKPATHUTCA C IIPEearocjaeIHuM, U MBI I10-

JIy UM
RR=E, wm R=R (7.8)
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T. €. MATPULIA OTPaXKeHHUsl paBHa cBoeil obpaTHOi. CpaBuuB (7.7) u
(7.8), y6emumcs1, uto R¥ = R™!, Tax 4To MaTpHIla OTpasKeHHit YHU-
tapHa. [locnenuee cBoiicTBO HanbosIee BaXXKHO, MOCKOJIbLKY YHHUTAp-
HOCTh 00€eCIIeYNBaeT COXpaHEHNE SPMUTOBOCTH U BHICOKYIO YCTOWYH-
BOCTB K OIIMOKAM OKPYIJIEHHUSI.

Iuxna. IlokaxxeMm, 4To [Jis TPOU3BOJILHON MaTpUIbl A MOXHO
mono6paTh TAKyI0 KOHEYHYIO ITOCJIEI0BATELHOCTD OTPAXKEHHI, KO-
TOpasi IPUBOAMT MATPHUILy K BEPXHEH MOUYTH TPEyroJbHOi ¢opMme.
Ha ¢-M mare npu 3TOM aHHYJIUPYIOTCS 3JIEMEHTBI ¢-T'O CTOJIONA, Jie-
JKalllie HUXKE MO IUarOHAJIH.

ByneMm cuutaTh, 4TO yHUYTOXKEH ¢ — 1 cTonben. Pazobrem maTpu-
ny A Ha KJIeTKH, KakK MMoKa3aHo Ha puc. 7.2. KBagparHas MaTpuua
A1 eCTb BepxHsisl IOYTH TPEYIrOJIbHAs, a B IPSIMOYIOJILHOM KJIETKE
A3 ToJIbKO TocieaHu cTosIben oTindeH ot Hysa. CaeaeM oTpaxke-
HUE C IOMOIIBIO BEKTOPA,

q _ .
Wi = {wl} = wp=0 mpul<n<g
n q
wn#0 mpug+1<n<N.
IlepBbie ¢ KOMIOHEHT BekTOpa WY HyseBble. Jlajiee BepXHUil HHIEKC
q GyIeM OmycKaTh.
3aMeTHM, YTO €c/i MaTPHUIly OTpakeHusi R pa36uTh Ha KJIeTKU
aHaJIOTMYHO MaTpuLe A, TO OHA UMEET CJIe Ly IOLIHii BU:

E; 0
R=<01 W), W = E4 — 2wwl.

U3 kypca nuHeitHO# aare6psl U3BECTHO, YTO €CJIH MATPHUIBI OIH-
HaKOBBIM 00pa3oM pa3bUTHI Ha KIIETKH, TO OHU IIEPEMHOXKAIOTCS II0
TaKHUM K€ [IpaBHJIaM, KaK eCJii Obl 3TH KJIETKH ObLIM OOBIKHOBEHHBI-
MH 3j1eMeHTaMu. Torma uckomoe npeobpa3oBaHue MOAOOMS IPUHHU-
MaeT CJIeyouTuii BUI:

q

( 3 (6 @ ol o o o o) (o)
A, A, e o 0j0 0 0 o )
0o e ele o o og o

A= — o o ele o o o, w=|e|

Aj Ay 00 ele o o @ °
00 eie o o o .

L ) (0 © oo o o o L)

Puc. 7.2. OyepenHoe oTpaxkeHue
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- ~1_(Er O0\[A1 A\(Ex 0 _
B=RAR ‘(o W)(Ag A4><0 W)‘

[ A AW \ _ (B1 B
T \WA3 WAW ) T \Bs By)’
3ameTnM, 4TO KjIeTKy A; He HY>KHO ME€PEeCYUTHIBATH, TAK UYTO
KJieTKa B nMmeeT HykHYyI0 HaM HPOPMY — BEPXHIOIO IOYTH TPEYTOJIb-
Hy10. IlockonbKy y knerku As mepsoie ¢ — 1 cTonbery Hys1eBbIE, TO U

y kierku B3 = W A3 oHu Takke HyjeBble (TEM CAMBIM UX TOXKE He
HAJIO IIEPECYUTHIBATS ). DIIEMEHTHI ¢-T0 CTOJI6NA KiieTku By paBHBI

N
bng = Gng — 2wy, Z Wy mq = Gpg —CWy, ¢+1<n< N, (7.9)
m=q+1

rIie BBEJEHO 0003HadYeHue

N
c=2 Y Whamg (7.10)
m=q+1

Hano Tak nomobpaTh 371€MEHTHI BEKTOPa W, YTOOBI BCE 3JIEMEHTHI
cronbua (7.9), KpoMe BepxHEro, 06paTuIuch B Hy/ib. O4eBUIHO, 1JIs
3TOr0 HY2KHO ITOJIOXKUTH

Wn = apg/c, q+2<n<N, (7.11)

¥ HAWTH, 4eMy PaBHA MTOCTOSIHHASA ¢. 3aMETHUM, YTO YMHOXKEHHUE BEK-
TOpa W Ha MHOXHUTEJNb €? He MEHseT MaTPUIIbI OTPAKEHMUsT; TOTIA
u3 (7.10) cienyer, 9TO ¢ TakXKe OIpeJesieHa ¢ TOYHOCTBIO J0 ITO-
ro MHOXKUTeJsI. Ero Bcerma MoxXHO momobpaTh Tak, YTOOBI ¢ ObLIA
BeIleCTBEHHO IT0JIOXKUTEIbHOM, YTO U OyAeM IIpearoaraTb BhIIOJI-
HEHHBIM.

Beenem BemecTBeHHbIE IOIOXXHUTEIbHBIE O U 3 C TIOMOIIBIO COOT-
HOUIEHU

N N
o= D langl® B7= ) langl® = o +lagrgl (7.12)
n=q+2 n=q+1

3aTeM BBIDA3UM 3JIEMEHT Wg41 W3 YCJIOBUs HOPMHUPOBKH (7.6) m
onpepestennst (7.10) u npeoGpa3syem ¢ momormpio (7.11) u (7.12):

N
wgrrP =1~ 3 fwal® =1~ a?/c?; (7.13)
n=q+2

242



N

Wy410g+1,9 = C/2 — Z Whang = c/2 — o2 /c. (7.14)
n=q+2

BosbMeM kBagpaT Moayiist OT cooTHomeHus: (7.14) U UCKIIIOYUM C
€0 IIOMOIIBIO (W41 |2 u3 (7.13). [Tomyunm 6GUKBaApaTHOE ypaBHEHHE
JIJIs1 HAXOXK AeHUS C:

¢t —4p%c? + 44%p2 = 0. (7.15)

Bce ero xopH#u BelleCTBEHHBI; HYKHbIE HAM MOJIOXKUTEIbHbIE KOPHU
PaBHBI

c = [2B(B % lag+1,q)]M2. (7.16)

Bribepem B (7.16) 3HaK «+», 4T00bI ¢ # 0 npu o = 0; TaKMM 06pazoM
MBI u306eraeM BO3MOXHOTO JIeJIEHWs Ha HyJb. IlomcTaBuB BhIOpaH-
HbIl KopeHb B (7.11), HAXOAUM IOC/I€IHHE KOMIIOHEHTBI Wq42, - - -
WN MCKOMOro BeKTopa orpaxkenusi w. [loncrasus ux B (7.14) u npe-
06pa3ys ¢ y4eToM BelleCTBEHHOCTH [3, II0JIy4YUM NePBYI0 KOMIOHEH-
Ty W:

1 Qg+1,4q C Gg414
w [— N St k- = — 2 7 . 7.17
T (aq+1,q P lag+1,q] 2B lag+1,q] ( )

B knerke B3 ocTaercs e JUHCTBEHHBIN HEHYJIEBOM 3JIEMEHT

—_ —_ *
bg+1,g = Gg+1,g — CWg+1 = _Bla(I+1a<1|/aq+1,q' (7.18)
3aMeTHM, 4TO IIPH ITOM IIOJIYYAETCS

N

|bq+1,q|2 = 32 = Z |anq|2,

n=q+1

T.e. CyMMa KBaJpaTOB MOJyJell 3JIeMEeHTOB aHHYJINPYEMOrO CTOJIO-
I1a COXPaHAETCS. ITO O3HAYAET, YTO B MIPOLIECCE PAcCUeTa Ha HUXKHE
oA AMaroHa i OyayT mosBJATbCA Gosblne 3j1eMeHThl. Ha riaBHOM
JUAroHaJii IIPU 3TOM CYIIECTBEHHBIX U3MEHEHUI BEeJIUYUH 3JIeMEeH-
TOB HeT. B pe3ynbTraTe y HTOroBOI BEpXHE TPEYTOJBHOM MATPUIIBI
He OymeT npeobiiagaHus IJIABHOM JUATOHAJIN JaXKe B TOM CJLy4ae, ec-
JIY 3Ta MaTPHULA OKaXXeTCd 3PMUTOBOM, TEM CaMBIM TpeXIHaroHaJlb-
Hoit. OOyCIIOBJIEHHOCTH TAKOW MATPUIIBI MOXKET OKa3aThCs HE CJIMIII-
KOM XOpOLL€eH.

C HallIeHHBPIM BEKTOPOM W IIPOBOJUTCSI pacyeT KJIeTOK By u By
(11 SPMUTOBBIX MATPHIL KJI€TKY By BBIUHCIATH HE HY>KHO: OHA 3p-
MHTOBO COIpsi2KeHa KJieTke B3).
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Bwvteodut. Buimosusist orpaxenust ¢ ¢ = 1,2, ..., N — 2, no-
J06HO TIpeobpa3yeM MPOU3BOJILHYIO MATPHUIly A K BepxHEil MOYTH
TpeyrosbHO# dopme (bopme Xeccenbepra). CymmapHoe mpeobpa-
soBanue Tpebyer (10/3) N3 apucdmernaeckux oneparmii (HEMHOTHM
GostbIie, YeM J1si O6paIeH!s] MATPUIIBI ).

Ecnu ucxonnasi maTpuia O6b11a 3pMHUTOBOM, TO €€ 3PMHTOBOCTH
COXPaHAETCs, U PE3YJIBTUPYIOIAs MaTPUIIA OKA3bIBAETCS TPEXIHa-
roHaJIbHOM. B 3TOM ciiyyae BEPXHIOIO MOJIOBUHY MATPHULIBI HYXKHO He
BBIYUCJISATD, 8 3aTOJIHATD 10 YCJIOBUIO CHMMETPHH. DTO YMEHBIIIAET
qucyio apudbMeTHIecKux onepanuit 10 (4/3)N3.

Eciu npesmosiaraeTcsi HAXOMUTH TOJILKO COOCTBEHHBIE 3HAYEHMU ST,
TO HafIEHHbIE HA KaXKJOM IIare IUKJIa BEKTOPbl W U KOHCTAHTHI C
XpaHUThb He Ha10. Ecyin ke Hy>KHO HaXOIUTh COOCTBEHHBIE BEKTODHI,
TO noTpebyeTcs obpaTHOe mpeobpa3oBaHue. B aToM ciiyuae w u ¢
HAJI0 COXPAHSATH.

[IpakTnka moka3aJa, 4To MeTon Xaycxojgepa O4eHb yYCTOHYUB
10 OTHOIIEHHIO K omubkaMm okpyriienusi. [Ipu 64-pa3psIHbIX BEIYUC-
JICHHSIX OH II03BOJIIeT MPOBOAUTh pacueTsl ¢ N ~ 1 000 u 6osee.

7.1.3. Apyrue mervopbl

Memod TI'usenca (1954). B srom Mmerome ucnonb3yercs ue-
ITOYKa YHUTAPHBIX IPeobpa30BaHmii — ABYMEPHBIX BpAIEHUH KOOD-
nuHat. Kaxkoe BpallleHre MPOUCXOAUT B IIJIOCKOCTH, IIPOXOASIIEH
yepe3 KaKue-TO JBe ocU KoopauHat. [Ipu TakoM BpaieHu#u npeod-
Pa3yITCs TOJIBKO 3JIEMEHTHI JABYX CTOJIOIOB M ABYX OJZHOMMEHHBIX
ctpok marpunsl A. [IoaTroMy 06beM BBIYUCIIEHMI IIPDH OJHOM IIOBO-
poTe MaJi. YIJIbl IIOBOPOTOB BLIOMPAIOT TaK, YTOOBI KaKIbIHA ITOBO-
POT aHHYJUPOBAJI OMPEAE/IEHHBIN 3JIEMEHT MaTpHUIbI A, Jexaruii
HUKe nopauaroHasu. Ilocsie0BaTeIbHOCTH TOBOPOTOB BBIOMPAIOT
TaK, YTOOBI paHee aHHYJIMPOBAHHBIA 3JIEMEHT OCTABAJICS HYJIEBBIM.
[Tocse (N — 1)(N — 2)/2 noBOpOTOB aHHYJIMPYIOTCS BCE SJIEMEHTHI,
Jexarnue Hke nogauarosand. [losromy npoussosbHast MaTpuna A
MPUBOAMTCS K BEPXHE MOYTH TPEYTOJILHOM popMe.

IIpeobpa3oBanus BpallleHus COXPAHSIOT 3pMUTOBOCTD. CliemoBa-
TEJIbHO, €CJIM MATpUIia A ObLIa 3PMUTOBOIA, TO LENOYKA TPE0OPa30-
BaHuit ['MBeHCa IPUBOIUT MATPHUILYy K TPEXAUArOHAJIBHON (DopMe.

ITo xoneunomy pe3yibTary MeTof ['mBeHca MoxXox Ha MeTon, Xa-
ycxosgepa. OH CTOJIb 2Ke YCTONYHB, HO B IOJITOPa Pa3a MeJIeHHee
(5N 3 apudmeTHyecKuX AEHCTBHI JJIs IPOU3BOJIBHON MaTPHUIBI U
2N3 — nna spmuTOBOit). B HeM Takke NOJIUMATOHAJIBHBIE dJIEMEH-
ThI KTOrOBOM MaTPHUIBI OKA3bIBAIOTCS BECbMa OOJIBIIMMH.
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Memod Axobu. Meron, npeaHa3HAYEHHBIN TOJIBKO [IJIS SPMHU-
TOBBIX MaTpul] A, 6611 peaiioxkes B XVIII B. 1 BO3POXKIEH C MOSIB-
JIEHHEM KOMIIbIOTEPOB. B HEM HCITOIB3YIOTCS TAKUE XKE JIByMEPHBIE
BpAallleHusl, KaK 1 B MeToze ['uBeHca, HO yroJi MoBOPOTa BbIOMpAETCs
HHa4Ye. AHHYIHPYETCs JOCTATOYHO GOJBIION [0 MOIYJIIO BHEIUATO-
HaJIbHBIN 371eMeHT. CUMMETPHYHBIN eMy BHEIMATOHAJIbHBIN 3JIEMEHT
TaK>ke 0O0pallaeTcs B HYJIb B CHJIy COXPaHEHUsSI SpMHUTOBOCTH. [Ipu
9TOM paHee aHHYJIUPOBAHHBIN 3JIEMEHT MOXXET CHOBA CTATh HEHYJIE-
BbIM. BeckoHeuHas 1enoYKa TAKUX MOBOPOTOB B MPEIESe IPUBOIUT
3PMHUTOBY MATPHUILy K AUArOHAJIIbHOMY Buay. Ilpu 3ToM cpa3y Haxo-
OATCs COOCTBEHHbIE 3HAYEHMS: OHU PABHBI JUATOHAJIBHBIM 3JIEMEH-
TaM UTOrOBOI MaTPULbI.

Takas uenouka mpeobpa30BaHUil HE MOXKET OBITh KOHEYHOM, T. €.
Meton Skobu — urepanuonHbiil mpouecc. OH CXOQUTCH BCerza, HO
CXOTUTCS JOCTATOYHO MeJJIEHHO, TaK YTO 00beM BBbIYUCIeHMH JJIs
[OJIy4YeHUsT BHICOKOM TOYHOCTH B HeM mpumepHo B 20 pa3 GoJblire,
yeM B MeToze Xaycxosaepa. IlosToMy Ha npaKTHKE OH IPUMEHSIETCS
penko. lHTepeceH OH JHIIBL TEM, YTO UCKJIIOYUTEJIHBHO YCTONYUB U
cpa3y JaeT COOCTBEHHbIE 3HAYEHUS.

Daemenmaphrsvie npeobpasosarus. BozbMeM IpOU3BOIBLHYIO
(neapMuTOBY) MaTpuIy A, yKe IPUBEAECHHYIO METOJOM OTDaXKEeHH i
K BEpXHel [MOYTH TPeyrobHou ¢popme. Ee MOKHO IPHUBECTH K Tpex-
OUaroHaJIbHOM (popMe IIEIOYKON TaK HA3bIBAEMBIX 3JIEMEHTAPHBIX
peobpa30BaHUit MOAOOUS ¢ MATPULIAME BHIA

1 —Ugq+2 —Vg43 ... —UN
0 1 0 ... 0
— Eq 0 —
M—[O Mq], My=|0 0 1 ... 0 |,
0 0 0 A |

npudem M ~!(v) = M(—v). Benmuauss v, BHIGUPAIOT TaK, 4TOOHI aH-
HYJIUPOBaTh BCE 3JIEMEHTHI COOTBETCTBYIONIEH CTPOKU MATPULBI A,
JieXkalnye npasee BepxHeit konuaronanu. IlocienoBaTenbHOCTH MaT-
puiy M GepyT Tak, 4TOOBI aHHYJIMPOBATH CHAYAJIA IIEPBYIO CTPOKY,
3aTEM BTOPYIO U T.J. TPyA0EMKOCTb 3JIeMEHTaPHBIX IIpeoOpa3oBa-
HUI MEHbIlE, YeM JJIst TPeoOPa30BaHUsA OTPAKEHHUS.

Opnako MaTpub!l M HEYHUTapHBI, TAK YTO YCTONIUBOCTD ITOTO
MeTona XyxKe. B simreparype 0TMe4Y€eHO, YTO OOBIYHO YCTONIMBOCTD
METO/Ia YIOBJIETBOPUTEIbHA, HO HAOTIONAIOTCS TaKXKe CJIydau IoTe-
PHY TOYHOCTH M JIaXKe CPBbIBBI pacyeTa. I[Ipu MOIHOCTH COBpEMEHHBIX
KOMIILIOTEPOB HAIEXKHOCTh Ba)kKHee HEeOOJIbIIOrO BHIUTPHIIIA B TPY-
JOEMKOCTH.
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7.2. BbIYUCNEHUE CNEKTPA

7.2.1. YactuuHas npobnema

IIycTs TpebyeTcst HaliTU TOJBKO HEKOTOPBIE COOCTBEHHBIE 3HAYE-
HUusg MaTpulbl. IIpu 3TOM mpeanosiaraeTcs, YTO HAM U3BECTHHI yII0-
BJIETBOPUTEJILHBIE TPUOJIMKEHUST K HYKHBIM COOCTBEHHBIM 3HaYe-
HUSM, U HY>KHO JIMIIb HAATU 3TH 3HAYEHUs C BBICOKOM TOYHOCTHIO.
HawuGonee npocTo u 3(pPEKTUBHO 3TO AEJIAETCA METOAOM OOPATHBIX
UTepAIuil C MEPEMEHHBIM CIBUTOM.

Ob6pamnvie umepayuu co cdsuzom. ByneMm mpenmosarars,
9TO CODCTBEHHBIE BEKTOPBI Xy, 1 < m < N, maTpuusl A, COOTBET-
CTBYIOLIME COOCTBEHHBIM 3HAYEHUSIM A, 00pa3yoT 6a3uc, a UCKO-
MoOe COOCTBEHHOE 3Ha4eHUe Ay sIBJISETCs MPOCThIM. IlycTh HaMm u3-
BECTHO HEKOTOPOe XOpolliee MPUOIMKeHHe K MICKOMOMY COOCTBEHHO-
My 3HAYEHMIO: A =~ Ajs. BbibepeM B Ka4ecTBe HyJIEBOTO MPUOIMAKE-
HUA HEKOTODBbIN BEKTOP x(0 y IIOCTPOUM CJIEAYIOLIUA UTEepaIdoH-
HBII IIporecc:

(A-XE)x®) =x(-D s=1,2, ... (7.19)

Jlist HaxoxneHns x(8) TpebyeTcs pellUTh CUCTeMY JIMHEHHBIX ypaB-
Henmit ¢ mMatpuueil (A — AE). ITockonbky A He TOYHO paBHO COO-
cTBeHHOMY 3HadYernio A, To det(A — AE) # 0, u cucrema (7.19) ume-
€T eIUHCTBEHHOE PEILIEHHE.

Uccnenyem cxomumocTh 3Tux utTepanuit. [Ijist 3TOro pasiokum
BekTOpBI X\*) 110 Gasucy {Xm,}:

N
x(8) = z & xp,. (7.20)
m=1
[Moncrasum pasnoxenne (7.20) U aHAJOTHYHOE DA3JIOKEHUE JJISI
x(-1) g (7.19). YuursBasi, 9T0 AX;; = ApXm, U IPUPABHUBAS KO-
3¢ PULMEHTEI B IPaBOM U JIEBOU YACTAX IIPU OOUHAKOBBIX OA3UCHBIX
BEKTOPAX X, IOJIYYUM

o) = ol /(= N) = ... = oD /(A — 1),

(7.21)
1<m<N.

ITockonbky A = Apr, To M-it 3Hamenarens B (7.21) mau, a 3HaMe-
HaTenu ¢ m # M ue Mmaibl. IlosTtomy ag\fl) — x03dduImeHT pazno-
xkenns X(®) npu cOBCTBEHHOM BEKTODE X, — OyIeT GBICTPO yBeJIH-

4UBATbCS OT OAHOM UTepaIUu K JPYToif, a OCTAJIbHBIE an{), m# M,
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OCTaHYTC HEOOJbITUMH. 3HAYUT, DU JAOCTATOYHOM YHCJIE UTEPA-
Ui OCTaJIbHBIMU KOMIIOHEHTAMH DA3JIOXKEHUS MOXKHO IpeHeOpeyb,
u BekTop X(®) cTaHeT MouTH NapaJLIebHBIM COGCTBEHHOMY BEKTODY
X s (3TO HA3BIBAETCS CXOMUMOCTBIO II0 HANPABAEHUID).

Ho ecnu ocranbHBIMEH KOMIIOHEHTaMH MOXKHO IIpeHEOpeYb, TO
Bekrops! x®) 1 x(5~1) rakixe OyIyT MOYTH MMapaJulejIbHbI, 8 OTHO-

IeHUs] UX KOMIOHeHT 6yayT 6musku X (Ayr — )~ L. Tem cambiM u3

OTHOIIIEHUS] 9TUX KOMIIOHEHT MOXKHO OTPEIEIUTh BeJIUIUHY Apf.
CxonuMOCTh OGPATHBIX UTEPALUH CO CABUIOM SIBJISIETCS JIMHEH-

HOIA, T. €. JOBOJIbHO MeyTeHHOM. PaKTu4ecKasi CKOPOCTh CXOAUMOCTH

CHJIBHO 3aBHUCUT OT TOT'0, HACKOJILKO OJIM3KO K Ay IpUOJIHMIKEHUE A.
2Kenartenen 60s1ee OBICTPHII TpOIIECC.

ITepemerrviti cdeuz. CKOPOCTh CXOAMMOCTH MOXKHO KapIou-
HAJILHO YJIYUIlIUTh, UCIIOJIb3Ys TAK HA3bIBAEMBIi IIepEeMEHHbIN CIBUT.
st aroro B urepauuu (7.19) BMECTO MOCTOSIHHOTO CABWTA A moz-
CTaBJISIIOT TOJILKO YTO HalifieHHOe mpuOsmxkeHue K Aps. @opmysibr
MIPUHUMAIOT CJIEAYIOMIMA BHI;

(A 2EVE)X®) = x(6-V s=12 ... (7.22)

3a Hyaepoe npubmkenne K Ay npurnmaercs A0 = X. Io-npex-
HeMy 1/1a Haxoxzaenus x(®) Hamo pemars JmmeitHyIo cucremy. Ho
Tenepb TpeGyeTcst OCTPOUTh hopMy.bl aisi onpenenernst A8). Oue-
BH/IHO, ITOKOMITOHEHTHOE JIeJIEHNe BEKTOPOB Ha COCEIHUX UTEPAalH-
sIX — He CJIMIIKOM yIOoOHas IpoIeaypa.

Pasymuo onpezenaTs A(®) u3 ycmoBusi, 4T0BBI Ha CKOJIBKO BO3-
MOXHO TOYHO yIOBJIETBOPSIOCH 651 cooTHomenue (A — A8 E)x(%) ~
=~ 0: ecsiz 6B OHO YIOBJIETBOPSJIOCH TOYHO, TO A(8). x(5) 6puIm 61 B
TOYHOCTH COOCTBEHHBIM 3HaYEHHEM U COOCTBEHHBIM BEKTODOM MaT-
punst A.

9T0 MOXKHO (OPMYJIIPOBATH KaK TpeOOBaHMe

I(4 - AOEXO, = (4 - AIE)x®,

7.23
(A=A E)x®)) = min. (7.23)

Tockombky x(®) yaxe onpeneneno u3 (7.22), To B (7.23) Hen3BeCcTHO
toabko A, JInis1 ero onpeneneHus HaJo IPAPABHSTH HYJIIO IPOU3-
Bomuyio no A% or (7.23). D10 naer

A = (x), Ax()) /(x| x()),

s=1) y3 (7.22), nomyunm

[oncrasnss ciona Ax(®) = A(6=Dx(s) 4 x(
)\(S) = )\(S—l) + (x(s), x(s_l))/(x(s) , x(s)) (7.24)
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@opmyast (7.22) u (7.24) NONHOCTHIO ONMPEIEIISIIOT UTEPAIMOHHBIN
nporecc. 3Tu GOPMyYJIbl CIIPABEIJIMBbI /15 IPOU3BOJILHBIX MATPHII.

[TIo Mepe CXOZMMOCTH MTepauyii JJIHHBI BEKTOPOB X(°) oueHb
OBICTPO Bo3pacTaoT. [lopsiaKu Yuces Ipu 3TOM MOT'Y T BHIATH 3a Ipe-
JeJIbl TIPECTABJIEHUS Yucell Ha KoMmnbioTepe. [loaromy mosie3no no-
cae Borancienns M) gopmuposaTs BekTop x(*) Ha equHMLy.

Kpowme Toro, yem 6mmxke A®) Kk coGeTBEHHOMY 3HAUEHHIO A )7, TEM
Xy2Ke 00yCIIOBJIEHHOCTD JIMHEHHO# cuctemsl (7.22). Ilostomy cruesy-
€T NPeKPAIATh UTEPALMHA PAHbIIE, YEM YCTAHOBATCS BCE 3HAYAIINE
uudpsr A6,

Cxodumocms. BospmeM pazsoxkenue BekTopa x(®) mo 6asucy
{xm} (7.20). ITogcTaBus 310 pasnoxenue B (7.22), moIy4nM aHAJIO-
ru4Ho (7.21) ckopocTh Bo3pacTanusi KO3Gh(MUIMEHTOB PA3JIOKEHUSL:

s—1
o) = ae™ /O = 2D = = olQ/T] Am —2@).  (7.25)

o=0

151 KOMIIOHEHT ¢ m # M Bce MHOXXHMTEJU B 3HAMEHATEJSIX OYIyT
6su3ka K (A, — A\pr) ¥ He 6yayT ManbiMu. st M- KOMIIOHEHTHI
MHOXHUTEIM B 3HAMEHaTeJie OYAyT OBICTPO yMEHBINATHCH, TAK YTO
3Ta KOMIIOHEHTa OyJeT BO3pacTaTh ropaszio ObICTpee, YeM IpH II0-
CTOSIHHOM CJBHTE.

MoxxHO OKa3aTh, YTO €CJIU COOCTBEHHBIE BEKTOPHI 06pa3yIoT 6a-
3uC (a 3TO CIPABEAJIUBO HE TOJBKO [JIsl IPMUTOBLIX, HO M JIJIsi MHO-
I'UX APYTHUX KJIaCCOB MATPHIL), TO CXOOUMOCTH MeToAa OyaeT KBaj-
patuyHoii. Eciu 6a3uc cobcTBEHHBIX BEKTOPOB OPTOrOHAJIbHBIH (Ha-
[IPHMED, KaK y 9PMUTOBBIX MATPHIL), TO CXOAUMOCTb OyIeT Kyoude-
CKOI11.

IocTpoum Taxue oueHku. IIpeacrasum Bektop x(8) Kak cymmy
OBICTPO BO3PACTAIOIIEHN U MEIJIEHHOW KOMIIOHEHT:

s—1
x® =y® 1+26), y© = adxp/ [T (ar = 1),

=0
s—1
2 = 37 a@x/ T (e =2,
m#M o=0
ly®)| > 12| npms>1;

(7.26)

pa3jIoXKeHue AJs x(=1) ananoruuno. Torna ckansipabie mpou3Bene-
Hus B (7.24) MOXKHO IPEACTABUTD B CJIEAYIOIIEM BHE (C YIETOM KOM-
IIJIEKCHOCTH BEKTOPOB):
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(x(s), x(s—l)) = Qs,5—-1 + bs,s——l + Cs,s—1,
Qs,s—1 = (y(s)’y(s—l)) ~

s—1 s—2
~ T 0 =270 I e =2

o=0 o=0
(7.27)
bss 1=(y (3) (3—1)) ( (s) (3—1)) ~
~ H A@*)=1 4 H (Aar — 2@,
Cs,5—1 = (z(s),z(s 1)) ~

seipaxkenue ms (x(%), x(%)) 3anuceiBaerca amanormuro. OgeBuaHO,
|as,s—1| > |bs,s—1] > |cs,s—1|- Borunras obe gactu paBeHcTBa (7.24)
u3 \js 4 noacTaBiss Tyaa (7.27), BbIAEIUM IJIABHbBIE YJIEHBI:

g — A8 =y —AGD_

_Qs5—1 bs,s—1 + Cs,5—1 bss + Css
Bl /() bt
ags ( as s—1 ) ( Ass ) (7'28)

_ ()\M _ )\(s—l))[l _ (1+ bs,s—; + Cs,s—l)/<1+ bssa+ Css )],
s,5—1 SS

TOCKOJIBKY G 5—1/@ss = Aag — A1),

Ecsn cobcTBeHHBIE BEKTODPBI OPTOroHaNbHBL, TO (y,X) = 0 u
bs,s—1 = bss = 0. Torna BbIpakeH#e B KBaPATHBIX CKOOKax B (7.28)
IIPUMEPHO PABHO Cg s—1/0s s—1, & OTHOIIEHUE Cgs/Ass YCTYNAET €MY
1o BemuuHe Ha MEOXKHTENb Ay — A8, TToncrasus B (7.28) mckomoe
otHouenue u3 (7.27), nomy4nm

s—1
s — M) & const [T [Aar — A2, (7.29)

o=0

Umem pemrenne sToro ypassenus: B suge Ay — )| = const Ay —
— AND)9 g [Apr — AG~D| = const |[\pr — A®) |9, TTpumenss mo-
CJleZiHee COOTHOIIEHYE DEKYPPEHTHO K IpaBoii yactu (7.29) u cuuras
S HE CJIMIIKOM MaJIbIM, IIOJIyYdM CBSI3b IIOKA3aTeJel CTENeHN:

1~2(g +q2+q3+...)=2/(g—1), (7.30)
OTKyJa ¢ = 3 ¥ CXOAUMOCTH KyOuvecKast:
s — A®)| & const Ay — AED3.
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Ecnu cobcTBeHHBIE BEKTOPBI HEOPTOTOHAJIBHEL, TO (y,2z) # 0, u
orHomeHue bs s_1/as s—1 OKa3blBaeTcs ryIaBHbIM B (7.28), HECKOJIb-
KO yCTyIaeT eMy bss/ass, @ 06a OTHOLIEHUS ¢/a IPEeHEOPEKUMO Ma-
set. Torma muist cxogumocTH |Apy — )\(s)| MIOJIy4a€eTCsl BHIPaKEHUE BU-
na (7.29), Ho B IpaBoii YaCTH BMECTO KBAJIPATOB CTOSIT [IEPBBIE CTe-
neru. CooTBeTcTBeHHO, s ¢ BMecto (7.30) momydaem 1 ~ ¢! +
+q2+q¢3+...~1/(qg—1);3T0 1aeT ¢ = 2, T. e. KB3APATUIHYIO
CXOIUMOCTD:

ar — M| & const [Aar — AE—D)2.

Korna uckoMoe cobCcTBEHHOE 3HAYEHHUE A)s KPATHOE, TOTIA A
MO-TIPEXKHEMY CXOAATCH K HeMy. Eciu y 3TOro cobcTBEHHOrO 3HAYE-
HUSI HECKOJIbKO COGCTBEHHBIX BEKTOPOB, TO BeKTOpHI X(®) cxomsirest
[0 HAIPABJIEHUIO K OJHOMY U3 HUX (K KAKOMY UMEHHO — 3aBUCHUT
oT BBIOGOpA x(o)). YToOb! MOJMyYUTDH APYyTHE COOCTBEHHBIE BEKTODHI,
COOTBETCTBYIOIIME KPATHOMY Apf, HaI0 BeIOpaTh apyrue x(0).

[IpakTruKa pac4eToB MOKA3bIBAET, YTO OOPATHBIE UTEPAIUH C IT€-
DPEMEHHBIM CIBUIOM CXOJASATCS JaKe B TOM CJIy4ae, KOTZIa COOCTBEH-
Hble BEKTOPBHI MATPHIILI He 00pa3yioT 6a3uca. Hanpumep, ans xop-
JTAHOBOM MATPHIIBI UMEETCSI TOJILKO OTUH COOCTBEHHBIH BeKTOD. [Ipn
m060Mm Beibope x(0) Bemannst M) cxonsiTest K equHCTBEHHOMY COG-
CTBEHHOMY 3HA4Y€HMIO, a X (%) — K eJUHCTBEHHOMY COGCTBEHHOMY BEK-
Topy. OZHaKO B 9TOM Cily4ae AiuHa X®) O4eHb CHIBHO BO3PACcTaeT
OT OIHOM WTEPAlHXH K JAPYroi, U cjielyeT MPUHUMATh MEPHI, YTOObI
130eKaTh NEPETOTHEHUSI.

B meTone obpaTHbIX uTepanumii co capurom xopoumuii Bei6op A0
SIBJISIETCS CYIIECTBEHHBIM. M Tepalyu cxoasTcst K TOMY U3 COOCTBEH-
HBIX 3HA4YEeHWH Aj7, [IJIsE KOTOPOro |hps — )\(O)I MHUHHUMAaJIeH. Eciu
A ©) jexxutr B6IM3K rpaHUIB pasena 06IacTell IPUTSIKEHNS COCe -
HUX COOCTBEHHBIX 3HAYEHUI, TO MEPBBIE UTEPALUU CXOAATCS MeJ-
nerHo. Bei6op xe x(©) mouTn He BIMsIET HA CKOPOCTH CXOLMMOCTH.
Tonbko omHOrO citydasi CIeIyeT OMacaThbCs: €C/IM CIy4YaiHO KO3(g-

0
GUIUEHT Pa3JI0XKEHUS ozgw) OKa3aJics HyneMm. Bo uzbexxaHue 3TO-

IO MOXKHO B KadecTBe KoMIOHeHT BekTopa x(?) Gparh ciydaitHble
quUCIIa.

Meton oOpaTHBIX HTEpalHii MOXXHO HENOCPEACTBEHHO IpUMe-
HSTh K IIPOU3BOJIbHOM MaTpuie A, OMHAKO pelleHHe JUHEUHOH CH-
crembr (7.22) meromom Iaycca Tpebyer 2N3/3 apudmermueckux
JeicTBUl Ha KaXXAOW uUTepanud. | opasmo BHIrOIHEE CHAYaJIa, Ipe-
obpazoBaTh MaTpuily A MeTomoMm XaycxXoJsiiepa K BepxHel IOYTH
TpeyroybHO# opMe (1151 SPMUTOBBIX MATPHUL, — K TPEXIUATOHAIIb-
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noit). Torma xaxknas urepanus 6yaer TpebosaTs ~ 2N? (m1s spMu-
TOBbIX ~ 10N) apudmernyecKux geicTBUI.

7.2.2. ObobweHHas npobnema

HekoTopbIM yCI0XKHEHNEM UCXOTHOM 3a/1a4M SIBJISIETCS TAK Ha3bl-
BaeMasi 00001IeHHas1 TpobyieMa cobCcTBEeHHBbIX 3HauUeHni. Tpedbyercs
HaiTH HETPUBHAJIbHBIE PEIIEHUS 331291

Bx = \Cx, (7.31)

rae B u C — kBaapaTHble MaTPUIBI NOpsiaka N, IpuyeM MaTpHIa
C — neocobennas (T. e. det C # 0).

Ymuoxas Ha C~! cnesa, npusoaum 3anady (7.31) K obbraHON
npobyieme coberBenHbIX 3Hadenuit (7.1) ¢ marpuneit A = C~1B.
Il Hee MOXKHO HANMCATH OOBIYHEBIN MPOLECC OOPATHBIX MUTEPALUil
C IepeMeHHBbIM cABUroM (7.22); OH MPUHMMAET BHUL

(C7IB — A"V E)x(®) = x(—1), (7.32)

Tak MOXKHO NOCTYNaTh AJ1s1 TPOU3BOJILHBIX MaTpul B u C.

Opuako gacro Marpuusl B u C yxxe MUMEOT Kakyi-TO ynob-
HYIO CTPYKTYPY: SIBJISIOTCS OUTH TPEYTOAbHBIMY MJIN JIEHTOYHBIMH
(B wacTHOCTH TpexauaroHaJbHbIMHU). [IosTOMy yIOGHO yMHOXUTH
(7.23) cneBa Ha C u 3amucaTh UTEPAIMY B CileAyoleii popme:

(B —2ED0)x®) = ox6-D), (7.33)

®opmyna (7.33) skBuBasenTHa (7.32), OZHAKO IPK OTMEYEHHBIX CIIe-
[MaJIbHBIX CTPYKTyPaX MAaTDHI] BBIYUCIIEHHS IO Hell ynobOHee U ne-
LIeBJIE.

PopMynry Ay pacyera A() mosygaem aHaJIOrHYHO TOMY, KaK 3TO
Jle1aJ10Ch [Jisi IpocToii mpobsemel. OHAKO 31€Ch BO3MOXKHBI BapH-
anter. Ecm morpebosats || (C~1 B — M%) E)x(®)|| = min, To moxyuum

AE) = A6 (%) x50y /(x(9) x(9)), (7.34)

Sra dopmyna coBnanaet ¢ (7.24). Eciu xe norpeboBats ||(B —
—A))x(8)|| = min, To momyyaercs HeckomBbKO Apyras hopMyIIa:

A® =261 4 (0x®, extGY) /(ex®), ox®)). (7.35)

JI106y10 u3 3THX PHOPMYIT MOXKHO HCIOJIL30BaTh B pacyeTax. Cko-
POCTb CXOAMMOCTH 000MX BAPUAHTOB IIPUMEPHO OJUHAKOBA H TAKOBA
2Ke, KaK JjIsl IPOCTOM Ipo6JIeMbl.
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7.2.3. Nonnas npobnema

s HaxoXAeHUs BceX COOCTBEHHBIX 3HAYEHUN MATPHIHI, T.e€.
IJIsl DEIleHusi MOJIHOM mpobJieMbl COOCTBEHHBIX 3HAYEHHH, ceidac
HauboJiee 4acTo ynoTpedisiioT uTepamonHbii @ R-anropurym (pes-
soxeH B. H. Ky6nanosckoit 1 @pencucom B 1961 r.). Asroputm oc-
HOBAH Ha MOJOOHOM NMpPeoOpa30BaHUK MATPHIBI K TAK HA3bIBAEMOIA
KBasuTpeyrosubHoit opme (puc. 7.3). B aroit popme kaxgomy npo-
CTOMY COOCTBEHHOMY 3HAYEHHUIO COOTBETCTBYET MATPUYHBIN 9JIEMEHT
Ha OAArOHaJH, a KaXKJIOMy Kk-KpPaTHOMY COOCTBEHHOMY 3HAYEHUIO
KBapaTHas NOAMATPUIA («SAIMK») NOPsAKA Kk, CTOSILAs Ha TJIaB-
HO! muaroHanu. KpaTHble cOOCTBEHHBIE 3HAYEHUS SABJISIIOTCS COO-
CTBEHHBIMHU 3HAYEHUSIMU <«SIIIUKOB». BepXHsisl MOJIOBUHA MATPHIIbI
3aI0JIHEHA, & HUXKHSIS, 38 UCKJIIOUEHUEM SIIIIUKOB, HE 3aII0JHEHA.

Ha npakTuke MOpsiIku AIIUKOB HEBEJIUKHU, [IO9TOMY UX COOCTBEH-
HbIE 3HAYEHUs HAXOIATC Jierko. HanpuMep, MOXXKHO IPUMEHUTH Me-
TOx OOpAaTHBIX WTepauuil ¢ MmepeMeHHbIM cABUroM. [lockosibKy y
«SIUKa» COOCTBEHHOE 3HAYEHHUE OTHO, 0OpATHBIE UTEPAIINN CXOIAT-
csl TIpH JIF0OOM HYJIEBOM NPUOJIMIKEHHUH.

Urepanun @ R-anropurmMa ycToiduBbl u Beeraa cxoasarcs. Cko-
POCTb CXOANMOCTH JIMHEHHAs CO 3HAMEHATENEM [ = maX |Am/Am+1/,
rae A, — COOCTBEHHbIE 3HAYEHUs, PACIIOJIOXKEHHBIE B IIOPsIIKE BO3-

e o o o o o o o o o o
* e o o o o o o o o o
o ¥ -o- e o o o o
o o ¢ o o e o o o o
o o ° . e o o o o
o o o e e o o o o
o o - e o o o o
o o o o o o * e o o o
o o o o o o o X e o o
o o o o o o o o e o
o o o o o o o o o ¥ °
o 0 0 o o o0 o o0 o Oo o

Puc. 7.3. QR-anroput™ (TOYKH — HEHYJIEBBIE JIEMEHTHI KBA3UTPEYIOJIb-

HON MaTpHIIbl C OOHUM SIIUKOM NSITOrO HOPSAKa; KPY>KKH — DJIEMEHTHI,

NPEABAPUTEIHHO YHHYTOXKAEMbIE METOJOM OTPAaXKEHUIA; 3Be3J0YKH — 3JIe-
MEHTBI, aHHYJIUpyeMble B xo4e () R-urepauuii)
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pacTanusi MOAyJei (mpuyeM KpaTHble 3HAYEHHUs CYUTAIOTCA 33 Of-
HO). [TosTomy npu HayHuMK GIN3KHUX IO MOIYJIIO COOCTBEHHBIX 3HA-
YeHMH YMCIIO UTepalyii OKa3bIBaeTCsi JOBOJIbHO GosbmnM. OqHaKo
3TOT METOJ IBJISIETCSI OYEHb BBITOIHBIM, €CJIM MATPHUIIA y2Ke IIpHUBe-
JeHa K BEpXHEH MOYTH TPEeyroJbHOU (popMe MeTONOM OTPaKeHHi.
B xome QR-urepauuit CTpYKTypa TaKHMX MaTpHl] HE pa3pylIaeTcs,
u Garozaps aToMy onHa urepaunus Tpebyer Bcero 6 N? apudmern-
yeckux JHedicrsuit. Jleranu 3Toro ajropurma Xopouo orpaboTaHBI,
U CYIIECTBYIOT OCHOBaHHbIE Ha HEM CTaHAapTHBIE mporpaMmel. OHu
HaJeXXHO paboTaloT, 1 1pu 64-pa3psiAHBIX BHIYUCIEHUAX JOIIYCKAIOT
ucmosb3oanue N ~ 1 000.



naBa 8

3A0A4YN MUHUMN3AL NN

8.1. OQHOMEPHbLIA MUHUMYM

8.1.1. 3onoToe ceuvenune

B MeTome HaMMEHBIIMX KBAJAPATOB U JAPYTUX AHAJIOTMYHBIX Me-
TOHAX y2Ke BO3HUKaJa 3a1a4a MunuMu3amuu. ViMeercs: 60mbImioe Ko-
JIMYECTBO MPUKJAIHBIX 33734 ONTUMUBAIMK: IIPH MOAETUPOBAHUM
MIPOU3BOICTBEHHBIX MIPOIECCOB, B 9KOHOMUKE U Ap. MHOrue u3 sTux
3a/1a4 MOXKHO CBOJUTH K PEIIEHHIO CUCTEM ypaBHeHuit. OmHako y
HUX €CTh CBOM 0COOEHHOCTH, ITOITOMY JJ1s1 HUX Pa3paboTaH psif ciie-
nudundeckux MeTonos. OIUH U3 HUX — METO 30JI0TOTO CeYECHMUSI.

Paccmorpum ckansipHyo dyHKUIM0O ogHOro mnepemensoro ®(z),
3a/laHHYI0 Ha KOHEYHOM OTpe3Ke [a, b]. HayoxxuM Ha Hee ouyeHs cia-
6ble TpeboBaHMS: OyIEM CUNTATH €€ KyCOUHO-HEIIPEPBIBHOM U Oorpa-
HUYEHHOU. ByneM uckaTs MUHUMYM 3TOi (DYHKIINY HA 33 TaHHOM OT-
Pe3Ke, TO ECTb PelIaTh CJIELYIOMIYIO 3a1a4y:

®(z) =min, z € [a,b]. (8.1)

ITpu 3aaHHBIX TPeGOBaHUsX K P(X) OHA UMEET IO MEHbILEH Mepe
OIMH MUHHUMYM Ha [a, b]; MOXXeT NMEeThb HECKOJIbKO JIOKAJIbHBIX MUHH-
MyMOB. B 3TOM cily4ae paccMaTpUBAIOT 33124y OTHICKAHUSI OLHOTO
UM HECKOJIbKUX JIOKAJIbHBIX MUHUMYMOB, & TaKXKe 3a/Ja4y HaXO0X-
JIeHHs! TJI06aJIbHOIO MUHUMYMA.

ITocTpouM MeTo HaXOXKIEHHUsI KAKOTO-TO JIOKAJIbHOTO MUHHUMY-
Ma, SIBJISIOLMHACS AHAJOIOM METOAA JUXOTOMUHU. DTO UTEPALMOH-
Helil Meron. Onumem oxHy urepanuio. OG03HAYMM KOHIBI OTPE3KA
4epe3 ¢g = a u 1 = b. [TocraBuMm BHYTpHU OTpE3Ka [Z0, 1] ABE TOY-
K To < z3 (puc. 8.1). DTu TOYKM pa3bUBAIOT OTPE30K HA TPHU Ya-
cru. Beraucnnm 3navenns O(x2) u ®(z3), 1 cpaBHAM UX MEXIY CO-
Goii (3HaueHns1 PYHKIMM HA KOHI]AX OTPE3Ka BBIYHUCISATH He HANO!).
ITycts mast onpenenennoctn Y(z3) < ®(z3). Torma us puc. 8.1 Buz-
HO, 4TO KaKOW-TO JIOKAJIbHbIA MUHHAMYM JIOJIXKEH JIEXKaThb Ha OLHON
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Puc. 8.1. Meron 30510T0r0 CeueHust

13 4acTeil OTpe3Ka, IPUMBIKAONIUX K T2. [I09TOMy BHENIHIOIO YaCTh
[z3,21] MOXKHO OTOPOCHTD, IPONOJIKUB ITOUCK HA MEHBILEM OTPE3KE
[.'L‘o, .’Eg].

Ha ciienyromeit nrepanuu HaJ0 B3STh OCTABIIMICH OTPE3OK [T,
Z3], IOCTaBUTH HA HEM JBe TOYKU M MOBTOPUTH mpouecc. Ho onxa
TOYKA T9 HA HEM Y2Ke CTOUT, ¥ 3HaYeHNe PYHKIUU B HEH BHIYUCIIEHO.
IIosToMy IOCTATOYHO MOCTABUTH JIUIIB OJHY JOTOJHUTENBHYIO TOY-
KY; TeEM CaMbIM Ha KaXXJIO CEPUIHON uTepanun 6y1eT BEIYUCISIThCS
JIMIIBb OJTHO 3HaYeHue DyHKIH.

OueBuaHO, Ha KaXKJO# MTEPAIMH BHITOJHO CTABUTb TOYKU CHM-
MeTpuuHO. Jist 3TOrO H4MO, YTOGHI KaXKJ0€ HOBOE JIEJIEHIE OTPE3KA
6bL10 OBl OZO6HO mpeabiaymeMy. [Ipumem mimuHY oTpeska [zg, Z1]
3a eguHUILY: 1 — o = 1. BBemeM obo3Hauenue & = xo — xp. B cuity
CUMMETPUH TaKxke OyneTr & = x; — x3, a r3 — 22 = 1 — 2&. [Tostomy
JeJIeHHe UCXOIHOrO OTPE3Ka MOXKHO 3aIIUCATh TaK:

1=(&)+(1-28)+(3).

Ha cnenyrormeit nTepanyuu oTpe3oK UMeeT OJIUHY T3 — Lo = 1 —
— &. Teneps TOYKa T2 CTaJjIa MIPaBOi BHYTPEHHEH TOUKOM, & OTPE30K
[2, 23] — BHemHUM npaBeIM. OTCIOA JIETKO HAWTH J0JI€BOE pa3bue-
HHE HOBOT'O OTPe3Ka:

1-F=(1—2E)+ (3 —1)+ (1 - 28).

CocraBuM u3 nomoOHBIX OTpe3KoB npomnopuuoo. Hampumep, ajis
ITOJTHBIX OTPE3KOB M MX KPAHUX OTPE3KOB 3TO OyJEeT

1/(1-8) =¢/1-2%),
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4TO JaeT KBaJApaTHOe ypaBHenue &2 — 38 + 1 = 0. Ham Hy>keH ToT
€ro KOpeHb, KOTOPBIi MpuHaAIeXuT orpe3Ky [0; 0,5):

£ =(3-5)/2~ 0,3820. (8.2)

B Takoit nponopiuuu HagO AEUTH OTPE30K, U IMPOBOAUTL UTEPALUH
JI0 TeX IOp, TOKAa, IJINHA OKOHYATEJIHHOTO OTPE3Ka HE CTAHET MEHBIIIE
3a/IaHHOM TOYHOCTH €.

3a oaHy HTepalHIO JJIMHA OTPE3Ka YMHOXAETCs Ha ¢ = 1 —
—& =~ 0,6180. 910 03HAUAET, YTO METO/, CXOAUTCSA JIMHEHHO CO 3HaMe-
HaTeseM q. [lockonbky lg g = —0,2090, To 3a nATH uTEpaIuit JIUHA
oTpe3Ka cokpairaercs npuMepHo B 10 pa3. [{is nmoixydeHus BOCbMH
BEPHBIX JECATUYHBIX 3HAKOB TpedyeTcst mpuMepHo 40 utepanuit. 3a-
METHUM, YTO JJIsl JOCTUKEHHUS BBICOKON TOYHOCTH HEOOXOAMMO 3a,1a-
BAaTh ¢ C MAKCUMAJIBHO JOCTYITHBIM YHCJIOM BEPHBIX 3HAKOB.

CXOguMOCTD JAOBOJIBHO MEJJIEHHAsi, HO IIPU CKOPOCTH COBPEMEH-
HBIX [IEPCOHAJIbHBIX KOMITBIOTEPOB 3TO HE TaK y2K BaxXHO. /locTouH-
CTBa METOJIa 3aKJII0YAIOTCS B CJIEAYIOMEM: 1) MUHUMAJIbHBIE Tpe6o-
BaHUs K QYHKIMYU; 2) HU3KAs. CTOMMOCTb M MPOCTOTA PEaIM3ALUN
uTepaluii; 3) rapaHTUPOBAHHASI CXOJUMOCTb K OJHOMY U3 JIOKAJIb-
HBIX MMHUMYMOB (B TOM 4YHCJIe, €CJIA TOYKOH MHUHMMyMa SIBJIsieT-
csl ONMH U3 KOHIIOB OTpe3Ka); 4) ropa3fo MeHblias, yeM y GoJiee
OBICTPBIX METOJOB, YYBCTBUTEILHOCTb K IOTDEIIHOCTSIM BbIUMCIIE-
Husa dyukiun. IlosToMy MeTon 30710TOro cedeHus 4YaCTO IIPUMEHSI-
IOT B IPAKTUYECKHIX BBIUYUC/IEHUSAX (OCOOEHHO B T€X CJIydasiX, KOrIa
HOTPEIIHOCTD BHIYUC/IEHUS] (DYHKIMH CYIIECTBEHHA).

ITozpeuwsrnocms. Ilycts 3HaveHuss QPYHKIMU 33aHBI C TOTDELI-
HOCTsiMU £3. O1eHUM, HA KaKYI0 TOYHOCTD € HAX0XKIEHUST MECTOIIO-
JIOXKEHHMSI TOYKM MHUHMMYMa MOXKHO IPHA 9TOM PACCUYUTHIBATh. Eciu
cymectByeT f”(x), TO OTKJIOHEHHIO HA € OT TOYKH MUHUMYMA Tpin
cooTBeTcTByeT H3MeHeHue dyHKnuu Ha 0,5 f"(Tmin)e?. IIpupabuss
9TO U3MEHEHUE BeJIMYUHE MOrPEITHOCTH (DYHKIMH O, IIOJIyIUM OIEH-
Ky TpeebHO JOCTHKMMONX TOYHOCTH:

e~ \/25/F" (Zmin)- (8.3)

OneHka cropaBejjiMBa [Jisi HEBBIPDOXKJIEHHONO MHHMMYMa
f"(2min) # 0. IIycTs morpemHoCTh 3HaYeHUs: PYHKIUM MIPEIEIbHO
MaJjia — Ha YpOBHE IOrPEIIHOCTH OKPYryieHus: 64-pa3psimHOro KOM-
nporepa 8 ~ 10716, Tomy4aercs OTHOCHTENBHO HEBBICOKASI TOU-
HOCTb HAaXOXIeHHust MUHEMyMa € ~ 1078, /Ins BBIpOXK IeHHOTO Mu-
HumyMa € f"(Tmin) = 0, f av) (Zmin) > O ouenka Gyzer emme Gosee
HeOIaronpUsITHOM.
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Becnone3no nobusarscst TouHocTH Bhime (8.3). MTepanuonHsrii
nporecc coObETCsl, TAK KaK HEBO3MOXKHO OyIeT MPaBUJILHO OIpeje-
JIATh COOTHOIINEHMs] 3HaYeHMH (PYHKIUM B CPABHUBAEMBIX TOYKAX.
TakuMm 006pa3oM, METOH, 30JI0TOrO CEYEHHs IO3BOJISET BLIYHCIIUTH
TOYKY MHHMMYMa, JIMIIb C HE OYE€Hb BHICOKOM TOYHOCTHIO.

8.1.2. Metoa HblotoHa

Eciu ®(z) ynosieTBopsieT 60s1€€ KeCTKUM TPeGOBAHUAM, TO JJIst
Hee MOXKHO IIOCTPOUTH OBICTPO CXONAIINECs UTEPAlMOHHbIE IIPOLIeC-
col. ITycts dynknus ®(z) HenmpepbiBHA BMeCTe C EPBOR U BTOPOH
mpou3BoAHbIMU. Toraa TOYKM MEHMMYMa OYHKIMU YAOBIETBOPSIOT
ypasrennio ®'(z) = 0. Ho sToMy ke ypaBHEHHIO yIOBJIETBODSIIOT
TOYKH MaKCHMyMa U TOYKH neperuba ¢ rOPH30HTAJIBLHON KacaTellb-
Hoit. IToaToMy 3amady HaxXOXKIOEHHS MHUHHMYMa MOXHO copMymnu-
POBaTh CJIeLyIOMUM 00pa3oM:

®(z)=0 npu @"(z) > 0. (8.4)

Ypasuenue (8.4) moxHO pemats MeTonoMm Hpiorona (cM. mog-
pa3z. 2.2.2, rae Bcony f(x) HyxHO 3amenuTb Ha 9'(z)). [IpuBenem
COOTBETCTBYOLINE (DOPMYJIBL:

26t = 26) — @' (202)) /9" (). (8.5)

B6Jin3u KOpHS HAJO JOMONHATENLHO MPoBepATh 3HaK D" (). Ec-
au ®”(z) > 0, TO UTEpayn CXOOATCA K MEHMMyMy. B mpoTuBHOM
CJly4ae HTepalMi MOXHO IPEKPAalllaTh, He JOOUBAsCh CXOAWMOCTH.
Ha nepBbix uTepanusx BAAJU OT KOPHS TaKasl IPOBEPKA HE HyXKHA.

B6siv3u KOpHsSI MOJIE3HO MPOBEPATH €r0 KPATHOCTh (CM. MOJ-
pa3n. 2.2.2). Ecau KopeHb IPOCTOii, TO MUHUMYM HEBBIPOXKIEHHBII.
BbIpoKIeHHOMY MHUHAMYMY COOTBETCTBYIOT KODHU HEYETHOH KpaT-
HoctH (3,5, ...). OnHako 3aMeTuM, YTO HaJIM4IME KPATHBIX KOPHE
BO3MOKHO JIMIIb IpH CyliecTBoBanuu y P(2) HempepbIBHBIX MPOU3-
BOJHBIX elle 60Jiee BHICOKOTO MOPSIKA.

B merone HopioroHa HeT cpaBHeHusi 3HadeHuit dyHkuuu P(z).
BMmecTo 3TOro MCmoJib3yTCsi TOYHO BBIYMCJIEHHBIE MMPOU3BOAHBIE,
HO3TOMY OIIUOKY OKpyrieHus camoit pyukiuu P(x) He omacHsr. Me-
ton HbioTOHa, B OT/IMYME OT METOAA 30JI0TOTO CEYEHHSsl, MO3BOJIs-
€T BBIYHMCJIUTH TOYKY MHUHUMYMAa C BBICOKOM TOYHOCTBIO (Ha yPOBHE
OIMOOK OKPYTJIEHUsI KOMIIBIOTEPA).

O6obuwerHuti memod. HamoMHuM, 94TO CXOAMMOCTH METOHA,
HboToHA OY€Hb 4yBCTBUTE/IbHA K BHIOOPY HYJIEBOTO IPAO/IMKEHNS.
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OcJabuisier 3Ty 3aBHCUMOCTH IIepexo K 06061menHomMy Merony Hbro-
ToHa (cM. moxpasa. 2.2.3). Ero dopMynsl nist qaxHOM 3a1a4u npu-
HUMAIOT CJIENYIOIIUA BUI:

¢ HAXOIUM HBIOTOHOBCKOE IIPHPAIEeHNE apryMeHTa:

AW = §/(20)) /8" (),
e BBIYHCJISiEM HEBA3KY MCXOJHOI UTepalyu
9(0) = [ (c)]?
1 HbIOTOHOBCKUiI IPEIUKTOD HEBA3KU
9(1) = [#'(z) - AW
e HAXOAVM KOPPEKTHUDPYIOIIMIA Iar

(o) — 200 +09(1)
o o) 0<iSh

rae 6 — HacTpoeuHbI TapaMeTp MeTo/a (CTpaTerus ero BLIbOpa u3-
JIOXKeHa B moxpasy. 2.2.3);
e MPOBOJAYM OKOHYATEJLHBIA pacdeT HOBOM urTepainuu mo ¢op-
MyJie
£ — 26 _ 1AW, (8.6)

Ecau monoxuts 6 = 1, TOo 3T pOpMyIBI NEPEXOIAT B Kjlaccuye-
ckuii MeTox HbI0TOHA, MO9TOMY MOXKHO Cpa3y COCTaBJIATh IPOTPaM-
My aJis 06061menHoro merona HeroToHa.

Pasznocmmuvie npouseodnvie. Jlyume Beero Beraucasatb ()
u ®(z) aHanuTH9eCKH. DTO CTPaxyeT OT OUIMOOK OKPYTJIEHUS KOM-
npiorepa. OJHAKO UCIOJNB30BATh AHAJMTUYECKHE BbIDAXKEHHUS He
BCerna yaaercs. B aToM cily4yae 3aMEHSIIOT MIPOU3BOIHBIE KAKMMHU-
b0 pa3HOCTHHIMH annpokcuMmalmsivu. Haubosiee mpocTo U TOYHO
BBECTH BCIIOMOT&TEJIbHBIA HIAr /i 1 BOCIIOJIE30BATLCS CUMMETPUYHEI-
MU aIlPOKCUMAIASIMHI TOYHOCTH O(h2):

o'(2)) ~ [@(2*) + h) — B(z() — R)]/(2h);
3" (z9)) = [®(z(®) + h) — 20(z <s)) +®(z®) — h))/R2.

Ilepexon k pa3HOCTHBIM IIPOU3BOAHBIM CYIIECTBEHHO YBEJIUINBA-
€T BIMSHUE OIIMOOK OKPYIVIEHHS II0 CPABHEHUIO C HCIIOJIb30BAHU-
€M aHAJUTUYECKUX BbIpakeHuii. PaccMorpuM, Kak 1ies1eco00pa3Ho
BbIOpaTh Iar h IS TOJyYeHUs HAWIYYHOIUX PE3yJbTaToB. B mon-
pa3z. 6.3.1 maBajuCh OIEHKH JJIs ONTUMAJIBLHOTO Iara hg mpu 4uc-
JieHHOM 1 depeHIPOBaHIN:

(8.7)

258



ho ~ §1/(Pta),

rae 8 — MOrPENIHOCTb BBIYUCJIEHWS (DYHKIUHU; P — IMOPSIOK TOY-
HOCTH allPOKCUMHUPYIOIIEH TPOU3BOAHYIO (DOPMYIIBL; ¢ — MOPSAI0K
IIPOU3BOIHOM.

IIpu sToM mocTUraeTcss TOYHOCTh BBLIYMCJIEHHS IIPOU3BONHOMN
~ /(P9 Mg dopmyn (8.7) ¢ = 1 u ¢ = 2 COOTBETCTBEHHO,
a p = 2. CynTasi OCHOBHBIM MCTOYHHUKOM OIIUOOK KOMIIBIOTEPHOE
oxpyrienue 3 ~ 10716, momyqaem hg ~ 10™° nast Beraucienus nep-
BO#f mpou3BogHOM U hy ~ 104 17151 BTOpOI.

Kazanoch 6bl, BTOpasi NpOU3BOAHAS 3aCTaBJISET BbIOMpPATH 0O-
smee kpynsbii mar. OgHako HamboJsiee BaXXHa TOYHOCTh BBIYHMCIIE-
uus ®'(z), Tak kak umenHo yciosue ¥'(x) = 0 maer Ham TOU-
Ky muHnMyMa. Oummbka ke B Boruuciaenun ®”(r) numb Heckosb-
KO CHU3HUT CKOPOCTb CXOAMMOCTH HBIOTOHOBCKUX MTepanumii. [1osTo-
My Iesecoobpa3Ho 6pat h ~ 1075 n1s BBIYHCIEHHs 0GEHX Ipo-
u3BonubIx. IlorpemHsocts Boruncienuss () npu sTom cocrasisier
~ 10710 + 107!, 410 MpUBOAUT K TaKOii >Ke OIMGKE BHIYNCIICHHS
Toukn MuHEMyMa € ~ 10710 = 10711, Takas morpemHocTs cymie-
CTBEHHO 0OJIbIlIe, YeM NP UCIO/Ib30BAHUU AaHAJIUTUYECKUX BhIpaXke-
HU, HO MHOT'O JIyYIlie, YeM B METOIE 30JI0TOI'O CEUEHUS.

Ewie 60s1ee BHICOKO#H TOYHOCTH MOXKHO JOOUTHCS, IIPUMEHSS IIPO-
[E/IyPYy BBIYHUCJIEHUS IPOMU3BOIHBIX HA CTYIIAIOIIMXCS CETKAX, ONU-~
CaHHYIO B KOHIIE nonpa3m. 6.3.1.

Kpumeputi cxodumocmu. Ecin npou3BoaHbIE BEIYUCSIIOTCS
aHAJIMTHYECKH, TO UTEPAIUKA BOJU3N HEBBIPOXKIEHHOIO MUHUMYMa,
MOXKHO OCTAHABJIMBATH 10 KPUTEPHUIO

|2(8) — (- < e, (8.8)

CXonuMOCTh KJIaCCHYECKOro u 06001esHoro Mmeronos HeroToHa
KBA/IPATUYHASI, IOSTOMY IPH BBIIIOIHEHUH KPUTepHs oTinune z (%)
OT TOYKH 3KCTpeMyMa OyneT MHOTO MeHbIle €. TaKuM 2Ke Kpurepu-
€M MOXKHO IIOJIb30BAThCS M B CJIy4ae Pa3HOCTHOTO BHIYUCIEHUS IIPO-
M3BOIHBIX, OHAKO IIPH 3TOM HAIO0 HOMOJHUTEIBHO CIE€IUTD, YTOOBI
Pa3HOCTHBIE IIPOU3BOAHBIE BEIYUCIISINCH C JOCTATOYHOM TOYHOCTHIO.

8.1.3. Cnyyaii MHOrMx 3KCTPpemMymoB

DOynkuust () Ha oTpe3ke [a, b] MOXKET UMETH MHOTO JIOKAJIBHBIX
MuHIMYMOB. [loTHOe ucciie1oBaHMe 33,1241 B 3TOM CJIydae IIPOBECTH
IPaKTU4IeCKH HEBO3MOXKHO. OBOBIYHO HCIOIB3YIOT CJIELYIOULYIO IIPO-
nenypy. Ha orpeske [a, b] BLIGUpAIOT B KadecTBe HaYaJbHBIX IIPUOJIH-
skeHuit 10— 100 cirydaiiHBIX TOYeK (C MOMOIIBIO IICEBIOCITY YafHBIX
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quces1, cM. noapasa. 3.3.3). I3 kaxm0ro Ha4aIbHOTO TPUO/IMKEHHS
MLy T OTrKANIInil SKCTpeMyM 06001meHHbIM MeToioM HeioToHa. 3a-
TEM CPAaBHUBAIOT HaliJIeHHBbIE S9KCTPEMYMBI MexX 1y coboii. Hanmenn-
1ee 3HaYeHue IPUHUMAIOT 38 IJI00aIbHBIH MUHUMYM. JIOTTOJTHUB 3Ty
nponenypy nocrpoenueM rpabuka P(zr), MOXKHO MOIYIUTH JOCTA-
TOYHO JIOCTOBEPHYIO KAPTUHY 3KCTPEMYMOB (DYHKIIHH.

8.2. MHOFOMEPHbLIH MUHNMYM
8.2.1. Penbed dPyHkuun

IIycts ®(z) ecTh CKaysipHAs JOCTATOYHO IVIajaKas (DYHKIHUS OT
N-mepHoro BekTopa X = {Z,,1 < n < N}, T. e. pyHKIHUs OT MHOTHX
CKaJISIPHBIX ITI€PEMEHHBIX. AHAJIOTHYHO OMHOMEPHOMY CJIy4aio ¢op-
MyJIMpyeTcs 3a/1a4a MOMCKa MUHUMYMa B MHOTOMEpHO# obsiactu G:

®(x) =min, x€G. (8.9)

TeomeTpuyeckn 3Ty 3a/1a4y MOXKHO HHTEPIIPETHPOBATD CJIE LY FOLIUM
obpasom. BosbemeMm (N + 1)-MepHOE IPOCTPAHCTBO C KOODAUHATAMHU
z1,T2, ...,ZN,P. Torna ®(z) ecTh rUMEPNOBEPXHOCTDL B 3TOM IIPO-
crpaHcTse. Pemenne 3ana4u (8.9) o3Ha4aeT HU3IIYIO TOYKY 9TO rU-
[EPIIOBEPXHOCTH B Ipeesax obactu G.

KauecTBeHHOE MOBEJEHHE TMIIEPIOBEPXHOCTH XapaKTePU3YeTCs
ee peabedoM. HeTpynHo mosiciuts penbed Ha mpumepe GYHKIIAU
IByX NE€PEMEHHBIX. B 3TOM cily4ae rUneprnoBEPXHOCTH €CTh IIPO-
CTO [TOBEPXHOCTH B TPEXMEPHOM IpocTpaHcTse (z,y, P) (puc. 8.2).
IIpoBeneM paBHOOTCTOsIIIKE MIJIOCKOCTH, MAPAJLIE/IbHBIE TIIIOCKOCTH
(z,y). Oun mepecekyT noBepxHocTh P(z,y) M0 HEKOTOPHIM JIUHUSM;
UX Ha3bIBAIOT JIMHUSIMA ypPOBHs. [IpoeKuuu 3TUX JMHUA Ha IJIOC-
& KOCTb (Z,y) JAI0T KapTy pesibeda MOBEPXHOCTH.
OTa KapTUHA aHAJIOTHYHA N300PaXKEHUIO Pellbe-
da MecTHOCTHM Ha TOmorpadUIecKnx KapTax.
Ha xaprax HamnpaB/ieHusi yObIBaHUsI (DYHKIIUH
0003HAYAIOT MITPHUXOM OKOJIO JIMHUK YPOBHSL.

PaccMOTpUM HEKOTOpBIE THNHYHBIE (POPMBI

@ penbeda. Ilpocreitieit popmoit siBiIsieTcss KOT-

nosuHa (puc. 8.3, a). Hanpumep, Bo3bMeM kBa -
paTu4Hyio bopmy

x

Puc. 8.2. Ilosepx- o(z,y) = (z — mo)z/az + (y— yO)Q/b2;
HOCTb ¥ €€ HM30JIH-
HUM YPOBHS JIMHUU YPOBHSI 3TOM QMYHKIUH — 3JIJIUICHI.

B 3T0if KOTNOBHMHE €CTb €QUHCTBEHHBLIN MHHU-
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Puc. 8.3. V30mmHuu ypoBHS [1J1si PA3HBIX BUIOB peJibeda

@ — KOTJIOBUHHBIN; 6 — OBPAKHBIi; 6 — CEIJIOBUHHBIN; 2 — MHOTO3KCTPEMAJIbHBIA

mymMm. Ha takom penbede nponutast Boga cobepercsi B TOUKY MUHU-
myMma. Eciin a ~ b, To ssmunce! ¢1a60 BBITSHYTHL. DTOT Cay4vail Hau-
6oJsiee JIeroK OJisi YUCJIEHHBIX MeTonoB. Eciu xe a u b oueHb cuib-
HO OTJIMYAIOTCS, TO KOTJIOBUHA CUJIbHO BBITIHYTA. AJITOPUTMBI IIDU
3TOM ropa3jo MejjieHHee paboTaioT, 0COGEHHO NPU OOJILIIOM YHCJTIE
U3MEPEHUI.

Ee 6051ee citoxkeH oBpar, MoxXoXkuil Ha BBITSHYTYIO KOTJIOBUHY C
narubaromumcst 1HoM (puc. 8.3, 6). Hampumep, paccMoTpuM dyHK-
MO

®(x,y) = 100(y — sinz)? 4 0,01z2.

IponuTasi Ha Takoit pebed Boga GHICTPO CTEKAET HA JHO OBpara, a
[IOTOM MEJIJIEHHO T€YET K MUHUMYMY I10 U3BHJIMCTOMY AHY. [Ipumep-
HO TaxK ke BeJyT cebsl TPDAEKTOPHHM MHOTUX UTEPALIMOHHBIX METOIOB.
Ecnu usMeHHTD 3HAK y HANMCAHHBIX Bbille PyHKIMil ® Ha mpoTH-
BOIIOJIOXKHBIi, TO HAIIPABJIEHUs] HAKJIOHOB U3MEHSITCsl, U MUHAMYMBI
CTaHyT MAKCUMYMaMHU. JTO HE BHOCUT MIPUHIUINHUAIBHO HOBOTO.
Ecou B3ats ®(z,y) = (z — 20)?/a® — (y — ¥0)?/b?, To momyuuTcs
ceqyoBuHHBIA penbed (puc. 8.3, 6). Ilo oqHuM HampaBieHHsIM OT
CeJI0BOI TOYKH (DYHKIUSI BO3PACTALT, [0 APYTUM yOBIBAET.
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Hakonen, MHOroskcTpeMaibHblii pesibed (puc. 8.3, 2) comepxKur
Pl MUHMUMYMOB, MAKCUMYMOB U CEIJIOBBIX TOYEK.

8.2.2. O606weHHbIH MeToa, HbloTOHa

Mertoz 30710TOrO ceyeHus: He 000OIAETCs Ha MHOMOMEPHBIH CJIy-
vait. Haubosiee paboToCIIOCOOHBIM METOAOM IIOMCKA, JIOKAJIBHOI'O MHU-
HUMYMa MHOTOMEPHBIX (DYHKIUH JOCTATOYHO OOLIErO BUIA SBJISET-
cs1 0606menHHbIH MeTox HeloToHa (cM. mogpasz. 2.3.2). 3amada mu-
HUMHU3AIUA [IPU 3TOM 3aMEHSI€TCH CHCTEMOM HEJMHEMHBIX ypaBHE-
Huit 0P /0x = 0. Torga dopMynbl METOAA IPUMYT CJIEAYIOLIMA BUL:

e Ha S-I UTepalyy pellaeTcda CUCTeMa JIMHEHHbIX yDaBHEHUH! A1
OIpeesieHUs IPUPAIEHUH A'®) HploTOHOBCKOrO MeTOIA:

3nech mepBas NPOM3BOAHAS CKAJsIipa II0 BEKTOPY €CTb BEKTOP
0®/0x = (0®/0xn,1 <n < N)T, a BTopas npoussoamas ckanspa
10 BEKTOPY €CTh MAaTPHUIIA 82¢>/ ox? = (62(I>/ 02,0Tm,1 < n <N,
1<m< N);

e BBIYKCJISIETCS HEBSI3KA MCXOAHOM UTepallun

«Wn]? X NONE
@(o)z[%} EZ[?%],
n=1 n

HbIOTOHOBCKHH 1penukTop X&) — A®) y HeBsi3Ka HBIOTOHOBCKOrO
MIPEIAKTOPA

PN . OEUNONE
q)(1)=[a<1>(x A )} ZZ[BQ(X A )].

ox Oz, ’

n=1

e II0 COOTHOIIEHUIO HEBA30K OIIpeensieTcsi KOPPEKTUPYIOMuil

mar.:
) _ ¢(0) +6¢(1) b <
T - —, O < AN 1,
¢(0) + (1)

rae 0 — HaCTPOeYHbBIH MapaMeTp MeTOa;

e IIPOBOAMTCS OKOHYATEJIbHBIA pacyeT HOBOI uTepanuu mo ¢op-
MyJie

x(HD) = x() _ (A, (8.11)

Ecau nonoxuts 6 = 1, T0o 31 POpMYIIbI IEPEXOIAT B KIACCHIECKHIA
meron HeroToHa.
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Kiaccuueckuit meron HeioroHa xopomio paboTaeT Ha KOTJIOBU-
HaX, [IHO KOTOPBIX IOYTH HEU3OTHYTO, T. €. JINHUHU YPOBHS OJIM3KHU K
9JUIAIICAM: B 9TOM CJiy4ae ypaBHeHus: cucreMsl 0P /9x = 0 6u3ku
K JIMHEHBIM, JaXKe €CJIM KOTJIOBHHA CUJIBHO BBITSIHY Tasl.

Eciu gHO KOTJIOBHHBI CHJIBHO M30THYTO, T. €. 3TO OBpAr, TO TPa-
€KTOpHsl KJIaCCHYeCcKoro Merona HbIOTOHa TPYOHO mpeacKasyeMa.
Ouepennoe npupamenre Al®) Moxker okasaTbcs 04eHb GOJBLINM,
MIPOCKOYNTD OJsimaKaiiimuii u3rud oBpara ¥ BHIOPOCUTH TPAEKTOPHUIO
3a mpeesibl OBpara.

O6061ennbiii Meron HeloToOHA Ha KOTIOBHHAaX BeleT cebsd Tak
»Ke XOpOIllo, KakK M KJjaccuieckuit meron. Ha oBparax ero Tpaekro-
pHist 6BICTPO IPUBOIMUT Ha JHO oBpara. Janee npupamenus A®) ro-
BOJIBHO CHJIBHO YMEHBIIAIOTCHA, W MpoIecc TpebyeT odeHb GOJIbIIO-
ro 4mciia maroB. TpaeKTopus yBEPEHHO MIET BOIM3M JHA OBpara B
HANPABJIEHUU TOYKM MHUHMUMyMa. [103TOMy B MHOrOMEPHOM CiIydae
06061ennsiit MeTon HeioToHa ele 60Jiee BBITOJIEH, YEM B OHOMEP-
HOM.

OTtinyrie MUHIMYMOB OT MAKCUMYMOB €CT€CTBEHHO IIPOU3BOIUT-
cs1 B xozie pacueTa. Eciu Bunno, uto ntepanmn x(®) cxoqsTes K HEKO-
TOpoMy mpezeny, a 3uadenus ®(x(*)) mpu 3TOM MOHOTOHHO yMeHb-
IAIOTCS, TO MPOIECC CXOAUTCA K MUHUMYMY (DYHKIIAH.

Pasnocmnvie npousdsoduwvie. B metone HeioToHa 1 ero 0606-
IIEHUH €CTh JIBE MPOIELYPhI, TPYIOEMKHE NPH OobIIuX N: BEIYUC-
JIEHHe MAaTPUIIBI BTOPBIX MPOU3BOAHBIX (T€CCHAaHA) U PELIEHUE CHCTe-
MBI JINHEHHBIX YDABHEHUH.

B HekoTOpbIX yuyeOHHKAX JJIsi YMEHbIIEHUS TPYA0EMKOCTH Mpe-
JaraeTcss 3aMOpaKuBaThb MaTpuily 0°®/0x? xoTs 6bI Ha HECKOJIb-
KHX COCEIHUX MTEPAIMSX; STOr0 KATErOPUIECKH He PEKOMEHIYeTC sl
IenaTh, n00 CXOAMMOCTh METOIa MOXKET PE3KO yXyamurbes. OdeHb
2KEJIATEJIbHO TaKXKe MOJIb30BAThCSA TOYHBIMU AHAJTUTHUYECKUMU BbI-
PaXeHUsIMHU JIsi BBIYUCJIEHUS [IEPBOM U BTOPOi MPOM3BOIHEIX: Oe3
9TOr0 HEBO3MOXKHO 0ODECIEYUTH BBICOKYI) TOYHOCTb HAXOXKIEHUS
ToukM MuHHMyMa. OIHAKO aHAJIUTHYECKHE BBIPAXKEHUsI OKa3bIBa-
IOTCS OYEHb M'POMO3AKHMH, & CAMO MX HAIIMCAHUE W IIPOrPAMMMPO-
BaHUE 3aHUMAEeT MHOTO BPEMEHU U COMPSKEHO ¢ omubkamu. B aToit
CUTyalluu MPHUOEraroT K Pa3HOCTHOMY BBLIYHMCJIEHHIO MPOU3BOIHBIX,
AHAJIOTMYHO OJIHOMEPHOMY CJIy4alo (cM. moxpasa. 8.1.2).

OfHako B MHOCOMEDHOM cCilydae TpebOoBaHUsI K TOYHOCTH U Ha-
JEXKHOCTH BBIYUCJIEHHS] MMPOM3BOIHBIX CYIIECTBEHHO BBINIE, YEM B
OJIHOMEPHOM CJIy4ae: MPUIETCS PeIllaTh CUCTEMY JIMHENHBIX ypaBHe-
HUIA, & IOTPEITHOCTh MATPUYHBIX 3JIEMEHTOB IIpH OOJILIINX pa3Mep-
HOCTSIX MOXKET 3aMETHO CKa3aThCsl HA TOYHOCTH pe3y/ibTaTa. I[lo3To-
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My 11eJ1ec000pa3HO UCIOJIBb30BATD MPOIEAYPY CO CIYIIEHUSIMHU CETKH,
ONHMCAHHYIO B KOHIle moxpa3xn. 6.3.1, HecMOTps Ha ee 3HAYUTEILHO
OOJBIIY IO TPYAOEMKOCTb.
®OopMYJIBI AJ1sT TEPBHIX ¥ BTOPBIX IPOM3BOIHBIX MO KaXKIOMY ap-
TYMEHTY NPUBEIEHDI B moAapa3n. 8.1.2, HO B MaTpPHIIe BTOPBIX ITPOU3-
BOIHBIX TPEOYIOTCH ellle U CMEeIIaHHbIe BTOpbIe mpou3Boanble. [Ipu-
BeseM 0a30ByI0 DOPMYJTy MUt MPOCTEHIIIEro cirydas MYHKIUU IBYX
nepemenHbix ®(z,y). Beibepem pasnble maru hg, hy 00 pasHeM me-
PEMEHHBIM U 3aIIHUIIEM
o’ 9 (0% _ 0 [®(z,y+hy)—®(z,y—hy)] _
%%"%(%) [ 2hy -

~ oz
P+ hs,y+hy) =P+ hayy—hy) —P(x — ha,y+ hy) + 8(z — hayy — hy)
= 4hzh, :

(8.12)

Ecnu ansi noBBIIIEHNsSI TOYHOCTH MPUMEHSIETCS TMPOIEAYypa Cry-
IIEHUsI CETOK, TO 00a mara B (8.12) Hal0 yMEHbIIATH OMHOBPEMEHHO
B OWHAKOBOE YMCJIO Pa3.

Kpumeputi cxodumocmu. Ecin npon3BoaHbIE BEIYUCIAIOTCS
AHAJIUTUYECKH, TO UTEpaAlTUU B6J'[I/I3I/I HEBBIPDO2XKIEHHOI'O0O MUHUMYMAa
MOXKHO OCTAHABJIMBATH 110 KPUTEPHUIO

[x®) —x(Y| <. (8.13)

CXoouMOCTh KJIACCHYECKOro U 0000IIEeHHOro MeTonoB HeioToHa
KBaJpaTU4Has, IO3TOMY IPHU BBINIOJHEHUH KPUTEPHUS OTJINYHE x(s)
OT TOYKH IKCTPEMyMa OyJeT MHOTO MEHbIIEe €. TAKUM 3Ke KPUTEpH-
€M MOXKHO T0JIb30BAThCS U B CJIy4ae PA3HOCTHOI'O BHIYHCIIEHHUS TIPO-
HU3BOAHBIX. O,D;HaKO IIpHU 3TOM Ha A0 JOIIOJIHUTEJIbHO CJI€IUTh, ‘{T06bl
Pa3HOCTHBIE IPOU3BOAHBIE BBIYUC/IAJIUCH C ,I[OCT&TO‘IHOﬁ TOYHOCTBIO.

8.2.3. MHoroakcTpemanbHOCTb

Ecnu dbyHKIMS ©MeET MHOTO 3KCTPEMYMOB, TO BOIPOC BBIOOpa
HYJIEBOrO NPUOJIMXKEHUs JJIsi MX OTHICKAHWS HAMHOTO MEHee siCEH,
4eM B omHOMepHOM ciydae. Ilycts ucxomnasi N-mepHas 00J1acThb
uMmeer o6bem V u adextusnbiit guamerp D ~ VN Ecnu BbI-
6paTh B Heit M ciydaiHBIX TOYEK B KAa4eCTBE HYJIEBOTO MPHOJIH-
JKeHWsI, TO B CPEJHEM Ha KaXXIyl0 TOYKy mnpuzaercs oobem V/M c
s dexTupasM auamerpom d ~ (V/M)V/N ~ D/MYN . Korna pas-
MepHOCTh 3aaa4u Beauka N ~ 100, To Jaxke mpu OrPOMHOM YHC-
ae M ~ 10'° mpr monyunm d ~ 10~%'D =~ 0,8D, T.e. paccTosiHue
MeXy CIy4ailHBIMH TOYKaMH OyIeT MOYTH PABHO JUAMETpy obJia-
ctu! BeposiTHOCTH TOro, 4TO XOTh OJHA CJIy4YaiHasi TOYKA OKAXKETCs
DIMBKO K KAKOMY-TO MUHUMYMY, HIYTOXKHO MaJa.
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IIpakTuku BeIpaboOTa U Cleayomue pekoMesganyu. Beionpator
B UCxomHOM obsactu ~ (5 + 20)N caydvaiitbix Todek. VI3 kaxxoi
CJIy4aifHOM TOYKH HILYT 3KCTpeMyM 06061meHHbBIM MeTonoM Heroro-
Ha, OrPAHNYNBASICh NPU 3TOM YMEPEHHON TOYHOCTHIO € CXOXKIEHUS
urepanumit. Kaxkas TpaeKTopus CliyCKa IPUBOAUT Ha JHO KOTJIOBHU-
HBI MJIM OBpara, IpuHaajiexanero omnkaimemy Muaumymy. [Ipu ue
CJIMIIKOM MAaJIOM € KOHEYHasi TOYKa TPAaeKTOPUH MOXKET OKa3aThCs
JIAJIEKO OT TOYKH MHUHMMYyMa, HO JOCTUrHyToe 3HadyeHue P(x) Gyaer
6IM3KO K COOTBETCTBYIOIIEMYy MUHUMANbHOMY (oTimune ~ £2). To
y2K€ [I03BOJIsSIET CPABHUBATh KOHEYHbIE TOYKHM TPAEKTOpHil, IPOBe-
JIEHHBIX U3 PA3HBIX HYJIEBBIX NPUOJIMKEHUH.

Korna Tpebyercst HaiiTu ri106ajIbHbIH MUHUMYM, BBIOMPAIOT KO-
Hell TOi TPaeKTOpHH, Ha KOTOpPOM 3HadeHue P(x) okasasoch Hau-
MeHbIIMM. VI3 Hero mpogoJKaioT CIycK, JOOUBasCh CXOOUMOCTH y2Ke
¢ majbiM €. KOHEYHYI0 TOYKY CIIyCKa NMPHUHMMAIOT 3a ITOJIOXKEHHE
r106aJIbHOr0 MUHUMYMA.

Ecniu TpebyeTcsi HECKOJIBKO MHHHMYMOB, V/IOBJIETBOPSIIOLINX
OIIpeJeIEHHbIM KDHUTEPHUSIM, TO IIOCJIE CPABHEHHsSI BbIOMDAIOT He-
CKOJIbKO HOAXOASAIINX KOHIIOB TPAEKTOPUN U IPOIOJIKAIOT CIIyCKH
U3 HUX.

8.3. PELLEHWNE CETO4YHbIX YPABHEHUW

8.3.1. T'papveHTHbIEe cnyckn

IIpu pemenun ypaBHeHHiI B YaCTHBIX IPOU3BOIHBIX JIJITUITHYE-
CKOT'O THIA CETOYHBIMH METOJAMHU BO3HHKAET CHUCTEMa JIMHEHHBIX
YPaBHEHUI OTPOMHO# pa3MEPHOCTH

Ax =b. (8.14)

Ecnu ceTka no ka»kzoit mepemMeHHoM cogepkUT N y3JI0B, TO B ABY-
MepHOM ciiydae MaTpuna A mMmeer nopsaok N2 (T.e. pasmep mart-
punpl paBeH N2 x N?), a B TpexmeproM — mopsanok N3. Oxrako
3Ta MaTpHIA HMeeT crenudUIYeCKuil BUI: OHA OYEHb CJ1abo 3aI0JI-
HeHa. Hampumep, B AByMepHOM ciydae u3 N2 3/eMeHTOB KaxIoif
CTPOKH MaTDHIBI UL 5 — 9 HeHy/eBbIe; B TpexMepHoM u3 N3 ste-
MEHTOB CTPOKHU HeHyJeBble 7—27. Ilpu 3TOM mosoxkeHue HeHyJIe-
BBIX 3JIEMEHTOB (PMKCHPOBAHO M ONKCHLIBAETCS HECJIOXKHBIM MPABU-
JIoM: OOBIYHO 3TO AMAroHAJb, ABE KOAUATOHAJIH U T. 1. Takue MaT-
pHIIbl HA3BIBAIOT pa3peXXeHHbIMU. HeHysieBble 3JIEMEHTHI B HUX HE
00pa3yroT MJIOTHOIM JIEHTBI, U IPUMEHATb MeTo ['aycca uim gpyrue
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IpsiMble METOABI [IJIsl X DeIlleHusl KpaliHe HeBbIrOAHO. [ljisi ux pe-
LIEHUSI CTPOAT CIEIHaIbHbIE METObl, OCHOBAHHbIE HA MUHUMHU3AIUN
KBaJIpaTUIHON DYyHKIIUH.

B momo6ubIX 3amadyax MaTpuiia A HenpousBosibHas. OHa Bcerma
BEIIECTBEHHA U ToyiokuTeibHa A > 0 (3TO 3HAYUT, YTO AJIs 1I060TO
x # 0 Bomonnsiercs (x, Ax) > 0). Bo mMHOrux 3agadax oHa Tax-
ke cumMmerpudHa. [Toka orpaHnYuMcst UIMEHHO 9THM ciydaeM. To-
raa (8.14) sKBMBa/IeHTHA HAXOXKJEHUIO MUHUMYMAa TIOJIOXKUTEIHLHO
OIIPE/IEJIEHHON KBaAPATUYHON (POPMBI

B(x) = -;—(x, Ax) — (x,b) = min. (8.15)
Jloka3zaTensCTBO 3TOro npuBeieHo B moapasx. 2.1.5. Saxaay (8.15)
pewath MerogoM HeioToHA GEeCcCMBICIEHHO: OH TPEOYET MPSAMOTO pe-
IIEHUs] UCXOAHOM cucTeMsl (8.14).

st Takux 33724 peAJIarajuch pa3jindHble METOIbI IPAIUEHT-
soro cmycka. OHM OCHOBaHBI Ha WJ€€ TMOTOKA BOIBI, CTEKAIOIErO
o penbedy B moMckax Hu3mie# Toukd. Boma crekaeT B Hampasiie-
HuM Hanbosiee KpyToro ckjona. Ho ¢yukius 6eicTpee Bcero yobiBa-
€T B HAIIPABJIEHWH, IPOTUBOIIOJIOXKHOM rpaauenty grad ® = Vo =
= 0%/0x. Torma, eciiu U3BECTHO HEKOTOPOE NIPHOIINKEHUE x®) 10
cJieyroriiee MpUOJINKEHNE UIETCS Ha TIPSIMOT

x(1) = x®) — 1 grad ®(x¥), (8.16)

rae T — napaMmeTp, ONpeledioniyii mar BA0JIb IPSIMOH.

Jns xBamparudaHoit dopmbr (8.15) rpaaueHT MOMpOCTy paBeH
HeBsI3Ke JInHeHoi cucremsl (8.14): grad &(x) = Ax—b = r. Iloaro-
My 1uist Hee popmyia (8.16) mepexonuT B

x(1) =x® — 1wl ) = Ax() b, (8.17)

Ocraercs onpenesuTh BeIMYKMHY I1ara T Ha KaXX 0! UTepallyi.

BrironsocTs mosobHOro moaxona CBsi3aHa C MAaJION TPYAOEMKO-
cThIO Kaxkaoi ureparuu. Ha Heit TpebyeTcss ymMHOXKaTh MaTpuiy A
Ha BeKTOD X(®). DT0 [IeJ1al0T SKOHOMIYHO, BK/II0UAS B PACYET TOJIBKO
HEHYJIEBBIE 3JIEMEHTHI MATPHUIBI A, MECTOIIOJIOXKEHNE KOTOPHIX 3apa-
Hee TOYHO M3BECTHO. 10O K€ OTHOCUTCS K OMEPAILIMH CJIOXKEHHSI BEK-
TOPOB.

8.3.2. Hauckopeiiwmii cnyck

B srom merone cmyck mo mpsimoii (8.16) mpomosnkaercss go Tex
nop, MoKa 3HadeHus: GyHKnuoHasa (8.15) BmoJib Hee yOBIBAIOT.
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C yuyeToM cuMMeTpHuHu MATPUIBI A IpPOBEAEM CJIeyIOIIUe Tpeodpa-
30BaHUSA:

B(x(v)) = 5(x® — ),
Ax® — @) — (x() — ) b) = (8.18)

N | =

2
= T5(r(’), Ar®)) — ¢(r® r®)) 4 &(x(*)).

st onpeesieHus HU3MIEeH TOYKU BAOJIb IPSIMOM IPHPABHUBAEM
HyJTI0 IpOoU3BOAHYIO OT (8.18) 1o T ¥ moJsiydaeM Imar MeToAa HaucKo-
peiilzero crycka:

) = (@, 1) /(x(9) Ar)), (8.19)

34ech YUCINTED MOJIOXKUTENEH B CHIy CBOUCTB CKAJIAPHOTO IIPOU3-
BEJICHHS, 8 3HAMEHATE/Ib — B CUJIy MOJIOXKUTEJbHOCTHA MATPHUIIBI A,
TaK 4TO ‘ES{Z) > 0. JIpu:keHue OeHCTBUTEIHLHO MTPOUCXOAUT MIPOTUB
rpajyeHTa.

Czrodumocms. Ilockonsky maTpunia A > 0 cuMMeTpHYHa, BCe
ee cOOCTBEHHbIE 3HAUEHsI BEIECTBEHHDI U TOJIOXKUTENbHbI. [J1s 3J1-
JIUIITUYECKUX YPABHEHUIN 3TOT CIIEKTD MMEET CIeUudUIeCcKoe pac-
npejiesieHe COOCTBEHHBIX 3HAYEHUH, TPUIEM Amax > Amin (OTHOILIE-
HUE Amax/Amin ~ N 2 rge N — 4HCIIO y3710B Pa3HOCTHOM CETKH IO
KaxXKJ0i KOOpJMHATE).

B sToM ciiy4yae JOKa3bIBAETCs, 9YTO METOJ] HAMCKOPEMIIIErO CIIyCKa
CXOIMUTCS JTUHEHHO C OYeHb OJIU3KUM K €IUHHIE 3HaMEHATEJIEM:

‘x(s+1) —_ x(s)l ~ qlx(s) —_ x(s_l)l’

9 = (Amax — Amin)/(Amax + Amin) = (8.20)
~ 1 — 2\min/Amax = 1 — O(N72).

OTcroga BUAHO, YTO CXOAUMOCTDb MTepaluii 04eHb MeaieHHas. s
HAXOXJAEHUs] TOYKA MUHMMyMa C TOYHOCTBIO € HY>KHO OTDOMHOE
YHUCJIO uTepauuii S:

S =~ Amax/(2hmin)] In(1/€) ~ N2, (8.21)

MeTon HauUCKOPEHIIero CIycKa OKa3bIBAETCS OJHUM U3 CaMBIX
MeJIEHHBIX METOIOB.

U3-3a 61M30CcTH ¢ K €JUHMIIE KPUTEPHl NMPEKPAIIEHUs UTePa-
oMii cileiyeT BHIOMPATh OCTOPOXKHO. Heslb3si MCIOIb30BATh KPUTE-
puit |x(s+1) —x®)| < €. Cnenyer onpenensTs 3pdpexTUBHOE 3HAIE-
HHUE ¢ B XOZ€e pacyera o TPEM COCEIHUM UTEPAIUSM U KCIIOJIH30BATH
YAy4llIeHHBbIM KpUTEPU JUHEHHON CXOOUMOCTH:
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(s+1) (s) (s)

X -xV| <e(l-

l ) | <e(1—g"), 1 (8.22)
U3 (8.22) BuaHO, 9TO 0Ty 4uTh HOCHeAHMe 4 — 5 3Havammx uudp

TOYHOTO PElIeHUs STUM METOJOM HeJIb3sl.

8.3.3. MunumanbHblie HeBA3KU

BosbMmeM Ty ke anTUrpagueHTHYO npsamyto (8.16), 94To u B MeTo-
Je Hauckopeiimero crnycka. OHAKO mar BbIbepeM U3 APYroro ycJjo-
BHUsl — YTOOBI HOBas HEBsI3Ka ObLIIa MHHHUMAJIBHON B CMBICJIE HOPMBI
Bektopa: (r(*+1) r(s*1)) = min. Dro npusomur x UHOM 33734 Ha
MUHHUMYM KBaJpaTUYHON DYHKIUH OT T:

(r(s+1),r(s+1)) — (Ax(s+1) _ b,AX(s+1) _ b) —
= (A®) —1wr®)) — b, A(x() — r(®)) —b) =
= 2(Ar®, Ar()) — 2t(r(®), Ar®) + (2(9) +(8)) = min.

IIpupaBHsIB Hy/IIO TPOU3BOIAHYIO IO T, MOJIYYUM IlIar, 0becnevyu-
BAIOUMH MUHUMAJILHYIO HEBSI3KY BJI0JIb AHTUTDAJMEHTHON MPSIMOii:

1) = @), Ar®)/(Ar®), Ar)), (8.23)

Merton ¢ TakuM BbIOOPOM MIara Ha3bIBAIOT METOIOM MHHUMAJIb-
HBIX HEBSA30K. 3JHAMEHATEJb MOJIOXKUTEJIEH B CUJTy CBONCTB CKAJISIP-
HOT'O IPOU3BEICHUS, & YUCIUTEH TAKKE TOJIOKUTEEH, TOCKOJIBKY

A > 0. CnenoBaTenbHO, tﬁfg > 0.

CobcTBeHHbIE BEKTOPBI CUMMETPUYHOM MaTpuipl A > (0 0bpa3y-
IOT OPTOTOHAJIBHBIA 6asuc. Paznoxennem x(8) HerpymHO nokasaTs,
4TO

1/)\min P> tl(-!i) = Tffg 2 1/)\max > 0.

TakuMm obpa3om, miar MeTrona MHUHUMAJIbHBIX HEBS30K BCETIa
MeHbIIIe, YeM y Hauckopeiimero ciycka. HecMoTpst Ha 3T0 MOXKHO H0-
Ka3aTh, YTO METOJ MUHUMAJIbHBIX HEBA30K CXOJUTCHA TOYHO C TAKOM
)K€ CKOPOCTbHIO, KAK U MeTOJ, HaNCKODEeHIIIero crycka. 3JHaMeHaTe b
€ro JIMHENHON CXOMUMOCTH U TpebyeMoe YKCJIO UTEPAIHl ONHUCHIBa-
1otcs bopmynamu (8.20) u (8.22).

Meron, MUHUMAaJBHBIX HEBSI30K HMEET OJHO NMPEUMYLIECTBO IIe-
pen MeToaoM Hamckopeitmero cnycka. Popmysia ero rmara nmpume-
HHMa Jlake B TOM ClIy4ae, KOrja Marpura A He sBIISIETCS 3HAKO-
onpenenenHoit. BepositHOCTS TOrO, 4TO B X01€ HTepanmii Ar(®) = 0,
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uynesas. Ecin xe Ar(®) £ 0, To 3snamenarens B (8.23) Bceraa mo-
soxutesied. Ho ipu 5TOM BO3MOXKEH OTPHLATENbHBIA YUCIUTEND U
(s)

Tyr < 0, 4TO JOTMyCTHMO, HOO MO HANPABJIEHUIO AHTUTPATUEHTA 00sI-
3aH yMEHBIIATHCA TOJBKO P(X), a He HeBsI3Ka.

8.3.4. YceueHHblii cnyck

Oba omMCaHHBIX METOJA CXOASATCS HACTOJBKO MEJJIEHHO, YTO
MOJIHBIA 00'bEM BBIYUCJIEHWM JJIsi JOCTUKEHUS TOYHOCTH € HEIpH-
eMJIEMO BeJIMK, HeCMOTDsI Ha JeleBU3Hy onHO# urepauun. OgHaKO
€CTb IIPOCTO€ BHUIOW3MEHEHHE 3THUX METOJOB, PE3KO NOBBIMIAIOIIEe
CKOPOCTB CXOAMMOCTH B MOIABJISIONIEM OOJIBIINHCTBE NPAKTUIECKHU
BaXXHBIX CJIy4aeB.

Bynem ymHOXAaTbh pacdeTHBbI Imar ‘L'(s), HalineHHslt Mo dopmy-
nam (8.19) uin (8.23), Ha OCTOSTHHBII TONPABOYHBIN KO3 HUIHEHT
¢, ¥ IOJIyYUM (POPMYJIbI METOJA YCEYEHHOTO I'PAJUEHTHOTO CILYCKa!

(&) = crgsc) a8 = CTEfH- (8.24)

Ha 6051p1110M 4pIC/IE TECTOBBIX MATPHIIL C PA3JIAYHBIMH CIIEKTPAME
ObLIa UCCIEI0BaHA 3aBUCUMOCTD YHCJIA UTepaluii S, HeOOXOAMMBIX
JJIsi TIOJLyYEHUST TOYHOCTH €, OT BEJIMYHUHBI IIOMPABOYHOrO K03 du-
nueHTa c. TunuyHas KapTUHA IpUBEIEHA Ha puc. 8.4.

lg$

3,6

32+

28+

24

I L 1

0 1 2 c

Puc. 8.4. Yceuennslit rpagueHTHBIN CIIyCK. 3aBUCHMOCTD YUCJIA UTEPAIUi
S ot nonpaBoyHOro Ko3gdunreHTa ¢
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IIpu ¢ = 1 MeTon mEpPEXOOUT B KJIACCHYECKUE METOIbl HAaUCKO-
pefiinero Cycka Wi MUHUMAJILHBIX HEBs30K. [Ipu yBesmdyeHuu c B
uaTepBae 1 < ¢ < 2 4KC/I0 UTEPALUit OCTAeTCA IPAKTUIECKH HEen3-
MEHHBIM (XOTs JJisi METOJA HaWMCKopeiinero cuycka ¢ > 1 o3Hada-
€T y2Ke JIBU2KEHUE Ha MOJ'beM IO MPOTUBOMOJIOXKHOMY CKJIOHY KOT-
soBunbl). [Ipu ¢ = 2 pocruraercs smnHus yposHsi $(x), coorBerT-
CTBYIOLIAsI Ha49aJIbHOM ToYKe ciycKa. [Ipu nanpHeiiem yBennyeHuu
¢ > 2 gucio utepaluii pe3ko so3pacraeT. HaobopoT, mpu yMmeHblie-
HUU ¢ < 1 umcio uTepanuil cHadajia pe3Ko naaaer. B mHTEpBase
0,80 < ¢ < 0,95 oHO IPUMEPHO CTAOUIN3UPYETCSI, IPUYEM Ha OYEHb
HU3KOM ypoBHe. IIpu majbHeiieM yMEHBIIIEHMN ¢ OHO CHOBa BO3-
pacTaer.

Taxum obpasom, Beibupas auamna3on 0,85 < ¢ < 0,90, MbI Ha-
JIe2KHO OCTaeMCsl B pailoHe HauMeHbIIero yuciia urepamii. Camo 3To
YHCJI0 XOPOIIO OMUCHIBAETCS POPMYJIOit

S ~ v/ Amax/Amin Ine ™ = O(N). (8.25)

B pacuerax mpakTHuYecKuX 3aJa4 IS 3JITUINTUYECKUX YpaBHE-
HUU 9TO O3HAYAET YMeHbllleHne yucia urepanuii B ~ 100 <1000 pa3
IO CPABHEHUIO C KJIACCMYECKUMU METO/IaMu ciycka. IIpu aTom Mme-
TOJ, HE CJIOXKHEe KJIACCHYEeCKUX U aBTOMATUYECKH HACTPAUBAETCS HA
rpaHUIbI CrieKTpa MaTpulbl A (T.e. He TpebyeT 3HAHUS Amin, Amax)-
ITpegnouyruresnbHee paboTaTh, YMHOXKAsI HA C IIAr METOAAa MUHU-
MaJIbHBIX HEBsI30K (8.25), Tak KaK 9TOT METOJ IPUMEHUM K 3HAKOIIe-
peMennbiM MaTpuniam A. [TpoBepka Ha TecTax mokas3ajia, YTO METOZ,
COXpaHsieT CKOPOCTh cxoguMocTH (8.23) JaXke Ha HECHMMETPHYHBIX
MaTpunax A, eciu OHM BO3HHUKAIOT U3 33/1a4 alIIPOKCHUMAIUH YDPaB-
HEHUl B YACTHBIX IIPOU3BOAHBIX JUIUNITAYECKOrO (HO He runepbosu-
geckoro!) Tuna.

Beenenue ko3 dunmenTa ¢ ABISETCS SMIMPUYECKUM IIPUEMOM,
HE MMEIOIUM CTPOroro oboCHOBaHUs. Bojiee TOro, MOXXHO IOCTPO-
UTH NPUMEPHl CUMMETPUYHBIX IOJIOXKUTEJbHBIX MATPHUI[ C TAKUM
crieKTpoM (HampuMep, KOrja BCe COOCTBEHHbIE 3HAYEHUs] MATPUIIBI
OIMHAKOBBI), YTO METOJ, YCEYEHHOrO IPAIUEHTHOrO CIycKa Oymer
CXOIUTBHCS CYIIECTBEHHO XykKe oueHKH (8.25). OgHako 3T0 HeTUnuY-
Hble cJiydau. B GOJIBIIMHCTBE XK€ MPAaKTUYECKUX 33439 METOJ OKa-
3aJicst BeCbMa 3 HEKTUBHBIM.

8.3.5. ConpsixeHHble rpagveHTbl

Cy111ecTByIOT METO/IbI, KOTOPbIE IIPH IIPOU3BOJILHOM CIIEKTPE CUM-
METPUYHON MOJIOKUTETbHON MaTpuibl A 06ecreunBaoT GHICTPYIO
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CXOIMIMOCTBb CO CKOPOCTHIO (8.25). DTO METOABI CONPSXKEHHBIX I'Pa-
OVEHTOB, COIPSIKEHHBIX HEBS30K M HEKOTOpBIE Apyrue. IloscHuM
HJIEI0 UX TIOCTPOEHMUSI.

B Meronme Hamckopeiiliero ciycka IBHXKEHHE IO HAIPABJIEHUIO
r(®) mpomomkaercs:, moka dbYHKIMOHAN He ZOCTUTHET MAHAMyMa Ha
9TOM IPsIMOM. DTO O3HAYAET, YTO JIMHUS CILyCKA KOCHYJIACH SJIIAIICO-
una — runeprnoBepxHoctd yposHst O (x) (8.18). Hanpasnenue cremy-
foutero cmycka r*t1) nepresuKy/IspHO TUIEPIOBEPXHOCTH YPOBHS,
npoxozsimeit yepe3 Touky x(*1t1). Tem caMbiM OHO IIEpPIEHANKYIISPHO
HAIpAaBJIEHNIO IpeabIayero cuycka: (r(®), r+1)) = 0. Amanornuno
6yzer r*tD) nepnengukynsipro r6+2). Ognako r® u r6+2 ne 065-
3aHbI OBITH IEPIEHJUKYISIPHBIMH.

B MeTone conpsizkeHHBIX CIIYCKOB OUepeIHbIE HAIIPABJIEHUS BbI-
OGUpalOTCHd TakK, 4TOOBl OHM OBLIM TIEPIEHAMKYIAPHBI Cpa3y BCEM
npenbiaymuM. IIpu 3ToM KaxIwiil pa3 HUINETCs MUHUMYM He BJOJIb
MIOCJIeTHErO HATIPABJIEHHS], & BO BCEM NOANPOCTPAHCTBE, 0OPa30BaH-
HOM BCEMH Y2Ke HalleHHbIMM HanpaByeHusMu. IIpu aTom popmysnsl
METOZa MOCTPOEHBI TAK, YTO IOMHHUTDH BCE MPEIbIAYIINE HAIpaBJie-
Hust He TpebyeTcs. JJocTaTouHO COXPaHATD JIUIIL HHMOPMAIIHIO O Te-
kymeM mare x(®) u npepiaymem x5~ BeBox sTux dopMy BeCh-
Ma rPOMO3/IOK, OHAKO CAMH OKOHYATEJbHbIE (DOPMYJIBI JOCTATOYHO
MPOCTHI.

EcTb HECKOIBKO BAPHAHTOB 3TOr0 METO/IA: COIPSI2KEHHBIE TPAIH-
€HTBI, CONPSI?)KEHHbIE HEBSI3KU M JPYrue, IPUYEM C PEKYPPEHTHBIM
WJIM HEPEKYDPEHTHBIM BbIYUC/IeHNEeM HeBA3KH. [IpuBeneM dopmysibt
IIEPBOTO U3 HUX.

[ToMuMO BEKTOPOB peliieHusI X, NpaBoii 4aCT! b 1 HEBSI3KM I' BBO-
JAT JBa BCIIOMOTaTeJIbHBIX BEKTOPA P, q U YeThIpe CKauapa a, 3, R =
= (r,r), Q. B kauecTBe Hys1eBOrO NPUOIMIKEHHS BHIOUPAIOT

x© mo6oe , r@® =p — Ax©®, p©® =0, RO = (r(O),r(O)).
,Z[aJIbHeﬁmHe HTEpaymu 8 = ]., 2, .+ . BBIIOJHAKT IO CJIE€AYIOIIUM
dbopmynam:
p(s) — r(s_l) + ﬂ(s)p(s_l)’ q(s) — Ap(s)’ Q(s) — (p(s),q(s));
29 = RE-D /00 x©) = XD 4 46)p0®);
F©) = 16D _ @, RO) = (9, ),

Urepanuu npoBogaT A0 TeX MOp, OKa HE BBIOJHUTCS YCJIOBUE
cxomamoctn R®) < €2R(O) rre € — Tpebyemas oTHOCHTEbHAS TIO-
CPENTHOCTb.
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8.3.6. HenuneirnocTb

KBanparnuynasi pyHKIHS OOJIBIIOH Pa3MEPHOCTH BO3HUKAJA B
3a7a4ax pelIeHHs JIMHEHHBIX CUCTEM OoJblIoi pa3MmepHocTH. s
MHWHMMH3AINN [TPOU3BOJILHBIX HEJTMHEWHBIX (DYHKIUH OYeHb 06OJIb-
10# pa3MepHOCTH 3¢pPEKTUBHBIX METOOB HeT. OJHAKO CYIIeCTByeT
BaXHBIN KJjacc 38434, riae pyHKIMs O0IbIIOH pa3MEPHOCTH B HEKO-
TOPOM CMbIcjIe 6yin3Ka K KBaapaTudHoi. OHM BO3HMKAIOT U3 pelle-
HUS SJITANITUYECKUX YPaBHEHN, KO3(DDUIIMEHTHI KOTOPHIX 3aBUCSAT
OT CaMOro pellleHus, HO He CJHUIIKOM CuiIbHO. Takue 3aa4i MOXKHO
3anucath B hGopme

®(x) = (x, A(x)x) — 2(b(x),x) = min, (8.26)

rae 3aBucuMocTH A(x), b(X) MOXXHO CYMTATH JOCTATOYHO CIAOBIMH.
Hainee 6ymem paccmarpusath 3azady ®(x) = min, He Tpebys
dopmanbraoro Buma (8.26), HO HesiBHO ero mpeamonarasi. Iloctpo-
UM MTEPAIMOHHBIA aJIFOPUTM M0 aHAJIOTMH C METOJAMM CILyCKa ISt
KBaapaTu4dHOit byHknuu. B aToM ciyuae HeBsi3koit OymeT BEeKTOD
r(® = grad ®(x(®)) = 9®(x(*))/0x = ®,. Ananorom maTpuie: A 6y-
JIeT MaTpHIa BTOPHIX MpOu3BOIHbIX 9°®(x(9))/0xdx = ®,,. Torma
hOpMyJIBI TPAJUEHTHOIO CIIyCKa IPHOOPETAIOT CIIEAY IO BU:

x(+) = x(8) _ (D (x(9)), (8.27)
3necw mar 1) nys ananora metona HaMCKOPEMIIIEro CIyCKa paBeH
) = (‘Dm(x(s))a‘I’m(x(s)))/(@z(x(s))a q’m(x(s))@x(x(s)))3 (8.28)
IJIS aHAJIOT'a, METOa MUHUMAJILHBIX HEBSI30K COCTABJIET

(8 = ((I’I(x(s))’ Do (x(s))(I,z(x(s))) (8.29)
(P (x()) B (x(2)), By (x(2)) P (x(2)))

ITockonbky camu 1o cebe 3TH METOABI CXOISTCS MEIJIEHHO, 1eJjie-
c000pa3HO NPOBOJUTH YCEYEHHBIE CITYCKH, YCKOPSIOIINE CXOAUMOCTbD.
st 3Toro maru (8.28) u (8.29) yMHOXKAIOT Ha YHCIEHHBIH KO3 -
[IMEHT, NpUOIM3UTENHHO paBHLlii 0,85.

8.4. BA0A4YN C OTPAHUYEHUAMU

8.4.1. HanoxeHnue cssa3eit

B skxoHOMuKe U TEXHUKE CymieCcTByeT MHOro 3aJa4 Ha IIOUCK MU~
HHUMYMa @(X) C JONIOJTHUTEJIbHBIMA OTPaHUYECHUAMM. Takue OrpaHu-
YEeHUs1 MOryT OBITH paBE€HCTBaMHU HWJIN HEpaBE€HCTBaMHU. HaanMep,
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PaccCMOTPHM, KaK BBITOJHO PA3MECTUTh 3aKa3 Ha M3rOTOBJIEHHUE OI-
HOTHITHOM MPOJIyKIMN MEX/1y HECKOJBKUMH 3aBOJIaMH OAHOMN dbup-
Mbl. Hano MUHMMHU3HPOBATH Ce6ECTOMMOCTD U3rOTOBJICHHUS, T. €. 3TO
3ajaa4a Ha MuauMyM. Kaszanocs 661, Ha[0 OTAATh BECh 3aKa3 3aBOLY,
HA KOTOPOM ce6eCTOMMOCTD BBIYCKa MUHHMaJbHas. Ho y kaxmo-
r'o 3aBOJIa UMEeTCH OTPAHUYEHHOE YKCJIO CTAHKOB 1 pabouux. Orcro-
J1a BO3HUKAIOT OrpaHUYeHus TUna HepaBeHCTB. [lo KaXxmoMy 3aBo-
AY AOJI2KHBI BHITIOJIHATHCS OAJIaHCHI IIOJIyYeHHUSI U PACXOAa JIEKTPO-
3HEPr¥H U ChIPbsi. 9TO IPUBOIUT K OrPAHMYEHUSIM THUIIA, PABEHCTB.

CHayaJjia paccMOTPUM OrpaHWYEHWs] THUIa paBeHCTB. Torma
N-mepHas 3a5a4a ¢ M cBsi3siMu (OrpaHUYEHUSIMU TUIIA DABEHCTB)
TPUHUMAET CJeLy oMM BUI:

®(x) =min, x={zp,1 <N N} (8.30)
Pom(x) =0, 1<m<M. (8.31)

Kaxmoe ckansiproe orpanndenue (8.31) o3HauaeT BbIAEJICHUE U3
HEKOTOPOT'O IIPOCTPAHCTBA, ITOANPOCTPAHCTBA PA3MEPHOCTH HA €Iu-
HUIly MeHbIle. Bce orpaHnyenusi B COBOKYITHOCTH YMEHBIIIAIOT pa3-
MepHOCTb mpocTpaHcTBa Ha M. Takum obpasom, 3anada (8.30),
(8.31) ecTb nouck MuHMMyMa, N -MEPHOIA CKaJISAPHOM DyHKIUY B IO~
npoctpaHcTBe pa3mepHoctd N — M. Ilpy M = N 3T0 noampo-
CTPAHCTBO CBOIOUTCS K TOYKe (MM JMCKPETHOH COBOKYIIHOCTH TO-
4ek). B aToM ciryudae 3amava dpakTudecku nepectaeT ObITh 331396l
Ha muauMyM. [loaToMy comep:karesbHbI ub 3aaaun ¢ M < N.

Ecinn Bce orpanudenus (8.31) simHeHHbI, TO MOXKHO 3aIUCATD SIB-
HOe BBHIpa)keHHe IMOAIPOCTPaHCTBa orpanndenuii. Ho maxe B 3ToM
mpocTeiiuieM ciaydae npu bosbimux M, N Takoe siBHOE BbIpaKEHHE
OyIeT rpoOMO3IKMM M HEYAOOHBIM JJIsl MPAKTUYECKOrO UCIOJIb30Ba-
Husi. B HeJlnHEHOM XKe clly4ae SIBHOE BHIPaXKeHHe MOANPOCTPAHCTBA
HalTH He ynaercs. [103TOMy MCIONB3YIOT METOI HEOIpPENeIEHHBIX
MHOXKuTenei Jlarpanxxa. Hanomuuwm ero.

Bribepem M cBOGOOHBIX TAPAMETPOB Ay, 1 < m < M. Paccmor-
pUM 3a/1a4y Ha MUHUMYM CJIeAytomei pyHKIuu:

M
F(x,)) = ®(X) + > Am®m(x) = min. (8.32)
m=1
910 yukiuus N + M HEepeMEeHHBIX T1,L2, ..., LN, A1, A2, ---,AM-

Ee Muaumyw™m umercst Bo BceM (N + M )-MepHOM npocTpaHcTBe. 3a-
nada (8.32) ecTdb 3a5a4a Ha IKCTPeMyM Oe3 orpanndenuii. s ee pe-
[I€HUsT HY>KHO NIPUPABHATH HYJ/II0 YACTHBIE IPOU3BOAHbBIE F'(X,\) MO
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BceM aprymenTaMm. luddepennuposanue (8.32) no A,,, naer ypasHe-
HUSl, SIBJISIFOLIMECS] UCXOAHBbIMU orpaHudenusiMy (8.31). duddepesn-
upoBanue xe (8.32) 1o z, JaeT clenyye ypaBHEHHs:

M

OF _ 0%(x) Opm (%) _ -
or = Ba. +m2=1xm =0, n=12,...,N. (8.33)

VYpasuenus (8.31) u (8.33) obpasyior cucremy M + N ypaBHeHwmii
JUIsL ONIPEJIEJIEHHs TAKOrO K€ YUCJIa HEM3BECTHBIX {ZTn,Am }. Takum
06pa3oM, 3a/1a4a Ha IKCTPEMYM CO CBSI3SIMHU CBEJIACh K OOBIYHOM 3a-
Jlade MUHUMHU3anuu 6oJIbIelt pa3MepHOCTH.

Jnsi mpou3BosbHOrO BuAa (DYHKLIUA ¥ HE CIHUINKOM GOJIBIIMX
3Hauenuit M, N nosydyeHHy 0 3a1a4y B GOpMe CHCTEMbI YPaBHEHUI
(8.31), (8.33) MOXHO pemaTh KJIACCUYECKUM UM O0OOLIEHHBIM Me-
tonamu Heiorona. Eciu N u M o4eHb BeuKHU (YTO TUIUYHO JJIsI
337184 9KOHOMUKH ), TO 331249y YAAETCsl PEIUTh JIMIIb /Il crienudu-
yeckux pyHKumit (KBaAPATUIHBIX, IMHEHHBIX UM OYEHb OJIM3KUX K
HUM). B 3TOM ciiy4ae mosie3Hbl METOABI I'PAJAUEHTHOTO CILyCKa, OIH-
CaHHBIE paHee.

8.4.2. OrpaHudenHas obnacrb

PaccmorpuM 3amady noucka MuHuMyMa B N-MEpPHOM IPOCTPAaH-
cTBe ¢ L orpaHUYeHUsIMU TUTIa HEPABEHCTB:

®(x) =min, x={zp,1<n< N}, (8.34)
Wx) <0, 1<I<L. (8.35)

Ecnu 661 orpannyenue 661710 paBEHCTBOM, OHO BBIZIENSIIO ObI rUTIED-
noBepxHOCTh pazmeprHoctu N — 1. HepaBeHCTBO ke 03HAYaeT, 4TO
6epercss N-MepHOe TOJIyIIPOCTPAHCTBO, OTCEKAEMOE ITOM THIIepIIO-
BepxHOCThIO. COBOKYIMHOCTb BCEX OrPAHUYEHUN BHIPE3AET U3 UCXOJ-
HOro npocrpancTa N-MepHyo obiacts G. Takum o6pasom, (8.34),
(8.35) ecTb 3aa4a mMOMCKa MHUHHMYyMa He BO BceM N-MepHOM IIpO-
CTpaHCTBe, a B N-MepHoit obiactu G.

ITockosbKy OrpaHUYeHHs THUIIA HEPABEHCTB HE MOHMXKAIOT pa3-
MEPHOCTH IPOCTPAHCTBA, UX YUCJO L MOXKET ObITH MPOU3BOJILHBIM.
OpnHako MOXKET 0Ka3aThCsl, YTO KaKHe-TO U3 OrpaHuyeHuit pakTu-
4yecku He paboTaloT (HampuMmep, BO3bMEM OTDAHWYEHME T < 2 U
z1 < 3). Eme ciaoxHee cuTyanus, KOrja CUCTEMa OTPAaHUYEHMIA
HecoBMecTHa (Hampumep, 1 < 2 u z; > 3), Tak 4ro obnacts G He
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cyuecTByeT. [IpoBepuTh BOSHUKHOBEHIE TAKMX CUTYAIMii B MHOTO-
MEpHOM CJIy4yae JaJIeKO He BCErjia yIaeTCs.

3a1a4uu ¢ OrpaHUYEHUSIMU TUTIA HEPABEHCTB TPY/IHEE, YeM 3a/1a9H
€O CBsI3sIMU. Bo-TIepBbIX, B HUX MCKOMBIN MUHUMYM HEPEIKO JOCTH-
raeTcs Ha rpaHuie obsactu GG, a He BHyTpH Hee. Bo-BTOpBIX, rpaau-
€HTHbIE CILYCKH JIETKO MOTYT BBIBECTH HAC 33 I'PAHUILY 00JIACTH.

s pemeHusi TakKux 33734 MOXKHO NPUMEHATH MeToJ mTpad-
HbIX GyHKnuii. PaccMoTpuM ciemyronryro 3ana4y:

L
T(x) = &(x) + »_ ci{max[0, §;(x)]}* = min; (8.36)
=1

31ech ¢; > 0 — HEKOTOpbIe TPOU3BOJILHO BEIOpaHHBIE KO3 dDUIireH-
to1. Ecin l-e orpanuyenue (8.35) BBINOJIHSAETCS, TO COOTBETCTBYIO-
mas dburypHas ckobka B (8.36) obpamaercst B Hyab. Ecin e 310
OrpaHUYEHHE HE BBINOJHSETCS, TO COOTBETCTBYOUI 4ieH B (8.36)
TMIOJIOXKUTEJIEH, T. €. yBeauuuBaeT V(x). Ero MoxxHO paccMaTpuBaTh
Kak mrpad 3a HapynieHue orpanudenuit (8.35).

OueBunno, BuyTpu obsactu G Hukakux mrpados HeT. [losTomy
BHyTpH 3T0# obsactu ¥(x) = ®(x). SHauut, ecniu MmunumyM (8.36)
JOCTUraeTcsi BHYTpH 00s1acTé G, TO OH SIBJISIETCS MCKOMBIM YCJIOB-
HBIM 9KCTPEMYMOM: BCE OFDAHMYEHHUsI BBIIOJIHEHH (cymMa B (8.36)
obpauiaercs B Hyib) 1 $(X) MUHIMAJIBHA.

PaccmorpuM cutyaimio, Korga MUHUMYM Xy GyHkmun ¥(x) Je-
kut BHe objactu G. Torma MuanMmym camoit dyrkiuu P (x) ayis1 3a-
Ja4yu 6e3 orpaHuveHui TaKKe JIeKUT BHe objiactu G, a Ijis 331291
C OrPAaHUYEHUSIMU ITOT MHHUMYM X JOJIKEH JIeKaTh HA CDAHMUIIE.
B sToM ciiyyae MO2KHO ITOKa3aTh, YTO MMPH JOCTATOYHO OOJIBIINX KO-
addunuentax ¢; > 0 06a MUHEMYMa Xy U X¢ OyIAyT OJIM3KHU.

Puc. 8.5. Merog mrpadHbIX

byuxumit (®(z) — comnas

subust, ¥(z) — mrpuxosast Ju-
HUSA)
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ITosicauM 3TO TMpoOCTBIM mpuMepoM. PaccMOTpUM MOHOTOHHYIO
dyukuurio onHoit nepemensoit ¢ (z), nokazannyio Ha puc. 8.5. Bae-
JieM [1Ba orpaHudenusi: 1) > a; 2) < b, rme a < b. 3t orpanuye-
HUS BBIJEJISIOT B KadecTBe obacTu G 0Tpe3oK [a, b]. 3HauuT, Tpeby-
eTcs HaliTH MUHUMYM Ha 3TOM OTpe3kKe. BusHo, 4To OH mocTuraercs
Ha JIEBOJ IPAaHUIE OTPE3KA, T. €. T = a. [lITpaduas cymma B (8.36)
paBHa HyJIIO Ha OTpe3kKe [a,b]. JleBee TOUKM a OHA CBOAUTCS K Cila-
raemomy c;(z — a)?, a npasee Touku b — Kk ciaraemMomy cz(z — b)2.
Ecau xo3dduimeHTs! €1, ¢y JOCTATOYHO BEJIMKH, TO HA HEKOTOPOM
yJajeHun or rpasun orpe3ka U(z) Gyzer OBICTPO BO3PACTAOIIENH.
Ee MUHUMYM Xy JIeXKUT OJIM3KO K TOYKE @, T. €. K HCKOMOMY IKCTpe-
MYMY Z.

IMToepewrocms. Ilycrs pereHune X¢ 3a0a49d C OrpaHHYEHUSIMU
(8.34), (8.35) mocturaercs Ha rpanuie obsactu G. O603HaYUM BeK-
TOD OTKJIOHEHHS OT 3TOM Touku A = Xx—Xg. Pa3znoxum ¥(x) B6/m3u
TOYKH X, yAepKHuBasA B pa3joxkeHun ®(x) u §;(x) Tonabko JIuHe-
Hble WIeHbl. Y YUThIBasI, 9T0 §;(X) Ha rpanuue obsactu G obpaia-
I0TCS B HYJIb, TIOJIyYUM

U(x) ~ B(xa) + (%,A) + ;*cl (%,A)z. (8.37)

31ech Bce MPOU3BOHLIE OEPYTCS B TOUKE X, & 3HAK «*» MPHU CyM-
Me 03HAYaeT, YTO CyMMHUPYIOTCS 110 [ TOJIBKO Te cjlaraeMble, KOTOPhIe
«paboTaT» BOJIM3M JaHHON TOYKY rpaHulpl (cM. puc. 8.5, riae B61u-
31 TOYKH MHHUMYMa, «paboTaJjio» TOJBKO IEPBOE MTpadHOE ciiara-
emoe).

Munumym VU (x) HalizieM, IPUPABHUBASI HYJIIO €€ IIPOU3BOJHYIO 110
BekTopy A. Ilosydum cienyrongyo cucreMy JTMHERHBIX YPaBHEHUI:

[ (o) T] 100
;Cl ox (Bx) A= 20x’ (8.38)

3aech 0¢;/0x — BekTOp-CTOIOEL; YMHOXKEHUE €r0 HA TPAHCIIOHUPO-
BaHHYI0 BEKTODP-CTPOKY JaeT MATPHIy. JTa MATPHLA CAMMETPUY-
Ha ¥ moJsioxkutenbHa. [Tockonbky Bce ¢; > 0, To cymma 1o [ Tak-
)Ke OyZIeT CHMMETPUYHOM MOJIOKUTENbHON MaTpuueii. Torna Mox-
HO OLEHWUTH BEJIMYMHY DEIIEeHHs] TON JIMHEHHO cucTeMmsbl (8.38):
|A| < const /min{c; }. IIpu 6osbiuux ¢; 3TO pelIeHUEe JaeT HAM XOPO-
1ree pUOJIIKeHUe K 3Ha4eHUIo Xy. OTCI01a 0Ty YaeM OLEHKY

|x¢ — Xa| < const /min{c;}. (8.39)
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Takum 0bpa3oM, eciu BBIOPATH JOCTATOYHO GosbIinne K03 du-
LIMEHTHI ¢, TO UICKOMOEe pellleHre OymeT HaiIeHO ¢ XOpoIlllei TOYHO-
CTBIO.

Cmpameausn. Ins dyHkumit #1 orpaHuYeHui JOCTATOYHO 06-
Iero BUAa UCKaTh MUHUMYM V¥ (X) MOXKHO METOAAMHU PaJUEHTHOIO
cinycka. Omguako 310 Hejerko. IlITpadHble QYHKIUU «IIPUKJIEHBA-
1ores» K ®(x) Tak, 94To ¥(X) HempepbIBHA BMECTE C IIEPBLIMH IIPO-
HU3BOAHBIMH, HO BTOPBle IPOU3BOAHLIE HA rpanuile obaactu G pas-
PBIBHBI. MeTO/IbI 2Ke TPaIUEeHTHOrO CIIyCKa JAI0T IeACTBUTEIBHO XO-
pollre pe3yJIbTATHI DU HENPEPBHIBHBIX BTOPBIX [IPOU3BOJHBIX, & B
JaHHOM CHUTyaI[lK MOTYT BECTH CeOsi XyXKe.

10T 3pdeKT TeM cuabHee, YeM OOJIbIIE ¢, TAK KaK IIPH 3TOM
YBEJIMYUBAIOTCS CKAYKH BTOPBIX IPOU3BOJHBIX Ha rpanuue. Ho mis
HIOJTy9eHHsI Xopoiuel 61u30cTH corsacHo onerke (8.39) amo 6parn
KaK MOXHO 66ubmine ¢;. [losTomy nemecoobpasna ciegyromas cTpa-
TErusi pacyeTa.

0
CuauyaJia 6epyT He CJIUIIKOM 60JIbIITHE cg ), BribuparoT HEkoTOpOE

nysesoe npubmmkenne x(0)| mPOBOAAT rpa/MeHTHbIA CIyCK U HAXO-
AT MUHEMYM xg). Om 6y e JOBOJIBHO JAJIEK OT X, HOCKOJIBKY cl(o)
He CJIMIIKOM BeJiKH. KOCBEHHO 06 3TOM MOXXHO CY/JUTh, IIOJICTABJIsIS
x‘(I} ) B orpanmnyenns (8.35) 1 KOJTMYECTBEHHO OLEHUBAS KX HEBBINOJI-

HEHHue:

L
d® =3 max(0, fi(xy )] (8.40)
=1
3artem yBesnuuM Bce K03 durmenTs! ¢; B mTpadHbIX QyHKIWMX (B
OAMHAKOBOE YUCJIO Pa3):

cl(l) = p.(l)cl(o), 1<IL L.

9TO 3aTPYAHUT I'PAJAMEHTHBIN CIIyCK, HO Teleph B Ka4eCTBE HyJle-

1 .,

BOr'O IPUOJIMKEHUST BO3bMEM BEKTOP xSI,), CPaBHUTEJILHO OJIM3KUM

K HCXOAHOMY MMHMMYMY. DTO 00jierdaeT nmpoBelieHne pacdera. Ho-
L 2

BBII HaliIeHHBI MUHUMYM 0OO3HAYUM xEI,) . OH 6ymer 6iMXKe K Xg.

2
KosinuecTBeHHO 06 3TOM MOXKHO CYIUTh, [TOACTABJISS xfl,)

(8.40) u Boramcnas d.

ByneM noBTOpsiTh 3TOT Ipoliecc, BLIOUpast Ha S-i UTepaluu Ko-
3¢ppUnmMeHTHI cl(s) = “(3)050)’ 1< 1< L. Ecmu p(s) > 0 obpazyoT
HEOIPAaHUYEHHO BO3PACTAIOULYIO MMOCJIEA0BATENHHOCTD, IpoIecc Oy-
JET CXOMUTHCS K UCXOTHOMY MHHUMYMY Xo. I1o ckopocTu yObIiBaHUS

d(®) > 0 moxHO CYZIUTB O CKOpOCTH cxoguMocTu. Ecin d® yOBIBAIOT

B OILIEHKY
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npumepHo Kak 1/u(®), T0 MOXHO OueHMTH BemuMHY U, HEOGXOIH-
MYIO JJTsi JOCTHKEHHSI XOPOIIeil TOYHOCTH.

OpnHako cienyer IOMHHTD, YTO NPUOIMKEHUS xflf), HaliIeHHbIE
MeTonoM mrpadHbIX QYHKIMH, OYAYyT JeKATh BHE 33/1aHHON 00Jia-
ctu G.

Buwibop xosdpuyuernmos. B 0b1eM cirydae BEIOOP HAYAIHHOTO
pacmpeesieHus: K03hduueHTos ¢; (T.e. OTHOLIEHUI Ko3bduImeH-
TOB C pa3iu4HbIMU ) He BrosHe siceH. OqHAKO ecTh 6ojiee MPOCTOi
Cilydaif, KOrja rpaJueHT Ka)kaoro orpaxudenus 0¢;/0x cnabo me-
HSIETCS Ha TOM y4acTKe rpaHuipl obaactu G, rie 3T0 OorpaHudYeHrne
«paboraers. Torma esecoobpa3Ho BEIONPATH

o = c/(0P/0x)?, 1<I<L.

3neck ¢ > 0 — HEKOTOPBI# 001Hi KO3DDUIMEHT, HE 3aBUCSILIHIA OT .

8.4.3. O6bwuin cnyyaii

Bo MHOruUX npukiagHbex npobiieMax OMHOBPEMEHHO IIPUCY TCTBY-
I0T orpaHu4eHus oboux Tumnos. Torma 3amada NPUHUMAET CJIEILYIO-
A BUI;

®(x) =min, x={zp,1<n<< N} (8.41)
om(x)=0, 1<m<M, M<N, (8.42)
Pi(x) <0, 1<I<L. (8.43)

Csizu (8.42) Bbimensitor u3 N-MEpHOrO NPOCTPAHCTBA
(N — M)-mepHoe noampocrpancTso. HepaBencrsa (8.43) Boipe3aioT
B N-MepHOM npocTpaHcTBe obsiacTs G. [Ipu atom B N — M-MepHOM
MMOANIPOCTPAHCTBE TaKXKe BBhIpe3aeTcsi HekoTopasi obiacte G*. Ta-
KuM 0b6pa3oM, Tpebyercs HaiiT MuauMyM OyHKun P (x) B obacTu
G*.

OTa 3a4a4a TPyJHEE ABYX NMPEAbIAYIIMX, TAK KaK JHOObIE METOIbI
coycka paboTtaioT Bo BceM N-MmepHOM mpocTpaHcTBe. [losToMy na-
K€ ecJIi HayaJibHoe mpubiinmxkenne npuHaniexur (N — M )-mepHOMy
HOANPOCTPAHCTBY, TPAEKTOPUs CILyCKa Ceifuac ke BBIAET 3a mpeje-
JIBL 3TOTO MOANPOCTPaHCcTBa. CylIeCTBYIOT [Ba MOAX0AA K PEIICHHIO
3amaun (8.41) —(8.43).

IITmpagpras Pyrryus. MoXKHO BBECTH €IHUHYIO MTPAPHYIO
dyukuuio, mrpadys 3a HapylleHne He TOJIBKO HepaBeHCTB (8.43),
HO u paBeHcTB (8.42). Torma ucxonHas 3aa4a 3aMeHsIeTCs 3302496kt
Ha 6e3yCIIOBHBIM S9KCTPEMYM:
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M
U(x) = d(x) + Z am®Z, (x)+
m=l (8.44)

L
+ Z c;{max][0, ;(x)]}? = min.
=1

3necw a,, > 0,¢ > 0 — mTpadHble KO3PPUIUEHTHL. DTa 338~
43 pelIaeTcs aHAJOIMYHO noapasn. 8.4.2, mpuieM MOXXHO HOJIyYUTh
OIIEHKY

|xy — x¢| < const /min(an,, ¢).

HrepanuoHHbIit IpoIeCC HAYMHAETCH C BHIOOpDA HAYAJIBHBIX KO-
sddunuentos. Ecau rpaineHTs orpaHUYeHmit ¢J1a00 MEHSIOTCS, TO
11e71eC000Pa3HO BHEIOMPATH

am ~ ¢/(09m/0%x)?, 1< m< M,
q = c/(anpl@x)?, 1<I<L.

Hanee B xome ureparyit BCe KOIDPUIMEHTHI YMHOXKAIOTCS Ha
ONUH ¥ TOT e MHOXKUTeb W(®) | yBemmuuBaomuiicss OT OTHOMN HTe-
paiuu K Ipyroi.

Ha xaxXJ0#f UTepaIii BBIYUCILIETCS BEJUYNHA, OMUCHIBAIOMIAS
HapYIIEHUE OrPAHUYEHUI:

M L
d® = 3" |om(Xpgi)| + > max[0, i (x§))].
=1

m=1

Ecin sTa BemunHa yOBIBaeT mpEMepHO Kak d®) ~ 1 /p(s), TO
IIPOIIECC CXOAUTCS YIOBJIETBOPUTEHHO.

Cmewarnaa cmpamezun. llltpadusie byHKIUN HEYTOOHBI
TeM, YTO UX BBEJI€HNE IPUBOAUT K Pa3pbIBAM BTOPOI MTPOU3BOIHOMN
MuHHME3Upyemoii dyHkuun. OnHako 3amady (8.41) — (8.43) mox-
HO PEIINTh MHBIM CIIOCOO0OM — KOMOHMHAIMEH METOIa HEOIpeneseH-
HBIX MHOXKHUTeJelt JIarpan»xka ¢ MeTo1oM mrpadHbIX pyHKnuit. s
3TOTO CBA3U YUHMTHIBAIOT METOJOM HEONPEIEIEHHBIX MHOXUTENEHN
Jlarpanxka, nepexons Kk dyukuuu F'(x,\) anamoruusno (8.32). Hus
3TO# DYyHKIUN yBEJINYEHHOTO YUCIa epeMeHHbix N + M paccMat-
PHBAIOT 3334y C OrpaHu4YeHusIMU Tuna HepaBeHCTB (8.43). Tenepb
B ¢yuknuio V(x,\) BoiayT mrpadbl TOIBKO 32 HapyIlIeHUe Hepa-
BeHCTB. JIumb oM OyIyT BHOCUTH Pa3phIBBI BO BTOPBIE TIPOU3BO/I-
Hble. DTO 00JIEr4aeT peleHrne 3a0a4d MUHUMHU3AIMHA, HECMOTPS Ha
YBEJIMYUBAIOIIEECs] YUCIIO TIEPEMEHHBIX.
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8.5. MUHUMU3ALUSA ®YHKLNOHANA

8.5.1. MpuknagHbie npobnemsbi

DynxipoHanoM P[u] HA3BIBAIOT CKAJSIPHYIO BEJIUYUHY, 3aBUCS-
myo or ¢pyukuuu u(z). MHOrue npuKIIaAHbE 331a9i U3HAYAIBHO
dbopmynupyrorcs umenHo B Buze dynkuuonana ®[u], koropsiit Ha-
JI0 MUHUMHU3UPOBaTh. TaKue 3a/ja4¥ IIMPOKO PACIIPOCTPAHEHBI B Me-
XaHWKe, TMIPOIVHAMUKE, JJIEKTPOJAUHAMUKE, KBAHTOBON MEXaHUKE,
3KOHOMHMKE. PacCMOTpUM HEKOTOpPbIE IPUMEDHI.

ITpumep 8.1. B 4.2 ynoMuHaIOCh, YTO CIJIAMHBI OBLIA IOCTPOE-
HBbI KaK NpubinxKeHus: K ynpyromy 6pycky. TouHoe ypaBHeHUe s
rubkoro 6pycka 6b110 Hanucano 1. Bepuymu (1742). BeiBog ocHo-
BaH Ha TOM, YTO MMOTEHIUAJIbHASI SHEPIUs U3rK0a MPONOPIMOHAIBHA
KBaJpaTy KpUBH3HBI Opycka p. Tora noaHas noTeHIMaIbHASA S9HEP-

rus 6pycka pasHa E = | p?dl, tme | — nymma myru. @opmy u3o-

raHyToro 6pycka onuiieM dbyHkuuei u(z). Hanomuanm, uto yepes Hee
BBIDAXAIOTCA KPUBU3HA p = Uzz/ (1 + u2)3/2 u snement nymuub gyru
dl = (14 u2)'/2dz. TIpu paBHOBECHH MOTEHIMAIbHAS SHEPTUS MH-
HuMmasbHa. OTCI0a NoJydaeM 33034y

b

=] o

a

dz = min, (8.45)

rae a 1 b — abciyceh! Havana v KOHI@A Opycka. M bl oty Yuiin 3a1a9y
Ha MUHUMYM QyHKIIMOHAJIA.

Bynem cuutarh, yTo 6pycoK M30rHyT JocTaTO4HO ciabo. Torma
Uy & const u 3HamMeHaTesb B (8.45) MOYTH MOCTOSIHEH, TAK YTO €ro
MOKHO 0TOpOoCHUTh. 3a1a4a ynpyroro 6pycka CHJIBHO YIPOILIAETCs:

b
fugzdx = min. (8.46)
a

Nmenno 3ro ypaBuenuwe Obuto B3siro IllonGeprom (1946) B
KadecTBe ucxomHoro. HamomMHMM, YTO BapHanUOHHOE ypaBHEHHE
JI. Ditnepa qyist dbyukumonasna (8. 46) nmeer suzx u'!V)(z) = 0. Ero
pellleHneM sIBJISIeTCsl POU3BOJIbHBIN KyOudeckuit MHOrodies. Ilo-
stomy IllonbGepr B 3a7a4e WHTEPNOJISLMNA CYATAJ DYHKIMIO KyOu-
4YECKUM MHOTOYJIEHOM MeXXJy KaXXIOA Iapod COCEeTHUX y3JIOB, U
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«CKJIEHBaJI» COCEJHIE MHOrO4JIeHb! B y3iax. OTcona BUIHO, 9TO KY-
OUYECKUI CTIJIAWH SIBJISIETCS XOPOIIUM TPUDIMKEHNEM K yIPYTOMY
OpYCKy JIMIIIb MJIsE CJ1ab0 M30THYTHIX, T. €. OJU3KHMX K IPSMOii rpa-
GbukoB u(z). DTO CHIILHO OrPAHUYUBAET BO3MOXKHOCTH CILIAKHOB.

3aMeTuM, YTO eCiU U3 yCJIOBUS MUHUMYyMa GyHKIUOHaA (8.46)
BBIBOJIMTDH IPaHUYHbIE yCI0BUs, To noiydaercs u”(a) = u”(b) = 0.
Opmnako B 4.2 0TMEYAJIOCH, YTO B 33Ja4aX UHTEPIIOJILAINNA 3TH Ipa-
HUYHBIE YCJIOBUSA SIBJISIOTCS BECbMA HEYIAYHBIMU M CHJIBHO TIOHUKA-
FOLTUMHU TOYHOCTH BOJIM3U TDAHULL.

NuTepecuo 6b110 6bI pemnTs 3amady ynpyroro 6pycka (8.45),
OIHAKO JJIsI Hee BapHAIMOHHOE YpaBHEHME Jiijiepa OKa3bIBAETCS
JOBOJIBHO CJIOXKHBIM JTuddepeHInaabHbIM yPABHEHUEM YETBEPTOrO
MOPSIKA, HEPA3PEIIMMBIM B 3JIEMEHTaPHBIX (DYHKIUX.

ITpumep 8.2. IlycTth onHOPOJHAS CTaJIbHAs CTPYHA HATAHYTA
FOPU30HTAJILHO U IIPOrubaeTcs moj, NeficTBIeM COOCTBEHHOM MacCChI
u BHeurHeit Harpy3ku. O603HA4YNM OTKJIOHEHHE CTPYHBI OT TOPU30H-
TayibHOM JiuHuM Yepe3d u(z). Torga ee cymMMapHas SHEPruUsi BbIpaXKa-
eTcs CJIeAYIOIINM HHTErPAJIOM:

f [gua%(w) +f (z)u(:c)] dz, (8.47)
0

rie X — CHJIa TOPU30HTAJIbHOTO HATSXKEHUsI CTPYHBI; f(Z) — cym-
Ma MAacCChbl U BHEIIHE! BEPTUKAJbHONH HArpy3KH €JWHHULbI JJIAHBI
CTPYHBI.

IlepBoe caraemoe B MHTErpaJie sIBJISIETCH MOTEHIIUAJIbLHONR SHED-
rueil OTKJIOHEHUA HATAHYTOH CTPYHBI OT TOPU30HTAJIH, & BTOPOE —
IOTEHLVAJIbHASA JHEPIrUs, CBA3aHHAd C MACCONA U BHENIHEH CUJIOH.
IT0 TakXKe 3a/1a49a Ha MUHUMYM (DYHKIIMOHAJIA, U €€ BAPUAIIMOHHOE
ypaBHeHHUE DAIEpa UMEET CJeIYIOIIUN BUI;

XUz (T) = f(T). (8.48)

I'pauu4uHble yCJIOBUS IJIsi 3TOrO yPaBHEHHS] TAKXKe CJIEAYeT BBIBO-
JUTh He U3 BapUAIMOHHOM 3a/1a4H, a U3 JOIOJHUTEIbHBIX (bu3nde-
ckux TpeboBanuit. Hanpumep, eciiu 06a KOHIIA 3aKPEILJIEHbI HA TOPH-
30HTaJIbHOM JIMHAH, TO Hao nosarath u(0) = u(a) = 0.

IIpumep 8.3. B npenpiaymux npumepax (pyHKIMOHAT KBaJI-
PaTHUYHO 3aBUCE] OT QYHKIUH. DTO HanboJee MPOCTON IJjisi pellle-
Hus ciaydait. Ho Berpeyaercs Hemaso GyHKIMOHAIOB ¢ 60Jee CI0XK-
HoOM 3aBUCHMMOCTbIO. Hampumep, B (pu3HKe BBLICOKUX NABJICHUH HC-
HOJIB3YIOT CTATHCTHUYECKYIO Moaesb aTroMa Tomaca — @epmu. B Heit
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SHEPrHUsl aTOMa 3aBHCHUT OT 3JIEKTPOHHOM IUIOTHOCTH p(X), Toe X —
painyc-BEKTOD:

Elp(x)] = J 5/3(x)dv — f P) 4y 4 L ﬂ P(X)P dvdv (8.49)

31ech MHTErpUPOBaHUE MPOU3BOAUTCS IO OOBLEMY ATOMHOM STYEHKH.
Bropoit nHTErpan ecTh MOTEHIHMAJbHAS SHEPTUS B3aMMOAEHCTBUSA
3JIEKTPOHOB C SIAPOM 3apsifia z. 1T peTuii HHTerpaJj COOTBETCTBYET IO-
TEHIIMAJIbHOM HEPruy B3aUMOJEHCTBHUS SJIEKTPOHOB MEXIy coboii.
IlepBriit MHTErpas TPUOIMKEHHO ONMUCHIBAET KMHETUYECKYIO SHED-
CHIO 3JIEKTPOHOB. MuHuMu3aIus QyHKIIMOHAJIA ITOJIHOM SHEPTUH 13-
€T yCJIOBHE CTAI[MOHAPHOrO COCTOsIHUsS aToMa. U3-3a crenenu 5/3 B
[IepBOM MHTErpaJe 3a1a4a (8.49) HaMHOro TpyJaHee KBaJPATHIHOMN.

3adavwu. Haubosee obireit 3amadeit sBisieTcs cleayoas: Haii-
TH MMHMMAJIbHOE 3HadyeHHe PYHKIUOHANA Pnin, ¥ MUHUMHU3HUDYIO-
Y10 PYHKIHMIO Upmin(Z), HA KOTOPOM 3TOT MUHMMYM JOCTHIAeTCsd,

T. €.
®[u] = min; Pmin =?  Umin(z) =7 (8.50)

B6u3u MuUHEMyMa 3aBUCUMOCTD (PYHKIMOHAJIA OT (DYHKIUH SIB-
JisleTcs pUOIM3UTENBLHO KBaapaTuyHoit. IlosatoMy Hebosnbiive us-
MeHeHUs U(Z) BOIU3U Upin(Z) JOMXKHBI CJ1a0O0 BIUATH HA BEJHUYUHY
dbyHKIHOHAIAa. DTO 03HAYAET, YTO HANTH Uiy (T) C XOpolelt TOYHO-
CThIO OyIeT 3aMEeTHO TpyAHee, YeM HAUTH P ppin.

B HeKOTOpBIX CIydasx MOCTATOYHO HaiTh TOJBKO P, 6e3 Ha-
XOXKIEHUsI COOTBETCTBYIOIIEN DYHKIUHN Umin(Z). Hampumep, Moxet
noTpe6oBaThCs JIMLIb MOJIHAS dHeprusi atoma (8.49) 6Ge3 3HaHuUs
3JIEKTPOHHOM IJIOTHOCTH. VI3 M3/I0)KEHHOTO BHAHO, YTO 3Ta 3aJa4a
CYIIECTBEHHO IpoIIe. XOTsS BO BCEX METOJAX pacyeTa JIeKTPOHHAs
IJIOTHOCTH BCE PAaBHO IMOMYTHO ONPEJENSeTCs, HO He HY>KHO HaXo-
JUTDb €€ C BBICOKOI TOYHOCTHIO.

CylecTByIOT TaKKe 3aJa4H, I€ HaI0 BHIYUCIIATH Apyrue OyHK-
L[MOHAJIbI, 3aBUCSLIME OT Unin (Z). B cxkaToM aTome TakuMm dyHKIHO-
HAJIOM MOXKET OBITH JaBJIEHIE, BHIPAXKAIOIIEECS YEPE3 JIIEKTPOHHY IO
IJIOTHOCTb. B 3THX CJIydasix Umin(Z) HAXO ONPENENATH C BBICOKOIA
TOYHOCTBIO.

8.5.2. CeTtouHblii meTOpq

CerouHblii MeTo, siB/isieTCs Hanbosiee yHuBepcaabHbIM. OH mpu-
MEHUM MPaKTUYeCKH K JIIOObIM (DYHKIHMOHAJIAM, KaK KBaIpaTHd-
HBIM, TaK u 6oJiee CJIOKHBIM. [Ipy MpaBUJIILHOM €ro UCIOJb30BAHHUH
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MOXKHO TOJIy4YaTh PE3yJIbTaThl C TADAHTHPOBAHHON OLEHKON TOYHO-
CTH.

Unes merona necnoxkHa. OrpaHuumMMcs [Jisi IPOCTOTHI 3aIIKUCH
onHoMepHbIMU 3anadamu. [TycTs u(z) onpenesena Ha oTpeske [a, b).
Beeznem Ha 3TOM OTpe3ke CeTKy {Zn,0 < n < N,zo =a,zy = b}.
DYHKIMOHAJI MOXET COAEPXKAaTh omnepanun auddbepeHInpOBaHNS
U UHTErPUPOBAHMS. 3aMEHUM BCE IIPOM3BOJIHBIE HEKOTOPHIMH Da3-
HOCTHBIMH BBIDQXKEHUSIMH OT U, = u(Zp), & BCE HUHTErpaybl —
KBaIpaTypHbIMH cyMMaMu. Torna dyHKIMOHA allPOKCUMUPYETCS
HEeKOTOpO# yHKIMeH OT ceTouHoi dyHkmu {u, }:

®u(z)] = F(u) = F(ug,u1, -..,un).

Pemum 3amagy F(u) = min. 91o 3a5a49a Ha MUHAMYM YHKIMH
OT MHOTHX M€EPEMEHHBbIX, paccMoTpeHHas B 8.2. HaiineHublii BeKTOP
Uin OyAeT NpUOINKEHHBIM BEIDAXKEHUEM JIJIS Unmin(Z) B y3J1ax ceT-
ku. CooTBeTCTBYyIOLIEe MUHIMaJIbHOE 3HadeHne Fiin(u) = F(umin)
Oynet npubsmxkenueM K P ip.

PaccMoTpuM peanusaliuio 3TOro MeToja JJisi ABYX TUIHYHBIX
clly4aeB — KBaJpaTHIHOrO U HoJtee CJI0XKHOTO (DYHKITHOHAJIOB.

Kesadpamuunviti pynryuoraa. Paccmorpum 3a1a4y Ha CTa-
UHMOHAPHBIA poru6 rubkoit crpyHsl (8.47), 3aKpeIseHHOl Ha KOH-
nax: u(0) = 0,u(a) = 0. OrpaHnYMMCs 17151 TPOCTOTH PABHOMEPHOIA
ceTkoit £, = nh,h = a/N. Pa3HocTHyI0 npon3BogHyIo u(zr) onpemne-
JIUM B CE€peInHe MHTEPBAJIA:

(du/dz)p_1/2 = (un — un-1)/h, 1<n<N.

IlepBoe cnaraemoe B uHTerpasie (8.47) mo MHTEPBANY [Tn_1, L)
BO3bMeM 110 HOpMYJIe CPEIHUX. DTO JAeT BKJIaJ OTPE3Ka:

(du/d:c)fl_l/zh ~ (Un — Un_1)%/h, 1<n<N.

OTHU UHTErpajisl HQI0 IPOCYMMHPOBATH 10 BceM N MHTEpBaJaM.

MHTerpupoBanre BTOPOrO CJIAraeéMoro yAOOHO IIPOBOAWMTDH IO
dopmysie cpemHuX, BHIOMpPAA OTPE3KH [T,_j/2,Tp4t1/2]; BKIAL OT
FPAHUYHBIX OTPE3KOB Oy/IeT HYJIEBBIM, TaK Kak uy = uy = 0. Takum
06pa30M, BTOpOE CJIaraeMoe HaJJ0 CYMMHUPOBATh JIMIIb 10 BHYTPEH-
uuM y3naMm 1 < n < N — 1. B pesyabrare umeem

N N-1
FW=23 (n—un1)?+h Y fan  (851)
n=1 n=1

Msl nonyunnu asredpandeckyro (YHKIUIO, SIBJISIONLYIOCS all-
MpOKCUMaIue ucxogHoro ¢pyuknuonaa. OcraeTcd MUHUMH3UPO-
BaTh €e.
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Wcxomubiit pyHKIMOHA ObLT KBaAPATUYHBIM, TAK 9TO (PYHKLMSA
(8.51) mosmyunsiach Takke KBaApaTHYHONW. MuHuMHU3anusa HyHKIUA
3aKJIIOYAETCS B MPUPABHUBAHUM HY/II0 YACTHBIX IIPOM3BOIHBIX IO
BCEM HEN3BECTHBIM Uy, .

[TockosbKy dYHKIMS KBaIPATHUYHA, ITO JAET CUCTEMY JIMHEHHBIX
yPaBHEHMI1 1J1s1 OllpeiesieHUsI HEU3BECTHBIX BEJIUUUH Uy,

—(up—-1 — 2up + Upy1)/h+hfn=0, 1<n<N-1. (852)

B nepBoM ypaBHEHUH NPUCYTCTBYET Ug, & B MOCJIEAHEM — Uy, KO-
TOpBIE PABHBI HYJII0O B CHWJIy TPaHUYHBIX ycjaoBuil. Takum o6pasom,
(8.52) ectb cucrema (N — 1) ypaBHeHuU#t 11t TAKOTO 2Ke IUCJIA HEU3-
BecTHBIX. OHA MMeeT TPEXIUArOHAJIBHYIO MATPHILY ¥ JIETKO PEIaeT-
Cs1 IPOTr'OHKOM.

Ecau dbynknuonam umeer 6ojiee CJIOXKHBIR BHIA, HO OCTAETCs
KBaJIDATUYHBIM, TO AAHHBIA METOHA JAeT KBAAPATHUYHYIO (DyHK-
o F(u). TlostoMy nms onpeznesnieHusi ceTo4HoO#M GyHKIMH U 0O-
IPEeXHEMY I0JIy4aeTCsl CUCTeMa JIUHENHBIX YpaBHeHuit. e maTpuia
MOXKET COZIEPKAaTh HOJIbIee YNCITO AUArOHAJIeH i OBITH TIJIOTHO 3a-
moiHeHHOM. Ho BO BCeX 3TUX Clly4asix CETOYHOE PEIIEHNE HAXOIUTCST
6e3 Tpyza.

Caoorcnwve pynxuyuonaast. Ciaydaii HEKBaIpPaTUIHOTO GYHK-
UMOHAJIa TPUBOAUT K Oojiee CIOXKHOMY ajroput™my. PaccMoTpum
arom Tomaca— @epmu (8.49) co cienyoOIMMU yOPOLEHUAMH. By-
JeM CYHUTATh aTOM C(hEePUYECKH CUMMETPHUYHBIM, & TOMHYIO S49€ii-
Ky — mapoM paauyca R. Ilpeanosioxxum cepuydeckn CUMMETpHY-
HOe pacripejiesieHne 3JeKTpoHoB p(x) = p(z). [IpounTerpupyem no
yriiaM B cepruyecKuX KOOPAMHATAX, YIUTHIBAS, YTO

Ix — x| = V22 + 22 - 2(x,%), (x,X) =22 cosh,

T
sin 6df 1
Ix—j-ﬂ = E(.’E +JI/ - '(L‘ — .’L‘ll)
IMomyurM omHOMEPHOE BHIPAYKEHHE
R
4n J [0%/3(x)2? — zp(x)x)dz+

0 (8.53)

o)
0
—
8
=
Il

e(z)p(@)(z + 2’ — |z — 2'|)z2’dzds’.

+
"
;:IM
S
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9TO BBHIpaXKEHUE HE CONEPXKHUT IPOU3BOAHBIX. BBeeM paBHOMEp-
HYIO CeTKy T, = nR/N. BoibepeM B KauecTBe HEM3BECTHBIX 3HAYE-
HHS B TIOJIYIEJIBIX y3718X Pp_1/2 = @(Tpn—1/2). Beruuciss unTerpasbi
10 hopMyJIe CpEeIHUX, Oy IUM

41\'.R 5/3

E(p) = N (Pn 1/2173; 1/2 — ?Pn—1/2Tn— 1/2)
n=1
41t2R2 N XN
Z Z Pn—1/2Pm—-1/2Zn-1/2Tm—-1/2 ¥ (8.54)
n=1m=1
x(zn—l/2 + Tm-1/2 — |«’Bn—1/2 - Cﬂm—1/2|) = min,
R(n—1/2)
Tp-1/2 = - N

Teneps nopyexaias MUHUMU3anuK ajdrebpandeckast GyHKUUs 10~
Jy4unack He KBajaparwiHoil. /Tuddepenunpys no p,_;/o U COKpa-
Iasi MHOXKUTEJIH, [TOJIyYUM CHCTEMY HEJIMHEHHBIX ajIreOpandecKux
YPaBHeHUII:

5 2/3
gpn_1/2'rn—l/2 Z + AT Z Pm—1/2Tm—-1/2 %X (8.55)

m=1

X(Tp-1/2 + Tm-1/2 — |$n—1/2 — ZTm_1/2]) =0

BBuay HenuneitHocTH cuctemsl (8.55), ee pelrenne HeO6XOIUMO Ha-
XOIUTh KJIACCHYECKMM MU 0000meHHbIM MeTonoM HbioTona. 1o
MOXKET OKa3aThbCs CaAMOCTOATEJIbHOM CJIOXKHOM 3aa4deii n3-3a 00J1b-
IIOTO YMCJIa HEM3BECTHBIX Py, _1 /2. [l/1s1 0OGecnieueHns CXOMMMOCTH Me-
TOAA IPU ITOM HEOOXOAMMO JOCTATOYHO XOPOIIIO BHIOUPATDH HYJIEBOE
pubJInKeHne, YTO HEIIPOCTO.

Konmpoas mouwrocmu. Bynem npennosiarats, YTo TOYHOE pe-
IIIeHNe UCXOMHOMN 33134 MuHNMU3auuu (8.1) siBisieTcst JOCTATOYHO
rnaakuM. TeopeTnyecKkue OleHKH TOYHOCTH YHCIEHHBIX METOOB JI0-
CTaTOYHO CJIOXKHBI, OCOOEHHO [J1s1 HeTMHeRHbIX 3a1a4. OHAKO OleH-
Ky TOTI'DEIIHOCTH HY2KHO IIPOBOAUTH MeTonoM Puyaprcona, MHOrO-
KDaTHO CT'yII[asi CETKY.

Ilyctb nns cerouyHol annpoxkcuManuu GyHKIMOHATIA UCHIOIb30-
BaHbI (POPMYJIBI P-TO MOPSAAKA TOYHOCTU. PaccMoTpuM ciiygaii, Ko-
raa HeoOXOmuMO aKKypaTHO HaiTu camo pewenue u(x). Torma BbI-
6epeM TakoM KO3 (PUIMEHT CTYIIEHNS CETKH T, YTOOBI 3HAYEHHUS Y 3-
JIOB Ha COCETHUX CeTKax coBnananu. Tak, B 3a7a4e mporuba CTpYHBI
(8.52) nucnonb3yroTCs y370Bble 3HAYEHUS Up. Eciu BBIOpaTh 7 = 2,
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TO 4YEeTHBIE y3JIbI CTYIIEHHON CETKM COBIAAYT C y3JIaMH PEIKOii CeT-
ku. B 3amave aroma (8.54) dburypupyror 3Hadenus p,_, /2 B IOJIy1e-
JIbIX TouKax. Ecim BeIOpaTh 1 = 3, TO cepeuHa KaXkJI0TO TPETHETO
WHTEPBaJIa NOOPOOHO# ceTKH OyIeT COBNAATh C CEPEOUHON UHTEP-
BaJla peIKOi CeTKHU.

BasiB 3HaueHus Ha penkoit cetke u(x; N) u Ha Gosiee TOAPOOHOH
cetke u(z;7N) B OqHOM U TOM K€ MPOCTPAHCTBEHHOM TOYKE T, TOJLy-
YUM aCUMITOTHYECKH TOUHYIO OIL[EHKY ITOTPEIIIHOCTH:

A(z;rN) = [u(x;rN) —u(z; N)]/(rP - 1)
U pellieHKe IOBbIIIEHHON TOYHOCTH
w(z;rN) = u(z;7N) + A(z;TN).

9T 3HaYEHNsT MOXKHO BBIYHMCJIUTD HE BO BCEX Y3JIaX MOAPOOHOI ceT-
KH, & TOJIbKO B T€X, KOTOPbIE€ COBIIAJAIOT C y3JIaMH PEIKOi CETKH.
Ecsu TpebyeTcst TOYHOCTS €, TO CTyIIIEHHE HAMIO IIPOIOJIXKATh 0 TEX
nop, noka He 6yaer nonydena ||Al| < €. Ha npakTuke ucnoas3yior
HOpMH! || - || unu || - ||;,, B 3aBUCHMOCTH OT TpeGOBaHM 3aa4H.

[Ipn MHOTOKPATHOM CTyIIEHUH CETKHA MOXKHO IIPUMEHSTH PEKYp-
pPeHTHOe yTouHeHue o Puuapacony (cMm. mompasz. 3.2). 1o nosso-
JisieT JOOUTHCS BBICOKON TOYHOCTH IIPH YMEPEHHOM YHUCJIE Y3JI0B CET-
ku. OBGocHOBaHUE KOHTPOJISI TOYHOCTH B CETOYHBIX METoHax Oyner
naHo B Y. Il storo kypca. HanmoMHuM, 4TO 11pu peKyppeHTHOM IIpH-
MeHeHHH MeTona PuyapicoHa KaXk[ioe ouepeaHOe CTyIIeHUe CETKU
MOBBIMIAET MOPAIOK TOYHOCTH HA 2 JIJisi CAMMETPHYHO ITOCTPOEHHBIX
cxXeM, d Ha 1 [IJIs] HECUMMETPHYIHBIX CXEM.

Ecau moctaTouHO HAWTH ML MUHMMAJbHOE 3HaYeHne Py, a
CaMO MHHMMU3UDYIOLIEE PELIEHUE Upin(Z) He TpebyeTcsi, TO MOXHO
HCIIOJIb30BaTh JIt000# K03 HUIIMEHT CryIIeHNsI CETKH T, B TOM YHCJIE
HeLEeJIbIH.

TaxuMm 06pa3oM, CETOYHBIN METOI €gUHOOOPA3HO IPUMEHSIETCS
K (PYHKIIMOHAJAM IPOU3BOJILHOTO BHA, & HCIOJb30BaHME CryIle-
HUSI CETOK INPU 3TOM IO3BOJISIET IMOJIYYUTh ACUMITOTHYECKH TOY-
HYIO OLIEHKY IOTDEIIHOCTH. MeTo] SBJIsIeTCs MPOCTHIM U YHHBED-
CaJIbHBIM, 1 HanboJlee yIOTpeOUTeIeH B HACTOSIIEE BpEMS.

Hyaesvie npubauotcernun. Ecnm dyukimonan KBaapaTudeH,
TO MUHUMM3UPYIOLIasl CACTEMa YDABHEHU JINHEHA, U CETOYHOE pe-
EHHUe JIETKO BhIUHCgeTCss MeToqoM Laycca. lyist 6ostee ClIOXKHBIX
(byHKIMOHAJIOB CETOYHOE pellleHNe YIOBJIETBOPSET CHCTEME HeJd-
HelHbIX ypaBHeHu#. Ee pemaoT nTepanOHHBIMI METOAMH, 3 JJIs
HUX HAJO 33JaTbhb JOCTATOYHO OJU3KOe HyJIeBoe mpubmxenue. Me-
TOZ, CT'YIIIEHHsI CETKHU IIOMOTaeT PELINTh U 3Ty IPOOJIEMY.
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BozbMeM HaYaIBHYIO CETKY ¢ HeOOIbIIMM YucaoM y310B N. To-
ra KOJINYeCTBO HEU3BECTHBIX U, OyAeT MayibiM. Jlarke eciiu HyJsieBoe
npubJInKeHNe 331aH0 He CJIMIIKOM yJa4dHO, U YHCJIO UTEPAIHil OKa-
KeTcsl 6oJIbIINM, 00IIAs TPYIOEMKOCTD OYAEeT HEBEIUKA.

Perenue, HaiinenHoe Ha rpy0oii ceTKe, MOXKET OBITh €eIlle HE 0YEHD
6m3kuM K TouHOoMy. OIHAKO OHO y»Ke OyIeT XOpOIIMM HYJIEBBIM
npubIMKeHUEM JJ1s1 UTEPAIIOHHOM TPOIe Ay PhI Ha 6oJiee MoApOOHOIA
cetke. Haio TosIbKO MHTEPNOINPOBATH HallIEHHbIE 3HAYEHUSI C TPY-
6011 ceTKH Ha Bce y3JIbl CryleHHOH ceTku. Kak mpaBuiio, mpu 3ToM
KJIACCHYECKHi HBIOTOHOBCKHIT IIPOLIECC CXOAMUTCS 3a JIBE — YEThIPe
urepanui (a npuberaTs K 0600ueHHOMY MeToy HbioTOHa HeT Heo6-
xomumocTH). IIpu KaxkI0M o4epenHOM CTylIeHHH HyJieBoe MpHOJIn-
2KeHUe HY»KHO O6paTh c mpeIbIayiei ceTku. Torna cyMMapHbIit 00b-
€M BBIYMCJIEHU IPU MHOTOKPATHOM CTYINEHHMH OyIET 9KBUBAJEHTEH
4 — 8 uTepalusaM Ha caMoil MOAPOOHON ceTKe. DTO elle OJHO Ipe-
HUMYIIECTBO CETOYHOTO METOA.

8.5.3. Metog Putuya

Beibepem HekoTOpBIil HAGOp 6a3uCHBIX QYHKIHHA P, (). PyHK-
IIUU OJIXKHBI OBITH JINHEWHO HE3aBUCHMbBIMH, 8 UX CHCTEMA — IIOJI-
HOU B HEKOTOPOM KJiacce (PyHKIHUH, KOTOPOMY INPHUHAIJIEKUT UCKO-
Moe pelieHre. ANMPOKCUMUPYEM perneHre 0600IIeHHBIM MHOTOYJIe-
HOM:

M
u(@) ~ up(2) = D empm (). (8.56)
m=0

IToncraBum BripaxkeHnue (8.56) B mcxomHbIA (DYHKIUOHA U BBIIOJI-
HUM Bce nuddepeHIpPOBaHNs 1 HHTErPUPOBAHUS 110 APTYMEHTY .
Torna dyHKIMOHAT OKaXKeTcss HEKOTOPOUH dyHKIuel F OOJBIIOTO
YHUCJIA HEU3BECTHBIX IIAPAMETPOB Cpyy:

M
Blum ()] = ® | D empm(@)| = Flco,c1,¢2, - -5 cm)-
m=0
OnpenenuM napaMeTph ¢y, U3 YCJIOBUS MUHUMHU3AIHH:
F(cg,c1,c2y -..,Cp7) = min. (8.57)

TakuMm obpa3oM, 3a7ada CcBelach K IOUCKY MHHUMYyMa (PYHKIMH
MHOTHX II€DEMEHHBIX, CIIOCOOBI PeIIeHNsI KOTOPOR OMUCAHBI B TOI-
pa3z. 8.2.
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Keadpamuunvie ynryuonaas.. Ecaun dyukunonan ®[u(z)]
KBaJIpaTU4eH, To GyHkuusa F 6ymer KBaJpaTHyHO 3aBUCETH OT KO-
3¢ duimenTos ¢,,. B 3ToM ciayyae 3a7a9a HA MUHUMYM IIOCJIE TIPH-
PaABHUBAHUS HYJII0 IMPOU3BOIHBIX IO Cp, CBOAUTCS K CHCTEME JIH-
HEWHBIX ypaBHEHWH IJIS Cr,. JaXke ecsim MaTpuia cucreMsl GyaeT
IJIOTHO 3aIOJIHEHHOM, ee HETPYAHO pernuTh MeronoM laycca. Ilo-
3TOMY IJIS KBIPATUYIHBIX (DYHKIIMOHAJIOB MOXKHO BEIOMPATH MHOTO
napameTpoB (M ~ 100 <+ 1 000 u 6Gosiee) u mo6UBATHCS AOCTATOY-
HO BBICOKOI TouHOCTU. IMeHHO Takoit MeTox ObL1 mpeyioxkeH Put-
LEM.

B kauecTBe npuMepa paccMOTpUM 33124y nporuba cTpyHsI (8.47)
¢ 3akperienHbiMA KoHIAMu: u(0) = 0,u(a) = 0. Beibepem nonnyio
cucteMy QYHKIUH, YIOBIETBOPSIONLYIO0 JaHHBIM TPAHUYHBIM YCJIO-
BUSIM:

¢m(z) = sin(nmz/a),m =1,2, ... (8.58)

O1u dyHKuun oproronanbusl. IloncraBum ux B dyHkiponan (8.47)
U BBINOJHUM Bce nuddepeHIpoBanus ¥ uaterpuposanus. C yue-
TOM OPTOTOHAJIbHOCTH IOJIY IUM

M
F(ci,co, ... car) = Z [f (%)2cfn+cmfm} = min,

a
m=1

fm = ff(a:) sin(nmz/a)dz.
0

HuddepeHnupoBaHue 10 ¢, JAeT 34ECh CUCTEMY JIMHEHHBIX ypPaB-
HEHWIt ¢ quaroHaJIbHO# MaTpurileit. [losToMy cpa3y MOXKHO HalIUCaATh
ee pelleHue:

em = —2afm/(xn?m?). (8.59)

Takoe ynpoieHue BO3HUKAeT Ojarofapsi OpTOrOHAJIBHOCTH 6a3uc-
Ho#t cuctembl. Ecin BMecTo 6a3uca (8.58) B3siTh 6a3uc m3 HEOPTO-
FOHAJIHBIX MHOTOYJIEHOB @, () = 2™ (a — ), Tak>Ke yJOBIETBODSI-
IOLX HYJIEBBIM MPAHUYHBIM YCJIOBUSIM, TO BMecTO (8.59) momyqnt-
Csl CHCTEMA C IJIOTHO 3aI0JHEHHOM MaTpuieit (Boo6aBok oHa Gyner
toxo obyciioBiiena). OTcrona BUIHO, YTO 1EIeCO00Pa3HO HCIIOIb30-
BATb OPTOrOHAJIbHBIE OA3UCHI.

Caooscnvie pynxyuoraast. Ecin GyHKIMOHAT HEKBaIDATHY-
HBI#, TO [IOJCTAHOBKA B HEr0 0000LIEHHOro MHOrowIeHa (8.56) npu-
BeIeT K JOCTATOYHO CJIOXKHOM HEKBaAPATUYHOU QyHKIMK F. MuHu-
MU3HUPYIOIIasi CACTEMA YPABHEHUIA IS Cp, OyIeT HeIMHENHOM U TaK-
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2Ke JIOCTATOYHO CJIOXKHOH. B 3TOM cirydae BO3HMKaeT MHOTO TPYI-
HocTeit. Bo-mepBBIX, y HeJMHENHOU CHUCTEMBI pellleHHe MOXeT He
CyILIIECTBOBATh WJIM OBITH HEEIWHCTBEHHBIM. BO-BTODBIX, I BHI-
YKCJIeHNs pelnenus (ATepaloHHbIM MeTonoM HeroToHa) TpebyeTcst
JOCTATOYHO XOpoillee HyjeBoe mpubimxkenue. [1oaToMy 06BIYHO Cpy,
yIaeTCsl BBIYMCIUTD JIMIIb 1Jisi Hebosbux 3Ha4denuit M. Ho HeGob-
moe M MoXKeT He 00eceYnTh HEOOXOAMMOM TOYHOCTH AIIIPOKCUMAa-
IMH.

ITosTomy, xoTss MeTon Putiia ¢popmaiibHO 0600111a€TCs Ha HEKBAI-
paTuyHbie GHYHKIIUOHAIBI, GAKTHYECKU OH K HUM ILJIOXO IIPUMEHUM.

Tourocmnb. CxomuMocTh MeTona Purina 000CHOBBIBAETCS W3
cnenytomux coobpaxenuit. Ilycts cucrema {¢n,(z)} monna B TOM
KJjacce GyHKIHA, KOTOPOMY IIPUHAJIEXKUT PEIIEHUE Umin (). Toraa
MOXKHO alIPOKCUMHUPOBATH Umin (£) HEKOTOPBIM 0000LIEHHBIM MHO-
ro4ieHOM Ups(Z) CO CKOJIb YTOIHO BBICOKO TOYHOCTBIO, €CJIU BBI-
6paTh mocTtaTodHo Gosibinoe M. EcTecTBeHHO Tak»Ke CYHUTAaTh, YTO
GYHKIMOHAJ HENPEPHIBHO M IVI3JKO 3aBUCHUT OT pyHKuuH. Torma
passoctb ®[ipr(z)] — @[umin(z)] OymeT HeoTpULATENBPHON U CKOJB
yroauo maJjoii. IIpu dukcupoBanHoM M MBI HAXOOUM Cp, U 006006-
weHHbIH MHOro4wIeH ups(z) u3 (8.57). IloaTomy Ha Bcex 060bIIeH-
HBIX MHOIOYJIEHaX C JaHHBIM M (GyHKIMOHAJ IPUHUMAET HAaMEHb-
wee 3Hayenue Ha ups(z). CregoBarensro, Pluy(z)] < Plap(z)], n
CIpaBeJIMBO JBYCTOPOHHEE HEPABEHCTBO:

Ppin = (I)(umin) < (I)[UM('T)] < (I)[ﬁ'M(x)]

OTcrofa BUIHO, 9TO PeNIeHue 3a1a49u Uy (), SBIISIOIEecs] PelIeHN)-
eM (8.57), aIPOKCUMHUDYET Upin (Z) C JOCTATOYHO BBHICOKON TOYHO-
CTBIO IPHU JOCTATOYHO 6oJbIIoM M.

ITpocTpaHCTBO OGOBIIEHHBIX MHOTOYIEHOB Ups(Z) MOXKHO pac-
CMaTpuUBaTh KakK M-MepHOe MPOCTPAHCTBO KO3(DGUIIMEHTOB Cpy,.
VBenuuuBag M, nojaydaeM IIOC/I€IOBATENBHOCTh TAKUX IIPO-
CTPAHCTB, BJIOXXEHHBIX IPYT B Apyra. Il03TOMY [OCJIEJ0BATENEHOCTD
snadennit ®[ups(z)] npu yBenmnuennn M Gyner HeBO3pacTaiolel u
crpemsmeiics K ®pin. ITO 03HAYALT CXOAMMOCTD METO/A.

TeopeTHYeCKH OIIEHUTb CKOPOCTb CXOIMMOCTH MOXHO JIMINb B
qacTHBIX ciydaax. OJHAKO MOXHO IPOBECTH CEPHUI0 PACYETOB C
M, Bu3yaJbHO HabIIOJATH CXOJUMOCTb K HEKOTOPOMY IPEAEeJIbHO-
My 3HAYEHHUIO U TOMBITATHCSA YUCJIEHHO OIIEHUTH (DAKTUIECKYIO CKO-
POCTb CXOMUMOCTH. IIpaKTUYECKH TAKYI0 METOIUKY YIAETCs IPUMe-
HATH JMIIb K KBaJPATHYHBIM (DYHKIIMOHAJIAM, TaK KaK JIUIIb JIJIsI
HUX y/JaeTCsl IPOBOJUTh BHIYMCJIEHUS C JOCTATOYHO GosbumMm M.
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8.5.4. KoHeuHble 3nemMeHTb!

MeTon KOHEYHBIX 3JIEMEHTOB SIBJISIETCSI YaCTHBIM CJIy4YaeM MeTO-
na Purua. B kadectBe 6a3uca 6epyTcst QyHKIMHA @, () HA KOHEIHBIX
HocuTessix. Jyisi ux mocTpoeHus: BHIOUPAIOT ceTKy {Z,,0 < n < N}.
B kauecTBe HOocuTe s KaXK A0 6a3UCHON PyHKIUK ey T MUHUMAJIb-
HO BO3MOXKHO€ KOJIMYECTBO COCETHUX MHTepBasoB ceTku. Ilo cymre-
CTBY MeTOJ sIBJsieTcsl TubpuIoM Merona Purna u ceTroyHoro mero-
na. ITosTomy ceifyac MeTon KOHEYHBIX IJIEMEHTOB YaCTO HA3BIBA-
0T NPOEKUUOHHO-CeMOUHbIM Mmemodom. Kak u meton Putna,
OH CPaBHHUTEJIbHO IPOCTO DPEATU3YeTCs JIUIIb [JIsi KBAIPATHIHBIX
dYHKIIMOHAJIOB.

PaccmoTpum mpocTeitimit mpuMep — 3aja4y nporuba CTPYHBI
(8.47). Ot 6asucHbIX QyHKIUI 31€Ch TPEOyeTCs: HENPEPLIBHOCTD U
[JIAJIKOCTD 3a MCKJIIOYEHMEM OTAEJBHBIX TOYeK (TaK KaK HaJO BbI-
YUCJISATD Ug). [IpocTeHInMMU MOAXOAAINMYE KOHEUHBIMHU 3JIEMEHTA-
MU sIBJIFIOTCS B-crutaitabl mepBoii crenedu, onucaHsbie B 5.5. Ha un-
TepBaJle CETKHU [ZTp_1,Zn] OTJIMYHBI OT HYJISl TOJBKO JBa JIMHEHHBIX
B-cumaitna: Bp_1(z) = (z — Zn-1)/hn, Bn-2(z) = (zn —)/hn,
Z € [Tn-1,2n). Ilo3TOMY Ha HAHHOM MHTEpBajie HCKOMOE DEIleHHe
HUMeeT CJIeLYIOIIMNA BUL:

u(z) = cp—2Bn—2(z) + ch—1Bn—1(x) =
= [Cn—2(xn - :E) + Cn-l(:r - xn—l)]/hn’ (8'60)
Tz = (Cn—l - cn—2)/hn, S [xn—lyxn]'

IMoxncrasasis (8.60) B uurerpan (8.47) u cyMMupysi 0 BCeM HHTEp-
BaJIaM CETKH, [TOJLyIUM

F(C_l,CO, ‘e aCN—l) =
N

—I'(Cn—2fn + cn_lfn)J = min,

s ennt —enaf 4

n=1

(8.61)

= f f(il))(l‘n - $)d$, fn = f f(:L‘)(iII - xn—l)dx'

HanomHuM, 94TO WHIEKCHI TMHEHHBIX B-CILTaitHOB MeHsoTCs oT —1
oo N — 1.

Teneps HaI0 MUHUMU3UPOBATH KBaApATU4Hy0 pyHKuuio (8.61)
oT K03 unueHToB ¢p,. [lpupasusiem Hysr0 MpoU3BoaHyO (8.61) mo
KO3 DUIUEHTY C;, M YUITEM, YTO KAXKIBIH KO3(DUIMEHT BXOIUT B
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JBa 4JIEHA CyMMBI. [109TOMY MOJIyYuM CHUCTEMY JIMHEHHBLIX ypaBHE-
HU ¢ TPEXIUArOHaJbHONW MaTpULIEH:
e fon — en1) + o (ont — enog) = 42 4 St

n+1 n n n+1
st 3TO# CHCTEeMBI BHITIOJHEHO YCJIOBHE Pe0b/alaHus JUATOHAIb-
HOT'O 3JIEMEHTA, TAK YTO OHA YCTOWYMBO pemraeTcss MeToaoM [aycca
HJIM TIPOTOHKOM. DTa CUCTEMA OYEHD MOX0XKA HA TY, YTO MOJIYyYUJIAChH
IJISI CETOYHOro MeToAa B 8.5.2.

CpaBHIM METOJ] KOHEYHBIX JIEMEHTOB C OOBIYHBIM CETOYHBIM Me-
TONOM. B IIpuBeIEHHOM TIPUMEPE AMMPOKCUMUPYIOIINE BEIPAXKEHUST
umeroT Tounoctb O(h?), Kak u B IpocTeiimeM ceTouHOM MeToze (CM.
nonapasza. 8.5.2). s nony4denus 6oJiee BBICOKOH TOYHOCTH HAO HC-
[0JIb30BATh KOHEYHBIE SJIEMEHTHI 00Jiee BBICOKO#! IVIAJKOCTH — Ha-
npuMep, napabosindeckue win Kybudeckue B-cmaitael. Ho Torma
Bce (bOPMyYJTBI CYLIECTBEHHO yCJOXKHAIOTCA. MHTerpan ot u2 ynaer-
Csl BBIYHC/IUTh aHAJIMTUYECKH, HO MHTErpat ot u(z) f(z) aHanmnTuge-
CKH BBIYHCJIUTH, BOODIIE TOBODsI, YK€ HEBO3MOXKHO. J1Jist HUX HY>KHO
KOHCTPYHPOBATH CIIEI[HAJIbHBIE TPEIU3UOHHBIE KB, IPATyPHBIE hOp-
MyJibl. B KitaccuyeckoM ke ceTOYHOM MeTojie (pOpPMYJIbl BHICOKOTO
MOPSAZIKA TOYHOCTH CTPOSITCSI CyIIECTBeHHO Jierde. [l HeKBagpa-
TUYHBIX (PYHKIMOHAJIOB IPUMEHEHNE METO/1a KOHEYHBIX 3JIEMEHTOB,
Kak 1 Boobiie Metona Putna, kpaitne 3aTpyauurenbHo. s kiaaccu-
YECKUX CETOYHBIX METOJ/IOB YCJIOXKHEHNE OKA3bIBAETCSI HE CTOJIb 3HA-
YUTEIbHBIM.

TTosToMy ciieiyeT peKOMEHI0BATD JIJIsl MCIOJB30BAHMSI OOBIYHBIE
CeTOYHBbIE MEeTOBI. B HacTosIIIee BpeMst METO/IbI KOHEYHBIX JIEMEH-
TOB HCIOJIL3YIOTCS B MPUKJIAJHBIX pacyeTax JOCTATOYHO dYacTo. Ho
3TO OObSICHAETCA TEM, YTO AJjisi Haubojiee ynmoTpeOUTESIbHBIX MPU-
KJI3IHBIX 33/1a4 y2Ke CO3JaHbl MIMPOKO AOCTYNHbIE U XOPOMIO OTJIa-
JKEHHbIE IPOrPAMMHEIE TTaKETHI.

x

8.5.5. MpobHbie cdhyHkuuN

IIycTb M3 aHAJIUTUYECKOrO UCCIIeIOBAHUS UCXOAHOM 3a1a4U IIPH-
OIM3UTENILHO U3BECTEH KAYeCTBEHHBIN BHI HCKOMOIO perieHus. Bol-
GepeM HEKOTOpPYIO byHKUMIO v(T;cy, ..., Crr), IO 3aBUCUMOCTD OT
T Ka4eCTBEHHO OJIN3Ka K OXHMIAeMOM, a KO3MPUIMEHTHI ¢, — CBO-
Bomuble mapameTphl. [loacraBiiss BbIOpaHHY0 QYHKIUIO B GYHKIHU-
OHAJI U TpoBeAsa Bce MudpepeHIpOBaHNs 1 MHTEIPUPOBAaHUS TI0 T,
MOJIy YMM 33124y Ha MUHUMYM DYHKIHHU OT KO3 PUIEHTOB:

F(e, ... epm) = @v(z;eq, - .. ,cpr)] = min. (8.62)
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OcraeTcsi ee peluTh ¥ HAATH UCKOMBIE KO3 HUIMEHTBI. DTOT METOZ,
[OXOXK Ha Merox PuTia ¢ ogHMM oTyindneM: 3aBUCUMOCTb IPOOHOM
dyukuun v(z;cy, - .. ,cp) OT KO3bOUIMEHTOB BHIGNPaeTCcsi OBBIYHO
HesnHeltHO#N. Tem cambiM dyskuust F'(cq, ..., cpr) B (8.62) He Gyner
KBaJIpDATUYHOM JaXke [JIsi KBaJApaTUYHOrO pyHKumroHamna. [lostomy
3ana4a MuHUMH3anuu (8.62) oKa3bIBaeTCs JOCTATOYHO CJIOXKHON M
HA €€ YCIHEIIHOe PellleHre MOXXHO PACCYUTHIBATD JIMIIb [IPU HEOOJIb-
oM 4ucjie KoadppuuueHTos M.

MeTon npobHbIX DYHKIMIA OOBIYHO MPUMEHSIIOT K HOCTATOYHO
CJIOKHBIM (pyHKIHOHANIaM. B HeM MOXXHO pacCYMTHIBATH HA HAXO0XK-
JIeHV€e PEIIEeHUsI C HEBBICOKOM TOYHOCTHIO.

Hanpumep, paccmorpum 3axady atoma (8.53). 13 Buma cerogso-
IO ypaBHEHHs MOXXHO 3aMeTHTb, uTo p(x) = (32/5z)3%/2 mpu z — 0.
ITosTOMy MOXHO BHIOPATH NPOOHYI0 DYHKIMIO CJIEAYIOIIErO BUAA!

e(z) = v(z;c1,co,c3) = [(32/5:3)3(1 + a1z + oz + 03:53)]1/2.

OTa GyHKIMS MMEET NPABUIbHOE KAY€CTBEHHOE IOBEIEHUE [TPU & —
— 0 m ocraeTcs KOHEYHOM mpu r — 0O. B Hell Bcero Tpm cBO-
6oaubIx napamerpa. I[losToMy pemenue p(r) oHa MO3BOIsiET HANTH
JMinb oveHb rpy6o. OaHako 3HaYeHrne MUHUMU3UPYEMOro (hbyHKIH-
OHaJ1a (9HEPrHUI0 ATOMA) YAAeTCsl ONPENEIUTD C TOYHOCThIO ~ 1 %.
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